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ABSTRACT

In this paper, we propose a new flexible distribution for data on the three-dimensional torus which we
call a trivariate wrapped Cauchy copula. Our trivariate copula has several attractive properties. It has
a simple form of density and is unimodal. its parameters are interpretable and allow adjustable degree
of dependence between every pair of variables and these can be easily estimated. The conditional
distributions of the model are well studied bivariate wrapped Cauchy distributions. Furthermore, the
distribution can be easily simulated. Parameter estimation via maximum likelihood for the distribution
is given and we highlight the simple implementation procedure to obtain these estimates. We compare
our model to its competitors for analysing trivariate data and provide some evidence of its advantages.
Another interesting feature of this model is that it can be extended to cylindrical copula as we describe
this new cylindrical copula and then gives its properties. We illustrate our trivariate wrapped Cauchy
copula on data from protein bioinformatics of conformational angles, and our cylindrical copula
using climate data related to buoy in the Adriatic Sea. The paper is motivated by these real trivariate
datasets, but we indicate how the model can be extended to multivariate copulas.

Keywords Angular data - copula - directional statistics - flexible modeling - wrapped Cauchy distribution

1 Introduction

Angular data occurs frequently in domains such as environmental sciences (e.g., wind directions, wave directions),
bioinformatics (dihedral angles in protein backbone structures), zoology (animal movement studies), medicine (circadian
body clock, secretion times of hormones), or political/social sciences (times of crimes during the day), see for example
[38]. However, dealing with data that are angles requires special care in order to take into account their topology
(domain [0, 27) where the end points coincide). Classical statistical concepts from the real line no longer hold for such
data [21} 45]; in particular, the building blocks of statistical modeling and inference, probability distributions, need to
be properly defined. For data involving a single angle, called circular data, a large body of literature proposing circular
distributions exists (see for example [46] and [53]]), among which the popular von Mises, wrapped Cauchy and cardioid
models. Though less in number, there also exist several interesting distributions for data consisting respectively of
two angles, called toroidal data, and an angle and a linear part, called cylindrical data. Popular examples for toroidal
distributions are the bivariate von Mises [41], the Sine [S7]] and Cosine models [48]] and the bivariate wrapped Cauchy
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[31], while examples for cylindrical models are the Johnson—Wehrly [25]], the Mardia—Sutton [40]], the Kato—Shimizu
[32] and the Abe—Ley [1] distributions.

The situation is very different when the data consists of either three angles, two angles and one linear component,
or one angle and two linear components. The few existing proposals suffer from problems of tractability, complex
parameter estimation procedures, lack of practically usable random number generation or non-interpretable parameters
(see Section [6] for details). However, many such datasets exist which require an adequate statistical treatment. Two
important examples are the following, which we will be dealing with in this paper:

* Predicting the three-dimensional folding structure of a protein from its known one-dimensional amino acid
structure is among the most important yet hardest scientific challenges, with impacts in drug development,
vaccine design, disease mechanism understanding, human cell injection, and enzyme engineering, to cite but
these. The recent Nature Methods paper [35] concretely stated the need to complement the famous AlphaFold
single point prediction with an adequate statistical uncertainty treatment: “distributions of conformations
are the future of structural biology” (see our Section E] for details). So far most statistical advances, in
particular on flexible and tractable probability distributions, have considered the two dihedral angles ¢ and
1), and considered the torsion angle of the side chain w to be fixed at either O or 7 (which are the only two
realistic values for this angle). However in practice this angle w is often measured with some noise, hence a
model for ¢, ¢ and w is required.

* Many environmental agencies are collecting data on wave heights and directions in order to identify sea
regimes. Such identification is highly relevant in climate-change for studies of, for instance, the drift of
floating objects and oil spills, coastal erosion, and the design of off-shore structures. Typically, data analysis
procedures use cylindrical distributions (e.g., the Abe—Ley distribution in [34]) to jointly model wave height
and direction. A more scientifically strategic way is to add as additional variable the wind direction as it heavily
influences waves. Quoting [34],“In wintertime, relevant events in the Adriatic Sea are typically generated
by the southeastern Sirocco wind and the northern Bora wind". This implies adding a second angle to the
cylindrical data on waves.

In order to fill this important gap in the literature, we propose in this paper the trivariate wrapped Cauchy copula. By
their very nature, copula-based approaches are tailor-made for versatility as copulas are distributions (with uniform
marginals) which regulate the dependence structure and can be combined with user-chosen marginals to form highly
flexible new models. Indeed, from Sklar’s Theorem [58]] we know that any multivariate (on R%) cumulative distribution
function (cdf) F' can be expressed under the form F'(x1,...,z4) = C(Fi(z1),. .., Fa(zq)) with C a d-dimensional
copula and F1, ..., Fy marginal univariate cdfs, and conversely any copula C' can be combined with marginals to
produce a multivariate distribution. Well-known references on copulas include [22], [S2] and [23]]. Copula models have
successfully been used in numerous domains such as medicine, finance, actuarial sciences, hydrology or environmental
sciences, see e.g. [13], [39]], [7], among many others. In the case of angular data, copulas need to fulfil the additional
condition of 27-periodicity and their marginals are not uniform on [0, 1] but on the unit circle. Our construction will be
such that linear marginals are also admissible, in order to also cover cylindrical data. We attract the reader’s attention to
the fact that [26] coined the term circulas for copulas on the torus. In this paper we shall consistently use the word
copula since our model also covers linear marginals.

Our trivariate wrapped Cauchy copula has the following further benefits: (i) simple form of density, (ii) adjustable
degree of dependence between the variables, (iii) interpretable and well-estimatable parameters, (iv) well-known
conditional distributions, (v) a simple data generating mechanism, and (vi) unimodality. Thus we are proposing a
new model that satisfies the requirements as laid out in [36]]: versatility (ability to exhibit distinct shapes), tractability,
parameter interpretability, (ideally simple) data generation mechanism, and fast parameter estimation procedure. Since
our model allows for linear marginals, it not only covers toroidal data but also cylindrical data, unlike the toroidal
competitor models from the literature.

The paper is organized as follows. In Section[2] we review some well-known bivariate distributions which are relevant
for our construction before proposing the trivariate wrapped Cauchy copula. In Section [3} several properties of
the proposed distribution are given, including conditional distributions, random variate generation, unimodality and
moments. Parameter estimation is considered in Section[4]and the use of non-uniform marginal distributions in Section 5}
A thorough comparison with the competitors in the existing literature is given in Section[6]and in Section [7|the two real
datasets described above are investigated by means of our methodology; the first about protein dihedral angles and the
second about data obtained by a buoy in the Adriatic Sea. Finally, Section [§]ends with a discussion and outlook on
future research. In the Appendix, the proofs of all the Theorems and Propositions in the paper are given, along with the
expected Fisher Information matrix, additional plots, Monte Carlo simulation results for Section E], further results for
the protein dataset from Section[7.1] and a generalization of our model mentioned in Section [§]
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2 Construction and definition of the proposed copula

Before we introduce our trivariate wrapped Cauchy copula, we will first review the most popular bivariate circular
distributions.

2.1 Bivariate circular probability distributions and copulas

A popular class of toroidal (circular-circular) distributions that allows specifying the marginal distributions has been put
forward by Wehrly and Johnson (1980) [60]]. Their general families have the probability density functions

f(01,02) = 2mg[2m{F1(01) — F2(02) }]f1(61) f2(62), Q)

f(01,02) = 2mg[2m{F1(61) + F2(02)}] f1(01) f2(62), 2
where 0 < 61,02 < 27, f1 and f> are specified densities on the circle [0, 27), F} and F; are their distribution functions
defined with respect to fixed, arbitrary, origins, and g is also a specified density on the circle. Both families (I)) and
have the nice property that their marginal densities are given by f; and f>. More precisely, let a bivariate circular
random vector (01, ©3) have the distribution or . Then the marginal densities of ©; and O are given by f;
and fa, respectively. Note that expression (I) with 65 replaced by z € R (and accordingly fo and F» are densities and
distribution functions on R) had been proposed by Johnson and Wehrly (1978) [25]] to build general circular-linear
distributions with specified marginals.

The two families and can be readily transformed into copulas for bivariate circular data, assuming (U, Us)' =
(27 F1(©1),27F»(02))’. Then the density of (U1, Uz)’ is given by

clun,uz) = 5 g(ur — qua), 0 < wn,ua < 2m, 3)
where we now write ¢ = 1 if (01, ©3)’ has the density and ¢ = —1if (©1,05)" has the density . Simple
integration shows that c(u1,us) integrates to 1 and that each marginal is uniform on the circle (see [26] for further
properties of the distribution (3))). Therefore the distribution (3)) can be viewed as an equivalent of a copula for bivariate
circular data. From Sklar’s theorem (see page 18 in [52])), the distribution with density (3] can be transformed into a
distribution with prespecified marginal distributions. The distributions of Wehrly and Johnson (1)) and (2) are such cases
in which the marginal distributions have the continuous distributions with densities f; and fa.

In practice, it is necessary to take specific densities for f1, fo and g in the families of Wehrly and Johnson, or equivalently,
the choice of g and marginal distributions is important for the copula-based version (3). Various proposals have been
put forward in the literature, many of which are based on the use of the von Mises distribution, for example in [60]], [55]]
and [56]. Using a different approach, [8] applied the densities based on non-negative trigonometric sums. We refer the
reader to [37]], Section 2.4, for a review of these models. Further, [29] and [31]] adopted the wrapped Cauchy density as
the function g in (3). This leads to density (3) being of the form
1 11—/
c(ur,ug) = PrCh g gy —— 0 <wup,ug < 2m, )

where i € [0, 2) is the location parameter and p € R \ {£1} the dependence parameter between the two variables.
The distribution (4)) is called a bivariate wrapped Cauchy copula which we label as BWC(u, p). In fact, [29] showed that
this distribution is derived from a problem in Brownian motion and possesses various tractable properties. Moreover,
[31] transformed this model via the Mobius transformation and showed that the transformed distribution (known as
Kato—Pewsey model) has the wrapped Cauchy marginal and conditional distributions.

2.2 Our proposal: the trivariate wrapped Cauchy copula
Knowing these attractive properties of the bivariate wrapped Cauchy distribution of [31]] resulting from the copula (@),
we extend (@) to a density on the three-dimensional torus in the following theorem.

Theorem 1. For u = (ug, us, ’LLg)/ and p = (p12, P13, p23)/, let

-1
t(u; p) = co [cl + 2 {p12 cos(u1 — u2) + p13 cos(ur — us) + p23 cos(ug — Us)}} , &)
0 < ug,u2,us < 2m,
where p12, p13, p23 € R\ {0}, p12p13p2s > 0,
_ P12P13 P12023 P13P23 (6)

+ +
P23 P13 P12

C1
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and

1 2 2 2 1/2

P12013 P12P23 P13023 2 2 2
Ccy = - + + | — -2 —2p7, — 2 . @)
*7 (20 {( P23 ) ( P13 ) ( p12 > P12 = p23}

Suppose that there exists one of the permutations of (1,2, 3), (i, j, k), such that

lpjkl < lpijpirl/(lpiz| + |pixl), ®)

where pj; = p;j for 1 < i < j < 3. Then the function @) is a probability density function on the three-dimensional
torus [0,27)3. Its parameters p are not identifiable but without loss of generality we take our identifiability constraint
given by

p12p13p23 = L. 9

Proof. See Section[A.Z]in the Appendix for the proof that function (§) is a density under the positivity condition given
by (8). We can show that the model is not identifiable by noting that ¢(u; p) = t(u; cp) for any constant ¢ € Rt and
the condition (9 takes that into account. O

We will refer to this distribution, which has the density of (Uy, Us, Us)’ given by , as the trivariate wrapped Cauchy
copula (TWCC or TWC copula). The distribution () is also denoted by TWCC(p) in order to specify its parameters.
In TWCC, different functions of parameters p12, p13 and po3 control the dependence between the U;’s and the location
of the modes, see Theorems [6]and [7]in Section [3] More discussion about the interpretation of the parameters will be
given in Section[3.6] It is also straightforward to incorporate both positive and negative associations by replacing u;
with ¢;u; (¢; = 1,—1) and it is possible to extend the distribution to include location parameters by replacing u; — u,
with u; — u; — p;5 in (0 < pij < 2m). Although the parametrization used in the expression (5] for the density
is natural in the sense that each parameter p;; is multiplied by a function of u; — u;, this expression does not allow
for the independence between U; and U;. However, an alternative parametrization is available that accommodates the
independence between the variables; see equation (I3)) below. A very appealing aspect from both a tractability and
computational viewpoint is the closed form of the density which does not include any integrals or infinite sums, unlike
most existing distributions on the three-dimensional torus (see Section [6)).

Note that condition (8) can be re-expressed under simpler form as p3;p7;. > (|pi;| + |pix|) under ). The following
result formally establishes the identifiability of the parameters in our model.

Proposition 1. The TWCC density () has identifiable parameters.
Proof. See Section[A.3]in the Appendix. O

Next, we show that our model given by TWCC is indeed a copula for trivariate circular data by establishing in Theorem[2]
that its univariate marginals are circular uniform distributions. Prior to this, we will show that the bivariate marginals of
our new model are bivariate wrapped Cauchy-type copulas as they are of the form (@).

Theorem 2. Let a trivariate circular random vector (Uy, Us, Us)' follow the TWCC with density @) Then the following
hold for the marginal distributions of (U1, Uz, Us)':

(i) The marginal distribution of (U;,U;)" is of the form @) with density

2
1 11— o3

to(us, us; i) = —5 , o 0 < v, uy < 2m, 10
2(uis U5 ) Am2 1+ @7 — 2645 cos(u; — uy) ity T (10)
where )
i = 5 {pikejk _ pij()ik _ pij-l)jk _ (277)3@}, a1
pzj ng P;k Pik

and cs is as in ([7).

(ii) The marginal distribution of U; is the uniform distribution on the circle with density

1
tl(ui):%, 0<u; <2m.

Therefore the distribution of (Uy,Us, Us)' is a copula for trivariate circular data.

Proof. See Section[A.4]in the Appendix. O
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Note that the ¢;; are invariant under p;; replaced by cp;; for some constant ¢ € R, implying that they do not depend
on any identifiability condition on p;;. We draw the reader’s attention to the fact that the constant ¢, has to be of the
form (6), which guarantees that the bivariate marginal distribution belongs to the bivariate wrapped Cauchy-type family.
See equality (1)) in the proof of Theorem [2[(i).

Finally, note that the TWCC density given by (3) can also be expressed as

t(u; p) = 2 {51 + 2p12p13p23 {p12 cos(u1 — ug) + p13 cos(ur — uz) + paz cos(ug — U3)}} ; (12)

where ¢1 = (p12p13)% + (p12p23)* + (p13p23)* and
1/2

1
02 = (e {(r2015)" + (012025)" + (p15025)" = 20020105 (P2 + s + P30)}
This form of the density has the advantage that it does not require the conditions p12p13p23 > 0 because of the equality

t(u; p) = t(u; —p) for any prap13paz > 0.

3 Properties of the TWC copula

We will investigate distinct properties of our new copula distribution TWCC(p). In order to do so, it is often convenient
to express its density using complex variables. Let (Uy,Us,Us)" have the TWCC density , and assume that
(Zy,Z, Z3)" = (e'U1,€lV2 ¢lU3)’ Then some simple algebra yields that the TWCC density can be expressed as

1 {¢1 + 05 + 65 — 20193 — 20763 — 2033}/

te(z; @) = , z=1(z1,2,23) €Q, 13
(2:9) (2m)? |p121 + P2z2 + P323]? (21,22, 23) (1)
where 2 = {z € C; |z| = 1} is the unit circle in the complex plane and ¢ = (¢1, ¢=2, ¢3)" with
P12013 1/2 P12P23 1/2 P13pP23 2k
¢1 =sgn(pas) |——| , ¢2=sgn(p3)|——| , ¢3=sgn(pi2)|—— (14)
P23 P13 P12

We call this the complex TWCC. Note that, in terms of the original parameters, we have p12 = @102, p13 = @103
and py3 = ¢2¢3. The inequality (8) on the parameters in Theorem|I|then simplifies to ¢ > [¢;] + |¢;ﬁ)r (1,7, k)
a certain permutation of (1,2, 3). In fact, this is equivalent to the condition that the denominator of (13)) satisfies
$121 + ¢az2 + 323 # 0 for all (21, 22, 23)’, see Lemmal[l]in Section[A.1]of the Appendix for a statement and proof.
Equivalently, the condition on the parameter |p;x| < |pi;pix|/(|pi;| + |pir|) for some (2, j, k) is necessary to guarantee
the boundedness of the TWCC(p) for all (u1,uz,u3)’. The identifiability constraint (@) turns into (¢1 ¢2¢3)? = 1. Note
that the parameter space of the complex TWCC must satisfy |¢;| > |¢;| + |¢x|, but the identifiability condition can be
extended from (¢1¢2¢3)% = 1 to include ¢, = 0, which implies independence between 7, and the other variables.

3.1 Conditional distributions and regression

In this subsection we consider the conditional distributions of the model TWCC(p). As we will show, just like the
bivariate and univariate marginal distributions, all conditional distributions belong to well-known families, namely
to wrapped Cauchy distributions on the circle and to the Kato—Pewsey distribution on the torus. This property also
highlights the versatility of the TWCC.

Theorem 3. Letr (U1, Us, Us)' be a trivariate random vector having the distribution TWCC(p). Then the conditional
distributions of (U1, U, Us)’ are given below.

(i) The conditional distribution of (U;,U;)’ given Uy, = uy, is a reparametrized version of the distribution of [31]
with density

tor (wi, wjlug; p)
-1
= 27cy [cl + 2 {psj cos(u; — u;) + pir cos(u; — ug) + pjx cos(u; — uk)}} , (15)
or, equivalently in the form of the bivariate Cauchy distribution,

= 2mey [Cl + 2{pir cos(u; — ur) + pjx cos(u; — ug)
“1 (16)
+ pij cos(u; — ug) cos(u; — ug) + pij sin(u; — ug) sin(u; — uk)}} )

0 < uyuy < 2m.
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(ii) The conditional distribution of U; given U; = u; is the wrapped Cauchy distribution with density

1 11— ¢
©2m 1+ @2 — 26y cos(u; — uy)’

tm(ui\uj;qbij) Ogui < 271', (17)

where ¢;; is as in (LT).

(iii) The conditional distribution of U; given (U;, Uy)" = (uj, ux)" is the wrapped Cauchy distribution with density

t1jo(ws|ug, ug; 0 k) ! |1_6i2|jk| 0<w; <27 (18)
12 Wi |Uj, Uk; 04| 5k) = 5= y = Uyg )
| ’ 13 2m 1467, — 20310, cos(us — k)
_ . =1 _iu, —1 _iuy
where for ¢;\;i, = —pjr(p;, € + pij € ),
Nilje = arg(sje)  and Ok = ikl (19)
Proof. See Section[A.5]in the Appendix. O

As this theorem shows, the univariate conditionals in Theorem ii) and (iii) have the wrapped Cauchy distributions.
Note that the univariate conditional given in Theorem 3{ii) does not follow the wrapped Cauchy in general if ¢ is not
defined as in @ The bivariate conditional in Theorem Eki) has various tractable properties as discussed in [31].

The well-known form of the conditional distributions paves the way for regression purposes with one or two angular
dependent variables and/or one or two angular regressors. Indeed, if we wish to predict one angular component based
on two angular components, then from Theorem iii) we find that the mean direction and circular variance of (U;)
given (Uj, Uy)" are simply 7,5, and 1 — &, respectively. Similarly, if we wish to predict two angular components
based on a third angular component, then from Theorem i) we see that the toroidal mean and variance of (U;, U;)’
given Uy, can be calculated in the same way as in Section 2.5 of [31]. Note that circular-circular regression of, for
example, U; given U; can also be obtained in a straightforward way from Theorem [3[ii). These properties are not
explored here but we emphasize that they can be used in practice easily.

3.2 Random variate generation

The fact that all the marginal and conditional distributions belong to existing tractable families lays the foundations for
random variate generation. Indeed, random variates from the proposed trivariate model TWCC(p) can be efficiently
generated from uniform random variates on (0, 1), as detailed in the following theorem.

Theorem 4. The following algorithm generates random variates from the distribution TWCC(p) without rejection.

Step 1. Generate uniform (0,1) random variates wy,ws and ws.

Step 2. Compute

1—
up = 27wy, U = uy + arg(¢i2) + 2arctan K|¢12|) tan {m(wg —0.5)}] ,
1+ [¢12]
1 — 03112
u3 = 1312 + 2arctan | [ —— | tan {7 (w3 — 0.5)} |,
1+ 53|12

where ¢15 is as in and (1312, 03)12) are as in (19).

Step 3. Output (uy,us,us)’ as the random variate from the distribution TWCC(p).
Proof. See Section[A.6]in the Appendix. O

We note the simplicity and efficiency of the algorithm in which a variate from the proposed distribution can be generated
through a transformation of three uniform random variates without rejection.
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3.3 Trigonometric moments
For a trivariate circular random vector (Uy, Us, Us)’, its trigonometric moment of order (p1, p2, p3)’ is defined by

(b(p17p27p3) =F 6i(p1U1+p2U2+p3U3)] )

where (py, p2,p3)’ € Z3 is the order of the trigonometric moments. The following theorem shows that the trigonometric
moments for the proposed distribution TWCC(p) can be expressed in simple form.

Theorem 5. Let (Uy, Us, Us)" have the distribution TWCC(p) with |p;i| < |pijpir|/(|pij| + |pik|). Then we have the
following cases.

(i) If p1 +p2 +p3 # 0, (p1,p2,p3) = 0.
(ii) If p1 +p2 +p3 = 0and p; > 0, then

pi
i Pi\ —n —pitn_ |pj+n
O(p1,pa,ps) = (—pjk)"* Y (n)pk il (20)
n=0
where
@ik = min{| @, [dk] " Ydsn/| b 1)

and ¢y, is given by (IT).
(iii) If p1 + p2 + p3 = 0and p; > 0 and

- if p; > 0, then the trigonometric moment simplifies to

i @jk 1 Pi
®(p1,p2,p3) = V{— "k( +>} ;
(P1,P2,p3) Pik § —Pi pir Py

- ifpj < —p;, then

N 1 1 pi
> D2, p3) = @ 1)”1 {_ . < + > } . (22)
(P1,P2:13) = @17 | Pk QikPik  Pij

(iv) If pr + p2 + p3 = 0 and p; < 0, then ®(p1, p2,p3) = ®(—p1, —p2, —p3)-
(v) If p1 + p2 + p3 = 0 and p; = 0, the trigonometric moment is given by

®(p1,pa.ps) = ¢,

Proof. See Section[A.7]in the Appendix. O

We note that Theorem 5[1) is not specific to the TWCC distribution and can be generalized to a more general multivariate
family. For details, see Theorem [9fii). We will come back to these results when we deal with the parameter estimation
by the method of moments in Section 4.1}

3.4 Correlation coefficients

We consider three well-known correlation coefficients for bivariate circular data. Let (U;, U;)’ be a bivariate circular
random vector and X}, = (cos U, sin Uy)’ (k = i, j). Then the correlation coefficients of Johnson and Wehrly [24],
Jupp and Mardia [27] and Fisher and Lee [11] are respectively defined by

prw = A2 pan = (551858,

det{ E(X, X/)}
det{ B(X, X})}det{E(X, X))}/

pFL:[

where X is the largest eigenvalue of ;'S 1%, and Sy = E(X, X)) — E(X,)E(X,)' (k¢ = i,j). The
correlation coefficients of our bivariate marginal distributions are given in the following theorem.
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Theorem 6. Let a trivariate random vector (Uy, U, Us)' follow the model TWCC(p). Then, for any pair of random
variables (U;, U;), its correlation coefficients of Johnson and Wehrly [24]], Jupp and Mardia [27)] and Fisher and Lee
[ 1] are given by

pyw = |ijl,  poa =267, and prL = 67,
respectively, where ¢;; is given in (LI).

Proof. See Section[A.8]in the Appendix. O

Note the simplicity of the expressions for all the three correlation coefficients. Further these all depend on the parameter
¢4, implying that it is a good measure of dependence of the model. Recall in this context the agreeable fact that ¢,
remains invariant under p;; being replaced by cp;; for some constant ¢, hence does not depend on the identifiability
condition on p;;.

3.5 Modality

In this section we investigate the modes of TWCC(p).
Theorem 7. For p;; > 0 and p;i, pjr < 0, the modes of the density TWCC(p) are given by
(i) ui=u;=uy if pigl < |pirpskl/(|oix| + |pjk]), 23)
(ii) wi=uj+m=ux+m i |pi| <lpijpjrl/(|pij] + |pjxl),
and the antimodes of the density TWCC(p) are given by
U; = Uj = Uk + 7. 24)
If pij, pik> pix > O, then uy, in the modes @) and antimodes @) is replaced by uy, + 7.

Proof. See Section[A.9]in the Appendix. O

Since the conditions in are the same as in Theorem one of them is always satisfied, which makes the result
very strong as it shows that our trivariate copula is unimodal. Moreover, the modes of TWCC(p) have the most natural
form in the case (i) of equation (23), and very simple forms in the other cases. This unimodality property greatly
simplifies working with mixtures as can be appreciated for example in our real data application from Section

3.6 Other properties of the TWCC density and contour plots

Here we present some other properties of the TWCC density including the limiting cases, display the contour plots, and
discuss the interpretation of the parameters. We first consider limiting cases of the parameter values of TWCC(p) with
the constraint on p23, meaning

|p23| < |p12p1al/(|p12] + [p13])- (25)

Note that this order of the indices is selected without any loss of generality and can be permuted. Under this assumption,
the two cases of the parameters, namely, with and without the constraint p12p13p23 = 1, are discussed.

Proposition 2. Suppose that the positivity constraint holds and that the constraint p12p13p23 = 1 does not hold in
general. Then the following limiting results hold for TWCC(p):

1. As paz — 0, TWCC(p) converges to the uniform distribution on the torus [0, 27)3.
2. As |p12| = oo, TWCC(p) converges to the distribution with density

1 1— p3s13
2m)3 1+ p33 15 + 2p23.13 cos(ug — uz)’

where ps3 13 = pos/pi1s satisfies |pes.13| < 1. Therefore the bivariate vector (Uy,Us) of this limiting
distribution is independent of Us (which is uniformly distributed) and follows the bivariate wrapped Cauchy
copula () labelled BWC(0, p23.13).

Proof. See Section in the Appendix. O
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Note that ps3.12, which is referred to as a partial dependence parameter, can be interpreted as the parameter that controls
the strength of dependence between U; and Us when |p;2]| is large. To be more specific, Proposition ii) implies that if
|p23.13] =~ 1, then Uy and Uy have a strong dependence. In particular, for any e > 0 and a fixed sign of p23 13, it holds
that limy,, ;|| puy|+0 P(|Us = Uj =TI (paz.13 > 0)| < &) — 1. On the other hand, if |p23.13| < 1, then the dependence
between U; and U; becomes weak. The positive and negative values of pa3.13 imply the modes at u; = us + 7 and at
u1 = ug, respectively; see [[29].

Let us define
TW=U —U, To=U,, 13=0Us,

then it can be seen that 7} is univariate wrapped Cauchy which is independent of T, and 73 which are independently
uniformly distributed. Now as ps3.12 — 1, T} tends to univariate Cauchy on the real line. This can be seen from the

fact that with t; = ev/{2(1 — €)'/2}, pa3.12 = 1 — € for small € > 0,

~

a % 1+ p§3_12 — 2[)23_12 COS(fl) - % (1 — p23412)2 + 2p23.12{621}2/4(1 — 6)}/2 a ; 1+ ’UQ.

1 1— p2 1 1— p2 11
f( 1) 23.12 23.12

Next, with the additional constraint p;2p13p23 = 1, the limiting cases of our model are more involved.

Proposition 3. Let {p,, }5°, be a sequence of parameters of the TWCC density. Assume that p, = (p12,n, P13,ns P23.n)"
satisfies p12n P13 P23 = 1, pran = O(N), p13.n = O(N"), pagn = O(n), and v > k. Then the following hold
for TWCC(p,,):

(i) If K > X\ then TWCC(p,,) converges to the uniform distribution on the torus as n — oo.

(ii) Let pra, = a~'n, p13, = n=12 and P23 = an~1/2 (0 < a < (=1 ++/5)/2). Then k = X holds and
TWCC(p,,) converges to the distribution (26) with pa3.13 = a as n — oo.

Proof. See Section[A.T1]in the Appendix. O

Proposition [3{ii) implies that if x = A, the convergence of TWCC(p,,) as n — oo differs depending on the specific
forms of p,,.

Now we present some more properties of the TWCC density. Their proofs are straightforward and omitted.

Proposition 4. Let t(u; p) be the density . Then it can be shown that it has the following properties:

= t(u1 + 7, u2, u3; —p12, — P13, P23)
= t(u1, ug + T, u3; —p12, P13, —P23)
= t(u1, ug, us + ; p12, —pP13, —P23),

(i) t(ui,uz,us; p12, P13, P23)

(ii) t(u; p) = —t(u; —p),
(iii) t(—u; p) = t(u; p).

The property (i) of Proposition [] implies that changing the signs of two parameters corresponds to the location
shift of a variable. Property (ii) shows how crucial the condition p12p13p23 > 0 (or (9)) actually is as it prevents
from negative densities for other parameter combinations. Note that for the alternative expression (12), it holds that
t(u; p) = t(u; —p). Finally property (iii) implies that our proposed density is symmetric about its center.

Figure[T]shows the density of TWCC(p) for fixed values of the third component u3 and selected values of the parameters
subject to condition (23)), but not generally subject to p12p13p23 = 1. The figure shows that the TWCC(p) density can
have a wide range of dependence structure and strength of dependence. The plots (a)—(d) indicate that the dependence
between U; and U, becomes strong when the parameter |py3] is close to |p23| or equivalently |p23.13| approaches 1.
The comparison among the plots (a) and (e)—(g) suggests that the closer the value of |p12] is to its boundary, namely,
|p12] > |p13p23l/(|p13] — |p23]) = 0.23, the greater the concentration of Uy for fixed values of ug. Also, it can be seen
from plots (a) and (h)—(j) that the values of ug control the location of (u1,us)” when the density TWCC(p) given by
(5) is viewed as a function of (uj,us)’. Finally, as visual confirmation of Theorem the modes and antimodes of
TWCC(p) in all the frames are at u; = ug = uz and uy + 7™ = ug = ug, respectively.

Additional contour plots of the reparametrized TWCC density with the parameter constraint p15p13p23 = 1 are provided
in Section [B]in the Appendix. As discussed there, it is advantageous to reparametrize the parameters of the constrained
TWCC(p) to those based on p;5 and p23 13 for a better interpretation of the parameters.
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4 Parameter Estimation

In this section we consider methods of moments estimation and maximum likelihood estimation. Throughout this
section, let { (w1, Uam, Usm )’} _, be a realization of a random sample { (U1, Uapm, Usm)’ },—; from the distribution
TWCC(p).

4.1 Method of moments estimation

Method of moments estimators can be obtained by equating theoretical and empirical trigonometric moments

n
l 2 :ei(plUl'rrz+p2u27n+p3u37n)

n
m=1

E {ei(P1U1+P2U2+P3U3)} _

for some selected values of (p1, p2, p3)’ € Z3. In order to estimate the parameters of the original distribution TWCC(p),
possible choices of (p1, p2, p3)’ are (p;,pj,pr) = (1,—1,0)" with i < j. In this case, equation implies that
(following lengthy but simple calculations for the second equality)

i(U;—Uj ik 1
E{e (& U’)} = —Pjk (SO] + ) = Pij-
Pij Pik

It follows that the parameters can be estimated as the solution of the following equations:

1 =
Bij = — el 1<i<j<3,
m=1

where ¢;; is the estimate of ¢;; defined in (ZI). Since there is no closed expression for {;; }, numerical derivation of
these estimates from {¢;; } is required. This is convoluted as the {p;; } do not directly depend on {¢;; } but through
the two equations related to ¢;; , see (TT)) and (ZI)). Further, the parameter constraints (8) and (9) have to be satisfied,
which makes the method of moments approach a numerically challenging task and we will not pursue it since we could
compute the maximum likelihood estimator as described in the section below.

4.2 Maximum likelihood estimation (MLE)

For the original model (3)), the likelihood function for {w,, }?_; = {(w1m, u2m, usm)' }o,—; is given by

n

n
log L(p) = log H t(um) = nloges — Z log Fyyp, (27)
m=1

m=1

where F,,, = ¢1 + 2{p12 cos(t1m — U2m) + p13 co8(U1m — Usm) + p23 cos(Uzm — Usm )} Its score function is

862 n 801
+ 2 cos(Uim — Wjm)
Opi; Opi; im jim
log L(p) =n—= — 2
oo, EHO =, n; Fm

where

Opi;  Pik  Pik P?j

Ocz 1 pie \°  (pie\?)  (pirpir)? s o1
[ — i 1 + FPik - 71 _ 2 . 2 '
opi;  (2m)3 Pij (ij-) (pik > o pij ¢ ((2m)%c2)

The maximum likelihood estimates p12, P13, P23 are obtained by equating the score function to zero and numerically
solving the system of three equations, see below. For the reader’s convenience, we provide in Section [C|in the Appendix
the associated expected Fisher information matrix.

dcr pik L Pik _ PikPik

)

Although the proposed density (5) has a simple and closed form, it is essential to keep the parameter constraints (8) and
©) in mind. The simplified constraint |p;;| + |pir| < |pi;|?|pir|* can further be turned into

14 {1+ 4|pix[*}'/2
2|pix)?

pij| >

10
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by solving an inequality of the second order. Using the expression

14+ {1+ 4)pu?}/? 1
ij = —, i € (—1,0)U(0,1),
CJ 2|sz|2 Pij CJ ( ) ( )

it is straightforward to see that the parameters of the model (5) can be expressed in terms of p;; and (;; alone (remember
that this holds for one choice of ¢, j, k). The parameter space of this reparametrized model under the constraint

lpjk| < |pijpirl/(|pij] + |pir]) and p1ap13p2s = 11is thus

Q= {(Cij, pi) ; Gij € (—1,0)U (0,1), psr € R\ {0}}.

For notational convenience, write log L(p12, p13, p23) = log L((;;, pix) if the log-likelihood function is represented
in terms of ((;;, pix). Then the maximum likelihood estimation for the proposed model can be carried out as follows:

Step 1. For (4, k) successively being equal to (1,2), (2, 3), (3, 1), obtain the following estimates

(Gij» pir) = arg max log L(G;j, pik)-
(Cijpin)€EQ

Step 2. Among the three obtained maximized quantities, calculate

(éi*j*aﬁi*k*) = arg max log L(@j, pit)-
(Cij,Pik)

Step 3. Record the maximum likelihood estimate (P12, P13, P23)" as
3 } 1/2 1 1

2 A ) Pji*xk*x = N~ & )
C’i*j* pz*j*pl*k‘*

1+ {1+ 4|pse -

Pk = Pirk=s  Pivje =

where i* # j* # k*.

The algorithm is repeated with different initial values, to make sure that the global maximum is achieved. The initial
values for the parameters (;; and p;;, are uniformly chosen from the intervals they are allowed to take values in (where of
course the infinite intervals for p;; are limited to a large maximal value). The function for calculating the ML estimates
was written in the programming language R, using the optimizer solnp from the library Rsolnp [16] and is available in
the GitHub repository https://github.com/Sophia-Loizidou/Trivariate-wrapped-Cauchy-copula. The
consistency of this approach is shown and its finite-sample performance is investigated by means of Monte Carlo
simulations, which we provide in Section [D]in the Appendix.

5 Adding specified angular and/or linear marginals to the TWC copula

Let (U1, Us, Us)’ be a random vector which follows the TWCC(p). Assume that either

- fiis a density on the circle [0, 27) (i = 1,2, 3) and F; its distribution function with fixed and arbitrary origin,
namely, F;(0) = fj fi(x)dz with ¢; € [0, 27);

- fi is a density on (a subset of) the real line R (¢ = 1,2, 3) and F; its distribution function.

U U Us\\’
r_ (-1 (Y2 -1 (Y2 -1 (Y3
(@1’@2,63) B (Fl (27T) ,FQ (27(-) 7F3 (271—)) )

Then it follows that (©1, ©3, O3)" has the joint density

Define

f(9§P):(27T)302(01+2 > PijCOS[QW{Fv:(@i)—Fj(ej)}])_l IT 760, (28)

1<i<j<3 1<k<3

where 6 = (61,02,05)" and each 6; either belongs to [0, 27) or to (a subset of) R. We refer to this extension of
TWCC(p) with specified marginals as the extended TWCC. As is clear from the definition, the univariate marginal
density of ©; is given by f; (i = 1,2,3). This yields a very flexible class of distributions with either

* 3 angular components,

11
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* 2 angular and 1 linear components,

* 1 angular and 2 linear components,

* or even 3 linear components.
The reason why there is no distinction between the type of marginals lies in the simple fact that the uniform distribution
on [0, 27) bears by nature a double role as being linear as well as circular (since all points, and in particular the

endpoints, share the same value). This unified viewpoint was not taken up by the two papers [25] and [60], nor in [26]
where the concept of copulas for circular data has been discussed in general.

From the properties of TWCC(p), we can derive the following general results (whose proof is omitted) for the extended
TWCC.

Theorem 8. Letr (O1, 04, 03) follow the extended TWCC with density . Then the following hold for (01, 62, 603)’
each either belonging to [0, 27) or to (a subset of) R:

(i) The univariate marginal distribution of ©; is f;(60;).
(ii) The bivariate marginal distribution of (0;,0;)’ is
f(0:,05) = Am®to (2w F(0;), 2w F (0;); 645) f(0:) £5(0;),
where to(-,-) is the density (10).
(iii) The bivariate conditional distribution of (©;,©;)" given Oy = 0y, is
£(0i,0;161) = 4mto1 (27 F;(0;), 27 F;(6;) |27 Fi (0x); p) £ (6:) £5(05)
where ty|1 (-, -|-) is the density (I3).
(iv) The univariate conditional distribution of ©; given ©; = 0; is
f(05105) = 2ty )1 (2 F5(0;) 270 F;(0;); diz) fi (),
where t1)1(-|-) is the density (I7).
(v) The univariate conditional distribution of ©; given (©;,0y)" = (6;,6x) is
f(0i105,01) = 2mty 2 (2w F5(0;)[ 27 F;(0), 2 Fy (0r); 6515 ) fi (63,
where ty5(-|-, -) is the density (I8).

These results demonstrate that with our new model all forms of regression analysis involving up to three angular and/or
linear components are straightforward, which in a unified way covers what we described as our objective in Section I}
Random number generation from the extended TWCC is also immediate by adding just the step

U;
ei:Fiil (2> 7i:172a35
m

to the algorithm presented in Section [3.2]

The parameters of the extended TWCC as in are estimated using MLE. When the marginals are uniform, the
procedure from Section 2] applies. In the case that the marginal distributions are not uniform, the maximum likelihood
estimates of the parameters are calculated in a two-step approach. Let {(01,,, 02.n, 03,)' }1,—, denote the sequence of
toroidal observations from (28). In the first step, the ML estimates of the parameters of the marginals are calculated,
followed in the second step by estimating the parameters of the copula using { (w1, Uom, usm)’ }m—q for

A . . ’
(U1m7 U2m,, u3m)/ = (27TF1 (alm; 191)7 2y (02m; l92)7 27TF3(93m; 193)) ,

where, for i € {1,2, 3}, F; represents the marginal density function of §; and J; the parameters obtained from the
first step of the maximization. Joe [22] refers to this as the method of inference functions for margins or IFM method.
Efficiency and consistency of the estimates obtained with IFM compared to the estimates that can be obtained by
performing one maximisation of the likelihood function can be found in Chapter 10 of [22] and Chapter 5 of [23].

We conclude this section by briefly discussing one particular choice of univariate marginals as in Theorem §]i), namely
when each f; is the wrapped Cauchy density

1 1-¢&
fi(0) = %14_52_2 —2&; cos(0 — )’

0<6<2m, (29)

12
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where p; is the location parameter and &; € (—1,1) the concentration parameter. Assume that the origin of the
distribution function F; is ¢; = p;. In this case F; has the closed-form expression

1 1+& i — pi
F;(0;) = — arctan +6 tan o
™ 1-— E,L 2

>+I(9¢>ui+ﬂ)v pi < 0; <+ 2m.

Then, noting that cos(2 arctanx) = (1 — 2%)/(1 + 2?) and sin(2 arctan x) = 2z /(1 + 2?), x € R, it can be shown
that the density of (28) can be expressed as

-1

3 3
f(0;p) =cz H(l — &) [Cl Hgi(ei) +2 Z pii Gk (Or)hij(0:,6;5)] (30
=1 =1 1g{;<.kk§3
17D,

where g;(6;) = 1+ £2 — 2¢; cos(6; — p1;) and
hig(03,05) = (1+ &) (1 + &) cos(0; — ) cos(6; — 1) + (1 — &) (1 — &) sin(0; — p;) sin(0; — 1)
— 28(1+ &) cos(8; — pi) — 2&(1 + &) cos(6; — py) + 4&:;.
Note that the density (30) does not involve any integrals. As further nice properties derived from Theorem [§] the
wrapped Cauchy copula with wrapped Cauchy marginals also has wrapped Cauchy conditionals for ©; given ©; = 0,
and for ©; given (0;,0;)" = (0;,0;). Moreover, the bivariate marginal distribution of (0;,0;)’ is the bivariate
wrapped Cauchy distribution of [31]] with density
f(0:,05) =3 {50 — 1 cos(0s — ps) — Y2 cos(0; — p;) — F cos(b; — ps) cos(0; — p;)
—Fasin(0; — i) sin(0; — )},

where 5 = (1 — pf)(1 — €2)(1 — &3)/(472), o = (L + pF;) (1 + &1)(L + &F) — 8pi&ij. 71 = 2(L + p7;)&(1 +
&) = 4pi (14 62)8 G2 = 2(1 + p;) (1 + 62)&; — 4pii&i(1+ &5). A3 = —4(1 + p}y)&i&5 + 2pi; (1 + E) (1 + &5),
and 34 = 2p;;(1 — &2)(1 — §j2) Random number generation from the distribution can be carried out using the

Mobius transformation U ) U
0, = Fi_l (27;> = u; + 2arctan L _T_z tan ( ;)} .

6 Comparison with existing models from the literature

Having discussed the main properties of our new copula, we can now proceed to a comparison with respect to the
competitors from the literature. This is the first paper on trivariate copulas for both angular and cylindrical data so there
is no direct competitor.

A d-dimensional toroidal copula model has been proposed in [33]] by directly extending the copula construction (2)) to

m d d
FO1,0,....00) = 2m)" [[ S 9 |27 > Fi0:)| o [] £:(62)
j=1 i=j i=1

where 1 < m < d—1andthe f; and F;,7 = 1,...,d, are respectively circular density and distribution functions.
Their suggested three-dimensional copula corresponds to d = 3 and m = 1. The authors investigate various inferential
properties and show that the conditional distributions are of the same form as the general copula. In contrast to our
model, their model lacks symmetry concerning the permutation of variables when m > 1; specifically, f(6;,6;,6x)
and f (0, 0;,0;) represent essentially different models. Further properties such as moments, modality, identifiability,
bivariate marginal distributions, random number generation, ease of parameter estimation, parameter interpretability are
not discussed and hence difficult to evaluate. The authors also do not provide suggestions as to which combinations of
marginals and copula g are viable.

Further, a real data comparison given in their paper shows that, in terms of AIC, a better model is the multivariate
nonnegative trigonometric sums (MNNTS) model of [9] for a trivariate angular protein data. The probability density
function of the MNNTS is given by

A{l Mg Md M1 M2 ]de

FOLO2,. 00 =D 3 3T ST ST N ks ka Gy g et (R 31)

k‘,l =0 ki2:0 kd:(] ’n’L1:0 WLQ:O md:O
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where ¢k, iy -k, Cmqms---m, are the parameters and ¢ is the complex conjugate of c.

The paper [33] also considers the well-established multivariate von Mises distribution of [44]] which again does not do
as well for that dataset though this model belongs to the exponential family so inherits several desirable properties of
this family.

There are other choices such as the multivariate Generalised von Mises (mGvM) distribution ([51]]), the multivariate
wrapped normal distribution ([3]]), the multivariate projected normal distribution ([49]), and the inverse stereographic
normal distribution ([54]]), but these all have some limitations in comparison to our model such as either their normalizing
constants are intractable so the MLE computations are not easy, they may be multimodal, or sampling is not clear-cut.
Hence, we have selected only the MNNTS as competitor in Section [/.1|for our protein data.

7 Practical applications

7.1 Protein data

Predicting the 3D structure of proteins is a cutting-edge area of research in bioinformatics and computational biology.
Mardia [42] has provided a recent overview on statistical approaches to three major areas in protein structural
bioinformatics and listed the main challenges lying ahead. As mentioned in Section|[I] an essential challenge is the
ability to jointly model the conformational angles ¢, v (dihedral angles) and w (torsion angle of the side chain). Indeed,
the recent Nature Methods paper [35] emphasises “distributions of conformations are the future of structural biology”.
The main body of statistical research in this direction has so far concentrated on the two conformational angles ¢, v,
which has already led to important contributions in the protein structure prediction problem, see for example [5]], [19],
[12], [18], and Chapters 1 and 4 of [38]]. This is due to the fact that, theoretically, the torsion angle w is either O or 180
degrees, corresponding to peptide planarity. However, [4] have investigated this issue in detail and shown that peptide
planarity is not a common feature for collected data. In their paper, they conduct an exploratory data analysis of all three
conformational angles. The authors from [48]], [44] and [33]] have modelled three or more angles with their proposed
distributions. The main problem of statistical approaches to protein structure prediction is that they are computationally
intensive (especially due to intricate normalizing constants), and we believe that our proposal, which is a faster method,
can make the statistical approach more feasible.

We now give some background to protein structure. The building blocks of proteins are the amino acids, which consist
of the backbone and the sidechains. The backbone consists of the chemical bonds NH-C« and Ca-CO, where Co
denotes the central Carbon atom. These bonds can rotate around their axes, with ¢ denoting the NH-C« angle and 1) the
Ca-CO angle. These angles need to be studied as specific combinations of them allow the favourable hydrogen bonding
patterns, while others can ‘result in clashes within the backbone or between adjacent sidechains’ [20, 42} 43]]. The w
angle denotes the N-C torsion angle, where C is the non-central carbon atom. As we have said before, theoretically
the angle w can only take the values 0 and 7, and in some of the research work, this angle was fixed at one of the two
values [2,[19]. However, in practice this angle is often measured with some noise and using our extended TWCC, we
shall model all three angles. In bioinformatics, all three angles are studied in [4] and we will give some comments on
how their exploratory work is explained by our model.

For the present data analysis, we consider position 55 at 2000 randomly selected times in the molecular dynamic
trajectory of the SARS-CoV-2 spike domain from [15]]. The position occurs in a-helix throughout the trajectory.
DPPS [28§] is used to compute the secondary structure and [6] to verify the chains. As can be seen from Figure 2]
the marginal distributions of the angles ¢, 1) and w for this dataset cannot be modelled by the uniform distribution on
the circle, so other distributions need to be explored. Conveniently, our trivariate wrapped Cauchy copula allows us
to choose different marginals, which is why we combined it respectively with wrapped Cauchy, cardioid, von Mises
and Kato—Jones marginals. Of course, many other choices are possible, and one can also combine distinct marginals.
Whatever marginals we choose, the parameters of our models are estimated using MLE as explained in Section[5|and a
model comparison is carried out using the Akaike Information Criterion (AIC) and the Bayesian Information Criterion
(BIC). Alternatively, it is also viable to estimate the marginals in a non-parametric way and then combine the estimated
marginals with our copula (see [[14] for such a procedure in R9).

As plotting all three angles at the same time is not possible, Figure 4] shows the plots of the data of two of the angles
given the third one. The values of the fixed angles in radians (¢ = 1.93, ¢ = 2.8 and w = 0) are chosen to be the mode
of the data, and only points that are within 0.1 radians of the selected value of the fixed angle are plotted. In order to
make the plots clearer, the range of values on each axis is not between 0 and 2, like the traditional Ramachandran plot,
but it is chosen such that both the contour plots and the points are visible (in summary, we have re-scaled the plots). For
the values of w, most observations were around 0 and so the plot is translated from [0, 27) to [—, ) such that making
the range of values on the axis smaller is possible. The contour plots correspond to our copula density (3) with the

14
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Figure 1: Contour plots of the density of TWCC(p) with po3 = 0.2 and: (a)-(d) (—p12,u3) = (2.5,0) and (a)
—p13 = 2, (b) —p13 = 1 and (c) —p13 = 0.5 and (d) —p13 = 0.25, (e)—~(g) (—p13,u3) = (2,0) and (e) —p12 = 1,
(f) —p12 = 0.5 and (g) —p12 = 0.25, and (h)-(G) (—p12, —p13) = (2.5,2) and (h) uz = 7/2, (1) u3 = 7 and (j)
uz = 3w /2. The x-axis represents the value of u;, while the y-axis denotes the value of uy. The symbols ‘X’ (red) and
‘+’ (blue) denote the modes and antimodes of density @), respectively.

I

Figure 2: Rose plots of the protein data. The marginals are not uniformly distributed on the circle. The mean direction
as calculated using von Mises marginal densities is plotted in red.
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marginal distributions being the von Mises distribution, whose density is given by

1

1) = 211y (k)
where Iy(x) denotes the modified Bessel function of the first kind and order 0. The von Mises marginals with their
lighter tails lead to the best fit for this concentrated dataset, as measured by both AIC and BIC, see Table[I] The observed
data points are plotted on top of the contours. This gives a visual indication of how good our estimated model fits this
protein dataset. For the extended TWCC with von Mises marginals, the standard errors of the estimated parameters can
be evaluated by means of bootstrap. Using B = 1000 bootstrap samples, the maximum likelihood estimates of the
parameters, with the standard error given in parenthesis, are p1» = 9. 18(4. 99) P13 = —1.17(4. 60)7 P23 = —0.09(4.41)
for the copula _parameters and i1 = 1.93(0. 0043) R1 = 27.6(0.99), ia = 2.82(0.0055), ke = 17.3(0.62), fi5 =
6.23(0.0024), 73 = 84.4(2.95), where [i; and ; denote the estimated values for 1 and « of density (32) corresponding
to the marginal distribution of 6; for i € {1,2,3}. We attribute the relatively high standard errors of the copula
parameters to the condition (@) which links all three parameters.

exp 0= g ¢ [0, 27), (32)

The estimate of a modified partial dependence parameter p3s 15(= pa3/|p13]) is P35.13 = —0.0769, while the estimate
of the full dependence parameter pio (= (1 — |p3s 13)%/2 /|p55. 13" 2 p12) is ply = 20.5. As discussed in Sectlonlm
the Appendix, p3; ;5 measures the strength of dependence between u; and uy for large
value, and inherits the same sign as py3. The full dependence parameter pj, is a reparameterization of p12, which
simplifies the parameter range to |p75| > 1 and retains the original sign of p;s.

Since |p7,| is large, it follows from Proposition ii) that the estimated density of TWCC(p) can be approximated by
the limiting copula density (26). This can be confirmed in Figure[3{a) and (b), which show the estimated density of
TWCC(p) and the limiting density for a fixed value of ug, respectively. Hence the estimated density of TWCC(p)
has a shape similar to @[), which has a linear dependence structure between v and us for a fixed ug. On the other hand,
as can be seen in Figure [3|c), the dependence structure between u and ug for a fixed us is far from a linear relationship.
Indeed, we have (p53 15, p13)" = (—0.00980, —5.43)’, and it seems that P13/ is not large enough compared with the
value of |53 5| to validate the assumption on the llnntmg density (26)); see Flgurel 1} Also, as can be seen in Figure
ld) the relationship between us and ug for a fixed u; is different from the linear dependence structure.

Our findings regarding the angle w confirm the exploratory analysis done by [4]: the data points are strongly concentrated
around the modal direction fi3, but are not exactly equal to that value, as can also be visually appreciated from the plot
in Figure 2] The inherent tractability of our model allows biologists and bioinformaticians to quantify uncertainties,
compute quantities of interest, and in particular our straightforward random number generation process enables them to
quickly simulate data from our model, which is essential in their pipelines [59].

We conclude this section by a comparison of our model with the MNNTS distribution (31)) of [9] which we summarized
in Section[6] Table[I|presents the fit of various models. The maximised log-likelihood, AIC and BIC are reported for
each model, along with the number of free parameters, denoted by p. The algorithms for fitting the MNNTS distribution
are taken from the R package CircNNTS [10]]. Besides the reasons mentioned in Section [6|to compare our model to the
MNNTS, it is also the only competitor for which we could find implemented and working code. The number of free

parameters for MNNTS(M7, My, Ms3) is calculated as 2 (H?:l(Ml +1) - 1). Various combinations of the values

My, My, M3 are shown in Table[I] with the number of free parameters increasing rapidly. The MNNTS is not able to
match the fit of our copula (not only in terms of AIC/BIC but even in terms of log-likelihood), even for a very large
number of parameters. The best model for all three measures of fit, the trivariate wrapped Cauchy copula with von
Mises marginals, is shown in bold.

7.2 Climate data

For the second real data application, we use a time series of 1326 observations of red half-hourly wave directions and
heights, recorded in the period 15/02/2010 — 16/03/2010 by the buoy of Ancona, located in the Adriatic Sea at about
30 km from the coast. The data points are collected far spaced enough from each other to be considered independent.
In order to address the climate-change related problem of modelling wave data mentioned in Section [I]and to get a
more complete picture than just wave height (linear, =) and direction (circular, 6;), we also add the wind direction
(circular, 65). The data thus is on a hyper-cylinder, which we can analyze with our copula. We choose as our circular
marginals the wrapped Cauchy distribution and the Weibull distribution for the linear marginal. Of course, many other
combinations could be considered, but these work as we see. Due to the multimodality of the data, a mixture model is
required, so we use densities of the form

K
f(61,65,) Zma 01,02,2), > m=1, (33)
i=1
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Table 1: Maximized log-likelihood, AIC, BIC, and the number of free parameters (denoted by p) for the two models
(extended TWCC and MNNTS) for the protein dataset.

Model Marginals log-likelihood ~ AIC BIC P
uniform -7920 15845 15862 2
wrapped Cauchy 1131 -2245  -2194 8
Extended TWCC cardioid -3495 7007 7058 8
von Mises 2046 -4074  -4023 8
Kato—Jones 1404 -2778 2694 14
(Ml ) Mo ) M3)
(0,0,0) -11027 22055 22055 0
(1,1,1) -6923 13874 13953 14
(2,2,2) -4582 9268 9559 52
(3,3,3) -2984 6220 6926 126
MNNTS (4,4,4) -1811 4118 5507 248
(5,5,5) -921 2702 5111 430
(6,6,6) -231 1829 5660 684
(7,1,7) 315 1414 7138 1022
(8,8,8) 746 1421 9575 1456
(9.9,9) 1091 1815 13005 1998
(10,10,10) 1370 2579 17478 2660
where K is the number of components of the mixture model, 7; is the weight of each classi = 1,..., K and f;(61, 02, x)

is the density of component ¢ and is the copula as defined in (28)), with marginals as already explained. In order to
estimate the parameters, we use a variant of the Expectation-Maximization (EM) algorithm to find the values of the
parameters for each component of the mixture model. As with maximum likelihood estimation with non-uniform
marginals, the maximisation is done as a first step for the parameters of the marginal distributions and then, using the
obtained parameters, estimates of the parameters of the copula are obtained. The M-step of our algorithm thus adopts
the IFM method described in Section[5] which is why we speak of a variant of the EM algorithm, which for the rest
works exactly like an EM algorithm. The initial values for the parameters were randomly chosen. This was repeated 10
times and the parameters that maximised the log-likelihood were chosen. To find the number of mixture components,
we considered the values K = 2, 3,4, 5 and used the BIC to determine the best-fitting model.

We found that K = 4 components fit best the data, as the BIC values are 16045, 15850, 10750 and 15655, for
K = 2,3,4,5, respectively. The parameter estimates for this mixture model are given in Table[2] It should be noted
that in each of the clusters, one of the p;; is large in absolute value, meaning that we are in the limit case given by
density (26). The values of the p;;s are very different between each cluster, with Cluster 3 having a very large negative
value for p12, Cluster 1 having a smaller negative value for the same parameter and Cluster 2 having a large positive
value for p13. The values of the parameters calculated for Cluster 4 are not as extreme. For visualization of the results,
the bivariate marginal distribution is plotted in Figure @ as given in Theorem with N, E, S, W representing north,
east, south and west, respectively. The plots on the left hand side are scatter plots of the data, coloured according to
their cluster as given by our variant of the EM algorithm with 4 components. The same colour is used for each cluster
to plot the bivariate marginal distribution for each of the components. In the Adriatic sea, the predominant winds are
bora, coming from north/north-east, and sirocco, from the south-east. The different winds are captured in different
clusters of the data, with the red and green cluster being caused by the bora wind and dark blue by the sirocco wind.

8 Discussion

In this paper we have proposed a new distribution on the three-dimensional torus, the trivariate wrapped Cauchy copula.
The marginal and conditional distributions of the copula are known distributions and random variate generation is
simple and efficient through a transformation of uniform random variates without rejection. The proposed distribution
is unimodal for any value of the parameters pi2, p13 and pos, a very important and rare property in hypertoroidal
distributions. Parameter estimation can be performed via maximum likelihood estimation. As the distribution is a
copula, the marginal distributions of the components can be chosen as any univariate angular or linear distributions. As
illustrated in our protein data example, an attractiveness of our flexible model is that the choice of marginals allows us
to model more or less concentrated data. Choosing marginal distributions that are defined on the real line allows the
copula to also model data that do not have all three components as angular variables. This was done for the second
example, where mixture models were fitted to data that include one linear and two angular variables.
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Figure 3: Contour plots of: the estimated density of TWCC(p) as a function of (a) (u1,us)’, (¢) (u1,us)’, and (d)
(ug,u3)" with the other variable fixed at 0, and (b) the limiting copula density ¢(u; p) given in as a function of
(u1,uz)" with ug = 0, where p = (9.18, —1.17,—0.09)’. The symbol ‘x’ or a dashed line (both in red) denote the
mode(s) of the density, while ‘+’ or dotted lines (both in blue) denote the antimode(s) of the density.

Table 2: Parameter estimates as obtained from our variant of the EM algorithm for 4 components. The marginal
distributions for wind and wave directions are wrapped Cauchy, and the estimates of the parameters are denoted by
p1, i1 and ps, fio, respectively, with m representing north. For the wave height we use the Weibull distribution, where

\s is the estimated scale parameter and 73 the estimated shape parameter. Finally 7; denotes the estimate of the weight

of class i.

Parameters | Cluster 1 Cluster2 Cluster 3  Cluster 4
012 -92.092 -0.008 -5956.914 -5.168
D13 43.331 584.384 -0.032 0.864
023 -0.0003 -0.218 0.005 -0.224
I 3.869 4.440 5.184 2.588
f1 0.834 0.882 0.809 0.578
2 3.772 4.460 5.692 2.239
P2 0.729 0.887 0.432 0.736
A3 1.781 3.414 0.948 0.766

3 3.207 3.390 1.531 1.424
o 0.184 0.054 0.546 0.216
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Figure 4: Contour plots of density with von Mises marginals, with parameter values estimated by maximum
likelihood. The parameters of the marginals are ji; = 1.93, 71 = 27.6, jio = 2.82,ky = 17.3, i3 = 6.23, k3 = 84.4,
where [i; and &; denote the estimated value for ¢ and « of density corresponding to the marginal distribution of 6;
for i € {1,2, 3}, and the copula parameters are p1o = 9.18, p13 = —1.17, p12 = —0.09. The values of the fixed angles
(shown in each title) are chosen to be the mode of the data, and only points that are within 0.1 radians of the chosen
value of the fixed angle are plotted. For illustration purposes, the three plots are portrayed on different scales.
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Figure 5: Contour plots for the climate data of the bivariate marginal distributions of our extended TWCC for the four
different clusters as detected by our variant of the EM algorithm. Each cluster is presented in a different colour and N,
E, S, W represent north, east, south and west, respectively.

20



The trivariate wrapped Cauchy copula A PREPRINT

The trivariate wrapped Cauchy copula can be extended in various directions, of which we shall briefly outline four.

* First, we might wish to introduce asymmetry into our copula TWCC(p). Skewness can be handled at the level
of the marginals via suitably choosing skew marginal distributions, but this does not allow altering the symmetry
of the dependence structure, hence the copula itself. For example, this can be done by adopting the approach of
[2]] which consists in multiplying (3]) with the skewing function (1 + A1 sin(uy) 4+ Az sin(usg) + Az sin(us)) for
A1, A2, Az € (—1,1) satisfying | A1 + A2 + A3| < 1. When all three skewness parameters are 0, we retrieve the
original copula, and as soon as one parameter deviates from zero, we obtain a skew version of our TWCC(p)
given by (5). As future work, it will be interesting to see in how far asymmetry in the copula can add flexibility
on top of asymmetry in the marginals, and how both can be ideally combined.

Second, in a similar manner as in [60], the extended model can be used to construct an AR(2) process on

the circle. Let O, O1, ..., O, be [0, 27)-valued random variables on the circle such that
p(0o,01) = f(0o,01),
1 - 67|
p(04]0t—1,...,00) = p(0¢]01—1,0;2) = f(0), (34)

1467 — 25, cos(2mF(6;) — ;)

where p(fg, 01) is the initial distribution and p(6;|0;_1, 6;_2) is the transition density. Here f(6;) is a density
on the circle [0, 27), F'(6;) = fft f(z)dx for some arbitrary origin ¢ on the circle, and f (6, 61) is a density
on the torus [0, 27)? with a common univariate marginal density f. Also, the parameters are assumed to satisfy
ne = arg(¢y), 6y = |@¢l, o = *Pt—l,t—z{,0,:,51,162““9“1)+p;t1,262”iF(9t’2), Pti—1,Pt,t—2, Pt—1,4—2 € R,
Pti—1-Pri—2- Pi—1,4—2 > 0,and |pjx| < |pijpixl/(|pij| + |pix|) for (, j, k) a permutation of (¢t,t —1,¢—2).
The transition density is derived by substituting (6;,0:—1,6:—2) into (01, 02, 603) in with the common
marginal density f and calculating its univariate conditional density similarly to Theorem 3[iii). Hence it is
clear that this circular AR(2) process is stationary. If f is the wrapped Cauchy density (29), then the transition
density (34) can also be expressed in closed form without integrals. The tractability of our model would make
the circular AR(2) process very appealing and important for time-dependent directional data.

Third, our model TWCC(p) needs a constraint on the p’s, entailing that all the three parameters cannot be
interpreted simultaneously. This limitation can be overcome if we consider a general constant c;. We refer the
reader to Section [Fin the Appendix for details of such a model. It will allow us to have the three p’s without
constraints but there will be loss in terms of several of the nice properties of the model discussed in this paper.

Fourth and finally, it is natural albeit highly challenging to extend the model presented here to any d-dimensional
torus. A potential model could be of the form

-1

tu;p) o deat+2 > pijeos(u; — uy) (35)
1<i<j<d
where u = (uy,...,uq), p € RY4=1/2 contains the parameters pi; € R, which need to satisfy certain

conditions and ¢, depends on them. To make this a valid density, c4 has atleast to be equal to 2 ) 7, _, i<d |03
and we need to find the normalizing constant. Note that the general form of (33)) has been proposed in [47]
Equation (106); no properties were investigated. One of the key properties of the copula is given in the
following theorem.

Theorem 9. Let a [0, 27)%-valued random vector (Uy, . .., Uy)" have the probability density function t4(u)
Sforu = (u1,...,uq)". Suppose that tq is a function of {u; — u;; 1 < i < j < d}, namely,
ta(u) = h(ug —ug,us —us, ..., ug—1 —uq), 0<wug,...,uq<2m. (36)

Then the following hold for (Uy,...,Uy)’.

(i) The marginal distribution of U; (1 < i < d) has the uniform distribution on the circle.

(i) If pr + -+ + pa # O, the trigonometric moments of order (p1,...,pq) (P1,--.,pa € 7Z) are
E[ei(P1U1+"~+PdUd)] =0.

Proof. See Section[A.12]in the Appendix. O
Note that Theorem [9[(ii) is an extension of Theorem [5(i) which provides the trigonometric moments of the

TWCC for p; + p2 + ps # 0. These general results make it appealing to work on the extension of TWCC
to (35) in the future.
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Appendix

A Proofs

A.1 Technical lemmas

Lemma 1. For real-valued variables ¢1, 2, ¢3, we have that | ;| > |¢;| + |ox| for (i, j, k) a certain permutation of
(1,2,3) if and only if p121 + ¢azo + ¢p323 # 0 for all (21, 22, 23) € Q3.

Proof. Let us start with the necessary condition. Without loss of generality, assume that |¢| > |$a| + |¢3|. Then the
(reverse) triangular inequality combined with straightforward calculations yields

|p121 + oza + P323] > ||p121] — |P2z2 + P323]|
= ||¢1] = |p222 + d323]|
= [¢1] — |p222 + P323]

|p1| — (|p2] + |¢s])

> 0.

v

The sufficient condition requires some more steps. Without loss of generality assume that min{¢1, ¢2, d3} = ¢1. Then

2y # — 22225833 and |¢,; /¢ | > 1 for i = 2,3. From the former condition we can deduce that ‘—%

1 <lor

‘—% > 1 forall (22, 23)" € Q2. The special choices zo = sgn(¢a/¢1) € Q and 23 = sgn(¢p3/¢1) € Q lead
to
‘_%22 +Paz3| _ | P2 n L
b1 ¢ ¢

Pazatd3zs
1

by our second deduction above. Therefore ’f ’ > 1 for all (22,23)" € Q2 Now choose again 25 =

sgn(pa/¢1) € Q but this time z5 = —sgn(¢ps/¢1) € Q. From our established inequality we thus know that for these
choices of 2o, 23

'_¢222 + @323 -1
o1
o215,
o1 o1
and consequently either [p2| > 1] + [p3| or [p3| > [p1] + |p2]. U

A.2  Proof of Theorem/[Il
Proof. In order to prove the theorem, it suffices to see that the function (5)) satisfies: (i) ¢(u, p) > 0 for any u =

(u1,us,us) and (i) f[0727r)3 t(u, p)duidusdus = 1. Usually, proving non-negativity is straightforward, but in this
case it requires calculations because of the form of ¢; which contains the parameters pi2, p13 and po3.
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Proof of (i): Without loss of generality, assume |p12| < |p13p23|/(|p13] + |p23|). We note that
c1 + 2{p12 cos(u; — uz) + p13 cos(u; — uz) + pas cos(us — us) }
2
_ COS U1 COS Ug COS U3
1 (sinul) + 02 (sian) + 03 (sinu?,> ’
where ¢; = sgn(p;i)(pijpir/pjr)"/% 1 < i, j,k < 3,4,k #14,j < k. Then
COS U1 COS U2 COS us
H¢1 (sinu1> + o2 (sinu2> + 03 (sinug,)‘
COS U3 COS Uy COS Ug
> ||#s (sinu;;) ’ — |9 (sinu1> + 02 (sinw) H
S [PsPs (\//)12[)13 n \/Plzpzs)
P12 P23 P13
> 0. (37)
The last inequality follows by showing
p13p23 (\/P12,013 n \//)12923>2
P12 P23 P13
1 2 2 2 2
= - +
12P130% {/013[’23 pia(lp13| + |pasl) }
> 1 P2 p2s — <,013/)23|>2(|p13| + |pas))?
p2pizps | 020 |p13| + | pas|
=0.
Therefore ¢; + 2 {p12 cos(u; — uz) + p13 cos(uy — us) + pa3 cos(uz — us)} > 0 for any (uy, ua, us)’.
Next we show that the radicand in ¢, is positive. It is straightforward to see that
prap1s\” | (przp2s\’ | [ prspas’
12013 12023 13023
ooty (P22 o (222020) oy (P1920) gyt - 2t — 2
P23 P13 P12 (38)

2
— (0% — )2 {p2 _ p12p3s (Pl + P%a)} B 499085
= (P12 = P23 13 :
(P2 — P33)? (P2 — P33)?
It follows from the assumption |p12| < |p13p23|/(|p13| + |p23|) that |p13] > |p12p23]/(|p23] — |pi2]). Also

2
9 |p12p23]
p > () )
9 |p23| — |p12]

2
(012 — P33)° {P%g - Props o + ) } - 4pa03s
(p%Z - P%g)Q (p% — p%3)2

9 2
> (2 — ply)? < |p12p23] ) B P12033(Pis + P33) B 4992055
12 — P2
? |p23| — |p12] (12 — 033)2 (P12 — P%g)Q

Then the radicand (38)) can be evaluated as

=0.

Hence co > 0. Thus the function (3)) satisfies the condition (i) for |p12| < |p13p23]/(|p13] + |p23]). Due to the
symmetry of the function

), it immediately follows that the condition (i) holds for the other two cases |p13] <
|p12p23|/(Ip12| + |p23]) and [p2s| < |p12p13]/(|p12| + [p13])-

Proof of (ii): In order to see that the function (3)) satisfies (ii), we first note the equation (3.613.2.6) of [17], that is,

2m
du ot
= bl < 1. 39
/0 1+bcosu |1 —b2|1/2’ o] < (39)
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Using this result, it follows that

2m
/ t('u,,p)du3
0

27 —1
— / Cs [cl + 2 {p12 cos(uy — uz) + p13 cos(uy — uz) + pag cos(ug — ’U,g)}:| dus
0

ca /27r [1 N 2{p13 cos(uy — uz) + pa3 cos(ug — ug)}] -1 du
3
c1+ 2p12 COS(’U,l — UQ) 0 c1 + 2p12 COS(’LLl — UQ)

Co /27‘— 1
c1+ 2p12 COS(’U,l — UQ) 0 1+ COS(U3 — a’)

Co 2
— . 40
c1 + 2p12cos(ug —ug) |1 —b2[1/27 (40)

where ' = 2{p3; + p3; + 2p13pazcos(ur — uz)}/?/{c1 + 2piacos(u; — ug)} and o' satisfies tana’ =
(p13sinug + pag sinug)/(p13 cosuy + pag cos ug). The third equality follows from the formula v cos uz + S sinuz =

Va2 + B2 cos(ug — 7), where + satisfies tany = 3/« and the fact that we can write

p13 cos(u — ugz) + pas cos(uz — ug)
= cos(us)(p13 cos(u1) + pas cos(usg)) + sin(us)(p13 sin(u1) + pas sin(usg)).

In order to see |b'| < 1 in the last equality, it suffices to see that

c1 + 2p12 cos(uy — uz) — 2{pi5 + P33 + 2p13p23 cos(uy — uz)}/?
2

B COoS U1 COS Us CoS U3

- H 1 (sinul) + 02 (sinu2)‘ 3 (sinu;:,)

> 0,
holds for any uy,ug,ug € [0,27). If [p12| < |p13p2s|/(|p1s] + |p2s]), this inequality is already seen in (37). If
|p13| < p12p2sl/ (|12l + [p2sl) or [pas| < [p12p1sl/(Ip12] + [p13]), we have
o \/P13P23 <0
P12

COS U1 COS U9 COS U3 P12pP13 P12023
for (i) + e () |- oo Ganas)] = IV - /25

The last inequality follows from

’\/Pmpla _ \/012P23 ? _ P13p23
P23 P13 P12
= Wlp% [0%2{913 - 023}2 - P%3P§3}
> ———{ohallonal — loml)* = phorks)
2
> pm;p% {(|p1§|13_”2;23|) (Ip1s| = lp2s))* = ngpgg}
=0.

Thus we have ¢; + 2p12 cos(uy — ug) — 2{p?5 + p2s + 2p13p23 cos(u1 — us)}/2 > 0, which implies [b'| < 1.
(@0) can be simplified as
2T - co

27
t(uw, p)dus =
/0 (u, p)dus |p12p23/ P13 + p12p13/p23 — p13p2s/p12 + 2p12 cos(ur — ua2)
= tQ(Ul, U2; ¢12)7

(41)

where ¢15 is defined in (]E[) Here we show that the denominator of is positive for any (u1, us)’. For convenience,
write C3 = p12p23/p13 + plgplg/pgg — p13p23/p12. Let P12 > O, and we have the fOHOWngI
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(@) If [p12| < |p13pas|/(|p1s| + |p2s]), then

_ Pia(pis + pas)? — piapss
P12P13P23

1 |p13||pas| >2 s 9 o
- -
P12P13023 [( lp13| + |pasl (P13 + p23)” = Piapas

2
__Pishis < P13 + pa3 ) 1
P12P13023 |p13] + | P23l

<0.

c3 + 2p190 COS(U1 — UQ) < c3+2p12

(b) If |p1s| < [przp2s|/(lpr2| + [p2s]) or |p2s| < [p12p13|/(lp12| + [p13]), we have

2 2 2 9
P12\p23 — P13)" — P13P
c3 + 2p1a cos(u — ug) > ¢3 — 2p12 = 1o ) 137723

P12P13023
2
o1 ( |p13||p23] ) (92 — p1s)? — pRap?
P12013023 |P23| - |p13| 13723
2
_ Pisp3s ( P23 — P13 ) 1
P12013023 |p23| — |p13]
> 0.

u2) < 01in a similar manner as in the case (A.2)) except using |p13| + |p23| = |p13 — p23|, which holds as p12 < 0

means that pi3pa3 < 0. If |p13| < |p12p23]/([p12] + |p23]) 0 23| < |p12p13]/(|p12] + |p13]), then we can see that
(A.2

Next, consider p12 < 0. In this case, if |p12] < |p13p23|/(|p13 + p23]|), it is straightforward to show ¢z + 2p12 cos(u; —
) apart from the use of (p13+p23)? = (|p13| —|p23|)?.

¢3+2p12 cos(ug —usz) > 0in a similar manner as in the case
Thus the denominator of (1)) is positive for any (u1,us)’.

Note that the discussion above implies |2p12/c3| < 1. Then it follows from the equation (3.613.2.6) of [[17] that, for the
parameters satisfying ¢z + 2p12 cos(u; — uz) > 0,

27 27
2me
/ to(u1, ug; pr2)dug = / 2 dus
0 0

cs + 2p12 cos(ur — ug)

/Qﬂ— 271'62
= d’LL2
0 03{1 +2 (p12/83) cos(u1 - Ug)} (42)
o (27(')202 - (27T)202
cs|l = (2p12/cs)?[V2 | — 4p,|'/?
1
o

Similarly, we can also show fo% to(uy, us; p12)dus = 1/(27) for the parameters which satisfy c;+2p12 cos(u1 —ug) <

0. Finally,
27 27
1
t du, = —du; = 1.
/0 1(U1) Ui /0 o U1

Thus the proposed density (5) satisfies the condition (ii) as required.

Since the function (5) satisfies both conditions (i) and (ii), this function is a probability density function on [0,27)3. O

A.3  Proof of Proposition ]

Proof. Let p = (p12,p13, p23) and p = (p12, P13, P23)’ be two different points in the constrained parameter space
of the proposed family (B) with p12p13p23 = p12f13P23 = B. Assume that p and p represent the same distribution,
namely, ¢(u; p) = t(u; p) for any u = (u1, uz,u3)’ € [0,27)%, where c is the density . This implies that there exist
real-valued constants C' and D such that, for any u € [0, 27)3,
p12 cos(u; — ug) + p13 cos(u; — ug) + paz cos(ug — ug)
= D+ C{p12cos(u; — uz) + p13cos(u; — us) + pas cos(us — us)}.
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Choosing (u1,ug, us)’ equal to (0,7/2,7/2), (7/2,0,7/2)" and (7/2,7/2,0)’, respectively, yields, p;; = D + Cp;;
for each couple (i,5) € {(1,2),(1,3),(2,3)}. Moreover, (u1,ug,us) = (0,0,0)" gives p12 + p13 + p23 = D +
C(pi2 + pi3 + p23). Summing the first two equalities and subtracting the last entails 0 = 2D and hence D = 0, leading
to

p12 cos(uy — usg) + p13 cos(uy — ug) + pos cos(ug — uz)
=C {,512 COS(U1 — Ug) + p13 cos(u1 — Ug) + pa3 COS(’LLQ — U3)} .
Then it follows that, for any (uq, ug, u3),
(p12 — Cp12) cos(ur — ug) + (p13 — Cp13) cos(ur — us) + (pag — Cpag) cos(ug — uz) = 0.

Thus

p12 = Cp1a, p13 = Cp13, pa3 = Cpas.
Using this equation and the assumption p12p13023 = p12p13023 = B, we have

B = prap1apas = C®prapispaz = C°B.
Thus we have C' = 1. This implies p = p, which is contradictory to the assumption p and p are two different
points. O

A4  Proof of Theorem 2]
Proof. Without loss of generality, we prove the case (¢, ) = (1, 2). The other cases can be shown in a similar manner.
1. It follows from the equation @]) in Section that the marginal density of (Uy, Us)’ can be expressed as
to(ur, ug; P12) = /027T t(u, p)dus

27T-02

B |p12p23/p1s + p12p13/p2s — pispes/piz + 2p12 cos(ug — ug)|’
This marginal density can be rewritten as

! 1% |
2m)2 1+ ¢2y — 212 cos(uy — uz)
The value of ¢15 can be obtained as a solution to the equations 1 + gf)fz = C - (p12p23/p13 + p12p13/p2s —
p13p23/p12) and —2¢12 = 2C p1o for some C' # 0. Specifically, since these equations imply

C14¢%y e
2012 2p12’
where c3 = p12pas/p13 + P12p13/ P23 — P13p23/ P12, the solutions of this equation, say ¢~>12, are given by
o ek {g —4p}
12 = 2012
_ p13pas/pi2 — p12pes/pis — prapis/pas £ (2m)3co
B 2p12 '
Denote these solutions by ¢, = {—cs+ {3 —4p25}1/2}/(2p12) and o1, = {—c3— {2 —4p3, 112}/ (2p12).
Then by definition of ¢2 it is straightforward to see ¢1, = b12, ¢fod1, = 1 and ¢f, = 1/¢12. Note that
ta(u1, ug; p12) in equation with the parameter ¢12 (5 0) satisfies
to(u, ug; P12) = ta(ur, uz; 1/d12), 0 < up,up < 2m. (44)
This expression implies that the two solutions of , ie., (ESTQ and~¢~>1_2, correspond to the parameters of the
same distribution. Using the parameters derived from the solution ¢,, we have

—1
ta(uy, ug; d12) o< {1+ ¢y — 2012 cos(ug — ug)}
Since the functional form of this marginal density is essentially the same as that of (@), it follows that the
marginal density is given by with (,7) = (1, 2).

ta(ur, ug; P12) = (

(43)

2. It immediately follows from equation (#2) in Section[A.2]that the marginal distribution of U; is the uniform
distribution on the circle.

O
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A.5 Proof of Theorem 3|

Proof. Without loss of generality, we consider the case (4, j, k) = (1, 2, 3).

1. It is straightforward to derive the first expression of the conditional density (I5) from the equation
to1(u1, uzluz; p) = t(u; p)/ti(usz), where t(u; p) is the trivariate density (5) and #;(u3) is the density
of Us, namely, the circular uniform density (see Theorem [2[ii)). The second expression of the conditional
density (16) is available by using the equation

cos(uy — ug) = cos{u; —ug — (ug — usz)}
= cos(u; — ug) cos(ug — ugz) + sin(u; — ug) sin(ug — ug).

It follows from equation (2) of [31]] that the second expression of the conditional density (I6) has the same
functional form apart from parametrization.

2. Theoremimplies that the density of (Uy, Us) is given by (10) and the density of Uy is the circular uniform
density. Then it follows from the expression ¢1)1 (u1|u2; ¢12) = ta(u1, uz; @12)/t1(uz) that the conditional
density of U; given Us = us is the wrapped Cauchy density (17).

3. Using the complex expression of the density (13), the conditional density of Z; given (Z3, Z3)' = (22, 23)’ is

of the form -
teyjo(21l22, 23) o |21 + % , 2z € Q.
Note that the density of the wrapped Cauchy distribution can be expressed as
1 |1-6?

f(2)

= gik e z €,

where 77 €  is the location parameter and 6 > 0 is the concentration parameter (see [S0]). It follows that the

conditional of Z; given (Zs, Z3) = (22, 23)" is the wrapped Cauchy distribution with the location parameter

arg(¢1)23) and concentration parameter |¢123], where ¢1)23 = —¢1 (222 + B323) = —pas(piy €™ +
—1 iU3

piz ).

O

A.6 Proof of Theorem[d
Proof. The trivariate density () can be decomposed as
t(u; p) = t1\2(“3|u17u2§ 53\12)751\1(U2|u1; P12)t1(u1).

Theorems andimply that #1)5(uz|u1, ug; d3)12) is the wrapped Cauchy density , t1)1 (uzlug; @12) is also the
wrapped Cauchy density , and ¢ (uq) is the circular uniform density. This expression implies that the random
variate generation from the proposed trivariate distribution (3)) is equivalent to that from the circular uniform and
wrapped Cauchy distributions.

It is straightforward to see that u; computed in Step 2 is a random variate from the circular uniform distribution. In
order to generate random variates uo and ug from the conditional wrapped Cauchy distributions, we apply the following
result: if a random variable U follows the circular uniform distribution on (—7, ), then the random variable defined by

1-90 U
O=n+ 2arctan{<1+6> tan <2>}

has the wrapped Cauchy distribution with location parameter 7 € [0, 27) and concentration parameter § € R \ {1}
with density
1 11— 62

f (0) = o5 2 )

2w 1+ 02 — 20 cos(f —n)

See [50] and [31]] for details. Using this result, it is straightforward to see that u and us computed in Step 2 are variates
from the conditional wrapped Cauchy distributions with location parameters u; + arg(¢12) and 7312 and concentration
parameters 12| and d3)12, respectively. O

0<6<2m.
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A.7 Proof of Theorem

Proof. Without loss of generality, assume that (4, §, k) = (1,2, 3), namely, |p23| < |p12p13]/(|p12] + |p13])-

For convenience, transform the random vector (Uy, Uz, Us)' into complex form (Z1, Za, Z3)" = (e!Ur, ellV2 ¢lUs)!
which has the density (13). It follows from Theorems[2{i) and [3{iii) that the density of (Z1, Z2, Z3)’ can be expressed as

1|1 —|¢esl?| |1 — (P22 + ¢323) /¢ ||
21)3 2273 — ¢a3|? |21 + (d222 + P323)/P1]?

te(z, p) = tea(22, 235 Pas)ter s (2122, 235 01)23) = (

Then the trigonometric moments can be calculated as
®(py, pa, p )_/ 52257 |1 — |¢asl?| 1 |1 — (222 + ¢323) /D1 |?
1,P2,/P3) — — o
o2 (2m)% [20%3 — das? Jo ' 27 |21 + (222 + d323) /01 |2

/'ﬁﬁ?‘L‘%ﬁ|(%@+%%)mMﬂ%
a2 (2m)? |22Z3 — ha3|? o1

e () (8) (5)
e 2\ )\ 7o) 7o
Lo |1l ¢2s]?]
x [ ZBrtnpbstm ”lidz dzs.
/Q ? 8 B
The second equality follows from Section 1.4 of [50] and
—(p222 + ¢323) < |¢2] + 193] _ o3| |p12| + |p13] <1
¢1 1] |p12p13|

The integration in (@3] can be calculated using equation (4.3) of [29]] and equation (#4) of Section[A 4] as

2
71 p2tn p3+p1—n7|1 — |¢23‘ | dzodza: = @|2%2+n|7 P1 +p2 +p3 = 07
2 | 2 3 = 5 dz2dz3
(2m)? Jq |22Z3 — 3] 0, p1+Dp2+p3#0,

where Yo3 = min{|¢23|, |¢23‘71}¢23/|¢23‘. Then it follows that (I)(pl,pQ,pg) =0if P1 + D2 + P3 75 0 and therefore
(i) is proved. If p; + p2 + p3 = 0, we have

P1 n pi—n
O (p1,p2,p3) = Z <Z;1) (—jﬁ) <_j§> g0|2%2+n|

n=0

P1
Y4 —-n _— n 2+
= (—p23)™ Z ( >P13 Plzler 50‘2% "

n
n=0

dZ1dZQd23

(45)

as required in (ii). The second equality follows from the equation —¢;/¢d1 = —sgn(p1;)|p2s| /{sgn(p2s)|p1;|} =
—pas/ p1j, where 4, j = 2,3, ¢ # j. In particular, if the additional assumption p, > 0 holds, the binomial theorem
implies

®(p1,p2,p3)
£ (27
—\n ¢1 b1 *
P1 n p1—n pP1
P ()P pl) (sozs) (1) _ ,,2{_ (ws+1)}
@23( pza) Z(” P13 P12 725 p2s P13 P12

n=0

Similarly, for ps < —p;, we have

p1 n pi—n
q)(phvapS) = Z (2;1) (—Zj) <_zi’> g02—3(p2+n)

n=0

1 1 p1
— P2
= Po3 —pP23 + — ,
©23pP13 P12

which gives (iii). Item (iv) of the theorem holds because
@(_pl, —pa, _p3) — E[B*i(P1U1+p2U2+P3U3)} — E[ei(p1U1+p2U2+p3U3)]

= Bl Pl U0)] = @(py, pa, ps).

Finally, it is straightforward to show (v) by substituting p; = 0 in (ii). O
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[31] obtained the expression for the trigonometric moments of the bivariate wrapped Cauchy distribution using the
residue theorem. Following the approach given in the proof of Theorem 2 of their paper, it is also possible to express
the trigonometric moments in the setting (ii) using the residues. However, for our model, the expression @]) seems
more practical because this expression does not involve the calculation of derivatives which appear in the residues.

A.8 Proof of Theorem [6)

Proof. If follows from Theorem i) that (U;, U;)’ has the density . This density is equivalent to a special case of
the distribution of [31] with circular uniform marginals. Then the three correlation coefficients pjw, pjm and prpr, of
our model can be immediately calculated from those of the distribution of [31] given in Section 2.6 of their paper. [

A.9 Proof of Theorem(7|

Proof. First we consider the case p;;, pik, pjx > 0. Without loss of generality, assume (4, j, k) = (1,2, 3). It is clear
that the antimodes of the density (3 are u; = us = ug because cos(u; —u;) (1 <@ < j < 3) is maximized at u; = u;.
In order to derive the modes of the density (5)), we first note that the density (3 can be expressed as

-1
bat, ) o1 + 2p13 cos(ur — ) + 2{ R + s + 201323 cosn — ua) ) cos(us — o) -

where 7j3112 = arg{p13 cos u1 + pa3 cosuz +i(p13sinuy + pe3 sinug)}. It immediately follows from this expression
that the density @) is maximized at ug = 7312 +7. Then the maximization of the density @ reduces to the minimization
of its functional part

B(x) = piaz — {pls + pi3 + 2p13pasa}'/?,
where x = cos(uy — ug) € [—1,1]. The first derivative of this function is

d _
%B(ﬂf) = p12 — p1sp2s(pis + P35 + 2pr3pase) /2. (46)

Now it is straightforward to see that this derivative can be upper bounded by p12 — p13p23/(p13 + p23) (by replacing
x with 1 in @8)), and that the derivative is thus negative if p12 < p13p23/(p13 + p23), leading to a minimization
of B(x) atx = 1if p1a < p13p23/(p1s + pa23). By using similar arguments, one can show that B(x) is minimized
at x = —1if p12 > p13pas/|p13 — p23|- It then follows that the modes of the density are given at u; = us for
P12 < p13p23/(p13 + pgg) and at Uy = Uy + 7 for pi2 > plgpgg/‘plg - ,023|. Finally, us = ﬁ3|12 —+ 1mphes that
uz = uy + wif p12 < p13p23/(p13 + p23). If P12 > plgpgg/‘plg — ,023|, then we have uz = uq for P13 — P23 < 0.
Noticing that p1o > p13pa3/|p13 — pes| and p13 — paz < 0 imply p13 < p1ap23/(p12 + p23), we obtain the modes
of the density (5) for the case (¢, j, k) = (1,2, 3). If p12 > p13p2s/|p1s — p23] and p13 — pag > 0, the modes of the
density (5) can be obtained by setting (4, j, k) = (2, 1, 3) rather than (¢, j, k) = (1,2, 3) due to the symmetry of the
density (5) with respect to the permutation of (s, pjk)-

The modes and antimodes of the density (EI) for the case p;; > 0 and p;1, pjr < 0 can be obtained in the same manner
by applying Proposition Jii).

O
A.10 Proof of Proposition 2]
Multiplying pa3/(p12p13) to both the numerator and denominator of the TWCC density , we obtain
t(u; p)
1 4 2 27 1/2
P23 2 P23 P23
g (2) () o 2)
(2m)3 P23.13 oz P23.13 oz p23.13 P
2
/ 14 p2s 15+ (p23> + 2{p23‘13 cos(uy — ug) + P2 cos(uy — ug) (47)
P12 P12

+ p23.13 P23 cos(ug — 1@,)}] .
P12

From this expression, it is straightforward to see that t(u; p) — 1/(27)3 as pa3 — 0, proving (i), and that

1—p3s13

t(uw; p) —
( p) (27‘()3 1+ p%dm + 2,023_13 COS('LL1 — ’U,Q)

as ‘plgl — 00,
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proving (26). Since the parameter constraint implies |pa3| < |p13], we have | pa3.13] < 1. Finally, it follows from
the form of the limiting density that Us is independent of (U, Us)’ and follows the uniform distribution on the
circle and that the marginal of (Uy, Us)’ is the bivariate wrapped Cauchy copula BWC(0,p23.13).

A.11 Proof of Proposition 3]

An alternative expression for the density of TWCC(p,,) can be obtained by substituting p = p,, in @7). This
expression, along with pa3 ,,/p13., = O(n*~%) and P23.n/P12,n = O(n*~*), implies that, under the assumption in (i),
namely, k > \, t(u; p) — 1/(27)3 as n — oo. If the assumptions in (ii) holds, then we have pa3 ,,/p13.» = a and
p23,n/P12,n = a®n~>/2, and hence

1 1—a?

H(u: p) — o
(u; p) (2m)3 1 4 a2 + 2a cos(u; — us) .o >

This limiting distribution is the distribution (26)) with ps3.13 = a.

Note that for a > 0, the constraint a < (—1 + 1/5)/2 is necessary to ensure the inequality for any n. This can be
seen by first noticing that the inequality (25) implies

1

1
— . — > 1.
14+an=3/2 a =

Since the left-hand side of this inequality is minimized for n = 1, it follows that 1/{(1 + a)a} > 1. Thus we have

a < (=14++/5)/2.

A.12 Proof of Theorem [0l

Proof. (i) Without loss of generality, we calculate the marginal distribution of U,. The marginal density of U, can be
expressed as

Suy(ug) = / h(uy —ug,uy — uz, ..., ug—1 — uq)duy -+ - dug_q. (48)
[0,27)d—1

Putting v; = u; —uq (i = 1,...,d — 1), it follows that u; — u; = v; —v; for j = 1,...,d — 1 and therefore
{u; —u;; 1 <i<j<d} canbe expressed using d — 1 variables vy, . .., v4—1. Thus the marginal density can be
expressed as

fua(ug) = / h(vy — v2,v1 — v3,...,04—1)dvy - - dvg—1 = C.
[0,27)d—1

Since f(ug) is a constant which does not depend on w4, it follows that the marginal distribution of Uy is the uniform
distribution on the circle.

(ii) Using v1, . . . , vg—1 and ug, the trigonometric moments of order (p1, ..., pq) can be expressed as

E ei(P1U1+-~~;DdUd)] :/ ei(p1u1+"'+pdud)h(u1, o ug)duy - - - dug
[0,2m)¢
:/ 6i{p1(v1+ud)+~--+pd—1(vd—1+ud)+pdud}
[0,2m)d

x h(vy — v2,v1 — U3, ..., V4—1)dv1 - - - dvg_1dug

:/ et tpa i 0y — vy, vy — w3, Vg1 )dvy - dvg
[0,27r)d—1
x/ Gt tpauat gy,
[0,27)

Since p; + - - - + pg # 0, we have f[o 2m) et (Prt+pa)ua} oy, = 0. Therefore

E [ei(P1U1+"'ded):| =0.
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B Reparametrization and additional contour plots of the TWCC density

For a better interpretation of the parameters of the TWCC with the constraint p12p13p23 = 1, it is advantageous to
reparametrize the parameters in terms of reparametrized versions of p12 and p23.13 given by

L pn 2/3

* — [P2s. * P23

P12 = {*231};} P12, P33 = Tl (49)
P33.13] P13

respectively. The ranges of these reparametrized parameters are |p3,| > 1 and |p5s 15| > 0.

Here p7, is called the full dependence parameter. Unlike p;9 itself, p], has a simpler parameter range and can be
directly interpreted without considering the value of pa3 13 or p35 ;5. The parameter pj, can be derived first by noting
that pa3 = pa3.13 - p13 and the positivity constraint implies |p13] < {(1 — |p2s.13])/|p23.13]}p12|- In addition
it follows from pi2p13p23 = 1 that |p13] = 1/(p12 - p23_13)1/2. Summarizing these results, the range of p12 can be
expressed as |p1a| > {|p23.13|"/%/(1 — |p23.13])}?/%. Then, in order to achieve a simpler parameter range and maintain
its original sign, p12 can be reparameterized as (#9).

The parameter po3 13 is reparametrized as p34 ;5 because the original signs of p3 and ps3 are not uniquely determined
by the sign of p23.13 and the other parameter conditions. For example, ps3.13 > 0 implies that both pi3, pa3 > 0 and
p13, p23 < 0 are possible, and the other parameter conditions do not eliminate either of these possibilities. On the other
hand, with the reparametrized parameters p], and p3; |5, there is a one-to-one correspondence between the parameter
space of (p12, p13, p23) and that of (pTy, p33 13)-

Figure E] plots the contour plots of the density (5) with uz = 0 for various combinations of (p},, p53 15). Note that
the values of the parameters pj, = —5 and p35 13 = 0.1 in one of the contour plots nearly correspond to those in
Figure[I[a) of the main article. The strength of dependence between u; and us increases with |3 15]. Also, as [p},|
increases, the shape of the density becomes closer to the limiting density (26) which has linear contours. It appears that
the convergence to the limiting density as |piy| — oo is faster for greater values of |p35 15|. If |pio| is close to 1,
then the TWCC density appears to be more concentrated around u; = 0.

C Fisher Information

For ease of presentation, denote co = ﬁc}/ 2 Then the expected Fisher Information matrix of the density @]) is

given by

IP12P12 IP12P13 IP12P23
I(p12a P13, P23) =n Iplzllm 1/713l)13 1/713{)23
P12023 P13P23 p23P23

where, denoting (4, j, k) a permutation of (1,2, 3),
02 log (t(mm;
Ipiipi; = / —Mt(um; p)duydusdus,
[0,2m)3 8P¢j

/ _ 0%log (t(um; p))

Pk = t(wm; p)duyduzdus,
P /[0,27r)3 OpijOpik )

and

2 2
8%c dc d%c dc
Plog (i p) 5~ (352)  5BF — (§y + 2eosuim — wim))

2 2 2 ’
op3; s F
02 log (t(um; p))
apijapik
8%co _ Ocg Ocg 9%cy _ [ Oc1 . Jcy A
= 0pijOpik 2 Opij Opir 0pijOpik F Opij +2 cos(ulm u]m) Opik +2 cos(ulm Ukm)
3 2
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Let us now write out these expressions in detail:

F =1+ 2{p12 cos(wim — Uzm) + p13 €OS(Utrm — Usm) + P23 COS(Uzm — Ugm) }

D1 o PikPjk
2 = 3
0p3; Pij
e L ik ik
pijOpik Pk Py i
0?cy _ 11 D%cs _1s0 1 ( 0cy 26—3/2
op, 2 (2m)3 \ 9p% 2\0pi; ) * ’
dey pir N2 (e’ (pjkpik)?
opi; = 2pi; << : + i *2%*4/?7:3'7
ij Pjk Pik ij
2 2
8204:2<pik> +2<ij) +6(ijﬂik-)2_4
8/)?]' Pik Pik p;jlj 7
0%cy _ 1 1 ( d%cy 671/2 _ 1 Jey Ocy 03/2)
ﬁpwaplk 2 (27T)3 8[%]8[)% 4 2 Gpij apik 4 ’
0%y PijPik P Pk
= gLilik gy DIk gy DR
pij0pik P?k ! Pfh P?j

D Simulations

In order to confirm that our MLE algorithm for the trivariate wrapped Cauchy copula from Section 4.2 retrieves the
true values of the parameters as the sample size increases, we have conducted a Monte Carlo simulation study. To this
end, data has been generated from the copula in (3) using the algorithm described in Theorem[d The sample sizes
considered were 50, 100, 150, 200, 250, 300, 350, 500, 750, 1000, 1250, 1500, 1750, 2000, 3000, 4000, 5000 and for
each sample size we made 5000 replications. The median of the results for the different lengths is presented in Figure
The true values of the parameters of the copula are p12 = 1, p13 = 0.25 and p23 = 4 and they are each plotted with
dotted lines. For each different sample, the MLE algorithm was repeated with 50 different initial values. The two
smaller values converge faster to the truth compared to the larger one. However, the median of the values obtained for
all three is close to the true value starting from sample size 500.

Confidence intervals (CIs) for the estimates can be obtained by means of bootstrap. Three different simulation studies
were performed, with B = 200 bootstrap samples being obtained from a sample of size n = 100,n = 500 and
n = 1000, generated by the distribution with density (3], for parameter values p12 = 1, p13 = —4 and pag = —0.25.
The estimates of the parameters are obtained by repeating the procedure described in Section[4.2]200 times. The median
of the values and the 95% CI for the estimated parameter values are shown in Table[3] The true values of the parameter
are included in all bootstrap CIs. For all values of the sample size, the true value is included in the bootstrap CI.

Table 3: The true value of the parameters is reported along with the median and 95% bootstrap confidence interval of
the ML estimates of the parameters for 200 bootstrap samples and sample size n = 100, n = 500 and n = 1000.

Parameter | True value Median (95% bootstrap CI)
n =100 n = 500 n = 1000
012 1 1.83 (-0.27,3.96)  0.99 (-0.19, 1.32) 1.06 (0.50, 1.31)
013 -4 -1.92 (-5.26,0.31) -3.92(-8.97,2.71) -3.74 (-6.26, -2.63)
023 -0.25 -0.24 (-2.36,2.33) -0.26 (-1.12,0.74) -0.25 (-0.29, -0.18)

E Further results for the protein dataset of Section [7.1

For the protein dataset, many marginal distributions were tested as shown in Table[I] The contour plots obtained for the
different marginals are presented in Figures[§]to
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p33.13 = 0.1 p33.13 = 0.5 p33.13 =0.9
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Figure 6: Contour plots of the density of TWCC(p) given by (3)) with uz = 0 and p12p13p23 = 1 for nine combinations
of (pi,, P53.13), each taking three different values. The horizontal axis represents the value of uy, while the vertical
axis stands for the value of us. The symbols ‘X’ (red) and ‘4’ (blue) denote the modes and antimodes of density @),
respectively.
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Figure 7: Plots of median values of maximum likelihood estimates for each of the parameters p1s, p13, p23 from
5000 replications for each sample size. The true parameters, which are plotted with horizontal dotted lines, are
P12 = 1,,013 = 0.25 and P23 = 4.
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Figure 8: Contour plots of density (5) with uniform marginals, with parameter values estimated by maximum likelihood
for the protein dataset. The estimates of the copula parameters are p12 = —0.746, p13 = —0.516, p12 = 2.59.
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Figure 9: Contour plots of density (5) with wrapped Cauchy marginals, with parameter values estimated by maximum
likelihood for the protein dataset. The parameters of the marginals are p; = 0.89, 1 = 1.94,p5 = 0.86, /15 =
2.80, p3 = 0.94, i5 = 6.22, where p; and ji; denote the estimated values for p and p of density (20) corresponding
to the density of the marginal distribution of §; for ¢ € {1,2,3}, and the copula parameters are p1o = 13, p13 =
—0.68, p12 = —0.11.
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Figure 10: Contour plots of density (5) with cardioid marginals, with parameter values estimated by maximum
likelihood for the protein dataset. The parameters of the marginals are p; = 0.5, iy = 1.93, p2 = 0.5, 1o = 2.81, p3 =
0.5, fi3 = 0, where p; and f1; denote the estimated values for p and 1 of the density f(0; p, 1) = 5= (1 + pcos(6 — 1))
corresponding to the density of the marginal distribution of 6; for i € {1,2,3}, and the copula parameters are
p12 = 0.59, p13 = 1.31, p12 = 1.30.
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Figure 11: Contour plots of density (5) with Kato—Jones marginals, with parameter values estimated by maximum
likelihood for the protein dataset. The parameters of the marginals are /11 = 1.93,% = 0.94 ,p1 = 0.88, A=
0.004, fiz = 2.81,%92 = 0.92, p2 = 0.85, Ay = —0.018, iz = 6.23,93 = 0.97,p1 = 0.93, A1 = —0.004, where
Diy i, i and \: denote the estimated values for p, 14,y and A of the Kato—Jones density as given in [30]] corresponding
to the density of the marginal distribution of 6; for i € {1,2, 3}, and the copula parameters are p1o = 3.24, p13 =
1.49, p12 = 0.21.

F A generalization of the TWC copula

Here we consider a generalization of the TWC copula () to allow for greater flexibility. This generalization can be
derived by removing the constraint on ¢; of the density (5) and is given by

-1
C(U1, Uz, U3) = 02 Cl + 2 {plg COS(U1 — UQ) + P13 COS(Ul - Ug) + P23 COS(’U,Q — U3)}:| s (50)
0 < up,ug,uz < 2m,

where p12, p13, p23 € R satisfy |pj| < [pijpirl/(|pi;| + |pix|) for some (i, j ) that is, a permutation of (1,2, 3),

C1 > 2(|pij| + [pir] = i), Co = (4m) Pz [K{(cn + a3/2)"/? [a}] ™! an = —=C7 /2 + 2p3, + 2p;3 + 2033,
C C 1/4
1 1
a22{(2+p12+P13+P23>X H <2+Pijpikpjk>} )
(i,5,k)eT

T =1{(1,2,3),(1,3,2),(2,3,1)}, and K denotes the complete elliptic integral of the first kind (e.g., [17, equation
(8.112.1)]) given by
/2 1
K(a) = dt.
(@) /0 (1 — a2sin?t)1/2

If Cy = ¢4, then the argument of K in C5 equals 0 and therefore C5 = co. This can be proved as follows. First it can
be shown that, with C; = ¢;,

2
(pikpjk + apijpix + apijpik)
2p12p13023

, q=-—1,1.

C1
D) + pij + qpik + qpjr =

Hence

1/2
C C
a% =4{<21 +p12+pl3+P23) X H (§1+Pij _Pik_pjk>}

(i,5,k)ET
1
=4 —5—5—5 ¢ (p12p13 + p12p23 + p13p23) X H (PikPik — PijPik — PijPik) ¢
4p72P13053

(i,9,k)ET

which can be shown to be equal to
ajy = cf —4piy — 4,0%3 - 4P§3a
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so a1 + a3/2 = 0, and the argument of K in Cy is equal to 0. Hence the normalizing constant reduces to

C, — Q2 _ {cf —4p%, — 4pt5 — 4p33}"/? —©c
> (4m)2K(0) (47)% -7 /2 >

It is possible to generalize the model (5)) further by lifting the condition on the parameters |p,x| < |pijpir|/(|pij| +|pik])-
However the domain of C is more involved in that case.

The generalized distribution (50) shares some tractable properties of the distribution (3. For example, the following
hold for marginal and conditional distributions of the distribution (50).

Theorem 10. Let (U1, Us, Us)' follow the distribution @) Then the following hold for the marginal or conditional
distributions of (U1, Uz, Us)'.

1. The marginal distribution of U; is the uniform distribution on the circle.

2. The conditional distribution of (U;,U;)" given Uy, = uy, is the special case of the distribution of [31|] with

density (I3).

3. The conditional distribution of U; given (U;,Uy,)" = (uj,uy)" is the wrapped Cauchy distribution (18).

Proof. The property (i) is clear from Theorem [0 which will be given in Section The properties (ii) and (iii) follow
immediately from Theorem [3{i) and (iii), respectively, because the generalized density (50) has the same functional
form as the density (). O

It is remarked that differences between the generalized model (50) and the original one (3] are that the marginal
distribution of (U;, U;)’ is not a submodel of [60] and that the conditional distribution of U; given U; = u; is not the
wrapped Cauchy in general.

The expressions of modes and antimodes for the generalized density (50) are as simple as those for the original density
(5). The proof is straightforward from Theorem (7) and is therefore omitted.

Corollary 1. The modes and antimodes of the density (50) are the same as those of the density (O)) given in Theorem[7/]

Note that this corollary leads to the simplicity of the range of the parameter C > 2(|ps;| + |pir| — |pjx|)-
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