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“The behavior of large and complex aggregates  

of elementary particles, it turns out, is not to be understood in terms 

of a simple extrapolation of the properties of a few particles. 

Instead, at each level of complexity entirely new properties appear, 

and the understanding of the new behaviors requires research  

which I think is as fundamental in its nature as any other.” 

 

P.W. Anderson, 1972 [1] 

 

 

 

  



 

 

 

 

 

 

 

  



Abstract 

The mass flow rate of granules through an orifice and a flat-bottomed hopper can be 

estimated with the Beverloo law, considering the properties of the granules, such as the bulk 

density and granule diameter. The Beverloo Law contains two fitting parameters C and k, 

which must be determined anew for any granular materials. Understanding the influences on 

C and k is the key to optimising granules’ properties and reaching an ideal granules’ flow 

through an orifice. This study aims to understand the influence of C and k on the flow of hard 

metal granules. This influence is studied by performing mass flow rate, angle of repose (AOR), 

and rheological measurements for various materials with changing powder properties. A new 

technique for AOR measurements has been developed to minimise the influence of 

avalanching and heap skewness by advanced image processing. The outcome shows that the 

AOR is no longer sensitive to decentring of the base plate. The findings show that the AOR 

increases with a decrease in the mean diameter. This increase is attributed to increasing 

attractive forces, expressed by the granular Bond number, measured with an atomic force 

microscope (AFM). The attractive forces also influence the mass flow rate through an orifice. 

Reducing the mean diameter increases the mass flow rate, reaching a maximum. Beyond the 

maximum, the mass flow rate decreases by the increasing dominance of the attractive forces. 

Studying the influence on C and k shows that the fitting parameter k is affected by the 

attractive forces between granules, while the fitting parameter C is linked to the friction 

coefficient calculated from the AOR. These relationships are considered to propose a modified 

empirical model to estimate the mass flow rate through orifices for hard metal granules. 

Rheology measurements showed the applicability of 3D-printed rotor geometries. Plate cup 

measurements revealed the existence of a linear-viscoelastic regime for hard metal granules 

in amplitude sweep tests.  
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1 Introduction 

Hard metals combine high hardness and toughness from a mixture of a hard carbide phase, such as 

tungsten carbide (WC) and a metallic binder phase, such as cobalt, nickel or iron. Hard metal parts are 

produced mainly through the powder metallurgy process route. It starts with the mining of ore, which is 

then chemically treated to acquire ammonium para tungstate (APT). The APT is then calcinated to 

tungsten oxide (WOx). These oxides are first reduced to metallic tungsten by hydrogen and then 

carburized with carbon to tungsten carbide (Figure 1). 

In the next step, the tungsten carbide is blended with metallic and organic binders and a milling liquid, 

e.g., water or organic solvent, in the mixing step. This slurry is then milled in attritors, decreasing the grain 

size of the tungsten carbide and, at the same time, distributing all components homogeneously. The slurry 

is then finely dispersed in a spray drying tower, creating small droplets. The tiny droplets are heated by 

the introduced preheated gas, leading to evaporation of the liquid. The solids, such as tungsten carbide 

and metallic and organic binders, form spherical hard metal granules known as ready-to-press (RTP) 

powder.  

The granules are used in the direct and indirect shaping process. The latter process uses isostatic presses 

to compress the granules into axisymmetric parts, such as blocks or rods. The parts are then pre-sintered 

at temperatures between 500 to 700 °C, leading to the so-called brown parts. The brown parts are then 

shaped with cutting and turning techniques to the desired shape. 

In the direct shaping process, hard metal granules are filled into a cavity via a filling shoe and compressed 

into green parts with the shape of the cavity. 

The pre-sintered shaped parts from the indirect shaping process and the compressed green parts from 

the direct compression steps are sintered at temperatures between 1300 to 1500 °C. In this step, the parts 

shrink, leading to hard metal parts with their unique properties. In the post-processing (finishing) step, 

the sintered hard metal parts can be ground and/or coated. 

 

Figure 1: The powder metallurgy process route. The image was adapted based on information provided by CERATIZIT 

Luxembourg S.à r.l. [2]. 

Oxides Reduction Carburation Mixing Milling Spray drying

Pressing

Pre-sintering Shaping

Sintering Finishing
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It can be seen from Figure 1 that the process steps to reach an optimal hard metal part are challenging, 

and any inadequate parametrisation in the process route affects all the subsequent steps. A potential 

influence on the final hard metal part comes from a suboptimal filling of a cavity within the direct shaping 

process. It is worth summarizing the pressing process (Figure 2). The filling shoe is filled with hard metal 

granules in the initial position (Figure 2, a). Then, the filling shoe hovers over the cavity opening while the 

granules fall inside. The filling shoe reaches its final position and covers the cavity’s opening Figure 2, b). 

The cavity is filled with granules. The filling shoe’s retraction scrapes the cavity’s surface to have an even 

powder bed surface for the following pressing step. Here, the upper punch moves down and compresses 

the granules (Figure 2, c). The pressure is released, and the part is ejected (Figure 2, d). 

Generally, the filling process aims to fill the die optimally. However, an inadequate interplay between the 

technical setup and the properties of the granules lead to improper flow into the cavity. The way the 

granules flow into the cavity is linked to the flowability of granules and is affected by the technical setup, 

such as the cavity’s opening [3] and filling shoe speed [4] and the granular properties, such as the granules’ 

diameter [5].  

 

Figure 2: Different steps of a compression cycle. The image is adapted from [6]. 

The mass flow rate through orifices is one way to describe the flow of granular materials. Beverloo et al. 

[7] performed in 1960 mass flow rate measurements with different flat-bottomed orifice sizes and 

granular materials. Based on the outcomes, an empirical model, the so-called Beverloo Law, has been 

proposed to estimate the mass flow rate for any circular orifice diameter D, considering the bulk density 

ρb, granules diameter d and two fitting parameters C and k. Researchers improved the empirical model by 

Beverloo et al. [7] to consider other effects contributing to the mass flow rate such as the pressure 

gradient inside the funnel [8]. However, the Beverloo law has limitations, it fails to estimate the mass flow 

rate for granule diameters less than 500 μm [8]. Modern modifications of the Beverloo law also consider 

additional aspects such as attractive forces between granules, to increase the accuracy of the mass flow 

rate prediction for cohesive powders below 500 μm [9].  

The fitting parameters C and k inside the Beverloo law must be determined empirically for every granule 

system. Any change in the granule’s properties also affects granules-related parameters in the Beverloo 

law, e.g., bulk density. Understanding influences on fitting parameters C and k allows for optimizing hard 

metal granule properties. An optimisation of the granule’s properties provides the opportunity to enhance 

the mass flow rate, also affecting the quality of the filling process and, thus, the compressed parts. The 

knowledge to acquire optimal flow properties can help to manufacture even more complex geometries 

and reduce potential waste in any subsequent powder metallurgy process route. As the diameter of the 

Initial  Position Filling Pressing Ejection

Cavity

Lower Ram

Filling shoe

Upper Ram

a) b) c) d)
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granules is typically around 200 μm [10], cohesive forces must be considered. Knowing the main 

influences on both parameters C and k is required to develop an empirical model to estimate the mass 

flow rate of hard metal granules through orifices. Hence, this study aims to investigate the following 

questions: 

• How does the friction coefficient influence the mass flow rate of hard metal granules through 

orifices? 

• How can the friction coefficient be precisely determined for hard metal granular systems? 

• Which properties of the granules affect the friction coefficient? 

• How dominant is the role of cohesive forces? 

• Are rotor-cup and plate-cup rheological measurements capable of characterising hard metal 

granules? 

• What is the meaning of the fitting parameters C and k in the Beverloo Law for hard metal 

granules? 

• Is there an optimal granule size distribution for the flow of hard metal granules during processing? 

This study aims to understand these questions by performing mass flow rate, angle of repose and 

rheological measurements with samples differing in granule size distributions and compositions.  
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2 Symbols and Abbreviations 

Abbreviation Description  Abbreviation Description 

ECD Equivalent circle diameter  AOR Angle of repose 

APT Ammonium para tungstate  DEM Discrete element method 

SAC Surface area coverage  FEM Finite element method 

MRI magnetic resonance imaging  CFD Computational fluid dynamics 

HM Hard metal  MC Moisture content 

AORs Static angle of repose  AORd Dynamic angle of repose 

     

 

Symbol Description  Symbol Description 

αL / αR  Left and right angle   d3,2 Sauter mean diameter 

α Angle of repose  d4,3 De Brouckere mean diameter 

D Outlet diameter, base plate 

diameter 

 g Gravitational acceleration           

9.81 m/s2 

d, dp Diameter of a particle/granule  γ Shear deformation, surface 

tension 

m Mass  C, k Fitting parameter  

v Velocity  Rrms Surface roughness (root mean 

square) 

A Area, Hamaker constant  d’ Granules diameter with 

asperities 

F Force  E Energy 

Fg Gravitational force  d50 Median diameter 

FDH Downhill force  p,q Numerical parameter 

FN Normal force  μ Friction coefficient 

FR Friction force  μeff, ∞ Effective infinite friction 

coefficient 

D0 Minimal orifice diameter, cut-off 

distance 

 μw Wall friction 

k Ratio between two diameters, 

stiffness constant 

 ω Angular velocity 

f Ratio between two slopes  f Frequency 

K Ratio of horizontal and vertical wall 

stress  

 I Inertial number 

n Quantity / amount   K1, K2, K3 and 

K4  

Fitting parameter 

V Volume  ρb Bulk density/apparent density 

Bog Granular Bond number  β Fitting parameter 

θ Contact angle, angle of repose  ṁ Mass flow rate 
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τ Shear stress  ds Spherical diameter 

σ Normal stress, surface energy  Dh Hydraulic orifice diameter 

η Viscosity, packing fraction (density)  K1 Fitting parameter 

L, l Length  R,r Radius, distance 

W, w Width  σv, σh Vertical and horizontal stresses 

H,h Height  x Radial position of a granule 

a,b,c,e,f,h Length scale   vy Vertical velocity of a granule 

g Gravitational acceleration  z0 Minimal separation distance 

P Pressure  Tm Torque 

λ Janssen’s length scale  Ts Torque contributions from side 

surfaces 

ψ Sphericity  Te Torque contributions form rotor 

end surfaces 

Γ Sensitivity of the LASER, vibration 

strength 

 σp Polarsurface energy 

Δe Difference in laser deflection  σd Dispersive surface energy 
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3 Literature research 

3.1 Manufacturing of granular materials 

3.1.1 The etymology of the word granule 

Oran and Boris [11] describe granular materials as an assembly of particles in a packed system. These 

particles can be small grains or granules created from the agglomeration of grains through a granulation 

process [12] (Figure 3). The word grain originates from the Proto-Indo-European (PIE) language (ĝrhanóm) 

in the years between 9000 to 2500 BC [13]. Cognates exist in various old and current languages such as 

Old Irish grán, Old English corn, Lithuanian 𝑧̌𝑖𝑟̀𝑛𝑖𝑠 (pea), Albanian (16th century onwards) grurё (wheat), 

Old Church Slavonic, Slavic (9th – 13th centuries) 𝑧𝑟𝑖̌𝑛𝑜 and modern Southeast Iranian zaṇnai ~ zaṛai 

(kernel, seed) [13]. Today’s word granules is linked to the late Latin word granulum (grains) and the 

diminutive word granum, which is also used to refer to botanical fruit seeds [14]. Granosus (gra̅no̅sus) is 

an adjective related to the Latin word granum and means full of grains. Today’s ending form of the 

adjective granular is connected to the word-formation element “pertaining to, of the nature of” from 

Latin –arem, -aris meaning “of the kind of, belonging to” [15].  

 

Figure 3: Difference between grain and granule 

3.1.2 Granulation process 

The powder metallurgy industry uses granular materials to enhance the flowability into a die within the 

compression step. These granular materials can be manufactured through various granulation processes. 

The selection of the most suitable granulation process is based on economic aspects such as investment 

costs, yield, upscaling possibilities, targeted material properties, raw materials and industrial preferences 

[16].  

The manufacturing process of granular materials is not the scope of this work and is a wide-ranging topic. 

However, a brief description of a few techniques is worth mentioning. The granulation process can be 

divided into two essential processes: the dry and the wet formulation process. During the dry granulation, 

small grains are shaped into spheres, tablets or pellets without using liquids or plasticisers. One of the dry 

granulation processes is the roller compaction process, where small grains are compacted by two rolls 

[17]. Here, powders are transported towards the rolls through gravity or by the pushing method [17]. The 

material is compressed under pressure by two counter-turning rolls. Depending on the material, the 

compressed parts are milled and screened to acquire granules [17].  

Loose powder grains Agglomerated powder grains (Granule)

Processing
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One of the wet granulation processes is the spray drying process, a common technique in the hard metal 

industry [10]. Typically, in the first step, a slurry is created from a milling process consisting of powders, 

liquid and an organic binder. Then, the slurry is dispersed with a nozzle in a drying chamber. The dispersion 

direction depends on the spray drying technology. A possible spray drying direction is shown in Figure 4 

(a), where the suspension (feed) is sprayed in the downward direction, and the heated gas enters from 

the top (Figure 4, a). Another approach is to spray the suspension upwards while the heated gas enters 

from the top (Figure 4, b). The created tiny droplets face a vertical (downward or upward) movement 

depending on the technology. On the way, the heated chamber and gas lead to the evaporation of the 

organic solvent. During this step, solid particles precipitate at the droplets' surface, creating a solid shell, 

which increases in thickness in function of the falling distance, leading to a spherical granule at the end of 

the process [18,19]. Various liquids, such as water or organic solvent, can be used for the spray drying. 

When an organic solvent is used, nitrogen as a drying gas is commonly used in the hard metal industry 

[10]. 

 

Figure 4: Spray drying process with two different spray variants: co-current (a) and counter-current (b). The image is taken from 

[20]. 

The objective of the granulation process 

The granulation process aims to enlarge fine particles to single and bigger granules which improves 

handling, reduces fine powders' dustiness, increases resistance against deformation and reduces the risk 

of segregation [21]. Segregation describes the inhomogeneity of the granules' distribution within a bulk 

material occurring, for instance, from material flow along an inclined plane [22]. Bhatt and Kumar [23] 

and Shanmugam [24] describe the ideal characteristics of pharmaceutical granules as uniform, with good 

flowability and excellent compressibility for the subsequent compression step. Optimal powder 

characteristics are reached by having ideal spherical shapes, absence of intragranular porosity with a 

narrow size distribution and adequate moisture of 1 to 2 % [23]. Although this refers to pharmaceutical 

materials, ideal characteristics to acquire excellent flowability are also needed for other materials in 

applications such as additive manufacturing [25,26].  
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3.1.3 Granule size distribution 

One way to characterise granular materials is to measure their granule size distribution. The granule size 

distribution provides information about a granule system's mono- or polydispersity, i.e., the number of 

granules with discrete diameters in a bulk material.  

Many different ways exist to measure the granule size distribution of powders and granular materials. 

Conventional measurements exist, such as laser diffraction [27] and optical measurements using optical 

microscopy [28], but also analyses like the Andreasen pipette, which uses sedimentation mechanisms 

[29]. Sieving with various mesh widths [30] can define the distribution of granules within the bulk material. 

However, this process may alter the material due to mechanical solicitation during sieving. A comparison 

of various measurement methods can be found in the literature [31]. This work uses the laser diffraction 

method for characterizing the granular materials. This method is explained briefly in the following and is 

adapted from Cyr and Tagnit-Hamou [27]. Typically, granules are dispersed (dry or wet) into a measuring 

chamber and are exposed to monochromatic light in the form of a collimated laser beam (Figure 5). The 

granules in the flow cell lead to the diffraction of the laser light. A Fourier lens focuses the light on a 

detector, which processes the incoming light. The granule size distribution is calculated with a 

mathematical model applied to the diffracted light pattern. Two known models are the Fraunhofer 

approximation and Mie theory. The Fraunhofer approximation considers only the diffracted light, 

assuming the particles are flat and opaque discs. Conversely, the Mie theory needs knowledge about the 

investigated materials, such as the refractive index, as the light is reflected and refracted.  

 

Figure 5: The image shows the measurement setup of a laser diffraction instrument. The image is taken from [27]. 

3.1.3.1 Diameters d10, d50 and d90  

The granule size distribution is typically displayed as a volumetric size distribution. Figure 6 shows an 

exemplary cumulative volumetric distribution. The diameters d10, d50 and d90 typically describe such a size 

distribution. The values in the index indicate that 10, 50 and 90 vol.-% of the granules population are 

smaller than the diameter d [32]. Here, the d50 is the median diameter of a size distribution. 
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Figure 6: Schematic cumulative volumetric granule size distribution to illustrate the diameters d10, d50, and d90. 

3.1.3.2 Sauter mean diameter and de Brouckere diameter  

The Sauter mean diameter, or surface-weighted mean diameter, is a representative mean diameter of a 

polydisperse granule size distribution measured, for instance, with a laser diffraction method. The amount 

of granules ni and the diameter di of a size class i in a polydisperse granule system can be considered to 

calculate the Sauter mean diameter [33]. The calculation of the Sauter mean diameter is explained by 

Kowalczuk and Drzymala [33], transforming the polydisperse system hypothetically into a monodisperse 

granule system [33]. The transformation is achieved by assuming that the polydisperse system's volume 

and surface equals a monodisperse system with identical granular sizes (Figure 7) [33]. This chapter is 

adapted from Kowalczuk and Drzymala [33]. 

 

Figure 7: Transforming a polydispersed granular material into a monodispersed granule system with equal cumulated volume 

and surface area; image recreated and based on [33]. 

Kowalczuk and Drzymala [33] describe the relationship between both systems assuming ideal spheres. 

Here, the energy Ei (J) of a single granule (i) can be calculated according to equation 1, where σ is the 

surface tension (J/m2) and Ai is the surface (m2).  

𝐸𝑖 =  𝜎 ∗ 𝐴𝑖  1 

The total energy Epoly of a poly-dispersed system equals the sum of all energies from each size class i and 

can be obtained by equation 2.  

 i e ( m)

 umula ve
intensity ( ol.  )

d  d  d  

  

  

  

Poly-dispersed mono-dispersed

𝜎 𝐴 𝐸         𝑛    𝜎 𝐴𝑖  𝐸𝑖   𝑖   𝑖  𝑛𝑖

Total volume      = total volume      

ni ≠ nmono

Total surface area  𝐴    = total surface area 𝐴    

Total energy 𝐸    = total energy 𝐸    
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𝐸    =∑𝐸𝑖

𝑁

𝑖=1

=  𝜎 ∗∑𝑛 𝑖 ∗

𝑁

𝑖=1

𝐴𝑖  2 

The surface area Ai of a single spherical body is as follows: 

𝐴𝑖 =  𝜋 ∗  𝑖
2 3 

Regarding a monodisperse granule system with identical granule size dmono (monodisperse system), the 

energy Emono is:  

𝐸    =  𝜎 ∗ 𝐴    ∗ 𝑛    =  𝜎 ∗  𝜋 ∗      
2 ∗ 𝑛     4 

Assuming that the poly- and monodisperse systems are identical in terms of their surface areas and thus 

also in their energies ( 𝐸    =  𝐸    ), then equations 2 and 4 lead to: 

𝑛    ∗      
2 =∑𝑛𝑖

𝑁

𝑖=1

∗  𝑖
2 5 

Kowalczuk and Drzymala [33] state that the number nmono of identical spheres (monodisperse) is 

equivalent to the ratio of the total volume of a poly-dispersed system and the total volume of a 

monodispersed granule system (      = 𝑛     ∙       ), following: 

𝑛    = 
      

     
= 

∑ 𝑖
     

=  

𝜋
6 ∗

∑ 𝑛𝑖 ∗  𝑖
3𝑁

𝑖=1

𝜋
6 ∗      

3
=
∑ 𝑛𝑖 ∗  𝑖

3𝑁
𝑖=1

     
3  6 

Inserting equation 6 into equation 5 provides the relationship between a poly- and a mono-dispersed 

system following: 

∑ 𝑛𝑖 ∗  𝑖
3𝑁

𝑖=1

     
3 ∗      

2 = ∑𝑛𝑖

𝑁

𝑖=1

∗  𝑖
2 7 

A reorganisation of equation 7 leads to the known Sauter mean diameter dmono (Equation 8) 

     =
∑ 𝑛𝑖 ∗  𝑖

3𝑁
𝑖=1

∑ 𝑛𝑖
𝑁
𝑖=1 ∗  𝑖

2 8 

It can be derived from equation 8 that Sauter's mean diameter is the ratio between the total volume and 

the total surface of granule size distribution. The parameter dmono is also commonly expressed as d3,2 [34] 

or d[3,2] [35].  

Equation 8 can also be used to calculate the de Brouckere mean diameter d[4,3], also known as volume 

moment mean diameter. The de Brouckere mean diameter can be calculated by changing the exponents 

in the numerator to d4 and the denominator to d3. This way, large granules are more considered in the 

mean diameter than smaller ones, as larger granules have high volumes, but their amount in the size 

distribution is comparably low. Conversely, fine granules are high in numbers but low in volume. The de 

Brouckere diameter is, according to Wang et al. [36] and Hofmann [37] very sensitive to coarse spheres. 



11 

 

Internal - INTERNAL use only 

3.1.3.3 A comparison of different mean size diameters and their application  

The previous sections presented different mean diameters. These diameters will be explained with an 

exemplary granule size distribution (Figure 8) adapted from [38]. In a simple example, the granule size 

distribution consists of only three different granule sizes and is assumed to be spherical.  

 

Figure 8: Exemplary granule size distribution consists of three different granule sizes: 2, 3 and 4. The image is created based on 

the information provided in the literature [38]. 

The definition of various mean diameters is based on the outcomes of Mugele and Evans [39], where the 

mean diameter of a distribution can be described by considering the frequency of occurring particles ni in 

a size class i with the average diameter di [40] following:  

 [  q] = (
∑  𝑖

 ∗ 𝑛𝑖
𝑁
𝑖=1

∑  𝑖
𝑞
∗ 𝑛𝑖

𝑁
𝑖=1

)

1
p−q

 9 

The number mean diameter d[1,0] is the average mean diameter from all spherical objects in the exemplary 

granules distribution (Figure 8) and can be calculated according to equation 9, following: 

 [1 0] = (
∑ 𝑖

1 ∗ 𝑛𝑖
∑ 𝑖

0 ∗ 𝑛𝑖
)

1
1−0

= (
∑ 𝑖 ∗ 𝑛𝑖
∑𝑛𝑖

)

1
1

=
(2 ∗ 1) + (3 ∗ 1) + (4 ∗ 1)

3
= 3 10 

The surface mean diameter d[2,0] is calculated according to equation 9 and weights the diameter in terms 

of their surfaces. Larger surfaces contribute more to the mean diameter (equation 11). Therefore, 

considering the surface of the individual granules (Figure 8) gives rise to a higher mean diameter.  

 [2 0] = (
∑ 𝑖

2 ∗ 𝑛𝑖
∑ 𝑖

0 ∗ 𝑛𝑖
)

1
2−0

= (
∑ 𝑖

2 ∗ 𝑛𝑖
∑𝑛𝑖

)

1
2

= √
(2)2 ∗ 1 + (3)2 ∗ 1 + (4)2 ∗ 1

3

2

= 3.11 11 

The same applies to the volume mean diameter d[3,0], following 

 [3 0] = (
∑ 𝑖

3 ∗ 𝑛𝑖
∑ 𝑖

0 ∗ 𝑛𝑖
)

1
3−0

= (
∑ 𝑖

3 ∗ 𝑛𝑖
∑𝑛𝑖

)

1
3

= √
(2)3 ∗ 1 + (3)3 ∗ 1 + (4)3 ∗ 1

3

3

= 3.21 12 

The Sauter mean diameter and the de Brouckere mean diameter explain the central point of the frequency 

where both mean diameters are located [38]. These are, in fact, the centre of the magnitude of the 

individual distributions [38]. The advantage of both mean diameters is that the exact number of particles 

in the size distribution is unimportant [38]. Both mean diameters d[3,2] and d[4,3] are strongly influenced by 

2 3 4
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large diameters inside a size distribution, even when these large diameters are low in number [41]. The 

Sauter mean diameter can be calculated with equation 9. 

 [3 2] = (
∑ 𝑖

3 ∗ 𝑛𝑖
∑ 𝑖

2 ∗ 𝑛𝑖
)

1
3−2

= (
∑ 𝑖

3 ∗ 𝑛𝑖

∑ 𝑖
2 ∗ 𝑛𝑖

)

1
1

=
(2)3 ∗ 1 + (3)3 ∗ 1 + (4)3 ∗ 1

(2)2 ∗ 1 + (3)2 ∗ 1 + (4)2 ∗ 1
= 3.41 13 

Likewise, for the de Brouckere mean diameter. 

 [4 3] = (
∑ 𝑖

4 ∗ 𝑛𝑖
∑ 𝑖

3 ∗ 𝑛𝑖
)

1
4−3

= (
∑ 𝑖

4 ∗ 𝑛𝑖

∑ 𝑖
3 ∗ 𝑛𝑖

)

1
1

=
(2)4 ∗ 1 + (3)4 ∗ 1 + (4)4 ∗ 1

(2)3 ∗ 1 + (3)3 ∗ 1 + (4)3 ∗ 1
= 3.57 14 

The application of the above mean diameters is listed by Mugele and Evans [39], where the Sauter mean 

diameter d[3,2] is used for efficiency studies, mass transfer and reaction. Beyond this, more applications 

can be found in the literature. For instance, the Sauter mean diameter d[3,2] is used to describe the mean 

diameter of bubbles using frothers in a liquid [42] or mean droplet size in atomized fuel sprays [43]. Humby 

et al. [44] considered a set of mean diameters, such as d[1,0], d[2,1], d[3,2] and d[4,3], to find a suitable 

relationship between mean diameter and minimal orifice diameter in the domain of granules flow. In 

another study, the average mean diameter d[1,0] is selected to investigate the properties of Jatropha fruits 

[45]. 

3.2 The angle of repose of bulk materials 

3.2.1 Definition of the angle of repose  

The angle of repose is defined as the maximal angle between a horizontal plane and the inclined surface 

of a piled-up material under unconfined conditions. The maximal angle is reached by bulking up the bulk 

material before the material reaches an unstable state, followed by material relaxation through an 

avalanche on the pile’s surface. The meaning of the angle of repose is related to the measurement 

procedure [46]. For instance, a static angle of repose is the maximal angle before an avalanche occurs, 

i.e., at rest (see following chapter) (Figure 9, a). Besides this, a dynamic angle of repose is known, 

describing various angles in motion typically measured with a rotating drum at defined speed (Figure 9, 

b) [47]. Another angle of repose is the so-called drained angle, measurable at the end of a discharged flat-

bottomed container (Figure 9, c). Here, the drained angle is the angle of the occupied material in the dead 

zones inside the container, i.e. the material between the inner cylindrical container wall and the perimeter 

of the orifice [48]. 
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Figure 9: a) The static angle of repose, b) the dynamic angle of repose determined from a rotating drum and c) the drained angle 

within a flat-bottomed cylinder. 

The angle of repose is explained in Figure 10. The normal force FN acting on the surface is directly linked 

to the gravitational force FG (FG = m · g) and the angle α between the horizontal plane and the inclined 

surface following: 

𝐹𝑁  = 𝐹𝐺  cos 𝛼  15 

Perpendicular to the normal force FN, the downhill force FDH acts along the inclined surface.  

𝐹𝐷𝐻  = 𝐹𝐺  sin 𝛼  16 

The angle of repose is defined as the maximal angle α before the surface of a pile collapses. Considering 

this aspect, the maximal angle α is reached in Figure 10 when the downhill force FDH equals the friction 

force FR arising, for instance, from surface asperities between the object and the inclined surface.  

𝐹𝑅  = 𝐹𝐷𝐻    17 

The magnitude of the friction force FR is linked to the normal force FN and the friction coefficient μ.  

𝐹𝑅  =  𝜇 𝐹𝑁    18 

Considering equations 15, 16 and 18 and inserting them into 17: 

  𝜇 𝐹𝐺 cos 𝛼  = 𝐹𝐺  sin 𝛼   19 

Solving for the friction coefficient μ, then: 

   𝜇 =
𝐹𝐺  sin 𝛼

𝐹𝐺 cos 𝛼
= tan𝛼   20 

It is visible from equation 20 that the maximal friction coefficient μ can be directly acquired from the angle 

of repose of a piled-up material (before sliding). In reality, the angle of repose of granules is created from 

an interplay of many parameters, such as granule size (see chapter 3.2.3). Hence, equation 20 describes 

an effective friction coefficient. However, equation 20 is widely applied in the scientific community to 

calculate the friction coefficient μ of bulk materials, independent of their nature [46,49–52].  

a) b) c)
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Figure 10: Forces acting on the surface of an inclined plane. 

3.2.2 Measurement and determination of the angle of repose 

The determination of the angle of repose is described in ASTM D6393-21 [53]. The measurement is briefly 

summarized: A mass m of the powder is filled into a funnel. The bulk material passes an orifice under 

vibration and falls onto a horizontal plate. Then, the pile height is measured when the material is 

discharged from the funnel. The angle of repose is calculated with the diameter D of the base and the 

height H of the pile (equation 21). 

𝛼 = tan−1 (
𝐻

0.5𝐷
)   21 

The method itself is simple. However, there are many ways to create a pile of bulk material. Figure 11 

shows four possibilities of measurement setups to determine the angle of repose. The first version in 

Figure 11 (a) consists of a flat-bottomed container and a horizontal plane. The material discharges from 

the container on a flat surface. Then, the diameter D and the height H must be measured of the created 

heap on the horizontal plane. This method can also determine the drained angle of repose when the 

container is completely discharged, as depicted in Figure 11 (a). Figure 11 (b) resembles the measurement 

approach of ASTM D6393-21 [53]. The piling method uses a funnel and a base plate with known diameter 

D below the funnel (Figure 11, b). The material falls on top of the plate and creates a pile with a conical 

shape. The advantage of this method is a predefined circular diameter D of the base plate (Figure 11, b). 

This way, the angle of repose can be calculated by measuring only one parameter, the height H of the pile, 

and using equation 21. The submerged method creates a conical pile shape on a base plate inside a 

container by reducing the overall bulk-filled level (Figure 11, c). The pouring method test is based on the 

flowability of the inserted material (Figure 11, d). A discrete amount of mass is inside the hollow cylinder. 

The cylinder is lifted, and the material flows on the surface of the horizontal plane, creating a pile of the 

bulk material similar to Figure 11 (a). The angle of repose is then determined by measuring the diameter 

of the pile D and it’s height H. Further information regarding the pouring method can be found in [54]. 

Even more measurement setups exist, such as the tilting box method [55] and the parallel wall experiment 

[56]. 
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Figure 11: Various methods for determining the angle of repose, a) emptying method, b) piling method, c) submerging method 

and d) pouring method. The image is adapted from [57]. The grey arrows indicate the movement of the powder on the surface. 

The black arrow indicates the movement of the apparatus in d). 

A problem arises in defining a representative angle of repose for bulk materials. In reality, the cone surface 

is uneven and changes radially from the sides to the centre of the cone. The problem of defining the 

correct repose angle has been illustrated by Wójcik et al. [57]. How the tangential line is applied on the 

cone surface changes the slope and the determined angle of repose. This effect is even more pronounced 

for very fine particles leading to irregular heap shapes, as illustrated by Lumay et al. [58]. The challenge 

to determine a representative slope of the pile demands for more advanced techniques. One approach is 

to take a projection of a cone as a 2D image and convert the irregular shape to an ideal triangular area 

with the help of image processing software [58]. This method suppresses the problem of how to correctly 

apply the tangential line and defines the angle of repose through a normalized triangular area. A 

comparison between the projected heap and the typical linear fit was investigated for snow by Willibald 

et al. [59]. The results state a higher angle of repose for the projected cone method. Independent of the 

applied determination method, the bulk material properties play a crucial role in the magnitude of the 

angle of repose. 

Li et al. [60] determined the angle of repose using image processing software. In the first step, a heap is 

created on a base plate. Then, a camera takes an image of the static heap. The surface line of the heap 

projection is described with pixels containing discrete positions in the 2D image. In the next step, a linear 

fit is applied to the surface line using the discrete pixel locations. The correlation coefficient is calculated 

for a range of linear fits starting from the lower corner towards the centre of the heap. A correlation 

coefficient close to 1 yields the final angle of repose, considering the slope of the final linear fit [60]. 

Furthermore, Müller et al. [61] apply the following procedure to describe the outline shape of a piled-up 

material acquired from DEM simulations. In this approach, the image is cropped in two parts, i.e., left and 

right. A simple linear regression determines the angle of repose for both sides based on the cone surface's 

pixels. Notably, the cone is partly cropped to reduce the effect of the lower end of the cone. An iteration 

process similar to Li et al. [60] calculates the slope for each pixel on the surface line. The highest slope 

represents the angle of repose for one side. This method is applied on both sides. The final angle of repose 

is the average of both sides. In a second step, Mueller et al. [61] determine the angle of repose with a 

non-linear fit function based on a Newton-Gauss-Algorithm. The non-linear fit is likewise applied to each 

side of the image. The acquired angle of repose differs in dependency of the applied fit.  

a) b) c) d)

α

α

α

α

α
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In another study, Chen et al. [62] created various conical heaps with DEM simulations. The angle of repose 

is then determined of these created heaps. Like in the previous approaches, the angle of repose is 

calculated from the particle positions on the cone's surface. However, the focus lies on the middle part of 

the cone by omitting a lower and upper portion of the piled heap. The middle part is divided into three 

parts, whose angles are determined individually. The average of the three sections is the angle of repose 

(Figure 12). 

 

Figure 12: An image from a heap created with DEM simulations. The angle of repose is calculated with three sections. The image 

is taken from [62]. 

3.2.3 Influences on the angle of repose 

Various parameters related to the bulk materials' properties affect the angle of repose. The isolation of 

these physical quantities is challenging. By manipulating one physical quantity, other properties change 

likewise. For instance, a change of the particle diameters in a polydisperse granules system also influences 

the bulk density of the material [63] and therefore the angle of repose.  

Table 1: Influences on the angle of repose based on literature research. 

External parameters Internal parameters 

Temperature  Size and size distribution 

Gravity Surface roughness (Friction) 

Measurement setup (e.g., plate size) Density (e.g., bulk density) 

 Shape (e.g., sphericity) 

 Cohesion  

 Moisture 

 

3.2.3.1 External parameters affecting the angle of repose 

In terms of external parameters, the temperature influences the angle of repose. Willibald et al. [59] 

measured the angles of repose of different snowflake types, which differed in size and shape, over a broad 

range of temperatures. The outcomes show that the angle of repose is nearly constant for temperatures 

below -22 °C. Between -15 and -2 °C, the angle of repose increases, attributed to an increasing cohesive 
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effect between snowflakes. An Arrhenius law expressed the temperature influence on the angle of repose. 

Additionally, Willibald et al. [59] stated that the snowflakes' shape also influenced the angle of repose.  

Gravity influences the magnitude of the forces in the force network inside the pile material. A numerical 

investigation with DEM simulations by Chen et al. [64] showed that the force network scales linearly with 

increasing gravity. However, the ratio of the normal to tangential forces remains constant, i.e. gravity does 

not affect the angle of repose measurements. The DEM simulations neglected the influences of cohesive 

forces. Another investigation included this aspect and showed a significant impact on the measured angle 

of repose with decreasing gravity [50]. The main reason is the change in the cohesive forces' 

predominance as the gravity decreases. In other words, the magnitude of the cohesive forces is 

independent of gravity, while the weight of a singular particle is affected by gravity (see chapter 3.4). This 

relationship also affects the magnitude and frequency of avalanches [65]. 

Besides temperature and gravity, the measurement setup also influences the measured angle of repose 

(see also chapter 3.2.2). Miura et al. [66] studied various aspects impacting the angle of repose. For 

instance, the results show a minimal reduction of the measured angle of repose as the mass on a plate 

increases. This result is explained by a change in the internal friction with modifications in the confining 

pressures. Furthermore, the surface roughness of the base plate affects the measured angle of repose. 

The angle of repose increased nearly linearly with the surface roughness of the base plate. Therefore, 

Miura et al. [66] proposed a modification of the standard angle of repose measurements to avoid an 

influence by the base plate roughness. An influence by the base plate material and the falling height of 

the material onto the base plate is reported by Madrid et al. [67].  

3.2.3.2 Internal parameters affecting the angle of repose 

Assuming a constant measurement procedure, a change in the angle of repose occurs entirely by the 

nature of the materials, i.e., by the bulk properties. One of these properties is the granular size and size 

distribution. Lumay et al. [58] investigated the influences of the granular size on the static and dynamic 

angle of repose. In both cases, the angle of repose significantly increases when the powder grain size is 

below 70 µm. Regarding a polydisperse powder system, the results stated an optimal relationship with 

the d10 diameter (see chapter 3.1.3.1), implying a predominant influence on the angle of repose by the 

smallest particles in the granule system. The same is also found for various sizes of coal powders [68] and 

with DEM simulations [69]. 

The shape of the particles and granular materials affect the angle of repose [70]. For instance, a DEM 

study showed a difference in the angle of repose caused by the interlocking of the agglomerated particles 

with irregular shapes [71]. A similar approach with non-spherical granules has been reported by Khanal et 

al. [72]. Fu et al. [73] state an increase in the angle of repose with increasing particle angularity, i.e. less 

sphericity, caused by particle interlocking promoted by the particle edges. The effect of interlocking is in 

general increased by the particle's shape and the surface roughness of the particle or granular material 

[71]. The surface roughness can be described as a topographical irregularity caused by small asperities on 

the surface, which are smaller than the overall size of the particles or granules. The surface roughness of 

materials affects surface-related phenomena such as friction or wear.  
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In the case of hygroscopic powders, such as lactose or pharmaceutical powders, the moisture significantly 

influences the angle of repose. Studies show a common picture: the angle of repose increases with 

increasing moisture content [49,51,74]. The increase in the angle of repose is caused by the increase of 

cohesion inside the system (see chapter 3.4). Elekes and Parteli [50] further studied the influence of 

cohesion with the help of DEM simulations. Elekes and Parteli [50] assumed that the van der Waals forces 

are the dominant forces inside a dry granule system. An increase in the influence of the interparticle 

attraction by varying the particle diameters showed a non-linear evolution of the friction coefficient 

calculated from the angle of repose. Elekes and Parteli [50] expressed the interparticle attraction with the 

granular Bond number (see chapter 3.4) and stated a significant increase for granular Bond numbers 

higher than 100. The relationship is described with equation 22, where µeff,∞ is the effective infinite friction 

coefficient of the bulk material, Bog is the granular Bond number, and β is a fitting parameter. The effective 

infinite friction coefficient is for very big granules nearly independent of particle size, i.e., cohesive forces 

are low compared to the gravitational force.  

𝜃 ≈  tan−1 {𝜇𝑒𝑓𝑓 ∞  ∙ [1 + 𝛽√𝐵𝑜𝑔]} 22 

 

3.3 Flow of granules through an orifice 

The flow of granules is defined as the movement of solid particles in vacuum or inside a fluid such as air 

or water. From a macroscopic point of view, a granule system can behave like a solid and fluid depending 

on external conditions. Jaeger et al. [75] explain this phenomenon with a sand pile at rest and below the 

maximal angle of repose. The stresses induced by the gravitational forces on the sand pile's surface are 

not big enough to provoke a granule flow. As a result, the granular material behaves like a solid. However, 

when the sand pile is tilted, i.e., increasing the angle, the granular material flows as an avalanche on the 

sand pile's surface. The granule system behaves like a liquid. This simple example describes that a granular 

material flows when the stress inside the system exceeds a yield stress similar to a Bingham fluid.  

Regarding the flow of granular materials from a silo, the yield stress to inhibit flow is commonly overcome 

by pure gravitational forces acting in the vertical direction towards the orifice. However, many parameters 

affect the flow of a granule system. Therefore, this section provides insight into granule flow in more 

detail.  

3.3.1 Mass flow rate measurements before the Beverloo Law 

Gotthilf Heinrich Ludwig Hagen initially studied the flow of granules in 1852 by investigating the flow of 

dry sand for various circular orifice sizes [76,77]. Based on the findings, Hagen [76] provided the first 

qualitative understanding of the mass flow and postulated the first model to predict the mass flow rate 

for sand (equation 23).  

Here, r is the radius of the circular orifice, and ρ is the density of the sand. Furthermore, g is the 

gravitational acceleration, and h is the falling height of a single granule above the orifice. Hagen [76] 

𝑚̇ = 2𝑟2𝜋 𝜌√𝑔ℎ 23 
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observed an influence of granules at the outer rim of the orifice, hindering the flow of granules and 

causing a decrease in the actual radius of the orifice to an effective orifice radius. In addition, Hagen [76] 

expected an increase in the mass flow rate with the orifice radius r, following 𝑚̇ ~ 𝑟3. However, the results 

showed an increase of r2.5, visible in equation 23, for the case that the falling height h equals the radius r.  

Franklin and Johanson [78] investigated the mass flow rate for materials such as coal, puffed rice or glass 

beads with a hopper of different internal angles θ. The outcomes showed that the mass flow rate with 

horizontal orifices has to be adjusted depending on the internal angle θ and the kinetic angle of repose α 

of the material (Equation 24). The kinetic angle α is the slope of a material's surface with continuous 

movement, e.g., in a rotating drum. 

𝑚̇𝜃 = 𝑚̇
cos 𝛼 + cos 𝜃 

cos 𝛼 + 1
 24 

Many years later, Fowler and Glastonbury [79] continued in the year 1958 the investigations of Franklin 

and Johanson [78] (1955). Fowler and Glastonbury [79] focused on measurements with various orifice 

sizes and shapes, such as circular, triangular and hexagonal openings. The outcomes with various kinds of 

material, such as sand, sugar and organic seeds, yielded equation 25. 

𝑚̇ = 14.56𝜌𝑏𝐴√2𝑔𝐷ℎ [
𝐷ℎ
 𝑠
]
0.185

 25 

Here, A expresses the area of the orifice, ρb is the bulk density of the material, and ds is the spherical 

diameter of the material. The variable Dh is the hydraulic diameter of the orifice and describes the ratio 

between orifice surface A and the perimeter P of the orifice (4A/P). Notably, Dh is influenced by orifice 

shape and size. 

3.3.2 The Beverloo law 

Three years later (1961), Beverloo et al. [7] continued the investigations of Fowler and Glastonbury [79] 

by investigating the mass flow rate of various organic seeds. Based on the findings, Beverloo et al. [7] 

proposed an empirical model to predict the mass flow rate through a flat-bottomed orifice, which will be 

described in the following.  

When bulk material passes through an orifice, it is assumed that the granules within a powder bed are 

falling from an arch above the orifice and that the resulting mass flow rate is independent of the pressure 

above the arch (Figure 13) [80]. This independence will be further discussed at a later stage. 
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Figure 13: Measurement of the mass flow rate with a flat-bottomed orifice (left); Close-up of the granule structure above the 

orifice and inside the cylinder (D = 2r) (right). D is the orifice diameter and r is the orifice radius. 

The mass flow rate of granules arises from the assumption that the arch collapses and that the granules 

fall purely under the effect of gravity [81]. Assuming free-falling granules from the top position in the arch, 

the granules reach the maximal velocity following [82]: 

 𝑣 ~ √𝑔𝐷 26 

For a material flowing through a vertical tube with a cross-sectional area A, the volume flow rate can be 

expressed by: 

 ̇ =
  

 𝑡
=
 

 𝑡
(𝐴h) = 𝐴

 

 𝑡
h = 𝐴𝑣 27 

Here, V expresses the volume containing an arbitrary amount of granular material, A is the surface area 

of the orifice, t is the time, h is the distance, and v is the velocity of the granules. Combining equations 26 

and 27 yields equation 28.  

 ̇ ~ 𝐴√𝑔𝐷 28 

The mass of granular material in a volume depends on the granules packing density. Unlike a liquid, which 

can fully occupy a volume and is considered to be incompressible, granular materials inside a volume are 

compressible as the intergranular voids, filled with air, are distributed within a powder bulk. The ability to 

occupy interstitial voids, e.g. voids by smaller granules, is linked to the granule size distribution [83]. 

Generally, the packing is assumed to be in loose, i.e., in an uncompressed state above the orifice and is 

described by the bulk density ρb. The mass flow rate can then be described by: 

𝑚̇ ~ 𝜌𝑏 ̇ 29 

Inserting equation 28 into equation 29 yields the following equation 30. 

𝑚̇ ~ 𝜌𝑏𝐴√𝑔𝐷 30 

Beverloo et al. [7] state that the influence of the orifice is proportional to the square of the orifice diameter 

D. Replacing the orifice area A with D2 leads to equation 31. 

𝑚̇ ~ 𝜌𝑏𝐷
2√𝑔𝐷 31 

r

Sketch of the opening Sketch of flowability measurement
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Rewriting equation 31 states that the mass flow rate is proportional to D2.5: 

𝑚̇ ~ 𝜌𝑏√𝑔 𝐷
2.5 32 

Beverloo et al. [7] found experimentally, for various materials, higher exponents in the ranges of D2.7 to 

D3.1 and stated a zone at the outer rim of the orifice, where the bulk material is at rest and blocks the free 

flow of the bulk material. This phenomenon was first observed by Hagen [76]. The zone is proportional to 

the size diameter d of the particles, expressed as kd, reducing the orifice diameter D to an effective orifice 

diameter Deff, following: 

𝑚̇ ~ 𝜌𝑏√𝑔 𝐷𝑒𝑓𝑓
2.5 33 

Which is equal to 

𝑚̇ ~ 𝜌𝑏√𝑔 (𝐷 − 𝑘 )2.5 34 

A fitting parameter C includes other effects on the mass flow, such as the orifice geometry, which yields 

the final form of the Beverloo law: 

𝑚̇ =  𝐶𝜌𝑏√𝑔 (𝐷 − 𝑘 )2.5 35 

Equation 35 describes the observations stated by Hagen [76] over 170 years ago. Therefore, the Beverloo 

law is in some literature called Hagen-Beverloo law to acknowledge the early contributions [84,85]. The 

empirical investigations by Beverloo et al. [7] with different kinds of organic seeds provided C values 

ranging between 0.55 and 0.65. Parameter k ranges between 1 and 3.  

Literature does not provide a unique picture of the connection between the fitting parameters, material 

properties or experimental conditions. It has been shown that C depends on the hopper geometry [86] 

and powder properties such as the friction coefficient [87]. The fitting parameter k is influenced by powder 

properties such as the attraction forces between particles [9,88] and particle shape [89,90]. 

3.3.2.1 The static and dynamic pressure profiles in a hopper 

This section focuses on the basic principles of the pressure profiles inside a hopper. When pouring 

granular material inside a container, the pressure at the orifice is expected to increase linearly with the 

filling height. However, an experimental study by Janssen [91] showed a linear pressure increase followed 

by a pressure saturation with increasing filling height. The reason is that in a static state, a portion of 

forces in the granule media is passed by solid friction from particle to particle in a random contact network 

to the lateral walls of the silo (Figure 14)[92]. This results in normal and lateral pressure profiles along the 

filling height, taking an asymptotical exponential law at an ascendant distance above the outlet (Figure 

15, a). Beyond this saturation pressure, the further increase of mass inside the hopper does not affect the 

pressure near the outlet. This effect is known as the Janssen effect. 

Bertho et al. [93] verified the Janssen effect for moving walls and calculated vertical stress inside the 

powder bed with equation 36.  

𝜎𝑣 =  𝜌𝜂𝑔λ(1 − 𝑒−
𝐻
𝜆 ) 36 
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H is the total height of the powder bed inside the hopper, ρ is the bulk density, η is the packing fraction, 

and λ is a characteristic length scale. The characteristic length scale λ can be determined by considering 

the hopper geometry and the granule properties.  

In the case of a container with a squared cross-section, the characteristic length λ can be approximated 

with equation 37 [94], where W is the width, and L is the length of the container of a quasi-2D container. 

K is the lateral stress ratio (Equation 39), and µw is the wall friction coefficient arising from the ratio 

between the wall shear stress τw and the resulting lateral wall stress σw (Figure 14,b).  

𝜆 = 
𝑊𝐿

2(𝑊 + 𝐿)

1

𝜇𝑤𝐾
 37 

For a cylinder, it takes the form of equation 38 [95], with R being the radius of the cylindric container. 

𝜆 =
𝑅

2𝜇𝑤𝐾
 38 

The ratio between the lateral stresses σh and the normal stresses σv inside a powder bed is described by 

the stress ratio K (Figure 14, a) and can be calculated with equation 39. It is stated that the stress ratio 

parameter K ranges between 0.3 and 0.6 and can be determined from shear experiments [96].  

𝐾 =  
𝜎ℎ
𝜎𝑣

 39 

 

 

Figure 14: The stress distribution in a powder bed inside a tube. (a) and (b) represent an idealized schematic view of stresses 

inside the vessel. On the right side, a microscopic distribution of forces is shown. Forces induced by particles presented (blue) and 

resulting forces on the lateral walls (red). The image is taken from [97]. 

The evolution of the wall and the vertical mean stress inside a conical container is explained in the 

following based on Schulze [96] (Figure 15). When a container is filled with granular material, the vertical 

and wall stress increases inside the powder bed from the top towards the bottom, leading to an 

asymptotic stress profile. Maximal stress is reached at the transition of the cylindrical to conical container 

shape. Beyond this point, the wall and vertical stresses decrease and reach approximately zero at the 

outlet (Figure 15, a). 
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During the flow of a granular material out of the container (Figure 15, b), the stresses are similar above 

the conic container shape. Below this, the discharge leads to a converging flow zone, where the bulk 

material is compressed horizontally. In this stage, the material faces a vertical dilation. This effect leads 

to higher wall stresses, forming arching lines in the lower region. In the lower segment of the silo, the 

stresses decrease towards the outlet.  

 

Figure 15: Image shows schematically the stress profiles in (a) static state after filling and (b) during discharging from a silo. 

Image is recreated and based on [96]. 

3.3.2.2 The free-falling arch theory – the velocity of granules near the outlet 

The Beverloo law (equation 35) is based on the free-falling arch theory and states that particles above the 

outlet accelerate purely from gravity to reach the highest velocity at the outlet. The velocity of a single 

granule results from the height of the fall. This theory is accepted among researchers and is 

simultaneously one of the most discussed scientific topics in the field. Many investigations have been 

performed to describe and understand the principle of the free-falling arch theory.  

Brown and Richards [98] describe the arch surface with a minimum energy theory, assuming that the 

pressure below the arch is low and the material above the arch is exposed to stress. The theoretical 

approach describes the minimal falling height r from a radial arch depending on the height of the apex r0 

below the orifice.  

Vivanco et al. [99] studied the force distribution with a photoelastic material inside a transparent hopper 

between crossed polarizers. Vivanco et al. [99] state that flowing particles create force networks through 

contact points, which are formed and destroyed during the flow of particles. This outcome was observed 

for small orifice sizes, where jamming of the orifice typically occurs. For these small orifice sizes, the 

lifespan of the force networks indicated a boundary layer between a stress and a stress-free region above 

the outlet. Vivanco et al. [99] concluded that this boundary layer resembles the free-falling arch, which 

was not present for larger orifice sizes D. 

Further studies have been done by Wan et al. [100] by investigating the effect of an increase in the free-

falling arch with the help of DEM simulations. The results state the Beverloo law's validity as long there is 

a presence of an arch during the flow. In addition, the continuous increase of the arch radius resulted in 

a higher mean velocity of the bulk material. Similar results were stated by Lin et al. [82], showing that the 

 w,  v

 w  v

 w,  v

 w  v

a) b)
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arch's height depends on the orifice diameter, which was also postulated by Hagen [76]. Furthermore, Lin 

et al. [82] noticed that the shape of the arch is different compared to the typical idealized free-falling arch 

structure.  

Dorbolo et al. [101] performed experimental studies to track the movement of glass beads with a camera 

under different gravitational influences in a centrifuge. The change of the gravitational constant with a 

centrifuge states a dependency on the velocity of the granules, i.e. v ~√g*, where g* is the changed 

gravitational acceleration of 1 ≤ g* ≤ 20. With the help of the acquired images, the results proved the 

existence of a semi-circular arch above the outlet, only valid for higher orifice diameter D to granular 

diameter d ratios (D/d > 10).  

The velocity of the granules near the outlet 

The particles inside a cylindrical tube have a plug flow-like movement towards the outlet [102]. This holds 

as long as the granules are above one tube diameter from the flat-bottomed orifice. Below this threshold, 

the axial velocity monotonously increases, leading to a parabolic shape flow with the maximum velocity 

in the centre of the hopper [102].  

The velocity of single granules mainly depends on the orifice size, the radial position above the outlet and 

the falling height. A study by Janda et al. [103] assumes that a parabolic arch above the outlet is 

responsible for the parabolic velocity profile. Based on this assumption, Janda et al. [103] calculated the 

velocity according to equation 40, where R is the radius of the circular orifice and x is the local radial 

position.  

𝑣(𝑥) =  √2𝑔𝑅√1 − (
𝑥

𝑅
)
2

 40 

In an experimental study, Doboro et al. [101] investigated the velocity profiles of glass beads in a flat-

bottomed hopper. They proposed an equation to calculate the velocity of a single sphere along the radial 

position for a semi-circular flow (equation. 41). Here, vy(0) is the maximal velocity in the centre of the 

orifice, D is the orifice diameter, and x is the local radial position from the orifice centre. 

𝑣 (𝑥) =  𝑣 (0)√𝐷2 − 𝑥2 41 

 

3.3.2.3 The jamming effect at the outlet 

According to Péter et al. [104], jamming is the transition from flowing of particles to a motionless state 

near the outlet. These particles form an arch consisting of a set of stabilized particles above the outlet 

[105]. The arch collapses when a single particle is removed from the arch. The jamming phenomenon is 

influenced by the interactions of the material at the outlet and the packing quality of the filled system 

[106]. These jamming transitions are typically investigated by calculating a dimensionless ratio of the 

nominal orifice diameter D and the particle diameter d. 

Mankoc et al. [81] state a critical flow regime for ratios lower than five (D/d < 5). In this regime, jamming 

is likely to occur during the flow. Liu et al. [107] experimentally investigated the critical orifice size and 
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jamming during discharge of two-dimensional silos. The results show an increased probability of jamming 

when the dimensionless ratio is below 4.5. Similar values are found for polyethene discs with horizontal 

conveyor belts with a ratio of lower than 6 [108] and DEM simulations below 4 [109]. 

3.3.2.4 Contributions beyond the Beverloo Law  

Over the years, many researchers modified the Beverloo Law to consider other influences on the mass 

flow. This chapter focuses on a few modifications.  

A fundamental parameter of the Beverloo law is the reduced orifice size diameter directly related to the 

particle diameter (D-kd). The diameter is an important criterion for experimental studies of a granule 

system. In literature exists a broad range of different mean diameters (see chapter 3.1.3.3) to describe a 

polydisperse system. For instance, Humby et al. [44] studied the effect of the minimal orifice diameter 

(Dmin) by considering various mean diameters for a binary mixture. The results showed the best correlation 

between the volume moment mean diameter (de Brouckere) and the minimal orifice diameter. Other 

diameters showed less promising results. A supplementary investigation by Gundogdu [110] with 

polydisperse materials states that the median diameter d50 may be the most suitable diameter. However, 

this might not be true for cohesive powders. Other experimental studies consider d50 [89,111], the surface 

volume mean diameter [9,68,112] (Sauter mean diameter, see chapter 3.1.3.2), or the volume moment 

mean diameter (de Brouckere) [110,113].  

Tangri et al. [114] investigated the effect of elongated objects on the mass flow numerically, passing a 

rectangular orifice with a length L and width W. Based on the DEM study, Tangri et al. [114] proposed a 

modified version of the Beverloo law by considering the particle sphericity ψ following 

The parameter k1 equals a fitting parameter similar to the one inside the Beverloo law, and dl is the 

maximal length of the particle. 

Experimental studies by Medina et al. [115] also showed the application of the Beverloo law for lateral 

side holes under consideration of the occupied angle inside the sidewalls. A mass flow rate was observed 

when the occupied angle α was higher than the angle θr inside the sidewalls (the wall's outer edge to the 

inner upper orifice edge). Notably, the flow stopped when the depth of the wall exceeded the occupied 

angle of material inside the sidewall aperture (α ≈ θr). 

Anand et al. [88] performed simulations with DEM for rectangular orifices to understand the impact of 

the cohesive forces of particles smaller than 100 µm on the mass flow rate. In simulations, the 

cohesiveness of investigated powders is expressed with the help of the granular Bond number. This 

unitless number describes the ratio between the cohesive forces and the gravitational force between 

particles (more in chapter chapter 3.4.3). Anand et al. [88] included the exponential increase of the 

parameter k in relation to an increasing granular Bond number in the Beverloo law with a rectangular 

orifice shape.  

𝑚̇ = (
4

𝜋
20.5 𝐶) 𝜌𝑏  𝑔

0.5 (𝐿 − 𝑘1𝜓  )(W− 𝑘1𝜓  )
1.5 42 

𝑚̇ = 𝐶𝜌𝑏√𝑔(𝐷 − 𝑘 )
5
2(𝛼 − 𝜃𝑟) 43 
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3.3.3 Parameters influencing the mass flow rate of bulk materials through orifices 

The flowability of granules expressed as the mass flow rate through orifices is an essential parameter in 

the powder metallurgy industry. The properties of granules directly influence the mass flow rate, which 

also affects the cavity filling within the compression cycle. The mass flow rate of hard metal granules can 

be measured, for instance, with a Hall-Flow meter according to ASTM B213 standard [116]. Significant 

advantages of the Hall-Flow meter device are easy handling and short measurement times. Comparing 

mass flow rates of various batches provides information about inadequate granule characteristics, which 

might cause problems in the filling step. Knowing the influencing parameters on the mass flow rate 

provides the potential to tailor granules with optimal mass flow characteristics. 

Table 2 provides an overview of the influencing parameters affecting the mass flow rate, which can be 

divided into two essential groups: external parameters, i.e., experimental design and internal parameters, 

i.e., intrinsic properties of the bulk material such as the density. It can be seen that Table 2 generally 

resembles Table 1 (see chapter 3.2.3). Parameters affecting the mass flow (Table 2) and parameters 

affecting the angle of repose (Table 1) are both important to derive flow properties from angle of repose 

measurements. In other words, influences on the mass flow rate from hoppers also affect the angle of 

repose and vice versa. Some parameters are further explained in the following paragraphs. 

Table 2: Overview of parameters affecting the mass flow.  

External parameters Internal parameters 

Hopper geometry (e.g., orifice shape) Size and size distribution 

Airflow Surface roughness and friction 

Gravity Density (e.g., bulk density) 

Vibration Morphology (e.g., sphericity) 

Temperature  Cohesion  

Relative humidity / Moisture 

Temperature 

 

3.3.3.1 External parameters affecting the mass flow 

One of the external parameters affecting the mass flow is air. Huang et al. [111] investigated the influence 

of introduced air near the outlet of a conical hopper. The measurement setup is displayed in Figure 16 

(left), showing three different air inlet positions: A, B and C. A variation of the active air streams showed 

that the mass flow rate depends on the inlet positions. The highest mass flow rate was acquired when the 

air steam entered the hopper from all three inlet positions. Aside from this, the findings state a significant 

influence on the magnitude of the mass flow rate by the amount of introduced air stream (Figure 16, 

right). The air stream significantly changes the mass flow rate. A jamming effect occurs when the air 

stream is not optimally applied to the granule system. Increasing the air stream into the bulk system leads 

𝑚̇ = 𝐶𝜌𝑏√𝑔(𝐿 − 1.9𝑒0.39𝐵   )(𝑊 − 1.9𝑒0.39𝐵   )
3/2 44 
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to a maximal mass flow rate (Figure 16, right). Beyond the maximum, the mass flow rate decreases with 

a further increase in the air stream. 

 

Figure 16: Airstream inlet positions of the conical hopper (left). Mass flow rate W of powder in dependency of the gas flow rate 

Q for different orifice sizes (right). The aeration is performed by all three inlets A, B and C. Both images are taken from [111]. 

Besides the airflow, the magnitude of the gravitational acceleration influences the mass flow rate. Based 

on the Beverloo law (equation 35), the mass flow rate scales with the square root of the gravitational 

acceleration (√g). The effect of gravitational acceleration on the mass flow rate can be studied at a 

laboratory scale with centrifugal measurements. Mathews and Wu [117] used a centrifuge, showing that 

the mass flow rate increases with rising gravitational acceleration, which aligns with the Beverloo Law.  

Mechanical vibration in the form of shaking may be induced into a powder bed by performing, for 

instance, a periodical movement of a filling shoe on top of a powder bed inside a cavity. The periodical 

filling shoe movement introduces stress in the upper granules layer, provoking a rearrangement process, 

locally increasing the mass and density inside the cavity [118]. Studies on a laboratory scale with additional 

application of vibrators on a filling shoe showed an increased packing density of up to 16 % for various 

materials and frequencies [119]. Kumar et al. [120] studied the effect of oscillatory vibration on the mass 

flow rate with the help of DEM simulations. Here, an increase in either amplitude or frequency leads to a 

higher mass flow rate. 

External parameters like temperature and relative humidity can also belong to internal parameters. The 

reason is that temperature and relative humidity change the characteristics of the bulk material from the 

outside. In the case of relative humidity, water can condense on the particle surface, increasing the 

moisture content of the bulk and affecting the flow [121] due to changed particle-particle interactions.  

3.3.3.2 Internal parameters influencing the flow of granules 

The internal parameters, i.e., the material's intrinsic properties, affect the mass flow rate. Table 2 shows 

a set of such parameters. The influence of the size distribution of polydisperse materials, the granule or 

particle size of a monodisperse material and the granule’s shape have been described in chapter 3.3.2.4.  

Besides the size of the particles and granules, the density of the materials plays an important role. Here, 

different kinds of densities can be found in literature, such as theoretical density, pycnometer density, 

bulk density, packing density (packing fraction) and tapped density. The bulk density is also known as the 
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apparent density of powder-like materials, describing the granule's mass in a defined volume, including 

the interstitial voids between granules [122]. The pycnometer density provides information about the 

maximal density of a granule or powder material and is also known as the theoretical density [122]. A gas 

pycnometer with inert gas is used to determine the pycnometer density [123]. The ratio between the bulk 

density and the pycnometer density provides information about the packing and the amount of voids 

inside the bulk (porosity), expressed as the packing density [124].  

It can be derived from the Beverloo law (equation 35) that the mass flow rate scales linearly with the bulk 

density. Higher (absolute) bulk densities are acquired in two ways: First, a change in the pycnometer 

density, or second, an increase in the packing density. Studies by Huang et al. [125] with simulations 

showed an increase in the flow rate with rising packing densities, reaching a maximal mass flow rate for 

packing densities between 0.5 and 0.7. Beyond this packing densities, the mass flow rate decreases. A 

change in the bulk density and packing density can be achieved by modifying the granule size distribution 

to reach ideally packed densities and is well-studied for bimodal spherical systems (see Figure 17) [126–

128].  

 

Figure 17: Packing density for various mixings of small and large spheres. The image is taken from [129]. 

Generally, the moisture content inside the bulk material is an essential factor for water-sensitive 

materials, i.e. hygroscopic materials and materials, which are negatively influenced by degradation [130]. 

The moisture content inside the bulk materials can arise from exposure to the humidity in the air (see 

chapter 3.3.3.1). Studies by Lumay et al. [131] with lactose powder showed a negative effect on the flow 

properties at elevated relative humidities. Iqbal and Fitzpatrick [132] showed a decrease in flowability of 

organic materials exposed to various relative humidities and temperatures. A DEM study by Dai et al. [133] 

showed the influence of the moisture content of wet coal powders. Here, the mass flow rate decreases 

nearly linearly with the increase of the moisture content inside the powder.  

The interparticle friction significantly affects the mass flow rate. The influence of friction is expressed with 

the friction coefficient from angle of repose or shear measurements. Both measurements will be 

explained at a later stage. Generally, with an increased friction coefficient, a decrease in the mass flow 

rate is observed [134]. DEM simulations by Kobylka et al. [135] found that the friction between particles 

influences the arch structure above the outlet. Larger arches resulted from higher friction coefficients. It 

is important to remember that the arch's size directly affects the velocity of falling particles and also the 

mass flow rate.  
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3.4 Cohesive effects between spherical particles and the granular Bond number 

When particles are in contact, an attractive force exists between particles, holding the bodies together 

[136]. This adhesion is commonly described by cohesion, which describes the attraction between particles 

in a bulk system [137]. The attraction between spherical objects can arise from different sources and is 

significantly influenced by the nature of the bulk system. Table 3 provides an overview of various forces 

affecting the cohesive forces. One of these cohesive forces is the van der Waals force, which is assumed 

to be the dominant force for hard metal powders [138]. This force will be described in the next chapter. 

This chapter focuses on the capillary and electrostatic forces.  

Table 3: Various sources causing cohesion between particles, based on [139,140]. 

Cohesion  

Capillary force (e.g., liquid bridges) 

Van der Waals force 

Electrostatic forces (e.g., tribocharging) 

Magnetic force 

 

The moisture inside the powder bed affects the cohesive forces. Depending on the amount of moisture, 

water layers in the form of liquid bridges between the granules are created, bonding the particles together 

(Figure 18) [141]. The creation of liquid bridges depends on the geometry of solids and contact points, 

surface free energy, the separation distance of particles, surface topography, and the liquid bridge's size 

influenced by the liquid's surface tension [142]. The liquid bridge must be overcome to provoke a 

movement from particles into local free spaces [143].  

 

Figure 18: Different states of moisture contents forming liquid bridges, (a) liquid bridges with the closest contact, (b) several 

liquid bridges and (c) forming capillaries over a bigger surface. The image is taken from [141]. 

When dry granular materials flow, a triboelectric effect at the granule surface creates electrostatic charges 

[144]. These electrostatic charges are generated by friction between surfaces in contact during a 

movement. Burgo et al. [145] showed that the triboelectric effect influences the friction coefficient 

between materials. Rescaglio et al. [146] studied the influence of moisture inside a powder system on the 

triboelectric effect. The findings showed that an increase in the relative air humidity positively affected 

packing dynamics and enhanced powder flowability. The positive effect arises from decreasing 
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electrostatic charges with increasing moisture inside the bulk material. An optimal amount of relative air 

humidity was observed. Beyond this, the creation of liquid bridges negatively affects the flowability. 

3.4.1 Van der Waals forces 

The Lennard-Jones potential can describe the interaction between two approaching bodies, considering 

equation 45 [147].  

where ε describes the depth of the energy potential, σ is the distance between the body at which the 

potential sign changes (r = σ) and r is the interbody distance [148]. The first term describes the repulsive 

part, while the second term is the attractive part, attributed to the van der Waals forces, which are weak 

electrostatic forces that arise from fluctuations in molecules' electric dipole moments [149]. The van der 

Waals forces are affected by the material's properties and the shape of the approaching bodies [149]. 

It can be seen from equation 45 that the interaction depends on the distance r between the interacting 

bodies and is illustrated in Figure 19. At the interbody distance r0, the energy potential is 0, while strong 

repulsive forces are present. The increase in the interbody distance r leads to a minimum energy potential 

w(re) at which the interacting force is zero, the equilibrium position. The energy potential increases 

beyond the interbody distance re, and the attractive force reaches a maximum at the distance rs.  

 

Figure 19: The interaction energy between two atoms in function of the separation distance r. The image is taken from [147]. 

Regarding two spherical objects being close to each other, as in the case of two granules from a granular 

system, the van der Waals force can be calculated with equation 46 [150]. Here, R is the radius of the 

spherical objects, d is the particle diameter, A is the Hamaker constant, and z0 is the distance between the 

two spherical particles.  

F(𝑧0) =  
𝐴

6𝑧02
(
𝑅1𝑅2
𝑅1 + 𝑅2

) =  
𝐴

12𝑧02
(
 1 2
 1 +  2

) 46 

𝑤(𝑟) =  4ε [(
𝜎

𝑟
)
12

− (
𝜎

𝑟
)
6

 ] 45 
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For granular materials, z0 is typically considered 0.4 nm [138,151]. The Hamaker constant A is linked to 

materials properties, such as the dielectric constant [152], and can be calculated according to equation 

47 [147], where D0 is the cut-off distance, also known as the minimum separation distance [153]. In the 

case of granular materials, the cut-off distance is assumed to be 0.165 nm [154,155] providing an 

adequate approximation of the Hamaker constants or surface energy γ when one of these parameters is 

known [147]. The surface energy γ is the dispersive energy of the solid material. The surface energy of 

solids can be experimentally determined with the contact angle method, which is explained in chapter 

3.4.2.  

𝐴 = 24𝜋𝐷0
2𝛾 47 

In many cases, the granular materials have rough surfaces, arising from asperities on the surface 

influencing the contact points and effectively the van der Waals force. Xie [156] extended equation 46, 

considering also asperities on smooth spheres. Here, the asperity radius r describes half-shaped spheres 

situated on larger spheres. 

𝐹𝑣𝑑𝑤 = 
𝐴

12 (z0 + r)2
 (

 1 2
 1 +  2

) +
𝐴

12𝑧02
(
2 1𝑟

 1 + 2𝑟
) 48 

Rumpf [157] presents a model to calculate the van der Waals forces with equation 49 between a sphere 

and a planar surface. Here, D is the particle diameter, and d is the asperity diameter, assuming the shape 

of a sphere. 

𝐹𝑣𝑑𝑤 = 
𝐴

12 
 [ 
 

𝑧0
2  +  

𝐷

(
 
2
+ 𝑧0

2)
2] 49 

Chen et al. [158] proposed a model considering the surface coverage (guest) particles on the surface of 

the bigger (host) particles (equation 50).  

𝐹𝑣𝑑𝑤 = 
𝐴

12 𝑧0
2  [(

3 𝐷

 + 𝐷
) +

𝐷

2(𝐻0/𝑧0)
2
] 50 

Here, the host distance between the guest dg and host particle dp is expressed by equation 51. The SAC 

parameter describes the surface area coverage on the surface of the host particle with smaller guest 

particles. 

𝐻0 = √(𝐷 +  )2 − 
1.21

𝑆𝐴𝐶
 𝑔
2 −    51 

In terms of surface roughness, Lu et al. [9] propose a modification of previously presented models by 

incorporating the approach of Rabinovich [159] to consider the surface roughness of granular materials 

with r = 1.48Rrms (equation 52). Rrms is the mean root square of the surface roughness of particles and can 

be measured with atomic force microscopy (AFM). The parameter d’ equals 2𝑟    + 2𝑟⁄ . 

𝐹𝑣𝑑𝑤 = 
𝐴  

24 (𝑧0 + 2.96𝑅𝑟 𝑠)2
+

𝐴 ′

6(𝑧0 + 1.48𝑅𝑟 𝑠)2
+ 
1.48𝑅𝑟 𝑠𝐴

12𝑧0
2  52 
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3.4.2 The surface energy of solids 

When a liquid drop forms on the surface of a flat, smooth solid, the contact angle θ arises from an energy 

equilibrium between the solid 𝛾𝑆 and liquid 𝛾𝐿 surface tensions and the interfacial tension 𝛾𝑆𝐿  at the 

contact interface (Figure 20). The interface tension γSL depends on the surface tensions of solid γS and 

liquid γL and is expressed by the Young equation [160], following: 

𝛾𝑆 = 𝛾𝑆𝐿 + 𝛾𝐿 cos 𝜃 53 

 

 

Figure 20: Drop of a liquid L on a solid surface S creating a contact angle θ. The image is created and based on [161]. 

A supplementary work is required to separate the liquid drop from the solid’s surface. When both phases 

are separated, the interface energy γSL vanishes, creating two new surfaces. This required work is defined 

as the work of adhesion WSL and is described by the Dupré equation [162].  

𝑊𝑆𝐿 = 𝛾𝑆 + 𝛾𝐿 − 𝛾𝑆𝐿  54 

Studying the work of adhesion WSL is challenging as the surface tension of the solid γS, liquid γL, and at the 

interface γSL has to be known. The combination of Young (equation 53) and Dupré (equation 54) simplifies 

the determination of the work of adhesion WSL, yielding the Young-Dupré equation 55. The work of 

adhesion WSL can be accessed by measuring the contact angle θ on a solid surface when the liquid surface 

tension γL is known. However, the Young-Dupré equation does not provide any information about the 

surface energy of the solid. 

𝑊𝑆𝐿 =  𝛾𝐿 (1 + cos 𝜃) 55 

A study by Fowkes [163] focused on the influences of dispersive force interactions in the interface of solid 

and liquid. Fowkes [163] assumed that the work of adhesion is mainly influenced by dispersive forces and 

replaced the work of adhesion WSL inside the Dupré equation with a geometric mean approximation 

(equation 56) of the dispersive forces of the solid (γ 
d) and liquid (γL

d).  

𝛾𝑆𝐿 = 𝛾𝑆 + 𝛾𝐿 −  2√𝛾𝑆
𝑑𝛾𝐿

𝑑  56 

Continued studies by Owens and Wendt [164] and by Kaelble and Uy [165] also considered the solid (γ
 
p) 

and liquid (γ
L
p) polar parts in equation 56, following: 

𝛾𝐿

Solid S

Liquid L

𝛾𝑆 𝛾𝑆𝐿𝜃
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𝛾𝑆𝐿 = 𝛾𝑆 + 𝛾𝐿 − 2√𝛾𝑆
𝑑𝛾𝐿

𝑑  − 2√𝛾𝑆
 
𝛾𝐿
 

 57 

Considering the Young-Dupré equation 55, equation 57 can be modified into equation 58. 

𝛾𝐿 (1 + cos 𝜃) =  2√𝛾𝑆
𝑑𝛾𝐿

𝑑  + 2√𝛾𝑆
 𝛾𝐿

  58 

Rewriting equation 58 into a linear form yields equation 59. The expression is today known as the OWRK 

(Owens, Wendt, Rabel and Kaelble) equation. 

𝛾𝐿 (1 + cos 𝜃)

2√𝛾𝐿
𝑑

=  √𝛾𝑆
  ∙ √

𝛾𝐿
 

𝛾𝐿
𝑑
+√𝛾𝑆

𝑑   59 

Equation 59 can experimentally estimate the solid part's polar and dispersive surface energy by plotting 

the left side of the equation on the ordinate. The abscissa is the rooted polar to disperse liquid ratio (Figure 

21). Determining the contact angle θ with various liquids on the same material is suggested, where the 

liquids' polar and dispersive surface tensions γL are known. Based on the experimental results, the polar 

surface tension γS
p of the solid is represented by the slope, whereas the intercept is the solid's dispersive 

surface tension γS
d. The sum of polar and dispersive energies is the total surface energy of the solid γS.  

 

Figure 21: Plot of the OWRK method for two different materials. The image is taken from [166]. In this graphic, the surface 

tensions are expressed by the symbol σ. 

3.4.3 Granular Bond number 

The granular Bond number (Bog) is used for granules to describe the ratio of the cohesive forces (Fc) 

interacting between two granules and the weight of a single granule (Fg) (equation 60) [138], where the 

cohesive force is assumed to be solely caused by the van der Waals forces (FvdW) of fine dry powders. 

However, other forces such as capillary forces and electrostatic forces contribute to the overall cohesive 

force [151][167] . In other words, the cohesive force is the sum of different powder-related attraction 
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forces. In the case of dry, uncharged powders, the dominant cohesive forces are expected to be the van 

der Waals forces, as studied, for instance, by Lu et al. [9].  

𝐵𝑜𝑔 = 
𝐹𝑣𝑑𝑊
𝐹𝑔

 60 

The granular Bond number describes macroscopic phenomena related to cohesion, such as porosity inside 

the bulk material [168], angle of repose [169] (more in chapter 3.2), flowing transitions in shear cells [170] 

or spreadability and packing of powders for additive manufacturing applications [171]. 

The gravitational force from a single granule can be calculated with equation 61, assuming a spherical 

shape. Based on equation 61, the granular Bond number is directly linked to the size of the granules within 

the bulk system.  

𝐹𝑔 = 
1

6
𝜋 3𝜌 𝑔 61 

Other materials sensitive to moisture will likely create liquid bridges between granules. In this case, also, 

capillary forces have to be considered. For instance, Anand et al. [88] incorporated the capillary force 

inside the Bond number with DEM simulations. The results showed a significant influence on the flow of 

the simulated material.  

3.5 Rheological properties of bulk solids 

3.5.1 Rheology of granule’s flow - inertial number and μ(I)-rheology 

Granular materials can behave like a solid (sand pile), as a liquid (discharge from a silo) and even similar 

to a gas when the introduced stresses are sufficiently large [172]. In a liquid state, the granular material 

flows in a dense intermediate flow state, meaning that the packing density is near a maximal packing 

density during the flow, and the granules interact through contact and collisions [173]. According to Jop 

et al. [172], a granular liquid has two essential characteristics: a complex dependency on the shear rate 

during the flow and a yield criterion. Below the yield criterion, the shear stresses are insufficient to 

introduce a movement of granules. Both characteristics imply similarities between granular materials and 

visco-plastic fluids, such as Bingham fluids [172].  

An extensive study has been performed to understand all three states by comparing various measurement 

systems, such as simple plane shear flows (e.g. with rotational rheometers), inclined plane flows, and the 

flow of granules in rotating drums [174]. Based on the outcomes, a local rheological model was proposed 

to describe the granular flow of simple shear flows – the so-called μ(I) rheology. The following 

explanations are adapted from [174]. The flow of a granule depends on the strain tensor, which is  

influenced by the shear rate γ̇ and on the stress tensors affected by the normal stress P and the shear 

stress τ [174]. These parameters define two dimensionless numbers describing the flow of bulk materials 

[174]. One is the effective friction coefficient: 

𝜇𝑒𝑓𝑓 = 
𝜏

𝑃
 62 

and the other is the inertial number I: 
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𝐼 =   
𝛾̇ 

√𝑃/𝜌
 63 

The inertial number I arises from the ratio of the confinement timescale Tp and the deformation time Tγ. 

𝐼 =   
𝑇 

𝑇𝛾
 64 

Here, the deformation timescale Tγ follows: 

𝑇𝛾 = 
1

𝛾̇
 65 

And the confinement timescale Tp is: 

𝑇 =    √
𝜌

𝑃
 66 

Both times scales Ty and Tp can be explained by Figure 22. Considering two layers of granules, the time 

scale Ty can be understood as the time for the upper layer to move the distance d. This time scale Ty scales 

with the shear rate γ̇. The parameter Tp is the time needed to push a granule upwards and downwards 

into the next interstitial void [174]. Both timescales Ty and Tp are directly linked to the velocity, as shown 

in Figure 22. A change in a granule's position by an upward and downward movement implies that the 

volume faction φ, i.e., the bulk density, is also affected by the inertial number I [174].  

The inertial number I provides information about different flow regimes. In case the inertial number I is 

small, typically called the “quasi-static” regime, the movement of granules in the upper layer is slow while 

the confinement time is low. In this case, the inertia of granules is unimportant for the flow of granules. 

On the other side, in the case of a high shear rate, the inertial number I is high the particles interact 

through collisions, and the particle inertia affects the flow, the so-called inertial regime [174].  

 

Figure 22: Illustration to describe the physical principle of the time deformation Ty and the timescale of confinement Tp of the 

inertial number I. The image is taken from [174] 

3.5.1.1 The flow regimes of bulk systems and constitutive laws 

Investigating the effective friction coefficient μ over a broad range of inertial numbers I, the flow of 

granular materials occurring in a rotating drum, on an inclined plane, during annular shear flow and during 

simple plane shear measurements can be classified in three different flow regimes (Figure 30) [174]. First, 

the quasi-static regime is present for inertial numbers close to “ ero”. In this regime, the effective friction 



36 

 

Internal - INTERNAL use only 

coefficient is independent of the shear rate. Secondly, the quasi-static regime becomes rate-dependent 

with increasing shear rate, the so-called dense flow regime. Thirdly, the further increase of the inertial 

number I leads to a more dilutive and collisional regime. The flow regime transitions are influenced by the 

applied normal pressure P and the shear rate [174]. 

A numerical study by Cruz et al. [173] found the same flow pattern and described quantitative transitions 

for each flow regime, also indicated in Figure 23. The transition of the critical state, also known as the 

quasi-static regime, to the dense flow, occurs at inertial numbers above I = 10-3, depending on the system 

[173]. Finally, the dense flow regime transitions to the collisional flow regime, also known as the inertial 

regime, at I = 10-1, fully describable by collisional kinetic theories [173]. In this regime, a considerable 

amount of kinetic energy is dissipated through collisions [173][175]. 

 

Figure 23: Flow regimes of granule flow for various inertial numbers I and effective friction coefficients μ*. The critical state 

regime equals the quasi-static regime. The image is taken from [173]. 

Cruz et al. [173] investigated the change of the packing density η for increasing inertial numbers I and 

found a linear decrease from the maximal packing density ρmax, described by: 

𝜂(𝐼) =  𝜂 𝑎𝑥 − 𝑎𝐼 67 

, where a is a fitting parameter. In Cruz et al. [174] simulations, the fitting parameter a is nearly 0.3. 

The same was investigated for the effective friction coefficient. For flow at very small inertial numbers I, 

the packing density η is close to the maximal packing density ηmax, while the effective friction coefficient 

μ is at its minimum (Figure 23). With increasing I, the effective friction coefficient μ increases linearly until 

it saturates, caused by an increased dilation of the material in the collisional regime (Figure 23, dashed 

line) [173]. The linear increase is mathematically described for the dense flow regime as follows: 

𝜇 =  𝜇 𝑖 + 𝑏𝐼 68 

, where b is a fitting parameter (b = 1.1 in [173]). The magnitude of the minimal effective friction 

coefficient μmin exists mainly in the quasi-static flow regime and depends on the materials' characteristics. 

According to Cruz et al. [173], the minimal effective friction coefficient μmin corresponds to the friction 

coefficient of the material found for simple shear tests (see chapter 3.5.2). A similar result is stated by 

Degiuli and Wyart [175], where the minimal effective friction coefficient is describable by the angle of 

repose (see chapter 3.2). 
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3.5.1.2 Monotonic and non-monotonic flows 

When flow curves of granular materials are studied, for instance with a rotational rheometer, different 

torque evolutions can be acquired. Dijksman et al. [176] illustrate various flow curves and discuss these 

regarding the shear stress and rotation speed Ω. The simplest one is presented in Figure 24 (a). In this 

monotonic flow curve, the measured shear stress decreases when the rotation speed decreases, leading 

finally to the yield stress, where the stress appears independent of the rotation speed (quasi-static 

regime). Secondly, the non-monotonic flow curve’s characteristic is that at a finite rotation speed, the 

shear stress decreases towards minimal shear stress (Figure 24, b) with a negative slope. The negative 

slope in a non-monotonic flow curve at intermediate shear rates is assumed to be caused by to two zones 

in the material [176]. In these zones, the materials face low and high shear rates, leading to shear bands 

inside a granular bed [176]. A study by Van der Elst [177] showed that the evolution of shear bands is 

material-dependent and changes with increasing shear rates.  

Dijksman et al. [176] studied the vibration's influence on flow curves' evolution considering the measured 

torque. The experimental study showed the existence of a third kind of flow curve. An increase in the 

toque is observed starting from very low rotation speeds (Figure 24, c). After reaching a (first) maximum 

torque, the flow curves follow a non-monotonic evolution similar to Figure 24,b. Dijksman et al. [176] 

found that the magnitude of vibration significantly affects the torque at low shear rates.  

 

Figure 24: Flow curves of granular media. Shear stress σ in dependency on the logarithmic shear rate γ. (a) Monotonic flow curve 

with differing static σs and dynamic σd yield stress - in analogy to [174]. (b) Nonmonotonic flow curve without vibration Γ and (c) 

flow curve acquired with vibration strength Γ in the study of Dijksman et al. [176]. The image is taken from [176]. 

3.5.2 Shear measurements of solid materials with plate-cup shear cells 

Polydisperse granular systems like lactose or sand consist of many different particle sizes. The enormous 

number of particles with varying sizes in a discrete volume makes it impossible to understand the 

influence of each particle. Such influences can be investigated with computational calculations, e.g. DEM 

or CFD-DEM [96]. 

Typically, the flow of granular materials is described as the flow of a continuum, where the number of 

contact points in a volume element is assumed to be large enough, and individual interactions from 

contact points are less important [96]. In this case, the stress occurring from deformation is expected to 

be homogenously distributed inside the bulk material, although the particles are locally closer or more 

distant [96].  

The shear cell introduced by Jenike [178] is a measurement system to describe the flow of granules. The 

measurement principle is described in ASTM D6128-06 [179]. Nowadays, other shear cell testers can be 
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used to measure powder properties, such as the Schulze shear ring shear tester [180]. Salehi et al. [181] 

compared various shear testers.  

The measurement principle is comparable to common viscosity measurements of gels and fluids and is 

described here based on Schulze [96]. A bulk material is placed between two plates; the lower plate is 

fixed, and the upper plate is movable. When a normal force F is applied to the system, the bulk material 

envisages a normal stress σ, depending on the contact area A [96].  

 

Figure 25: a) Granular material under load with an applied normal stress σ; b) shear deformation γ with constant velocity v. The 

graph is schematic. The image is taken from [96]. 

When a loose bulk material between two plates envisages a shear deformation γ by moving the upper 

plate (Figure 25, b), the introduced shear leads to particle movement. This particle movement transports 

small particles into (relatively) larger interparticle voids, increasing the bulk density of the powder system. 

The densification of a powder affects the shear stress in the function of time (Figure 26, a). As a result, 

the powder is plastically deformed while the upper plate moves. This deformation is permanent and 

remains even after unloading the bulk material from the measurement.  

With increasing measuring time (Figure 26, a), the shear stress flattens, reaching a stress plateau. Beyond 

this point, the shear stress and the bulk density are nearly constant called the “steady-state flow”. In this 

state, the shear stress is constant and independent of time. The magnitude of the steady state, i.e., the 

shear stress is proportional to the applied normal stress and is influenced by the material's intrinsic 

properties. According to Schulze [96], this density and stress evolution is typical for powders in an “under-

consolidated” state (Figure 26, a). 

 

Figure 26: Evolution of the shear stress and bulk density for two different states, a) underconsolidated powder sample and b) 

overconsolidated powder sample. The image is taken from [96]. 

The shear stress and bulk density curve differ by exchanging a loose bulk material with a highly dense 

material (Figure 26, b). In the so-called “over-consolidated state”, the particles are closer to each other, 
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having an increased bulk density and enhanced particle-particle interaction. With begin of a shear 

experiment, the shear stress increases linearly with advancing measurement time. In an “over-

consolidated state”, high shear stresses are needed to overcome the high particle-particle interactions to 

introduce particle movement below the moving plate (incipient flow) (Figure 26, b). The start of the 

particle movement is called “yielding”. Once yielded, the particles move within a small shear zone below 

the plate [96]. The shearing in the shear zone below the plate reduces the bulk density and decreases 

particle-particle interactions. The further increase of the shear deformation γ in the function of time leads 

to a further decrease of the shear stress reaching a steady state flow (Figure 26, b). 

Measurement principle 

The description of the measurement principle is adapted from Schulze [96]. First, a measurement is 

prepared by placing a granular material between two plates. Then a normal stress σpre is applied on top 

of the powder bed. In the next step, the material is sheared. The shear stress τ increases linearly with 

time. During this step, the powder bed faces an elastic deformation. The elastic deformation remains until 

the shear stress flattens, reaching the constant shear stress (steady flow) at a specific shear stress τpre 

(Figure 27 a, c). In this state, the material is sheared with constant shear stress and constant normal stress 

(bulk density remains constant).  

 

Figure 27: Bulk density ρb and shear stress τ for a single measurement, a) preshear of bulk material, b) shear to failure, c) 

measured quantities over time. The image is taken from [96]. 

In the next step, the shear to failure is measured by moving the upper plate relative to the lower plate 

(Figure 27 b). The shear to failure is measured with normal stresses σsh, being lower than the preshear 

normal stresses σpre (σpre > σsh). For a given normal stress σsh, the shear stress τsh increases until the bulk 

system starts to move, the so-called “incipient flow”. When the system starts to flow, the material dilates, 

and the density decreases. The incipient flow of the bulk material is characteristic of a given preshear σpre, 

applied normal stress σsh and bulk density. Both stresses (σsh and τsh) of the incipient flow are plotted in a 

diagram (Figure 28) [96], also called yield locus (dashed line in Figure 28).  

The measured shear stresses for various applied normal stresses are related to the powder properties, 

providing important information about the material's nature. For example, in the case of a cohesive 
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powder (Figure 28, a), higher shear stresses τsh are needed to introduce an incipient flow, whereas a 

cohesionless material needs smaller shear stresses τsh to start an incipient flow (Figure 28, b). 

 

Figure 28: Different behaviours of cohesive (a) and cohesionless (b) materials under various normal stresses at one shear rate. 

The image is taken from [96]. 

The study of granules with shear cells can be used to acquire information about the bulk properties based 

on the acquired yield locus. Typically, the yield locus is determined from several measurements and every 

point expresses the incipient flow of the granule system. A linear line is applied to the yield locus to acquire 

the friction coefficient μ from the slope and the yield stress τ0 from the intercept. This relationship is 

described by the Mohr-Coulomb model: 

𝜏 =  𝜎 𝜇 + 𝜏0 69 

where σ is the applied normal stress. The yield stress τ0, also called shear strength, is often referred to the 

cohesion inside the material [182,183]. 

Carson and Wilms [184] note that the yield locus takes a form of a curve, which is even pronounced for 

smaller normal stresses σ. However, it is stated that there is no theoretical basis for the description of the 

yield locus. A common way is a best-fit approach to describe the evolution of the shear points in Figure 

28, which might be a curve or straight linear fit [184].  

3.5.3 Rheological measurement with vanes  

Besides plate rheometer measurements, vane (Figure 29) or bob geometries can access the rheological 

properties of fluids and granular materials. Typically, both geometries are immersed inside a fluid or a 

bulk material. Barnes and Nguyen [185] list many applications of vane geometries. For instance, vane 

geometries can be used to investigate the yield stress of frozen yoghurt [186] or various tomato 

concentrates [187].  

Barnes and Carnali [188] state several advantages of a vane geometry compared to a bob geometry. One 

of these advantages is that the vane geometry induces only minor disturbances during the immersion 

process [189]. A comparative study with several rheometers and measurement geometries has been 

conducted by Haist et al. [190].  
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Figure 29: Various vane geometries for slurry measurements. The image is taken from [191]. 

3.5.3.1 Torque to shear stress relationship for a vane geometry in fluids 

When measuring the rheological properties of a fluid, the vane geometry is completely immersed in the 

fluid. Then, the vane rotates, and the torque is measured. While the vane geometry rotates, the fluid's 

movement depends on the applied shear stresses at the geometry's surface.  

The torque to stress relationship has been described by Nguyen and Boger [189] for a four-bladed vane, 

considering the geometrical contribution to the measured torque. In the case of a vane geometry with 

rectangular-shaped blades, the torque Tm and the yield stress τ0 are described as  

𝑇 = 𝐾 𝜏0 70 

where K is the geometrical factor linked to the vane geometry. According to Nguyen and Boger [189], the 

total torque is the sum of the torque caused by the shear stress at the lateral area As and upper and lower 

area As (Tm = Ts + 2 Te). Here, Ts is the lateral contribution to the measured torque at the outer rim of the 

rotor blades, i.e., the lateral edge of the rotor blade. Second, Te corresponds to the upper and lower-end 

torque, when the four-bladed vane is completely submerged.  

The following equations are adapted from [191]. The lateral torque Ts can be calculated with 

𝑇𝑠 = 𝜏𝑠 𝐴𝑠  
𝐷

2
=  𝜏𝑠  (𝜋𝐷𝐻)

𝐷

2
= 𝜏𝑠  

𝜋𝐷2𝐻

2
   71 

where D and H are the diameter and height of the vane geometry, respectively. The upper and lower end 

torque Te is calculated with  

𝑇𝑒 = 𝜏𝑒  𝐴𝑒 = ∫ 𝜏𝑒  2𝜋𝑟 𝑟 ∙  𝑟 
𝑅

0

=  2𝜋 ∫ 𝜏𝑒  𝑟
2  𝑟 

𝐷/2

0

 72 

where R is the vane radius (R = D/2), and r is the radial position on radius R. Both equations 71 and 72 are 

combined following equation 70, then 

𝑇 = 𝑇𝑠 + 2𝑇𝑒  =  𝜏𝑠  
𝜋𝐷2𝐻

2
+  4𝜋∫ 𝜏𝑒  𝑟

2  𝑟 
𝐷/2

0

 73 

Assuming that the maximal torque is on the surface of the vane geometry, then the lateral shear stress τs 

and the shear stress τe from the upper and lower end equals the yield stress τ0, following:  
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𝑇 = 𝜏0  
𝜋𝐷2𝐻

2
+  4𝜋∫ 𝜏0 𝑟

2  𝑟 

𝐷
2

0

= 𝜏0 [(
𝜋𝐷3

2
) (

𝐻

𝐷
+
1

3
)]  74 

Equation 74 equals the equation provided by Nguyen and Boger [189]. Equation 74 can be used to 

calculate the maximal yield stress τ0 with the measured torque Tm. 

𝜏0 = 
𝑇 

[(
𝜋𝐷3

2 ) (
𝐻
𝐷 +

1
3
)]
  

75 

Equation 75 assumes that the shear stress around the cylindrical area is uniform. In case the shear zone 

is non-uniform, as found for clay [192], Nguyen and Boger [189] proposed a correction factor for the upper 

and lower-end shear stress. The approach assumes that the stress follows a relationship of τ0(r/R)m for r 

≤ R at the lower end area, where m is a constant for a given vane.  

𝑇 = 𝜏0 [(
𝜋𝐷3

2
) (

𝐻

𝐷
+

1

𝑚 + 3
)]  76 

Based on equation 76, it is assumed that m is independent of the vane height H and depends solely on 

the vane blade diameter D. Assad et al. [193] addressed this topic by varying H/D ratios for various vane 

shapes and stated that m equals 1 for a cylindrical vane geometry.  

Previous equations assume a uniform stress distribution and that the maximal shear occurs on the 

shearing end surfaces of the rotating vanes. Experimental studies show that the actual shearing appears 

at a slightly larger diameter Ds than the nominal vane blade diameter D [194,195]. This effect was 

investigated by Keentok et al. [194] by combining finite element methods (FEM) with an experimental 

study with various Bingham fluids. The study expresses the shear zone as the ratio between the nominal 

vane blade diameter D and the measured shear zone diameter Ds. The results state that the shear zone 

depends on the inserted material; for Shell Retinax A, the Ds/D is 1.032 ± 0.003, and for a Duckhams LBM 

10 Ds/D equals 1.002 ± 0.002.  

3.5.3.2 Torque to shear stress relationship for a vane geometry in granular materials 

Characterizing granular materials in terms of their rheological properties with a vane geometry is a 

challenging task, as the total torque Tm depends on the material's level of mobilization and the local shear 

[196]. Furthermore, the mobilization and local shear level depend on the material's properties and the 

measurement conditions such as the bulk density, the applied normal stresses, and the velocity gradient 

[197].  

Poloski et al. [198] described a shear strength model for powders, granular materials and slurries with a 

vane geometry based on the outcomes of Shinohara [199] and Shinohara and Tanaka [200]. The shear 

strength model assumes that the shearing at the vane blade edges causes slip movement of bulk 

materials. Typically vane geometries have a cylindrical surface in motion, as stated in [194]. Then, the total 

differential torque dTm occurring at the edge of a vane blade with radius r can be calculated, assuming 

that the force is acting on the differential area dA on the cylindrical slip surface: 

 𝑇 =  𝜏𝑟 𝐴 77 
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The cohesive forces and interparticle friction influence the magnitude of the shear strength τ, which is a 

function of the normal stress and the structure inside the powder bed [198]. The shear stress 

contributions from the top and bottom (τzθ) as well as from the sides (τrθ) can be described by the following 

equations given by Shinohara [199]: 

𝜏𝑧𝜃 = 𝐶
𝑓𝜎𝑣 + 𝐶𝑐𝐹 78 

And  

𝜏𝑟𝜃 = 𝐶
𝑓𝜎ℎ + 𝐶𝑐𝐹 79 

where σv and σh are the radial and axial normal stresses perpendicular to the shear planes around the 

vane. The parameter Cf is the coefficient of internal friction caused by geometrical interlocking and 

resistance against movement on the solid particle surface [199,200]. Furthermore, Cc expresses the 

contact points in a unit area, whereas F indicates the cohesive forces arising at the contact points 

[199,200]. Cohesive forces are composed of several forces, such as van der Waals, electrostatic, liquid, 

and solid bridging, which depend on the bulk material characteristics.  

Poloski et al. [198] derived equations 78 and 79 from a tensile strength model [200], applied to each vane 

surface area. Substituting equation 77 into equations 78 and 79 yields: 

 𝑇  𝑧𝜃 = 𝐶
𝑓𝜎𝑣𝑅  𝐴 + 𝐶𝑐𝐹𝑅  𝐴 80 

And 

 𝑇  𝑟𝜃 = 𝐶
𝑓𝜎ℎ𝑅  𝐴 + 𝐶𝑐𝐹𝑅  𝐴 81 

The stresses σv, and σh are the stresses acting in the vertical and horizontal directions, arising from the 

powder bed around the vane, indicating that the powder bed height and the vane immersion inside the 

powder bed are crucial parameters.  

It is essential to be reminded that the pressure acting on a vane does not increase linearly with increasing 

immersion depth (chapter 3.3.2.1). The main principle is that the forces are forwarded to the lateral walls 

through a contact force network [201], creating a pressure saturation at a specific depth, which depends 

on the granule’s characteristic, the so-called Janssen effect [91]. Poloski et al. [198] used the Janssen 

equation to consider the vertical stress acting on the vane. Following this line of thought, σv in equation 

80 is replaced by equation 36 (chapter 3.3.2.1), and σh equals Kσv (equation 39). The top, sides and bottom 

surfaces contribute to the total torque and can be calculated by integration of equations 80 and 81, 

yielding: 

𝑇 = 2𝜋𝐶𝑓𝜌𝜂𝑔𝐾 [𝐻 +  𝜆 (𝑒
−(
𝐻−ℎ𝑡𝑜𝑝

𝜆
)
− 𝑒

−(
ℎ𝑡𝑜𝑝

𝜆
)
)]𝑅2 

+ 
2𝜋𝐶𝑓𝜌𝜂𝑔  

3
 [2 − 𝑒

−(
𝐻−ℎ𝑡𝑜𝑝

𝜆
)
− 𝑒

−(
ℎ𝑡𝑜𝑝

𝜆
)
]  𝑅3  

+ 4𝜋𝐶𝑐𝐹𝑅3 (
𝐻

2𝑅
+ 
1

3
) 
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Here, H is the vane height, and R is the vane radius. It is essential to point out that equation 82 is adapted 

to the previously stated version of the Janssen equation in chapter 3.3.2.1.  

Daniel et al. [196] used the shear strength model of Poloski et al. [198] to study the different torque 

contributions for cohesionless glass beads and various immersion depths up to 90 mm with a vane 

geometry . In a preliminary step, Daniel et al. [196] discussed that the shear strength model applies when 

the bulk material obeys the Janssen effect, i.e. for static or dynamic cases, when the torque is independent 

of the vane rotation rate. At higher vane speeds, the bulk density changes, leading to a modification of 

the force network between the granules, resulting in difficulties to acquire precises stress distributions. 

The outcomes show that the torque is directly linked to the immersion depth (Figure 30), i.e., the deeper 

the immersion depth, the higher the measured torque. The same applies to the vane rotation speed, i.e., 

higher rotation speeds tend to increase the torque. Notably, Daniel et al. [196] concluded that the torque 

contribution by the vane shaft could reach up to 25% of the torque for the maximal immersion depth of 

90 mm (quasi-static regime). 

 

Figure 30: Total torque of a vane geometry immersed in glass beads for various immersion depths in the function of the vane 

velocity. The image is taken from [196]. 
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4 Measurement devices and methodology 

This chapter describes the used experimental devices in detail. 

4.1 Mass flow rate 

The mass flow rate ṁ is measured experimentally with the device GranuFlow from Granutools (Figure 31, 

left). The measurement setup consists of a cylindrical tube (inner diameter of 47.6 mm), placed on a disc 

with various orifice sizes. A scale with a glass vessel is placed below the orifice (Figure 31, right). The orifice 

diameters D ranges from 1 to 16 mm. The scale below the orifice is connected to a computer. The software 

tracks the mass change with a fixed frequency of nearly 2 Hz. The measurement frequency is not 

changeable and is predefined by the manufacturer. 

 

Figure 31: Measurement device GranuFlow from Granutools (left), the experimental sketch of the device (right). Both images are 

taken from [202]. 

Determination of the minimal orifice diameter 

The minimal orifice diameter Dmin is determined from the first occurrence of a jammed state. The 

GranuFlow setup is modified (Figure 32) by adding a self-made adjustable orifice. First, a conical support 

has been designed with the online software Onshape, 3D-printed with the Original Prusa i3 MK3S+ (see 

chapter 4.12). The backside of the support consists of a small aperture to insert a diaphragm. Then, the 

diaphragm, the support and the cylindrical tube have been assembled and placed on the metallic disc of 

the GranuFlow device. Furthermore, the support has been centred above the largest orifice with diameter 

D of 8 mm to ensure that jamming occurs entirely from the diaphragm.  

A mass of nearly 50 g is inserted inside the tube. The measurement starts by opening the diaphragm. The 

granular material falls through the created orifice. In the next step, the diaphragm is slowly closed to 

reduce the orifice size. The measurement is stopped when the granular material blocks the orifice entirely, 

i.e., the ṁ =  . The tube is emptied, and the orifice diameter is visually measured. 
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Figure 32: Close-up schematic experimental setup to measure the minimal orifice diameter; image shows a cross-section view of 

the 3D printed part and the lens diaphragm. 

The determination of the orifice diameter is challenging. The idea is to use a small microscope Koolerton 

(1080p, 2MP) below the orifice. A graph paper is placed on the backside of the metallic disc and right next 

to the 8 mm orifice to act as a reference.  

This approach led to three essential problems. First, the graph paper is insufficient to be used as a 

reference for very small orifice sizes. The graph paper's line thickness, combined with the high 

magnification of the microscope, caused problems determining a correct reference distance between two 

lines. Second, the distance in the y-direction between the microscope's objective and the graph paper and 

between the diaphragm is different (Figure 32). This effect leads to a measurement error by adjustment 

of the focus. This impact might be small but not neglectable. Thirdly, when placing the microscope below 

the jammed orifice, small-induced vibrations are sufficient to overcome bonds in the jammed state, 

causing granular material to fall inside the microscope's objective. This effect resulted in a jammed gear 

drive of the microscope, unable to change the magnification. Consequently, this approach was omitted. 

The final approach to determine the minimal orifice diameter Dmin is to measure the orifice diameter with 

a microscope (chapter 4.10). Figure 33 shows an image of the diaphragm after a measurement. It can be 

seen that the shape resembles an octagon. The black orifice area is considered to determine an equivalent 

circle diameter (ECD), which resembles a circular orifice with a minimal orifice diameter Dmin. 

 

Figure 33: Exemplary image of the measured minimal orifice diameter. The length h towards the centre and the length ai are 

manually added for illustration purposes. The black area represents the octagon orifice area AO. 
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All sides of the octagon orifice (diaphragm) are measured to calculate an orifice area AO. Assuming that 

the area AO equals a circular area AC, an equivalent circle diameter (ECD) can be calculated as follows:  

𝐴𝑂 = 𝐴𝐶 83 

Then: 

∑
𝑎𝑖
2

8

𝑖=1

ℎ = 𝜋 (
𝐷 𝑖 
2

)
2

 84 

where h is the distance from the diaphragm edge towards the centre of the octagon and ai is the length 

of one side (Figure 33). Then, the ECD can be calculated as follows: 

𝐸𝐶𝐷 = 𝐷 𝑖 = 2√
(∑

𝑎𝑖
2

8
𝑖=1 ℎ)

𝜋
 

85 

The ECD describes the orifice diameter Dmin equivalent to the diameter of a circular area. 

It can be seen from Figure 33 that the edges of the small blades inside the diaphragm are curved. These 

curved shapes change the octagon to a circle with increasing orifice area AO (the black area inside Figure 

33). Preliminary tests showed that the transition from an octagon to a circular shape is reached when h is 

nearly 2 mm. Hence, equation 85 is used when h is lower than 2 mm. Beyond 2 mm, the diameter of the 

circular area is directly measured with the microscope.  

4.2 Bulk and tap density  

The bulk and tap densities are measured with the GranuPack device from Granutools. The measurement 

device has a cylindrical tube, a magnetic distance sensor and a motor below the tube (Figure 34). First, a 

smaller cylindrical tube is placed inside a larger tube into which the material is poured. Next, the inner 

cylinder moves up to erase any historical pre-orientation and packing in the powder bed. After the 

complete vertical movement of the inner cylinder, the so-called Diavolo is placed slightly on top of the 

powder bed. The sensor provides the possibility to track the powder height h automatically.  

The necessary mass m for one measurement is calculated with the bulk density ρc,bulk. This density is 

determined with the Hall Flow meter (ASTM B212, ISO 3923), a conventional measurement system. The 

needed mass can be calculated with equation 86, with a volume V of 35 cm3. The given volume is the 

recommended volume by the manufacturer. The measurement starts, inducing a periodical movement of 

the cylinder (tapping). The tapping height of the material corresponds to 1 mm (Δz).  

𝑚 =  ∗ 𝜌𝑐 𝑏𝑢 𝑘 86 

The first density (n=0) is the bulk density ρbulk. The measurement ends after 500 taps (n = 500). The tap 

frequency changes from 1 Hz to 2 Hz after the 100th tap. This change in the tapping frequency is the 

standard Granutools measurement procedure. The tapped density ρtap is defined as the density at the end 

of the measurement, i.e., after 500 taps. The measurement is repeated at least two times. 
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Figure 34: Measurement principle of the Granupack device. Image taken from [58]. 

4.3 Pycnometer density 

The pycnometer density ρpyc is measured with the device AccuPyc II, type 1340, by Micromeretics. The 

measurement principle is based on the gas displacement principle [203]. The measurement device 

consists of two vessels of equal size. First, a small but known mass of granules is poured into one vessel. 

The vessel is then sealed and filled with inert gas, such as helium or nitrogen. In the next step, the inert 

gas is transferred into the second vessel to calculate the solids volume. The ratio between the solids 

volume and inserted mass yields the pycnometer density. The pycnometer density should be close to the 

theoretical density of the material in case all voids are accessible. The measurement is repeated several 

times and provides an average pycnometer density.  

 

Figure 35: Measurement apparatus to measure the pycnometer density. 

4.4 Granules size distribution 

The granule size distribution is measured through laser diffraction with the measurement device 

Mastersizer 3000 from Malvern Panalytical. A small amount (5-15 g) of granules is used for each 

measurement. The measurement is repeated at least two times.  



49 

 

Internal - INTERNAL use only 

 

Figure 36: Laser diffraction measurement device Mastersizer 3000. 

4.5 Moisture  

The moisture inside the powder bulk is measured with the thermo-gravitational scale MA40 of Sartorius. 

The moisture loss is measured using a 5 g +- 0.5 g granular material and heating the granules to a 

temperature of 80°C. The initial and end mass is used to calculate the humidity in wt.-%. Furthermore, the 

measurement device measures the change in mass.  

 

Figure 37: Thermal balance to measure the moisture content of granular materials. 

4.6 Sieving  

Granular materials are sieved to acquire defined granule size distributions. Here, a sieving machine by 

Retsch (Siebturm AS200) is selected with different stacked sieves (Figure 38). After stacking the sieves, 

roughly 400 g of granular material is poured into the top sieve. The sieving duration is one minute with an 

amplitude of 2 mm.  
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Figure 38: Sieving apparatus with sieves. 

The selected meshes in Table 4 differ from granular material to granular material in this study, i.e., from 

reference batch to reference batch. Notably, everything below 63 μm is considered dust in this study. 

Table 4: Used sieving meshes to sieve hard metal granular materials. 

Mesh (µm) 

>315 

280 

250 

224 

200 

180 

150 

125 

100 

63 

<63  

 

4.7 Rheological measurements 

The granular material's rheological properties are measured with the rotational rheometer Haake Mars II 

from Thermofisher. Two different types of geometries are used: (1) rotor-cup and (2) plate-cup. The 

measurement procedures are explained in the corresponding chapters. 
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Figure 39: Haake Mars II from Thermo Fisher 

4.8 Contact angle measurement 

The sessile drop technique is used to determine the surface energy of the solids, namely pure tungsten 

carbide (WC), cobalt (Co) and organic binder. First, a sample is cut from dense tungsten carbide. The part 

is embedded into a two-component adhesive in the next step. After the curing, the surface of the solid is 

polished. The same procedure is done for a pure cobalt part. In the case of the organic binder, small 

masses are compressed into a small block. Then, the contact angle measurements for tungsten carbide 

and cobalt are done on the polished surface, while a smooth and flat surface is selected for the organic 

binder from the compressed block.  

The contact angle measurements are performed with the device OCA 15EC from dataphysics (Figure 40). 

Drops are created with various liquids, such as deionized water, dodecane and glycerine. It is known from 

the literature that the drop's volume influences the contact angle measurement [204]. Therefore, defined 

drop sizes of 2 cl are created with an Eppendorf pipette. After the creation of the drop, the camera's focus 

is adjusted. The software automatically detects the drop and calculates the contact angle on both sides. 

The average of both sides is considered.  

 

Figure 40: Contact angle measurement device with a camera on the left side and a backlight. In between, an embedded sample 

on a movable plate. 
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The solids' dispersive and polar surface energies are determined from the liquid's polar and dispersive 

surface tensions based on the OWRK method (see chapter 3.4.2). The polar and dispersive energies of the 

selected liquids can be found in Table 5. 

Table 5: Selected liquids for the sessile drop method. 

Liquid Polar surface energy 

γL
p (mJ/m2) 

Dispersive surface 

energy γL
d (mJ/m2) 

Total surface energy 

yL (mJ/m2) 

Dodecane* [205] 0 24.93 24.93 

Deionized water [206] 50.20 22.00 72.20 

Glycerine [207] 29.70 33.60 63.30 

*Dodecane has only dispersive surface energies according to [208]. 

4.9 Scanning electron microscope (SEM) 

The scanning electron microscope (SEM) JSM-IT300LV from Joel takes images from the granular materials 

(Figure 41) at different magnifications to show differences between selected granular materials.  

 

Figure 41: Image from the scanning electron microscope JEOL JSM-IT300LV. 

4.10 Optical light microscope 

The optical microscope MZ6, in combination with a camera DFC320 from Leica, is used to take images. 

The maximal magnification is 40x.  
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Figure 42: Microscope MZ6 with DFC320. Microscope is connected to a PC (not shown here). 

4.11 Atomic Force Microscopy (AFM) 

An atomic force microscope (AFM) from Veeco is used to measure the adhesive forces acting between 

granules (Figure 43). A single granule is glued with an electrical and thermally conductive resin by EPOTEK 

(two-component adhesive, type E2101) on a tipless cantilever (All-in-one, type AIO-TL-10, by 

BudgetSensors), with a spring constant of 0.2 N/m and a resonance frequency of 15 kHz. The glueing step 

is challenging as the cantilever has dimensions of length L = 500 μm, width W = 30 μm and thickness TH = 

2.7 μm. The attaching process is performed in a second AFM with a camera. Here, the cantilever moves 

down on a prepared epoxy resin droplet. When the cantilever enters the surface slightly, the movement 

is reversed. In the best case, a small drop of glue sticks to the cantilever. In the next step, the cantilever 

(and drop) touches the top of a single hard metal granule. The measurement is performed after curing 

the adhesive glue, i.e., after one day.  

In the next step, the deflection of the laser observed by the photodiode detector is calibrated for the 

prepared cantilever with a sapphire sheet in contact mode. Here, the prepared cantilever approaches the 

surface slightly until the tip snaps to the surface. Again, the movement of the cantilever and the deflected 

laser is recorded. Finally, the calibration is done with the linear deformation of the cantilever. This step 

has to be done for every new cantilever. The AFM is flooded with nitrogen to suppress the influence of 

humidity on top of the sample's surface. The measurement is performed when the relative air humidity is 

lower than 10 %.  
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Figure 43: Schematic image from the atomic force microscope (AFM) inside a housing. 

Approaching a substrate surface with a cantilever, the cantilever snaps-in by the attractive forces between 

the tip and the substrate (Figure 44, black line). The tip is in contact with the substrate. Then, the 

cantilever is retracted. The force needed to separate the cantilever is called the “pull-off” force and is 

linked to the properties of the material, i.e., cantilever and substrate. 

 

Figure 44: Exemplary AFM measurement of a substrate and a microbead probe [209]. 

The measured laser deflection is proportional to the cantilever's movement. The pull-off force can then 

be calculated with the maximal deflection of the laser, following:  

F = k ∗ Δe ∗ Γ 87 

where k is the stiffness of the cantilever, Δe is the difference of the laser deflection, and Γ is the sensitivity 

of the laser, coming from the calibration procedure (see above). 
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4.12 3D Printer 

A set of rotor geometries for rheological measurements has been designed with the online platform 

Onshape. The geometries are saved as stl files and transferred to the 3D-printer Original Prusa i3 MK3S 

(Figure 45). The designed parts are manufactured with PLA filaments of 1.75 mm filament diameter. The 

extrusion nozzle has a diameter of 0.4 mm.  

 

Figure 45: 3D-printer i3 MK3S by Prusa. 
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5 Determination of the angle of repose of hard metal granules 

The measurement of the angle of repose (AOR) provides a possibility to get an insight into the flowability 

of granular materials and powders. Many different measurement techniques exist to measure the angle 

of repose of granular materials, such as rotating drums and the piling method (see also chapter 3.2). Both 

differ in the expression of the angle of repose, as the rotating drum usually describes the angle of repose 

in motion, also known as the dynamic angle of repose (AORd). Conversely, the piling method can be used 

to determine the static angle of repose (AORs). The static angle of repose describes the maximal angle 

before the cone's surface relaxes through an avalanche on the surface of the pile. When applying the 

piling method, material falls on top of a plate from a funnel. However, the measurement time affects the 

static angle of repose as any amount of mass discharged from the funnel may introduce, at some point an 

avalanche. This behaviour leads to a spread in the measured static angle of repose. Another challenge 

arises from the asymmetry of the created pile at the end of a measurement, leading to different angles, 

depending on the measurement position. Typically, the height H and the base width D of the pile are used 

to express the angle of repose.  

In this study, the piling method is modified by integrating a dynamic image analysis procedure and a novel 

approach by moving the plate below the funnel. The results and technique will be discussed for hard metal 

granular materials. Parts of this chapter have been published [210].  

5.1 Granular materials and properties 

A hard metal granular material with 9 wt.-% cobalt is selected from the powder department of CERATIZIT 

Luxembourg S.à r.l.. This unsieved granular system referred to as “standard” or “ A”, is the basis for 

determining the angle of repose.  

The granule size distribution influences the angle of repose. Therefore, measurements with well-defined 

granular systems are necessary. These granular systems are created by mechanical sieving (see chapter 

4.6). Initially, 100 g of the standard sample was sieved to set the optimal sieving mesh. The outcome 

showed that the standard sample ranges between 224 and <63 μm (dust). Therefore, the standard sample 

is sieved with the corresponding sieves from chapter 4.6, following the nomenclature A/63-100, A/100-

125, A/<125, A/125-150, A/150-200, A/200-224 and A/>224 μm. In the second and third steps, broader 

granule size distributions are considered: A/125-200, A/150-224 and A/125-224 μm.  

Figure 46 shows the granules inside the unsieved sample SA. The images are acquired with a scanning 

electron microscope (SEM) (chapter 4.9). It can be seen from Figure 46 that the granular materials are 

nearly spherical and exhibit a rough surface.  
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Figure 46: SEM images from the unsieved sample SA: a) x100, b) x250 and c) x500. Image is taken from [210]. 

Regarding shape and surface roughness, all sieved samples in Table 7 are expected to be similar to the 

granules shown in Figure 46, as all size classes originate from the unsieved sample SA. It can be seen from 

Figure 47 that the sieved samples differ in their granule diameter. Furthermore, the images show that the 

sieved samples have fewer fine particles attached to their surface. The wear causes the absence of finer 

particles on the surface as the granules are sheared against each other during the sieving process.  

 

Figure 47: SEM images from three sieved samples with a magnification of x250: a) A/200-224, b) A/125-150, c) A/<125 

5.1.1 Granule size distribution 

The standard sample SA's and sieved samples' granule size distribution A/>224 to A/125-224 have been 

measured with laser diffraction (Mastersizer 3000 from Malvern analytics, chapter 3.1.3). The granule size 

distributions are shown in Figure 48. Figure 48 (left) clearly shows the differences in the granule size 

distributions, also visible in the shifts in the cumulative granule size distribution (Figure 48, right). Notably, 

sample A/<125 consists of very fine particles below 50 μm. A similar result can be found for the unsieved 

standard sample SA, composed of all granule sizes. 
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Figure 48 Averaged granule size distribution of samples SA and all sieved samples (left) and the cumulative granule size 

distribution (right). Both figures share the same legend. 

Substantial diameters such as d10, d50 and d90 are determined based on the cumulative granule size 

distribution (Figure 48, right). These diameters are listed in Table 6. The Sauter mean diameter d[3,2] and 

the de Brouckere diameter d[4,3] depend strongly on the individual granule sizes within the samples. 

Furthermore, based on the literature [36,37], the de Brouckere diameter d[4,3] is sensitive to coarser 

granules inside the distribution. Conversely, the Sauter mean diameter d[3,2] appears more sensitive to 

smaller particles inside the granule size distribution (see Table 6).  

The span describes the difference between the d90 and d10. The span is used to compare various granule 

size distributions (equation 88). 

𝑠𝑝𝑎𝑛 =   90 −  10 88 

Low span numbers indicate a narrow size distribution. Broader size distributions, such as samples A/125-

200, A/150-224 and A/125-224, show a slight increase in the span number. A more pronounced span can 

be found for sample SA containing all granule sizes.  
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Table 6: Diameters from laser diffraction measurements: d10, d50, d90, Sauter mean diameter d[3,2] and de Brouckere d[4,3] 

Sample d10 (μm) d50 (μm) d90 (μm) d[3,2] (μm) d[4,3] (μm) span (μm) 

SA 113 ± 3 183 ± 3 283 ± 5 159 ± 4 191 ± 3 170 ± 5 

A/>224 193 ± 1 245 ± 2 307 ± 2 241 ± 2 249 ± 2 114 ± 2 

A/200-224 188 ± 0 213 ± 0 239 ± 1 212 ± 1 214 ± 1 51 ± 1 

A/150-200 139 ± 1 172 ± 1 212 ± 1 170 ± 1 175 ± 1 73 ± 1 

A/125-150 99 ± 2 130 ± 1 171 ± 2 127 ± 1 132 ± 1 72 ± 3 

A/<125 57 ± 1 90 ± 1 133 ± 1 54 ± 1 91 ± 1 76 ± 1 

A/100-125 79 ± 2 106 ± 1 142 ± 1 104 ± 1 109 ± 1 63 ± 2 

A/63-100 57 ± 1 82 ± 1 116 ± 1 79 ± 1 85 ± 1 59 ± 1 

A/125-200 126 ± 2 164 ± 1 212 ± 2 161 ± 1 167 ± 1 86 ± 3 

A/150-224 139 ± 4 180 ± 3 233 ± 2 177 ± 3 184 ± 3 94 ± 4 

A/125-224 123 ± 5 171 ± 3 237 ± 1 165 ± 3 176 ± 3 114 ± 5 

 

5.1.2 Moisture content inside granular materials 

The powder's moisture was measured as described in chapter 4.5 and is presented in Table 7. It can be 

seen from the listed values that the moisture contents (MC) is very low, i.e. all below 0.26 %. Furthermore, 

it can be concluded from Table 7 that the moisture content varies among the granule size distributions 

and that there is no direct correlation between the size and the moisture content. Callahan et al. [211] 

proposed a classification to describe the hygroscopic properties of pharmaceutical powders. In 

accordance with this classification, the granular materials in Table 7 are non-hygroscopic. The non-

hygroscopic classification is linked to the hydrophobic character of the organic binder inside the granules 

[212].  

The influence of moisture content on mass flow and angle of repose measurements are generally 

unneglectable (see chapters 3.3.3.2 and 3.2.3.2). Comparing the measured moisture contents with the 

experimental study of Sun et al. [112], the presented moisture contents in Table 7 are close to the 

moisture contents of glass beads and lignite after a drying process at 105 °C. Sun et al. [112] omitted 

influences by moisture inside the material below 0.21 %. Similar ranges can be found in Table 7 without 

the application of heat. Hence, the influence of moisture in the granular materials is omitted, similar to 

Sun et al. [112]. 
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Table 7: Moisture content (MC) for various granular materials 

Sample MC (wt.-%) 

SA 0.26 

A/>224 0.21 

A/200-224 0.21 

A/150-200 0.24 

A/125-150 0.19 

A/<125 0.24 

A/100-125 0.23 

A/63-100 0.25 

A/125-200 0.22 

A/150-224 0.16 

A/125-224 0.22 

 

5.1.3 Bulk, tap and pycnometer density of granular materials 

The samples’ bulk and tap density were measured according to the description in chapter 4.2. The 

pycnometer density was measured following chapter 4.3. Some representative densification curves of 

samples are presented in Figure 49. It can be seen that the most significant density change happens at an 

early stage, i.e., tap numbers below 50 and results in an asymptotic curve with increasing tap numbers.  

 

Figure 49: Densification of a single measurement of each sample to show noteworthy differences in bulk and tap densities. 

The measured bulk, tap and pycnometer densities are listed in Table 8. It can be seen that the bulk 

densities are close to each other. Outstanding are samples SA and A/<125, with the highest bulk and tap 

densities. Besides this, minor fluctuations in the measured pycnometer densities can be observed (Table 

8). It is important to remember that all samples are equal in their chemical composition, indicating that 

the presented bulk and tap densities in Table 8 are primarily influenced by the granule size distribution.  

The bulk and pycnometer density ratio yields the packing fraction η (Table 8). Although the bulk and tap 

density show for some samples noteworthy differences, the packing fraction is nearly identical. This result 

aligns with the DEM simulations of Parteli et al. [213], showing that the packing fraction stays nearly 



61 

 

Internal - INTERNAL use only 

constant for mean diameters larger than 30 μm. Schmidt et al. [214] found numerically a constant packing 

fraction for mean diameters above 100 μm. The calculated packing fractions of nearly 0.3 are considerably 

smaller than those of bimodal granular systems, ranging experimentally between 0.64 and 0.85 [215]. The 

ratio between the tap and bulk density is called Hausner ratio [216] and describes the degree of internal 

friction from a densification process [217] (Table 8). Hence, the flowability of the granular system is better 

the smaller Hausner ratio. 

Table 8: Bulk, tap and pycnometer density of selected samples of type A. Errors stem from several measurements. 

Sample Bulk density 

(g/cm3) 

Tap density 

(g/cm3) 

Pycnometer 

density 

(g/cm3) 

Packing fraction 

η (-) 

Hausner         

ratio (-) 

SA 3.36 ± 0.01 3.67 ± 0.01 11.50 ± 0.01 0.29 ± 0.01 1.093 ± 0.004 

A/>224 3.25 ± 0.01 3.51 ± 0.01 11.50 ± 0.01 0.28 ± 0.01 1.080 ± 0.005 

A/200-224 3.27 ± 0.01 3.51 ± 0.01 11.52 ± 0.01 0.28 ± 0.01 1.074 ± 0.004 

A/150-200 3.28 ± 0.01 3.53 ± 0.01 11.52 ± 0.01 0.28 ± 0.01 1.077 ± 0.004 

A/125-150 3.27 ± 0.01 3.55 ± 0.01 11.52 ± 0.01 0.28 ± 0.01 1.085 ± 0.005 

A/<125 3.36 ± 0.01 3.67 ± 0.01 11.53 ± 0.01 0.29 ± 0.01 1.091 ± 0.004 

A/100-125 3.29 ± 0.01 3.55 ± 0.01 11.52 ± 0.01 0.29 ± 0.01 1.079 ± 0.004 

A/63-100 3.30 ± 0.01 3.58 ± 0.01 11.51 ± 0.01 0.29 ± 0.01 1.086 ± 0.004 

A/125-200 3.29 ± 0.01 3.56 ± 0.01 11.51 ± 0.01 0.29 ± 0.01 1.084 ± 0.004 

A/150-224 3.26 ± 0.01 3.52 ± 0.01 11.52 ± 0.01 0.28 ± 0.01 1.078 ± 0.005 

A/125-224 3.28 ± 0.01 3.55 ± 0.01 11.51 ± 0.01 0.29 ± 0.01 1.082 ± 0.004 

 

5.2 A novel approach to measure the angle of repose 

The angle of repose is determined with a new measurement setup, shown in Figure 50. The measurement 

device consists of a scaffold and four sliders. A symmetric funnel manufactured from inox steel is attached 

to a slider with an inner angle of 30° and outlet diameter of 2 mm. The inner funnel surface is ground to 

avoid negative influences on the mass flow, such as outlet clogging or funnel flow pattern. The distance 

between the funnel outlet and a round-shaped 80 mm base plate is set at 16.2 mm. The distance of 

87.2 cm between the base plate centre and the camera lens is kept constant throughout all 

measurements.  
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Figure 50: Measurement setup for the determination of the angle of repose of hard metal granules. Image is taken from [210]. 

The base plate is mounted on a second slider to change the position in the x-axis direction below the 

funnel orifice. The angle of repose is measured at different plate positions, evenly distributed around the 

plate with a step of 0.5 mm. The actual base plate position on the x-axis is measured with a calliper and a 

precision of 0.01 mm. The displacement of the base plate from the centre induces a wanted skewness of 

the conical heap on the base plate (Figure 51). More precisely, the skewness leads to a preferred sliding 

of a layer of granules from the cone's tip in the form of avalanches. The angle of repose is measured three 

times for each position, making for a single granular sample a total of 27 measurements. Noteworthy, the 

measurement position of the base plate is fixed during measurements and is shifted after the third 

subsequent measurement.  

 

Figure 51: Skewness of the conical heap (left and right) and an ideal symmetric conical heap in dependency on the plate position. 

Image is taken from [210]. 

The measurements are performed in an air-conditioned room. The temperature ranges between 21 to 

23 °C. The relative humidity in the air is influenced mainly by the weather conditions. Moisture influences 

are reduced by storing the granular materials inside plastic bottles or plastic bags inside buckets.  

5.2.1 Image processing algorithm  

The following chapters describe the underlying principles of the image processing algorithm. The objective 

is to describe the cone surface as precisely as possible by an edge detection function. The cone's edge is 
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visible as a black line, being the transition from black to white pixels. A similar experimental study has 

been presented by Li et al. [60], where linear fittings of the surface line are used to determine a 

representative angle of repose for heaps at rest. In a previous study, Li et al. [218] discussed applying a 

global batch clustering method to detect the piled-up heap automatically. This method is also integrated 

into the follow-up experimental study of Li et al. [60].  

5.2.1.1 Recording of data 

The experimental setup in Figure 50 consists of an LED backlight to increase the brightness and the 

contrast between the background and the granular material. The granular materials are opaque and are 

visible as black cones in the acquired images. Measurement preparation begins with filling the funnel with 

one of the samples listed in chapter 5.1. The measurement starts by opening the orifice to introduce a 

continuous flow of granules onto the base plate. The continuous flow of granules leads to the bulking-up 

of the pile until avalanching occurs. In this state, the avalanching effect dominates. The bulking-up, 

permanent flow of the granules and the occurrence of avalanches are recorded with a full HD camera 

equipped with a 5-50 mm wide angle lens and a focal ratio of f/1.6. The frame rate is set to 5 fps, acting 

as a compromise between the stored data's size and the necessary number of images to detect reasonable 

changes in the angle of repose. The end of the measurement is reached when (1) the funnel is completely 

discharged, (2) the granular material from the vessel encounters the cone edge of the base plate 

(overfilling), or (3) a clogging effect inside the funnel occurs.  

A single measurement records up to 1300 images per measurement, followed by image processing. 

Noteworthy, 35000 images are acquired from 27 measurements spread over various base plate positions. 

These images are saved in PNG format to acquire the angle of repose for a single granule sample.  

5.2.1.2 Conditions for the image processing  

In the early stage of the measurement, the continuous flow leads to bulking of the conical heap. During 

this phase and the overall measurement, avalanches exist. The existence of avalanches influences the 

measured angle of repose [219]. Consequently, it is necessary to provide restrictions and conditions for 

the following angle of repose calculation: 

• Only images are considered after the bulking phase of the cone, i.e., after the first avalanche and 

the first granular material falling inside the vessel. The bulking phase ends when the granules 

reach the perimeter of the base plate. Therefore, the bulking phase is neglected in the proposed 

method. 

• Images where granular materials on the base plate are in contact with granules from the vessel 

are discarded. The reason is an influence on the measured angle of repose. The size of the vessel 

and the granule properties mainly influence this effect. Noteworthy, this happens mainly at the 

end of the measurement. 

• Tests during which clogging effects inside the funnel occur, are suppressed. When this happens, 

the whole measurement is discarded and repeated. 
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5.2.1.3 Steps of the image treatment 

The image processing is split into two essential steps: image processing and the automatic angle of repose 

calculation. The image processing is performed with the Computer Vision library OpenCV [220] together 

with the data processing library SciPy [221]. The image processing starts by loading one image from the 

data set, followed by the application of bilateral filtering to minimize noise and, at the same time to keep 

sharp edges (Figure 52, a). In the second step, the image is changed to grey (Figure 52, b). In the following 

step, a binarization of the image is performed to convert the image to black and white (Figure 52, c). Then, 

the binarized image is reduced to a region of interest (ROI) (Figure 52, d). This step is essential to avoid 

any disturbances from the regions outside the LED backlight (see black areas next to the cone; Figure 52, 

a-c). The falling granular material leads to a rounded tip of the pile. The rounded tip and the base plate 

edges are omitted to determine the angle of repose. Finally, the angle of repose is determined from the 

ROI. The ROI contains the central body of the cone, i.e., the rounded tip and a few layers of the granules 

are excluded (Figure 52, e).  

In the next step, the ROI is split horizontally into two separate images and is treated identically, as 

described in the following. From now on, the angles of repose for the left and right sides are called: alpha 

left αL and alpha right αR. The division of the ROI into two halves is essential for the sliding base plate 

approach. Here, the angles for both sides are equally calculated and, for simplicity reasons, only explained 

in the following for the left side (αL). First, an edge detection function provides the xi and yi information 

from the pile's surface (Figure 52,f). Then, the first n pixels from the lower left corner are considered to 

apply a linear fit to calculate the slope m of the pile's surface. The angle of repose αL,n for the discrete 

pixel number n and the slope m can be calculated following equation 89.  

𝛼𝐿  = tan−1(𝑚) 89 

It is important to note that the total amount of pixels nmax and the pixel number n changes from image to 

image, as the cone shape fluctuates during the measurement. 
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Figure 52: The various stages of the image processing: a) one original image, b) grey image, c) binarized image, d) ROI of the 

pile, e) ROI with sliced bottom and top of the pile, f) visible edge from edge detection function. Image is taken from [210]. 

5.2.1.4 Avalanche detection method 

As previously stated, a continuous mass leads to bulking of the pile accompanied by avalanches. The 

avalanches are visible as local waves inside the 2D images, which occur unpredictably during the 

measurement. The bulking phase typically causes an increase in the angle of repose, while an avalanche 

leads to a decrease. Both cases are valid when the whole surface line of the pile is considered for the angle 

of repose evaluation. Consequently, in this approach, the effect of the avalanche is considered in the 

image processing, as the avalanche leads locally to an increased angle of repose. 

In the first step, areas next to the base plate are controlled for the existence of discharging granular 

material (Figure 53, red boxes). Falling off the base plate happens when an avalanche exceeds the 

perimeter of the base plate. If granular materials are detected inside both areas, this image is omitted for 

the angle of repose calculation.  

 

Figure 53: Exemplary original image with granular material next to the base plate. Red areas next to the base plate are 

manually added for illustration purposes. Image is taken from [210]. 

a) b)

c) d)

f)e)
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In this proposed approach, the idea of Li et al. [60] is implemented to calculate the slope with the xi and 

yi information through an iteration process. Furthermore, the iteration process is extended with further 

criteria. Figure 54 (left) shows a typical surface line created from x- and y-coordinates found from the 

edge detection function. The iteration for the given pixels starts in the lower left corner (Figure 54, right). 

The iteration starts at a minimum pixel number nmin, defined as 20% of the total pixel number nmax. For 

the iteration process, only 95 % of the total amount is considered to prevent any influences from the 

curved tip, i.e., the upper 5% are discarded. The iteration starts with the pixel number nmin and increases 

until the pixel number n reaches nmax. The slope is calculated for every iteration step of the pixel number 

n. It is important to remember that the total amount of pixels nmax depends on the actual image, 

influenced by bulking and avalanching, i.e., strongly influenced by the pile's shape. Consequently, nmin and 

nmax differ from image to image.  

 

Figure 54: Surface line of a pile from the left side found by the edge detection function (left). Iteration process (right). Image is 

taken from [210]. 

This proposed approach uses the slope to determine a suitable range of pixels. The idea is to introduce 

the slope coefficient f, expressing the ratio of the slope mn and the initial slope mnmin
, following: 

𝑓 =  
𝑚 

𝑚 𝑚𝑖𝑛

 90 

A slope coefficient factor above or below 1 implies a slope change compared to the initial slope, indicating 

the presence of an avalanche or artefact. The presence of an avalanche is controlled by considering an 

upper mUL and lower mLL limit to describe the minimal and maximal deviation. While the slope coefficient 

f stays within limits, the iteration runs until the nmin reaches nmax. The smaller the difference between both 

limits, the more likely the slope coefficient f passes the given limits. Consequently, the size of the upper 

and lower limits describes the degree of sensitivity to avalanches and curved surfaces in the absence of 

avalanches. On the other side, excessive limits lead to ineffective classification, including less pronounced 

avalanches or surface irregularities of the heap. Initial measurements suggest that the slope coefficient 

should range between 5-10% around f. For the proposed approach, the limit is set to 6%. Besides this, Li´s 

criterion [60] is considered. Here, the correlation coefficient has to be higher than 0.96 during the iteration 

process. When this value is lower than 0.96, the iteration stops, similar to the boundary limits of the slope 

coefficient.  

The angle of repose is then calculated with equation 89 and the slope from either the maximal pixels from 

the whole surface line or at an earlier stage with fewer pixels when boundaries are exceeded.  
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Figure 55: Schematic illustration of the upper and lower limits. 

5.2.2 Data processing for data sets 

Calculating the angle of repose for each image leads to a distribution of angles. Therefore, the beginning 

of the data processing is the search for significant outliers by using the 1.5-IQR method [222]. In this step, 

the data set is ordered. Then, the first and third quartiles are determined from the ordered list. The 

difference between both quartiles is described as the interquartile range (IQR). The IQR describes data 

scattering around the median value, the middle of the ordered data set. In the proposed approach, the 

IQR is increased by a factor of 1.5, as used by Kim et al. [223] and Pirson et al. [224], providing the upper 

and lower limits of considered AORs. Every angle exceeding these limits is excluded from the final AOR 

determination.  

In the next step, the average is calculated based on the considered data for each measurement. Notably, 

the measurement is performed at least three times for every base plate position. The previously 

mentioned criteria lead to a minimal variation of the considered images, making it necessary to consider 

weighted averages. 

5.2.3 The sliding base plate method 

Compared to other angle of repose measurements found in the literature [46][225,226], the proposed 

method measures the pile angle for various base plate positions with reference to the funnel orifice. 

Consequently, it allows the plot of the acquired angles αL and αR in the function of the plate position 

(Figure 56). First, the angles αL and αR are fitted with a 4th-order polynomial fit. Polynomial fits of lower 

order described inadequately the evolution of αL and αR. Then, the intersection point of both polynomial 

fits is determined. It is expected to have a transition with a higher fit inclination near the intersection 

point. This inclination distorts the calculated AOR. Consequently, the angles of αL and αR near the 

intersection point are omitted. The average of the remaining angles yields the final AOR. 
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Figure 56: Schematic illustration to determine the angle of repose with the fits from the angles αL and αR for various plate 

positions. Image is taken from [210]. 

5.2.4 Validation of the approach with an artificial image and a reference cone 

The novel approach is initially tested with two different methods. First, a symmetrical reference cone with 

a nominal angle of 32° is placed on top of the base plate (Figure 57). The program takes up to 250 images 

in the centre of the camera image, followed by the image processing treatment. The actual angle of the 

reference cone of 31.98° ± 0.04° has been measured with a Keyence VR-3200. Second, an artificial (digital) 

figure is created with a black triangular shape and a nominal angle on both sides of 32°. The artificial figure 

is treated with the proposed technique. 

 

Figure 57: (left) manufactured metallic cone, (right) dimensions of the manufactured metallic cone. Image is taken from [210]. 

5.3 Results and Discussion 

5.3.1 Verification of the proposed algorithm with the artificial image and the reference cone 

In terms of the first method, the proposed image processing calculates from the set of images slightly 

smaller angles for αL of 31.91° ± 0.01° and αR of 31.89° ± 0.01° with respect to the measured reference 

angle of 31.98° ± 0.04°. For the second method, the proposed image processing algorithm is applied to an 

ideal triangular shape inside an image of the same resolution as the camera's images. Notably, the artificial 

image was not recorded by the camera. The results state an overall low measurement error of 0.002%, 

mainly caused by the size of the pixels and the step-like positioning to describe the transition from black 
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edge to white background. A further increase in the artificial image resolution, leading to a decrease in 

the pixel size, might reduce the error further. 

5.3.2 The angle of repose of granular materials 

Figure 58 shows the results of the sliding base plate method. Clear intersection points can be found for 

the measured angles αL and αR for the listed samples in chapter 5.1. The intersection point is assumed to 

align the base plate and the orifice centre perfectly. Therefore, the intersection point is considered to 

calculate the angle of repose with the horizontal angles as follows: The first angles next to the intersection 

point are discarded and the average of the remaining angles yields the angle of repose (AOR) θ (Table 9). 

 

Figure 58: Measured angles in dependency of the plate position with respect to the orifice for a set of hard metal granular 

materials; displayed bars are the errors and, in some cases, smaller than the marker size. 

As a benefit of this experimental method, the calculated angle of repose (AOR) appears insensitive to the 

centre position with respect to the funnel orifice, as the angles close to the intersection point are omitted 

(Table 9). It can be seen from Figure 58 that the angles left and right of the intersection are similar, i.e., 

for decentred base plate positions. Consequently, the proposed procedure can be reduced to a one-sided 

measurement, significantly reducing the measurement duration.  
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Table 9: Calculated angle of repose with the average of αL and αR. See text for more information. 

Sample AOR θ (°) 

SA 34.3 ± 0.3 

A/>224 31.6 ± 0.2 

A/200-224 31.8 ± 0.2 

A/150-200 32.6 ± 0.2 

A/125-150 32.9 ± 0.2 

A/<125 37.4 ± 0.3 

A/100-125 32.9 ± 0.2 

A/63-100 34.2 ± 0.1 

A/125-200 32.5 ± 0.3 

A/150-224 31.0 ± 0.2 

A/125-224 32.0 ± 0.2 

 

5.3.3 The influence of the granule properties on the angle of repose 

Figure 59 (left) displays the angle of repose (AOR) in function of the d50 diameter. A decrease in the d50 

diameter leads to an increased angle of repose, except for two outliers (SA and A/<125). These findings 

are in alignment with the study of Zhout et al. [69], Macho et al. [226], and Lumay et al. [58]: smaller 

diameters yield higher angles of repose. The two outliers, SA and A/<125, can be described by the granule 

size distribution shown in Figure 48. These two samples contain many fine particles (diameters below 

65 μm). It is known [58] that fine particles significantly affect the angle of repose due to interparticle 

cohesive forces [50].  

 

Figure 59: The angle of repose in dependency of the d50 diameter from the volumetric size distribution (left), angle of repose in 

dependency of the measured bulk density (right). Both figures share the same legend. 

The size distribution (Figure 48) also influences other characteristic material parameters: the bulk density 

and the span. Therefore, these two parameters are expected to influence the angle of repose angle 

systematically. Figure 59 (right) shows the measured angle of repose in function of the bulk density (Table 

8). It is visible that lower bulk densities lead tendentially to lower angles of repose. The granule size 

distribution primarily affects the bulk density, influencing the packing density, which is well understood 
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for samples with bimodal distributions [126,128,227]. Depending on the granule size distribution, the 

interstitial voids between larger granules are filled, leading to higher bulk densities, explaining the 

increased densities for SA and A/<125, as these two samples contain very fine particles.  

Figure 60 (right) displays the angle of repose in the function of the Hausner ratio. Again, similarities to the 

span and the bulk density can be found: a higher Hausner ratio leads to an increased repose angle. An 

experimental study by Santomaso et al. [228] showed a significant difference in the angle of repose of 25° 

to 41°, whereas the Hausner ratio was nearly constant. Santomaso et al. [228] concluded that the Hausner 

ratio might not be a suitable criterion, when the value is below 1.10. 

 

Figure 60: The angle of repose in the dependency of the Hausner ratio H for selected materials from chapter 5.1. 

5.4 Influence of the lens distortion 

The lens distortion on the measured angle of repose was investigated from images with a two-dimensional 

triangle in the centre position of the base plate. The lens distortion can be analyzed by performing a 

calibration, typically done using a chessboard with a known geometry as described in literature [229]. 

Here, two inputs are needed for the lens distortion calibration: (1) the length of a single square of the 

chessboard and (2) a set of images from the chessboard taken from different angles and distances [229]. 

With these inputs, the calibration parameters are determined and considered for every image to acquire 

an undistorted image. Notably, the calibration parameters depend highly on the quality of considered 

images. 

The angles of both images, namely distorted and undistorted, are compared. The described calibration 

procedure leads to a slightly higher base angle of 0.1° for the acquired two-dimensional triangle images. 

However, a single angle measurement's standard deviation is nearly 0.4°. Therefore, the image distortion 

correction was omitted for the angle of repose determination.  

5.5 Limits of the proposed approach  

The angle of repose has been measured with granular materials of various mean diameters. Restrictions 

for the proposed method might occur for very cohesive powders, which form unevenly shaped piles [58]. 

The shape is influenced by the cohesive nature of the material, which leads to a higher angle of repose 

[50]. No undercuts or overhangs have been observed for the selected materials. Furthermore, the 

measurement device is currently limited to materials which can be discharged from the funnel with an 
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orifice diameter of 2 mm, i.e., no clogging effect during the measurement. For very cohesive powders or 

systems with larger granule mean diameters, funnels with bigger orifice diameters must be considered. A 

bigger orifice diameter affects the mass flow rate discharged from the funnel and impacts the occurrences 

of avalanches. 

Another aspect is that the pictures are taken at a single camera position. The calculated angle of repose 

is based on the side surface lines. Influences from covered surfaces are not respected, i.e., piles surface 

between the base plate and backlight and the surface between the camera and base plate. Measurements 

with more cameras around the base plate might be interesting, or a single camera rotating around the 

pile, as performed by others [57][225]. This will be subject of future investigations. 

5.6 Summary and Conclusion 

The angle of repose was measured for a set of hard metal granular materials. The presented technique 

proposes a way to determine the angle of repose with dynamic image analysis and the sliding base plate 

method. The proposed measurement technique can be described as follows: A camera takes images from 

conical heaps, visible as projections, for various base plate positions. The algorithm evaluates the angle of 

repose, also considering the surface avalanches. The algorithm is applied to every image taken during the 

heap formation on the base plate. The findings show that the presented approach, combined with a sliding 

base plate method, is insensitive to a decentred experimental setup. Furthermore, the relationship 

between the angle of repose and granule size diameter aligns with findings reported in literature. 

Therefore, it is assumed that this method is also applicable to other granular materials with similar 

characteristics.  
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6 The mass flow rate of hard metal granules in relation to an extended Bond 

number 

This chapter compares the measured angle of repose for selected granular materials listed in chapter 5.1 

with the mass flow rate through an orifice. First, the friction coefficient is calculated from the angle of 

repose. Next, the influence of the attractive forces on the friction coefficient and the mass flow rate is 

analysed for hard material-based granular systems. The influence on the mass flow rate by attractive 

forces is discussed in terms of the Beverloo Law and the fitting parameters C and k. Based on the acquired 

results, an extended granular Bond number is discussed, considering the friction arising not from the 

attractive forces. The extended granular Bond number might be useful for other powder-like systems. 

Parts of this chapter have been published [230]. 

6.1 The attractive forces between granular materials 

The attractive forces between the granules influence the granule’s flow (see chapters 3.3.3.2 and 3.4). It 

is essential to understand these influences for any powder and granular system, in our case, hard metal 

granular materials, as these are composed of different materials. One fundamental property is the 

Hamaker constant of these components, which influences the overall attractive forces between various 

granules differently. Two approaches are presented in the following.  

6.1.1 The surface energy of the solid materials 

The sessile drop technique is used to create drops on solid surfaces, as described in chapter 4.8. Using 

various liquids, solids' polar and dispersive surface energies are then determined following the OWRK 

method. Contact angle measurements are typically performed with water and diiodomethane [231,232]. 

The choice for both liquids lie in their chemical properties. The surface energy of water consists of a polar 

and a dispersive component, while the diiodomethane has only a dispersive component. Solids' polar and 

dispersive surface energies are then determined with a linear regression based on equation 59 and two 

data points representing two liquids (see also Figure 21, chapter 3.4.2). This technique has been used for 

various solids such as steel and polyurethane [233].  

Table 10 shows the measured contact angles for selected liquids and for every solid material. It is 

important to note that dodecane thoroughly wetted every solid’s surface. Therefore, a quantitative 

measurement of the contact angle is challenging. Nevertheless, the dodecane contact angle is assumed 

to be 2 ° with a high error.  
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Table 10: Measured contact angles measured with different liquids on various solids. Errors stem from multiple measurements. 

Error for dodecane is assumed, see text. 

Sample Deionized water (°) Glycerine (°) Dodecane (°) 

WC 38 ± 1 33 ± 1 2 ± 2 

Co 74 ± 1 74 ± 2 2 ± 2 

Paraffin 109 ± 1 98 ± 1 2 ± 2 

 

The measured contact angles from Table 10 are considered for the OWRK method, displayed in Figure 61. 

It is visible from Figure 61 that tungsten carbide (WC) is higher located in the graph, primarily influenced 

by its chemical property, i.e., high covalent bonds between atoms. On the other side, the surface energy 

of the organic binder is comparatively low. 

 

Figure 61: Calculated ratios for the OWRK method based on the measured contact angles for various liquids. The points from left 

to right are dodecane, glycerine and water. Error on the ordinate is neglected as the literature does not provide this information.  

It is important to be reminded that the intersection with the abscissa corresponds to the disperse force 

γd, and the slope is linked to the polar surface energy γp of the solid (chapter 3.4.2). The sum of both 

energies yields the total surface energy of the solid, listed in Table 11. It turns out that WC's measured 

total surface energy is nearly half compared to the surface energy found by Abd Rahman et al. [234]. The 

determined surface energy for the paraffin coincides well with the literature [235], as the polar part of 

paraffin is very low, and the dispersive energy is comparable high. Possible reasons for differing values 

compared to the literature are the surface quality of the investigated material, i.e., the surface roughness, 

as discussed by Packham [236]. Another influence arises from the cleansing of the solid surface [235]. In 

this experimental study, the surface was cleaned with acetone and dry wiped before a measurement.  
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Table 11: Measured polar and dispersive surface energies for various solids within a granular material. Linear fit according to 

the OWRK method. The linear fit is weighted according to their errors in the software origin. 

Sample Polar surface 

energy σp (mJ/m2) 

Dispersive surface 

energy σd (mJ/m2) 

Total surface energy 

σ (mJ/m2) 

WC 33 ± 2 25 ± 2 58 ± 3 

Co 9 ± 5 22 ± 8 31 ± 9 

Paraffin 0.1 ± 0.1 24 ± 4 24 ± 4 

 

The measured dispersive surface energies σd from Table 11 are used to calculate the Hamaker constants 

A of WC, Co and paraffin, following equation 47 (chapter 3.4.1), where the cut-off distance D0 is 0.165 nm 

[147]. It is important to be reminded that the granular materials from chapter 5.1 are composed of these 

three different materials. Israelachvili [147] describes the calculation of an effective Hamaker constant of 

two various materials through a geometric mean of the component’s Hamaker constants. In the case of 

hard metal granules composed of three different materials, the multi-component Hamaker constant A123 

follows: 

𝐴123 =  √𝐴1𝐴2𝐴3
3   91 

where the index numbers 1, 2 and 3 correspond to the Hamaker constant of the individual materials WC, 

Co and Paraffin, respectively. This approach was applied by Capece et al. [154][237] for two-component 

systems created from mixing bulk materials, such as pharmaceutical and microcrystalline cellulose 

powders.  

Equation 91 assumes that the individual Hamaker constants are equally distributed inside a granule. The 

resulting attractive forces between two granules strongly depend on the materials distributed on the 

surface of both granules in contact. Capece et al. [252] addressed this topic, considering the fractional 

surface area covered by the individual components on the surface of granules. In this approach, the 

Hamaker constant is weighted with factors vx inside the geometric mean to acquire a multi-component 

Hamaker constant  ̅ 23 influenced by the volumetric parts within a single granule, following:  

𝐴̅123 = √(𝑣1𝐴1)(𝑣2𝐴2)(𝑣3𝐴3)
3

 92 

where v1, v2 and v3 represent the volumetric part of each ingredient. Using equation 92, the calculated 

multi-component Hamaker constant yields (1.3 ± 0.1) 10-20 J. The multi-component Hamaker constant 

approximates a three-component system, i.e. for a single granule, and depends on the dispersive surface 

energies acquired from the contact angle measurements.  

A problem arises from the assumption that the contact angle of dodecane of all solid materials is close to 

zero. According to Chibowski and Perea-Carpio [238], when a liquid's contact angle is nearly zero, the 

solid's dispersive surface energy is in the range of the surface tension of the liquid, which is a misleading 

conclusion. In other words, any liquid leading to a contact angle of (nearly) 0° and √γL
P γL

D⁄  = 0 yields 

directly the surface energy of the solid. However, this can occur for various liquid materials with different 

surface energies. Considering this point, when omitting the dodecane in Figure 61, the multi-component 

Hamaker constant is nearly half, in the order of 0.6 10-20 J.  
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Determining the Hamaker constant based on the contact angle is challenging, and the provided 

approximation might not be suitable to describe precisely the Hamaker constant of a multi-component 

system. More Investigation is needed to confirm this approach. A more suitable way is to calculate a multi-

component Hamaker constant from measured attractive forces between granules inside an atomic force 

microscopy (AFM). 

6.1.2 Atomic force microscopy 

Atomic force microscopy (AFM) (see chapter 4.11) is used to access the attraction between the granular 

materials directly. The preparation of the cantilever and the measurement conditions are described in 

chapter 4.11. Figure 62 displays two prepared cantilevers with different granule sizes from the unsieved 

sample SA. The AFM measurements are concentrated on the unsieved sample SA, as every other granular 

system (A1.1 to A3.1) comprises the same amount of tungsten carbide, cobalt and organic binder.  

 

Figure 62: The images show an all-in-one cantilever from BudgetSensors with the attached granules on two cantilevers, 40x 

magnification. 

The attractive forces are measured between a flat surface and a prepared cantilever. One of the reasons 

for this approach is the prevention of granule movement when the attractive forces between two granules 

act. Secondly, the attractive forces between granules are granule size dependent (see chapter 3.4.1). 

Therefore, it is likely in a set of different granule sizes that the attractive forces are measured between 

two different granules of different sizes, leading to a challenging approach, as both granule diameters 

have to be known. In this study, the flat surface is first created by compressing the granular material. 

Notably, the flat surface might be slightly uneven, as the applied pressure on the granules affects the 

surface topography of the flat surface. In the next step, the cantilever with the attached granule 

approaches the surface in a nitrogen atmosphere. The cantilever has a nominal resonance frequency of 

15 kHz and a nominal stiffness constant of 0.2 N/m. Several measurements on twenty different locations 

are performed in contact mode. Finally, the maximal pull-off force is calculated with the maximal laser 

deflection following equation 87 (chapter 4.11).  

The Hamaker constant A for the granular material, composed of a specific amount of WC, Co and organic 

binder, is then calculated as presented by Israelachvili [147] based on the pull-off force F acting over a 

distance D between a spherical object of diameter dp and a planar surface, following equation 93:  
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A =  
6𝐹𝐷2 

(
  

2
⁄ )

 93 

The measurement of the pull-off forces with two different granule sizes (Figure 62) of  87 ± 2 μm and 113 

±   μm lead to two different Hamaker constants of (1.5 ± 0.2) 10-22 J and (3.2 ± 0.7) 10-22 J. These 

differences and the overall magnitude (10-22 J) arise mainly from the interplay between the surface 

roughness and the granule diameter. Other influences come from the deviation of the nominal cantilever 

stiffness given by the manufacturer, the multicomponent mixture of WC, Co and organic and a difference 

in the location of both granules' positions on each cantilever. Consequently, it is assumed that the 

Hamaker constant for the multi-component system is in the order of 2 10-22 J with an error of 100 %. This 

2 10-22 J value is used to calculate the van der Waals forces in the determination of the granular Bond 

number.  

6.1.3 The granular Bond number 

The granular Bond number Bog is calculated following equation 60. Here, the cohesive forces arise solely 

from the van der Waals forces and are assumed to be the dominant attractive forces. Other influences, 

such as surface roughness, are neglected. The Hamaker constant (see previous chapter) is considered for 

the van der Waals forces between two spheres of diameter d1 and d2. Both spherical granule diameters 

are identical and expressed by the Sauter mean diameter d[3,2], describing the mean diameter of granular 

systems [154,155].  

The gravitational force Fg is calculated based on equation 61 with the gravitational acceleration g and the 

mass m of a single granule. The mass is calculated with a granule's spherical volume and the multi-

component system's density. Consequently, the measured pycnometer density ρpyc from Table 8 and the 

Sauter mean diameter d[3,2] is used to calculate the mass m, assuming that the granular materials are 

dense (no intragranular porosity). The ratio between the van der Waals forces and the gravitational force 

yields the granular Bond number and is listed for all granular systems in Table 12.  

Table 12: Calculated granular Bond numbers for selected granular material from chapter 5; the error of the Bond number is 

100%; see text in chapter 6.1.2 

Sample Granular Bond number Bog (-) 

SA 0.04 

A/>224 0.02 

A/200-224 0.02 

A/150-200 0.03 

A/125-150 0.06 

A/<125 0.30 

A/100-125 0.08 

A/63-100 0.14 

A/125-200 0.03 

A/150-224 0.03 

A/125-224 0.03 
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6.2 Results and Discussion 

6.2.1 The friction coefficient and particle size 

The experimental setup presented in chapter 5.2 has been used to determine the angle of repose. These 

angles of repose are used to calculate the friction coefficient for each granular system of Table 9 with 

equation 94:  

μ =  tan (θ) 94 

and are listed in Table 13.  

Table 13: Friction coefficients for selected hard metal granules, calculated with the angle of repose. 

Sample Friction coefficient μ (-) 

SA 0.681 ± 0.008 

A/>224 0.614 ± 0.005 

A/200-224 0.619 ± 0.005 

A/150-200 0.640 ± 0.005 

A/125-150 0.645 ± 0.005 

A/<125 0.765 ± 0.008 

A/100-125 0.649 ± 0.005 

A/63-100 0.680 ± 0.003 

A/125-200 0.637 ± 0.007 

A/150-224 0.602 ± 0.005 

A/125-224 0.623 ± 0.005 

 

Figure 63 shows the calculated friction coefficient from Table 13 in function of the Sauter mean diameter. 

As the angle of repose is linked to the granule diameter, an identical relationship can be found for the 

friction coefficient, aligning with the outcome of Lumay et al. [58], who reported a significant increase in 

the angle of repose θ for very small particles lower than 100 μm. 
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Figure 63: The friction coefficient μ in the function of the Sauter mean diameter d[3,2]. Some error bars are smaller than the 

marker size. 

6.2.2 Relationship between the friction coefficient and the granular Bond number 

Figure 64 shows the friction coefficient and the granular Bond number (logarithmic). The results follow a 

linear relationship between the measured friction coefficient μ and the granular Bond number Bog, which 

can also be seen from the inset in Figure 64. The dashed line is a linear fit following: 

μ =  𝜇𝑒𝑓𝑓 ∞ + 𝑐𝑜𝑛𝑠𝑡 ∗ 𝐵𝑜𝑔  95 

where μeff, ∞ = 0.6. The standard sample SA contains all granule sizes, leading to a broader size distribution 

than the other samples (A/>224 to A/125-224) and is therefore omitted for the fit. Elekes and Parteli [50] 

numerically investigated the friction coefficient change for a wide range of granular Bond numbers 

between 10-6 and 105. Their investigation shows a significant increase in the friction coefficient for 

granular Bond numbers above 102. The calculated granular Bond numbers for hard metal granules from 

Table 12 lie between 102 and 100 (see Figure 64). Consequently, the presented friction coefficients and 

granular Bond numbers in Figure 64 display only a small range of the friction coefficients shown in [50]. 

Within the presented limits, the findings agree with the results of Elekes and Parteli [50].  

Besides this, Elekes and Parteli [50] presented a significant decrease in the attractive forces with 

increasing particle size, i.e. the granular Bond number decreases, yielding an effective infinite friction 

coefficient μeff, ∞ for granular Bond numbers lower than 10-1. Their findings showed that the friction 

coefficient remains nearly constant below this granular Bond number. A similar trend can be observed for 

the experimental data in Figure 64, expressed by the linear fit (Equation 95), also leading to an effective 

infinite friction coefficient μeff, ∞. The magnitude of μeff, ∞ is primarily affected by the granule composition, 

such as the type and amount of the tungsten carbide or organic binder.  
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Figure 64: The friction coefficient μ in the function of the granular Bond number Bog(d[3,2]). The inset shows the same data with a 

linear scale. The error bars are not present in the inset. 

6.2.3 The mass flow rate of granular materials in function of the granular Bond number 

Figure 65 displays the mass flow rate ṁ, experimentally measured with an orifice diameter of 5 mm, in 

function of the granular Bond number Bog. Similar trends were observed for other orifice sizes, i.e. 2 to 

8 mm. Figure 65 displays an increasing mass flow rate (A/>224, A/200-224, A/150-224, A/150-200, A/125-

224, A/125-200, on the left side), followed by a decrease in the mass flow rate (A/125-150, A/100-125, 

A/63-100, A/<125) with increasing granular Bond number. It is essential to be reminded that the decrease 

in the granular mean diameter mainly causes the increase in the granular Bond number. Moreover, the 

two data sets A/>224 to A/125-200 and A/125-150 to A/<125) are fitted with two power laws (Figure 65). 

The intersection point of both fits represents the granular Bond number at which a maximal mass flow 

rate can be reached for the selected granule system.  

Two opposing relationships can describe the existence of a maximal mass flow rate. When the granule 

diameter decreases (increasing the granular Bond number), the mass flow rate rises for a specific orifice 

diameter D (equation 35, m ̇ ~ (D kdp)
2. 

). With a further decrease of the granule diameter, the influence 

of attractive forces increases until these forces become dominant over the gravitational force (compare 

equations 46 and 60). This effect increases the effective granule diameter (deff = kdp) for a given orifice 

size D caused by the possible formation of agglomerates, leading to a higher hindrance of free flow. A 

similar finding of the interplay of granule size and the attraction forces, expressed by the granular Bond 

number, was concluded by Lu et al. [9]. 

The change of the   R θ with respect to the granular  ond number is more significant (nearly 2  , Table 

9) than the overall difference in the mass flow rate for the selected granules (nearly 10 %, Figure 65). This 

difference arises from the fact that the gravitational forces in the angle of repose measurements act 

mainly as a downhill force, and consequently, the weak attractive forces have a higher impact. 

Furthermore, in the mass flow rate measurements, the gravitational forces act vertically towards the 

orifice, and the attractive forces between granules have a less pronounced impact.  
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Figure 65: The mass flow rate 𝑚̇  measured with an orifice diameter of 5 mm, in the function of the granular Bond number 

Bog(d[3,2]). The dashed lines are power fits. Error bars might not be visible when smaller than the marker size. 

6.2.4 The mass flow rate and the angle of repose 

Figure 66 shows the mass flow rate ṁ, measured with an orifice diameter of 5 mm as a function of the 

angle of repose θ from Table 9. The values were categorized equally, as used in Figure 65. The dashed 

lines in Figure 66 represent the mass flow rate in function of the   R θ calculated from the trend lines in 

Figure 65 and a linear fit created with the data from Table 12 and Table 13 (θ = f( og)). This approach has 

been applied to both data categories (Bog > intersection point and Bog < intersection point). The maximal 

mass flow rate is represented by the intersection point of the dashed lines at an   R θ of nearly 32.4°.  

Generally, low AORs describe good flowability. However, Figure 66 shows that very low AORs fail to have 

high mass flow rates. As discussed in the previous chapter (6.2.3), the interparticle forces and the 

diameter of the granules influence the mass flow rate.  

 

Figure 66: The mass flow rate ṁ measured with an orifice diameter of 5 mm as a function of the AOR for selected granular 

materials. 
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6.2.5 The extended granular Bond number 

Figure 67 shows a schematic comparison of Figure 64, Figure 65 and Figure 66 to show the two 

contradicting phenomena impacting the mass flow rate. First, Figure 67 (a) shows that as the AOR 

increases, the mass flow rate increases to the maximal mass flow rate ṁmax until AOR θt. This effect is 

connected to the decreasing granule diameter and increasing granular Bond number. Beyond AOR θt, the 

attractive forces (or any other forces) negatively affect the free flow of the granules, expressed by a 

decreasing mass flow rate as AOR θ increases (Figure 67, a). A similar relationship exists for the mass flow 

rate ṁ and the granular Bond number, illustrated in Figure 67 (b). 

As previously stated, the granular Bond number describes the ratio between the attractive forces (here: 

solely the van der Waals forces) and gravitational force. The maxima location in Figure 67 (a) (also Figure 

66) and Figure 67 (b) (also Figure 65) is affected by the interplay between the increasing hindrance of the 

flow of granules and the decreasing granule diameter. The hindrance of the flow can arise from the van 

der Waals forces between the granules or geometrical restrictions, such as satellites or dust on granule 

surfaces or non-spherical granules and other aspects like humidity, etc. In addition, Lu et al. [9] and Anand 

et al. [88] have investigated the effect of cohesion, surface roughness and particle size, negatively 

affecting the flow.  

Based on Figure 67, an extended granular Bond number is proposed, such as Boex = δ Bog, to acquire Boex 

= 1 at the highest mass flow rate ṁmax location. This scaling will also impact the relationship between the 

AOR θ and the granular Bond number. Considering the extended Bond number Boex, the data points in 

Figure 67 (c) will be shifted, while the effective infinite friction coefficient μeff, ∞ remains unaffected. The 

reason is that μeff, ∞ (and also the parameters k and C in the Beverloo law, equation 35) include all 

impacting parameters restraining the flow of granules through an orifice, e.g., the attractive forces. 

Consequently, the extended Bond number Boex and the effective infinite friction coefficient μeff, ∞ relate 

to a similar assembly of parameters impacting the flow granules.  

 

 

Figure 67: Schematic results from a) Figure 66, b) Figure 65 and c) Figure 64. Image is taken from [230]. 
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6.3 Summary and Conclusion 

The relationship between the angle of repose and the mass flow rate with different sizes of hard metal 

granules has been investigated. Various approaches to determine the Hamaker constant of the multi-

component system are presented. Directly measuring the attractive forces with an AFM is a suitable 

technique. The Hamaker constant was determined from force measurements between a spherical granule 

attached to a cantilever and a flat surface. It was then used to calculate the granular Bond number. The 

findings show that the flow of granular materials is affected by two main parameters: the infinite friction 

coefficient and the granular Bond number. The friction coefficient contains all information that influences 

the flow of granules, such as the attractive forces arising from van der Waals forces or surface roughness 

effects. An extended granular Bond number Boex, to acquire Boex = 1, was proposed to consider these 

influences. Supplementary granular materials with differing chemical compositions have to be studied to 

investigate the application of the extended granular Bond number. 
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7 Rheological properties of hard metal granular materials 

Rheological measurements provide insight into the macroscopic friction within a bed of granules under 

shear. The focus of this study lies on two different measurement techniques: rheological measurements 

with (1) a cup and vane as well as (2) a cup and plate combination. In terms of a cup and vane combination, 

various 3D-printed vane geometries have been created and tested with different granular materials. The 

influence of the vane height and diameter on the torque is presented. The effect of the immersion depth 

on the torque is investigated.  

Cup-plate measurements have been performed to study the friction under shear. The shear stresses to 

introduce the flow are investigated for several normal pressures. The ratio between the shear stress and 

the normal pressure yields the friction coefficient, considered for the μ(I) rheology. The friction coefficient 

is studied for a range of shear rates with several hard metal granular materials. Furthermore, amplitude 

and frequency sweep tests are performed to study the viscoelastic properties of granular materials. 

7.1 Methodology 

7.1.1 Rotor-Cup measurements 

Granular material behaves like a solid in a static state and like a liquid beyond the yield stress. It is 

envisaged to shear granular material with a rotor while submerged inside the bed of granules. The 

measured torque is directly proportional to the size of the rotor and the material inside the cylindrical 

cup. Various rotor geometries are created with a 3D printer using polylactic acid (PLA) filaments (chapter 

4.12). The rotors are clamped on a 35 mm plate geometry (PP35 Ti) from Thermo Fisher. A metallic cup 

with a diameter of nearly 60 mm is used. A polymer insert with an inner diameter of nominal 40 mm is 

created with the 3D printer (chapter 4.12) to reduce the necessary material for each measurement (Figure 

68).  

 

Figure 68: Metallic cup and the 3D printed insert. 

Measurements with various rotor geometries are performed. An experimental study with various 3D-

printed vane geometries revealed that material flow is mainly influenced by the number of rotor edges 

creating the circular perimeter and not by the internal rotor structure [239]. In this study, the amount of 

rotor blades is set to eight with a blade thickness h of 2 mm. The 3D-printed rotors and the plate geometry 

are clamped, followed by a calibration of the rotor inertia.  
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Several rotors have been constructed, varying in height H and diameter D. the nomenclature of the rotors 

is as follow: RCDxHy, where x and y take the corresponding lengths of height H and diameter D (RC denotes 

Rotor-Cup). For instance, a rotor of diameter 20 mm and height 10 mm has the nomenclature: RCD20H10.  

 

Figure 69: Schematic dimensions of a rotor geometry.  

The necessary material to completely immerse the rotor depends on the granular material's bulk density 

and the rotor's position inside the cup. The mass for a measurement is estimated with equation 96. Here, 

a is the distance between the rotor blades and the inner cup wall, and b is the gap between the rotor's 

lower edge and the cup's bottom. Furthermore, c is the diameter, and d is the height of the rotor. The 

submerged level, i.e. the additional distance between the upper rotor edge and powder bed surface, is 

described by e. The rotor needs a critical thickness to withstand the torque inside the powder bed. Here, 

the rotor blade length is f and thickness g. The blades are attached to the cylindrical shaft, defined by the 

radius h. Furthermore, n is the number of rotor blades used for the measurements (here: eight). When 

the powder bed is aligned with the upper rotor edge, the powder bed above the rotor is zero, i.e. the 

variable e equals zero in equation 96.  

𝑚 ≈  
(2𝜋 (

𝑐
2 + 𝑎)2 (𝑏 +  + 𝑒)) − (𝜋ℎ2 + 𝑛𝑓𝑔)

𝜌𝑏
 96 

The measurement preparation is challenging. An appropriate preparation technique is to fill the cup after 

the rotor is placed in the desired measuring position (gap width). This approach is considered for any 

performed measurement. It is important to mention that the calculated mass from equation 96 is 

estimated to reach the set filling height. The final filling height is linked to the bulk density of the bulk 

material and depends, for instance, on the filling procedure inside the cup. A prehearing step with a 

rotation speed of 1/min is applied to the powder bed to suppress any influence of the filling process and 

guarantee the same initial conditions for all measurements.  

All measurements are performed in controlled deformation (CD) mode. Preliminary tests showed that 

controlled shear stress (CS) measurements lead to unstable data, as the rotation speed is highly increased 

to reach the desired shear stresses. In any performed CS measurement, destruction of granules has been 

observed; therefore, controlled shear stress (CS) tests are omitted.  

a

b
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d

Bottom viewFront view
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Measurements have been performed at different shear rates ranging between 10-5 to 100 to study 

different flow regimes with hard metal granular systems listed in chapter 5.1. These shear rates are in a 

similar range of measurements reported in literature for yield stress fluids [239]. Granular materials also 

exhibit yield stress characteristics (see chapter 3.5.2), which depend on the granule properties. The 

parameters are selected based on preliminary measurements for a single rotor geometry: RCD20H25. 

Further information can be found in the following paragraphs. The gap width b and the immersion depth 

e are 5 mm. The final immersion depth depends on the granule characteristic, calculated with equation 

96. The distance between the perimeter of the rotor and the wall is 10 mm. Notably, the shear rate γ̇ is 

defined as the velocity over the distance between two plates [240]. In this case, the velocity at the outer 

rotor perimeter is in relation to the distance between the rotor edge and the wall of the cup. The applied 

shear rate introduces stresses to move a granule layer, also called a shear band in granular materials, with 

a specific depth (shear zone) next to the rotor. The introduced stresses are transferred intergranularly 

through contact points. The exact velocity and stress gradient inside the granular bed towards the wall is 

unknown. This shear zone can be smaller than the overall gap width, as visualized, for instance, for yield 

stress fluids [239]. Hence, the presented sheared rate can be interpreted as an apparent shear rate. For 

simplicity reasons, the apparent shear rate is called the shear rate for all measurements, including plate-

cup measurements. 

7.1.2 Plate-Cup measurements 

Tests with a plate geometry PP35 Ti (L07015, 35 mm diameter, flat) are performed with the Haake Mars II 

rotational rheometer from Thermo Fisher (chapter 4.7). A granule bed is created inside a circular cup with 

an insert of 35.5 mm and 10 mm high (Figure 70). The insert is inside a metallic cup. Preliminary 

measurements showed that the contact of the outer plate edge and inner side wall significantly influences 

the torque. Therefore, a nominal gap of 0.25 mm, between the plate's perimeter and the insert's inner 

wall was selected. Scraping with a ruler along the cup's surface creates a flat, even powder surface. The 

bulk density of the granule impacts the mass inside the cup. Two different kinds of measurements have 

been performed: (1) rotary plate measurements with different normal pressures, similar to Schulze [180] 

and (2) amplitude and frequency sweep tests.  

 

Figure 70: Metallic cup and the 3D printed insert. 

In both cases, the intergranular friction is in this research's interest, which is achieved by attaching 

granular material on the lower surface of the circular plate geometry with a double-sided adhesive tape 

(3M 9088 PET, double coated tape, extra sticky). The tape size of 38 mm is selected to cover the lower 

surface completely, preventing gaps between several tape sheets. The zero gap is set with the attached 
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tape and cover. The cover thickness of the tape is in the order of 0.1 mm. The inertia of the plate and the 

tape is determined before each measurement (without attached granules). The reason was to prevent a 

detaching of granules during the inertia determination when using a plate-tape-granules combination. 

The error in inertia determination without attached granules is less important than the total coverage of 

the tape with granules. Preliminary tests with controlled shear stress (CS) showed similar problems to 

rotor-cup measurements. Therefore, measurements with controlled shear stress (CS) are omitted. 

Another aspect is the densification of the granule bed over the measurement time. With a fixed gap, the 

plate loses contact with the granule bed. Consequently, the measurements are performed with a force 

control (FC) to maintain the selected normal force, changing the gap size within a measurement. The 

selected force depends on the performed measurement.  

Shear measurements consist of a preshearing step as described by Schulze [96]. The granule bed is 

typically sheared under load to acquire an over-consolidated bed. Preliminary measurements showed 

signs of granule destruction beyond a normal force of 6N. Hence, the pre-shearing force is set to 5 N, 

followed by shearing at normal forces between 0.5 and 2 N. Like rotor measurements from chapter 7.1.1, 

the shear rate γ̇ is calculated with the plate's rotation velocity and the corresponding gap width between 

the plate and the bottom of the cup.  

7.2 Results and Discussion 

7.2.1 Application of 3D-printed rotor geometries 

Applying 3D-printed rotor geometries offers fast and flexible opportunities to measure rheological 

properties over a range of shear rates. The shear rates in this study are small compared to other 

measurements, such as capillary measurements with inkjet inks [241], exceeding shear rates of 104. 

Regarding granular materials, testing a broad range of measurement parameters is essential to 

understand influences on the measured torque, for instance, duration of measurement t and shear rate 

γ̇.  

Tests with a rotor geometry (RCD20H25) are performed inside an immersed powder bed with different 

rotation speeds. The investigated material is the unsieved sample SA, consisting of every granular material 

from chapter 5.1. Figure 71 (left) displays the measured torque as a function of time for two different 

shear rates. 

As time advances, the torque for both displayed shear rates increases and reaches a similar torque level, 

which appears to be constant. However, when shearing a granular material, it is expected that once 

overcoming the interlocking of single granules (yield) through local dilatation, the flow of granules begins, 

followed by a torque decrease, as found e.g. for TiO2 pigment suspensions [242]. The constant torque 

level indicates that the material is sheared in an under-consolidated state, where the bulk density 

preferably increases locally until reaching a steady state [96]. Inside the shear zone of the steady-state 

flow exists a microscopic equilibrium between local dilatation (increase in torque) and contraction 

(decrease in torque) [243]. This interplay can be seen in the small fluctuations of the measured torque in 

the steady state regime (Figure 71, left, 0.08 s-1).  
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Such a torque decline is absent in Figure 71 (left), even at very long measurement times. The densification 

and rearrangement of granules near the rotor surface appear absent, and only the interplay between 

microscopic dilatation and contraction exists, implying that the system is unaffected by the applied shear 

rates (γ̇ < 0.8 s-1) once the maximal torque level is reached. However, a change in the shear rate affects 

the time needed to reach the torque level: The higher the shear rate, the faster the torque level is reached. 

This observation also aligns with the literature [174], as the time of the granule shear deformation is 

inversely proportional to the shear rate (𝑡𝛾̇  =  /γ̇).  

The same can be observed for the finest granular materials <125 from 5.1 (Figure 71, right). Considering 

both granular systems in Figure 71, the granule size negatively affects the torque increase towards the 

constant torque level. A granular system with a smaller diameter requires more time to reach the maximal 

torque. However, this outcome can not be entirely explained by the granular diameter, as other aspects, 

such as the bulk density or confinement pressure near the rotor surface, must be considered [174].  

 

Figure 71: Torque-time dependency for two different shear rates and granules: sample SA (left) and A/<125 (right). The gap 

width b is set to 5 mm, with no material on the rotor (e= 0 mm).  

7.2.1.1 Influence of the mass above the rotor on the measured torque 

Tests at different gap widths b have been performed inside a cup filled with the unsieved sample SA 

(chapter 5.1) at low shear rates of 0.05 to 0.5 s-1. Figure 72 presents the torque at a shear rate of 0.5 s-1 

for a rotor geometry of 20 mm in diameter and 25 mm in height. The measurements started with a gap 

of 1 mm. The rotor is entirely immersed inside a powder bed of 400 g inside a metallic cup with an inner 

diameter of nearly 60 mm.  

Figure 72 presents a linear decrease of the measured torque when the gap width increases. This decrease 

was also observed for any other shear rate between 0.05 and 0.5 s-1. The results coincide with a similar 

observation of Daniel et al. [196] and Poloski et al. [198], showing that the torque linearly increases as the 

gap width decreases. The main reason for the decrease in torque is the shrinking lithostatic pressure 

(normal pressure) acting on all sides of the rotor as the rotor exits the granules bed. 

Besides the rotor surface, the rotor shaft is in contact with the granular material during rotation, impacting 

the measured torque. The contact surface of the shaft with the material is directly linked to the powder 

bed level and immersion depth, which reduces when the gap width increases. The shaft contribution 
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decays to zero when the powder bed level aligns with the upper edge of the rotor blades. The influence 

of the shaft on the measured torque is significant for immersed measurements, which can contribute up 

to 25 % of the total measured torque [196].  

The experimental study by Daniel et al. [196] showed that the measured torque deviates from the linear 

fit as the immersion depth increases, explained by a pressure saturation above the rotor, also known as 

the Janssen effect (see chapter 3.3.2.1). This deviation is absent in Figure 72 as the selected gaps and the 

powder bed height are smaller than in Daniel et al.'s [196] experimental study. Notably, the Janssen effect 

is bulk material and wall friction dependent, which might be visible in Figure 72 when the mass inside the 

cup increases, i.e., above 400 g.  

 

Figure 72: Influence of the gap width b (distance between the bottom and lower rotor edge) for a mass of 400 g inside the cup 

with sample SA at a shear rate of 0.5 s-1, Rotor: RCD20H25, the linear fit is for guidance, three measurements per gap width, 

most error bars are smaller than the marker size 

7.2.1.2 Influence of the gap width and a changing powder bed level 

Measurements at various gap widths are performed in analogy to the previous chapter. In addition, the 

powder bed level is adapted to the rotor's upper edge to reduce the shaft's effect, i.e. zero contribution 

by the shaft on the measured torque. In other words, the powder bed level equals the upper rotor edge. 

Adding more granules to the metallic cup following equation 96 (chapter 7.1.1) compensates for the lack 

of granular material with an increasing gap width. Assuming no mass is on top of the rotor, the measured 

torque is impacted solely by the rotor's side and bottom surfaces. When the missing volume with 

increasing gap width is compensated by adding mass, the torque magnitude is expected to be identical 

and independent of the gap width as long as no other effects are present.  

Figure 73 displays the average torques for various gap widths of granule sample SA. The measured torques 

at all gap widths are similar, approving the initial assumption. However, the torques fluctuate between 

6500 and 7200 μNm. The measured toques are reproducible for a given gap width (marker size bigger 

than error bars). A possible reason for the spread in the measured torques might be the measurement 

preparation itself, e.g., filling procedure to equalize the missing volume with granules and granule 

distribution, i.e. uneven powder bed surface resulting in a density difference along the rotor height. The 

preparation effect was diminished by applying a constant shear rate of 5 s-1, which might not have been 

compelling enough for this granular system.  



90 

 

Internal - INTERNAL use only 

 

Figure 73: Torque measurements with the rotor RCD20H25 at various gap widths and a shear rate of 0.5 s-1, data points 

represent an average of three measurements, error bars are smaller than the marker size. 

7.2.1.3 Influence of the rotor geometry 

Measurements with various rotor diameters D and heights H are investigated with granule sample SA at 

a constant gap width of 5mm. The cup size is reduced by inserting a 3D-printed insert into the metallic 

cup having an inner diameter of 40 mm. The shear stresses near the rotor surface for all rotor geometries 

are calculated as follows:  

The presented equation 97 is an adapted version of equation 75 by Ngyuen and Boger [189], assuming 

that the lower-end contributions are similar to the upper-end (top) surface contributions when a rotor is 

entirely immersed. The powder bed volume is aligned with the upper rotor edge in this experiment. 

Therefore, the top-end contributions are omitted in equation 97.  

Figure 74 (left) displays the measured torque with a changing diameter D with constant height H. Equation 

97 implies that the torque increases quadratically (D2) with the rotor sides surface and cubically (D3) with 

the lower-end surface. In the case that the rotor diameter D decreases to zero, the measured torque 

vanishes to zero. The measured data in Figure 74 (left) are fitted with a function of T = aDb. It turns out 

that the measured torque increases with an exponent of nearly b= 2.02 (best fit). The outcome suggests 

that the rotor sides mainly contribute while the lower-end surface contributes insignificantly to the 

measured torque.  

This assumption is supported by Figure 74 (right), showing the measured torque at constant rotor 

diameter D and changing height H. Considering equation 97, the torque is expected to increase linearly 

with growing rotor height H. However, it can be seen from Figure 74 (right) that the measured torque 

follows a quadratic trend of H2 (b ≈ 1.98) with an intercept representing the lower-end surface 

contribution [196]. This intercept is fairly pronounced and loses importance as the rotor height H 

increases.  

τ =  
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The quadratic relationship seen in Figure 74 (right) is in line with the experimental study of Daniel et al. 

[196], showing that the total torque increases quadratically with the rotor height H for cohesionless glass 

beads. Considering the quadratic relationship on the torque in Figure 74 (right), the calculated shear stress 

is expected to increase linearly in the function of the rotor height H using equation 97. This increase shows 

that the shear stress is a function of the rotor height and the granular system's intrinsic properties, such 

as the friction coefficient and particle density [196].  

The linear increase of the shear stress is equally expected for Figure 74 (left) when the torque increases 

to the power of three (b = 3). However, the contribution to the total torque by the end surface is 

insignificant, leading to constant shear stress using equation 97. A cubic increase of the torque is assumed 

to be measurable when similar measurements are performed at different immersion depths.  

 

Figure 74: Measured torque at a shear rate of 1 s-1 and gap position b at 5 mm for various rotor diameters (left) and heights 

(right); Shear stresses for both graphs are calculated with equation 97. Inner cup diameter of 40 mm. The height (left) and 

diameter (right) are 25 mm and 20 mm, respectively. Error bars are smaller than the marker size. Displayed trend lines follow 

the equation: y =axb (left) and y = c+axb (right). Both graphs share a legend and axis. 

7.2.2 Measurements with a plate geometry 

Plate-cup measurements with various granules have been performed, as explained in chapter 7.1.2. The 

granular material has been sheared at constant normal force. When a granular material is sheared under 

constant load, the volume of the granule bed decreases, meaning that the gap width during the 

measurement has to be adjusted to maintain the envisaged normal force. Measurements with a plate 

geometry for various normal forces are displayed in Figure 75 (left). The normal forces are selected based 

on preliminary measurements to avoid granules' destruction.  

It is visible from Figure 75 (left) that the torque increases sharply, followed by a sharp decline of the torque 

reaching a steady state, i.e. no change of the torque, as described by Schulze [96]. The sharp increase in 

torque arises from granules' movement against each other, causing the interlocking of granules. A suitable 

amount of shear stress is needed to overcome the interlocking through dilation [281] and to move the 

granules towards intergranular voids. The dilation of granules leads to an incipient flow (yielding) followed 

by a decreased measured torque towards a steady state. In this steady state, the measured torque is 

constant, and an equilibrium exists between dilation and contraction, similar to rotor measurements (see 

chapter 7.2.1.1). 
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The interlocking of granules in the early stage of the measurement depends on the bulk density below the 

plate surface affected by the applied normal forces. Higher normal forces lead to higher bulk densities; 

thus, higher shear stresses are needed to introduce flow (yielding), visible as higher measured torques in 

Figure 75 (left). Repetitive measurements of the same material in Figure 75 (right) show that the steady 

state is at a similar torque level.  

 

Figure 75: Measurement of the torque for various normal forces ranging between 0.5 and 2N (left). Repetitive measurements 

with the same applied normal forces (right). Both graphs share the same y-axis label. Unsieved sample SA. Shear rate of 0.1 s-1. 

The maximum shear stress at incipient flow is typically considered for bulk materials [96]. In this 

experimental study, the steady state is the focus of interest, which describes the flow of the granular 

material once yielded, as considered in the literature [244]. An average torque beyond the yielding is 

calculated for the different normal forces (100 to 200 s). The shear stress is calculated based on the 

averaged torque for two parallel plates, following [245]: 

where R is the plate radius. The normal pressure σ acting on the granule bed is calculated using plate 

contact surface area A (A = πR2) and the average normal force Fn. The shear stresses τ for a range of applied 

normal pressures σ are displayed in Figure 76 (left).  

As expected, Figure 76 (left) shows that the shear stresses increase with applied normal pressures, 

typically forming an upward convex curve inside a τ-σ-diagram (see also chapter 3.5.2). Such an upward 

convex curve can not be observed in Figure 76 (left) for the applied normal pressures. A linear fit is applied 

to the data sets for conservatively estimating a friction coefficient for yielded flows in a steady state [216]. 

Considering the Mohr-Coulomb model (equation 69, chapter 3.5.2), the slope of the linear fits presents 

the friction coefficients μ, and the intercept is the yield stress τ0 for steady-state flows.  

Figure 76 (right) displays the friction coefficients μ in dependency of the Sauter mean diameters d[3,2] from 

Table 6. It appears that two effects affect the friction coefficient. First, as the mean diameter increases 

for narrow sieved samples, the friction coefficient μ increases linearly (A/63-100, ..., A/>224). Second, as 

the sieving fraction widens (A/125-200, A/150-224 and A/125-224), the friction coefficient increases, 

having similar Sauter mean diameters. Both outcomes imply that the mean diameter of granules is 

essential for narrow size distributions, while for broader size distributions also, packing phenomena come 

τ = 
2𝑇

𝜋𝑅3 
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into play, increasing the friction coefficient when sheared. This effect is pronounced for the unsieved 

sample SA containing all granular diameters and showing the highest friction coefficient.  

 

Figure 76: Shear stress in the function of normal pressures for various samples (left); The friction coefficient in the function of the 

Sauter mean diameter (right). Both graphs share the same legend. 

7.2.3 The friction coefficients from the shear cell and angle of repose measurements 

Figure 77 compares the friction coefficients acquired from shear measurements in Figure 68 and those 

from the angle of repose measurements in Figure 63 (chapter 6.2.1). It turns out that granular systems 

with small mean diameters appear to have small friction coefficients arising from shear measurements 

(A/125-150, A/100-125, A/63-100 and A/<125), which tend to have high friction coefficients measured 

with the angle of repose measurements. Samples A/>224 to A/150-200, A/125-200, A/150-224 and A/125-

224 have similar friction coefficients ranging between 0.55 and 0.65, apparently independent of the 

applied technique. 

The contrary relationship for samples with small diameter d is assumed to be caused by different 

phenomena effective during the measurements with the two different techniques. First, the friction 

coefficient from the angle of repose measurement arises from a bulking-up of the heap followed by 

avalanching effects on a free surface plane. The introduced flow, visible as an avalanche, is caused by 

exceeding the maximal angle of a specific granular system. The angle of repose and, thus, the friction 

coefficient derived from such a measurement technique appears more sensitive to present cohesive 

effects, i.e., van der Waals forces, as outlined in chapter 6.2.2. Most important, the AOR measurements 

yield a static friction coefficient when the appearing forces are just below the yield limit. This is not the 

case for the rheological measurements. Here, the friction coefficients are derived from a densified steady-

state regime imposed by the applied shear rate and normal pressures. The material is beyond the yield 

limit, overcoming the static friction to introduce flow, where the friction coefficient appears less affected 

by cohesive effects but more influenced by phenomena related to granule properties, such as bulk 

density. The latter is visible for the unsieved sample SA, as it contains all granules, leading to an increased 

friction coefficient, which is well determined by both techniques.  
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Figure 77: Comparison of the friction coefficient measured from the angle of repose AOR measurement and the friction 

coefficient from shear measurements. The line is for guidance only and follows y=x. 

7.2.4 Amplitude sweep measurements with hard metal granules  

Amplitude sweep tests, i.e. oscillatory measurements at a fixed frequency of 1 Hz have been performed 

over an extensive range of oscillation amplitudes (shear deformations γ). In preliminary measurements, 

suitable measurement parameters for hard metal granular materials have been elaborated. A force of 

0.5 N has been selected to prevent any material destruction. Figure 78 displays the storage modulus G’ 

and the loss modulus G" as a function of the shear deformation. It can be seen from Figure 78 that a linear 

viscoelastic region (LVE) at very low amplitudes exists, where the storage and loss modulus form a plateau. 

In the LVE, the layer of granules directly below the plate behaves like a solid (G’ > G’’ for γ < 10-4), as the 

oscillatory movement is too small to create flow. The oscillatory movement implies that the movement 

of single granules resembles vibrations. In this state, single granules cannot overcome the direct 

neighbour by dilation as the shear deformation is too small. The single granules slide or roll back to the 

initial positions. 

 

Figure 78: Amplitude sweep tests with the unsieved standard sample SA at 1 Hz. 

With increasing shear deformation, the storage G’ and loss modulus G’’ decrease simultaneously       

(γ > 10-4), indicating a change in the inner structure inside the granules’ bed. The change in the inner 

structure can be interpreted as a yield point for the granular system. The introduced shear stress 
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decreases over a small powder bed depth at such small shear deformations. In this thin layer, the granules 

move over a static shear band, leading to a slight densification of the granular material below the plate. 

The gap width decreases to maintain the envisaged force of 0.5 N. Notably, as the material begins 

rearranging and densifying, the storage modulus G’ is superior to the loss modulus G’’, indicating that the 

granular system behaves like a solid.  

The beginning of the decline of G’ and G’’ near a shear deformation of 10-4 is assumed to be influenced by 

the granule properties, such as the granule mean diameter or the bulk density. Therefore, a granular 

system with a smaller granule mean diameter is expected to yield at smaller shear deformation. However, 

it can be seen from Figure 79 that this outcome is not evident; all curves are very similar in measured 

magnitudes of G’ and G’’ in dependency of the shear deformation. The materials are close to each other 

in terms of their mean diameters (Table 6) and densities (Table 8) and, thus, are not distinguishable.  

 

Figure 79: Amplitude sweep tests for various granular materials at 1 Hz.  

Following the decreasing trend of G’ and G’’, a transition of G’ and G’’ at higher amplitudes (γ > 0.1) is 

visible, marking the increased flowability of the material as G’’ is above G’. In other words, the system 

behaves like a liquid (G’’ > G’). Here, interparticle friction plays a crucial role; energy dissipation through 

heat leads to deformation and destruction, visible as a ring at the outer region of the cup, where the shear 

stresses are the highest (Figure 80, left). Taking a closer look at Figure 80 (right), then exceeding the 

transition of G’ and G’’, the high amplitudes lead to a detaching or destruction of granules at the outer 

zone of the upper plate. Here, the attached granules are still visible in the centre of the plate. Hence, the 

flow region with shear deformation beyond the intersection (G’ < G’’) has to be carefully considered, as 

this region might not reflect entirely the granule properties.  
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Figure 80: Destroyed granular material at the outer perimeter of the 3D printed insert (left) and the surface of the plate 

geometry with tape (right) at the end of an amplitude sweep measurement with the standard sample SA over a large range of 

shear deformation. Measurement points: 1000. 

Additional measurements have been performed to verify the destruction of granular materials in the 

transitional regime (G’ < G’’). Several measurements have been performed over specific shear 

deformation ranges: 10-5-10-1, 10-1-5∙10-1, 5∙10-1-100, 100-5∙100. At the end of each measurement, the 

surface of the granule bed and the plate surface are visually evaluated. The granule bed’s top surface is 

slightly moved to control for destructed granules at the inner cup wall and on the plate, similar to Figure 

80. It can be seen from Figure 81 that the granules are destroyed for the largest shear deformation 

interval: 100-5∙100.  

It is important to mention that the measurements shown in Figure 81 have been performed with 100 data 

points for each interval, whereas Figure 80 includes 1000 data points. The amount of data points 

significantly affects the measurement duration, i.e., more data points with a longer duration. The 

measurement duration impacts the time of the granule’s movement below the plate, provoking the dry 

friction between granules and, hence, the destruction of granules. This can be seen when comparing 

Figure 80 and Figure 81 (5∙10-1-100). In the case of Figure 80, the destruction of granules appeared at lower 

shear deformations inside the transitional regime, while in Figure 81, at larger shear deformations 5∙10-1-

100. This outcome indicates that the measurement duration and large shear deformations lead to the 

destruction of granules.  
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Figure 81: Images show various stages of the amplitude sweep tests. The blue circle shows the destruction of granules at the cup 

wall. For the same shear deformation interval, destructed and detached granules can be observed at the outer rim of the plate. 

7.2.4.1 Amplitude sweep tests with pre-compaction 

Amplitude sweep tests with a frequency of 1 Hz were performed with a precompacted granule bed in 

analogy to 7.2.4. This pre-compaction has been achieved by applying a normal force of 5.77 N. Afterwards, 

a normal force of 0.5 N has been maintained during the measurement. Figure 82 shows repetitive 

measurements of the unsieved sample SA. The outcome shows that the LVE is shifted towards higher 

storage and loss modulus G’ and G’’ in a precompacted state compared to a non-compacted state, as 

shown in Figure 78. The shift towards higher moduli with pre-compaction indicates that the bulk density 

of the granular system below the plate affects the storage G’ and loss modulus G’’ – which is expected. 

 

Figure 82: Storage and loss modulus of a precompacted powder at 5.77 N and measured at 0.5 N. Sample SA. 

7.2.4.2 Amplitude sweep tests with different frequencies 

Amplitude sweep tests with different frequencies have been performed and are displayed for the 

standard sample SA. The frequency is expected to affect the storage G’ and loss modulus G’’. Figure 83 

displays the storage and loss modulus G’ and G’’ for three different frequencies:   Hz, 10 Hz, and 20 Hz. 
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Acquired data sets were displayed into free different subplots to show differences. Figure 83 displays the 

typical trends comparable to Figure 78: A LVE region followed by a decline towards an intersection of G’ 

and G’’.  n increase of the frequency from 1 Hz to 10 Hz shifts the transition of G’ and G’’ from y ≈ 0.6 to 

lower shear deformation, near y ≈ 0.2. However, the exact transition point is problematic to determine as 

the transition takes place over a large shear deformation range. A further increase from 10 Hz to 20 Hz in 

the frequency minorly shifts the transition range towards lower shear deformation.  

It is important to note that measurements at lower (f < 1 Hz) and higher (f > 20Hz) frequencies were also 

performed. The machine could not completely measure the shear deformation ranges beyond and below 

the displayed frequencies. This outcome is unexpected and can not be entirely explained. In any 

performed measurement with a frequency of 0.1 Hz, the measurement started following the typical G’ 

and G’’ curve, and then the rotation velocity increased uncontrollably. It was observed that this happens 

when G’ and G’’ decreased between a shear deformation of   -4 to 10-3. 

On the other side, measurements with higher frequencies (f > 20 Hz) led to inconsistencies in the acquired 

data. It is assumed that high shear deformation with high frequencies leads to a failure in the shear plane 

between the granules stuck on the lower plate surface and those in slightly deep layers. This effect 

indicates the destruction caused by dry friction between granules or detaching of granular material from 

the tape, similar to Figure 80 (right). 

As a result of the amplitude sweeps with different frequencies, no significant change of the absolute 

values of the elastic modules could be found. This is attributed to the small accessible (see above) 

frequency window. The shift of the cross-over of both moduli is too smeared out in order to be 

determined. It should be mentioned that this is not due to the measurement procedure. The 

reproducibility of the amplitude measurements (see e.g., Figure 79) is considerably high especially when 

one takes the filling process with all its peculiarities into account. 

 

Figure 83: Amplitude sweep measurements with the unsieved sample SA for three frequencies:1, 10 and 20 Hz. The normal force 

of 0.5 N is maintained during the measurement.  
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7.2.5 Frequency sweep measurements with hard metal granules 

The idea behind the frequency sweeps is as follows: if the LVE regime seen in the amplitude sweeps is the 

region where the granules only "vibrate", can a dynamic freezing be observed at higher frequencies. 

Frequency sweep tests have been performed at a shear amplitude of γ = 3 10-5 (LVE regime) selected 

based on the amplitude sweep measurements in previous paragraphs 7.2.4.1 and 7.2.4.1. The maximum 

frequency of 100 Hz has been selected based on the machine's instruction manual given by the 

manufacturer. The outcome for the unsieved sample SA (Figure 84) shows that both G’ and G’’ increase 

by nearly half of an order of magnitude as the frequency increases. Notably is the slight decrease in G’ 

and G’’ above frequencies of nearly 50 Hz. The slight decrease at higher frequencies could indicate the 

start of a dynamic freezing of the granules' vibrational movement but unfortunately, the accessible 

frequency range by the rheometer is too low to draw a definite conclusion.  

It should be added that both experiments (frequency and amplitude sweep tests) can be compared 

regarding the plate velocities: 

The velocity v of the rotor can be calculated with equation 99, where A is the shear deformation 

(amplitude), ω0 is the angular velocity, r is the radius of the plate, and t is the time. 

The velocity is at its maximum when the cos(ωt) term equals 1. In this case, the maximal velocity follows. 

Equation 100 can calculate the maximal amplitude AA within the amplitude sweep tests when the maximal 

velocity vmax is equal in both experiments.  

Solving for the amplitude AA, then equation 101 follows: 

Equation 102 can be used to calculate the amplitude AA at which the maximal velocity equals the maximal 

velocity in frequency sweep tests. Considering the measurement parameters in chapter 7.2.4 and this 

chapter and using equation 106 with ωf equals (2π 100 Hz), Af is 3 10-5 and ωA is (2π 1 Hz), then AA yields 

3·10-3. The magnitude of AA shows in Figure 78 that G’ and G’’ are decreased, whereas Figure 84 shows 

the beginning of a decrease in G’ and G’’. It is important to note that the above calculation is an 

approximation as G’ and G’’ are also density-dependent, influenced by a precompaction step (see Figure 

82).  

𝑣 = 𝑟 𝐴 𝜔0 cos(ω0𝑡) 99 

𝑣 𝑎𝑥 = 𝑟 𝐴 𝜔  100 

A𝑓  𝜔𝑓𝑟 = 𝐴𝐴𝜔𝐴𝑟 101 

A𝐴  =
𝐴𝑓𝜔𝑓

𝜔𝐴
 102 
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Figure 84: Storage and loss modulus G’ ang G’’ for various frequencies measured with the unsieved sample SA at an amplitude 

of 3 10-5. A normal force of 0.5 N was selected. 

7.2.6 Flow curves measured with a rotor geometry 

The flow of granular materials is studied for a wide range of shear rates described in chapter 7.1.1. The 

shear stress τ is calculated from the measured torque with equation 103 [239]: 

where R is the radius of the rotor, H is the height of the blades, and N is the number of rotor blades, 

assuming the material within the blades acts as a rigid material. Figure 85 (left) presents the shear stress 

as a function of the shear rate γ̇. It is essential to mention that the stress magnitudes are related to the 

resistance to flow by the granular material and the inserted mass, calculated with equation 96, as the 

mass above the rotor significantly affects the measured torque (see Figure 72).  

It can be seen from Figure 85 (left) that the shear stress τ follows a non-monotonic flow curve for all 

samples: an increase of the shear stress at very low shear rates (   2≤ γ̇ ≤10−1 s-1), followed by a decrease 

in the shear stress, leading to a minimum (γ̇ ≈ 2 ⋅  101 s-1) and a sharp increase in shear stress 

(γ̇ > 2 ⋅ 101 s-1). Such a flow curve has been found for rotor-cup measurements coupled with vibrations 

[176]. However, it is evident that the presented shear stress increases at minimal shear rates 

(   2≤ γ̇ ≤10−1 s-1) is mainly caused by the selected measurement parameters. The time needed to reach 

the steady state is strongly enhanced as the shear rate, and the granule mean diameter decrease, as 

presented in chapter 7.2.1. Hence, the data below a shear rate of 10-1 are omitted for further discussions.  

With an increasing shear rate, the shear stress decreases towards a minimum shear stress, followed by a 

shear stress increase in Figure 85 (left). The decrease in shear stress is attributed to the appearance of 

spatial anisotropy of the granules [246]. The increasing collisions between granules provokes an alignment 

of granules as the shear rate increases. This change in the inner structure introduces a collapse of the 

granule force network, reducing the resistance to flow [246] by aligning granules or reducing the packing 

density [247]. The destruction in the force network occurs when the presented stresses pass the yield 

τ =  
𝑇

2𝜋𝑅2𝐻 [(1 −
1 113
𝑁

) +
𝑅
4𝐻 (2.75 −

3
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stresses inside the shear plane, creating a yielded region similar to an avalanche threshold, changing from 

a static to a dynamic state [248].  

 

Figure 85: Shear stress calculated from the measured torque with the rotor RCD20H25 in the function of the shear rate (left); 

close-up of the shear stress (right). Fit equation: τ= τ0+Cγ̇n. Both graphs share the same legend. Measurements for samples 1.6 

and 1.7 considered the tap density to calculate the mass. For others, the bulk density is considered. 

As the shear rate increases (γ̇ > 2⋅    s-1), the shear zone grows [249], leading to a rise of collisions 

between granules caused by the exchange of momentums [248]. The increase in collisions results in a 

decrease in the packing fraction [244,250]. The increase in the shear stress depends on the packing 

fraction of the granular material [251]. In the case of lower granule packings, the shear stress increases 

quadratically (n ≈ 2) with τ ~ γ̇n, while at higher packing fractions n deviates from 2 towards lower values 

caused by dry frictions between granules [251], which leads to destruction of the granular material during 

the measurement (Figure 86). The similar relationship was also fund in another study with solids in a 

Newtonian fluid [252]. 

Several fits in the form of τ= τ   γ̇
n [246] have been applied to each data set in Figure 85 (right), starting 

from the lowest shear stress τ0 (nearly 20 s-1), where C depends on the granule properties. Hence, both 

are fitting parameters depending on the material's properties. The above equation was considered by Lu 

et al. [246] to describe the shear rate dependency of the shear stress at elevated shear rates in the inertia 

regime (collision regime). The focus of interest is the evolution of the exponent n. It turns out that the 

granular samples (A/>224,.., A/125-150, A/125-200, A/150-224 and A/125-224) with larger granule mean 

diameters range between 1.2 and 1.7 for n, while finer ones (A/<125 and A/100-125) and the unsieved 

sample SA range between 2 and 2.7. It can be seen from both graphs (Figure 85) that sample A/63-100 

with the smallest diameter (Table 6) shows inconsistencies in the data, and the applied fit does not 

describe the trend well, yielding an exponent of n = 6. The difference in the exponent n for larger and 

smaller sets of granules (except A/63-100) implies that the shear stress evolution in the collisional regime 

is related to the granule characteristics, such as the granule diameter d, which is considered in the μ(I)-

rheology. 
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Figure 86: Destroyed granules at the outer perimeter of the rotor geometry. Image taken after measuring the entire shear rate 

range of 10-2 to 100 s-1. Sample: A/63-100. Rotor: RCD20H25. 

7.2.7 The μ(I) rheology of hard metal granules with a rotor geometry 

The μ(I)-rheology describes the friction coefficient change in the function of the inertial number I for 

different flow regimes: quasi-static, dense flow, and inertial regime (see chapter 3.5.1). The friction 

coefficient between single particles can not be determined from simple shear measurements; instead, an 

effective friction coefficient μeff is considered. The effective friction coefficient μeff of the bulk is described 

by the relation between the shear stress τ and the normal shear stress σ (or normal pressure P), see 

equation 69. The inertial number I is related to the granular size d, the granule density ρp, the shear rate 

γ̇ and normal pressure P (equation 63).  

Challenges arose in determining the lateral forces acting on the side plane of the rotor by the granular 

material inside the cup and, thus, determining a normal lateral pressure P (equivalent to the normal stress 

σ). A possible way to determine the pressure P is to investigate the pressure at different immersion depths 

with a pressure transducer in a static state [196]. Assuming that the pressure P in a static state equalizes 

the pressure P at very low shear rates in a quasi-static regime (I →  ), then the effective friction coefficient 

μeff can be derived from  oulomb’s friction law for cohesionless systems with μeff= τ/P. The shear stress τ 

can be calculated from the measured torque T, acting along the shear plane perpendicular to normal 

pressure P. Inserting a pressure sensor into the cup is not applicable as the sensor's presence affects the 

granules' flow around the rotor at elevated rotation speeds, as remarked by Daniel et al. [196]. 

Another approach deriving the normal pressures P acting vertically and radially on the rotor surfaces is 

considering the inserted mass where lithostatic pressure increase remains linear. A linear lithostatic 

pressure is present when the rotor immersion is small and stays superficial to the granule bed surface, 

and the pressure saturation caused by the Janssen effect is absent. The pressures P acting along the rotor 

surface can be estimated by splitting the total pressure P into axial and radial components caused by the 

mass above and next to the rotor surface. Assuming that the gravitational force from the mass above and 

next to the rotor acts entirely on the rotor surface, the maximal lithostatic pressure Pmax can be 

approximated using equation 96 (chapter 7.1.1), neglecting the mass between the rotor blades and within 

the gap below the rotors lower edge and the bottom of the cup. Using equation 96 and considering the 

surface of the rotor, the maximal lithostatic pressure ranges between 1400 and 1600 Pa for all hard metal 

granular samples. These normal pressures are lower than the maximal normal pressure in the plate cup 

measurements of nearly 2100 Pa (see Figure 76, chapter 7.2.2). However, this approach estimates the 
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pressures acting on the rotor surfaces insufficiently, as a portion of the lithostatic pressure is transferred 

laterally by intergranular contacts towards the wall of the cup. Hence, the normal pressure P acting on 

the rotor surface is lower than Pmax.  

The final approach is to estimate the normal pressure P acting on the rotor surface from the Coulomb 

friction model, assuming that the effective friction coefficient μeff equals the friction coefficient from plate 

cup measurements, presented in chapter 7.2.2. Both friction coefficients are set equal, assuming the 

granular systems are in both measurements in a quasi-static regime at low shear rates. Notably, in the 

quasi-static regime, the friction coefficient is independent of the shear rate γ̇  i.e., the friction coefficient 

is constant. As described in the previous chapter, the applied measurement parameters led to 

inconsistencies at low shear rates (see Figure 85). Hence, both friction coefficients are set equal inside the 

quasi-static regime, between a shear rate of 0.1 and 0.5 s-1, at which the friction coefficient is nearly 

constant. This provides pressures P lower than the maximal pressure Pmax, ranging for the selected hard 

metal granules between 900 and 1300 Pa. These pressures P are considered to calculate the inertial 

number I for each sample, assuming the pressure is constant over the entire shear rate. As the pressure 

P is constant, the calculated friction coefficients beyond the quasi-static regime follow the non-monotonic 

curve of the shear stress (see Figure 85).  

Figure 87 shows the friction coefficient in the function of the inertial number I for various granular 

materials. As expected, the curve evolution is identical to the stress curve in Figure 85. The three different 

regimes are visible in Figure 87. The quasistatic regime for I → 0. Here, the same problem is present, as 

stated in chapter 7.2.6. In the dense flow regime, the decrease of friction coefficient starts beyond                    

I > 10-4, being nearly one order of magnitude lower than classified by Cruz et al. [173]. In the inertial 

regime, the increase in friction coefficient with shear rate begins at I > 10-2, aligning with the literature 

[174].  

It is ambitious to assume that the pressure P acting on the rotor surface is constant beyond the quasi-

static regime and that a change in the granule’s structure inside the shear zone entirely causes the 

decrease in friction coefficient in the dense flow regime. This assumption holds when the immersion depth 

of z = 5mm is maintained throughout the measurement, and the shear zone is smaller than the diameter 

of the cup (no slip at the wall). However, a densification of the granular material above the rotor was 

observed at elevated shear rates, reducing the nominal immersion depth z and affecting the overall mass 

on top of the rotor, hence, the pressure P acting on the rotor surface. 
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Figure 87: The effective friction coefficient μeff in the function of the inertial number I. Errors are not shown for visibility reasons. 

Relative errors from the friction coefficient vary between 5 and 10% depending on the sample. Inertial numbers consider 

pressures derived from friction coefficients. Hence, errors for the inertial numbers are between 5 and 10%, depending on the 

sample.  

The friction coefficients and the inertial numbers in Figure 87 are normalized with the friction coefficients 

from plate cup measurements and the maximal inertial numbers at I = 10-1, shown in Figure 88. The 

normalized data sets are presented in Figure 88. The most significant difference can be observed in the 

dense flow regime (5∙10-2 < I/Imax < 2∙10-1), where smaller granular systems (A/<125 and A/100-125) lower 

decrease less in the normalized friction coefficients compared to larger granular systems (A/>224 and 

A/200-224) (except sample A/63-100). In the inertial regime, larger granular materials (A/>224 and A/200-

224) tend to increase less, related to the higher mass of single granules. 

The data sets are fitted with equation 104, omitting data below the normalized friction coefficients μeff/μ 

= 1 and normalized Inertial numbers I/Imax < 2∙10-3. Equation 104 is based on the proposed constitutive 

law by Lu et al. [246], combining two fits to describe the shear weakening effect in the dense flow regime 

(first term) and the increase in the inertial regime (second term) over a broad shear rate range. The 

constitutive law is adapted to describe the non-monotonic flow curve of the normalized μ(I) rheology. 

The first term in equation 104 considers the constant normalized friction coefficient of 1 when I/Imax → 0 

(quasi-static regime). The shear weakening effect of the μeff/μ in the dense flow regime decreases 

exponentially, followed by an exponential increase inside the inertial regime (second term). 
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Figure 88:Normalized Inertial number calculated with the maximal inertial number at 10-1 (left). Close-up (right). Both figures 

share the same legend. Normalized friction coefficient calculated with the friction coefficient from plate-cup measurements. 

Errors are not shown for visibility reasons. Relative errors from the friction coefficient vary between 5 and 10% depending on the 

sample. Inertial numbers consider pressures derived from friction coefficients. Hence, errors for the inertial numbers are 

between 5 and 10%, depending on the sample. Fits omit data sets below normalized friction coefficients μeff/μ = 1 and 

normalized Inertial numbers I/Imax < 2∙10-3. R2 ranges between 0.92 and 1. 

7.3 Conclusion and summary 

Rheological measurements with various rotor geometries inside a cup and with a plate geometry have 

been investigated for a set of hard metal granular materials. The application of 3D-printed rotor 

geometries has been studied by varying the rotor diameter and height with changing immersion depths. 

The presented outcome aligns with the literature. Measurements with simple shear tests showed that the 

hard metal granular materials are sensitive to destruction, caused by the organic binder, making a unique 

measurement procedure necessary by limiting the normal force to low magnitudes. Amplitude sweep 

tests showed the existence of an L   at very low shear rates, declining towards an intersection of G’ and 

G’’. Frequency sweeps tests in the L   regime showed no crossing of G’ and G’’, indicating no dynamic 

phase change over a wide range of frequencies. Studying hard metal granular materials at low normal 

forces yielded the friction coefficient, which estimates the total pressure P acting on all sides of rotor 

geometry. This total pressure P was considered for calculating the inertial number I. The μ(I)-rheology 

showed a non-monotonic flow curve of the hard metal granular materials with a shear weakening effect 

resulting in a decrease in the friction coefficients at moderate inertial numbers I. The knowledge of such 

a shear weakening effect can be considered to increase the flowability of hard metal granular systems. 
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8 The mass flow rate of granular materials in relation to the Beverloo law 

Chapters 5 and 6 showed that the friction coefficient, arising from the angle of repose, and the mass flow 

rate are influenced by the mean diameter of the granule size distribution and the attractive forces acting 

between granules. This chapter aims to approve previous outcomes by selecting two additional hard 

metal granules and granule systems with different characteristics, such as iron and inox granules.  

Furthermore, this chapter focuses on understanding the influences on the parameters C and k. This is 

realized by measuring the mass flow rate with a cylindrical tube and flat-bottomed orifices for granular 

systems with varying particle size distributions. The fitting parameters C and k are determined from the 

acquired mass flow rates, and they are compared to the friction coefficient (from the angle of repose 

measurements) and to interparticle forces expressed by the granular Bond number, respectively. The 

outcomes are considered to propose an empirical model based on the Beverloo Law for hard metal 

granules. This empirical model is verified by considering an additional set of hard metal granular systems 

with different compositions, i.e., varying tungsten carbide and cobalt content.  

It is important to note that parts of this chapter have been published recently [253].  

8.1 Characterisation of granular materials 

Various granular materials are selected and classified into two large sets. The first set contains two hard 

metal granular systems with different cobalt contents and types of WC. The selection complements the 

hard metal granules used in the previous investigations. These hard metal systems are referred to as B 

and C, respectively. Both hard metal granule systems are sieved. The selected sieving classes are 

determined from preliminary sieving. The hard metal granules listed in chapter 5.1 are also considered. 

For the sake of clarity, the nomenclature of sieved hard metal granule systems is also extended by letters 

A, B and C to distinguish between different hard metal compositions. Aside from hard metal granules, the 

first set contains various iron and inox granules of different sizes. All iron and inox granules are 

commercially acquired (Metallpulver24). The selected iron and inox granules differ in their granule’s 

diameter. However, they do not originate from an unsieved sample. These samples are indicated by letters 

D and E, respectively.  

Furthermore, commercial sand and corundum powder (white, F40) are also considered. In this study, both 

systems are described by the letters F and G, respectively.  

The second data set contains hard metal granular materials containing different amounts of tungsten 

carbide, cobalt or nickel, and organic binder. These granules are considered to verify the proposed 

empirical model to estimate the mass flow rate.  

8.1.1 The granular size distribution 

The granule size distributions of the samples are measured with laser diffraction using the Mastersizer 

3000 from Malvern (chapter 4.4). The acquired data are presented in Table 14 and Table 15. The column 

sieving class corresponds to the difference between two different sieving mesh sizes of the sievings 

provided from the upper and lower limits. The granule size distribution can be found in appendix 14.1.  
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Table 14: Different diameters based on the granule size distribution of selected granular materials. Diameters of type A can be 

found in Table 6. 

Type Sample d10 (μm) d50 (μm) d90 (μm) d[3,2] (μm) d[4,3] (μm) 

8.2 % Cobalt, 

Fine WC 

 

B-HM2 

SB 101 ± 2 167 ± 3 265 ± 4 149 ± 2 176 ± 3 

B/>224 219 ± 1 258 ± 2 302 ± 3 256 ± 1 260 ± 2 

B/200-224 190 ± 1 215 ± 1 240 ± 3 214 ± 0 215 ± 1 

B/180-200 167 ± 1 190 ± 1 211 ± 1 189 ± 0 190 ± 1 

B/150-180 145 ± 1 166 ± 0 191 ± 2 165 ± 0 166 ± 1 

B/125-150 116 ± 1 139 ± 0 165 ± 2 138 ± 0 140 ± 1 

B/100-125 88 ± 1 111 ± 1 140 ± 1 109 ± 0 112 ± 0 

B/63-100 75 ± 1 81 ± 1 113 ± 1 78 ± 0 87 ± 3 

30 % Co, 

Extra Coarse WC 

 

C-HM3 

SC 135 ± 1 231 ± 1 374 ± 4 144 ± 3 243 ± 2 

C/>315 261 ± 1 360 ± 8 505 ± 16 350 ± 6 373 ± 9 

C/280-315 226 ± 2 277 ± 1 340 ± 1 274 ± 1 280 ± 1 

C/250-280 209 ± 3 249 ± 1 299 ± 1 247 ± 1 251 ± 1 

C/224-250 149 ± 2 209 ± 1 292 ± 1 202 ± 1 216 ± 1 

C/200-224 159 ± 2 200 ± 1 254 ± 2 197 ± 1 204 ± 1 

C/180-200 145 ± 1 183 ± 0 233 ± 1 181 ± 0 186 ± 1 

C/150-180 128 ± 1 159 ± 0 201 ± 1 157 ± 0 162 ± 1 

C/125-1500 100 ± 1 132 ± 0 175 ± 1 129 ± 0 134 ± 1 

C/100-125 71 ± 1 101 ± 0 137 ± 2 56 ± 1 101 ± 1 

C/63-100 47 ± 1 76 ± 1 107 ± 0 40 ± 0 75 ± 1 

D-Iron 

D/200-400 256 ± 2 318 ± 2 392 ± 1 314 ± 2 322 ± 2 

D/600-900 637 ± 2 770 ± 4 933 ± 7 763 ± 3 777 ± 4 

D/900-1200 923 ± 2 1080 ± 5 1260 ± 19 1080 ± 5 1100 ± 5 

D/1000-1700 1360 ± 8 1573 ± 5 1827 ± 3 1573 ± 5 1593 ± 5 

E-Inox 

E/200-400 331 ± 5 417 ± 5 525 ± 6 411 ± 6 423 ± 5 

E/700-1200 850 ± 5 1050 ±5 1360 ± 10 1050 ± 5 1080 ± 5 

E/1000-1700 1123 ± 3 1353 ± 5 1663 ± 10 1343 + 5 1373 ± 5 

F-Sand F/100-800 178 ± 3 275 ± 3 423 ± 3 260 ± 3 289 ± 3 

G-Corundum G/355-500 380 ± 3 506 ± 3 673 ± 4 495 ± 3 519 ± 3 

*No sievings performed; HM = hard metal; sample names for iron, inox, sand and corundum granules are 

selected based on manufacturer information. 
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Table 15: Granular samples selected for the verification of the empirical model. The table lists important diameters. 

Type Sieving class d10 (μm) d50 (μm) d90 (μm) d[3,2] (μm) d[4,3] (μm) 

H-HM4 

n.A* 

115 ± 4 188 ± 5 300 ± 6 173 ± 7 199 ± 5 

I-HM5 110 ± 3 182 ± 3 292 ± 3 112 ± 3 191 ± 3 

J-HM6 133 ± 1 218 ± 2 330 ± 5 109 ± 3 223 ± 3 

K-HM7 121 ± 2 199 ± 2 312 ± 2 161 ± 11 208 ± 2 

L-HM8 165 ± 5 244 ± 6 355 ± 7 234 ± 6 254 ± 6 

M-HM9 106 ± 3 179 ± 2 289 ± 0 161 ± 4 192 ± 2 

N-HM10 113 ± 1 183 ± 1 290 ± 2 171 ± 1 194 ± 2 

O-HM11 117 ± 2 199 ± 2 320 ± 3 147 ± 13 210 ± 2 

P-HM12 105 ± 6 162 ± 6 247 ± 5 153 ± 7 170 ± 5 

Q-HM13 126 ± 2 215 ± 1 348 ± 0 149 ± 2 226 ± 1 

R-HM14 132 ± 1 223 ± 1 365 ± 2 134 ± 1 236 ± 1 

*No sievings performed; “as-sprayed”. 

8.1.2 Bulk Density, tap density and pycnometer density 

The bulk and taping density has been measured with the measurement device GranuPack from Granutools 

(chapter 4.2). The materials' pycnometer density has been determined using the Accupyc II 1240 device 

from Micromeritics (chapter 4.3). The density curves can be found in appendix 14.2. 
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Table 16: Bulk, tap and pycnometer density of selected materials. The error is calculated from several measurements. Density 

values for samples of type A can be found in Table 8. 

Sample Bulk density ρb (g/cm3) Tap density ρTap (g/cm3) Pycnometer density (g/cm3) 

SB 3.61 ± 0.01 3.96 ± 0.01 11.43 

B/>224 3.54 ± 0.01 3.80 ± 0.01 11.48 

B/200-224 3.48 ± 0.01 3.74 ± 0.01 11.44 

B/180-200 3.47 ± 0.01 3.73 ± 0.01 11.44 

B/150-180 3.46 ± 0.01 3.72 ± 0.01 11.45 

B/125-150 3.45 ± 0.01 3.72 ± 0.01 11.43 

B/100-125 3.42 ± 0.01 3.70 ± 0.01 11.41 

B/63-100 3.40 ± 0.01 3.68 ± 0.01 11.36 

SC 2.82 ± 0.01 3.07 ± 0.01 10.18 

C/>315 2.85 ± 0.01 3.10 ± 0.01 10.34 

C/280-315 2.82 ± 0.01 3.04 ± 0.01 10.24 

C/250-280 2.79 ± 0.01 3.00 ± 0.01 10.21 

C/224-250 2.77 ± 0.01 3.00 ± 0.01 10.17 

C/200-224 2.69 ± 0.01 2.92 ± 0.01 10.22 

C/180-200 2.66 ± 0.01 2.89 ± 0.01 10.16 

C/150-180 2.62 ± 0.01 2.85 ± 0.01 10.14 

C/125-1500 2.59 ± 0.01 2.81 ± 0.01 10.12 

C/100-125 2.56 ± 0.01 2.79 ± 0.01 10.08 

C/63-100 2.52 ± 0.01 2.75 ± 0.01 10.01 

D/200-400 4.35 ± 0.01 4.57 ± 0.01 7.70 

D/600-900 4.36 ± 0.01 4.64 ± 0.01 7.68 

D/900-1200 4.33 ± 0.01 4.62 ± 0.01 7.70 

D/1000-1700 4.20 ± 0.01 4.52 ± 0.01 7.68 

E/200-400 4.46 ± 0.01 4.71 ± 0.01 7.65 

E/700-1200 4.05 ± 0.01 4.42 ± 0.01 7.65 

E/1000-1700 3.80 ± 0.03 4.12 ± 0.02 7.67 

F/100-800 1.34 ± 0.01 1.49 ± 0.01 2.66 

G/355-500 2.28 ± 0.01 2.46 ± 0.01 3.99 

 

 

 

  



110 

 

Internal - INTERNAL use only 

Table 17: Table shows the bulk, tap and pycnometer densities of hard metal granular materials for the empirical model. The 

error is calculated from two measurements. 

Type Bulk density ρb 

(g/cm3) 

Tap density ρTap 

(g/cm3) 

Pycnometer 

density (g/cm3) 

H-HM4 3.54 ± 0.01 3.91 ± 0.01 11.42 

I-HM5 3.43 ± 0.01 3.83 ± 0.01 11.42 

J-HM6 3.10 ± 0.01 3.45 ± 0.01 10.82 

K-HM7 3.20 ± 0.01 3.53 ± 0.01 10.92 

L-HM8 3.30 ± 0.01 3.63 ± 0.01 10.74 

M-HM9 3.12 ± 0.01 3.45 ± 0.01 10.50 

N-HM10 3.42 ± 0.01 3.71 ± 0.01 11.28 

O-HM11 2.76 ± 0.01 3.04 ± 0.01 9.93 

P-HM12 3.19± 0.01 3.43 ± 0.01 10.95 

Q-HM13 3.08 ± 0.01 3.40 ± 0.01 10.06 

R-HM14 3.10 ± 0.01 3.41 ± 0.01 11.26 

8.1.3 Morphology 

Figure 89 shows the morphology of a few selected granular materials at the same magnification. It can be 

seen that the selected materials differ in size, surface roughness, and roundness. More images can be 

found in appendix 14.3.  

 

Figure 89: Images from selected powders at 100x magnification: a) SB, b) SC, c) D/200-400, d) E/200-400, e) F/100-800, and f) 

G/355-500. 
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8.2 Results and Discussion 

8.2.1 The friction coefficient from the angle of repose measurements 

The AORs of the selected granular systems from Table 14 have been determined with the proposed 

method in chapter 5. The friction coefficient for each granular system has then been calculated with the 

AOR (see chapter 3.2) 

In the case of iron (D/200-400 - D/1200-1700) and inox (E/200-400 - E/1000-1700) granular systems, it 

turned out that the proposed method from chapter 5 was insufficient to determine the AOR. One of the 

reasons is the blocking effect for system with larges granules. Another reason is the continuous flow on 

the heap surface while the other side's surface remained static for decentred base plate positions. A 

similar behaviour of avalanching and static state was also observed in previous investigations (chapter 

5.3.2) depending on the decentred position of the base plate. In the case of the finest iron and inox 

granules D/200-400 and E/200-400, the continuous mass flow along the heap surface resulted in smaller 

angles αL than αR (on the left side). This finding is displayed in Figure 90 for various base plate positions of 

granular system D/200-400. The same was observed for sample E/200-400. This outcome contradicts the 

findings presented in chapter 5, where αL is higher than αR. for the same base plate positions (left 

decentred positions). The effect was even more pronounced for larger granular systems of type D (D/600-

900-D4) and E (E/700-1200 and E/1000-1700). Aside from this, a bouncing effect of granules on the base 

plate surface was observed, caused by an elastic collision between a single granule and a flat metallic 

surface, which prevented a bulking-up of the granules in the early phase of the measurement.  

 

Figure 90: The angles of the finest iron sample D/200-400 for various base plate positions.  

Two different phenomena were observed regarding samples sand (F/100-800) and corundum (G/355-

500). For sample F/100-800, a continuous mass flow along the heap surface was observed once a maximal 

heap was formed, similar to samples D/200-400 and E/200-400. Sample G/355-500 showed a blocking 

effect of the orifice during the measurement. The blocking effect is explainable by the irregular shape of 

sample G/355-500 (see appendix 14.3), granule diameter and the orifice diameter of 2 mm. Based on 

these findings, the proposed method can not be entirely applied to the granular systems of type D to G. 
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To overcome the described experimental difficulties, the AOR, and thus the friction coefficient, has been 

approximated from a static heap for the systems D/200-400- D/1200-1700, E/200-400- E/1000-1700, 

F/100-800 and G/355-500. The heap has been created using a funnel with a larger orifice diameter placed 

above the base plate. The granular system has been discharged onto the base plate. An image has been 

taken from the static heap and repeated at least five times. The images for each data set are treated with 

the proposed algorithm from chapter 5. The static friction coefficient μs has been calculated with the static 

AOR (see chapter 3.2).  

Figure 91 shows the friction coefficient in function of the Sauter mean diameter d[3,2] for all samples, 

including the ones already presented in chapter 6.2.1. Friction coefficients acquired from static heap AOR 

measurements are highlighted with a triangular marker. The hard metal granular systems are clustered 

and referred to as “ -HM1”, “ -HM2”, and “ -HM3”. These data sets contain samples with the same 

chemical composition, including unsieved and sieved samples from Table 6 and Table 14. The same is 

applied to samples of type D to G. 

It can be seen from Figure 91 that smaller diameters tend to have higher friction coefficients, being in 

alignment with the outcomes in chapter 6.2.1. The high friction coefficients for samples F/100-800 and 

G/355-500 can be explained by the irregular shape of the granules (appendix 14.3), as such shapes are 

likely to interlock and increase the AOR and, thus, the friction coefficient [73]. As the diameter increases 

(>300 μm), the friction coefficients goes down and is nearly constant for samples of type D, explainable 

by the large granular sizes and smooth surfaces (appendix 14.3). Astonishingly, there is a significant 

difference in the friction coefficient for the samples of type E. Both samples E/700-1200 and E/1000-1700 

have a larger granule diameter and are expected to have low friction coefficients compared to sample 

E/200-400, as discussed in chapter 6.2.1. However, such an outcome is not visible in Figure 91. The granule 

diameter does not explain the increased friction coefficient for these samples.  

 

Figure 91: The friction coefficients μ from AOR measurements for different materials. Samples are classified according to their 

chemical composition and nature.  

The friction coefficient for samples D/600-900 - D/1200-1700, E/700-1200 and E/1000-1700 must be 

critically discussed. A problem arises in correctly determining the AOR (even in a static state) by applying 

the proposed experimental method in chapter 5 to samples with increased granule diameters. As the 

granule diameter of these samples increases, the created heaps' surface line becomes more uneven and 

irregular as the granules' size and shape are more visible in the images (see Figure 92). Applying a linear 
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fit with the proposed algorithm is insufficient to describe correctly such surface lines affecting the 

acquired AOR (and friction coefficients) significantly. This effect leads to under- or overestimation of the 

calculated friction coefficients. The proposed experimental method is suggested to be restricted to 

granular materials with granule diameters lower than 500 μm. This limit is an approximation based on the 

considered granule diameters listed in Table 14 and related to the current experimental setup. 

 

Figure 92: Cropped exemplary images from the coarsest granular samples D/1200-1700 (left) and E/1000-1700 (right). Images 

are manually cropped to illustrate differences.  

8.2.2 The mass flow rate of granular materials 

The mass flow rates have been measured with the GranuFlow device from Granutools (see chapter 4.1). 

Figure 93 to Figure 96 shows the mass flow rates as a function of the orifice diameter D for all materials 

in Table 16. In terms of materials, such as iron and inox granules, additional measurements beyond the 

orifice size of 0.008 m are performed. All figures (Figure 93 to Figure 96) share a common trend: the larger 

the orifice diameter D, the higher the mass flow rate ṁ. The measured mass flow rates follow a trend (a 

guide to the eye) of 𝑚̇ ~ 𝐷2.5.  

 

Figure 93: Mass flow rate of sieved and unsieved granular 

material with 9 % cobalt and submicron WC; trend lines are 

for guidance and follow the equation ṁ = xD2.5. 

 

Figure 94: Mass flow rate of sieved and unsieved granular 

material with 8.2 % cobalt and fine WC; trend lines are for 

guidance and follow the equation ṁ = xD2.5. 
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Figure 95: Mass flow rater of sieved and unsieved granular 

material with 30 % cobalt and extra coarse WC; trend lines 

are for guidance and follow the equation ṁ = xD2.5. 

 

Figure 96: Mass flow rate of iron (D/200-400 – D/1200-

1700), inox (E/200-400 – E/1000-1200), sand (F/100-800) 

and corundum (G/355-500) powders; trend lines are for 

guidance and follow the equation ṁ = xD2.5. 

 

8.2.3 The influence of the attractive forces on the mass flow rate for different materials 

The influence of the attractive forces on the mass flow rate is investigated for hard metal granular systems 

with different chemical compositions, such as the amount of cobalt and tungsten carbide grain size. The 

granular Bond number expresses the magnitude of the attractive forces between two granules in relation 

to the gravitational force of a single granule. The granular Bond number is also considered in this chapter. 

It has been shown in 6.2.3 that the granular Bond number describes two different flow regimes related to 

the granule mean diameter: (1) an increase in the mass flow rate leading to a maximal mass flow rate with 

increasing granular Bond number, (2) followed by a decline of the mass flow rate related to an increase 

of attractive forces. 

It is expected that similar influences are present for the granular systems SB and SC. The influence is 

investigated with sieved samples B/>224 to B/63-100 and C/>315 to C/63-100 with different granule mean 

diameters (Table 14). The granular Bond number Bog is calculated with equation 60 (chapter 3.4.3), 

considering the granule's pycnometer density from Table 16, the Sauter mean diameter from Table 14 

and the Hamaker constant from 6.1.2. Notably, the Hamaker constant depends on the material. It is 

assumed that the Hamaker constants of sieved and unsieved systems of type B and C are similar to the 

Hamaker constant of type A (see chapter 6.1.2). Hence, the calculated magnitudes of the granular Bond 

number only depend on the materials’ pycnometer density and granule mean diameter. 

Figure 97 and Figure 98 present the mass flow rates measured with an orifice size D of 5 mm in the 

function of the granular Bond number Bog. As expected, similar trends are observed for other orifice sizes 

D of the same material (see appendix 14.4), aligning with the findings in chapter 6.2.3. Considering the 

outcomes from chapter 6.2.3, the intersection of the applied fits for types A and B are at similar granular 

Bond numbers at approximately Bog ≈ 0.5 for a circular orifice diameter of 5 mm. In the case of type C, 

Figure 98 shows an intersection at lower granular Bond numbers (between 0.1 and 0.2) compared to 

samples of type A (Figure 65, chapter 6.2.3) and B (Figure 97). This shift is related to the granule 

composition. Samples of type C contain more cobalt and larger tungsten carbide grain sizes, leading to 
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lower pycnometer densities (Table 16) and, at the same time, having rougher surfaces (appendix 14.3), 

hindering the mass flow rate by interlocking effects.  

The intersection of both fits presented in Figure 65 (chapter 6.2.3), Figure 97 and Figure 98 defines the 

highest mass flow rate for a specific granular material (orifice diameter of 5 mm). The mean diameter for 

the highest mass flow rate can be estimated using equation 60, considering the pycnometer densities of 

the unsieved samples of type A, B and C in Table 8 and Table 16. It turns out that samples of type A and B 

lead to similar granule mean diameters of about 140 μm, while type C shows the maximum at a mean 

diameter of about 245 μm. This outcome shows that larger diameters are needed to reach a maximal 

mass flow rate for hard metal granules of type C, related to the granule properties.  

 

Figure 97: Mass flow rate measured with an orifice size of 

5mm in the function of the granular Bond number. The 

samples are type B. Some errors are smaller than the marker 

size. Fits are power-law fits. 

 

Figure 98: Mass flow rate measured with an orifice size of 

5mm in the function of the granular Bond number. The 

samples are type C. Some errors are smaller than the marker 

size. Fits are power-law fits. 

 

8.2.4 The effect of attractive forces on the mass flow rate on differing orifice sizes D 

The influence of the attractive forces with differing orifice diameter D has been studied with the sieved 

samples of type B. Figure 99 to Figure 101 presents the mass flow rate for orifice diameters D ranging 

between 2 and 8 mm. Two power law fits are added in each of the shown graphs, similar to the previous 

chapter, yielding an intersection point for each figure. Notably, the unsieved sample SB is neglected for 

the fits as this sample contains every granule from B/>224 to B/63-100. It turns out that the intersections 

range between granular Bond numbers 0.04 and 0.05 and appear independent of the orifice diameter D, 

while the mass flow rate increases significantly with the orifice diameter D. A similar outcome is shown 

for other hard metal granular systems of type A and C in appendix 14.4.  
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Figure 99: Mass flow rate for two different orifice sizes 2mm (left) and 3mm (right) in the function of the granular Bond number. 

Both graphs share the same legend. Samples of type B. 

 

Figure 100: Mass flow rate for two different orifice sizes, 4 mm (left) and 6 mm (right), in the function of the granular Bond 

number. Both graphs share the same legend. Samples of type B. 

 

Figure 101: Mass flow rate for two different orifice sizes 8mm in the function of the granular Bond number. Samples of type B. 

8.2.5 The minimal orifice diameter Dmin and the fitting parameter k  

The minimal orifice diameter Dmin describes the smallest orifice diameter D at which blocking occurs. The 

minimal orifice diameter Dmin can be determined in two ways: From an extrapolation approach using a 

linear form of the Beverloo law inside a plot of ṁ .4(D). This is the standard method. Alternatively, the 

minimal orifice diameter Dmin is accessed using an experimental setup, where the orifice diameter can be 
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reduced until blocking is reached, as described in chapter 4.1. Both methods are discussed in the 

following. 

8.2.5.1 Determination of the minimal orifice diameter Deff with mass flow measurements 

The minimal orifice diameter Dmin is determined experimentally from mass flow rate measurements using 

various orifice diameters D. In the first step, the mass flow rates ṁ are plotted in the form of ṁ .4(D). 

Next, the Beverloo Law (equation 35) is brought into a linear form to apply a linear fit to the data set, 

following: 

𝑚̇0.4 = 𝐶0.4𝜌𝑏
0.4𝑔0.2(𝐷 − 𝑘 ) 105 

The mass flow stops when the granules block the orifice D, which is satisfied when the term kd equals the 

orifice diameter D and the effective orifice diameter Deff decays to zero (Deff → 0). Inside a plot of 𝑚̇0.4(𝐷), 

the minimal orifice diameter Dmin corresponds to the intersection with the abscissa (ṁ .4=  ).  

𝐷𝑒𝑓𝑓(𝑚̇
0.4 = 0) = 0 = 𝐷 − 𝐷 𝑖  106 

With 

𝐷 𝑖 =  𝑘  107 

It is visible from equation 107 that the granule diameter affects the magnitude of the minimal orifice 

diameter Dmin. Hence, it is expected to have a relationship between both quantities. All samples' minimal 

orifice diameters Dmin are displayed in the function of the Sauter mean diameter d[3,2] in Figure 102. The 

granular systems are clustered, as stated in chapter 8.2.1.  

A linear fit is applied to the data set considering all data points. It turns out that the minimal orifice 

diameter Dmin scales linearly for granular materials with mean diameters above 50 μm. This outcome is 

similar to results reported in literature [44], where a linear relationship with the de Brouckere diameter 

was found. It is assumed that the minimal orifice diameter Dmin decays to zero when the granule diameter 

of a system further decreases [44]. Such an assumption can not be confirmed considering the presented 

data in Figure 102.  

 

Figure 102: The minimal orifice diameter Deff in the function of the Sauter mean diameter for all samples listed in Table 6 and 

Table 14. Some error bars are smaller than the marker size. R2 ≈ 0.98. 
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8.2.5.2 The equivalent circular diameter (ECD) from measurements with a diaphragm  

The equivalent circle diameter ECD is measured as described in Chapter 4.1. Figure 103 displays the 

equivalent circle diameter ECD in the function of the Sauter mean diameter d[3,2] from Table 6 and Table 

14. The finding shows a linear relationship between both quantities, similar to Figure 102. The slope’s 

magnitude of 3.9 describes the ratio between the ECD and the Sauter mean diameter, as described in 

chapter 3.3.2.3. In other words, blocking of the orifice occurs when the orifice diameter is nearly four 

times the Sauter mean diameter. This value is in a similar range stated in the literature [107,109], 

influenced by the measurement setup. 

 

Figure 103: The equivalent circle diameter ECD of the diaphragm at which blocking occurred. The ECD in the function of the 

Sauter mean diameter. R2 ≈ 0.99. 

Figure 104 presents the minimal orifice diameter Dmin (Figure 102) in the function of the equivalent circle 

diameter ECD from Figure 103. This way, both data sets acquired from the two methods are compared. It 

can be seen from Figure 104 that a linear relationship exists between both diameters. The ECD appears 

to lead to larger orifice diameters than the minimal orifice diameters (Dmin) acquired from mass flow rate 

measurements. Considering the slope of the applied linear fit, the minimal orifice diameter (Dmin) is nearly 

1/3 of the ECD.  

The difference in both diameters arises from two different states: static and dynamic. First, the ECD 

describes the diameter at which the orifice is blocked, resulting from a static state (ṁ =  ). In a static state, 

granular materials block the orifice as an arch [73]. The radius of the arch equals the radius of the orifice, 

which is influenced by the material's properties. The granules inside the arch are in a force equilibrium 

between gravitational and frictional forces. A slight increase in the orifice diameter (D > ECD) leads to a 

collapse of the arch and initiates the material flow through the orifice driven by gravitational forces.  

Second, the minimal orifice diameter Dmin is determined from gravitational mass flow rate measurements 

referring to a dynamic state (ṁ >  ) and extrapolation to the static state. The diameter Dmin describes the 

reduction of the nominal orifice diameter D during the material flow [7], influenced by dynamic frictions 

affected by the granule diameter d and all effects inside fitting parameter k, such as the shape of granules 

[89]. 
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Figure 104: Minimal orifice diameter Dmin in the function of the equivalent circle diameter ECD. Each data point represents one 

sample. Errors from ECD stem from several measurements. 

8.2.5.3 The effect of attractive forces on the fitting parameter k 

This study aims to understand the influences of the attractive forces on the fitting parameter k determined 

from a dynamical state (ṁ >  ). The fitting parameter k can be assessed by rearranging equation 107 to 

equation 108: 

k =  
𝐷 𝑖 
 

 108 

The considered diameter, such as d50 or de Brouckere (chapter 3.1.3.1 and 3.1.3.2), significantly affects 

the magnitude of the calculated fitting parameter k. This study selects the Sauter mean diameter d[3,2] as 

this diameter is sensitive to finer granules in a broad polydisperse size distribution. 

Literature shows that cohesive forces affect the fitting parameter k inside the Beverloo Law [88]. In the 

DEM study, the granular Bond number expresses the cohesive forces' magnitude relative to the 

gravitational forces (chapter 3.4.3). A similar influence can be studied for hard metal granules by 

considering the granular Bond numbers from chapter 8.2.3 and the fitting parameter k calculated with 

equation 108. As the Hamaker constant is identical for all hard metal granular samples, and the 

pycnometer density is nearly constant, a change in the granular Bond number is mainly caused by a change 

in the granule mean diameter. The influence of attractive forces will be first discussed for hard metal 

samples of type A listed in chapter 5. 

Figure 105 displays the fitting parameter k in function of the granular Bond number of sample SA. It is 

visible from Figure 105 that the fitting parameter k is almost constant for a broad range of granular Bond 

numbers (A1.1, .., A1.3, A2.1, A2.2, A3.1) ranging between 0.01 and 0.04. As the granular Bond number 

exceeds 0.04, the fitting parameter k sharply increases (k > 2). The sharp increase in the fitting parameter 

k is explainable by the increasing attraction between granules (i.e. van der Waals forces), reducing over 

proportionally the nominal diameter D towards an effective orifice diameter (Deff = D- kd) in the Beverloo 

law, affecting negatively the mass flow rate (see for instance Figure 97 and Figure 98, chapter 8.2.3). 
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Figure 105: Fitting parameter k in the function of the granular Bond number for samples of type A. The granular Bond number 

increases as the granule mean diameter decreases.  

A similar outcome can be observed when considering other hard metal granular materials of type B and 

C, as presented in Figure 106. A linear fit adequately describes the relationship between fitting parameter 

k and the granular Bond number for the presented data. The linear relationship differs from the findings 

of Anand et al. [88] acquired by DEM simulation, stating that the fitting parameter k increases 

exponentially (k = 1.9e0.39Bo) with increasing granular Bond numbers. The main difference between both 

relationships, presented in Figure 106 and the results in literature [88] is related to the type of present 

cohesive forces. The cohesive forces in the DEM study of Anand et al. [88] arise solely from liquid bridging 

forces between wetted granules, while this study (Figure 106) focuses on the van der Waals forces acting 

between dry granules.  

The presence of liquid bridge forces appears to influence the fitting parameter k stronger than van der 

Waals forces at higher granular Bond numbers. The exponential increase of fitting parameter k presented 

in [88] affects the mass flow through the orifice as the granules remain in a “dense” state, i.e. the granules 

remain close, while flowing through the orifice, increasing the effective diameter d (similar to an 

agglomerated state) and substantially decreasing the nominal orifice diameter D to an effective orifice 

diameter Deff.  

 

Figure 106: Fitting parameter k in the function of the granular Bond number for three kinds of hard metal granular materials of 

type A, B and C. The linear fit is y = mx+b and is here for guidance only. 
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Figure 106 shows that the fitting parameter k follows a linear relationship with the granular Bond number 

for three different hard metal granular materials. The main difference in the granular Bond number arises 

from a change in the mean diameter of granules. If other materials are studied, the Hamaker constant 

and the pycnometer density have to be known. Considering equation 60 (chapter 3.4.3), and assuming 

that the van der Waals forces are the only cohesive forces for dry uncharged granular systems, then the 

granular Bond number scales with the mean diameter of  o ~  d2⁄ . The fitting parameter k can be 

described by a function of f(1/d2), presented in Figure 107. This approach approximates the influence of 

the mean diameter d on the fitting parameter k for all selected granular materials (A-HM1 to 

G/Corundum).  

Like previous Figure 106, a linear fit adequately describes the relationship between fitting parameter k 

and the Sauter mean diameter in Figure 107. The linear fit is only applicable when the cohesive forces 

between the granules for samples of type E/Iron to G/Corundum are minimal with respect to the 

gravitational forces, i.e., very coarse granular materials. It can be seen from Figure 107 that the majority 

of the samples D/Iron to G/Corundum are close to the intercept of nearly 1.63. However, as the cohesion 

forces between granules increase with decreasing mean diameter, the fitting parameter k is expected to 

deviate from the fit for samples of type D/Iron to G/Corundum, as the van der Waals force is related to 

the Hamaker constant, which is a material-dependent property  

 

Figure 107: Fitting parameter k in the function of the reciprocal squared Sauter mean diameter. Linear fit of from y = mx+b with 

m ≈ 7.72∙10-9 and b ≈ 1.63. R2 ≈ 0.87. 

8.2.6 The fitting parameter C and the friction coefficient 

The fitting parameter C can be determined from the slope of the mass flow rate ṁ .4(D) considering the 

linear form of the Beverloo Law (equation 105) following:  

C =  (
𝑤

𝑔
1
5⁄  ∙  𝜌𝑏

)

5
2⁄

 109 

It can be seen from equation 109 that fitting parameter C is directly influenced by the linear increase 

(slope w) of the mass flow rate ṁ .4(D) and the bulk density ρb of the granular system.  

The friction coefficient μ from Figure 91 is considered to study the influence on the fitting parameter C 

for a range of granular materials. Figure 108 (left) shows the fitting parameter C of hard metal granular 
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systems of type A, B and C in the function of friction coefficient μ measured with the AOR measurement. 

It can be seen from Figure 108 (left) that the fitting parameter ranges between 0.5 and 0.65, being in 

common bounds for flat-bottomed orifices [7,86,254]. Overall, the fitting parameter C decreases as the 

friction coefficient increases. This outcome appears intuitively as a higher friction coefficient impact 

negatively the granules flow, visible in a decrease of C. A DEM simulation study has also shown such an 

influence for friction coefficients between 0.125 and 0.875 [87]. Here, the fitting parameter C showed a 

non-linear decrease within these ranges as the friction coefficient increases [87].  

 

Figure 108: Fitting parameter C from mass flow rate measurements for hard metal granular systems (left) and all samples from 

Table 14, including samples D to G (right). A linear fit is applied in the form of y = mx+b (for guidance only). Some errors are 

smaller than the marker size. Friction coefficients determined from static heap measurement are indicated with triangular 

markers. The largest granular sample of type C (C/>315) is omitted in this graph as this granular system jammed the funnel 

orifice. 

Figure 108 (left) shows that the fitting parameter C decreases linearly with the friction coefficient. When 

considering other granular systems (Figure 108, right), the friction coefficient μ does not entirely describe 

a change in the fitting parameter C for a range of materials. For instance, samples F and G consist of 

irregularly shaped granules (see annexe 14.3), leading to fitting parameters C above 0.59, while the 

friction coefficients μ range at similar magnitudes of hard metal granules. On the other side, granular 

material of type D consists of very spherical granules (see annexe 14.3). The fitting parameter C spreads 

over a broad range while the friction coefficient μ remains nearly constant for spherical granules. Both 

outcomes imply that the granules' shape does not significantly impact the fitting parameter C. However, 

the granules’ shape affects the friction coefficient μ from the angle of repose measurement [70]. 

It is important to remember that the fitting parameter C is influenced by the bulk density ρb of the granular 

material (equation 109). An influence on the outcome in Figure 108 (right) is that the measured bulk 

density ρb is unsuitable to describe the granule density during the flow through the orifice. The influence 

of the considered density was also briefly discussed in an experimental study [86] for different hopper 

types, as it is unclear which density is the most suitable to describe the granule density during the flow 

[255].  
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8.2.7 Verification of the empirical model for hard metal granules 

The outcomes from chapter 8.2.5.3 and 8.2.6 are considered to estimate the mass flow rate for a new set 

of hard metal granular materials. These granules have been arbitrarily selected and consist of different 

amounts of tungsten carbide, a metallic binder such as nickel or cobalt and an organic binder. The bulk 

density and pycnometer density have been measured and listed in Table 17. The granular Bond number 

Bog is calculated assuming similar magnitudes of the Hamaker constant as presented in chapter 6.1.2, the 

pycnometer densities from Table 17 and the Sauter mean diameters from Table 15. The angle of repose 

is determined as presented in chapter 5. It is important to note that a reduced measurement procedure 

is performed over two base plate positions to determine the angle of repose. Then, the friction coefficient 

μ is calculated from the angle of repose. 

Figure 105 and Figure 108 show that C(μ) and k(Bog) follow a linear trend. Hence, linear fits are applied to 

the data sets presented in Figure 105 and Figure 108 (figures not shown here) following a best-fit approach 

considering the errors in the y and x directions. In the case of C in the function of the friction coefficient 

(Figure 108), the linear fit in the form of C(μ) = m1μ+b1, where m1 is the slope and b1 is the intercept, yields 

m2 = 0.93 ± 0.03 and b1 = -0.49 ± 0.04. The values are acquired from the software Origin, applying a linear 

fit using the FV method [256]. A linear fit is also applied to the graph of the fitting parameter k in the 

function of the granular Bond number, yielding the parameters inside the linear fit of m2 = 9.1 ± 2.5 and 

b2 = 1.6 ± 0.1.  

The parameters m1, m2, b1 and b2 are used to estimate the mass flow rate with equation 110, considering 

all parameters inside the Beverloo law: the bulk density (Table 17), the Sauter mean diameter (Table 15), 

the orifice diameter D, the friction coefficient μ acquired from the new data set (see appendix Table 18).  

𝑚̇  = (𝑚1μ+ 𝑏1)𝜌𝑏√𝑔(𝐷 − (𝑚2𝐵𝑜𝑔 + 𝑏2) )
2.5 110 

Figure 109 presents the estimated mass flow rate ṁest in function of the measured mass flow rate with 

an orifice diameter D of 6 mm as described in chapter 4.1. It is visible from Figure 109 that the estimated 

mass flow rates are close to the measured mass flow rates by using equation 110. However, the absolute 

errors calculated by error propagation are high, ranging between 0.3 and 0.6 g/s. The relative errors of 

the estimated mass flow rates range between 4.0 and 6.0 %. The magnitudes of the relative errors remain 

unchanged for other orifice diameters D, as all other parameters are constants in equation 110. 
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Figure 109: The estimated mass flow rate 𝑚̇𝑒𝑥𝑡 in function of the measured mass flow rate 𝑚̇ for an orifice diameter of 6 mm. 

Errors in the measured mass flow rate stem from at least three measurements. The errors from the estimated mass flow rate 

stem from error propagation, neglecting errors for the gravitational acceleration g and nominal orifice diameter D. Some error 

bars are smaller than the marker size. The linear line follows y=x and is for guidance only.  

The presented errors from Figure 109 can be compared with the literature in two different ways. First, 

the error of a single measurement stemming from error propagation. Second is the deviation from the 

ideal linear line (y=x), i.e., the spread of the estimated and measured mass flow rates. Regarding the error 

of a single estimated mass flow rate, the relative errors of 4 to 6 % in Figure 109 align with the errors of 

4 % presented by Medina et al. [115], predicting the mass flow rate from lateral holes. 

Calculating the deviation of the estimated and measured mass flows rates (Figure 109) reveals that both 

mass flow rates spread within ±4 % using equation 110. A spread of ±4 % is small compared to other 

studies. For instance, Tangri et al. [114] studied experimentally and numerically the influence of the 

elongated particles on the mass flow rate with simulations and proposed a modified Beverloo Law 

incorporating the sphericity of particles. The comparison of the estimated and experimental mass flow 

rates showed that the prediction error ranged between 10 and 20 %. In another study, predicting the mass 

flow rate with areated funnel-shaped hoppers leads to a spread of the estimated and measured mass flow 

rate of ±20 % [111]. Furthermore, a DEM study with a bend outlet shows a spread of the mass flow rates 

within ±8 %. Beverloo et al. [6] presented a spread of 5 % (averaged) and a maximal spread of 12.5 % for 

a broad range of materials.  

The above comparison with literature shows that equation 110 can be used to estimate adequately the 

mass flow rate for a range of hard metal granule systems. The low spread of ±4 % in Figure 109 can be 

interpreted in two ways. First, a universal Hamaker constant of 2∙10-22 J describes well the Hamaker 

constant for a broad range of different hard metal compositions. This outcome indicates that the Hamaker 

constants of these different systems are very close. Second, as the Hamaker constant is identical for all 

mass flow rate estimations, all parameters inside the modified Beverloo law, such as fitting parameters C, 

k, and the bulk density and friction coefficient, are dominated by a change of the mean diameter of a 

granule size distribution. This outcome reveals that the mean diameter primarily affects the mass flow 

rate and is the dominant parameter to be changed to acquire an optimal mass flow. 
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It is essential to emphasise that equation 110 is restricted to hard metal granular systems. The error is 

expected to be higher when considering other materials, as the  (μ) relationship from Figure   4 fails to 

be linear (see chapter 8.2.6).  

8.3 Conclusion and Summary 

Measurements with various techniques are performed to understand influences on the mass flow of 

different granular materials, the friction coefficient and the minimal orifice diameter before jamming 

happens. The latter is investigated using a diaphragm (static) and through extrapolation of the mass flow 

rate measured from a cylinder with a flat-bottomed orifice (dynamic). The diameter acquired from the 

mass flow rate measurements resulted in smaller diameters than those acquired from a static state. In 

both cases, static and dynamic, the diameter of the jamming is directly related to the granule mean 

diameter of the granular system. Based on this information, it is possible to estimate the orifice diameter 

at which jamming occurs from a dynamic measurement.  

The influence on the fitting parameters k and C has been investigated considering the granular Bond 

number and the friction coefficient, respectively. The influence on the fitting parameter C by the friction 

coefficient μ, determined with the angle of repose measurement, showed a unique picture: the higher 

the friction coefficient, the lower the fitting parameter C. However, a substantial decrease in the fitting 

parameter C over a small range of friction coefficients has been found for some granular materials, such 

as iron granules. The fitting parameter k strongly depends on the cohesive forces described by the 

granular Bond number, this finding is in line with literature.  

The impact of the cohesive forces, expressed by the granular Bond number, on the mass flow rate has 

also been investigated. The granular Bond number is changed by sieving a reference sample into well-

defined fractions with changing mean diameters. With increasing Bond numbers, an increase in the mass 

flow rate was found, reaching a maximal mass flow rate, which appeared to be independent of the orifice 

diameter. With increasing granular Bond number, a decrease in the mass flow rate was observed, related 

to the increasing dominance of the cohesive forces. The maximal flow rate is related to the granule 

properties, such as the mean diameter. This finding can be considered to optimise the mass flow rate of 

hard metal granular systems by varying the mean diameter of a polydisperse system. It is worth to 

mention that granular materials with different polydisperse distributions can have the same mean 

diameter.  

The decrease of the fitting parameter C caused by the increasing friction coefficient and the impact of the 

granular Bond number on the fitting parameter k is considered to estimate the mass flow rate of hard 

metal granular materials. The mass flow rate can be adequately estimated for hard metal granular 

materials. It turns out that the friction coefficient cannot entirely describe the change in the fitting 

parameter C between different granular materials.  

The focus of this study lies on hard metal granules. The relationship of C(μ) and k(Bog) of hard metal 

granules is considered to propose a modified empirical model based on the Beverloo Law. The proposed 

model is verified with a new set of hard metal granules. The estimated mass flow rates deviate within ±4% 

of the measured mass flow rates. Furthermore, the relative error of the estimated mass flow rate ranges 

between 4 and 6 %, which is similar to results reported in literature.   
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9 Conclusion 

This study aims to understand and quantitatively describe the flow behaviour of hard metal granules 

through an orifice. One of the parameters influencing the mass flow rate is the friction coefficient. The 

friction coefficient can be determined from angle of repose and rheological measurements. The AOR 

measurements show that the presence of avalanches and misalignment of the outlet with respect to the 

base plate significantly affects the magnitude of the angle of repose. The effect of avalanching and 

misalignment has been minimized by developing a new technique based on the funnel method. The new 

technique uses a sliding base plate positioned between a camera and a backlight. The camera records 

granules' bulking and avalanching phase for various plate positions below the outlet. An algorithm, 

capable of detecting avalanches, was developed allowing to select only images for the final angle of repose 

calculation which do not present avalanches. The proposed technique enables the determination of the 

angle of repose for a broad range of hard metal granules. 

Applying this technique to other granular systems, such as iron and inox with different mean diameters, 

showed problems in correctly determining the angle of repose. In the case of iron and inox granules, the 

elastic impact on the base plate in the initial phase of the measurement affected the bulking phase and 

the avalanching. The angle of repose of such systems was determined from a static heap and were 

evaluated using the presented image processing algorithm.  

The influence of cohesive forces on the friction coefficient of hard metal granules has been a second main 

objective. It has been investigated by measuring the attractive forces with atomic force microscopy (AFM). 

As a result, an effective Hamaker constant could be calculated for a three-component system and used to 

estimate the attractive (cohesive) forces (here: van der Waals forces) acting between two hard metal 

granules. Based on these results, granular Bond numbers could be determined for all hard metal systems 

under study. It could be shown that there exists a clear relationship between the friction coefficient μ and 

the angle of repose for each granular system. Two outcomes need to be emphasized: First, decreasing the 

granular Bond number by increasing the granule's mean diameter leads to a minimal friction coefficient. 

Here, the influence of cohesion is very small, and therefore the friction coefficient is nearly constant. 

Second, decreasing the granule’s diameter increases the granular Bond number which leads to an 

exponential increase of the friction coefficient. Both outcomes show that the friction coefficient arising 

from the angle of repose is composed of (1) a low friction coefficient for low Bond numbers and (2) a 

friction coefficient dominated by cohesive forces (here: van der Waals forces) for high Bond numbers. 

The studies of the flow of the hard metal granules through orifices also depicted the influence of cohesive 

effects. The outcomes showed the presence of two different regions. In the first region, as the granular 

Bond number increases, decreasing the system's mean diameter increases the mass flow rate, leading to 

a maximal mass flow rate. As the granular Bond number increases further, the mass flow rate decreases. 

This is caused by the rise of the attractive forces, which increases the effective mean diameter, expressed 

by the kd inside the Beverloo law. The particle diameter belonging to the granular Bond number, at which 

the maximal mass flow rate occurs, is similar for two hard metal systems (A and B), while for one hard 

metal system (C) containing larger tungsten carbide particles and a higher amount of cobalt it is bigger. 

This knowledge helps to optimise the granules' mean diameter of a granule size distribution to reach a 
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maximal mass flow rate. However, it is essential to note that different granule size distributions lead to 

an identical mean diameter.  

The influences on fitting parameters C and k were studied. It turned out that the fitting parameter C was 

affected by the friction coefficient, while the fitting parameter k was influenced by the attractive forces. 

The relationship of C(μ) and k(Bog) were considered to estimate the mass flow rate for a new set of hard 

metal granules. Comparison of the estimated and measured mass flow rates showed a spread of 4 %, and 

the error of a single estimate was up to 6 %, being in alignment with the literature. 

In order to supplement the above-mentioned investigations, rheological measurements with granular 

materials have been performed. Rotor-cup measurements as well as plate-cup measurements have been 

used to access dynamic friction coefficients. As expected, they differ from the static friction coefficients 

obtained from extrapolation of AOR measurements to infinite granule sizes. Further investigations would 

certainly shed more light on the link between both quantities. 
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10 Outlook 

The following points are interesting to be further studied: 

• Study the attractive forces between pure systems such as WC-WC, Co-Co and organic binder-

organic binder systems and any interchangeable combination, such as WC-Co and WC-organic 

with AFM. The results can be used to calculate Hamaker constants and thus granular Bond 

numbers for a variety of materials.  

• Investigation of the relationship between static and dynamic friction coefficients. 

Study of size and shear rate dependency of shear bands which are a dominating feature in powder 

rheology. 

• Study of the mass flow rate for even smaller hard metal granular systems through orifices. Can 

the obtained values for the k and C parameters in the Beverloo law be used to find optimized 

granule properties for the application in an industrial environment? 
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14 Appendix 

14.1 Granule size distribution 

Information can be found in the corresponding chapters. 

 

Figure 110: Granule size distribution (left) and cumulated granule size distribution of type B. Both figures share the same legend. 

 

Figure 111: Granule size distribution (left) and cumulated granule size distribution of type C. Both figures share the same legend. 

 

Figure 112: Granule size distribution (left) and cumulated granule size distribution of type D. Both figures share the same legend. 
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Figure 113: Granule size distribution (left) and cumulated granule size distribution of type E. Both figures share the same legend. 

 

Figure 114: Granule size distribution (left) and cumulated granule size distribution of type F and G. Both figures share the same 

legend. 
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14.2 Densification of granular samples 

Information can be found in the corresponding chapters. 

 

Figure 115: Densification of granular material of type B in the function of the tap number. The graph shows a single 

measurement for each sample. 

 

Figure 116: Densification of granular material of type C in the function of the tap number. The graph shows a single 

measurement for each sample 

 

Figure 117: Densification of granular material of type D in the function of the tap number. The graph shows a single 

measurement for each sample. 
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Figure 118: Densification of granular material of type E in the function of the tap number. The graph shows a single 

measurement for each sample. 

 

Figure 119: Densification of granular material of type F and G in the function of the tap number. The graph shows a single 

measurement for each sample. 
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14.3 Morphology of granular materials 

Information can be found in the corresponding chapters. 

 

Figure 120: Sample SB at various magnifications: a) 50x, b) 100x, c) 250x, d) 500x. All sieved samples stem from this sample. 

 

Figure 121: Sample SC at various magnifications: a) 50x, b) 100x, c) 250x, d) 500x. All sieved samples stem from this sample. 

 

a) b)

c) d)

a) b)

c) d)
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Figure 122: Sample D/200-400 at various magnifications: a) 35x, b) 50x, c) 100x, d) 250x 

 

Figure 123: Sample D/600-900 at various magnifications: a) 35x, b) 50x, c) 100x, d) 250x 

a) b)

c) d)

a) b)

c) d)
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Figure 124: Sample D/900-1200 at various magnifications: a) 35x, b) 50x, c) 100x, d) 250x 

 

Figure 125: Sample D/1200-1700 at various magnifications: a) 35x, b) 50x, c) 100x, d) 250x 

 

a) b)

c) d)

a) b)

c) d)
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Figure 126: Sample E/200-400 at various magnifications: a) 35x, b) 50x, c) 100x, d) 250x 

 

Figure 127: Sample E/700-1200 at various magnifications: a) 35x, b) 50x, c) 100x, d) 250x 

 

a) b)

c) d)

a) b)

c) d)
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Figure 128: Sample E/1000-1700 at various magnifications: a) 35x, b) 50x, c) 100x, d) 250x 

 

Figure 129: Sample F/100-800 at various magnifications: a) 35x, b) 50x, c) 100x, d) 250x 

a) b)

c) d)

a) b)

c) d)
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Figure 130: Sample G/355-500 at various magnifications: a) 35x, b) 50x, c) 100x, d) 250x 

 

  

a) b)

c) d)
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14.4 Mass flow rates in the function of the granular Bond number 

Information can be found in the corresponding chapters. 

Sieved and unsieved granular system of type A. 

 

Figure 131: Mass flow rate for two different orifice sizes 2mm (left) and 3mm (right) in the function of the granular Bond 

number. Both graphs share the same legend. Sample SA. 

 

Figure 132: Mass flow rate for two different orifice sizes 4mm (left) and 5mm (right) in the function of the granular Bond 

number. Both graphs share the same legend. Sample SA. 

 

Figure 133: Mass flow rate for an orifice size of 8 mm in the function of the granular Bond number. Both graphs share the same 

legend. Sample SA. 

 



159 

 

Internal - INTERNAL use only 

Sieved and unsieved granular system of type C. 

 

Figure 134: Mass flow rate for two different orifice sizes 2 mm (left) and 3 mm (right) in the function of the granular Bond 

number. Both graphs share the same legend. Samples are of type C. Jamming was observed for sample C1.1 with an orifice 

diameter of 2 mm. 

  

Figure 135: Mass flow rate for two different orifice sizes 4 mm (left) and 6 mm (right) in the function of the granular Bond 

number. Both graphs share the same legend. Samples are of type C. 

 

Figure 136: Mass flow rate for two different orifice sizes 8 mm in the function of the granular Bond number. Both graphs share 

the same legend. Samples are of type C. 
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Internal - INTERNAL use only 

14.5 Angle of repose of hard metal granular systems 

Information can be found in the corresponding chapters. 

Table 18: Angle of repose of hard metal granules 

Sample AOR (°) Friction coefficient μ (-) 

H-HM4 34.4 ± 0.1 0.685 ± 0.002 

I-HM5 36.6 ± 0.1 0.742 ± 0.004 

J-HM6 38.5 ± 0.1 0.796 ± 0.004 

K-HM7 35.3 ± 0.1 0.708 ± 0.002 

L-HM8 33.0 ± 0.1 0.649 ± 0.002 

M-HM9 33.7 ± 0.1 0.667 ± 0.002 

N-HM10 32.7 ± 0.1 0.642 ± 0.002 

O-HM11 35.5 ± 0.1 0.712 ± 0.002 

P-HM12 31.8 ± 0.1 0.621 ± 0.002 

Q-HM13 36.7 ± 0.1 0.745 ± 0.002 

R-HM14 35.9 ± 0.1 0.725 ± 0.002 

 


