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Abstract

Deep neural networks (DNNs) have emerged as a promising approach for constitutive modelling
of advanced materials in computational mechanics. However, achieving physically realistic
and stable numerical simulations with ANNs can be challenging, especially when dealing
with large deformations, that can lead to non-convergence effects in the presence of local
stretch/stress peaks.

This PhD dissertation introduces a novel approach for data-driven modelling of non-linear
compressible isotropic materials, focusing on predicting the large deformation response of 3D
specimens. The proposed methodology formulates the underlying hyperelastic deformation
problem in the principal space using principal stretches and principal stresses, in which
the corresponding constitutive relation is captured by a deep neural network surrogate
model. To ensure constitutive requirements of the model while preserving the robustness of
underlying numerical solution schemes, several physics-motivated constraints are imposed on
the architecture of the DNN, such as objectivity, growth condition, normalized condition, and
Hill’s inequalities.

Furthermore, the prediction phase utilizes a constitutive blending approach to overcome
divergence in the Newton-Raphson process, which can occur when solving boundary value
problems using the Finite Element Method. The work also presents a machine learning-
finite element pipeline for modelling non-linear compressible isotropic materials, involving
determining automatically the hyperparameters, training, and integrating the ANN operator
into the finite element solver using symbolic representation.

The proposed formalism has been tested through numerical benchmarks, demonstrating its
ability to describe non-trivial load-deformation trajectories of 3D test specimens accurately.
Overall, the thesis presents a complete and general formalism for data-driven modelling
of non-linear compressible isotropic materials that overcomes the limitations of existing
approaches.
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values (y − ŷ) varies. The Huber Loss and Quantile Loss plots include different
parameter settings, illustrating the effect of varying δ and q, respectively. This
visualization aids the understanding of the properties of each loss function and
selecting the most suitable one for a given regression problem. . . . . . . . . 75

4.6 Exploration into the generalization of different activation functions for various
basic function types. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.7 Exploration into the generalization of different activation functions for various
basic function types (continue). . . . . . . . . . . . . . . . . . . . . . . . . . . 81



List of figures xv

4.8 Abstract presentation: At a high level, deep networks learn a hierarchy of rep-
resentations of the inputs, with each layer extracting features and transforming
them into a higher level of abstraction. The learning process enables better
generalization with each layer, ultimately producing useful predictions for the
task. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.9 Logarithmic Linear Unit (LOGLU) and its first derivative at different α. . . . 86

5.1 Visualization of deformation modes: unconstrained uniaxial compression/ten-
sion, simple shear, and twisting around the symmetry-axis of the cube. These
fundamental deformation modes were employed to generate synthetic datasets
for the study of isotropic hyperelasticity. . . . . . . . . . . . . . . . . . . . . . 95

5.2 The boxplot of the distribution of training dataset: c1, c2, c3, s1, s2, and s3. The inner
area defined by the red lines is the training range. . . . . . . . . . . . . . . . . . . 96

5.3 The histogram of the distribution of training dataset: c1, c2, c3, s1, s2, and s3. . . . 97
5.4 The final LOGNet architecture . . . . . . . . . . . . . . . . . . . . . . . . . . 100
5.5 Performance comparison between the Ogden-Storåkers model and the predic-

tions of three DNN-based constitutive non-linear hyperelastic material laws:
the baseline MLP, LOGNet, and LOGNet (SPD). The left-hand plots depict
the 2nd Piola-Kirchhoff stress (s1) and the component H11 = ∂ŝ1
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Chapter 1

Introduction

1.1 Introduction

The data revolution has been rapidly emerging in a wide variety of disciplines including natural
and social sciences, engineering, and information technology. As a result, a tremendous of raw
data produced from instruments, sensors, or simulations need to be managed and analysed
(Bell, Hey, and Szalay, 2009; Hey, Tansley, and Tolle, 2009a) to make it understandable.

Data-driven methods, also known as the "Fourth Paradigm" (Hey, Tansley, and Tolle, 2009b),
have emerged to address these challenges by extracting knowledge directly from structured or
unstructured data. These methods utilise machine learning, statistical learning, data analytics,
and optimization to determine a mathematical model to develop effective solutions and aid in
decision-making (Dhar, 2013).

Across scientific disciplines, transformative results have been accomplished such as astroinfor-
matics (Borne, 2010), bioinformatics (Hogeweg, 31-Mar-2011), image recognition (Krizhevsky,
Sutskever, and G. E. Hinton, 2012), cognitive science (Lake, Salakhutdinov, and Tenenbaum,
2015), just to name a few.

In the field of computational engineering science, not only the volume of the available data
(e.g. NOMAD Repository (Draxl and Scheffler, 2019)) has increased dramatically, but the
tools for producing and analysing it have also considerably improved over the past decades,
including sensors, computational hardware, and software (W. K. Liu et al., 2019). Inheriting
from these advancements and the rise of high-performance computing, data-driven methods
for mechanics have emerged as a promising trend. These methods allow users to input physical
processes into the data-driven solver, which can predict the correct output even without a
well-defined model. However, the solver is demanded to show the capability of capturing the
complex behaviour and constituting governing equations of the system (Montáns et al., 2019).
Therefore, there are significant challenges in developing novel computational algorithms that



2 Introduction

Figure 1.1 The four paradigms of science are empirical, theoretical, computational, and
data-driven (Agrawal and Choudhary, 2016). It begins with empirical science, which involves
pure experiments and observations. Then, there was the rise of model-based theoretical
science characterized by mathematical equations and laws. Subsequently, the third paradigm
introduced computational science, building upon the foundation of the second era. Finally,
(big) data-driven science marked a significant milestone in scientific development, emphasizing
the need to establish novel computational algorithms.

deploy data-driven paradigms without relying on analytical equations, but instead operate
directly on experimental data.

The exploration of experimental data is not a new concept. Originally, only experimental
science provided the empirical understanding of nature, representing the first of the four
paradigms of scientific discovery. Figure 1.1 by Agrawal and Choudhary (2016) illustrates all
four paradigms of science throughout the history of human research.

One of the very first laws that can be mentioned is the work of Archimedes, a member of the
earliest empirical researchers, who sought to solve the practical problem known as the “Wreath
Problem”. He established a profound practice of buoyancy measurement and formulated it in
an undoubtedly empirical common language that can be checked by co-practitioners (Nierlich,
2005). However, this explanation remained primarily based on attraction and had not been a
systematic scientific activity.

Subsequently, the development of calculus contributed to the second paradigm i.e. theoretical
models and generalizations. Various mathematical formulations of “laws” have been discovered,
namely Kepler’s Laws, Newton’s Laws of Motion, Maxwell’s equations, and the laws of
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Figure 1.2 Constitutive equations show the relationship between applied load and stress can
be described through equilibrium equations whereas that of strain-displacement is characterised
using kinematic equations.

thermodynamics, among others. These seminal breakthroughs led to the ability to generalize
the behaviour of natural phenomena in regimes where no data had been observed (Brunton,
Proctor, and Kutz, 2016).

Soon, complex and nonlinear scientific problems eventually grew too complicated to solve
analytically, which has given rise to the urge for an alternative approach. Numerical simulation
played its role in solving these tasks based on the theoretical models of the second paradigm
for the last several decades, marked as the third paradigm (Hey, Tansley, and Tolle, 2009b),
computational science. Finite elements, finite differences, finite volumes, molecular dynamics
simulations, and mesh-free methods are all excellent examples of this computational era.

In more detail, simulation models (computational era) in classical continuum mechanics are
based on the universal principles of physical equations known as conservation laws (balance
principles: mass, momentum, and energy), the second law of thermodynamics derived back
from the second paradigm. Although these conservation laws hold for all continuum bodies,
they cannot distinguish the material types in the case of deformable bodies. Therefore,
supplementary laws are established according to the observed physical behaviour of real
materials under specific conditions of interest in order to determine their responses regarding
constitutive laws or material laws (Holzapfel, 2002). Figure 1.2 shows that constitutive
equations bridge the gap between the equilibrium relations of applied load and stress and the
kinematic behaviour of a continuum body (strain-displacement expressions). They are the
missing block required to complete the prediction of the behaviour of materials.

Constitutive equations consist of physical-based, phenomenological-based, and empirical
models. The first two types of material models require significant knowledge of the physical
phenomena to construct (Marckmann and Verron, 2006). The difference between them is that
in physical constitutive relations, the material parameters have physical meaning, whereas
the phenomenological approach is mainly concerned with fitting mathematical equations
to data obtained from experiments. The coefficients of the phenomenological approach do
not necessarily explain physical behaviour. In contrast, empirical models directly derive the
mathematical equations from the analysis of experimental data while minimizing the need for
an explicit understanding of the physical problem. This approach is particularly helpful when
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there is a lack of information about the underlying physics of the process (Solomatine, See,
and Abrahart, 2008).

Nevertheless, all types of constitutive equations contain errors and uncertainties, often leading
to failures in representing new materials (T. T. Kirchdoerfer, 2017). Hence, it becomes
necessary to reconsider the objectives of computational algorithms and improve the linear
and nonlinear continuum governing equations that are derived from limited and simplified
experimental data.

An example approach is to acquire material data generated by experiments and simulations
in order to reinvestigate and extract more accurate information, leading to the construction
of new constitutive equations. This strategy is known as data-driven methods, representing
the fourth paradigm, which has driven science to a point where the complexity of the target
equations is no longer a major limitation (Montáns et al., 2019).

Developing alternative data-driven approaches to extract physical knowledge from systems
has been pursued by numerous researchers, but these techniques still exhibit case sensitivity.
Specifically, for the purpose of extracting constitutive equations, various types of data-driven
measurements have been employed. One such approach is Data-Driven Computational
Mechanics (DDCM), introduced by T. Kirchdoerfer and Ortiz (2016). DDCM utilizes data
distance minimization techniques to generate classical solutions in elasticity. While it can
circumvent the explicit use of constitutive relations, it requires a large number of data points
as critical requirements.

Recently, Brunton, Proctor, and Kutz (2016) proposed a promising direction for identifying
governing equations in nonlinear dynamical systems. This approach combines sparse regression
(Hastie, Tibshirani, and Friedman, 2009; Tibshirani, 1996) with genetic algorithm (Koza and
Koza, 1992) to select the most accurate representation of data from a pool of simple functions
and partial derivatives.

In the same manner, Martius and Lampert (2016) modified the activation functions of a
shallow Artificial Neural Network (ANN) called equation learner (EQL) with simple equations
and operators frequently found in dynamics problems. This allows for the construction of
functional relations from observed data, and the obtained equations enable the extrapolation
of results to the unseen parts of the parameter space. However, it is worth noting that EQL
may experience difficulties in learning some mathematical expressions even in the interpolation
region.

The task of identifying material laws from experimental data has been expressed by those
mentioned approaches, still, it remains a challenging question. Therefore, it is necessary to
employ some form of machine learning to overcome their main limitations, particularly the
ability to handle extensive big data.

In this project, the author explores the feasibility of:
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• Developing an explainable ANN that can extract the constitutive equations from observed
datasets by imposing physical constraints. This modified version of ANN aims to provide
an interpretable representation of the underlying physics.

• Carefully investigating the advantages and disadvantages of the proposed methods, as
well as determining their effective domains of application.

1.2 Review of state-of-the-art

Data-driven applications in computational mechanics have been developed in several directions.
Recently, Model-free computing acts as an empirical treatment which presents the ability
to derive the relationships of interested variable fields directly from data. The other trend
is sparsity-promoting techniques that can discover the governing equations of a system of
dynamic data. As shown in Figure 1.3, one of the most important branches is the Machine
Learning approach which is the earliest and broadest method that has been established and
constantly advanced at present.

Figure 1.3 Data-driven methods

Data-driven
governing equations

identification approaches

Sparse regression techniques

Machine learning tech-
niques (ANN, re)

Model-free computing
techniques (data-driven com-
puting, constitutive manifold)



6 Introduction

1.2.1 Model-free computing method

Among the first researchers who attempted to implement the fourth paradigm in computational
mechanics (T. Kirchdoerfer and Ortiz, 2016), data-driven computing did not employ any
material constitutive models directly but integrated the computed strain, stress pairs through
a given experimental dataset in order to minimize their distance that best satisfies conservation
laws and relevant boundary conditions corresponding to the specific problem. For instance,
the three-dimensional classical elasticity solutions are recovered and conditions for convergence
have been derived by Conti, S. Müller, and Ortiz (2018). This data-driven practice referred
to as data-driven computing showed good convergence, especially in comparison to a classical
finite element model analysis. Further extension to viscoelastoplasticity Chinesta et al.,
2017, static nonlinear elasticity problem within the finite deformation theory by L. T. K.
Nguyen and Keip (2018). Similarly, a modified framework for small-strain elasticity called
Data-Driven Identification proposed by Leygue et al. (2018) has been combined data-driven
computing solver and Data-Driven Identification algorithm which is applicable to non-linear
elastic behaviours only. Moreover, modelling errors and uncertainty are discarded by avoiding
material modelling empiricism, likewise for the loss of experimental information. However, it
is sensitive to noise and/or outliers in the dataset. Thus, developments for solving these issues
are explained in (T. Kirchdoerfer and Ortiz, 2017), solver improvements (Ayensa-Jiménez et al.,
2018; Kanno, 2018; L. T. K. Nguyen, Aydin, and Cyron, 2022). In terms of the time-dependent
problem, a new solver based on both distance-minimizing and entropy-maximizing schemes is
expressed in (Eggersmann et al., 2019; T. Kirchdoerfer and Ortiz, 2018). Still, this method
also contains its own errors, and in order to obtain precision of constraints that affected
directly the convergence of the algorithm, a vast amount of data points is needed. It only can
be solved partly by L. T. K. Nguyen, Aydin, and Cyron (2022).

Closely relevant, Peherstorfer and Willcox (2015, 2016) constructed reduced-order models
from data also without having direct knowledge of the constitutive models by inferring the
full-order operators. Likewise, Ibañez et al. (2017) and Ibañez et al. (2016) introduced a
more general approach by applying manifold learning methodologies to define a so-called
constitutive manifold, a low-dimensional embedding for stress-strain pairs, which is a data-
based constitutive equation. This type of data-driven method is based on pure data regression,
hence posing the risks that violate basic laws of thermodynamics due to noisy data, and the
degree of accuracy of approximated results. To overcome this problem, González, Chinesta,
and Cueto (2019) present a novel paradigm, also without employing constitutive equations,
uses the GENERIC (General Equation for Non-Equilibrium Reversible-Irreversible Coupling)
framework which guarantees the thermodynamical consistency. By not adopting the constraints
from the material theory (i.e. not applying the material constitutive equations), these model-
free approaches may demand a large number of datasets in order to generate the constraints.
Therefore, it is necessary to determine the least amount of data required for the training
process of a specific model K. Wang, Sun, and Du (2019). Therefore, Ibáñez et al. (2019)
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presented a hybrid constitutive modeling methodology that combined constitutive equations of
plasticity models and experimental data via sparse proper generalized decomposition (s-PGD)
technique (Ibáñez et al., 2018). By exploiting the benefit of contained constitutive equations,
this hybrid model produced the error convergence more accurately and efficiently than the
ones without a model (Ibáñez Pinillo, 2019).

1.2.2 Machine learning method

Another typical type of data-driven method is Artificial Neural Networks (ANN), which
has experienced tremendous success in wide-ranging fields of material modelling including
the construction of neural network constitutive models (NNCMs) (Hoerig, Ghaboussi, and
Insana, 2019; Hoerig, Ghaboussi, and Insana, 2017, 2018), reduced order model (Hesthaven
and Ubbiali, 2018), solving and learning systems involving ODEs and PDEs (Long et al.,
2017; Qin, K. Wu, and Xiu, 2019; Raissi, Perdikaris, and Karniadakis, 2019; Raissi and
Karniadakis, 2018; Raissi, Perdikaris, and Karniadakis, 2017b,c), Gaussian process regression
(Raissi, Perdikaris, and Karniadakis, 2017a).

Artificial neural systems are a computational methodology, which attempts to copy the
modelling of a human mind with the end goal to figure out how to perform undertakings as
humans do. In spite of the fact that neural systems endeavour to imitate the human brain,
they are far less perplexing for the real brain. As definition stated by Haykin (2009): A
neural network is a massively parallel distributed processor made up of simple processing
units that has a natural propensity for storing experiential knowledge and making it available
for use. It resembles the brain in two respects: (1) knowledge is acquired by the network from
its environment through a learning process; (2) interneuron connection strengths, known as
synaptic weights, are used to store the acquired knowledge. Neural networks perform a variety
of tasks such as prediction, pattern classification, or fitting arbitrarily complex nonlinear
models to multidimensional data to any desired accuracy. This powerful capability of function
fitting can be extended to multivariate techniques including multiple linear regression and
nonlinear regression (Samarasinghe, 2016).

This first application of this approach, proposed by Ghaboussi et al. (1998), Ghaboussi J.,
Garrett J. H., and Wu X. (1991), X. Wu and Ghaboussi (1995), and Yagawa and Okuda (1996)
is to model the constitutive relationship of 2-D plane concrete extracted from the experimental
data. Specifically, the measured strains serve as inputs, and the applied stresses act as outputs,
the information flows through neurons without human action. Once the network is trained,
the model can be implemented in a boundary value problem straightforwardly, in exactly
the same way as a conventional phenomenological model. Further development expressed
in (Ghaboussi et al., 1998; Hashash, Jung, and Ghaboussi, 2004a) described the numerical
implementation in Finite Element Analysis, in these works, the material stiffness matrix is
unique and represented by the NN model which is an attempt to explain the “black-box”.
Other applications for composite (Haj-Ali Rami et al., 2001), strain-softening material models
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(Kaklauskas Gintaris and Ghaboussi Jamshid, 2001) hyperelastic materials and implemented
in commercial software (Shen et al., 2004), as well as other applications (Lefik and Schrefler,
2003; Stoffel, Bamer, and Markert, 2019; K. Wang and Sun, 2018). However, generally,
this approach consists of several problems namely a high demand in the training dataset,
high dimensionality that leads to inconsistency in prediction performance, and easy getting
under-fitting or over-fitting unless carefully calibrated the NN’s hyper-parameters.

In order to explain the “black-box” of ANN and extract the knowledge to show an explicit
relationship between input and output, many tools in the field of data mining have been
developed to provide human-understandable syntax for a trained ANN model. Those knowledge
extraction algorithms from the feed-forward ANN can be classified as three catalogues:
decomposition, pedagogical, and eclectic (Young and Weckman, 2010). The decomposition
approaches to analyse the entire internal structures of the ANN (activation functions, weights,
neurons), then concludes the significance of the features or set rule-based form equations
(“If-Then” or “M-of-N”) (Huysmans, Baesens, and Vanthienen, 2006; Setiono and H. Liu, 1997;
Towell and Shavlik, 1993). In contrast, the pedagogical measurements ignore all the internal
components and only investigate the input-output relationship based on the information
obtained from the original ANN model. The rules extracted have the form of decision trees
or to quantify input significance (Breiman, 2017; Rangwala, 2006; Zhou, Jiang, and Chen,
2003). The eclectic one is a combination of the two mentioned approaches which are rare in
practice and lie in the middle on the translucency spectrum, (Hruschka and Ebecken, 2006;
Mohamed, 2011; Thrun, 1995). However, most of the algorithms above are the application of
classification problems while engineering interests fall in regression sub-fields. Moreover, the
rule-based form equations hardly show the ability to express explicitly the governing laws of
materials laws. Although many efforts have been reported (Chan, 2017; Odajima et al., 2008;
Saito and Nakano, 2002; Setiono and Thong, 2004) in which the authors used the piecewise
linear artificial neural network (PWL-ANN), the resulted equations have a form of multiple
linear regressions which create a complicated system of equations. Additionally, the core of
PWL-ANN is to try to approximate the sigmoid activation function which is outdated.

Recently, new methods reported by Montavon, Samek, and K.-R. Müller (2018) applied for
interpreting the Deep ANN using Layer-wise relevance propagation, and Taylor decomposition
is only used to evaluate the influence of input features.

Some other works involved to extract the symbolic equations are (Martius and Lampert, 2016;
Sahoo, Lampert, and Martius, 2018), in which the authors employ a general feed-forward
network with modification in activation called EQL, it resembles sum-product networks (SPNs)
(Poon and Domingos, 2011) and Pi-Sigma networks (PSNs) (Shin and Ghosh, 1991). EQL
can learn a function from experimental data, and generalize different regions of data space
even extrapolate to unseen parts. The extension (EQL∇· shown in Figure 1.4) carried by
Sahoo, Lampert, and Martius (2018) covered the limitations of EQL namely not able to
present divisions, improve unreliable identification of the true functional relation. Notably,
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Figure 1.4 Network architecture of Equation Learner EQL∇· (Sahoo, Lampert, and Martius,
2018))
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in the case of optimization problems that are not trivial and contain many local minima,
the algorithm only produces approximation solutions and exhibits poor extrapolated ability
eventually.

Regarding the hybrid method, for the first time, K. Wang and Sun (2019) and K. Wang,
Sun, and Du (2019) introduced a multi-agent meta-modelling game to generate datasets,
and scheme that makes predictions of the constitutive relationship of elastoplastic materials.
Two discrete mathematics routines namely directed multigraph and decision tree learning are
the cores of this practice. Artificial intelligence (AI) data agent generates data from real or
simulation experiments and the AI modeller agent evaluates all objective functions of possible
labelled directed multi-graphs (presented for the constitutive laws) that link the source (i.e.
strain history) to the target (i.e. stress) in order to indicate the optimal path (Figure 1.5).
This process resembles a more human-like continuous decision-making procedure in which
constitutive laws is simplified in term of forming graph edges and the goal is to maximize the
model score. Through a deep reinforcement learning framework (Sutton, 1992) which operated
an automated trial-and-error process, the computer agent is able to self-improve constitutive
laws effectively (similar to the algorithm of AlphaGo Zero Silver et al., 2017). During the
process, the AI agents optimised their decisions automatically without human intervention.
Hence, applications of graph theories such as directed graphs in meta-modelling provide us
with hierarchical information on the connections among events and mechanisms.

1.2.3 Symbolic regression method

Most of the problems in the engineering fields are related to uncovering equations for the
observations also known as symbolic regression tasks where the evolution computational
perform on a curtain function space. Both the form of the equation and its corresponding
parameters are searched simultaneously which differs from the traditional linear and nonlinear
regression methods that need a given equation to fit parameters. Schmidt and Lipson (2009)
have discovered the physical laws such as invariants and conserved quantities in the form
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Figure 1.5 Multi-player interactive deep reinforcement learning for generating optimal
strategy to automate the modelling, calibration, and validation of an elastoplastic model by
K. Wang, Sun, and Du, 2019

of analytical expressions without any prior knowledge, although computational resources
exploded for high-dimensional problems.

Recently, Brunton, Proctor, and Kutz (2016) proposed a promising direction, so-called sparse
identification of nonlinear dynamics (SINDy), attempting to discover the governing equations
from noised experimental data of nonlinear dynamics problems. Standing on the foundation
of a seminal breakthrough in (Bongard and Lipson, 2007; Schmidt and Lipson, 2009), this
treatment combines spare regression (Hastie, Tibshirani, and Friedman, 2009; Tibshirani, 1996)
with genetic algorithm (Koza and Koza, 1992) to select the most accurate representation of
data from a pool of simple functions and partial derivatives. The sparsity technique illustrated
the abilities of highly efficient computation and avoiding over-fitting by selecting parsimonious
models that balance model accuracy with complexity via Pareto analysis also in biological
networks(Mangan et al., 2016). Further development was proposed by Rudy et al. (2017) to
deal with spatiotemporal, high-dimensional data using innovative sampling strategies. Other
improvements of selecting candidates models comparing the statistical criterion AIC/BIC
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Mangan et al., 2017. However, there is an outstanding issue in the appropriate selections of
the sparsifying function basis and measurement coordinates. In practice, those selections are
usually based on the knowledge of users regarding the physical characteristics of the systems.
Therefore, to tackle those issues, Champion et al. (2019) designed an auto-encoder, which is
based on deep neural networks, to discover a coordinate transformation thus enabling the
SINDy method to learn the governing equations and their corresponding coordinate systems
successfully. Numerous applications have been reported in (Bhat, 2019; Kaiser, Kutz, and
Brunton, 2018; S. Li et al., 2019; X. Li et al., 2019; Quade et al., 2018)

1.3 Thesis scope and overview

Among the three main methods, the model-free approach does not present explicit models
or hypotheses to interpret outcomes. Plus, it comes at the cost of demanding an extensive
volume of data. Symbolic regression, on the other hand, may generate lengthy expressions that
pose challenges, particularly in high-dimensional problems. Additionally, the integration of
established prior knowledge remains unaddressed in existing works. In contrast, the machine
learning approach offers the potential for indirect interpretation and the incorporation of
physical prerequisites. Weber, Geiger, and Wagner (2021) enforced constraints related to
energy conservation, normalization, and material symmetries.

The core focus of this thesis revolves around the advancement of a modified Deep Neural
Network (DNN) capable of extracting insights from experimental data. The overarching
goal is to formulate empirical material laws rooted in centuries of scientific understanding,
which trace back to the second and third paradigms. The objective is to reduce the risks of
violating basic principles of physical laws and alleviate the computational burden associated
with searching through enormous data ranges.

The approach taken involves several key steps:

• A tailored version of DNN for identifying governing equations. This version is designed
to satisfy the essential physical requirements of commonly used material laws.

• A sufficient number of Finite Element Analysis (FEA) simulations, ideally conducted
using the FEniCSx framework (Logg and Wells, 2010b), generate the required input
data.

• The central modifications to the DNN are twofold: (a) the activation functions are
adjusted to ensure the final functional form satisfies the mathematical implications of
physically motivated requirements, and (b) the loss function is constructed based upon
well-known generalized material theories such as Baker-Ericksen inequalities and Hill’s
inequalities (Baker and Ericksen, 1954; Hill, 1970).

The inputs and outputs of the DNN correspond to squared principal stretches and principal
strains, respectively. Once the DNN model is appropriately trained, it is integrated into
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the FEniCSx framework, effectively transforming the Finite Element Analysis tool into an
intelligent module. The anticipated outcome of this endeavour is a FEniCSx module capable
of predicting strain-stress fields in hyperelastic simulations. Notably, the process involves
the systematic recording of strengths and limitations, with the overarching aim of analyzing
the applicability range of interpretable DNN models within the realm of computational
mechanics.
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2.1 Introduction

Building on the historical perspective and profound understanding of finite elasticity established
in the mid-20th century, this chapter addresses nonlinear isotropic elastic materials and their
behaviour under large deformations and rotations. Traditional linear elasticity theory often is
unable to treat large deformations and rotations, necessitating the development and refinement
of more sophisticated models and methodologies. The scope of this study is confined to purely
mechanical theories, thereby excluding thermodynamic variables such as temperature and
entropy.

Over the years, profound theoretical findings in this field, many validated by experimental
data, have led to a significant increase in the application of various rubber-like materials
such as synthetic elastomers, polymers, biological tissues, and natural rubber in diverse fields.
The foundations set for finite elasticity now support important new fields of study. These
include the elasticity of biological materials, the mechanics of constrained continua, theories
of rods and shells, microstructural mechanics, and the theory of homogenization, data-driven
constitutive modelling, among others.

This chapter prepares the theory of the constitutive equations in elastic materials, outlining
the fundamental physical requirements and their corresponding mathematical consequences.
By systematically considering these requirements, the scope of material under investigation is
narrowed down to compressible non-linear isotropic materials. To begin, the chapter discusses
the kinematics of finite deformation (section 2.2), detailing the concepts of motions, and
deformations. Subsequently, an analysis of strain tensors and spectral representation of strain
states are performed, providing an understanding of geometric changes that occur during
deformation.

Next, section 2.3 reviews stress analysis, balance laws, and stress tensors. The spectral
representation of the stress state is presented, providing a foundation for understanding the
stress developments induced under strain formulated in principal space.

Following that, the stress-strain relation of nonlinear isotropic elastic materials is studied,
with a focus on the physically driven requirements (section 2.4). Herein, the principles of
material frame indifference and material symmetry transformations are discussed. More-
over, the concept of isotropic elastic material and undistorted configurations are introduced,
alongside an exploration of the growth conditions in large strains. The two most common
physically driven requirements, namely Baker–Ericksen and Hill’s constitutive inequalities,
are analysed, shedding light on their connections with the mathematically driven constitutive
requirements.

Overall, the aim of this chapter is to outline requirements to facilitate the process of identifying
material laws that satisfy physical plausibility. To conclude this chapter, an example of an
ideal material candidate that satisfies all the requirements, namely hyperelastic materials, is
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presented (section 2.4.9). Examples of compressible stretch-based hyperelastic models are
also provided.

2.2 Kinematical description of finite deformation

2.2.1 Motions

A body B is defined as a three-dimensional (3D) differentiable manifold, comprised of a
collection of material points, referred to as continuum particles1. The location of each particle
can be defined within a coordinate system, denoted by triples of real numbers (x1, x2, x3) ∈ R3.
The 3D Euclidean space, denoted as R3, composed of a fixed origin O and three orthogonal
basis vectors ea, with a = 1, 2, 3. The compact domain Ω0 ∈ R3, with boundary ∂Ω0,
represents the reference configuration of the body B0 at a specific time instant t = t0. The
current configuration of the body, Bt, is occupied by the domain Ωt, with its associated
boundary denoted as ∂Ωt. A material particle Q in the reference configuration is identified by
its position vector X(Q). In the presence of finite deformation, as illustrated in Fig. 2.1, a
motion χ transports the material point Q from its location in the reference configuration B0

to an updated position in the current configuration Bt, forming a trajectory; Q is considered
to have undergone a displacement, or a shift in position. Then, relative to the coordinate
system, the position of Q in the current configuration is described by the vector function
x(Q). This can be represented as:

x = χ(X, t), X = χ−1(x, t), (2.1)

where χ−1 denotes the inverse of the deformation mapping χ at any fixed time t. It is
important to note that χ is orientation preserving, implying that the physical material is
incapable of self-penetration or inverting the orientation of its material coordinates. This
property is described per definition by the condition det ∇χ(X, t) > 0 (Oden, 2011, p.
5).

The velocity and acceleration of the particle Q are defined respectively by

ẋ(X, t) = ∂x

∂t
(X, t) , ẍ = ∂ẋ

∂t
(X, t) . (2.2)

Field quantities expressed in terms of the reference configuration (X, t) are said to be in
the material (or referential) description. In contrast, field quantities expressed in terms of
the current configuration (x, t) are said to be in the spatial (or current) description. Since
we analyse the deformation of the body at some fixed time t, we can omit t in (2.1) and

1The term “continuum particle" relates to a group of numerous molecules that, despite their large quantity,
are sufficiently small to be regarded as a singular entity. This contrasts with a mass point in Newtonian
mechanics or an individual atom/molecule. (Holzapfel, 2000).
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Figure 2.1 The material line L0 is transformed from reference configuration Ω0 to L in Ωt.
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write:

x = χ(X), X = χ−1(x) . (2.3)

Therefore, the displacement field of the continuum body reads:

u(X) = χ(X) − X . (2.4)

The deformation of the continuum body in the vicinity of a point X is characterized by the
deformation gradient F , defined as:

F = ∂χ(X)
∂X

= ∂X

∂X
+ ∂u

∂X
= I + ∂u

∂X
, (2.5)

where I is the identity tensor. Since the motion is orientation preserving, F is a non-singular
tensor, which implies that the local ratio of the current to reference volume of a differential
material volume element bounding the X is:

J = det F > 0 . (2.6)
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2.2.2 Deformations

As depicted in Fig. 2.1, the tangent element dX of a material line L0 in Ω0 is transformed
into the tangent element dx of its deformed image line L in Ωt by deformation gradient tensor
F . This transformation is described by:

dx = F dX. (2.7)

Consider |dX| = dS and |dx| = ds as the undeformed and deformed lengths, where S and s

represent the arc length parameters of L0 and L, respectively. The stretch λ, which is defined
as the ratio of deformed to undeformed lengths, can be expressed as:

λ = ds

dS
. (2.8)

Consequently, (2.7) can be reformulated as:

λe = F e0 . (2.9)

Here, e = dx/ds and e0 = dX/dS denote the unit vectors tangent to L and L0 at x and X,
respectively. The squared length of the tangent element in the reference configuration can be
expressed as follows:

dS2 = |dX|2 = dX⊤dX = (F −1dx)⊤(F −1dx) = dx⊤(F F ⊤)−1dx, (2.10)

whereas, in the current configuration:

ds2 = |dx|2 = dx⊤dx = dX⊤F ⊤F dX. (2.11)

The right and left Cauchy-Green deformation tensors are introduced as:

C = F ⊤F ; b = F F ⊤ . (2.12)

Both C and b are symmetric and positive definite at each X ∈ Ω0 and each x ∈ Ωt, respectively.
These tensors embody the more general and physically useful polar decomposition theorem
(Truesdell and Noll, 2004, p. 52) when applied to the deformation gradient tensor F :

F = RU = vR . (2.13)
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The rigid body rotation of a material point is characterized by the proper orthogonal tensor
R (R ∈ SO(3)1). The deformations are described by the unique, positive, symmetric tensors
U and v, which are known as the right and left stretch tensors, respectively.

It is usually difficult 2 to compute U and v through the polar decomposition, so they are
often obtained from their squares instead. By utilising the Square-Root theorem (see Gurtin
(1981, p. 13); Oden (2011, p. 19)), the tensors U and v can also be presented as:

U2 = UU = C , (2.14)
v2 = vv = b . (2.15)

Using the polar decomposition (2.13), with R−1 = R⊤ or R⊤R = I, the relation between U

and v can be found

v = F R−1 = F R⊤ = RUR⊤ , (2.16)

By (2.13), (2.15), and (2.16), the important relations of C and b are revealed, namely

b = v2 = RUR⊤RUR⊤ = RU2R⊤ = RCR⊤ . (2.17)

2.2.3 Strain tensors

Generalised strain measures, initially introduced by Seth (1961, 1966) and further investigated
by Hill (1968), have played a vital role in the development of material constitutive equations
for various types of elastic materials, such as hyperelasticity, nonlinear viscoelasticity, and
rubber-like elasticity (cf. (R. W. Ogden, 1997, p. 89–91, 118, 156, 159); (Holzapfel, 2000, p.
88); (Beex, 2019; Mihai et al., 2017)).

The expressions for these strain measures in material description are respectively given
by:

E(m) =


1
m(Cm/2 − I) ; if m > 0 ,
1
2 ln C ; if m = 0 .

(2.18)

1SO(3) is the special orthogonal group comprising orthogonal tensors Q satisfying Q⊤Q = I and det Q = 1.
It represents proper rotation transformations in three-dimensional space, preserving both distances and
orientations. Specifically, when Q corresponds to a rotation, it is referred to as a proper orthogonal tensor,
whereas if it represents a reflection, it is considered an improper orthogonal tensor (Holzapfel, 2000, p. 16).

2See Higham and Noferini (2016) for numerical computation of polar decomposition (for 3 × 3 matrix)
without using the singular value decomposition.
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For the spatial description, the expressions of the generalised strain follows:

e(m) =


1
m(I − b−m/2) ; if m < 0 ,
1
2 ln b ; if m = 0 .

(2.19)

Here, m ∈ Z (Morman, 1986), where distinct values of m correspond to different strain
tensors:

• m = 2, E(2) = 1
2(C − I), Green-Lagrangian strain tensor (R. W. Ogden, 1997, p.

89-90)

• m = 1, E(1) = C1/2 − I = U − I, Biot strain tensor (Biot, 1965)

• m = 0, E(0) = ln C1/2 = ln U , Hencky1 (logarithmic, true) strain tensor (Hencky,
1928)2.

• m = −2, e(−2) = 1
2(I − b−1), Euler-Almansi strain tensor (Holzapfel, 2000, p. 81).

The material is unstrained at X, i.e. E(m) = 0, when U = v = I. Moreover, E(m) is an
isotropic tensor expressed in term of C for m > 0, and of b for m < 0 respectively. Proof of
this property is presented in Section 2.2.4.

The logarithmic strain tensors, m = 0, hold particular interest in non-linear constitutive
theories because of their asymptotic and monotonic properties, it is also found useful in the
theory of plasticity (Xiao, Bruhns, and Meyers, 1997). They have been extensively studied in
literature such as Bruhns, Xiao, and Meyers (2001), Hill (1968), Hoger (1987), Neff, Eidel,
and R. J. Martin (2016), Neff, Ghiba, and Lankeit (2015), and Seth (1961, 1966).

2.2.4 Spectral representation of strain state

Constitutive relations in finite elasticity, especially in cases of soft tissue, hyperfoam, and
rubber-like materials are usually formulated in terms of principal stretches. Furthermore,
they may be more intuitive to formulate the boundary value problems of the stretch-based
elastic model in principal space. This subsection provides the foundation of the strain tensors
in spectral representation.

Let Na denote a set of mutually orthogonal and normalized eigenvectors of the material
stretch tensor U , with corresponding eigenvalues {λa}, for a = 1, 2, 3:

UNa = λaNa with |Na| = 1 , (2.20)

where | · | denotes the norm of a vector.
1According to Neff, Münch, and R. Martin (2016), the logarithmic strain tensor was actually first introduced

by Becker (1893), which was published 35 years before Hencky’s works. It will be referred to as the logarithmic
strain tensor in the following.

2A newly typeset version can be found in Neff, Münch, and R. Martin (2016), see also Neff, Eidel, and
R. Martin (2014) for a recent English translation.
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By combining (2.14) with (2.20), the eigenvalue problem for C is obtained

CNa = U2Na = λ2
aNa , a = 1, 2, 3 . (2.21)

The eigenvalues {λ1, λ2, λ3} of the right stretch tensor U are referred to as the principal
stretches (Holzapfel, 2000, p. 89), corresponding to the three principal material lines. Con-
versely, the eigenvalues of the symmetric tensor C correspond to the squares of the principal
stretches, denoted as λ2

a. Note that both U and C share the same orthogonal eigenbasis,
namely the set {Na}, which represents the principal referential directions.

The eigenvalue problem for v can be expressed using (2.16) as follows (Holzapfel, 2000, p.
90):

v(RNa) = RUR⊤(RNa) = RUNa = λa(RNa) . (2.22)

Therefore, the eigenvectors of v, given by RNa, correspond to the rotated versions of the
eigenvectors of U and C under R. These eigenvectors are known as the principal spatial
directions, denoted as na, and satisfy:

na = RNa with |na| = 1 , a = 1, 2, 3 . (2.23)

Hence, the two-point tensor R rotates the unit orthogonal eigenvectors Na, embedded into
the reference configuration, into the corresponding unit orthogonal eigenvectors na, embedded
into the deformed configuration (Curnier and Rakotomanana, 1991).

Similarly, combining (2.15), the eigenvalue problem for b can be formulated as:

b(RNa) = v2(RNa) = RU2R⊤(RNa) = λ2
a(RNa) = λ2

ana . (2.24)

This equation demonstrates that b also shares the same eigenvectors as v. In addition, they
can be obtained by rotating the corresponding principal spatial directions of U and C using
R as indicated in (2.23).

The principal stretches are typically obtained through their squares, as the squares of these
principal stretches correspond to the eigenvalues of C and b. This can be done by applying
the spectral decomposition (see Gurtin (1981, p. 11)) theorem1 to positive definite tensors, C

and b become (for distinct eigenvalues case)

C = U2 =
3∑

a=1
ca Na ⊗ Na =

3∑
a=1

λ2
a Na ⊗ Na , (2.25)

b = v2 =
3∑

a=1
ba na ⊗ na =

3∑
a=1

λ2
a na ⊗ na , (2.26)

1An algorithm for symbolically computing the spectral decomposition of 3x3 matrices. Habera and Zilian
(2021)
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where ⊗ denotes the tensor product, and ca = ba = λ2
a > 0 represent the eigenvalues of C, b,

respectively.

The principal invariants of C, denoted I1, I2, I3, are as follows (Holzapfel, 2000, p. 25):

I1(C) = tr(C) = c1 + c2 + c3 = λ2
1 + λ2

2 + λ2
3, (2.27)

I2(C) = 1
2
[
(tr(C))2 − tr(C2)

]
= c1c2 + c1c3 + c2c3 = λ2

1λ
2
2 + λ2

2λ
2
3 + λ2

3λ
2
1, (2.28)

I3(C) = det C = J2 = c1c2c3 = λ2
1λ

2
2λ

2
3. (2.29)

The two-point tensors F and R are generally non-symmetric and may not have a spectral
presentation. However, one can employ (2.23), (2.13), and (2.25) to express them in terms of
principal stretches and principal directions as follows:

R = RI =
3∑

a=1
(RNa) ⊗ Na =

3∑
a=1

na ⊗ Na , (2.30)

where Na ⊗ Na = I is used. Then

F = RU = R
3∑

a=1
λa(Na ⊗ Na) =

3∑
a=1

λa(RNa) ⊗ Na =
3∑

a=1
λa (na ⊗ Na) . (2.31)

Furthermore, {λa} are the roots of the characteristic polynomial

p(λ2
a) = λ6

a − λ4
aI1(C) + λ2

aI2(C) − I3(C) = 0 a = 1, 2, 3 . (2.32)

Morman (1986) showed the solutions of this equation as (see Habera and Zilian (2021) for
general case of 3 × 3 matrices):

λa = 1√
3

[
I1 + 2

(
I2

1 − 3I2
)1/2

cos 1
3(ϕ+ 2πa)

]1/2
, (2.33)

or

ca = ba = λ2
a = 1

3

[
I1 + 2

(
I2

1 − 3I2
)1/2

cos 1
3(ϕ+ 2πa)

]
, (2.34)

where

ϕ = arccos
[

2I3
1 − 9I1I2 + 27I3
2(I2

1 − 3I2)3/2

]
. (2.35)
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Let f(C) be a tensor function, then the spectral representation is as follows (Morman, 1986;
Simo and Taylor, 1991):

f(C) = Cm/2 =
3∑

a=1
c(m/2)

a Na ⊗ Na . (2.36)

Application of the spectral theorem on the Cm/2 shows:

Cm/2 =


∑3

a=1 λ
m
a Na ⊗ Na λ1 ̸= λ2 ̸= λ3 ,

λm
1 I + (λm

3 − λm
1 )N3 ⊗ N3 λ1 = λ2 ̸= λ3 ,

λm
1 I λ1 = λ2 = λ3 ,

(2.37)

in which Cm/2 is an isotropic tensor function, i.e

QCm/2Q⊤ = (QCQ⊤)m/2 , Q ∈ SO(3) . (2.38)

Proof. Rising the power of 2/m to the left hand side of (2.38), and with (2.37), we can obtain

(QCm/2Q⊤)2/m =
3∑

a=1
(λm

a )2/mQNa ⊗ NaQ⊤

= Q

[ 3∑
a=1

λ2
aNa ⊗ Na

]
Q⊤ = QCQ⊤ .

The isotropic property of Cm/2 implies the isotropic properties of the generalised strain E(m)

(2.18) for the cases of m ̸= 0.

Proof. For the case of m > 0:

E(m)(C) = 1
m

(Cm/2 − I) .

QE(m)Q⊤ = Q

[ 1
m

(Cm/2 − I)
]

Q⊤

= 1
m

(QCm/2Q⊤ − QIQ⊤)

= 1
m

(QCm/2Q⊤ − I) ,

= E(m)(QCQ⊤) (apply (2.37))

A similar procedure can be used for the case m < 0.
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Based on (2.37), the spectral presentation of the generalised strain tensors in a material
description can be written as (for distinct eigenvalues):

E(m)(C) =
3∑

a=1
eaNa ⊗ Na =


1
m

∑3
a=1(λm

a − 1) Na ⊗ Na ; if m ̸= 0 ,∑3
a=1 ln(λa) Na ⊗ Na ; if m = 0.

(2.39)

Hence, the principal values of these strain measures are given by:

ea(λa) =


1
m(λm

a − 1) m ̸= 0 ,

lnλa , m = 0 .
(2.40)

Note that while (2.40) represents the most commonly used family of generalised strain
measures, there are numerous valid options available for selecting a strain measure’s function,
f(λa). However, the exact conditions for f(λa) have not reached a consensus.

Hill (1968) requires f(λa) to be any sufficiently smooth monotone function, satisfying f(1) = 0,
∂f(λa)

∂λa
(1) = 1. R. W. Ogden (1997, p. 118) imposes additional requirements that f(λa) to

be infinitely differentiable and ∂f
λa
> 0, ∀λa ∈ (0,∞) to hold (Neff, Eidel, and R. J. Martin,

2016). Therefore, appropriate strain measurements should be selected for each material
in order to obtain a simplified form of the underlying stress-strain relation (Truesdell and
Noll, 2004, p. 348). This property allows for the condensation of the nonlinear effects of
deformation into the definition of strain and reduces the reliance on representing the nonlinear
characteristics of the constitutive equations (Morman, 1986). Later in this work, this property
will be leveraged to construct a novel activation (subsection 4.3.1) that provides a physically
meaningful interpretation for the surrogate model using artificial neural networks.

2.3 Stress analysis

2.3.1 Balance laws

In the previous section, the kinematical aspects of the motion and deformation of a continuum
body were discussed. Motion and deformation are the result of interactions between the
material particles within the body. One consequence of these interactions is stress. The
motion and deformation may be the result of the forces that act on a part P of a body B
with mass M which can be divided into two categories: a distribution of contact force tn per
unit deformed area, denoted as a, of the boundary ∂P of P, and a distribution of body force
fb per unit volume V of P in current configuration Ω.

The total forces and torques acting on a part P of a body B at time t, denoted as F(P, t)
and T (P, t) respectively, are related to the momentum and the moment of momentum of the
material points of B about a fixed point in a reference frame, following Euler’s laws of motion
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(Beatty, 1987):

F(P, t) =
∫

∂P
tnda+

∫
P

fbdV = d

dt

∫
P

ẋdM , (2.41)

T (P, t) =
∫

∂P
x × tnda+

∫
P

x × fbdV = d

dt

∫
P

x × ẋdM . (2.42)

Here, recall (2.2), and dM = ρdV is the material element of mass with density ρ per unit
volume in Ω. The principle of balance of mass also states that dM = ρ0dV0, with ρ0 being the
density of mass per unit volume V0 in reference configuration Ω0. Thus, the local equation of
continuity for the two densities is ρ = Jρ0.

Application of the first law (2.41) to an arbitrary tetrahedral element leads to the Cauchy’s
stress theorem: the stress vector tn is a linear transformation of the unit normal vector n and
the Cauchy’s (or true) stress tensor σ,

tn = σn . (2.43)

Combining (2.2), (2.41), (2.42), and (2.43) yields

div σ + fb = ρẍ , (2.44)
σ = σ⊤ , (2.45)

They are called Cauchy’s first law and second law of motion (Beatty, 1987), respectively (see
also R. W. Ogden, 1997, p. 148 - 150).

2.3.2 Stress tensors

In solid mechanics, the Cauchy stress indicates the contact force distribution in the current
configuration Ω. However, this can be inconvenient since the deformed configuration is often
not known a priori. Therefore, the engineering stress tensor P , also known as the first
Piola-Kirchhoff stress tensor, is introduced to define the contact force distribution tn = P N

(Holzapfel, 2000) per unit undeformed area A0 in the reference configuration Ω0, where N

is the exterior unit normal vector to ∂P in Ω0. The relation with the true stress tensor is
derived using Nanson’s formula as follows:

P = JσF −⊤ , (2.46)

similar to F , P is a two-point tensor and non-symmetric.

For computational approaches, it may be more useful to employ the symmetric positive definite
S, known as the second Piola-Kirchhoff stress tensor. It does not have a direct physical
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interpretation in terms of surface tractions, defined as

S = JF −1σF −⊤ and P = F S . (2.47)

Note that the work conjugate pairs of the deformation tensor F and Green’s strain tensor
E(2) = 1

2(C − I) are represented by P and S, respectively (see (R. W. Ogden, 1997, sect.
3.5) for more details).

Let T (m) denote the generalized stress tensor, which represents the corresponding conjugate
stresses (R. W. Ogden, 1997, p. 159) of the generalized strain E(m) (2.18). By collecting the
conjugate pairs of the generalized strain tensors, E(m), at each m, the corresponding work
conjugate paired stress tensors in material description are as follows:

• m = 2, T (2) = S: 2nd Piola-Kirchhoff stress tensor.

• m = −2, T (−2) = JF ⊤σF : weighted convected stress tensor (Farahani and Naghdabadi,
2000).

• m = 1, in general, T (1) = 1
2(SU + US) (Farahani and Naghdabadi, 2000). However,

for special case where T (m) is coaxial with E(m), then T (1) = T B = R⊤P : symmetric
Biot (Jaumanann) stress tensor (R. W. Ogden, 1997, p. 1960).

• m = 0, in general, the formulation of the conjugate stress tensor T (0) corresponding to
E(0) = ln U is given by equation (49) as proposed by (Hoger, 1987) for the general case.
In case of T (m) is coaxial with E(m), T (0) = R⊤τR: the rotated Kirchhoff stress tensor
(where τ : symmetric Kirchhoff stress tensor).

In addition to the stress tensors mentioned, there exist numerous other stress tensors with
distinct characteristics. The selection of a particular stress tensor depends on the specific
application and its requirements. Notably, if the deformation gradient is known, it is possible
to uniquely determine all other stress tensors from one of them (Bertram, 2021).

2.3.3 Spectral representation of stress state

Since the second Piola-Kirchhoff stress is a symmetric positive definite second-order tensor, it
may be presented in the spectral form:

S =
3∑

a=1
saGa ⊗ Ga with |Ga| = 1 , (2.48)

where sa,Ga, a = 1, 2, 3 are the principal values and principal direction of the symmetric
positive definite 2nd Piola-Kirchhoff stress tensor S, respectively.

Let consider the case of isotropic materials (subsection 2.4.5), the principal directions of the
stretch tensor C coincide with the principal directions of the stress S, i.e. Na = Ga. Using
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(2.31), the Cauchy stress tensor σ becomes:

σ = J−1F SF ⊤ = J−1
( 3∑

a=1
λana ⊗ Na

)( 3∑
a=1

saGa ⊗ Ga

)( 3∑
a=1

λana ⊗ Na

)⊤

= J−1
3∑

a=1
λ2

asa(na ⊗ Na)(Ga ⊗ Ga)(Na ⊗ na)

= J−1
3∑

a=1
λ2

asa(na ⊗ Na)[Ga ⊗ na(Ga · Na)]

=
3∑

a=1
J−1λ2

asa︸ ︷︷ ︸
σa

(Ga · Na)na︸ ︷︷ ︸
ga

⊗ na(Ga · Na)︸ ︷︷ ︸
ga

.

where σa and ga, a = 1, 2, 3 denote the principal values and the principal directions of the
Cauchy stress, respectively. Using identity (2.30), obtaining:

ga = (Ga · Na)na = Ga(NaRNa) = GaR⊤NaNa = RGa . (2.49)

Eq. (2.49) indicates that the orthonormal vectors ga, with |ga| = 1, live in the current
configuration whereas Ga are in the reference configuration.

Finally, the spectral form of σ and the symmetric Kirchhoff stress tensor τ :

σ =
3∑

a=1
σa ga ⊗ ga ; σa = J−1λ2

asa , (2.50)

τ = Jσ =
3∑

a=1
Jσa ga ⊗ ga =

3∑
a=1

τa ga ⊗ ga . (2.51)

where τa = Jσa, a = 1, 2, 3 are the principal values of τ .

The two-point 1st Piola-Kirchhoff stress tensor P , in general, is non-symmetric and may not
have a spectral representation. Nonetheless, one can present it in the principal terms by
employing definition (2.47), (2.31), and (2.49)

P = F S =
( 3∑

a=1
λana ⊗ Na

)( 3∑
a=1

saGa ⊗ Ga

)

=
3∑

a=1
λasa(na ⊗ Na)(Ga ⊗ Ga)

=
3∑

a=1
λasa(Na · Ga)na ⊗ Ga

=
3∑

a=1
λasa ga ⊗ Ga .
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Denoting pa = λasa, then:

P =
3∑

a=1
pa ga ⊗ Ga . (2.52)

Note that only in the case of isotropic materials, the principal directions of the stretch tensor
C coincide with the principal directions of the stress S, i.e. Na = Ga, and na = ga.

The generalised stress tensor in a material description, T (m), can be presented using the
spectral presentation (for m = 0, 1, 2 cases):

T (m) =


∑3

a=1 ta Ga ⊗ Ga ; if m > 0 ,∑3
a=1 ta ga ⊗ ga ; if m = 0 .

(2.53)

where, ta: the principal values of the generalised stress tensors, and

• m = 2, ta = sa.

• m = 1, ta = pa, for isotropic materials.

• m = 0, ta = τa, for isotropic materials.

2.4 Physically driven constitutive requirements

Thus far, the deformation in a continuous body has been analyzed without reference to any
material properties the body may possess. However, the deformation of a body results from
the inherent constitutive nature of the materials in response to forces and torques acting upon
it.

Constitutive equations are the closure of the governing equations and provide the links
between strain and stress (R. W. Ogden, 1997, p. 169). These are utilized to generally express
the stress state of any point in the body in response to an arbitrary deformation at any given
time t. Constitutive equations (or response functions) can be either mathematically generalised
(axiomatic) or based upon experimental data (empirical). In practice, a combination of both
methods is used to establish a comprehensive model. For material laws to be considered
physically plausible, they must satisfy certain empirical conditions that are widely accepted
as prerequisites for an accurate representation of material behaviour.

In nonlinear elasticity, the conditions/assumptions on the constitutive relation are known
as constitutive requirements. These requirements have been approached from two distinct
perspectives. The first perspective, referred to as the classical approach, focuses on the
mechanical response of material models and establishes well-known restrictions such as the
Baker-Ericksen inequalities and Hill’s inequalities, etc. (Baker and Ericksen, 1954; Hill, 1968,
1979; Truesdell and Noll, 2004). The second perspective, which is motivated by mathematical
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considerations, emphasizes the restrictions that must be imposed on constitutive equations
to obtain solutions for boundary-value problems. This approach is concerned with concepts
such as quasi-convexity and ellipticity, etc. as discussed in (Ball, 1976; Truesdell and Noll,
2004).

The following assumptions form the basis for a theory of purely mechanical phenomena in
continuous media (Bertram, 2021, p. 156); (Truesdell and Noll, 2004, p. 60):

• Principle of determinism: The stresses at a material point at an instant time t are
determined by the history (but not the future) motion of the body.

• Principle of local action: The stresses at a material point depend on the motion of only
a finite neighbourhood of that point.

• Principle of local action for simple materials: The stresses at a material point depends on
the motion of only its infinitesimal neighbourhood (meaning that only the deformations
of the tangent space of the material point have influence, not the whole body).

Further careful consideration must be taken in the selection of these constraints to prevent
undue restrictions. They should not only provide physical realism but also possess the
versatility to encompass a wide spectrum of material behaviours.

2.4.1 Principle of material frame indifference

Considering a specific class of elastic materials such as Cauchy-elastic materials (path-
independent simple elastic material), the constitutive equation may be expressed in the
general form (Holzapfel, 2000, p. 197):

σ(x, t) = g(F (X, t),X) , (2.54)

where g is the response function associated with the Cauchy stress tensor σ. Further assuming
that the elastic material is isothermal and homogeneous leads to the stress relations (Holzapfel,
2000):

σ = g(F ), (2.55)
P = JσF −⊤ = G(F ). (2.56)

Principle of material frame indifference:1 Constitutive equations involving thermody-
namic and mechanical variables must be invariant under change of frame (Truesdell and Noll,
2004, sec. 19).

1See (Truesdell and Noll, 2004, p. 45) for the history of the principle of material frame-indifference.
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It indicates that the constitutive equations (2.55), (2.56) are not affected by (proper orthogonal)
rigid-body motions Q, hence (Truesdell and Noll, 2004, sec. 43):

g(QF ) = Qg(F )Q⊤ , (2.57)
G(QF ) = QG(F ) . (2.58)

Conditions (2.57) and (2.58) must hold for every non-singular F , and all orthogonal Q.

By applying polar decomposition F = RU on the right hand side of (2.57), obtaining the
alternative form:

QgQ⊤ = g(QRU). (2.59)

Choosing Q = R⊤, leads to the reduced form of the stress response:

σ = g(U) = Rg(U)R⊤ . (2.60)

Thus, it shows that the response functions of elastic materials are invariant with respect to
the rotation R. The same procedure applied on (2.58) leads to

P = G(F ) = RG(U) . (2.61)

Utilising J = det U , and (2.60), yields the general relation for the second Piola-Kirchhoff
stress tensor:

S = JF −1σF −⊤ = det UU−1g(U)U−1 . (2.62)

Recalling that U = C1/2, the (2.62) can be presented as a tensor-valued function of C:

S = H(C) . (2.63)

Then S is also invariant of observers. The Cauchy stress tensor can be obtained from S

by:

σ = 1
J

FH(C)F ⊤ = h(C) . (2.64)

2.4.2 Material symmetry transformation

A further restriction is the material symmetry properties of Cauchy-elastic materials. Consider
a thought experiment where a body is subjected to two tests (Beatty, 1987):
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• In the first test, the body is deformed at X in reference configuration Ω0 by deformation
F relative to R3 frame resulting in the response function:

σ(1) = g(F ) = h(C) .

• In the second test, in the same configuration Ω0 as before, the body is first subjected
to a specified rigid body rotation Q (Q ∈ SO(3)) in the frame R3, and then the same
deformation F is applied resulting in the body ending up at a different orientation in
frame R3 with F̂ = F Q. In this case, Ĉ = F̂ ⊤F̂ = Q⊤CQ, and the response function
is:

σ(2) = g(F̂ ) = h(Q⊤CQ).

In general, the response functions of both tests are not expected to be the same. However, if
the material response at X, before and after the given rotation Q, for both experiments is
the same (σ(1) = σ(2)), then:

h(C) = h(Q⊤CQ) , (2.65)

where h is a tensor-valued function of the symmetric second-order tensor C. Then (R. W.
Ogden, 1997, p. 183),

g(F Q) = g(F ) . (2.66)

Here, special rotations Q that satisfy equations (2.65) and (2.66) are known as material
symmetry transformation (Beatty, 1987). These transformations form a subgroup of a more
general symmetry group of the material G at X with respect to the reference configuration
Ω0. A material symmetry group is defined as a set of linear transformations which maps the
reference configuration onto mechanically indistinguishable configurations.

It is important to note that the material symmetry group G depends on the chosen reference
configuration. Altering the reference configuration results in different material symmetry
group presenting the same material symmetry (cf. (Negahban and Wineman, 1989) for further
details).

In addition, the material itself can be characterized by material symmetry groups, G (Bertram,
2021, p. 189). The identity transformation {I} is contained in every group, making the set {I}
the minimal symmetry group. A material possessing this minimal symmetry group is known
as a triclinic material, where G = {I}. In contrast, (elastic) fluids exhibit the maximum
symmetry group, which consists of the unimodular (volume preserving) transformations,
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{U + = H| det H = 1}1. All other materials have symmetry groups that lie between these
two extremes {I} ⊆ G ⊆ U + (Bertram, 2021, p. 190), such as monoclinic, orthotropic,
transversely isotropic, and isotropic materials (Negahban and Wineman, 1989).

2.4.3 Undistorted and stress-free configurations

Since the material symmetry groups G of an elastic material depend on the reference configu-
rations2, the response of the material is also influenced by these configurations. Therefore, it
is important to fix reference configurations relative to which the material symmetry group
holds.

Consider the vanishing deformation state, F = I, where the Cauchy stress tensor becomes
σ(F ) = g(I). Subsequently, due to the combined effects of material frame indifference
(2.57) and material symmetry (2.58) (R. W. Ogden, 1997, p. 184), the following relation is
obtained:

g(I) = Qg(I)Q⊤ . (2.67)

This implies that G associated with this configuration contains the proper orthogonal group
SO(3), and consequently, equation (2.67) holds for all proper orthogonal matrices Q. Fur-
thermore,

g(I) = αI , (2.68)

where α is a scalar. Therefore, in the considered reference configuration, the stress is
hydrostatic, and the deformation associated with such reference configurations is a pure
dilatation (potentially coupled with a rotation). This reference configuration is referred to as
an undistorted configuration of the material.

It is convenient to choose an undistorted configuration that is stress-free (natural configuration)
as the reference configuration3. In this stress-free configuration, the response functions

1H ∈ SO(3) is restricted in this work, however, it implied non-orthogonal elements also can be admitted.
Furthermore, {U − = H| det H = −1} is valid in general, however, it is not considered since the negative
values of the determinant of the deformations correspond to non-physically realistic deformations.

2Noll (2009) coined the terms "configuration" and "deformation" in what is now referred to as "placement"
and "transplacement" (e.g. (Bertram, 2021)). He expressed regret for introducing those terms in the 1960s and
offered an apology for any confusion they may have caused.

In this work, the author continues to use the ’old terms’ for their current work but plans to adopt the new
terms in future works.

3The reference configuration does not have to be an undistorted or actual configuration that the body
occupies during motion. It can be any configuration that the body is capable of occupying. For example, the
natural, undeformed state of an automobile tire at rest on a store rack may serve as a reference configuration.
The inflated, toroidal state of the tire when mounted on a car wheel can also be used as a reference configuration.
The body must be capable of occupying the chosen reference configuration, but it is not necessary that it
actually does so (Beatty, 1987).
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satisfy:

σ = g(F = I) = 0 , (2.69)
P = G(F = I) = 0 , (2.70)
S = H(C = I) = 0 . (2.71)

2.4.4 Growth conditions in large strains

Another restriction upon the constitutive relations describes the intuitive idea that “infinite
stress must accompany extreme strains” (Antman, 1983; Ciarlet, 1988) and are supported by
direct physical observation. This is called growth conditions, and the fundamental concept
behind it is that infinite stress should be associated with extreme strain (Antman, 1983),
i.e.:

∥P ∥ −→ +∞ as any eigenvalue (λa(C)) of C approach +∞ , (2.72)
∥P ∥ −→ −∞ as any eigenvalue (λa(C)) of C approach 0+ , (2.73)

where the ∥P ∥ = (P : P )1/2 is the tensor norm of P . It is observed that if an eigenvalue of
C were to approach ∞ or 0, we have the following equivalences (Ciarlet, 1988, p. 158):

λa(C) → 0+ ⇐⇒ det F → 0+ , (2.74)
λa(C) → +∞ ⇐⇒ det F → +∞ , (2.75)
λa(C) → +∞ ⇐⇒ ∥F ∥ → +∞ , (2.76)
λa(C) → +∞ ⇐⇒ ∥F ∥ → +∞ . (2.77)

2.4.5 Isotropic elastic materials

If a material possesses the material symmetry group such that G = SO(3) in at least one
reference configuration, then its mechanical behaviour exhibits no preferred direction. Such
material is called an isotropic elastic material (R. W. Ogden, 1997, p. 184). This implies
that for any proper orthogonal tensor Q, the relationship given by (2.65) holds. By choosing
Q = R⊤ and using the relation (2.17), it can be shown that isotropic materials must satisfy
the necessary condition:

h(C) = h(Q⊤CQ) = h(R⊤CR) = h(b) . (2.78)

This condition means that, for a given deformation, the response function has the same values
whether C or b is used as the independent variable. Isotropic material holds the fundamental
invariance relation (Holzapfel, 2000, p. 200):

Qh(b)Q⊤ = h(QbQ⊤) . (2.79)
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The isotropic tensor function h(b), which satisfies (2.79), may be presented in the form (Gurtin,
1981, p. 233):

σ = h(b) = α0I + α1b + α2b2 ; αj = αj [I1(b), I2(b), I3(b)] , (2.80)

where αj , j = 1, 2, 3 are three scalar functions, and {αj} depend on three invariants of tensor
b. Representation (2.80) is known as the first representation theorem for isotropic tensor
functions (Gurtin, 1981, p. 233), and is the most general form of a constitutive equation for
isotropic materials.

Now, since b−1 exists, an alternative form of the constitutive equation for isotropic materials
can be shown (Gurtin, 1981, p. 235):

σ = h(b) = β0I + β1b + β−1b−1 ; βk = βk[I1(b), I2(b), I3(b)] , (2.81)

where, βk, k = 0, 1,−1, are also three scalar functions of the three invariants of b, expressed
as:

β0 = α0 − I2α2 ; β1 = α1 + I1α2 ; β−1 = I3α2 . (2.82)

Representation (2.81) is known as the second representation theorem for isotropic tensor
functions.

2.4.6 Baker–Ericksen inequalities

The Baker–Ericksen (BE) inequalities (Baker and Ericksen, 1954; Fosdick and Šilhavý, 2006;
Marsden and Hughes, 1994; Marzano, 1983; Mihai et al., 2017; Neff, Ghiba, and Lankeit,
2015; Truesdell and Noll, 2004) are critical necessary requirements1 for reasonable material
behaviours, dealing directly with the mechanical response of the material models. The
applicability of the BE-inequalities has been extended to nonlinear transversely isotropic
materials (Humphrey, Strumpf, and Yin, 1990; May-Newman and Yin, 1998) and further
generalised for anisotropic elastic solids by Fosdick and Šilhavý (2006).

The original work by (Baker and Ericksen, 1954) demonstrated that the BE-inequalities are
necessary and sufficient for the greater principal stress to occur in the direction of the greater
principal stretch, as expressed by:

(ha − hb)(λa − λb) ≥ 0 ; λa ̸= λb ; a, b = 1, 2, 3 . (BE-inequalities)
1Among other possible restrictions on the response function, g(F ), such as (1) physically motivated

requirements: P-C inequality, P-C inequality, T-E inequalities, IFS conditions, E-T inequalities, O-F inequality,
etc. and (2) mathematically motivated requirements: GCN condition, rank-one convexity, quasi-convexity, and
poly-convexity (Noll, 2006).
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Here, ha represents the principal stresses (eigenvalues of the response function h(C)) and λa

represents the principal stretches (eigenvalues of C), reveal the ordering of principal stresses
and stretches in the same sequence.

2.4.7 Hill’s constitutive inequalities

Given the various assumptions that have been made to arrive at a simplified version of
a material model, such as isotropic elasticity. It is important to ensure that the model
satisfies certain fundamental physical requirements. These requirements are often based on
observations from experimental tests and are referred to as physically driven requirements
(R. W. Ogden, 1997; Voss, 2021). Additionally, when applying the material law to solve
boundary-value problems (see Section 3.1), mathematically driven restrictions emerge. These
restrictions are associated with the existence and uniqueness of solutions to the governing
differential equations and boundary conditions (R. W. Ogden, 1997, p. 170). Naturally, these
two viewpoints must be consistent with each other.1

2.4.7.1 Preliminarily

Return to the deformation and velocity expressions represented in (2.1) and (2.2), with the
time variable included. The time derivative of F at fixed X (relative to x) be:

Ḟ = ∂

∂t

(
∂χ

∂X

)
= ∂

∂X

(
∂χ

∂t

)
= ∂ẋ

∂X
= ∂ẋ

∂x

∂x

∂X
= ∂ẋ

∂x︸︷︷︸
l

F . (2.83)

where l is the spacial velocity gradient tensor, then (Holzapfel, 2000, pp. 97):

l = Ḟ F −1 . (2.84)

The velocity gradient tensor can be decomposed into the sum of a symmetric part d and a
skew part w as follows:

d = 1
2(l + l⊤) ; w = 1

2(l − l⊤) . (2.85)

The symmetric part d is referred to as rate of deformation tensor (Hill (1968, 1970) and
R. W. Ogden (1997) preferred it as Eulerian strain-rate), whereas w is called the spin tensor
or rate of rotation (c.f (Chakrabarty, 2012, pp. 44)). Both d and w are quantities spacial
configuration (hence, the low case bold symbols).

1One must also exercise caution when using purely mathematical requirements without any connection
to the physical situation, for example, polyconvexity, as it may exclude buckling modes (Hill, 1970; Neff,
Ghiba, and Lankeit, 2015; Voss, 2021). While polyconvexity is useful for verifying the existence of a solution
corresponding to the minimization problem, its physical integration of material behaviour is not yet fully
understood (Carroll, 2009; Voss, 2021).
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The normal component of the Eulerian strain-rate are:

d11 = λ̇1
λ1
, d22 = λ̇2

λ2
, d33 = λ̇3

λ3
. (2.86)

where λ̇ = ∂λ
∂t is the rate of change of λ.

Assuming no two stretches are equal throughout this section express the spin components of
the material principal axes as follows:

w1 = 2λ2λ3
λ2

2 − λ2
3
d23 ; w2 = 2λ3λ1

λ2
3 − λ2

1
d31 ; w3 = 2λ1λ2

λ2
1 − λ2

2
d12 . (2.87)

The rate of change of the principal Kirchhoff stresses (2.51) are:

τ̇1 = λ1
∂τ1
∂λ1

d11 , τ̇2 = λ1
∂τ2
∂λ2

d22 , τ̇3 = λ1
∂τ3
∂λ3

d33 (2.88)

For the case of isotropic Cauchy elasticity, the objective stress rate as follows (R. Ogden,
1970):

s̊(m) = τ̊ − m

2 (σd + dσ) ; s̊ab = τ̊ab − m

2 (σacdcb + σbcdca) , (2.89)

where (̊•) symbol denotes the Jaumann (or rigid-body) derivative.

The components of the Jaumann derivative of Kirchhoff stress is as follows:
Jτ̊aa = ∑3

a=1 λa
∂τa
∂λa

daa for normal components,

Jτ̊ab = λ2
a+λ2

b

λ2
a−λ2

b
(τa − τb)dab for shear components .

(2.90)

Therefore, (2.89), in terms of normal and shear components, becomes:
Js̊

(m)
11 =

(
λ1

∂τ1
∂λ1

−mτ1
)
d11 + λ2

∂τ1
∂λ2

d22 + λ3
∂τ1
∂λ3

d33 , etc.,

Js̊
(m)
12 =

[
λ2

1+λ2
2

λ2
1−λ2

2
(τ1 − τ2) − m

2 (τ1 + τ2)
]
d12 etc. .

(2.91)

The material rates of change of the principal generalised strains (2.40) and princial generalised
stresses (2.53) on the material principal axes is as follows (Hill, 1970):

ė(m)
a = λ̇aλ

m−1
a ; ṫ(m)

a =
3∑

a=1

∂t
(m)
a

∂e
(m)
a

ė(m)
a . (2.92)
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The material rates of change Ė and Ṫ are expressed as:Ė
(m)
aa = ė

(m)
a ; Ṫ

(m)
aa = ṫ

(m)
a for normal components,

Ė
(m)
ab = (e(m)

a − e
(m)
b )wk ; Ṫ

(m)
ab = (t(m)

a − t
(m)
b )wk ; k ̸= a ̸= b for shear components.

(2.93)

2.4.7.2 Constitutive inequalities

Hill (1970) introduced the first inequality requiring a positive scalar product between each
stress-rate and strain-rate pair:

s̊(m) : d > 0 for all strain . (2.94)

Here m denotes the type of conjugate strain-stress pair as introduced in (2.18). The second
Hill’s inequality is established from (2.94) for isotropic Cauchy elastic materials. The key
finding that (2.94) leads to the generally weaker inequality based on the general strains
measures (2.18) and their corresponding conjugate stresses:

Ṫ (m) : Ė(m) > 0 for all strain-rates . (2.95)

As noted in Hill (1970), generally, inequality (2.94) is distinct from (2.95).

Using (2.91) and (2.92), inequality (2.94) may be expressed in an alternative form (R. W.
Ogden, 1970)

J s̊(m) : d =
3∑

a=1

3∑
b=1

∂t
(m)
a

∂e
(m)
b

ė(m)
a ė

(m)
b +

∑
a̸=b

ψabd
2
ab > 0 , (2.96)

where

ψab = ψba = τa − τb

λ2
a − λ2

b

(λ2
a + λ2

b) − m

2 (τa + τb) (2.97)

By (2.92) and (2.93), the inequality yields (Hill, 1970):

Ṫ (m) : Ė(m) =
3∑

a=1

3∑
b=1

∂t
(m)
a

∂e
(m)
b

ė(m)
a ė

(m)
b +

∑
k ̸=a̸=b

(t(m)
a − t

(m)
b )(e(m)

a − e
(m)
b )w2

k > 0 . (2.98)
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Expressions (2.96) and (2.98) are positive if and only if its independent components are
positive, namely

3∑
a=1

3∑
b=1

∂t
(m)
a

∂e
(m)
b

ė(m)
a ė

(m)
b > 0 , (2.99)

ψ12 > 0 , ψ13 > 0 , ψ31 > 0 , (2.100)

(t(m)
a − t

(m)
b )(e(m)

a − e
(m)
b ) > 0 ; e(m)

a ̸= e
(m)
b . (2.101)

Equation (2.99) implies (2.101) as it holds in every configuration. This states that the ordering
of principal stresses t(m)

a in the same algebraic sequence as e(m)
a , which, clearly, implies

(BE-inequalities). Therefore, by satisfying Hill’s inequality, s̊(m) : d > 0, the constitutive
model also satisfies the BE-inequalities in the case of compressible isotropic solid.

Hill (1970) concluded the implications of inequalities (2.94) and (2.95) for isotropic compressible
solid:

• The same algebraic sequence or the principal stresses and principal strains,

(t(m)
a − t

(m)
b )(e(m)

a − e
(m)
b ) > 0 ; e(m)

a ̸= e
(m)
b . (2.102)

• The Jacobian matrix:

H(m) =


∂t

(m)
1

∂e
(m)
1

∂t
(m)
1

∂e
(m)
2

∂t
(m)
1

∂e
(m)
3

∂t
(m)
2

∂e
(m)
1

∂t
(m)
2

∂e
(m)
2

∂t
(m)
2

∂e
(m)
3

∂t
(m)
3

∂e
(m)
1

∂t
(m)
3

∂e
(m)
2

∂t
(m)
3

∂e
(m)
3

 is positive definite for all strains. (2.103)

Or equivalently, the symmetric part, 1
2(H(m) + [H(m)]⊤), is also symmetric positive

definite

2.4.8 Constitutive model for non-linear isotropic elastic materials

So far, the constitutive relations that approximate the actual macroscopic behaviour of
materials are discussed. Therefore, a data-driven constitutive material law, denotes as:

T (m) = f(E(m)) , (2.104)

is required to satisfy the principle of material frame indifference (sect. 2.4.1) and material
symmetry (sect. 2.4.2), which imposes certain limitations on its form.
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By leveraging the spectral representation of the generalised strain tensor and its conjugate
stress tensor, these assumptions are automatically fulfilled:

3∑
a=1

t(m)
a ga ⊗ ga =

3∑
a=1

f(e(m)
a )Na ⊗ Na . (2.105)

Therefore, aiming for a symmetric tonsorial form of the strains-stress pairs is preferable due
to its compatibility with the spectral decomposition. Among the generalised strains/stresses
options in the material description, where m ∈ {2, 1, 0}, the preference leans towards m = 2.
This choice allow both E(2) = 1

2(C − I) and its stress conjugate pair, S, to be symmetric
tensors. The only other option with both quantities are symmetric tensors is m = 0, however,
E(0) = ln U whose eigenvalues are computed from tensor C.

Henceforth, this work primarily focuses on the case of m = 2 for the strain-stress relation:

3∑
a=1

sa ga ⊗ ga =
3∑

a=1
f(ca) Na ⊗ Na . (2.106)

Additionally, the consideration narrows down to constitutive laws containing undistorted
reference configurations (sect. 2.4.3), i.e.,

f(I) = 0 . (2.107)

This further restricts materials to solid elastic materials. Hereafter, the isotropic constraint
(sect. 2.4.5) are in place, further simplifying the focus of this study to non-linear isotropic
compressible elastic solids. Consequently, Na = ga,

3∑
a=1

sa Na ⊗ Na =
3∑

a=1
f(ca) Na ⊗ Na . (2.108)

To this end, the inputs and outputs for the data-driven surrogate models are clearly defined.
The principal values of the right Cauchy–Green tensor, c = [c1, c2, c3]⊤, serve as inputs, and
the principal values of the 2nd Piola-Kirchhoff stress tensor, s = [s1, s2, s3]⊤, act as outputs
for the model.

Furthermore, the strain-stress relation f(c) should fulfill the growth condition (set. 2.4.4),
Hill’s inequality (which implies the Baker-Ericksen inequality as discussed in sect. 2.4.7).
Specific details for adapting the requirements will be presented in Chapter 4.

2.4.9 Ideal reference candidate: Hyperelastic materials

Hyperelastic material, also known as Green elastic material, represents a special case of Cauchy
elastic material. It assumes the existence of a strain-energy function, denoted as Ψ = Ψ(F ).
which measures the energy stored in an elastic body due to deformation. Although primarily
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driven by mathematical considerations, hyperelasticity utilises common calculus methods to
establish the existence of a minimizer. It fulfils all the physically driven requirements and their
corresponding mathematical consequences outlined in previous subsections. Additionally, it
also ensures the conservation of elastic energy, which is a physically desirable property (Carroll,
2009). Therefore, hyperelasticity serves as an ideal reference candidate for the verification
and validation of new data-driven techniques.

Henceforth in this work, synthetic datasets generated from hyperelastic materials are employed
to train artificial neural networks. This approach aims to use a well-established model like
hyperelasticity to assess the performance of the novel DNN-based surrogate models in capturing
unknown constitutive laws.

The following assumptions are applied:

• Only considering the time-independent resulting deformations.

• The material is homogeneous, and any effect of temperature is ignored, i.e. Ψ(X, t) =
Ψ(X).

• The entire mechanical energy utilized to deform the material is stored as elastic potential
energy. When the deformed body recovers its initial configuration, an equivalent amount
of energy is released.

• The elastic behaviour can be described by Ψ.

The mechanical energy principle leads to the following differential equation of mechanical
energy balance (Beatty, 1987; Holzapfel, 2000):

D

Dt
[Ψ(X)] = tr(P : Ḟ ⊤) = tr(G(F ) : Ḟ ⊤) = G(F ) : Ḟ (2.109)

G(F ) : Ḟ − D

Dt
[Ψ(X)] = 0 (2.110)(

G(F ) − ∂Ψ(F )
∂F

)
: Ḟ = 0 . (2.111)

As F and Ḟ can be chosen arbitrarily, Eq. (2.111) yields the following general constitutive
equation for hyperelastic materials:

P = G(F ) = ∂Ψ(F )
∂F

. (2.112)

The Cauchy stress is determined by (Holzapfel, 2000, p. 210):

σ = J−1F

(
∂Ψ(F )
∂F

)⊤
= 2J−1F

∂Ψ(C)
∂C

F ⊤ . (2.113)
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Alternative expressions of first and second Piola-Kirchhoff stress follow:

P = 2F
∂Ψ(C)
∂C

; S = 2∂Ψ(C)
∂C

. (2.114)

Since Green elasticity is a special case of Cauchy elasticity, all its properties attributed to G(F )
carry over to ∂Ψ(F )

∂F , then, all the inequalities mentioned in Section 2.4 hold for hyperelastic
materials.

Hyperelastic materials satisfy the principle of material indifference (subsection 2.4.1),

Ψ(QF ) = Ψ(F ) ; ∀Q ∈ SO(3) . (2.115)

By choosing Q = R⊤, and with F = RU , it follows that,

Ψ(F ) = Ψ(R⊤RU) = Ψ(U) = Ψ̃(C) . (2.116)

The principle of material transformations (section 2.4.2) is also satisfied by hyperelastic-
ity:

Ψ̃(C) = Ψ̃(Q⊤CQ) (2.117)

For convenience, choosing the natural configuration (section 2.4.3 as the reference configuration,
where the minimum of the strain-energy is assumed to be zero. This is also regarded as the
normalisation condition, expressed as:

Ψ(I) = Ψ̃(I) = 0 . (2.118)

At finite strains, the response function G is required to satisfy the assumption of growth
conditions (subsection 2.4.4). Then, the corresponding conditions for hyperelasticity are that
an infinite amount of strain-energy is necessary for expanding the continuum body to an
infinite size or compressing it to a vanished volume point (Holzapfel, 2000, p. 208). They are
expressed as:

lim
det F →+∞

Ψ̃(C) = +∞, lim
det F →0+

Ψ̃(C) = +∞ , (2.119)

Furthermore, the strain-energy function must also satisfy certain mathematical conditions to
ensure material stability and the existence of solutions to boundary-value problems1.

1Specifically, it must satisfy quasi-convexity, continuity, and coercivity conditions. Detailed discussions can
be found in Ball (1976), Marsden and Hughes (1994), and Neff, Ghiba, and Lankeit (2015).
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Considering the case of isotropy (subsection 2.4.5), the strain-energy of isotropic hyperelastic
materials can be expressed as:

Ψ̃(C) = Ψ̃(b), (2.120)

indicates that the strain energy of isotropic hyperelastic material has the same value for C or
b. Furthermore, it can be presented in terms of the principal values of C:

Ψ̃(C) = Ψ̃(λ1(C), λ2(C), λ3(C)) , (2.121)

Follow that the stress tensors may be presented in terms of principal stretches as:

σ =
3∑

a=1
J−1λa

∂Ψ̃
∂λa

na ⊗ na , (2.122)

τ =
3∑

a=1
λa
∂Ψ̃
∂λa

na ⊗ na , (2.123)

P =
3∑

a=1

∂Ψ̃
∂λa

na ⊗ Na , (2.124)

S =
3∑

a=1

1
λa

∂Ψ̃
∂λa

Na ⊗ Na . (2.125)

Here, Na = Ga and na = ga for isotropic elastic materials as noted in Subsection 2.3.3.

2.4.10 Examples of compressible stretch-based strain-energy functions

In this work, selected strain-energy functions for compressible hyperelastic media are employed
to demonstrate numerical simulations of the boundary value problem in principal space as
well as to generate synthetic datasets for the training of artificial neural networks.

The first model is Ogden-Storåkers model (R. W. Ogden, Saccomandi, and Sgura, 2004;
Storåkers, 1986), defined by

ΨOgden =
M∑

i=1

µi

αi

[
λαi

1 + λαi
2 + λαi

3 − 3 + 1
β

(
J−αiβ − 1

)]
. (2.126)

where M is a positive integer, determining the number of terms in the strain energy function,
µi are shear moduli, and αi, β are the material constants. β relates to Possion’s ratio ν

by:
β = ν

1 − 2ν .

The ground-state shear modulus and the corresponding bulk modulus are

µ0 = 1
2

M∑
i=1

µiαi , K0 =
(
β + 1

3

) M∑
i=1

µiαi . (2.127)
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To ensure material stability in stress-free ground-states, i.e. µ0 > 0 and K0 > 0, requiring the
inequalities:

µiαi > 0 ; β > −1
3 . (2.128)

for each i = 1, . . . ,M . However, in general, if M > 3, these inequalities do not need to hold
for every i (R. W. Ogden, Saccomandi, and Sgura, 2004).

The second model is a compressible version of the Mooney-Rivlin model, proposed by (Blatz
and Ko, 1962). The strain-energy functions of the compressible Mooney-Rivlin model can be
written using Eq. (2.126) by setting M = α1 = −α2 = 2 as follows:

ΨMR = µ1
2

[
λ2

1 + λ2
2 + λ2

3 − 3 + 1
β

( 1
J2β

− 1
)]

− µ2
2

[ 1
λ2

1
+ 1
λ2

2
+ 1
λ2

3
− 3 + 1

β

(
J2β − 1

)]
(2.129)
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This chapter presents two novel contributions aimed at improving the understanding and
efficient formulation of the isotropic compressible materials in principle space in the context of
boundary value problems (BVPs). The first contribution is a novel concise formulation of the
principle of virtual work in principal space for isotropic materials. This formulation simplifies
the virtual work expression, requiring only the principal strains and stresses rather than
the full tensorial forms typically used in the literature. Isotropic compressible hyperelastic
materials are chosen and implemented to solve BVP benchmark examples. The benchmark
scenarios are kept as close as possible to real-work working conditions, enabling to calibrate
the mechanical parameters with experimental data.

This leads to the second contribution which involves the application of a new method for
identifying the material parameters of hyperelastic materials using constrained optimization.
By incorporating constraints into the optimization problem, highly accurate results that also
satisfy the prior constraints are achieved. This new approach is particularly valuable for
acquiring optimal material parameters that ensure the material to satisfy prior conditions
without the need for post-processing techniques.

These novel contributions are implemented in FEniCSx to showcase the effectiveness of
these new techniques in solving BVP benchmark examples. Notably, this marks the first
time that stretch-based hyperelastic materials are implemented in FEniCSx. Subsequently,
these benchmark examples are used to generate a dataset for training deep neural network
(DNN)-based surrogate models, which will be explored in later chapters.

The current chapter starts with an overview of boundary-value problems and the principle
of virtual work in Section 3.1. The linearization of the principle of virtual work in principal
space will be discussed in Section 3.2, followed by the novel formulation of its vectorization in
Section 3.3. Section 3.4 will present the constrained optimization method for hyperelastic
material parameter identification. In Section 3.4, the novel techniques developed in the
previous sections will be validated through comparison with experimental data. Section 3.5
validates the principal space formulation and the results of Section 3.4 through comparison
with experimental data

3.1 Boundary value problems

Returning to subsection 2.2.1, recall that the domain Ω0 ∈ R3, with its boundary ∂Ω0 in the
reference configuration. Now, let ∂ΩD and ∂ΩF define complementary partitions of ∂Ω0. On
∂ΩD, the displacement u(X) is prescribed (Dirichlet boundary conditions), while on ∂ΩF ,
the first Piola-Kirchhoff traction vector tF (X) is prescribed (Neumann boundary conditions),
such that ∂Ω = ∂ΩD ∪ ∂ΩF , ∂ΩD ∩ ∂ΩF = ∅.

Assuming static deformations of the body, the governing equations, or the strong form of the
nonlinear boundary-value problem in terms of the unknown displacement field u(X) in the



3.2 Principle of virtual work in principal space: Linearization 45

reference configuration are:

Div P + fB = 0 in Ω0 , (3.1)
u = u on ∂ΩD , (3.2)

tF = P nF = tF on ∂ΩF , (3.3)

where Div P = ∂Pij

∂xj
ei. P and fB represent the first Piola-Kirchhoff stress and the body forces

term in reference configuration, respectively. nF is the unit normal vector of the boundary
surface ∂ΩF . Analytical solutions for the set of equations (3.1) - (3.3) are only possible for
some special cases. Therefore, numerical methods such as the finite element method are often
employed to approximate solutions based on the basis of variational principles.

To obtain the variational form, the strong form is multiplied by an arbitrary test function
δu (in the sense of the scalar product) integrated over Ω0. Then, applying the divergence
theorem yields:

F(u, δu) =
∫

Ω0
[P : δF − fB · δu] dV0 −

∫
∂ΩF

tF · δu dS = 0 ∀δu s.t. δu = 0 on ∂ΩD .

(3.4)

Here, δu is also referred to as the virtual displacement field, and δF is the first variation of
the deformation gradient F , is given by

δF = ∂δu

∂X
. (3.5)

The principle of virtual work states that the work done by internal stresses within a deformed
elastic body must be equal to the work done by external forces applied to the body. The
functions:

δWint(u, δu) =
∫

Ω0
[P : δF ] dV0 , (3.6)

δWext(u, δu) =
∫

Ω0
fB · δu dV0 +

∫
∂ΩF

tF · δu dS , (3.7)

are known as the internal virtual work and the external virtual work, respectively. Note that,
here, this general equation has not incorporated any specific form of the constitutive closure
P yet.

3.2 Principle of virtual work in principal space: Lineariza-
tion

The finite element method is commonly employed to numerically solve the nonlinear boundary-
value problem (3.4) and determine the unknown field u. Newton-type methods are frequently
used due to their efficiency in solving this type of problem. They require a consistent
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linearization of all relevant quantities to generate recurrence update formulas. This approach
replaces the nonlinear problem with a series of linear problems that are solved iteratively,
resulting in a quadratic convergence rate near the solution.

To simplify the numerical demonstrations later on, the body force fb and tractions tF are
assumed to be independent of the deformation of the body. This implies that the corresponding
linearization of the external virtual work (3.7) vanishes, i.e. D∆uδŴext = 0. As a result, the
linearization of the variational equation (3.4) only affects the internal virtual work δWint.

Generally, the general work conjugate pairs (T (m),E(m)), where m specifies the type of strain
and stress, can be employed to present the generalised form of the internal virtual work
δWint:

δWint(u, δu) =
∫

Ω0
T (m) : δE(m) dV0 . (3.8)

Considering the case of isotropic elastic solid only, the symmetric stress tensor T (m) is coaxial
with E(m), equivalently, T (m) is coaxial with U (R. W. Ogden, 1997, p. 160, 336), then, their
spectral forms (subsections 2.2.4 and 2.3.3):

E(m) =
3∑

a=1
ea(u)Na ⊗ Na ; T (m) =

3∑
a=1

ta(ea(u))Na ⊗ Na , a = 1, 2, 3 . (3.9)

Here, ta and ea are the principal stresses and strains, respectively. Equipping with these
properties, the spectral representation of (3.8) is:

δWint(u, δu) =
∫

Ω0

[ 3∑
a=1

taNa ⊗ Na : δ
( 3∑

a=1
eaNa ⊗ Na

)]
dV0 . (3.10)

This equation can be simplified as follows:

δWint(u, δu) =
3∑

a=1

∫
Ω0
ta(ea(u))δea(u) dV0 . (3.11)

Remark. Recall that {Na} form an orthogonal basis with |Na| = 1, i.e. Na · Nb = δab

(subsection 2.2.4). Therefore, the change of a vector with constant length is always orthogonal
to the vector itself (Holzapfel, 2000, p. 91), expressed as:

Na · δNa = 0 . (3.12)
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Denote Ma = Na ⊗ Na as the eigenprojectors of U with identities Ma : Mb = δab. Further-
more:

Ma : δMa = (Na ⊗ Na) : δ(Na ⊗ Na)
= (Na ⊗ Na) : (δNa ⊗ Na + Na ⊗ δNa)
= (Na ⊗ Na) : (δNa ⊗ Na) + (Na ⊗ Na) : (Na ⊗ δNa)
= (Na · δNa)︸ ︷︷ ︸

0

(Na · Na) + (Na · Na) (Na · δNa)︸ ︷︷ ︸
0

= 0 (apply (3.12))

Consequently, the internal virtual work in the spectral form can be simplified as follows:

δWint(u, δu) =
∫

Ω0

[ 3∑
a=1

taNa ⊗ Na : δ
( 3∑

a=1
eaNa ⊗ Na

)]
dV0

=
∫

Ω0

[ 3∑
a=1

taMa : δ (eaMa)
]
dV0

=
∫

Ω0

[ 3∑
a=1

taMa : (δeaMa + eaδMa)
]
dV0

=
∫

Ω0

3∑
a=1

taδea (Ma : Ma)︸ ︷︷ ︸
1

+taea (Ma : δMa)︸ ︷︷ ︸
0

 dV0

=
∫

Ω0

3∑
a=1

taδea dV0.

3.3 Principle of virtual work in principal space: Vectoriza-
tion

Let e(m) = [e1, e2, e3]⊤ and t(m) = [t1, t2, t3] be the vectors of the principal generalised strains
and stresses, respectively, and δe(m) = [δe1, δe2, δe3]⊤ be the variation of e(m). Then, the
principle of virtual work in terms of principal values (Eq. (3.11)) can be expressed in vectorized
form as:

δWint(u, δu) =
∫

Ω0
t(m)

(
e(m)(u)

)
· δe(m)(u)dV0 (3.13)
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Linearisation of (3.13) can be expressed as:

D∆uδWint =
∫

Ω0

[
t(m)

(
e(m)(u)

)
·D∆uδe

(m)(u) + δe(m)(u) ·D∆ut(m)
(
e(m)(u)

)]
dV0

(3.14)

=
∫

Ω0

[
δe(m)(u) ·D∆ut(m)

(
e(m)(u)

)]
dV0 , (3.15)

where D∆uδe
(m)(u) characterizes the directional derivative of δe(m)(u) at u in the direction

of ∆u. Similarly, D∆ut(m)
(
e(m)(u)

)
is the linearization of t(m), which is specified by:

D∆ut(m)
(
e(m)(u)

)
=
∂t(m)

(
e(m)(u)

)
∂e(m)(u)

·D∆ue(m)(u) = H(m)(u) ·D∆ue(m)(u) , (3.16)

where H(m)(u) = ∂t(m)(e(m)(u))
∂e(m)(u) .

The final linearization form of Eq. (3.13) reads:

D∆uδWint =
∫

Ω0

[
δe(m)(u) · H(m)(u) ·D∆uδe

(m)(u)
]
dV0 . (3.17)

The novel formulation in Eq. (3.17) only involves vectors and second-order tensors, which,
to the best of the author’s knowledge, has not been introduced in the literature. It rewrites
the principal virtual work in the spectral representation of isotropic elastic materials to be
represented in a highly concise. It greatly simplifies the numerical implementation of the
boundary-value problems in the case of stretch-based isotropic elastic materials (such as
Ogden model, Shariff model (Shariff, 2000), etc.).

Considering the case of m = 2, the generalized strain (2.40) becomes the Green-Lagrange
strain E and has the conjugate pair with the 2nd Piola-Kirchhoff stress S. Let c = [c1, c2, c3]⊤

and s = [s1, s2, s3] be the vectors of the principal values of C and S, respectively. Then, the
vector of principal values of E is e(2) = 1

2(c − 1), where 1 = [1, 1, 1]⊤. The derivative of s

with respect to c reads:

H
(2)
ab (u) = ∂t

(2)
a

∂e
(2)
b

= 2 ∂sa

∂(cb − 1) = 2∂sa

∂cb

∂cb

∂(cb − 1) = 2∂sa

∂cb

1
∂cb

∂(cb−1)
= 2∂sa

∂cb
. (3.18)

It follows that,

D∆uδWint = 1
2

∫
Ω0

[
δc(u) · H(2)(u) ·D∆uc(u)

]
dV0 , (3.19)

where, δc is the variation of c.
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3.4 Fitting hyperelastic model’s parameters using constrained
optimization method

Elastic materials such as rubber, polymer foams, and soft tissues, require mechanical testing to
determine their properties. Different tests are necessary depending on the property of interest.
For example, the isotropy property can be determined by uniaxial tension/compression tests,
where the material can be considered isotropic if the stretches in the lateral directions of the
loading direction are not varied too much. Shear tests help determine the shear modulus of
the material, which measures how much a material resists deformation when subjected to
shear stress. Volumetric compression tests or imaging modalities such as ultrasound can be
used to identify the compressibility property.

Common materials testing usually consists of several modes of mechanical tests, such as
uniaxial, volumetric, biaxial, pure shear, simple shear, or combinations of those. In this
study, compressible hyperelastic materials namely polyethylene foam is of interest. However,
experimental data for certain types of materials are often scarce. Therefore, to generate a
sufficiently rich dataset for data-driven methods, data from both, experiments and numerical
simulations, are often combined.

For hyperelastic materials, a process called material parameter identification is employed to
fit the model’s strain energy function to experimental test cases. Through this process, the
optimal model is then employed in numerical simulations to generate an accurate and reliable
synthetic dataset for the training process of ANNs.

To model the finite deformation of compressible hyperelastic materials, more detailed experi-
mental data are necessary than for incompressible materials since the lateral stretches can
be calculated from the incompressibility condition. Information about the lateral stretches
λT is important for determining the compressibility-related parameters of the strain energy
Ψ, where J ̸= 1 (Anssari-Benam and Horgan, 2022; Kossa and Berezvai, 2016; El-Ratal and
Mallick, 1996). While many studies have reported on simple tension/compression of polymeric
foams, there are relatively few that include information on the lateral stretches λT . Therefore,
this work utilises experimental datasets of polymeric foams that include λT , namely uniaxial
and equibiaxial compression (Kossa and Berezvai, 2016).

The Ogden-Storåkers strain energy function (eq. (2.126)) is re-calibrated to achieve better
performance compared to that of (Kossa and Berezvai, 2016), with additional regularization
terms µ0 > 0 and K0 > 0. The principal values of the first Piola-Kirchhoff stress tensor
generated by the model (2.126) are:

pa = ∂ΨOgden

∂λa
, (3.20)
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which can be easily computed using automatic differentiation1, hence, explicit forms are not
needed.

3.4.1 Uniaxial extension/compression (UA)

Consider a cube of isotropic material with edges parallel to the coordinate axes ((x, y, z) ∈ R3),
having side lengths of Lx = Ly = Lz = 1 mm in the reference configuration. To induce axial
tension/compression, a displacement uz = ∆l is prescribed along the third direction z (Fig. 3.1).
The resulting dimensions of the deformed cube in the current configuration are lx, ly, lz. The

Figure 3.1 Uniaxial tests on a unit cube under the prescribed displacement uz = ∆l.
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stretch along the stretching direction is denoted by λ3 = lz
Lz

= λ, where λ > 1 indicate
tension, and 0 < λ < 1 indicates compression. The lateral (transverse) stretches are defined
as λ1 = lx

Lx
and λ2 = ly

Ly
. In the case of isotropic material, λ1 = λ2 = λT , subscript T refers

to the transverse direction.

The strain energy now is a function of λ and λT , i.e. ΨUA(λT , λT , λ). In the uniaxial
tension/compression test, the minor principal nominal stresses satisfy the zero transverse
stress constraints:

pUA
1 = pUA

2 = ∂ΨUA(λT , λT , λ)
∂λT

= 0 , (3.21)

1Automatic differentiation (autodiff) is a technique that automatically constructs a computational
procedure for efficiently computing the gradients of mathematical functions. Therefore, it can simplify and
improve the process of parameter identification in hyperelastic materials. For instance, by employing autodiff,
the gradient of the strain energy with respect to the material parameters can be automatically computed,
which is subsequently used in optimization algorithms to find the best-fit parameters. JAXopt (Blondel et al.,
2022), a library built on top of JAX (Bradbury et al., 2018) framework are such tools that have been specifically
designed for this purpose.
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3.4.2 Equibiaxial extension/compression (BA)

For equibiaxial extension/compression, the specimen is compressed/stretched equally in two
orthogonal directions. Displacements ux = uy = ∆l are prescribed on the facets along x-axis
and y-axis of the unit cube (Fig. 3.2). The stretches along the compressing/stretching direction

Figure 3.2 Equibiaxial tests on a unit cube under the prescribed displacement ux = uy = ∆l.
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are denoted by λ1 = λ2 = lx
Lx

= ly
Ly

= λ and the lateral stretch is λ3 = lz
Lz

= λT . The strain
energy becomes ΨBA(λ, λ, λT ). Hence, the nominal stresses in the loading directions are equal,
that is

pBA
1 = pBA

2 = ∂ΨBA(λ, λ, λT )
∂λ

. (3.22)

The minor principal nominal stress satisfies the zero transverse stress constraints:

pBA
3 = ∂ΨBA(λ, λ, λT )

∂λT
= 0 , (3.23)

3.4.3 Constrained optimization for parameter identification

Table 3.11 presents the experimental data used in this work, which consists of uniaxial
compression and equibiaxial compression tests. Let Λ(t) ((t): the type of the test case) be
the matrix containing column vectors of a measure of stretch appropriate to the considered

1Note that a typographical error exists in the original publication (Kossa and Berezvai, 2016), where the
unit of the uniaxial test is stated incorrectly. The correct unit for the uniaxial test is KPa, which has been
confirmed by Professor Kossa through communication with the author.
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Uniaxial compression Biaxial compression
λUA

i [−] λUA
T i [−] pUA

i [kPa] λBA
i [−] λBA

T i [−] pBA
i [kPa]

0.95 1.00570 -9.10 0.95 1.01140 -13.67
0.90 1.01212 -17.30 0.90 1.02424 -25.99
0.85 1.01786 -26.00 0.85 1.03572 -36.04
0.80 1.02311 -33.80 0.80 1.04622 -47.33
0.75 1.02915 -41.41 0.78 1.05830 -60.36
0.70 1.03551 -50.36 0.70 1.07102 -75.82
0.65 1.04217 -61.15 0.65 1.08434 -96.05
0.60 1.04962 -74.04 0.60 1.09924 -123.13
0.55 1.05751 -89.57 0.55 1.11502 -166.03
0.50 1.06596 -108.67
0.45 1.07543 -132.54
0.40 1.08615 -163.49
0.35 1.09849 -204.91
0.30 1.11285 -263.43
0.25 1.12816 -353.57
Table 3.1 Experimental data for a polyethylene foam sample under uniaxial and equibiaxial compres-
sion, acquired from Kossa and Berezvai (2016).

deformation, given by

Λ(UA) =


λ

(UA)
1 λ

(UA)
T 1 λ

(UA)
T 1

λ
(UA)
2 λ

(UA)
T 2 λ

(UA)
T 2

...
...

...
λ

(UA)
n λ

(UA)
T n λ

(UA)
T n

 ; Λ(BA) =


λ

(BA)
1 λ

(BA)
1 λ

(BA)
T 1

λ
(BA)
2 λ

(BA)
2 λ

(BA)
T 2

...
...

...
λ

(BA)
n λ

(BA)
n λ

(BA)
T n

 . (3.24)

Here, n is the number of experimental data points.

Let Y (t) be the matrix containing the column vectors of experimental nominal stress corre-
sponding to the stretch matrix Λ(t), given by

Y (UA) =


p

(UA)
1 p

(UA)
T 1 p

(UA)
T 1

p
(UA)
2 p

(UA)
T 2 p

(UA)
T 2

...
...

...
p

(UA)
n p

(UA)
T n p

(UA)
T n

 =


p

(UA)
1 0 0
p

(UA)
2 0 0
...

...
...

p
(UA)
n 0 0

 ; (3.25)

Y (BA) =


p

(BA)
1 p

(BA)
1 p

(BA)
T 1

p
(BA)
2 p

(BA)
2 p

(BA)
T 2

...
...

...
p

(BA)
n p

(BA)
n p

(BA)
T n

 =


p

(BA)
1 p

(BA)
1 0

p
(BA)
2 p

(BA)
2 0

...
...

...
p

(BA)
n p

(BA)
n 0

 , (3.26)
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where the zero-columns are the transverse stress conditions (3.21) and (3.23) as proposed in
(Kossa and Berezvai, 2016)1. The strain-energy function Ψ represents the material model,
from which the predicted stress can be calculated and assembled as Ŷ (t)(Λ(t),γ), where (̂·)
denotes the predicted stress matrix and γ = [γ1, γ2, . . . , γm] represents a set of m material
parameters to be identified.

Let L(t) be the objective function defined as the sum of the mean squared values corresponding
to each test (t):

L(t) = 1
n

n∑
i

[
Ŷ

(t)
i (Λ(t)

i ,γ) − Y
(t)

i

]2
, (3.27)

where Ŷ
(t)

i and Λ(t)
i are the ith row of the predicted stress matrix Ŷ and Λ(t), respectively.

Here, the zero transverse stress conditions, Eq (3.21) and Eq (3.23), are automatically fulfilled.
Furthermore, the conditions (2.128) are imposed to achieve admissible solutions and material
stability (R. W. Ogden, Saccomandi, and Sgura, 2004). The objective functions associated
with these datasets and constraint conditions are as follows:

L(UA)(γ) = 1
n

n∑
i

[
Ŷ

(UA)
i (Λ(UA)

i ,γ) − Y
(UA)

i

]2
, (3.28)

L(BA)(γ) = 1
n

n∑
i

[
Ŷ

(BA)
i (Λ(BA)

i ,γ) − Y
(BA)

i

]2
(3.29)

Ltotal(γ) = L(UA)(γ) + L(BA)(γ) (3.30)
γ∗ = arg min

γ
Ltotal (3.31)

subject to
M∑
i

µiαi > 0 and β > −1
3 . (3.32)

Ŷ (t)(Λ(t),γ) is nonlinear with respect to γ, a non-linear least squares (NLS) problem arises,
which can be numerically solved using the scipy.optimize package in scipy (Virtanen
et al., 2020), offering a range of optimization algorithms for constrained and unconstrained
problems. Conveniently, jaxopt has wrappers for scipy.optimize package which provides
automatic differentiation and GPU acceleration, making it a suitable tool for large-scale
optimization problems, as demonstrated in this work. Since (3.31) is a constrained non-linear
optimization problem, the Sequential Least Squares Programming (SLSQP) method (Kraft,
1988) is adopted. As the NLS algorithm iterates towards a minimum for the problem (3.31),
either a precision goal of ftol = 1 × 10−15 or a maximum of 1000 iterations will stop the
iterative technique to obtain an optimal solution γ∗. The overall performance of the calibrated
model is measured through the coefficient of determination R2, expressing the ratio of the
variance of the predicted values to the variance of the observation values. The better the

1Assembling the pairs of data values (Λ(t), Y (t)) in this form allows for the utilization of batchable and
differentiable algorithms provided by JAXopt, resulting in a significant speedup of the optimization process.
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model fits the data, the closer value of R2 to 1, hence, R2 = 1 indicates a perfect fit, the
coefficient is expressed by:

R2 = 1 −
∑n

i (ŷi − yi)2∑n
i (yi − y)2 , (3.33)

where yi and ŷi are the observation and predicted outputs values, respectively; y is the mean
of all the observation data, and again, n is the number of data points. To evaluate the
performance at a specific stretch value, relative error is put in use:

err = 100 × |ŷi − yi|
max(0.5, |ŷi|)

; for i = 1, . . . , n . (3.34)

Here, a slight modification of the usual definition is that a factor 0.5 in the denominator to
avoid division by small values of |ŷi| when the stretches are close to 1 which implies zero stress
(ŷi = p̂i = 0).

Separately fitting the model on each UA or BA dataset yields poor performance for the other;
i.e. the best-fitted optimal parameters for UA case showed worse agreement for BA case
and vice versa, and therefore, these results are not presented. However, a better fit can be
obtained by fitting both sets of Kossa’s data simultaneously. The fitting process yielded the
following observations:

• Possibility of finding a large number of optimal sets of parameters1;

• The number and values of the optimal parameter sets are dependent on the parameter
M , and are sensitive to the numerical accuracy requirements of the NLS algorithm used,
such as the maximum number of iterations allowed, tolerance errors, and other relevant
factors.

Table 3.2 shows three optimal sets of parameter values for hyperelastic models, namely the
Mooney-Rivlin (2.129), the Ogden-Storåkers model (2.126) with M = 2 and M = 3. All three
models were simultaneously fitted to simple compression and biaxial compression data. The
optimal parameter sets have been fitted to the data with high accuracy as well as satisfied all
the constraints (2.128).

The performance of both the 2-parameter and 3-parameter Ogden-Storåkers models is close
to each other, whereas Mooney-Rivlin lags behind. This outcome is expected since the MR
model has two fixed parameters: α1 = −α2 = 2, whereas the Ogden-Storåkers (M = 2)
has all 5 optimized parameters. Ogden-Storåkers (M = 3) exhibits the best performance,
reflected in the highest values of R2

UA = 0.999 72 and R2
BA = 0.999 45 for the UA and BA

cases, respectively. Since the performance both Ogden-Storåkers based models are nearly
1Multiple sets of parameters can be found such that the model fits well with experimental data. Hence, a

set of optimal parameters is not unique.
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similar, the 3-parameter Ogden-Storåkers model is picked for further investigation and referred
as to Ogden-Storåkers model only, for simplicity.

i µi αi β R2

Mooney-Rivlin (2.129)
1 0.058 05 2 0.25 0.994 02 (UA)
2 0.000 85 −2 0.971 63 (BA)

Ogden-Storåkers (M = 2)
1 1.993 × 10−9 −10.998 05 0.105 41 0.996 91 (UA)
2 0.026 11 10.846 40 0.999 20 (BA)

Constraints ∑3
i µiαi = 0.28319 > 0 β >−1

3

Ogden-Storåkers (M = 3)
1 0.009 86 −1.322 87

0.105 85 0.999 72 (UA)2 5.107 38 0.008 0.999 45 (BA)3 0.018 99 11.9025
Constraints ∑3

i µiαi = 0.25376 > 0 β >−1
3

Table 3.2 Parameter values for the Mooney-Rivlin, the Ogden-Storåkers model with M = 2 and
M = 3, simultaneously fitted to simple compression and biaxial compression data in Table 3.1. All
conditions are passed with high accuracy of R2 values.

Fig. 3.3 shows the comparison between the experimental data and the fitted Ogden-Storåkers
model for both uniaxial (UA) and biaxial (BA) cases. In the figure, the unit of stress is
converted from kPa to MPa. The left plot compares the experimental principal values of
the 1st Piola-Kirchhoff stresses to the stretches in the loading direction for both cases. The
predicted principal stresses for UA and BA (pUA and pBA) are presented by the blue and
orange solid lines, respectively, whereas the experimental data points (λUA and λBA) are
represented by the filled markers, green dots for UA case and red dots for the BA case. The
graph indicates a good fit between the model and the experimental data for both cases. The
model predictions start at zero stress for λ = 1 and follow a similar trend for both cases,
with decreasing stresses as λ decreases. The asymptotically decreasing trend of stresses with
stretches indicates that the material is stiffer when compressed more in the loading direction.
Additionally, the stresses are zero p = 0 at λ = 1 and decrease exponentially as the stretches λ
approach zero, confirming the growth and normal requirements of hyperelasticity as discussed
in Sect. 2.4.9.

The right plot shows the relative error percentage (Eq. (3.34)) between the model predictions
and the experimental data for both cases. The errors of the UA case, errUA, are shown in
the blue asterisk line, and the ones for BA, errBA, are shown in orange. The relative error
percentages are all less than 1%, which demonstrates the high accuracy of the model. However,
the graph also shows that there are some deviations from the model prediction, particularly
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for UA at higher values of λ in the region 0.8 ≤ λ ≤ 1.0, which could be due to the sensitive
nature of the Ogden-Storåkers model’s parameters in this region, as previously reported in
Sect. 4.2 by R. W. Ogden, Saccomandi, and Sgura (2004).

Overall, the graph suggests that the model prediction is a good approximation of the ex-
perimental data, and satisfies all the constitutive requirements proposed in Sect. 2.4. This
indicates that the Ogden-Storåkers model with the identified parameters in Table 3.2 is a
good candidate for presenting this experimental dataset.

Figure 3.3 Comparison of the parameter-identified Ogden-Storåkers model (M = 3) and
experimental data. The left graph shows the model is simultaneously fitted to uniaxial
compression data (green dots) and biaxial compression data (red dots). The stress values of
the fitted model are represented by the blue and orange lines for the uniaxial and biaxial cases,
respectively. On the right graph, the relative errors [%] of the uniaxial (blue) and biaxial
(orange) compression are plotted against the stretches.
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3.5 Numerical model validation with experimental data

In this subsection, the principal space formulation and set of optimal parameters for the stretch-
based Ogden-Storåkers model, developed in the previous sections, will be validated through
comparison with experimental data. Finite element (FE) simulations of a compressible
polyethylene foam unit cube specimen, subjected to UA and BA compression tests, are
conducted to assess the accuracy and reliability of the proposed methods. In this work,
FEniCSx1 is employed to seek solutions to the boundary-value problem. By comparing the

1FEniCSx (Alnaes et al., 2014; Kirby and Logg, 2006; Logg and Wells, 2010a; Logg, Wells, and Hake, 2012;
Scroggs, Baratta, et al., 2022; Scroggs, Dokken, et al., 2022) is a free and open-source finite element analysis
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simulation results to published experimental data (Table 3.1), the effectiveness of the principal
space formulation and constrained optimization techniques can be thoroughly assessed. This
validation process is essential for ensuring that the novel approaches presented in this thesis are
suitable for practical applications in the study of hyperelastic materials and related boundary
value problems.

3.5.1 Weak form of uniaxial/equibiaxial tests

For UA and BA tests described in subsections 3.4.1 and 3.4.2, the prescribed displacement
boundary conditions are u(UA)

z = ∆l (Fig. 3.1) for UA case, and u(BA)
x = u

(BA)
y = ∆l (Fig. 3.2)

for BA. The deformation gradients F (UA), F (BA) of the UA and BA tests, respectively, are as
follows:

F (UA) =


u

(UA)
x
Lx

+ 1 0 0

0 u
(UA)
y

Ly
+ 1 0

0 0 u
(UA)
z
Lz

+ 1

 =


λT 0 0
0 λT 0
0 0 λ

 ; (3.35)

F (BA) =


u

(BA)
x
Lx

+ 1 0 0

0 u
(BA)
y

Ly
+ 1 0

0 0 u
(BA)
z
Lz

+ 1

 =


λ 0 0
0 λ 0
0 0 λT

 . (3.36)

For the isotropic case, the corresponding left and right Cauchy-Green tensors are equal and
can be expressed as:

C(UA) = b(UA) =


λ2

T 0 0
0 λ2

T 0
0 0 λ2

 ; (3.37)

C(BA) = b(BA) =


λ2 0 0
0 λ2 0
0 0 λ2

T

 . (3.38)

The vector c(t) of three principal values of C(t) can be expressed as (recall subsection 3.3):

c(UA) = [c(UA)
1 , c

(UA)
2 , c

(UA)
3 ] = [λ2

T , λ
2
T , λ

2] ; (3.39)

c(BA) = [c(BA)
1 , c

(BA)
2 , c

(BA)
3 ] = [λ2, λ2, λ2

T ] (3.40)

3.5.2 Numerical results

The benchmark simulations consist of UA and BA tests performed on a compressible 3D
closed-cell polyethylene foam unit cube with the dimension of 1 mm × 1 mm × 1 mm. The

framework that provides a flexible and efficient platform for solving partial differential equations numerically.
It allows users to quickly develop and solve complex mathematical models using the finite element method.
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numerical model was utilized on a mesh composed of 20 × 20 × 20 grid, comprising 9261 nodes
and 52808 tetrahedron elements.

In the case of UA compression test, the boundary conditions are defined as follows: at the
top side (the x − y facet at z = 1.0), the z-component of u(UA) is subjected to stepped
displacements, which are prescribed to match the stretch values of UA case listed in Table 3.1.
For instance, a displacement at u(UA)

z = −0.3 mm is prescribed, resulting in stretch values
of λ(UA) = 0.7 in the negative direction along the z-axis. At the bottom face, the boundary
conditions are composed as follows:

• The z-component of all nodes on the bottom side (the x− y facet at z = 0) is fixed.

• The x-component of all nodes along the line A1(0.5, 0.0, 0.0) −B1(0.5, 1.0, 0.0) is fixed.

• The y-component of all nodes along the line A2(0.0, 0.5, 0.0) −B2(1.0, 0.5, 0.0) is fixed.

• The z-component of all nodes on the top side (the x− y facet at z = 1.0) is subjected
to stepped displacements which match the stretch values of UA case listed in Table 3.1.

In the case of BA compression test, the following boundary conditions are defined:

• The z-component of all nodes on the bottom face is fixed.

• The x-component of all nodes on the back side, the y − z facet at x = 0) is fixed.

• The y-component of all nodes on the left side, the x− z facet at y = 0) is fixed.

• The x-component of all nodes on the front side, the y − z facet at x = 1.0) is subjected
to stepped displacements which match the stretch values of BA case listed in Table 3.1.

• The y-component of all nodes on the left side, the x− z facet at y = 0) is subjected to
stepped displacements which match the stretch values of BA case listed in Table 3.1.

These boundary condition settings allow for transverse deformations to occur freely during
the simulations.

One example of the results of the UA and BA compression simulations of the unit cube
at the stretch value at λ(t) = 0.7 is chosen to depict in Fig. 3.4. The colour map presents
the magnitude of the displacement field, denoted as ∥u∥. Fig. 3.4a and Fig. 3.4c show the
deformed unit cube plotted in colour and the undeformed shape plotted in black wireframe for
reference. Overall, the prescribed compression of the two cases is clearly observable, with a
smooth transition of colour from the bottom face to the top face at the value u(UA)

z = −0.3 mm
for UA test and u

(BA)
x = u

(BA)
y = −0.3 mm.

Fig. 3.4b and Fig. 3.4d present planar views of the Y −Z plane at x = 0.5 of ∥u∥ ∈ [0, 0.3] for
both tests. It is evident that the transverse sides of the loading axis are deformed similarly
indicating the homogeneity and isotropy of the material.
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Figure 3.4 Simulation of UA and BA compression tests of compressible closed-cell polyethylene
foam unit cube. (a) and (c) 3D view of ∥u∥ of both tests. (b) and (d) y − z plane at x = 0.5
of ∥u∥ of both tests.

(a) λ(UA) = 0.7, 3D view of the unit cube un-
der uniaxial compression: magnitude of displace-
ment field ∥u∥.

(b) Plane Y − Z view at x = 0.5 of the unit
cube under uniaxial extension λ(UA) = 0.7: mag-
nitude of displacement field ∥u∥ .

(c) λ(BA) = 0.7, 3D view of the unit cube under
equibiaxial compression: magnitude of displace-
ment field ∥u∥.

(d) Plane Y − Z view at x = 0.5 of the unit
cube under equibiaxial extension λ(BA) = 0.7:
magnitude of displacement field ∥u∥.
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Since the stress field remains in a constant state during these compression tests, it is convenient
to use the stresses of these tests for validating the agreement between FE results and the
experimental data. Figure 3.5 presents a comparison between the FEM results of the Ogden-
Storåkers hyperelastic model, formulated in principal space, with the identified parameters
form section 3.4, and the Kossa’s experimental data (Table 3.1). The figure demonstrates a
good agreement between the FE predictions and the experimental data for both tests. The
average relative errors, errUA = 0.298% and errBA = 0.185%, for uniaxial compression test
and equibiaxial compression respectively.

Figure 3.5 Comparison between FEM (Ogden-Storåkers) vs experimental data (UA and BA
compression tests). The average relative errors are errUA = 0.298% and errBA = 0.185% for
UA and BA tests, respectively.
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Next, a closed-cell polyethylene foam cantilever beam subjected to uniformly distributed load
is employed for further numerical illustrations. The Mooney-Rivlin model with its optimal
parameters (Table 3.2) is employed for this test case. The cantilever beam has the dimension
of 10 mm × 1 mm × 1 mm, and the boundary conditions for the beam are as follows:

• All nodes on the left plane y − z at x = 0 is fixed .

• All nodes on the top plane x−z at y = 1 mm are subject to a distributed load, q = 30 Pa.
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A grid of 20 × 5 × 5 is used for modelling the beam. The mesh composed of 6171 nodes and
34 408 tetrahedron elements. Figure 3.6 presents the results of the cantilever beam test case.
The magnitude of the displacement field, ∥u∥, is shown in colour, whereas the black wire-frame
is the undeformed beam for reference. The 3D view of the test case is depicted in 3.6a, and
the cross sections X − Y at z = 0.5 of the magnitude of displacement field and the principal
stress filed are illustrated in 3.6b and 3.6c, respectively. Overall, the expected behaviours are
demonstrated nicely in this test case for the Mooney-Rivlin model. the largest value of ∥u∥ is
at the tips of the beam and the stress, ∥p∥, concentrates at the fixed support.
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Figure 3.6 Simulation of the cantilever beam under uniformly distributed load, q = 30 Pa,
using the Mooney-Rivlin model. (a) 3D view of ∥u∥. (b) X − Y plane at z = 0.5 of ∥u∥.

(a) Magnitude of displacement field: 3D view.

(b) Magnitude of displacement field: plane X − Y view at z = 0.5.

(c) Magnitude of principal 1st Piola-Kirchhoff stress: plane X − Y view at z = 0.5.
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4.1 Introduction

In previous subsections, the constitutive requirements for modelling non-linear elastic de-
formation have been discussed. It is important to note that while these requirements seem
intuitive and physically reasonable, they only serve as an approximation of real-world be-
haviour. In practice, there is no single mathematical model capable of perfectly describing
the behaviour of any elastic material, particularly for large strains. Further restrictions can
be achieved on the basis of what is observed in experimental tests on particular materials.
Comprehensive experimental data can enable the development of more specialized forms of
constitutive equations, and data-driven techniques can be applied to extract information from
the data.

Sect. 2.4 provides indications on how to construct constitutive relations that satisfy underlying
physical requirements and are mathematically well-posed. While adding constraints can ensure
the admissibility of the physical predictions, it can also lead to restricted space, which can
make it difficult to train data-driven models like deep neural networks (DNNs) to discover the
underlying relations. Therefore, one must be cautious to add requirements that encourage
correct physical behaviours while also maintaining flexibility for the training process of
DNNs-based surrogate models.

This work takes into consideration physical requirements such as the Hill’s inequalities, growth
and normalisation conditions. Incorporating these requirements will encourage physical
consistency while maintaining flexibility for the training process of DNNs-based surrogate
models. In machine learning terminology, this approach is known as incorporating domain-
specific expert knowledge. It can be a highly effective way to enhance the modelling quality
of neural networks in various applications. By utilizing domain-specific knowledge, the
learning process of neural networks can be directed towards physically accurate solutions,
thus preventing them from predicting unphysical responses. Therefore, the requirements
outlined in Section 2.4 are incorporated as prior knowledge to enhance the quality of neural
networks for constitutive modelling within this study. As detailed in Subsection 2.4.8, the
input/output pairs for the DNNs are identified. Furthermore, the DNNs-based response
function should obey the physical constraints, namely stress-free condition (2.4.3), and growth
conditions (2.4.4).

The fulfilment of Hill’s inequalities translates to the requirement that the Jacobian matrix
of the outputs with respect to inputs should be positive definiteness (2.103). Additionally,
BE-inequalities indicates that partially monotonic of outputs with respect to inputs.

Clearly, for the case of non-linear isotropic elasticity, satisfying the Hill’s inequalities ensures
the satisfaction of the BE-inequalities. However, in the extension to non-isotropic elasticity,
Hill’s inequalities may not be valid. Instead, BE-inequalities may hold, as discussed in
(Fosdick and Šilhavý, 2006; Humphrey, Strumpf, and Yin, 1990; May-Newman and Yin,
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1998). Therefore, this work also introduces methodologies aimed at incorporating separately
monotone behaviour of the outputs with respect to the inputs of a neural network.

Enforcing monotonicity with respect to a subset of the inputs is proposed in many real-world
applications such as economic modelling (Feelders, 2000), fairness and security concerns
(Akhtar et al., 2021; Cole and Williamson, 2019). It may help to improve the generalization
capabilities (Milani Fard et al., 2016; You et al., 2017) and assist in the interpretability of
a model (A.-P. Nguyen et al., 2023). However, to the best of the author’s knowledge, there
are no works that incorporate the monotonic constraints to DNNs for constitutive modelling.
Plus, incorporating growth and normalisation conditions directly into the architecture of
DNNs has also not been reported. The Jacobian matrix of the outputs of DNNs-based model
with respect to its inputs has been discussed in Leng, Calve, and Tepole (2021) but only for
2D configurations.

This chapter presents a novel approach such that all these conditions are considered. It is
a hybrid method that combines altering the network architecture as well as modifying the
training process of the modified network.

In the proposed approach, a novel activation function, the Logarithmic Linear Unit (LOGLU),
is introduced to handle feature extraction in the initial layers of the DNN. The LOGLU activa-
tion is designed to meet the requirements of a strain measure’s function, ensuring monotonicity
and respecting the inputs. Additionally, point-wise losses are utilized as heuristic regularization
to enforce separate monotonicity and positive definiteness constraints of the Jacobian matrix
of the neural network. Next, the modified DNNs-based model, obtained after training, is
implemented in FEniCSx to model compressible non-linear isotropic materials.

This Chapter is structured as follows. Section 4.2 provides a brief overview of deep feedforward
neural networks, activation functions, hyperparameters optimization, gradient-based learning,
etc. Section 4.3 introduces novel hybrid approaches for incorporating physical constraints
in constitutive modelling. Finally, Section 4.4 describes the implementation of the trained
surrogate model in FEniCSx framework.

4.2 Deep artificial neural networks

Deep feedforward networks, also known as feedforward neural networks or multilayer
perceptrons (MLPs), constitute one of the fundamental models of deep learning. The primary
objective of a feedforward network is to approximate some response functions f∗(x), for
example, in the case of a regressor, where ŷ = f(x) maps an input x to an output ŷ1. The
mapping is defined as ŷ = f(x; w, b), and the network learns the optimal values of the
parameters, w and b, to achieve the best possible function approximation.

1The abused notations x, y, ŷ, ŷ, f are distinct in this section and unrelated to those used in previous
sections.
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These models are called feedforward networks because the data flow through the function
starts from the input x, passing through intermediate computations, and finally to output
ŷ. The information flows only in one direction and there are no feedback connections in
which the output of the model is fed back. If these models are enhanced by adding feedback
connections, they become known as recurrent neural networks.

Feedforward networks are a fundamental tool for machine learning practitioners and have a
significant impact on many commercial applications. For instance, convolutional networks, a
specific type of feedforward network, are commonly used for object recognition in photographs
(Farabet et al., 2013; Krizhevsky, Sutskever, and G. E. Hinton, 2017; Szegedy et al., 2014).
Feedforward networks represent a crucial step in the development of recurrent networks, which
have proven to be highly successful in natural language processing applications (G. Hinton
et al., 2012) and Large Language Models (e.g., ChatGPT, LLaMA, GPT-4) (Brown et al.,
2020; Touvron et al., 2023). Moreover, they are also useful in the constitutive modelling of
new advanced materials by discovering their underlying physical patterns (Fuhg, Marino, and
Bouklas, 2021; Hashash, Jung, and Ghaboussi, 2004b; Klein et al., 2021; Linka et al., 2021;
L. M. Wang, Linka, and Kuhl, 2023; Weber, Geiger, and Wagner, 2021).

4.2.1 Single-layer perceptron

The single-layer perceptron is a type of feedforward neural network that comprises a single
layer of nodes, also known as artificial neurons. The perceptron was first introduced by
Rosenblatt (1957) as a computational model for learning patterns in data. In its simplest form,

Figure 4.1 The Structure of a Single Neuron in an Artificial Neural Network: An input data
vector x = [x1, x2, x3], it is passed to the neuron through the black line with corresponding
weights w = [w1, w2, w3]. The weighted inputs are then summed with a bias term b and
passed through an activation function ϕ(·), producing the output of the neuron, denoted by z.
The activation function introduces non-linearity into the model, allowing for more complex
patterns to be learned.

w⊤x+ b︸ ︷︷ ︸
Z

ϕ(Z)

x1 w1

x2
w2

x3

w3

ŷ

the single layer perceptron (SLP) (Fig. 4.1) takes a set of N input values x = [x1, x2, . . . , xn]
and produces a single output value ŷ, i.e. ŷ = f(x; w, b). Where θ is a set of weights
w = [w1, w2, . . . , wn] and a bias term b. Each input value is connected to the output node via
a weighted connection wi and bias b, then passed through the summation function. Finally, the
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resulting summation is fed into a nonlinear activation function ϕ(·) to produce the final output
of the perceptron. Mathematically, SLP can be expressed as a vector-to-scalar function:

ŷ(x; w, b) = f(x; w, b) = ϕ
(
w⊤x + b

)
= ϕ

 N∑
j=1

wjxj + b

 . (4.1)

The SLP served as an important starting point for the development of more complex neural
network architectures such as the multi-layer perceptron.

4.2.2 Deep multi-layer perceptron

When the width of the SLP is expanded to include multiple neurons in a layer, it can represent
a vector-to-vector function, where each neuron acts in parallel. Multiple SLPs can be arranged
in a chain to create a Multi-Layer Perceptron (MLP), which is the most commonly used
structure of neural networks. For example, connect three functions f (1), f (2), f (3) in series to
form f(x) = f (3)(f (2)(f (1)(x))). This is often denoted by f(x) = f3 ◦ f2 ◦ f1(x), where ◦ is
the function composition operator. In this case, f (1) is called the input layer of the network,
f (3) is called the output layer, and any intermediate layers, e.g. f (2), are named the hidden
layers. When a neural network has more than two hidden layers, it is commonly called deep
forward neural networks (DNNs).

In the data flow, a series of functional transformations occur within the network. First, linear
combinations of the inputs and the corresponding parameter matrix W (1) and bias b(1) of the
first layer are constructed, followed by the application of the activation function ϕ(1)(·) to
obtain the output of the first layer, h(1). The second layer then takes h(1) as input, and so on
until the output ŷ of the whole network is computed:

h(1) = f (1)(x; W (1), b(1)) = ϕ(1)
(
W (1)⊤x + b(1)

)
= ϕ(1)

 N∑
i=1

M∑
j=1

w
(1)
ji xi + b

(1)
j

 , (4.2)

ŷ = f (2)(h(1); W (2), b(2)) = ϕ(2)
(
W (2)⊤h(1) + b(2)

)
= ϕ(2)

 M∑
j=1

K∑
k=1

w
(2)
kj h

(1)
j + b

(2)
k

 . (4.3)

Here j = 1, . . . ,M and K are the total numbers of outputs. The activation functions ϕ(1), ϕ(2)

introduce non-linearity into the model, allowing for the learning of complex patterns in the
data. These various states can be combined to give the overall network function that takes
the vectorized form:

ŷ = h(2) ◦ h(1)(x) (4.4)

= ϕ(2)
(
W (2)⊤ϕ(1)

(
W (1)⊤x + b(1)

)
+ b(2)

)
. (4.5)

Thus, this network model is simply a nonlinear function mapping of a set of input variables x

to a set of output variables ŷ controlled by adjustable parameters W , b.
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This function can be visually represented as a network diagram, as shown in Figure 4.2. The
process of evaluating the network (4.5) can then be interpreted as a forward propagation of
information through the network, which involves two stages of processing, each resembling
the perceptron model discussed in Subsection 4.2.1. The network architecture depicted in
Figure 4.2 is the most commonly used architecture in practice. It is important to note that

Figure 4.2 A Deep Neural Network Architecture. The network consists of multiple hidden
layers, the input layer takes in the raw data, which is then processed through a series of
hidden layers before producing the final output in the output layer. The connections between
the layers are weighted, and the weights and bias W (l), b(l) are learned during the training
process.

x1

x2

x3

y1

y2

y3

Hidden
layer 1

Hidden
layer 2

Input
layer

Output
layer

L(0)
L(1) L(2)

L(3)

W(1), b(
1) W (2), b(2)

W(3), b(3)

the terminology for counting the number of layers in such networks can be ambiguous in the
literature. The network in Figure 4.2 may be referred to as a 2-hidden layer network, which
counts the number of 2 hidden layers of units, an input layer and an output layer.

For a deep feedforward neural network, it can be generalized by adding L hidden layers
{hl}l=1,··· ,L, where l denotes the lth hidden layer. The network is fully connected, so each
neuron in each layer receives connections from all the neurons in the previous layer. This
means each neuron has its own bias, and weight for every pair of units in two consecutive
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layers. Therefore, the computations of the network are written in vectorized as:

h(1) = ϕ(1)
(
W (1)⊤x + b(1)

)
, (4.6)

h(l) = ϕ(l)
(
W (l)⊤h(l−1) + b(l)

)
; l = 2, . . . , L , (4.7)

ŷ = ϕ(L+1)
(
W (L+1)⊤a(l) + b(L+1)

)
. (4.8)

Note that the activation, ϕ(l), can be different for different layers. Then, the generalized
equation of a deep feedforward neural network with L hidden layers is

ŷ = h(L+1) ◦ h(L) ◦ · · · ◦ h(1)(x) (4.9)

= ϕ(L+1)
(
W (L+1)⊤ϕ(l)

(
W (l)⊤ϕ(L−1)

(
. . . ϕ(1)

(
W (1)⊤x + b(1)

)
. . .
)

+ b(l)
)

+ b(L+1)
)
.

(4.10)

The constitutive equation from Section 2.4 for non-linear elastic materials can be formulated
using a deep feedforward neural network to create a DNN-based surrogate material model.
This model aims to approximate the response functions g(F ) by taking the flattened form
of the deformation gradient tensors Fvec = [F11, F12, . . . , F33] as inputs, and predicting the
flattened form of the Cauchy stress tensor σvec = [σ11, σ12, . . . , σ33] as outputs. Hence, the
DNN-based surrogate material model becomes:

σvec = ϕ(2)
(
W (2)⊤ϕ(1)

(
W (1)⊤Fvec + b(1)

)
+ b(2)

)
. (4.11)

Equation (4.11) is the simplest form of a DNN-based material model, which employs a 2-hidden
layer DNN (eq. (4.5)). In this case, the optimal weights and biases W (l) and b(l) need to be
determined, making this a multivariate regression problem with continuous values. Clearly,
the inputs and outputs choices will change when considering further physical requirements
that a DNN-based surrogate material model must satisfy.

4.2.3 Activation functions

Activation functions are an essential component of neural networks. They are non-linear
transformations applied element-wise to the output of a neuron to introduce non-linearity
into the model, allowing for more complex patterns and relationships in data to be learned.
They are a crucial component of deep neural networks, where, without them, the model would
simply be a linear function. There are several types of activation functions commonly used in
neural networks for numerical predictive models.

Tanh (Hyperbolic Tangent)

ϕ(x) = ex − e−x

ex + e−x
; ϕ(x) ∈ [−1, 1] . (4.12)
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The Tanh function maps input values to a range between −1 and 1. Its output is zero-centered,
making it useful for learning symmetric patterns. However, this function suffers from the
saturation problem, where some neurons may become inactive and stop contributing to the
learning process.

ReLU (Rectified Linear Unit)

ϕ(x) = max(0, x); ϕ(x) ∈ [0,+∞) . (4.13)

The ReLU is currently the most widely used activation function in neural networks. The
pioneering works by Fukushima (1969, 1975) on multi-layer neural networks initially introduced
the concept of the “analog threshold element”. However, it was not until Nair and G. E. Hinton
(2010) that the interest in ReLU was popularized. ReLU is preferred due to its computational
simplicity and ability to avoid the saturation problem encountered with the Tanh function.
Nonetheless, ReLU also suffers from “dead neurons” when the input is negative. More detailed
analysis of ReLU and Tanh in (Goodfellow, Bengio, and Courville, 2016, Chapter 6).

ELU (Exponential Linear Unit) (Clevert, Unterthiner, and Hochreiter, 2016)

ϕ(α, x) =

x x > 0

α(ex − 1) x ≤ 0
; ϕ(x) ∈ [−α,+∞) , (4.14)

where α is a trainable constant. In practice, α = 1.0 is commonly chosen. The ELU activation
function is a monotonic function created to address the problem of “dead neurons” encountered
with ReLU. ELUs exhibit better-learning properties than ReLUs. Unlike ReLUs, ELUs can
take negative values, allowing them to push the mean unit activations closer to zero, similar
to the effect of batch normalization but without high computational complexity. Mean shifts
towards zero accelerate learning by bringing the normal gradient closer to the neuron’s natural
gradient, resulting from a reduced bias shift effect. ELUs saturate to a negative value with
smaller inputs, thereby decreasing the forward propagated variation and information.

Swish (Ramachandran, Zoph, and Le, 2017)

ϕ(x) = x

1 + e−βx
, (4.15)

where β is a trainable constant. In practice, β = 1.0 is commonly chosen. The Swish activation
function is a smooth, non-monotonic function that has been shown to outperform ReLU
and its variants in a range of deep learning applications. It can be viewed as a nonlinear
interpolation between the linear function and the ReLU function.
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Softplus (Dugas et al., 2000)

ϕ(x) = ln(1 + ex); ϕ(x) ∈ [0,+∞) . (4.16)

The Softplus function is a smooth, strictly positive, and monotonic function with properties
similar to Swish. It can be considered a smooth approximation of ReLU that avoids non-
differentiability at zero. Unlike ReLU, Softplus is differentiable everywhere, which can facilitate
better training of deep neural networks. However, the Softplus function is computationally
more expensive than the ReLU function.

Snake (Ziyin, Hartwig, and Ueda, 2020)

Snake = x+ 1
α

sin2(αx) ; Snake′ = 2 sin(αx) cos(αx) + 1 . (4.17)

Here, α is a learnable parameter that controls the frequency of the periodic part. The
behaviour of the Snake activation function at various values of the frequency controller α is
illustrated in Figure 4.3. The negative and positive values of α result in a flipped version of
the function. When α = 0, the function becomes linear. For α values within the range [0, 1],
Snake appears as a smooth function. The Snake activation function exhibits several desirable

Figure 4.3 Snake and its first derivative at different α = [−1.0, 0.0, 0.2, 1.0, 5.0]. The
smoothness and periodicity of the function vary based on the value of α, indicating its
adaptability for capturing complex patterns and oscillatory behaviours.
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properties that make it a suitable candidate for constitutive learning models. The smoothness
and monotonicity of the function enable efficient gradient-based optimization. Additionally,
the learnable parameter α allows for the adjustment of the frequency of the periodic part of
the function during training. This adaptability enables the model to better capture various
data patterns and characteristics, ultimately resulting in improved performance. It provides
an interesting alternative to traditional activation functions, such as the rectified linear unit
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(ReLU) and Swish, due to its smoothness, monotonicity and periodicity (Ziyin, Hartwig, and
Ueda, 2020).

Figure 4.4 Activation functions and their derivatives. The six activation functions (Tanh,
ReLU, ELU, Swish, Softplus, and Shifted Softplus) are shown in separate subplots, with their
corresponding first and second derivatives plotted in pink dashed and green dash-dotted lines,
respectively. The x-axis represents the input values while the y-axis represents the output
values and their derivatives.
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Figure 4.4 illustrates the common activation functions used in neural networks: Tanh, ReLU,
ELU, Swish, Softplus, and Shifted Softplus (SSP). The figure presents the activation functions
ϕ(x) and their first ϕ′(x) and second ϕ′′(x) derivatives for each function. The x-axis represents
the input value to the activation functions, while the y-axis corresponds to the output of
the functions and their derivatives. This comparison provides insights into the behaviour
of the different activation functions and their sensitivity to input changes. For instance,
the ReLU function is non-differentiable at zero, while Softplus and Shifted Softplus offer
smooth approximations to ReLU, ensuring differentiability at all input values. The ELU
function can take on negative values for negative inputs, unlike ReLU, which is restricted
to non-negative outputs. The Swish function offers a balance between linear and non-linear
behaviour, depending on the input values, which has been shown to be advantageous in various
deep learning applications.

In addition to selecting an appropriate activation function, it is also important to take into
account the influence of the activation functions on the prediction properties of the neural
network. For instance, when utilising specific architectures like monotonic neural networks
(Sill, 1997), activation functions such as Tanh, ReLU, ELU, etc., prove to be advantageous
due to their monotonic nature. This characteristic becomes beneficial in scenarios where the
output needs to consistently increase or decrease over all or part of the inputs. The trade-off
between computational efficiency and the impact on the generalization ability of the model
is another aspect to consider when selecting an activation function. Table 4.1 summarises
the properties of some common activation functions. Different activation functions may have
varying degrees of computational intensity, which can affect the overall training time and
efficiency of a neural network. For instance, smooth activation functions like Softplus or ELU,
which address the “dead neuron” issue, may contribute to better generalization but come at
the cost of increased computational cost due to more expensive mathematical operations like
exponentiation and logarithms.

Table 4.1 Properties of common activation functions

Name Monotonicity Order of continuity Range

Tanh Yes C∞ (−1, 1)
ReLU Yes C0 [0,∞)

ELU Yes
{
C1 α = 1 ,
C0 otherwise

(−α,∞)

Swish No C∞ [−0.278,∞)
Softplus Yes C∞ (0,∞)

4.2.4 Loss functions and training process

In the process of training a deep neural network, the primary goal is to find the optimal values
for the parameters, denotes as θ consisting of weights, W (l), and biases, b(l) with l = 1, · · · , L,
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that minimize the difference between the predicted outputs ŷ and the true outputs y for a
given set of inputs x.

L = f(y, ŷ) (4.18)

To quantify this difference, loss function L (or objective function) is used to evaluate the
performance of the model. The loss function plays a vital role in constructing the architecture
of the machine learning model and enhancing its performance. In this work, the multivariate
regression problem with continuous values is considered. Hence, six common loss functions
for regression problems, which are introduced in Table 4.2 are the appropriate choices.

Figure 4.5 presents a visual comparison of these loss functions. The x-axis represents the
error, L = (y− ŷ), while the y-axis denotes the corresponding loss value. As seen in the figure,
the Mean Squared Error (MSE) exhibits a quadratic relationship with the error, causing high
sensitivity to outliers. In contrast, the Mean Absolute Error (MAE) is more robust to outliers
but lacks smoothness at L = 0, which may impede optimization.

Huber loss combines the properties of MSE and MAE, with the parameter δ controlling the
transition between the two behaviours, making it more robust against outliers than mean
square loss. For small errors, it behaves like an MSE, while for large errors, it behaves like an
MAE.

Log-cosh loss offers a smooth and twice-differentiable alternative to Huber loss, as its first
derivative is tanh(L). Quantile loss provides a more flexible approach with the parameter q.
It estimates the conditional median or quantiles of the dependent outputs ŷ across the values
of the independent inputs x. This function can be viewed as an extension of the MAE, except
for the 50th percentile, where it is equivalent to the MAE.

Lastly, the ϵ-insensitive loss is designed to be robust to small errors, making it well-suited
for support vector regression. Table 4.2 summarised the loss functions commonly used for
regression tasks and indicated their advantages and disadvantages.
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Figure 4.5 Comparison of six loss functions used in regression tasks. Each subplot shows the
behaviour of the loss function L as the error of the true and predicted values (y − ŷ) varies.
The Huber Loss and Quantile Loss plots include different parameter settings, illustrating
the effect of varying δ and q, respectively. This visualization aids the understanding of the
properties of each loss function and selecting the most suitable one for a given regression
problem.
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4.2.5 Training process

So far, the network is viewed as a general class of parameterized nonlinear functions mapping
a vector input x to a vector output y. The parameters of the network are needed to determine
through the minimization of the loss function L(θ).

θ∗ = arg min
θ

L(θ) . (4.24)

The process of finding the values of the network’s parameters is called training or fitting (quite
similar to the discussion in Section 3.4).

Consider a loss function L(θ), which is a continuous function of the parameters θ. The
gradient of L(θ) with respect to the parameters is given by:

∇θL =
[

∂L
∂W (1) , · · · , ∂L

∂W (l) ,
∂L

∂b(1) , · · · , ∂L
∂b(l)

]⊤
(4.25)

The gradient is computed backward, starting from the last layer’s parameters toward the first
ones and applying the chain rule. This process is called backpropagation or backward pass,
and the backpropagation algorithm (Rumelhart, G. E. Hinton, and R. J. Williams, 1986) is
usually used to numerically evaluate the gradient of the network. It consists of two passes
through the network: a forward pass (as described in Subsection 4.2.2) and a backward pass.
The most widely used optimization algorithm in deep learning is gradient descent (GD) and
its variants.

Gradient Descent GD is an iterative optimization algorithm that updates the parameters
of the model by moving in the direction of the negative gradient of the loss function with
respect to the parameters. The update rule for the parameters is given by:

θ(t+1) = θ(t) − η∇θL(θ(t)) , (4.26)

where θ(t) represents the parameters at iteration t, η is the learning rate, and ∇θL(θ(t)) is
the gradient of the loss function with respect to the parameters at iteration t.

Stochastic Gradient Descent (SGD) Standard GD can be computationally expensive,
as it requires computing the gradient over the entire dataset. Stochastic Gradient Descent
(Kiefer and Wolfowitz, 1952; Robbins and Monro, 1951) is an alternative that estimates the
gradient using a random sample (or a mini-batch) of the dataset at each iteration. This
reduces the computational cost and introduces some noise into the gradient, which can help
escape local minima. Variants of SGD, such as Adagrad (Duchi, Hazan, and Singer, 2011),
RMSProp, and Adam (Kingma and Ba, 2014), have been developed to improve convergence
and adapt the learning rate during training. See (Bottou, Curtis, and Nocedal, 2018) for
further discussions.
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4.2.6 Hyperparameter optimization

Hyperparameter optimization (HPO) also referred to as hyperparameter tuning, is a crucial
and intricate step in designing deep neural networks. This process aims to achieve optimal
performance for a machine learning model by tuning hyperparameters (HPs), which govern
various aspects of the network’s architecture and training process. These HPs encompass
parameters such as the number of layers, the number of hidden units per layer, the activation
functions, the learning rate, etc. Effective calibration of these HPs can lead to improved
performance and better generalization for a given task (Bischl et al., 2023; L. Yang and Shami,
2020).

The evaluation of model performance is quantified through an objective function specific to
the chosen model, such as mean least squared error, accuracy, F1-score etc. For each tested set
of HPs, the model is re-trained, and its performance score is computed based on the model’s
validation set. Commonly, there are two methods for selecting these hyperparameters: manual
selection and automatic selection. To limit the laborious and non-reproducible nature of the
manual trial-and-error approach in searching for effective hyperparameter settings, automatic
HPO algorithms are usually preferred.

Sampling strategy entails a range of sampling algorithms available for automatic HPO, spanning
from straightforward techniques such as grid search and random search (Bergstra and Bengio,
2012) to more sophisticated methods like Tree-structured Parzen Estimator (TPE) (Bergstra
et al., 2011), Spearmint (Snoek, Larochelle, and Adams, 2012), Covariance Matrix Adaptation
Evolution Strategy (CMA-ES) (Hansen and Ostermeier, 2001), among others.

Nevertheless, one disadvantage of automatic HPO algorithms lies in their dependence on the
completion of an entire training experiment, or trial, before valuable insights can be extracted.
This is much less efficient in extracting valuable information early on compared to the manual
HPO undertaken by a human expert. Human practitioners often identify problematic HPs at
an early stage and can terminate the unpromising trials, this process is called pruning.

Pruning strategy is the approach utilised for terminating the unpromising training experiments,
also known as automated stopping (Golovin et al., 2017). Pruning algorithms typically
operate across two stages: (1) continuous monitoring of intermediate objective values, and
(2) discontinuation of trials that fail to satisfy the predefined criteria. Some notable pruning
algorithms include Bayesian parametric regression (Domhan, Springenberg, and Hutter, 2015;
Swersky, Snoek, and Adams, 2014), Median Stopping Rule (Golovin et al., 2017), Hyperband
(L. Li et al., 2018), etc.

The sampling strategy and pruning strategy can be combined flexibly to explore various
settings, each combination is called study. In this work, Optuna (Akiba et al., 2019) framework
is leveraged for implementing HPO of DNN-based constitutive model. The main procedure of
HPO in this work is as follows:
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1. Select the objective function e.g. loss function on the validation set.

2. Select HPs and their search space appropriately for each model by manual testing and/or
domain knowledge.

3. Create studies by applying appropriate combinations of sampling strategy and pruner.

4. Run each study (optimization process) with a large number of trials to explore HPs.

5. Refine the search space based on the currently well-performing HP values if necessary.

6. Return the final optimal results as the best-performed HP configurations.

4.2.7 Generalization experiments of activation functions

During research and development of new techniques for a specific problem domain, it is
common to test various activation functions. The choice of an activation function for a neural
network should take into account not only the mathematical properties and performance of
the function but also the trade-offs between computational efficiency and the impact on the
generalization ability of the model.

Investigating the influence of using different activation functions in a general setting can be
challenging. Nevertheless, it is possible to hypothesize that the characteristics of activation
functions are carried over to the property of the neural networks. For instance, an ELU network
is smooth and can extrapolate to a constant function, whereas the ReLU is piecewise-linear and
can extrapolate in a linear manner. In fact, the experiments can be theoretically proven in a
more general form, as demonstrated by Ziyin, Hartwig, and Ueda (2020). These observations
provide insight into the behaviour of neural networks, which can be valuable for designing
more efficient and effective machine learning models.

A small experiment is conducted using a fully connected ANN with one hidden layer containing
512 neurons. Training data are collected by sampling from 6 different analytical basic functions
in the interval [−5, 5] with a gap in the range [−1, 1]. This setup enables us to study the
inter-and-extrapolation behaviour of 4 different activation functions. The experiments can be
seen in Fig. 4.6 and Fig. 4.7. Data points are represented by blue dots, while the analytical
ground truth functions are shown as black lines. The mean values of 21 runs of the predictions
of the ANNs are plotted with red dashed lines, and the 90% confidence interval (CI) is
displayed as a green-shaded area.

The results suggest that the extrapolation behaviour of the ANNs is dictated by their analytical
form of the activation function. Fig. 4.6 illustrates that ReLU and Swish diverge to ±∞, while
ELU and Softplus level off towards a constant value. Notably, none of the activation functions
can capture the asymptotic behaviour of the logarithmic function (log(1 + 2x

7 )).

Fig. 4.7 demonstrates the ability of the activation functions to capture the convexity or
monotonicity of the target functions. Monotonic activation functions, ReLU, ELU, perform
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Figure 4.6 Exploration into the generalization of different activation functions for various
basic function types.
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generally quite well. While Swish, Softplus can also represent these properties but with greater
variability, as their confidence interval area is larger. Distinctly, all activation functions exhibit
much better interpolation capabilities than extrapolation, especially when sampling data
points cover the critical range, such as changes in function curvature.

Despite ANNs being considered as universal approximators, given enough hidden neurons, these
experimental observations reveal that they (with 512 neurons) are unsuitable for extrapolation,
which is consistent with the discussion in Sect. 4.2.8.
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Figure 4.7 Exploration into the generalization of different activation functions for various
basic function types (continue).
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4.2.8 The power of depth

The main factors to consider when designing the architecture of DNNs are depth (number of
layers) and width (number of units per layer). Deeper networks often require fewer neurons
per layer and fewer parameters, leading to better generalization to the test set, but they may
be harder to train. The ideal network architecture usually has to be determined through
experimentation, with the loss values on the validation are used as a guide.
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The Universal Approximation Theorem (Cybenko, 1989; Hornik, Stinchcombe, and White,
1989; Leshno et al., 1993) establishes that feedforward neural networks with Sigmoid-family
or locally bounded piecewise continuous activation function can approximate any continuous
function to any degree of accuracy, as long as the network has a sufficient number of hidden
units. This theorem demonstrates that a large MLP is capable of representing any function.
However, it is crucial to note that the theorem does not guarantee that the training algorithm
can learn the desired function. Learning can fail for two main reasons (Goodfellow, Bengio,
and Courville, 2016, p. 199):

• The optimization algorithm might be unable to find the parameter values corresponding
to the desired function such as poor initialization, multiple local minima, etc. (Glorot
and Bengio, 2010; Goodfellow, Bengio, and Courville, 2016, Chapter 8);

• The training algorithm could end up at an incorrect function due to overfitting. Despite
the universal approximation capabilities of feedforward networks, the “no free lunch
theorem” (Wolpert and Macready, 1997) shows that no universally superior machine
learning algorithm exists, meaning that there is no universal procedure for choosing a
function that generalizes well to points not in the training set.

In practice, employing deep architectures can reduce the number of units required to represent
the desired function and decrease generalization error. The use of deep models encodes the
belief that the target function involves the composition of several simpler functions, which can
be interpreted as discovering a set of underlying factors of variation. Figure 4.8 provides an
abstract presentation of how deep neural networks operate (Goodfellow, Bengio, and Courville,
2016; Johnston and Fusi, 2023). The inputs are fed into the network, with the beginning
layers learning a higher-level representation of the inputs. As the inputs are processed deeper
into the network, each module extracts features and transforms them into higher levels of
abstraction. During the learning phase, the network builds up a better understanding of the
task, leading to improved generalization after each layer. Ultimately, the network produces
helpful predictions for the task at hand. This process is central to the success of deep learning,
as evidenced by the extensive literature across a variety of tasks (Brown et al., 2020; Devlin
et al., 2019; He et al., 2015; Krizhevsky, Sutskever, and G. E. Hinton, 2017; Szegedy et al.,
2014; Tan and Le, 2020; Touvron et al., 2023; Vaswani et al., 2017).

Furthermore, incorporating domain-specific expert knowledge is an effective way to enhance
the modelling quality of neural networks in various applications.

In this work, leveraging the understanding of the abstract representation learned by the DNNs,
the feature extraction phase is sped up significantly and guided in the physically plausible
direction by incorporating physical constraints such as growth and normalization conditions.
A new activation function is introduced and applied on the first layer to ensure that the
feature presentation step obeys the constraints.



4.3 Physical constrained deep neural networks based surrogate model 83

Figure 4.8 Abstract presentation: At a high level, deep networks learn a hierarchy of
representations of the inputs, with each layer extracting features and transforming them into
a higher level of abstraction. The learning process enables better generalization with each
layer, ultimately producing useful predictions for the task.
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4.3 Physical constrained deep neural networks based surrogate
model

Consider the general supervised learning problem of surrogate material laws using deep
neural networks. This DNN-based model is expected to satisfy the physical requirements
outlined in Section 2.4. The training set consists of m data pairs, denoted as {(c(i), s(i))}m

i=1,
where c(i) ∈ R3 and s(i) ∈ R3 are the vectors of squared principal stretches and principal
stresses, respectively (c.f. subsection 2.4.8). Using these input-output pairs ensures that the
constitutive requirements (2.4.1) and (2.4.2) are fulfilled.

This section introduces a novel approach for incorporating the remaining physical constraints
into deep neural networks. The number of accounted physical constraints is considerably large,
namely stress-free condition (2.4.3), growth conditions (2.4.4), the Jacobian matrix of the
outputs with respect to the inputs being positive definite (2.103), and partially monotonicity
of outputs with respect to the inputs (BE-inequalities).
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Again, (2.103) implies (BE-inequalities), it is not necessary to incorporate both requirements
at once. This work employs partial monotonicity constraint only for generation purposes
for which the proposed methodologies can be applied to non-isotropic materials. Existing
approaches for effectively enforcing monotonicity into deep neural networks can generally be
classified into two groups:

• Hand-designed monotonic network architecture: Involves designing a specialized net-
work’s architecture such that it guarantees monotonicity through its construction (Daniels
and Velikova, 2010; Kitouni, Nolte, and M. Williams, 2023; Milani Fard et al., 2016;
Sill, 1997; Wehenkel and Louppe, 2021; You et al., 2017). However, these specialized
architectures often impose considerable restrictions or complexity, making practical
implementation and training challenging.

• Heuristic Monotonic Regularization: An alternative approach aim to enforce mono-
tonicity for pre-existing arbitrary DNN by training it with a heuristically designed
regularization (Gupta et al., 2019; X. Liu et al., 2022; Sill and Abu-Mostafa, 1996;
Sivaraman et al., 2020). Although this method provides greater flexibility and easier
implementation, there is no guarantee that the learned models will ensure the monotonic
properties over selected features. Consequently, the monotonicity constraint may be
violated on some data points.

Indeed, each line of those methods comes with its own advantages and disadvantages. When
opting for the hand-designed architecture approach, the DNN’s structure is constrained not
only by the requirement to uphold the monotonic property but also by the need to meet
growth and normalization conditions. This results in an intricate architecture that can
introduce challenges during both the training phase and the subsequent implementation
of its Unified Form Language (UFL) version (see Section 4.4). In case of only heuristic
monotonic regularization is considered, it is very unlikely the model will satisfy all physical
constraints.

To address these inherent challenges, the approach leverages the benefits associated with both
methods. The adaptation encompasses both the architecture of the DNN and its training
process:

• For normalization condition, growth condition: The architecture of DNN is designed
by adding a novel activation function called “Logarithmic Linear Unit” (LOGLU) (c.f.
4.3.1).

• For separately monotone and positive definiteness of the Jacobian matrix of the outputs
with respect to inputs: these point-wise losses (Gupta et al., 2019) act as additional
constraints during the training process, ensuring that the learned models satisfy mono-
tonicity and positive definiteness conditions.
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4.3.1 Proposed Logarithmic Linear Unit (LOGLU)

Section 4.2.8 describes the characteristics of the depth of DNN layers, which consists of feature
extraction and learning phases. The first several layers serve as feature extraction layers,
responsible for learning the high-level features from input data. In the context of continuum
mechanics, Section 2.2.4 recommends choosing a strain measure that effectively captures the
nonlinear effect of deformation, thereby reducing the need to explicitly represent the nonlinear
characteristics in constitutive equations.

Interestingly, this intersection of ideas between machine learning and continuum mechanics
suggests that the generalised strain tensor, specifically E(0) = 1

2 ln C, may be a promising
candidate for presenting the feature abstraction of the DNNs. Motivating by this alignment,
a novel activation is proposed, to be integrated after the input layer, acting as the features
extraction layers. The proposed novel activation is as follows:

ϕLOGLU(x) =

α
2 ln(x+ ϵ) if 0 < x < 1 ,

α2(x− 1.0) if x ≥ 1.
; ϕ′

LOGLU(x) =

α
2 1

x+ϵ if 0 < x < 1 ,

α2 if x ≥ 1.
(4.27)

where x is the input to a neuron, α : learnable parameter and ϵ is to avoid divided by zero
in its derivative. LOGLU is designed to be monotonic, and it satisfies both growth and
normalization conditions making it physically meaningful (mechanically speaking).

The piece-wise structure of LOGLU allows it to separate two cases: extension and compression
when the input presents the principal stretch or principal strain. The squaring of α as α2

ensures that LOGLU ∈ (−∞, 0) when 0 < x < 1 (compression regime), and LOGLU ∈ [0,+∞)
for x ≥ 1.0 (extension regime). The strength of asymptotic behaviour is controlled by the
learnable parameter α.

Figure 4.9 displays the LOGLU activation and its first derivative for different values of α.
Then plots show that LOGLU is monotonically increasing with respect to the inputs, and its
asymptotic behaviour is influenced by the parameter α.

Requirements 2.4.3 and 2.4.4 are satisfied by applying LOGLU. Let LOGNet be the generalized
DNNs-based surrogate model with L-hidden layers, denotes as ŝ = f(c; θ), θ = {W (l)}L

l=1, of
the isotropic non-linear elastic material are defined as:

ŝ(c; θ) = h(L+1) ◦ h(L) ◦ · · · ◦ h(1) ◦ LOGLU(c) (4.28)

= ϕ(L+1)
(
W (L+1)⊤ϕ(l)

(
W (l)⊤ϕ(L−1)

(
. . . ϕ(1)

(
W (1)⊤LOGLU(c)

))))
. (LOGNet)

Here, the employed activation functions satisfy the following:

ϕ(l)(0) = 0 , (4.29)
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Figure 4.9 Logarithmic Linear Unit (LOGLU) and its first derivative at different α.
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and all the biases {b(l)}L
l=1 are needed to be turned off, such that:

ŝ(c = 1, |θ) = 0 . (4.30)

For instance, a simple one-hidden layer LOGNet is as follows:

ŝ = h(2) ◦ h(1) ◦ h(0) (4.31)

= W (2)⊤
[
ϕ(1)

(
W (1)⊤LOGLU(c)

)]⊤
. (4.32)

Since the problem at hand is the continuous variable regression, ϕ(2) is just a linear mapping.
With this setting, the derivative of the outputs with respect to the inputs reads:

∂ŝ

∂c
= ∂ŝ

∂h(1)
∂h(1)

∂
(
W (1)⊤LOGLU(c)

) ∂
(
W (1)⊤LOGLU(c)

)
∂
(
LOGLU(c)

) ∂
(
LOGLU(c)

)
∂c

(4.33)

= W (2)⊤
(
ϕ(1)

)′
W (1)⊤

(
LOGLU(1)

)′
. (4.34)

This derivative can be interpreted as the “stiffness” of the materials at a stress-free state,
therefore, ∂ŝ

∂c ̸= 0 for physical plausibility. Equation (4.34) indicates that activation functions
for hidden layers of LOGNet must be a function such that ϕ′ ̸= 0.

The Jacobian matrix of the predicted principal stresses with respect to the squared principal
stretches reads:

Ĥ(c; θ) =


∂ŝ1
∂c1

∂ŝ1
∂c2

∂ŝ1
∂c3

∂ŝ2
∂c1

∂ŝ2
∂c2

∂ŝ2
∂c3

∂ŝ3
∂c1

∂ŝ3
∂c2

∂ŝ3
∂c3

 . (4.35)
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4.3.2 Heuristic monotonic and positive definiteness constraints

This subsection introduces heuristic constraints to enforce monotonicity and positive defi-
niteness of the Jacobian matrix in the deep neural network training process by utilizing a
point-wise loss function. This approach draws inspiration from finite element analysis, as
described by Gupta (Gupta et al., 2019).

Let L(P D) be the penalty that characterizes the violation of positive definiteness of Ĥ(i).
Consider the principal minor test (Prussing, 1986) for semi-definite matrices, which state that
“a necessary and sufficient condition for a symmetric matrix n× n be positive semi-definite
is that all principal minors are non-negative” (Prussing, 1986). Consequently, to fulfill the
principal minor test, the matrix should be

• symmetric matrix,

• three principal minors of Ĥ(i) are required to be positive.

However, during the training process, at each iteration, the predicted tensor Ĥ(i) may not be
symmetric. Therefore, the positive definiteness constraint is incorporated within two steps:
symmetric constraint and principal minor test of the Ĥ(i).

The symmetric property is applied as follows:

L(sym) =
m∑
i

log
[
cosh

[
Ĥ(i)⊤ − Ĥ(i)

]]
, (4.36)

where Ĥ(i)⊤ is the transpose of Ĥ(i) at the ith row in the dataset.

Subsequently, the principal minor test is applied to symmetric matrix Ĝ(i) instead, where

Ĝ(i) =
[
Ĥ(i)

]⊤
+ Ĥ(i) (4.37)

The penalty term L(P D) is constructed using three principal minors of Ĝ(i) and is defined as
follows:

L(P D) =
m∑
i

max
(

0,max
(

−
(
det(∆1), det(∆2),det(∆3)

)(i)
))

, (4.38)

where m : number of data points. {∆k}k=1,2,3 denote the principal minors of the symmetric
tensor Ĝ(i) =

[
Ĥ(i)

]⊤
+ Ĥ(i) at the ith row in the dataset. Similarly to (4.39) case, the minus

sign “-” in
[
det(∆1),det(∆2), det(∆3)

](i)
helps enforce the positive definiteness of Jacobian

of the network.
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Let L(mono) be the penalty that characterizes the violation of monotonicity by enforcing
non-decreasing behaviour1:

L(mono) =
m∑
i

max
(
0,max

(
−diag

[
Ĥ(i)

]))
, (4.39)

where m : number of data points, diag
[
Ĥ(i)

]
is the diagonal components of Ĥ(i) at the ith

row in the dataset. The inner max operator computes the element-wise maximum, resulting
in a vector, and the outer max operator takes the maximum values on that vector. During the
training process, the monotonically decreasing trend has a negative value, hence, the minus
sign “-” in −diag

[
Ĥ(i)

]
results in positive values, penalizing the gradient.

The final loss function consists of three components: the empirical loss of the neural network
(as discussed in Subsection 4.2.4), the monotonic non-decreasing constraint, and the positive
definiteness constraint:

L(total) = γ1L(NN) + γ2L(mono) + γ3Lsym + γ4L(P D) , (4.40)

where γi is the weight of each loss term. The construction of the loss function in a manner
similar to the multi-target regression problems makes it akin to a sub-task of multi-task
learning (Ruder, 2017; Y. Zhang and Q. Yang, 2021). To determine the weights γi, weighting
sub-losses methods in multi-task learning methods (Senushkin et al., 2023) such as Uncertainty
Weighting loss (Kendall, Gal, and Cipolla, 2018), or Random Weighting loss (Lin et al., 2022)
are employed due to their state-of-the-art efficiency and ease of implementation. The specific
method will be selected based on its performance specifically for the considered model.

In this work, PyTorch framework (Paszke et al., 2019) is employed to implement and train
the neural networks. To seek the optimal parameters θ∗, a variant of SGD algorithm such as
Adam (Kingma and Ba, 2014) is utilized:

θ∗ = arg min
θ

Ltotal . (4.41)

4.4 Symbolic representation of DNNs-based model inside FEn-
iCSx

The modified DNNs-based model, obtained after training, is integrated into FEM software
to model compressible hyperelastic materials. In this work, since FEniCSx is employed, and
thus a Unified Form Language (UFL) version of the model is implemented. The objective
of defining ŝ(c; θ∗) (Eq. (LOGNet)) symbolically is to establish the variational form (3.13),
which can be automatically assembled and solve the system inside FEniCSx.

1For isotropic materials, this constraint can be completely ignore as positive definite constraint of the NN’s
Jacobian matrix already fulfilled this requirements
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To achieve this integration, each component of the network is implemented in UFL, effectively
reconstructing the trained network. For example, the following code snippet provides custom
implementations of PyTorch’s nn.Linear and nn.ReLU modules, extending their functionality
for usage in UFL computations:

1 class Linear(nn.Linear):
2 # Perform linear transformation using UFL.
3 def forward_ufl(self, mesh, x):
4 weight_numpy = self.weight.detach().cpu().numpy()
5 y = ufl.as_matrix(fem.Constant(mesh, weight_numpy_array)) * x
6 if self.bias is not None:
7 bias_numpy = self.bias.detach().numpy()
8 y += ufl.as_vector(fem.Constant(mesh, bias_numpy_array))
9 return y

10

11 class ReLU(nn.ReLU):
12 # Apply ReLU activation using UFL.
13 def forward_ufl(self, mesh, x):
14 y = ufl.as_vector([ufl.max(0, v) for v in x])
15 return y

Note that UFL lacks built-in support for vectorized activation functions. Thus, when the
output is not scalar, one must loop over its components, as shown in line 14 in the code
snippet below. This method enables seamless integration of the PyTorch-based version with
UFL computations.

The final UFL version of ANN’s prediction ŝ(c; θ∗) is as follows:

17 s1, s2, s3 = ANNmodel.forward_ufl([c1,c2,c3])

Upon obtaining the UFL version of the predicted outputs ŝ, they are inserted in the classical
variational approach of Eq. (3.13), resulting in:

δŴint = 1
2

∫
Ω0
δc · ŝ(c; θ∗) dV0 . (4.42)

The linearization form Eq. (4.42) can be assembled symbolically using the symbolic differenti-
ation capabilities of UFL:

D∆uδŴint = 1
2

∫
Ω0

[
δc(u) · Ĥ(c; θ∗) ·D∆uc(u)

]
dV0 . (4.43)
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It should be noted that, in practice, the assembling process for Eq.(3.17) might not be feasible
for very complex DNN architectures, such as those with more than 4 hidden layers, each
containing more than 256 neurons.
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5.1 Introduction

Typically, using a well-trained standard MLP as a stress-strain response function yields good
results, provided that the inputs injected into the surrogate model remain within the data
range used for training the model since MLPs are supervised learning models. However, several
challenges arise when solving nonlinear boundary-value problems using the Newton-Raphson
method, e.g. slow convergence or divergence (Fuhg, Marino, and Bouklas, 2021).

During Newton-Raphson intermediate step, since the physical equilibrium has not yet been
reached, the range of inputs provided for the DNN-based model suffers from substantial
fluctuations. This may lead the DNN model to extrapolate beyond its training range,
potentially resulting in unreliable predictions and convergence issues for Newton-Raphson
iterations.

Another challenge is that the Newton-Raphson method relies on the computation of the tangent
stiffness matrix, which requires the first-order derivatives of the stress-strain relationship,
as described in Eq. (3.17). This derivative of the outputs with respect to the inputs of the
surrogate model may not be accurate since the information about it is not presented in the
training data set.

Furthermore, the derivatives might exhibit discontinuities and/or their values at the stress-free
configuration are undefined due to specific types of employed activation functions. This lack of
accuracy and continuity can result in poor convergence properties and inaccurate solutions for
boundary-value problems. To address these challenges, this chapter will propose the strategies
as follows.

(1) Employing LOGNet-based constitutive model proposed in subsection 4.3.1. This model
satisfies the first four general requirements, thanks to the choice of input/output pair and its
special architecture, specifically:

1. Principle of material frame indifference (Subsection 2.4.1): The material response is
independent of the choice of reference frame, ensuring objectivity in the representation
of the material behaviour.

2. Material symmetry transformation (Subsection 2.4.2): The material exhibits symmetry
under proper orthogonal transformations Q.

3. Stress-free condition for isotropic material (subsection 2.4.3).

4. Growth conditions in large strains (subsection 2.4.4).

By satisfying these assumptions, the LOGNet-based constitutive model can be considered the
most general NN-based surrogate model for nonlinear isotropic elastic materials. Its values
at stress-free configuration are guaranteed to be zeros and its derivative exists by choosing
appropriate activation functions (refer subsection 4.3.1).
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Incorporate further mathematical consequences:

5. Consequences of BE-inequalities: Monotonic behaviour of generalized principal stresses
s1, s2, s3 with respect to generalized principal strains c1, c2, c3.

6. Consequences of Hill’s inequalities: the Jacobian matrix (Eq. (4.35)) is positive definite
for all strains.

By altering the training process, the LOGNet-based constitutive model will satisfy all six re-
quirements making it the general NN-based surrogate model for nonlinear isotropic hyperelastic
materials.

(2) Employing incremental prescribed Dirichlet boundary conditions, a traditional approach
for the principal formulation of isotropic elastic materials, e.g., Connolly, MacKenzie, and
Gorash (2019) and Miehe (1993).

(3) A fallback constitutive predictor using the consistency condition between isotropic nonlinear
elasticity and isotropic linear elasticity.

These adjustments will encourage the DNN-based model to obey key physical constraints
(three items above in the scope of this chapter), ultimately achieving more numerically stable
and plausible physical solutions.

This chapter is organized as follows. In Section 5.2, virtual experiments are employed to
collect synthetic data for developing a DNN-based surrogate constitutive model for nonlinear
isotropic elastic materials. By simulating various deformation modes, a dataset of principal
right Cauchy strains and principal 2nd Piola-Kirchhoff stress pairs are generated. The dataset
is then partitioned into training, validation, and testing subsets, and the distributions of the
strain and stress components are analyzed using box plots and histograms. Section 5.3 presents
the training process of LOGNet deep neural network-based surrogate constitutive model for
isotropic nonlinear elastic material is presented. The hyperparameter optimization process is
employed to determine the optimal architecture for LOGNet. Both synthetic (generated from
Ogden-Storåkers model) and experimental (Kossa and Berezvai, 2016) datasets are utilized
to validate the performance of the proposed approaches. The validations are presented in
Sections 5.4 and 5.5. Next, Section 5.6 present extensive numerical analysis and simulation of
the DNN-based model, and their advantage and disadvantage are highlighted. Datasets from
the Mooney-Rivlin material model are also used to train and further validate the performance
of the surrogate models. Furthermore, the analysis of extreme values and the solutions are also
outlined in this section. They offer insights into the numerical instability and a comparison of
the standard DNN-based surrogate models and LOGNet.
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5.2 Constitutive data collection

In this study, virtual experiments are employed to collect synthetic data for developing a
deep neural network-based surrogate constitutive model for nonlinear isotropic Cauchy elastic
materials. By simulating various deformation modes, a dataset of squared principal stretches,
c = [c1, c2, c3]⊤, and corresponding principal 2nd Piola-Kirchhoff stress, s = [s1, s2, s3]⊤, pairs
are generated and collected at the Gauss points 1. These simulations are performed on a 3D
closed-cell polyethylene foam unit cube using the Ogden-Storåkers model (Eq. (2.126)) with
the corresponding set of parameters reported in Table 3.2. This comprehensive dataset serves
as a foundation for training our deep learning-based surrogate model, offering a promising
avenue for efficient and accurate material characterization.

To generate the datasets, four basic deformation modes are utilized, namely unconstrained
uniaxial compression/tension (UT/UC), unconstrained simple shear (SS), and twisting around
the z−centre line, which connects two points

(
0.5, 0.5, 0

)
and

(
0.5, 0.5, 1

)
, of the cube (Tw).

The boundary conditions are different from the one in section 3.5 such that the squared
principal stretch and stress cover a wide range of values, hence, the name “unconstrained” is
used.

Dirichlet boundary conditions on the unit cube are as follows.

• For unconstrained uniaxial compression/tension, the z−component of all nodes on the
top face (at z = 1) is prescribed, with uz = ±0.2 mm, two tests are conducted at 20% of
compression/tension. At the bottom face (at z = 0), all the nodes remain fixed.

• For unconstrained simple shear, the z−component of all nodes on the top face (at z = 1)
is fixed with uz = 0. At the bottom face, all nodes remain fixed. The x−component
of all nodes in the cube is prescribed with ux = ky, where k = ±0.2 mm, two tests are
conducted with 20% is the amount of shear.

• For the case of twisting around the z−centre line: all nodes are fixed at the bottom face
(at z = 0). All nodes in the cube are twitted to an angle clockwise and counterclockwise:
φ = ±30◦.

The simulations were conducted on a 3D closed-cell polyethylene foam unit cube with
dimensions of 1 mm × 1 mm × 1 mm, employing a structured mesh consisting of 20 × 20 × 20
tetrahedron elements, totalling 9261 nodes and 52 808 elements. The shape function is
piecewise linear globally continuous functions of order 1.

Figure 5.1 illustrates the Gauss points of these deformation modes, Fig. 5.1a and 5.1b shows
the UT/UC cases, SS is presented in Fig. 5.1c, and Tw is demonstrated in Fig. 5.1d.

1Gauss points, or Gaussian points, are specific locations within a finite element where numerical integration
is computed using Gaussian quadrature. In the finite element method, these points coincide with the roots of
Legendre polynomials, and they are chosen alongside their associated weights. The selection of Gauss points
depends on the type and order of the finite element used. Further details in (Bathe, 2006, section 5.5.3),
(Zienkiewicz and Taylor, 2000, Chapter 9).
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Figure 5.1 Visualization of deformation modes: unconstrained uniaxial compression/tension,
simple shear, and twisting around the symmetry-axis of the cube. These fundamental
deformation modes were employed to generate synthetic datasets for the study of isotropic
hyperelasticity.

(a) Unconstrained uniaxial compression of 20%. (b) Unconstrained uniaxial tension of 20%.

(c) Simple shear of 20% amount of shear. (d) Twisted 30◦ about the z−center line.

Initially, a total of 4 320 000 (six tests) data pairs were collected at the quadrature points during
the simulations. However, a significant portion of the data was found to be duplicated, hence,
a cleaning process was conducted to remove duplicate values of c(i) and their corresponding
s(i) pairs. As a result, a total of 51 656 unique data points remained after the cleaning process.
These data points were then combined to form the dataset X ∈ Rm×3 and Y ∈ Rm×3, where
m represents the number of data points:

X =


c(0)

c(1)

...
c(m)

 =


c

(0)
1 c

(0)
2 c

(0)
3

c
(1)
1 c

(1)
2 c

(1)
3

...
c

(m)
1 c

(m)
2 c

(m)
3

 ; Y =


s(0)

s(1)

...
s(m)

 =


s

(0)
1 s

(0)
2 s

(0)
3

s
(1)
1 s

(1)
2 s

(1)
3

...
s

(m)
1 s

(m)
2 s

(m)
3

 . (5.1)

To create subsets for training, validation, and testing, 80% of the total data points (i.e., 37 568
points) were assigned to the training set, whereas 10% (i.e., 4696 points) was allocated to
the validation set and also 10% (i.e., 4696 points) for the test set. Figure 5.2 displays the
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Figure 5.2 The boxplot of the distribution of training dataset: c1, c2, c3, s1, s2, and s3. The inner
area defined by the red lines is the training range.
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distribution of the generated values for c1, c2, c3, s1, s2, and s3. The median values for c1, c2,
and c3 are approximately 0.81, 0.98, and 1.18, respectively. The interquartile ranges (IQR)
for these variables span from approximately 0.77 to 0.86 for c1, 0.96 to 0.99 for c2, and 1.12
to 1.24 for c3.

The number of outliers in this synthetic data might seem unnatural at first glance. However,
they are actually the extreme values of c and s at the Gaussian points of elements located at
the edges of the mesh. Another instance when outliers occur is when there are highly skewed1

or abnormal elements. These extreme values are unexpected due to the effects of boundary
conditions, and concentrated deformations or stresses. Therefore, such outliers should not
be considered during the training process of the DNNs. A window of IQR values is created
(the inner areas bounded by the red lines on Fig. 5.2) for this purpose, which range from the
25th percentile of c1 to the 75th percentile of c3. This window will be used to monitor the
input range behaviour of the DNN-based surrogate model during the intermediate step of the
Newton-Raphson process for solving the nonlinear boundary value problems.

The histogram plot, Fig 5.3, represents a visual representation of the distributions of the data
X and Y. For c1, the histogram shows that the values are concentrated around the range of
0.8 to 0.9, with a peak around 0.82. There is a gradual decrease in frequency as the values
move towards the extremes. Similarly, for c2, the histogram indicates a distribution centered
around 0.98, with a peak near that value, and the frequencies decrease as the values deviate
from the central point. Lastly, for c3, the histogram displays a distribution centered around
1.18, with a peak near that value, and the frequencies decrease gradually as the values move
away from the central point.

1Element skewness is the deviation between the optimal cell size to the existing cell size.
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Figure 5.3 The histogram of the distribution of training dataset: c1, c2, c3, s1, s2, and s3.
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5.3 LOGLU model structure and training process

This section presents the training process of a LOGNet-based surrogate constitutive model for
nonlinear isotropic elastic material. The dataset presented in subsection 5.2 is clearly admitted
to the aforementioned assumptions, making it suitable for training the DNN. Specifically, the
inputs consist of principal strains, while the outputs comprise principal stresses, satisfying the
first and second conditions. Additionally, the virtual dataset generated from the experimental
of closed-cell polyethylene foam, hence it satisfies the third requirement.

5.3.1 Tuning for LOGLU deep neural networks

The synthetic dataset used for training the DNNs consists of X ∈ Rm×3 and Y ∈ Rm×3, where
m = 37 568 represents the total number of data points (Section 5.2). The architecture of
LOGNet begins with the LOGLU activation function after the input layer. The rest of the hy-
perparameters of the DNN are determined using the HPO framework (Subsection 4.2.4).

To perform the HPO efficiently, it is advisable to avoid adding unimportant hyperparameters
since the complexity of HPO grows exponentially with the number of parameters. This
work employs three algorithm pairs, parameter-sampling and pruning algorithms, to seek
the architecture of LOGNet. These are (1) TPE algorithm (Bergstra et al., 2011) combined
with Hyperband (L. Li et al., 2018), (2) CMA-ES (Hansen and Ostermeier, 2001) paired
with median stopping rule (Golovin et al., 2017), and (3) Random Search sampler (Bergstra
and Bengio, 2012) also with Median pruner. These pairs are constructed based on the
benchmark result of Optuna’s documentation. The search space for the LOGNet consists of
three hyperparameters, their names, and ranges are shown in Table 5.1.
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Table 5.1 The search space of the hyperparameters of the LOGNet.

Hyperparameter Type Range

Number of hidden layers (L) int
[
2, . . . , 4

]
Number of neurons (ln) int

[
9, . . . , 150

]
(step = 3)

Activation function (ϕ(x)) category
[
SELU, Swish,Softplus,Snake

]
The first hyperparameter is the number of hidden layers (L), which should not exceed four,
to make it feasible to implement the resulting network in FEniCSx. In each hidden layer,
the number of neurons (ln) is searched in the range from 9 to 150 neurons, with the step
of 3. It means that at each trial, the HPO algorithm samples one value from the sequence
{9 + step, 9 + 2 × step, . . . , 9 + k × step ≤ 150}, where k is an integer.

Similarly, one of the activation function in the list SELU, Swish, Softplus, Snake will be
selected. Only activation functions, ϕ(x), that satisfy ϕ′(0) ̸= 0 (derivative at x = 0 is not
zero) are accepted (Subsection 4.3.1).

In total, 900 trials have been run for three studies on the HPO search. Each algorithm
pair (a study) is executed in 300 trials with every trial subjected to 50 training epochs or
pruned based on the value of the validation set error, which is the objective function to be
optimised. Adam optimizer is employed with the setting as: η = 0.001, β1 = 0.9, β2 = 0.99.
Table 5.2 presents the top five validation set losses achieved by each study across the range of
hyperparameter configuration (Table 5.1).

Overall, the TPE pair gives the highest-performing architectures with moderate complexity,
L = 3. This suggests a good balance between complexity and performance, as these models
achieve low validation set losses. The CMA-ES with Median pruner also produces competitive
architectures, although the validations losses are higher on average compared to TPE. However,
it results give less complex models (L = 2 or L = 3) while maintaining moderate performance.
The Random pair demonstrates a mixed performance, with some architecture archiving good
results, but also some with higher values of losses. The well-performing structures have a
higher hidden layer L = 4, and vice versa for L = 2. Again, this demonstrates a trade-off
between model complexity and validation performance.

It is worth noting that, among four activation functions, the best-performance models are all
employed by either Swish or Snake activation functions. Swish appears in a wider range of
architectures and frequently achieves competitive performance. This suggests that Swish is
a versatile activation function that can be effectively utilized in various models. While less
frequently used compared to Swish, Snake still achieves consistently low validation set error,
in the TPE case, Snake achieves the best results twice. It may be because of its monotonic
and periodic behaviours (Ziyin, Hartwig, and Ueda, 2020). Its architectures tend to have
moderate complexity (L = 3 or L = 4). This indicates that Snake is a promising choice,
especially when combined with appropriate hyperparameters.
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Table 5.2 The HPO results of LOGNet’s architecture. Three HPO algorithms, namely TPE +
Hyperband, Random + Median pruner, and CMA-ES + Median pruner, were employed. Every study
underwent 300 trials, with each trial trained within 50 epochs or pruned. The top 5 validation set
losses achieved by each algorithm are listed in increasing order.

HPO algorithms ϕ(x) L l1 l2 l3 l4
LNN

(validation set)

TPE
+ Hyperband

Snake 3 144 81 81 − 8.77 × 10−7

Snake 3 144 84 84 − 9.61 × 10−7

Swish 3 123 72 147 − 1.14 × 10−6

Swish 3 51 132 60 − 1.36 × 10−6

Swish 2 150 129 − − 1.50 × 10−6

Random Search
+ Median pruner

Swish 4 99 27 144 84 1.31 × 10−6

Swish 4 78 72 90 96 1.99 × 10−6

Snake 3 150 132 81 − 2.30 × 10−6

Swish 2 93 90 − − 2.61 × 10−6

Swish 2 147 99 − − 2.75 × 10−6

CMA-ES
+ Median pruner

Swish 3 81 78 78 − 1.62 × 10−6

Swish 2 84 75 − − 1.66 × 10−6

Snake 4 96 84 84 144 1.86 × 10−6

Snake 2 72 69 − − 2.05 × 10−6

Snake 3 78 81 81 − 2.36 × 10−6

It is evident that the configuration combines a Snake activation function with 3 hidden
layers

[
144, 81, 81

]
is the most promising architecture for LOGNet. This architecture achieves

the smallest loss value at 8.77 × 10−7 among the trials across all three studies and strikes
a favourable balance between complexity and performance. The full formulation is given
by:

ŝ = h(4) ◦ h(3) ◦ h(2) ◦ h(1) ◦ h(0)

h(0) = LOGLU(c)

h(1) = Snake
(
h(0)W (1)⊤

)
h(2) = Snake

(
h(1)W (2)⊤

)
h(3) = Snake

(
h(2)W (3)⊤

)
ŝ = h(4) = h(3)W (4)⊤ .
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The first derivative of the outputs of LOGNet with respect to its inputs reads:

∂ŝ

∂c
= ∂ŝ

∂h(l)

( 3∏
l=1

∂h(l)

∂h(l−1)

)
∂h(0)

∂c
= ∂ŝ

∂h(3)
∂h(3)

∂h(2)
∂h(2)

∂h(1)
∂h(1)

∂h(0)
∂h(0)

∂c
, (5.2)

with

∂h(l)

∂h(l−1) = ∂h(l)

∂
(
h(l−1)W (l)⊤

) ∂
(
h(l−1)W (l)⊤

)
∂h(l−1) = Snake′

(
h(l−1)

)
W (l)⊤ . (5.3)

At the undeformed configuration, c = 1 = [1, 1, 1], the predicted values of LOGNet and its
derivative are as follows:

ŝ(1) = 0 ; (5.4)
∂ŝ(1)
∂c

= W (4)⊤1W (3)⊤1W (2)⊤1W (1)⊤1α2 ̸= 0 . (5.5)

Therefore, it satisfies 2.4.3 requirement.

The final LOGNet architecture (Fig. 5.4) follows a 3-hidden layer structure, denoted as
3 − 144 − 81 − 81 − 3 LOGNet. The input layer and output layer of the DNN correspond to
the principal squared stretches c and principal stresses s.

Figure 5.4 The final LOGNet architecture
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Based on this architecture, three DNNs are created for analysis and investigation of the
methods proposed in Chapter 4. These are:

1. A standard multilayer perception with the same architecture 3 − 144 − 81 − 81 − 3,
denotes as MLP, is used as a based line for comparison.

2. A standard 3 − 144 − 81 − 81 − 3 LOGNet, denotes as LOGNet is trained without the
heuristic regularization.

3. The 3 − 144 − 81 − 81 − 3 LOGNet combines with the monotonicity, symmetry, and
positive definiteness regularization, denote as constrained LOGNet or LOGNet (SPD).

5.3.2 Training process of three models

Loss functions: The Log-cosh Loss function serves as the primary training criterion for
the DNN models, inheriting the robustness to outliers of the Huber loss while maintaining
smoothness and quadratic differentiability. It is utilized as the total loss function for training for
both the vanilla MLP and vanilla LOGNet. The vectorized representation is as follows:

LMLP = LLOGNet = L(NN) =
m∑
i

log
[
cosh

[
ŝ(c) − s(c)

]]
, (5.6)

In the case of constrained LOGNet, which combines with the regularizations, the total loss
takes the form:

L(total) = γ1L(NN) + γ2L(mono) + γ3L(sym) + γ4L(P D) . (5.7)

where {γi}i=1,2,3,4 represent the weights assigned to each sub-loss.

The determination of these weights relies on the individual values of the sub-losses (on the
validation dataset) resulted from the training of the constrained LOGNet for 100 epochs.
Note that, the L(total) should not be used as a metric for comparing the models, since it is
affected differently by each weighing method.

Table 5.3 presented the outcomes of various weighting strategies for the 3 − 144 − 81 − 81 − 3
LOGNet model trained over 100 epochs. The model’s performance is evaluated based on
different validation sub-losses, where lower values indicate better performance. The weighting
methods for sub-losses are considered as follows: unweighted losses, hand-tuned weights,
Uncertainty Weighting Loss (UWL), and Random Weighting Loss (RWL). The unweighted
losses just sum all sub-losses without assigning weights, whereas, the hand-tuned method
manually assigns the weights for each sub-losses. The RWL is tested using three different
distributions: the standard normal distribution (referred to as RWL-Normal), a uniform
distribution over [0, 1] (denoted as RWL-Uniform), and Dirichlet distribution (denotes as
RWL-Dirichlet). The function fRW L = softmax for RWL-Normal and RWL-Uniform, while
the identity function for RWL-Dirichlet. The results reveal that the monotone and positive
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Table 5.3 Performance comparison of various weighting schemes. The performance of the individual
validation sub-losses is presented, with lower values indicating better model performance. Experiments
are conducted by training 3 − 144 − 81 − 81 − 3 LOGNet over 100 epochs.

Methods L(NN) ↓ L(sym) ↓ L(mono) ↓ L(P D) ↓

Unweighted losses: {γi = 1}1,2,3,4 5.90 × 10−4 4.15 × 10−7 0.0 0.0
Hand-tuned: γ = {0.6, 0.3, 0.05, 0.05} 3.12 × 10−6 2.93 × 10−7 0.0 0.0
UWL 2.13 × 10−6 1.26 × 10−7 0.0 0.0
RWL-Normal 3.38 × 10−6 3.66 × 10−7 0.0 0.0
RWL-Uniform 3.39 × 10−6 2.31 × 10−7 0.0 0.0
RWL-Dirichlet 3.36 × 10−6 2.29 × 10−7 0.0 0.0

definiteness criteria are quickly satisfied with L(mono) = 0 and L(P D) = 0, indicating successful
handling constraints of the LOGNet model regardless of the weighting methods. Also, the
sub-loss L(sym) is almost one order lower than the L(NN) loss. Hence, the values of primary
sub-losses, L(NN), and symmetric constraint L(sym) are under consideration.

Among all the weighting schemes, UWL achieves the best performance with the lowest values
for both L(NN) and L(sym). The values are L(NN) = 2.13 × 10−6,L(sym) = 1.26 × 10−7,
respectively.

Following at the second place is the hand-tune weights with values of γ = [0.6, 0.3, 0.05, 0.05].
Its performance are L(NN) = 3.12 × 10−6,L(sym) = 2.93 × 10−7. This custom set of values is
chosen based on the experience of the author, it is shown that the contributions of L(NN) and
L(sym) are usually dominated over the monotone and positive definiteness constraints.

The variations in loss values for RWL methods (Normal, Uniform, and Dirichlet) are relatively
close to the hand-tuned method, suggesting that they provide comparable results. This
method introduces randomness at each epoch by assigning random weights. The Dirichlet
distribution achieves the best performance among the three distributions with a small margin.
The consistent results across the random weighted schemes imply the randomization type may
not significantly impact the overall performance of the model for this specific dataset.

The unweighting losses scheme assigns equal weights for all sub-losses. The results show that
its performance is the lowest in comparison with the remaining weighting techniques.

In conclusion, UWL and hand-tuned methods emerge as the most effective approaches for
achieving optimal model’s performance. In practice, the UWL may introduce numerical
instability and fluctuations in the total loss value. These issues can be managed by using
different seeds for initialling the DNNs’ parameters. Both the hand-tuned method and
RWL yield compatible results and stable numerical stability during the training process.
Nevertheless, the effectiveness of the hand-tuned weighting method varies depending on the
specific case and demands substantial expertise from the machine learning practitioner to
obtain an optimal set of weights.
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The UWL method is selected for training the constrained LOGNet model based on the results
from Table 5.3. The final form of the loss is as follows:

L(total)
LOGNet (P D) =

4∑
k=1

1
2ϑ2

k

Lk + log(1 + ϑ2
k) (5.8)

= 1
2ϑ2

(NN)
L(NN) + 1

2ϑ2
(sym)

L(sym) + 1
2ϑ2

(mono)
L(mono) + 1

2ϑ2
(P D)

L(P D)

+ log(1 + ϑ2
(NN)) + log(1 + ϑ2

(sym)) + log(1 + ϑ2
(mono)) + log(1 + ϑ2

(P D)) .

Here, ϑk is trainable parameters, which are determined during the training process.

Training setup: Three models undergo the exact same setup. This entails utilizing a batch
size of 2048 and a total of 6000 epochs. The optimization adopts the Adam optimization
algorithm (Kingma and Ba, 2017), initialized with a learning rate of 1 × 10−3, which is
subsequently reduced to 1 × 10−4 at epoch 3000, and further to 1 × 10−5 at epoch 54001.

In practice, the behaviour of the training process of the three models may exhibit differently
due to their different architectures and loss functions. To ensure a fair performance comparison,
several additional additional techniques were applied, including:

• The model’s parameters were initialized five times with different random seeds, and
each model was then trained for 200 epochs. The seed leading to the best performance
and the least fluctuation in validation loss values among the five was selected.

• The training dataset size was gradually increased: 50% of the training data samples
were used during the first 500 epochs, at the 800th epoch, 70% of the data points were
utilized; and at the 1000th epoch, the entire training set, comprising 100% of the data,
was employed.

• Gradient clipping (Goodfellow, Bengio, and Courville, 2016, section 10.11.1) was applied
to address issues related to exploding gradients. Through trial and error, it was
determined that setting the gradients at ∥∇L∥ ≤ 3.0 greatly improved the training
stability and accelerated the empirical convergence2.

5.3.3 The performance of MLP, LOGLU, and LOGLU (SPD) models

In this subsection, the detailed performance comparison of three models: vanilla MLP, vanilla
LOGNet, and the contained LOGNet (SPD), utilized for hyperelastic materials modelling is
presented. Although the MLP and LOGNet are not trained with the symmetric, monotonic,
and positive definite constraints, they are also assessed with all individual sub-losses on both
training and testing datasets for a clear picture of their capacity. The values of the predicted

1Although various learning rate scheduling schemes exist, this setup is simple and demonstrates comparative
results.

2A similar recommendation is shown in (Mikolov, 2012, section 3.2.2), and theoretical justification can be
found in J. Zhang et al. (2020).
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principal stress vector, ŝ, at the undeformed state, c =
[
1.0, 1.0, 1.0

]
are also examined for

validating with the normalisation requirement.

The results of the training process are presented in Table 5.4. Overall, all models exhibit good
generalization capacity, which can be seen from their gap between training sub-losses and
their corresponding test sub-losses are small. Furthermore, all models successfully adhere to
the monotonicity constraint as indicated by the zero values in the L(mono) column. Similarly,
they all satisfy the positive definiteness constraint with zero values in the L(P D) column.
In terms of the normalisation requirement, the MLP achieves a reasonable performance
with ŝ =

[
−9.85 × 10−5,−2.93 × 10−6,−2.36 × 10−4

]⊤
. The LOGNet and LOGNet (SPD)

seamlessly satisfy it by construction.

The LOGNet model achieves the lowest L(NN) values on the test set with L(NN)
MLP = 1.60×10−9,

while the constrained LOGNet gets en par performance with the MLP model with the values of
L(NN)

LOGNet = 3.23 × 10−9 and L(NN)
MLP = 1.60 × 10−9, respectively. On the symmetry preservation

Table 5.4 Performance comparison of three models: vanilla MLP, vanilla LOGNet, and constrained
LOGNet (SPD). The performance of the individual sub-losses on both the training dataset and test
dataset is presented, with lower values indicating better model performance. The final column shows
the values of the predicted principal stress vector, ŝ(c = 1), at the undeformed state, c =

[
1.0, 1.0, 1.0

]
.

Models Dataset L(NN) ↓ L(sym) ↓ L(mono) ↓ L(P D) ↓ ŝ(c = 1)

MLP Training
Test

1.55 × 10−9

1.60 × 10−9
1.90 × 10−6

1.94 × 10−6
0.0
0.0

0.0
0.0

−9.85 × 10−5

−2.93 × 10−6

−2.36 × 10−4


LOGNet Training

Test
4.88 × 10−10

4.78 × 10−10
1.21 × 10−7

1.22 × 10−7
0.0
0.0

0.0
0.0

0.0
0.0
0.0


LOGNet
(SPD)

Training
Test

3.28 × 10−9

3.23 × 10−9
1.44 × 10−9

1.50 × 10−9
0.0
0.0

0.0
0.0

0.0
0.0
0.0


capability, the LOGNet (SPD) model demonstrated its dominance through its smallest L(sym)

values compared to both the vanilla MLP and LOGNet models. Specifically, for the test
dataset, the LOGNet (SPD) model achieved L(sym)

LOGNet(SP D) = 1.50 × 10−9, while the vanilla
MLP and LOGNet models achieved L(sym)

MLP = 1.94 × 10−6 and L(sym)
LOGNet = 1.22 × 10−7,

respectively. This suggests that the LOGNet (SPD) model is better equipped to preserve the
symmetry of the material’s behaviour.

In summary, the LOGNet (SPD) model stands out as a promising choice due to its good
performance in terms of symmetry preservation and competitive performance in terms of
primary loss L(NN). The results suggest that the LOGNet (SPD) model is well-suited for
hyperelastic materials modelling tasks, with the ability to capture compatible complex material
behaviours while satisfying important physical constraints.
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5.4 Numerical validation of LOGLU-based constitutive mod-
els

To evaluate the performance of the models, synthetic data for both uniaxial (UA) and biaxial
(BA) tests is generated using the Ogden-Storåkers strain-energy (2.126). Recall that the
interquartile range (IQR) of the training dataset for c1 is between 0.77 and 0.86 (section 5.2),
and that of c3 is 1.12 and 1.24. Therefore, the effective training range is defined by the
IQR of c1 and c3, which belongs to the range of

[
0.77, 1.24

]
. It is reasonable to generate

the synthetic datasets such that those IQRs are covered, hence, the range for the principal
squared stretches is chosen from 0.2 to 1.6, i.e. c(UA) = c(BA) ∈

[
0.2, 1.6

]
. By this range

of inputs, both interpolation and extrapolation capabilities of the DNN-based constitutive
models can be investigated. The transverse principal squared stretches for both cases can be
approximated as follows (Kossa and Berezvai, 2016; Storåkers, 1986):

λ
(UA)
T = λ−β/(2β+1) ; c

(UA)
T = c−2β/(2β+1) (5.9)

λ
(BA)
T = λ−2β/(β+1) ; c

(BA)
T = c−4β/(β+1) . (5.10)

Figure 5.5 presents the comparison between the virtual Ogden-Storåkers synthetic data
(considered as ground truth) and the predictions of three DNN-based constitutive non-linear
hyperelastic material laws: the baseline MLP, LOGNet, and LOGNet (SPD). The evaluation
covers both uniaxial (UA) and biaxial (BA) cases. The predictive performance of each model
is plotted in coloured solid lines: green for the baseline MLP model, orange for the LOGNet,
and blue for LOGNet (SPD). Synthetic data points are denoted by circle markers, while
the training range is highlighted by the green shaded area. The UA test case is depicted in
Figure 5.5a, while the BA scenario is illustrated in Figure 5.5b.

In the left-hand plots of the figures, the reference principal value, s1, of the 2nd Piola-Kirchhoff
stresses are plotted against the principal squared stretches (c1) in the loading direction (x-axis).
Notably, all DNN-based material models exhibit an impressive fit with the synthetic data
within the training region (green area), for both the UA and BA cases.

For the extrapolation capability of the models, it is evident that both LOGNet and LOGNet
(SPD) models exhibit dominance over the baseline MLP model in the compression region,
c1 < 1.0. In this regime, the two LOGNet-based models align well with the ground truth data,
demonstrating excellent accuracy. Moreover, their ability to accurately capture the asymptotic
and monotonic behaviours highlights their proficiency in fulfilling growth requirements. On
the contrary, the MLP model struggles to closely follow the asymptotic trend.

Within the tension regime, c1 ≤ 1.0, all constitutive models remain relatively accurate in
capturing the upward trend, however, slightly less accurate compared to their performance in
the compression region. LOGNet slightly slightly better performance than its counterparts
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Figure 5.5 Performance comparison between the Ogden-Storåkers model and the predictions
of three DNN-based constitutive non-linear hyperelastic material laws: the baseline MLP,
LOGNet, and LOGNet (SPD). The left-hand plots depict the 2nd Piola-Kirchhoff stress (s1)
and the component H11 = ∂ŝ1

∂c1
is on the right-hand plot, whereas the squared principal

stretch (c1) is in x-axis for both uniaxial (UA) and biaxial (BA) cases. The green shaded
area represents the training range. The overall R2 scores for predicted principal stresses are
R2

MLP = 0.794, R2
LOGNet = 0.995 and R2

LOGNet(SP D) = 0.993.
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Ĥ11(MLP)
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(a) Performance comparison between Ogden-Storåkers model on the virtual uniaxial test.
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(b) Performance comparison between Ogden-Storåkers model on the virtual equibiaxial test.

in this regard. The overall R2 scores of the predicted principal stress of three models are
R2

MLP = 0.794, R2
LOGNet = 0.995 and R2

LOGNet(SP D) = 0.993.

The right-hand plots of the figures present the comparison between the component H11 = ∂ŝ1
∂c1

of the derivative of the principal stress with respect to the squared principal stretch. It is
evident that in both tests, all models continue to perform well inside the training regime with
LOGNet performing slightly better than the other two.
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In the compression regime, both LOGNet-based models, again, achieve great accurate extrap-
olation compared to the synthetic data in both cases, outperforming the MLP with a large
margin. Both LOGNet capture significantly well the exponentially increasing trend of H11 in
this region, again confirming their ability to satisfy the growth requirement. In the tension
regime, all three models are comparable in extrapolation performance which is still well until
the extension is larger than 1.4. All the values of H11 > 0 indicate the monotonic requirement
is satisfied.

Additionally, the stresses are zero s = 0 at c1 = 1 confirming the growth and normal
requirements of hyperelasticity as discussed in Sect. 2.4.9. The overall R2 scores of the predicted
H11 of three models are R2

MLP = −0.171, R2
LOGNet = 0.983 and R2

LOGNet(SP D) = 0.985.

In summation, both LOGNet-based material models consistently excel within the testing
regime, displaying remarkable performance across both uniaxial and biaxial cases. Their
proficiency in accurate extrapolation, asymptotic, monotonic behaviour, and overall fitting
with the hyperelastic material properties.

5.5 Experimental validation of LOGLU-based constitutive mod-
els

In this subsection, DNN-based constitutive models is validated using experimental data
obtained from the uniaxial and equibiaxial compression (Kossa and Berezvai, 2016). Figure
5.6 provides a visual comparison between the predictions generated by three DNN-based
constitutive non-linear hyperelastic material models—namely, the baseline MLP, LOGNet,
and LOGNet (SPD)—and experimental data. The left subplot presents the UA case, while
the right subplot illustrates the BA one. The predicted principal 2nd Piola-Kirchhoff stresses,
ŝi, are converted to the principal 1st Piola-Kirchhoff stresses, p̂i by:

p̂i = λiŝi . (5.11)

The predicted principal stresses for both UA and BA (pUA
1 and pBA

1 ) are represented using
distinct solid colours: green for the baseline MLP model, orange for LOGNet, and blue for
LOGNet (SPD). Additionally, the experimental data points are depicted using filled markers,
and the region of the training data is shaded in green. The graph indicates a good fit between
the three models and the experimental data within the training regime for the UA case.
However, for the BA case, it is evident that the LOGNet (SPD) outperforms its counterparts.
The model predictions start at zero stress for λ = 1 and follow a similar trend for both cases,
with decreasing stresses as λ decreases.

Beyond the training region, for both cases, the asymptotically decreasing trend of stresses is
captured well by the extrapolation capability of both LOGNet models. Conversely, the MLP
model displays limitations in effectively extrapolating this property. In the UA test, both
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Figure 5.6 Performance comparison between the Ogden-Storåkers model and the predictions
of three DNN-based constitutive non-linear hyperelastic material laws: the baseline MLP,
LOGNet, and LOGNet (SPD). The left-hand plots depict the UA experimental data and the
BA case is on the right-hand plot, whereas the squared principal stretch (c1) is in the x-axis.
The green shaded area represents the training range.
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LOGNet models manage to extrapolate predictions adeptly until λ1 < 0.35, beyond which a
slight deviation from the trend is observed. Notably, in the BA case, the LOGNet (SPD) sur-
passed all other models to maintain significantly high accuracy in the stress predictions.

Overall, the graph suggests that the model predictions are a good approximation of the
experimental data and satisfy all the constitutive requirements proposed in Sect. 2.4. The
LOGNet (SPD) impressively captures the material behaviour well not only within the training
range but also outside it, across all virtual and experimental tests. Furthermore, the LOGNet
(SPD) demonstrates its capability to satisfy all proposed physical requirements. This indicates
that the LOGNet (SPD) model exhibits high robustness against various test cases and serves
as a reliable surrogate model for non-linear isotropic hyperelastic materials.

5.6 Finite element implementation and numerical simulation
results

This section further examines the DNN-based models, namely standard MLP and LOGNet
(SPD), through numerical examples of modelling a compressible 3D closed-cell polyethylene
foam unit cube. Employing DNNs to completely replace traditional material law in the
NR iterations may present side effects of low convergence or divergence. Therefore, the
performance of these models is evaluated by the numerical results in terms of both the
difference of the principal stresses and the numerical stability of the Newton-Raphson iterative
process. The examples are conducted using FEnicSx following the procedure described in
Section 4.4.
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5.6.1 Numerical example setup

To evaluate the performance of the baseline MLP and LOGNet (SPD) surrogate model,
a previously unseen (by the DNNs) large deformed benchmark simulation, referred to as
“Tw-UT”, was employed. The “Tw-UT” test involved simultaneous unconstrained uniaxial
extension at 10% (∆Lz = 0.1 mm) and twisting around the centered axis at an angle ϕz = 10◦

on the top face, while the bottom face was fixed. The 3D closed-cell polyethylene foam

Figure 5.7 Boundary conditions of simultaneously uniaxial and twisted test. On the top
face, Ωtop, is subjected to 10% uniaxial displacement of ∆Lz = 0.1 mm and twisting around
the centered axis at an angle ϕz = 10◦. On the bottom face, Ωbottom, all nodes are fixed.

Ωtop

Ωbottomx

y

z

1

1

1

ϕz∆Lz

unit cube with dimensions 1 mm × 1 mm × 1 mm is used, and the boundary conditions are
illustrated in Fig 5.7. The numerical model is implemented on a mesh with a 15 × 15 × 15
grid, comprising 4096 nodes and 22958 elements. The “Tw-UT” benchmark is of interest as
it combines two deformation modes simultaneously, while the dataset used for training the
DNN only includes single-mode deformations.
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To evaluate the DNN model’s performance, 303 750 data points are extracted from each model
and used to compute the displacements u and the 2nd Piola-Kirchhoff stresses s. Therefore,
the number of data points is m = 303 750, which is nearly 10 times the size of the training set.
Two metrics are employed to assess the performance of the DNN model: the coefficient of
determination, R2 (Eq. (3.33)), and the relative error (Eq. (3.34)).

The simulation is executed without incremental loading and uses the Newton-Raphson method
(NR) to seek the solutions of the boundary value problem. As the NR algorithm iterates
towards a minimum for the solutions, the iterative process is stopped at two stages, at
absolute residual values of atol = 1 × 10−6 and atol = 1 × 10−12 for numerical stability
investigation.

It is important to note that the NR algorithm is sensitive to the initial guess, hence, poor
initial values may lead to numerical instability and divergence in the NR solver. In this
work, before commencing the NR procedure, the initial guess of the principal squared stretch
vector is adjusted such that c0 = [0.81, 0.98, 1.18], which matches the mean values of c in the
training dataset. This modification ensures that computations using the DNN-based material
laws start from a favourable point, leading to improved convergence behaviour in the NR
iterations1. An alternative approach to handling the initial guess is to employ stepping load
or stepping-prescribed Dirichlet boundary conditions, which is a standard technique for BVPs
formulated in principal space (Miehe, 1993).

5.6.2 Numerical simulation results

Figure 5.8 presents the numerical results of the “Tw-UT” test, with the termination criterion
of the NR iterative process set to atol = 1 × 10−6. The first row shows the magnitude
of the 3D view of the predicted displacement fields, ∥û∥, and the X − Z plane at x = 0.5.
The second row presents the norm of the difference between the principal stress vectors,
∥s − ŝ∥, of LOGNet (SPD) and the reference model, Ogden-Storåkers. Since the MLP’s
performance, in this case, is close to that of LOGNet (SPD), its figures are omitted. The
deformed cube is illustrated in colour, and the black wire-frame represents the undeformed
cube for reference.

It is important to note that distorted or nonphysical displacement fields will occur if the
employed DNN-based surrogate models are not well-trained. In this case, the 3D view and
X − Z plane at x = 0.5 figures reveal that the magnitude of the predicted displacement field
of LOGNet (SPD), ∥û∥, do not exhibit any nonphysical deformations. Excellent performance
is achieved on the ∥û∥ with an R2

u = 1.0 and the error percentage is erru = 6.65 × 10−2 %
over the whole domain.

1The mean values of the input vector are usually where the DNN models reach their peak performance,
hence, it is reasonable to choose mean values as the initial guess. Several experiments conducted by the author
have confirmed that this choice works.
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Figure 5.8 Performance of the DNN-based material law for a polyethylene foam unit cube
subjected to the “Tw-UT”, 10◦ twitted and 10 % extended test. The DNN-based model
achieves: R2

u = 1.0 and erru = 6.65 × 10−4 % on the displacement field and R2
s = 1.0 and

errs = 2.23 × 10−3 % on the stress field.

(a) Magnitude of displacement field: 3D view.
(b) Magnitude of displacement field: X − Z

plane at x = 0.5.

(c) Magnitude of the principal stress difference:
3D view.

(d) Magnitude of the principal stress difference:
X − Z plane at x = 0.5.
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A close examination of Figures 5.8c and 5.8d reveals nearly identical stress fields between the
DNN-based predictions and that of the reference model. Overall, the LOGNet (SPD) also
captures well the stress fields. The highest values of the magnitude of the principal stress
difference are in the vicinity where the boundary conditions are applied. The maximum value
of the norm is only max(∥s − ŝLOGNet−SP D∥) = 1.044 × 10−4, which suggests a high level of
agreement between the two approaches. Indeed, the adjusted coefficient of determination and
the error percentage are R2

s = 1.0 and errs = 0.223 %, respectively.

This similarity in performance underscores the effectiveness of both DNN-based surrogate
models, even when exposed to complex, combined deformation modes not found in the
single-mode training dataset.

Figure 5.9 Benchmark case: “Tw-UT”. Comparison of the convergence behavior of the
Newton-Raphson iterative process is conducted with three models, MLP (green dashed line),
LOGNet (SPD) model (blue solid line), and the reference Ogden-Storåkers model (grey dashed
dot line). Two termination criteria in terms of the absolute residual, atol = 1 × 10−6 (left)
and atol = 1 × 10−12 (right) are presented.
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(a) Termination criteria: atol = 1 × 10−6
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(b) Termination criteria: atol = 1 × 10−12

Further investigation of the behavior of NR’s iterations for both the DNN-based material laws
against the reference Ogden-Storåkers model is conducted. Two stages of the NR iterations
are shown in Fig. 5.9. The left figure presents the termination criteria set to atol = 1 × 10−6

and atol = 1 × 10−12 shown on the right graph. The reference model is denoted by the grey
dotted line, whereas the green dashed line corresponds to the MLP, and the blue solid line
presents the LOGNet (SPD).

In the case of a termination criterion with atol = 1 × 10−6, LOGNet (SPD) matches nearly
identically the reference model’s performance. Although lacking behind the LOGNet (SPD),
the baseline MLP model still demonstrates high accuracy and consistency, closely approaching
the performance of the other counterparts.
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Continuing the NR iterative process until the termination criteria reach atol = 1×10−12. The
absolute residual value of the MLP-based model fluctuates around the absolute value of the
residual ϵabs = 9.7×10−7 until it is forced to be terminated after 10 iterations. This behaviour
may originate from the inaccurate predictions of the MLP model, during the iterative process,
at Gauss points that stand outside of the training regime. In contrast, the LOGNet (SPD)
model maintains a performance closely aligned with the reference model, reaching a converged
absolute value of the residual is ϵabs = 1.07 × 10−13.

Figure 5.10 Benchmark case: “Tw-UT”. The range of values of the squared stretch vector
c during the Newton iteration. Comparison of the progression between MLP and LOGNet
(SPD) models versus the IQR IQR = [0.77, 1.24].
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The updating progress of the range of inputs c is shown in Figure 5.10, covering the case of
atol = 1 × 10−12. At each iteration, new values of c are updated and fed into the material
models. The values of the MLP are presented using rectangle dash-dotted line whereas triangle
solid lines for LOGNet (SPD). The colours assigned for each component of the inputs are
blue for c1, orange for c2, and green is c3. The average values of each component {ci}i=1,2,3

are illustrated in the middle graph, whereas the extreme values, minimum and maximum,
of the components are plotted in the left and right graphs, respectively. Most values of the
Gauss points in the domain are around the average values, and some points near the critical
locations such as corners of the cube have extreme values. The effective training range is
defined by the IQR of c1 and c3, which belongs to the range of

[
0.77, 1.24

]
and denotes by

the green-shaded area.

In the first four iterations, the average squared stretch graph indicates that most of the
values of the input vector belong to the training range. Starting from the initial guess of
c0, during the iteration, they remain within the training range. On the other hand, the
extreme values of components c1 and c3 are outside the range, especially component c3 with
the peak at about 1.62, then gradually reducing to 1.48. Due to the extrapolation ability, both
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DNN-based models still achieve good performance, clearly, LOGNet (SPD) has extrapolated
better. However, they differ by small margins.

After four iterations, although with small margins of error in updating the values of inputs,
the residual value of the MLP cannot reach the termination criterion and keeps oscillating.
Note that these results are conducted with double-precision floating-point format (float64);
therefore, these small error margins can be revealed. It suggests that surrogate models should
achieve very high accuracy in order to maintain the numerical stability of the NR iterative
process. Further investigations, where the influence of the extreme values is looked at in more
detail, are conducted in Subsection 5.6.5.

5.6.3 Convergence analysis of various grid discretisations

Additional convergence analyses were conducted for the DNN-based models using various
discretisations (mesh sizes) of the unit cube, as summarized in Table 5.5. Three different
grid sizes were investigated: 10 × 10 × 10, 15 × 15 × 15, and 20 × 20 × 20. Recall that the
training data is generated from 20 × 20 × 20 grid; therefore, at other grid sizes, the DNN-based
models are subjected to extrapolation. The table reports the values of relative residual (ϵrel),
absolute residual (ϵabs), and the R2

s score for the stress field, comparing the results between
the reference model and the DNN-based models at each grid size.

Overall, the LOGNet (SPD) model consistently demonstrates convergence behaviour that
closely mirrors the reference model across all three grid sizes, while the MLP model exhibits
larger residual values. Both models provide robust stress predictions across different mesh
sizes with R2

s ≥ 0.9992 for the MLP, and archive R2
s = 1.0 for the LOGNet (SPD). All models

share the same initial guess, c0. As the iterations progress to the second iteration, a similar
convergence trend is observed across all three grid sizes, with both DNN-based material
laws consistently approaching the reference model in terms of ϵrel and ϵabs. However, at the
final iteration, the MLP model ends with residuals differing by one order of magnitude. The
level of agreement between the LOGNet (SPD) model and the reference model demonstrates
its reliability and robustness in capturing the material behaviours, especially in scenarios
extrapolating to different resolution discretisation.

5.6.4 Extended numerical analysis of the LOGNet

This section provides further numerical analysis of the LOGNet (SPD) based model, aiming
to extend the validation scope of its capabilities. Throughout this section, the benchmark
scenario of the “Cantilever beam - uniformly distributed load” is utilized. The setup and
boundary conditions are kept the same as shown in Subsection 3.5.2, except for the magnitude
of the distributed loads, q, will be changed. The termination criterion of the NR iterative
process is set to atol = 1 × 10−7 for all the tests. The Mooney-Rivlin strain-energy (2.129) is
also employed as an extension to validate the robustness of the LOGNet model.
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5.6.4.1 Evaluation of LOGNet vs Mooney-Rivlin: numerical validation

The same numerical validation procedure outlined in Section 5.4 is replicated using synthetic
data for both UA and BA test cases. The process of data generation for the reference
Mooney-Rivlin model is maintained consistent with that of the Ogden-Storåkers model.

Characteristics of the training dataset of the Mooney-Rivlin reference model are as follows: the
interquartile range for c1 falls between 0.77 and 0.90, while that of c3 ranges from 1.09 to 1.30.
Consequently, the effective training range is defined by the IQR of c1 and c3, encompassing
the values

[
0.77, 1.30

]
, displaying minimal variance compared to the training dataset of the

Ogden-Storåkers strain-energy. Therefore, the range for the principal squared stretches is
maintained similarly, from 0.2 to 1.6, i.e. c(UA) = c(BA) ∈

[
0.2, 1.6

]
. This consistent input

range facilitates investigation into both interpolation and extrapolation capabilities of the
DNN-based constitutive models.

Given the similarity in the ranges of the training datasets, the values from Table 5.2 can be
conveniently reused. The architecture 3 − 72 − 69 − 33 is selected as the foundational structure
for all three DNN-based models, including the standard DNN, LOGNet, and LOGNet (SPD).
The whole process of training these three surrogate models is kept the same as described in
Subsection 5.3.2.

Fig. 5.11 demonstrates the comparison between the Mooney-Rivlin synthetic dataset (reference)
and the predictions generated by three DNN-based hyperelastic material models: the baseline
MLP, LOGNet, and LOGNet (SPD). Both uniaxial (UA) and biaxial (BA) cases are covered.
This evaluative process includes both uniaxial and biaxial test cases. Each model’s prediction is
visualised by distinct colored lines, where the baseline MLP model is denoted in green, LOGNet
in orange, and LOGNet (SPD) in blue. Synthetic data points are visually marked with circle
indicators, and the training range is demarcated by the shaded green area. Specifically, the UA
test case is depicted in Figure 5.11a, while the BA scenario is portrayed in Figure 5.11b.

The left-hand plots in the figures depict the relationship between the reference principal value,
s1, of the 2nd Piola-Kirchhoff stresses and the principal squared stretches (c1) along the loading
direction (on the x-axis). Both LOGNet-based material models demonstrate an impressive
alignment with the synthetic data within the designated training region (highlighted in green),
evident in both the UA and BA cases. In contrast, the MLP model shows worse performance
in the extension regime (c1 > 1.1).

Regarding the extrapolation capability, it is evident that both LOGNet and LOGNet (SPD)
models outperform the baseline MLP model in the compression region, c1 < 0.5. In this
regime, the two LOGNet-based models closely match the ground truth data, demonstrating
excellent accuracy, and capturing asymptotic and monotonic behaviours. Conversely, in the
BA test case, the MLP model struggles to replicate the asymptotic trend.
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Figure 5.11 Performance comparison between the Ogden-Storåkers model and the predictions
of three DNN-based constitutive non-linear hyperelastic material laws: the baseline MLP,
LOGNet, and LOGNet (SPD). The left-hand plots depict the 2nd Piola-Kirchhoff stress (s1)
and the component H11 = ∂ŝ1

∂c1
is on the right-hand plot, whereas the squared principal

stretch (c1) is in x-axis for both uniaxial (UA) and biaxial (BA) cases. The green shaded
area represents the training range. The overall R2 scores for predicted principal stresses are
R2

MLP = 0.812, R2
LOGNet = 0.996 and R2

LOGNet(SP D) = 0.997.
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(a) Performance comparison between Mooney-Rivlin model and DNN-based models on the virtual
uniaxial test.
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(b) Performance comparison between Mooney-Rivlin model and DNN-based models on the virtual
equibiaxial test.

In the tension regime, c1 ≤ 1.0, LOGNet-based constitutive models maintain relative accuracy
in capturing the upward trend. They continue to closely follow the reference data, emphasizing
LOGNet’s dominance over its counterparts in this region. On the other hand, the predictions of
the MLP model appear pretty “arbitrary”, and fail to sustain the upward trends. Overall, the
R2 scores for the predicted principal stress of three models areR2

MLP = 0.812, R2
LOGNet = 0.996

and R2
LOGNet(SP D) = 0.997.
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The right-hand plots illustrate the comparison between the component H11 = ∂ŝ1
∂c1

vs squared
principal stretch, c1. In both tests, it’s evident that the LOGNet models maintain strong
performance within the training regime, with LOGNet (SPD) exhibiting a slightly superior
performance.

In the compression regime, both LOGNet-based models, again, both LOGNet-based models
once again showcase exceptional extrapolation accuracy, outperforming the MLP model by a
significant margin. Both LOGNet capture well the exponentially increasing trend of H11 in
this region, again confirming their ability to satisfy the growth requirement.

In the tension regime, the MLP model fails to sustain the monotonic requirement, evident
from the negative values of its H11 components. On the other hand, both LOGNet’s models
demonstrate comparable and excellent extrapolation performances, closely aligning with the
data. The positive values of H11 across the graphs indicate fulfillment of the monotonic
requirement. Additionally, the stresses are zero s1 = 0 at c1 = 1 confirming the growth and
normal requirements of hyperelasticity as discussed in Sect. 2.4.9.

The overall R2 scores of the predicted H11 of three models are R2
MLP = 0.614, R2

LOGNet = 0.921
and R2

LOGNet(SP D) = 0.958. In summary, both LOGNet-based material models consistently
demonstrate exceptional performance within the testing regime, displaying remarkable accuracy
across both uniaxial and biaxial cases.

5.6.4.2 Cantilever Beam benchmarks

Evaluation of LOGNet (SPD) vs Mooney-Rivlin: given the slightly better performance
of the LOGNet (SPD), it is employed for conducting the benchmark of the Cantilever beam
under uniformly distributed load. Figure 5.12 compares the numerical results between the
LOGNet (SPD) model and Mooney-Rivlin as the reference model. The magnitude of the 3D
view of the predicted displacement field, ∥û∥, and the X − Z plane at x = 0.5 are shown
in figures 5.12a and 5.12b, respectively. It is revealed that numerical simulation achieved
good results without any nonphysical behaviour over the whole domain. The performance
evaluation for displacement and stress fields of the LOGNet (SPD) model is showcased in
Fig. 5.13. This figure illustrates both the norm of the difference between the displacement
field, ∥u − û∥, and the principal stress vectors, ∥s − ŝ∥.

Figures 5.13a and 5.13b illustrate similar displacement and stress fields between the predictions
generated by the LOGNet (SPD) and those of the Mooney-Rivlin model. The maximum values
for the norm of the difference, max(∥u − û∥) = 4.7 × 10−3 and max(∥s − ŝ∥) = 1.2 × 10−5,
confirm a high level of agreement between the two models. Notably, the highest values of the
principal stress difference are localized near the fixed support.

Comparative Assessment: LOGNet (SPD) vs. Ogden-Storåkers: in this scenario,
the distributed load is changed to q = 20 Pa. The performance of the LOGNet (SPD)
model maintains its excellence even when applied to the Ogden-Storåkers dataset. The 3D



5.6 Finite element implementation and numerical simulation results 119

Figure 5.12 Cantilever beam - uniformly distributed load, the displacement field. Performance
of the LOGNet (SPD) material law (trained on Mooney-Rivlin data) for a polyethylene foam
cantilever beam subjected to an uniformly distributed load, q = 10 Pa.

(a) Magnitude of displacement field: 3D view.

(b) Magnitude of displacement field:3D view.
6
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Figure 5.13 Cantilever beam - uniformly distributed load, the norm of difference of the
displacement and stress fields. Performance of the LOGNet (SPD) material law (trained
on Mooney-Rivlin data) for a polyethylene foam cantilever beam subjected to an uniformly
distributed load, q = 10 Pa.

(a) Magnitude of the difference of the displacement field: X − Y plane at z = 0.5.

(b) Magnitude of the difference of the principal stress: X − Y plane at z = 0.5.
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representation of the displacement field of the cantilever beam benchmark is similar to that
of the Mooney-Rivlin case and is therefore omitted. The norm of the difference between the
two fields is illustrated in Fig. 5.14. For the case of training on the Ogden-Storåkers dataset,
Figures 5.14a and 5.14b depict nearly identical displacement and stress fields between the
DNN-based predictions and that of the reference model. The maximum values of the norm of
the difference, max(∥u − û∥) = 4.8 × 10−3 and max(∥s − ŝ∥) = 1.1 × 10−4, confirms a high
level of agreement between the two models.

The results, again, demonstrate the great capabilities of the LOGNet (SPD) over the complex
benchmark, underscoring its robustness and effectiveness in capturing the material constitutive
behaviour from data.

5.6.5 The influence of extreme values

In some cases of a testing scenario, the inputs injected into the DNN-based surrogate models
are beyond the training range, leading to inaccurate predictions, and the Newton-Raphson
procedure may diverge. Consider an extremely large deformed benchmark simulation, the
“Tw-UC” test. Simultaneously applying unconstrained uniaxial compression at 20% and
twisting around the centered axis at an angle 20◦ on the top face, while the bottom face is
fixed. The 3D closed-cell polyethylene foam unit cube with the characteristic is exactly the
same as the previous section. The numerical simulation is also conducted in the same setting.
Fig. 5.15 compares the behaviour of NR’s iterations between both the DNN-based material
laws: the baseline MLP and LOGNet (SPD) versus the reference Ogden-Storåkers model.
The grey dotted line represents the reference model, while the green dashed line indicates
the MLP and the blue solid line depicts the LOGNet (SPD). The left and right figures
present two results of the NR process terminated at atol = 1 × 10−6 and atol = 1 × 10−12,
respectively.

Overall, both the DNN-based models cannot approach the performance of the Ogden-Storåkers
model. They perform well in the first three iterations and then struggle to pass the convergence
criteria. The LOGNet (SPD) based process succeeds in seeking the final solution and passes the
criteria at 4th step for the atol = 1×10−6 case, 7th step for the case of atol = 1×10−12. The
Ogden-Storåkers model finished at 4th and 5th step for the same criteria. The computations
of the MLP model struggle to seek better solutions and keep oscillating around rtol =
1.0079 × 10−6 and atol = 4.041 × 10−6 until the procedure is forced to stop at the 10th

iteration. This behaviour will become more severe in more difficult test cases and may lead to
divergence of NR.

The root of this problem is the values range of the input vector injected into the DNN-based
models during solving the BVP using NR. Figure 5.16 shows the components of the squared
stretch vector at each iteration of the NR procedure for the “Tw-UC” test case. The source of
the success of the LOGNet (SPD) model lies in its ability to extrapolate outside its training
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Figure 5.14 Cantilever beam - uniformly distributed load, the norm of difference of the
displacement and stress fields. Performance of the LOGNet (SPD) material law (trained on
Ogden-Storåkers data) for a polyethylene foam cantilever beam subjected to an uniformly
distributed load, q = 20 Pa.

(a) Magnitude of the difference of the displacement field: X − Y plane at z = 0.5.

(b) Magnitude of the difference of the principal stress: X − Y plane at z = 0.5.
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Figure 5.15 Benchmark case: “Tw-UC”. Comparison of the convergence behavior of the
Newton-Raphson iterative process is conducted with three models, MLP (green dashed line),
LOGNet (SPD) model (blue solid line), and the reference Ogden-Storåkers model (grey dashed
dot line). Two termination criteria in terms of the absolute residual, atol = 1 × 10−6 (left)
and atol = 1 × 10−12 (right) are presented.
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(a) Termination criteria: atol = 1 × 10−6
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(b) Termination criteria: atol = 1 × 10−12

range. The values of the MLP are presented using solid lines whereas dashed lines for LOGNet
(SPD).

It is evident that the extreme values of the inputs are not inside the training range. The values
of the first component, c1, for the whole domain and during the whole iteration steps, lie
beyond the training range. The third component c3 has only the maximum values exhibiting
the same behaviour as c1. In contrast, the component c2 remains inside the range for the
whole process.

Compression is the dominant property in this test, hence, it challenges the extrapolation
abilities of the surrogate material models in this region. Both DNN-based models handle the
tension regime very well, starting from the initial guess, cmax

0 = 1.18, both models overshoot at
the first iteration, then convert to the correct solution near cmax

3 = 1.43. However, compression
handling is not the strength of the baseline MLP model (which has been investigated in
section 5.5). The MLP manages most of the Gauss point in the domain, the average value of
cavg

1 = 0.478 and the maximum value of cmax
1 = 1.43. It is the minimum value that breaks

the prediction, meaning that computations at only a few Gauss points are around this value.
The left graph gives evidence that MLP cannot produce correct predictions at the iteration 1,
leading to wrongly updating new values for c1 at the next iteration at some Gauss points.
Hence, the NR’s iteration using the MLP model updated the value of c1 oscillates about 0.19,
whereas LOGNet (SPD), with its extrapolation power, arrives near the correct value at 0.29
within 7 steps.
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Figure 5.16 Benchmark case: “Tw-UC”. The range of values of the squared stretch vector
c during the Newton iteration. Comparison of the progression between MLP and LOGNet
(SPD) models versus the IQR IQR = [0.77, 1.24].
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5.6.6 The solution of extreme values

The influence of the extreme values may also apply to the LOGNet (SPD) model as in the
case of the MLP in the previous subsection if a “difficult” and untrained test case appeared.
Obviously, since DNN-based surrogate material models are supervised learning models, they
are not supposed to deploy on untrained problems. Nevertheless, this is the drawback of these
types of models.

The solution for these scenarios is to employ a fallback predictor, which is an analytical
function that can prevent the NR’s algorithm diverted, and guide the updated solutions
back to the training regime. One other property that can be exploited in this case is the
consistency conditions between isotropic hyperelasticity and isotropic linear elasticity. The
response function, in the infinitesimal strain, should have the form as follows:

σ = λ̄Tr εI + 2µε , (5.12)

where λ̄, µ are the Lamé constants. The Lamé constants can be determined using the following
conditions for a stretch-based strain energy Ψ(λ1, λ2, λ3) (R. W. Ogden, 1997, chapter 7):

∂2Ψ
∂λi∂λj

(1, 1, 1) = λ̄+ 2µδij . (5.13)
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Hence, the Lamé constants are derived as follows:

λ̄ = 2Ĥ12(1, 1, 1) ; (5.14)
µ = Ĥ11(1, 1, 1) − Ĥ12(1, 1, 1) . (5.15)

Here Ĥij is the component of the Jacobian matrix of the DNN at c =
[
1, 1, 1

]
.

5.7 Conclusion

This chapter presents the implementation of the novel approach for incorporating constitutive
requirements into the DNN-based material model, as proposed in Chapter 4. After detailing
the data acquisition technique, the training process for the LOGNet model is presented. This
encompasses a comprehensive account of employing hyperparameter optimization frameworks
to meticulously fine-tune the architecture of the LOGNet model. Notably, this architecture
serves as the foundation for both the baseline MLP and the LOGNet (SPD) variant. Fur-
thermore, the meticulous selection of optimal weight loss algorithms for the LOGNet (SPD)
model is explored.

Afterward, the performance evaluation of all three models takes place, along with rigorous
validation against synthetic and experimental data from the UA and BA tests. It is evident
that the LOGNet (SPD) model demonstrates robust performance across all tests, exhibiting its
competence not only within the training domain but also in terms of extrapolation capabilities.
Given that the performance of the vanilla LOGNet is slightly less than the LOGNet (SPD),
the latter is chosen for further investigation.

The implementation of both models, the baseline MLP and LOGNet (SPD), within a FEniCSx
framework, is also carried out, followed by a comparative analysis of their respective numerical
solutions. Notably, the superiority of the LOGNet (SPD) model remains consistent across all
test cases, outperforming the baseline MLP.

However, it is essential to acknowledge the drawbacks that DNN-based surrogate material
models, being supervised learning models, exhibit limitations when applied to untrained
problems. This inherent constraint underscores an important aspect of these models. Through
the strategic integration of prior physical constraints into the architecture and the training
process, the LOGNet (SPD) model showcases reduced sensitivity when confronted with
scenarios involving extreme value presentations.





Chapter 6

Conclusion and perspectives

The present dissertation has explored the application of machine learning approach in compu-
tational mechanics. Specifically, it focuses on presenting the constitutive response function
via Deep Neural network-based surrogate models to effectively model non-linear compressible
elastic materials.

To ensure the creation of consistent and physically meaningful material laws, six fundamental
physical requirements for non-linear isotropic elastic materials are investigated and successfully
incorporated into the DNN-based models. Addressing challenging tasks involves formulating
the material in principal space. Additionally, it requires altering both the architecture of
the DNNs and their training process to incorporate these physical requirements effectively.
The presented methodology is validated with both numerical simulations and experimental
data.

Before presenting in detail the methodology and results, the dissertation, as detailed in Chapter
1, highlighted the research direction for modelling constitutive governing equations for the
non-linear elastic materials. In particular, three potential directions have been summarized,
namely model-free computing approach (Conti, S. Müller, and Ortiz, 2018; T. Kirchdoerfer
and Ortiz, 2016), machine learning surrogate modelling method (Hoerig, Ghaboussi, and
Insana, 2017; Wehenkel and Louppe, 2021), and symbolic regression method (Schmidt and
Lipson, 2009).

Among these, the model-free approach refrains from presenting explicit models or hypotheses
for the interpretation of outcomes. Conversely, symbolic regression presents much better
interpretability but tends to yield lengthy expressions, posing considerable challenges, notably
within high-dimensional problem spaces. Plus, the integration of established prior knowledge
into symbolic regression remains an unexplored topic in current research endeavors. Both of
the methods require an extensive amount of data.

In contrast, the machine learning-based approach offers the potential for indirect interpretation
and the incorporation of physical prerequisites. As such, it becomes the core focus of this thesis,
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revolving around the refinement of a modified Deep Neural Network capable of extracting
insights from experimental data while adhering to prior constitutive requisites.

Six fundamental requirements for non-linear elastic materials are presented in Chapter
2 to which a surrogate model should respect. They are the principle of material frame
indifference, material symmetry transformation, undistorted and stress-free configurations,
growth conditions in large strains, and Hill’s constitutive inequalities. Satisfying the material
frame indifference and material symmetry transformation (in the case of isotropic materials)
criteria can be accomplished through various methods. One straightforward approach involves
employing the principal strains and principal stresses as input/output pairs for DNNs-based
models. For that, Chapter 3 provides background for the formulation of boundary value
problems of non-linear isotropic elastic materials in principal space. Hyperelastic materials
are chosen as reference models for illustrative purposes.

A proposed procedure for parameter identification for hyperelastic models simultaneously
from multiple experimental datasets. Furthermore, numerical simulations are conducted to
verify the simplified formulation of boundary value problems in principal space. The results
are validated and achieve high accuracy with the experimental data. This formulation is, then,
utilized for testing DNNs-based surrogate material laws in subsequent chapters.

Chapter 4 introduces fundamentals on deep neural networks, their components, and related
theories. The process of developing new architecture and training process of Deep neural
networks such that they satisfy constitutive conditions are presented in this chapter.

In Chapter 2, boundary value problems of non-linear isotropic elasticity with modified
DNN-based material laws are demonstrated and analyzed. Several challenges arise when
solving nonlinear boundary-value problems using the Newton-Raphson method, such as slow
convergence or divergence and inaccuracy of the tangent matrix, etc. During the Newton-
Raphson intermediate steps, as the physical equilibrium has not yet been reached, the range
of inputs provided for the DNN-based model suffers from substantial fluctuations. This
may cause the DNN model to extrapolate beyond its training range, potentially resulting
in unreliable predictions and convergence issues for Newton-Raphson iterations. However,
a systematic and detailed analysis of the root causes is not reported. Therefore, numerical
stability is also a main focus of the chapter, with a deeper analysis and investigation of the root
causes of these unfavorable behaviors being presented. Examples of the out-of-training-range
problem leading to instability of the Newton-Raphson iterative process are shown, illustrating
that the proposed LOGNet model is robust in dealing with these issues.

The main contributions are highlighted as follows:

• Parameters fitting of hyperelastic models using constrained optimization method.

• Simplifying the formulation of the virtual work expression, which now only necessitates
principal strains and stresses instead of the full tensorial forms.
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• Introduction of novel activation function named “Logarithmic Linear Unit” LOGLU.

• Proposing the LOGNet architecture, altering the MLP by integrating LOGLU before
the first hidden layer to fulfill growth and normalization conditions.

• Applying Heuristic Regularization to encourage separately monotone and positive
definiteness conditions.

• Investigation into the underlying causes of numerical instability of the NR process when
employing DNN-based material laws.

This work revolves around addressing three key challenges: the simplification of isotropic
non-linear elastic materials in principal space, the integration of the constitutive requirements
into the deep neural network, and the analysis of numerical instability when solving the BVP
using DNN-based surrogate models.

For future works, given the substantial data demand of supervised machine learning models
and the scarcity of real-world experimental data, future research directions should emphasize
the treatment and augmentation of real experimental data. The method outlined in Weber,
Geiger, and Wagner (2021, Appendix C) provides a means to transform and enrich basic
modes of experimental data. For instance, rare experimental data, such as brain and fat tissue
data as presented by (Mihai et al., 2017), can be enriched using this method. Following that,
anisotropic non-linear elastic materials can be assumed for brain and fat tissues. However,
modifying the type of constitutive requirements, outlined in this work, is necessary for
such cases. Specifically, Hill’s inequalities may not hold for anisotropic materials, hence,
incorporating other anisotropic requirements becomes essential.

Subsequently, the core architecture of LOGNet proposed in this work could still hold relevance if
the input/output pairs represent the stretch/stress pairs along the fiber direction. Nevertheless,
the heuristic monotonic regularization and positive definite constraints mentioned in Section
4.3 should be replaced accordingly to adapt to the new anisotropic requirements.

Currently, the workflow involves three primary steps:

1. data collection performed in the FEniCSx environment,

2. the training process carried out using PyTorch,

3. the conversion of the trained model back to FEniCSx.

An alternative unified approach, proposed by Xue et al. (2023), suggests streamlining these
steps using a single library like JAX. This unified approach could potentially simplify the
process.

Additionally, using large DNN-based constitutive models introduce difficulties for the FEM
packages that do not support vectorised operators. This limitation demands significant
computation resources, and even more severely when computing the derivatives of the DNNs



130 Conclusion and perspectives

via automatic differentiation. To address these challenges, network compression techniques
such as pruning and quantization could be employed. Compressing the network frequently
results in minimal accuracy loss and, in certain situations, might even enhance accuracy as
discussed by (Liang et al., 2021).

Expanding the existing framework to address a multi-scale computational problem using
the FE2 homogenization algorithm. The FE2 homogenisation algorithm for multi-scale
modeling involves iterative interactions between the macroscale and the microscale, utilizing
a representative volume element. The process continues until convergence is attained during
each step of the macroscale loading or prescribed displacement. The microscale problem is
addressed in real-time using finite elements, making the algorithm computationally intensive.
By employing the current framework, inputs from the macroscale are fed into the LOGNet
model. Subsequently, the outputs of the LOGNet model are sent back to the macroscale.
Therefore, the FE processes at the microscale are illuminated, which will significantly accelerate
the FE2 procedure.

In the long term, the potential of symbolic regression trained on an extensive dataset of
formulas, as demonstrated by Vastl et al. (2022), offers a promising avenue for discovering
constitutive material laws. Nonetheless, with the introduction of every new method, the
challenge persists in finding effective ways to incorporate prior knowledge and maintain the
physical consistency of the new technique.
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