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Abstract

We consider Berry’s random planar wave model (J Phys A 10(12):2083-2092, 1977), and
prove spatial functional limit theorems—in the high-energy limit—for discretized and trun-
cated versions of the random field obtained by restricting its nodal length to rectangular
domains. Our analysis is crucially based on a detailed study of the projection of nodal
lengths onto the so-called second Wiener chaos, whose high-energy fluctuations are given by
a Gaussian fotal disorder field indexed by polygonal curves. Such an exact characterization
is then combined with moment estimates for suprema of stationary Gaussian random fields,
and with a tightness criterion by Davydov and Zitikis (Ann Inst Stat Math 60(2):345-365,
2008).
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1 Introduction

In this work, every random object is defined on a common probability space (2, %, P), with
E denoting expectation with respect to P.

1.1 The Model

The aim of this paper is to initiate the study of the high-energy functional fluctuations of
geometric quantities attached to the zero set of Berry’s Random Plane Wave model B =
{BE (x):x € ]Rz} with parameter £ > (0—thus addressing a question left open in [37].
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Berry’s model is defined as the unique (in distribution) isotropic centered Gaussian field on
the plane solving almost surely the Helmholtz equation

ABg(x) +472E - Bp(x) =0, x = (x1,x2) € R?,

with A = 82/ Bxlz + 92/ Bx% equal to the usual Laplace operator.! Using e.g. [4, Theorem
5.7.2], the above characterization is equivalent to requiring that the covariance function of
BE is given by

rE(x, y) = rE(x —y) =4 <2nﬁ||x — y||> , X,y € ]Rz, (1.1)

where Jy is the Bessel function of the first kind of order 0. The random field Bg was introduced
by Berry [6, 7] and subsequently studied in several works—see for instance [5, 9, 11, 23, 31,
37].

To simplify the discussion, we will sometimes write b = {b(x) 1x € ]Rz} to indicate

the random field Bg for E = (472)~!, in such a way that b is almost surely a Laplace
eigenfunction with unit eigenvalue. One should regard the random field b as a canonical
Gaussian Laplace eigenfunction on R?, emerging as a local scaling limit in a number of
models of Gaussian random fields on 2-manifolds—see e.g. [9, 11, 21, 26, 46—48] for explicit
examples. We also recall that, in resonance with Berry’s conjecture (see e.g. [1, 9, 19, 47],
as well as [6] for the original formulation), the field b is believed to be a model for the
high-energy behaviour of deterministic Laplace eigenfunctions on manifolds where classical
dynamics are sufficiently chaotic.
Some notation Given two sequences of positive numbers {a,}, and {b,},, we write a, =
o(by) ifa, /b, — 0asn — +oo,a, = O(b,) if a, /b, is asymptotically bounded, a, ~ b,
ifa,/b, - 1asn — +oo and a, = b, if a, /b, — ¢ as n — +00, where c is a constant
that does not depend on n. Moreover, for random variables {X,}, and X we write X, —d> X
if the sequence X, converges to X in distribution.

1.2 Fluctuations of Nodal Sets

As anticipated, in this paper we will focus on the high-energy behaviour of the nodal set
B;'(0) = {x e R*: Bp(x) = 0}.

It is a well-known fact [9, 31, 37] that Bgl (0) is almost surely equal to the union of disjoint
rectifiable curves (called nodal lines). Local and non-local functionals of such a random
set have been recently the object of an intense study, especially in connection with nodal
statistics of (approximate) Laplace eigenfunctions on Riemann surfaces (see [9, 11, 23, 27,
32, 47] for a sample of recent contributions).

For every Borel set D € R2, now write

Zg(D) :==H'(B;'(0)ND), (1.2)

where H! denotes the 1-dimensional Hausdorff measure, to indicate the length of the portion
of the nodal lines of Bg contained in D. From the above discussion, itis clear that the mapping
D +— Zp(D) defines with probability one a set function with the following elementary
properties:

1 The presence of the prefactor 472 is inherited from [31, 37], where it was introduced in order to facilitate
the connections with the literature about Arithmetic Random Waves [21, 26].
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—

Yf is a locally finite measure on Z(R?);

2. The support of Z is BEI 0);

3. The restriction of .ZE to any square O = [a, b] X [c, d] is completely determined by the
random partition function

(t1, ) = Zg(la, 1] X [c,2]), (t1,) € Q. (1.3)

Several results characterizing the high-energy behaviour of £ are available. The most
relevant for our study are reported in the next statement. From now on, we use the symbol ./
to denote the collection of all piecewise C! simply connected compact subsets of R? having
non-empty interior.

Theorem 1.1 1. (See [7, 31]) For every D € <7, one has that

. b4 log E
E[ZL:(D)] = area(D)ﬁﬁ and Var|-Zg(D)] ~ area(D) < =—,
as E — oo.
2. (See Theorem 1.1 in [31]) For every D € o/, as E — 00,
~ 5127 d
Y (D) = @(fg(D) —E [fE(D)]) — N(0, area(D)), (1.4)

where N (1, 02) denotes the one-dimensional Gaussian distribution with mean p and
variance o>.
3. (See Theorem 3.2 in [37]) For every integer d > 1 and every fixed D1, D2, ..., Dy € o,

we define the d x d matrix ¥ ={X(, j) :i,j = 1,...,d} by the relation
X(i, j) = area(D; N D;j). (1.5)
Then, as E — 00, one has that

(Ze (D), Ze(Da), ..., Ze(Da)) > Na(0, 3), (1.6)

where Ny (0, X) stands for the centered d-dimensional Gaussian distribution with covari-
ance X.

Theorem 1.1-3 shows that, in the high-energy limit, the finite-dimensional distributions
of the process {;’?E D):De } converge to those of a Gaussian field with the covariance
structure of a homogeneous independently scattered random measure with unit intensity.
Such a characterization immediately implies the following result.

Proposition 1.2 (See [37])
Define the random field X g = {XE(tl, 1) : (1, ) € [0, 1]2} as

XE(11, 1) == Ze(0, 1] x [0, 2]). (1.7)

Then, as E — 00, X g converges in the sense of finite-dimensional distributions to a standard
Wiener sheet, that is, to a centered Gaussian process W = {W(tl, 1) : (11, ) € [0, 1]2}
with covariance function E[W(t1, to)W(s1, s2)] = (11 A s1)(12 A $2).

We note that the choice of the specific rectangle [0, 1]? is immaterial: in particular, the con-
tent of Proposition 1.2 can be easily adapted to deal with arbitrary regions Q = [a, b] x [c, d].
It is a remarkable fact—not noted in [37]—that the content of Proposition 1.2 allows one to
directly conclude that the signed measure jg defined in (1.4) converges to a standard white
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noise on the space of generalised functions 2’(R), with R = (0, 1)2. Such an implication is
made clear in the next statement, where we use the symbol C2°(R) to indicate the class of
compactly supported smooth mappings on R; we refer the reader to [16] for definitions and
background.

Proposition 1.3 (Convergence to white noise) Let the above notation prevail. For every ¢ €
C°(R), define

~ 5127 T
L, = [— t) % (dt) — —~VE dt ).
(ZE, ¢) (wao £ (dt) ﬁf/Rgo(t) t)

log E

Then, Lhe mapping ¢ + (jE, @) is a random element with values in 2'(R) and, as E —
00, {ZLE, ®) converges in distribution, in the sense of 2'(R), to a standard white noise. In
particular, for every integer m > 1 and every ¢, ..., ¢ € C2°(R), the vector

((an‘Pl)7 R (an‘Pm»

converges in distribution to a m-dimensional centered Gaussian vector with covariance
A, j) = / pip;t)dt, i,j=1,..m.
R

For the sake of completeness, the proof of Proposition 1.3 is reported in Sect. 1. See e.g. [2,
3, 46] for similar results involving, respectively, nodal sets of random spherical harmonics,
roots of Kostlan polynomials, and zeros of stationary Gaussian processes with fast decaying
covariance functions.
Remark on notation From now on, we will freely use the language of Gaussian stochastic
analysis and Wiener chaos expansions, as detailed e.g. in [30, Chapter 2] or [33, Chapter 1].
In particular, given a square-integrable random variable X that is measurable with respect to
the o-field o (G) generated by a separable Gaussian field G, we write X[¢], ¢ =0, 1, ...,
to indicate the projection of X onto the gth Wiener chaos associated with G, in such a
way that X = ) 7>0 Xl4ql, where the series converges in L2. Similarly, given a square-
integrable and o (G)-measurable random field Z = {Z(t) : t = (11, 2) € [0, 1]*}, we will
write Z[q] := {Z[q](t) : t € [0, 11>}, where Z[g](t) is the projection of Z(t) onto the gth
Wiener chaos. Applying these conventions to the normalized nodal length process Z = Xg
introduced in (1.7), one obtains the Wiener—Itd representation

Xg = Xg[2]+ Xg[41+ Rp, where Re(t) := ) Xg[2q](1), (1.8)
q>3

and the series converges in L for every fixed t.

1.3 The Main Question

Some additional notation is required in order to frame our contribution. Consider the unit
square [0, 11% and, for all fixed t = (11, ) € [0, 112, define the following four regions:

O, NE) := {s = (s1,5) € [0, 11 : 51 > 11,52 > 1o}
O, NW) = {s = (s1, 52) € [0, 1]2 15 < 1,8 > t2}
O(t, SW) := {s = (s1,52) € [0, 1]* 1 51 < 11,52 < 1o}
o, SE) .= {s = (s1, 52) € [0, 1]2 15> 1,50 < tz}.
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We remark that some of these regions may be empty, in the case where t belongs to the
boundary of [0, 1]2. The Skorohod space D> = D([0, 112, R) is the class of functions f :
[0, 11> — R verifying the following continuity property for every t € [0, 1]*: for every
R € {NE, NW,SW, SE} and every sequence {t, : n > 1} C Q(t, R) such thatt, — t
as n — oo, the limit lim,_, o, f(t,) exists and is finite, and, moreover, for every sequence
{t,:n>1} C Q(t, NE) such thatt, — t asn — oo, one has that lim,_, o, f(t;) = f(t).

We endow the space D, both with the o-field generated by coordinate projections, and
with the Skorohod topology described in Neuhaus [29, p. 1289]; such a topology is generated
by a distance, noted d in [29], making D, a separable metric space. We also define C; =
C([0, 112, R) to be the subset of D, composed of continuous mappings.

We note that, in the case where f : [0, 11* = R takes the form f® = n(0,1] x
[0, #2]) for some finite measure . on [0, 1]2, it follows from an application of the dominated
convergence theorem that f € D,. In view of the above discussion, the nodal length processes
{XE : E > 0} defined in (1.7) are thus D,-valued random elements.

Our aim in this paper is to initiate the study of the following question, that was left open
in [37].

QuestionA As E — 00, does X g converge in distribution to a standard Brownian sheet W
in the Skorohod space Dy ?

As explained in [37, Section 4.3] and in the forthcoming Sect.2.2.1, an affirmative answer
to Question A would yield a convergence result that is strictly stronger than the convergence
in the senses of finite-dimensional distributions and of generalized functions, featured in
Propositions 1.2 and 1.3 above—implying in particular limit theorems for random variables
depending on the maximum of X or of its absolute value. In view of the results of [12],
these result would immediately extend to monochromatic random waves on Riemann surfaces
without conjugate points.

We choose to base our analysis of Question A on the following standard lemma, whose
proof is deferred to Appendix 1.

Lemma 1.4 Let {X, X, : n > 1} be a collection of random fields with values in D> such
that P(X € Cy) = 1. We assume that, for every n > 1, the process X, can be written as
X, = U, + Vy, + Wy, where the fields U,,, V,,, W, are such that

(a) Asn — oo, U, converges weakly to X in D»,
(b) Asn — oo, V,, converges weakly to zero in D»,
(c) Foreverye > 0,

lim IP’{ sup |W,(t)| > 8} =0,

"0 telo, 112
Then, X, converges weakly to X in D».
In particular, applying Lemma 1.4 to (X,,, Uy, V,,, W) = (Xg, XEg[4], XE[2], RE) in (1.8)
(and noting that P{XE[2] € C2} = P{XE[4] € C,} = 1, for every E > 0), suggests the
following three-step strategy for positively answering Question A:

(I) Prove that the projection X g[4] converges weakly to a standard Wiener sheetas E — o0;

(II) Prove that the second chaotic projection X g[2] associated with X g converges weakly to
zero, as £ — oo;

(IIT) Prove that the residual term Rg converges uniformly to zero in probability, as £ — oo.

For ease of reference, we will refer to (I)—(III) as “Strategy S”. The next result, proved
in [37, Theorem 3.4], settles Point (I).
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Theorem 1.5 ([37], Theorem 3.4) For every fixed t € [0, 112, one has that, as E — oo,
E[(Xg(t) — Xg[41(1)*] — 0.
Moreover, as E — 00, Xg[4] converges weakly to W in the Skorohod space D».

As explained in the forthcoming Sect. 2, the principal aim of the present work is to fully
address Point (II), as well as to provide some decisive progress towards a full achievement of
Point (IIT). We will see in Sect. 2.1.2 that our way of attacking Point (II) reveals an intriguing
connection with the CLTs for zeros of Gaussian entire functions established in [8, 40]. On
the other hand, our analysis of Point (III) will allow one to prove functional convergence
results for some discretized versions of the nodal fields {Xg : E > 0}—see Sect.2.2.

2 Main Results
2.1 Second Chaos and Total Disorder

Let D be a planar domain with piecewise C' boundary 8D. In [31, Lemma 4.1], the authors
prove that the projection on the second Wiener chaos of the nodal length £ (D), as defined
in (1.2), is given by

1
87+/2E Jop

where np(x) = (n%) (x), n%, (x)) is the outward unit normal vector to 9D at x. One of the
main contributions of our work is a full characterization of the joint fluctuations of the random
variables .Zg[2](D), as E — oo, whenever D is a polygonal domain.

Ze[21(D) = Be(x)(VBE(x), np(x))H' (dx), 2.1

2.1.1 Some Random Fields Indexed by Curves

We will actually study the fluctuations of (2.1) in the context of slightly more general random
objects.

Definition 2.1 (a) An oriented segment S is the image of a mapping

y [0, L] — R?
t + p+t(cosh,sinh),

where L > 0 is the length of S, p € R2and 6 € [0, 27).

(b) A (simple) polygonal chainis an ordered collectionC = (S, ..., S,;) of oriented segments
such that yx (Lg) = Yk+1(0) = pr+1 (with obvious notation), forallk = 1, ..., m—1,and
the union US; defines a simple curve in RZ; we will say thatC is closed if y,, (L) = y1(0).
The class of all polygonal chains is denoted by %’. In the discussion below, we will often
identify a chain C with the oriented curve defined by the union US;.

(c) GivenC = (S}, ..., Sp) € ¥ and x belonging to the relative interior of S, k = 1, ..., m,
we define n¢(x) = (— sin 6, cos ) to be the unit normal vector to C at the point x.
The definition of n¢ (x) is arbitrarily extended (for instance, by setting n¢ (x) = 0) to the
remaining (finitely many) points x in C. If the chain C coincides with a single segment S,
then n¢ (x) = ng(x) is independent of the choice of x and we simply write ng to indicate
the normal vector common to all elements of the relative interior of S.
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(d)

Given two oriented segments Sy, S» we define the signed length of the intersection S1 NS>
as A(S1, $2) := length(S1 N $2) (ng,, ng,), where (-, -) stands for the usual Euclidean
inner product; plainly, if length(S; N Sz) > 0, then (ng,, ng,) equals either 1 or —1,
depending on whether S7 and S, have the same, or opposite, orientations. We extend the
definition of A to all pairs A = (T, ..., T;), C = (S1, ...., Sy) € € by setting

MALC) =D D MTL Sp). (22)
i=1 k=1
It is easily checked that
A C) = / (ne(x), na(x)) H' (dx). (2.3)
CNA

The reader is referred to [8, Definition 3], and the discussion therein, for more properties
of signed lengths.

ForC = (Sy, ..., Su) € € and E > 0, we now define the random variable

¢E(C) = Bg(x)(VBE(x), ne(x))H' (dx) 24

1
SNJZT/;
1 U
= — B VB , ng, )dt, 2.5
- ﬁ; /0 £ () (VBE (), ns, )i 2.5)

where (2.5) is a straightforward representation of (2.4) in terms of line integrals.

Remark 2.2 (a) WhenC € ¥ is clockwise oriented and closed, then [31, Lemma 4.1] implies

(b)

(©

that ¢ (C) = ZLg[21(D), where D is the polygonal domain enclosed by C (if C is
counterclockwise oriented, then the equality continues to hold, but with a minus sign
in front of the right-hand side). From now on, we will conventionally assume that the
boundary 0D of any polygonal region D is a clockwise oriented closed chain.

Let D be a polygonal domain, fix R > 0,and select E > 0insuchaway that R = 27/E.
Then, adirect computation (based e.g. on the arguments developed in [31, Proof of Lemma
4.1]) shows that

$£(3D) = Zp[21(D) £ R™'.2(b; R - D)[21, (2.6)

where .Z(b; R - D) denotes the nodal length of the field b (as defined in Sect.1.1),
restricted to the region R - D.

In general, it is easy to see that, for every C € ¥, the random variable ¢ (C) is
an element of the second Wiener chaos associated with Bg. Indeed, denoting by 7,
the Wiener isometry of order p, and writing Bp(x) = Il(fOE(x, ), 0;Be(x) =
V2rn2E L ( ij (x,-)), j = 1,2, for suitable kernels ij (x,),j = 0, 1,2, defined e.g.
on the Hilbert space L2([0, 11, dx) (with dx denoting the Lebesgue measure), one can
show that ¢ (C) = L (uE (C)), where

2
1 - .
uf(© =2 /C fo OB (x, Il (oM (@x), 2.7)
j=1

where ® denotes the canonical symmetrization of the tensor product, and ng(x) =
(né (x), n(zj (x)). We refer the reader to the proof of Proposition 3.3 for more details, and
to [30, Chapter 2] for background on Wiener chaos.
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(d) Itis of course possible to extend the above definitions to the case where C is a piecewise
smooth simple curve of finite length (or even to the case where C is a R-chain, in the
sense of [8, Definition 1]). Since our techniques only allow one to deal with the case of
polygonal chains, we decided not to pursue such a level of generality.

2.1.2 Second Order Results

We now state our main results concerning the random variables ¢ g (C). The first statement
characterizes their asymptotic covariance structure in the high-energy regime.

Theorem 2.3 (Asymptotic covariance structure) For every C1, Cy € €, as E — 00,

A(C1, C2) 1
Cov[pe(C1), ¢e(C2)] = m +o <ﬁ) , (2.8)

where A(C1, C2) indicates the signed length of C1 N Ca, as introduced in Definition 2.1-(d).
In particular, as E — oo,

Var[¢g(C)] = w +o (i> 2.9)
T envE T O\VE) '

Specializing the content of Theorem 2.3 to the case where C = 9D is the boundary of a
polygonal domain D C R? and bearing in mind Remark 2.2-(a), one infers that

length(D) 0<L>
672VE VE)’

as E — oo. This estimate refines the upper bound O (1) for the variance of Z¢[2](D) derived
in [31, Lemma 4.1] and shows in particular that £ [2](D) vanishes in the high-energy limit.
In view of (2.9), we introduce the class of normalized random variables:

de(C) =47 EMV*r (), Ce%. (2.10)

Var[ZE[2](D)] =

The following statement establishes a multidimensional convergence result—in the sense of
finite-dimensional distributions—for the random field {¢£(C) : C € ¢'}.

Theorem 2.4 For every integerd > 1 and everyCy, ...,Cq € €, we have that, as E — oo,

~ ~ d
(@£(C1). ... ¢E(Ca)) = Na(0, ),
where ¥ ={X(i, j):i,j=1,...,d} is the d x d matrix defined by
X3, ) =1C,Cj) i, j=1,...,d. (2.11)

Theorem 2.4 shows that, in the high-frequency regime, the covariance of 51; (Cy) and
5 £(C2) depends on the geometry of C; and C» through the signed length of their intersection.
In particular, when A(Cy, Cz) is zero (Wthh is the case when C; and C; intersect in finitely
many points or are disjoint), ¢E (C1) and ¢ £ (C2) converge to independent centered Gaussian
random variables with variances length(C;) and length(C>), respectively.

Using the content of Remark 2.2-(b), one can immediately deduce a joint CLT for the
second chaos projections of Berry’s nodal lengths on expanding domains.

Proposition 2.5 Let Dy, ..., Dy be polygonal domains. Then, as R — oo,
8 d
?(,iﬂ(b; R-DDI2], ... Z(b: R - Dd)[Z]) L N0, ) 2.12)
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where X is given by (2.11) with C; = 9D;. In particular, one has that, for a fixed polygonal
domain D,

_R- length(0D)

Var (2 (b; R - D)[2]) o

+o0(R), R — oo. (2.13)

Remark 2.6 (Hyperuniform scalings and total disorder)

(a) Theorem 2.4 and Proposition 2.5 should be compared with the content of [8, Theorem
1] (see also [40]). In such a reference, the authors consider the Gaussian entire function

o n
2> f(2) =Z§n%, z€C,
n=0 :

where {¢, : n > 0} is a sequence of i.i.d. standard complex Gaussian random variables,
and study the joint fluctuations of random variables of the type A g(C), where C indicates
a smooth simple curve of finite length (not necessarily polygonal) and, for R > 0, Ar(C)
represents the increment of the argument of f(Rz) along C. The main finding of [8] is
that, for the constant ¢ = /7 /4¢(3/2),

Var(Ag(C)) = cR -length(C) + o(R), R — oo, (2.14)

and

L (AR(CY) = E(AR(CD), s (AR(Ca) — EAR(Ca)) > Ny(0, 5, (2.15)
VeR
where ¥ is given by (2.11) [once the notion of signed length is extended to generic
smooth curves by using (2.3)]. Specializing these findings to the case where each C; is
the counterclockwise oriented boundary of a smooth domain D;, and denoting by n g (D)
the number of zeros of f in the domain R - D, one deduces that, for co = ¢ (3/2) /(8 312y,

Var (ng(D)) = coR - length(dD) + o(R), R — oo, (2.16)

and

ﬁ ((nr(D1) — E(mg(Dy)), ..., (nr(Da) — Eng(Dyg))) 4 Na(0, %), (2.17)
where X is given by (2.11) with C; = 9D;. This yields joint Gaussian fluctuations of the
same nature as (2.12).

(b) Variance estimates such as (2.13) and (2.16) mean that, as R — o0, the variances of
Z(b; R - D) and ng (D) scale as the length of the boundary of R - D, rather than as
area(R - D) = R2. Such a behaviour emerges for many point processes that are relevant
in modern probability and statistical mechanics, and is known as hyperuniformity—see
Point (d) below, as well as [17, 43] and the references therein.

(c) Consider a centered Gaussian field G = {G(C) : C € ¥’} indexed by polygonal chains
and such that E[G(C1)G(C2)] = A(Cy, C2). Then, it is easily seen that G is necessarily a
total disorder process, that is, the linear span of G contains an uncountable collection of
i.i.d. centered Gaussian random variables with unit variance. The same conclusion holds
if one replaces ¢ with the collection of closed polygonal chains, or even with the set of
closed chains that are the boundary of a rectangle.

(d) A multivariate CLT similar to (2.12) and (2.17) appears in the physics paper [24] on
charge fluctuations for Coulomb systems. Here, the author considers the net electric
charge O contained in a subregion A of an infinite equilibrium system and establishes
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joint CLTs for pairs (Qa,, Qa,), Where Ay, Ay are growing regions. For instance, for
cubes Ay, Aj of side length L — o0, it turns out that variance of the considered objects
scales hyperuniformly as =< L, and the limiting covariance is only non-zero when the
cubes share a face. Total disorder processes also appear in several works in random
matrix theory. In [45] (see also [10, Theorem 6.3]) the authors consider the number
N, (a, B) of eigenvalues lying in a circular interval (¢'®, ¢'#) of random n x n unitary
matrices sampled according to the Haar measure. It is shown that the finite-dimensional
distributions of the normalized process

{Nn(ot, B) — E[Nn(a, B)]

71 /logn

:O<a<ﬁ<2n}

converge to those of a centred Gaussian process {Z(a, ) :0 <« < B < 2w} with
covariance function

1 a=d, =4

-1 a=p,d=8
E[Z(a,B)Z(@' B)]=11/2 a=a orf=p butnotboth .

—1/2 a = B’ or B = o but not both

0 a, B, o, B distinct

From such a covariance structure, it becomes clear that, unless two intervals (ei", el ’3)
and (ei“/, e"ﬁ/) have at least one endpoint in common, the limiting random variables
Z(a, B) and Z(a’, B’) are independent. Finally, in [18] the authors prove that the finite-
dimensional distributions of a complex Gaussian total disorder process appear as the
limiting distribution of the multi-dimensional extension of Selberg’s Central Limit The-
orem for the logarithm of the Riemann Zeta function (see [38, 39]).

2.1.3 Applications to Functional Convergence

Fort = (11, 1) € [0, 1]%, we set D¢ := [0, ;] x [0, t2] and write as before Z&[21(D¢)
for the projection of .Z£ (Dy) on the second Wiener chaos. The next statement is a direct
consequence of Theorem 2.4.

Theorem 2.7 For every t € [0, 112, we set
YE(t) := 47 EYV* Le[21(Dy).

Foreveryintegerd > 1andevery collection ofty, ..., tg € [0, 1]2, we have that, as E — 00,

(YEt), ... YE(ta) > Ny(0, %)

where Ny(0, ) denotes the centred d-dimensional Gaussian distribution whose covariance
matrix ¥ is given by (2.11) with C; = 9Dy,. In particular, as E — 00, the random func-
tions {Y E(t) :te [0, 1]2} converge in the sense of finite-dimensional distributions to a total
disorder random field.

Combining Theorem 2.7 with a suitable tightness criterion by Davydov and Zitikis [15]
for proving weak convergence of stochastic processes on [0, 1] (see Proposition 3.4), and
with some moment estimates for suprema of stationary Gaussian fields (see Proposition 3.6),
one deduces the next characterization of the high-energy behaviour of X g[2], as defined in
(1.8). This settles Point (IT) of Strategy S, as outlined in Sect. 1.3.
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Corollary 2.8 As E — oo, the field {XE[2](t) 1t €0, 1]2} weakly converges to zero in D».

We will now show how Corollary 2.8, together with the content of Theorem 1.5, can be
used in order to partially address Point (III) of Strategy S.

2.2 Approximate Tightness
2.2.1 Discretized Nodal Length Process

Let us first introduce some notation. For K > 1, we indicate by 1 the partition of [0, 17
formed by the collection of squares of side length 2~X. For every vector i = (i1, i) €

{o,.... 2K}2, we define the partition points p; (K, K) := (pi,(K), pi,(K)) € [0, 1]* by

3
pil (K) =%

ip .,
2K’ piz(K):ZZT’ 11,1220,1,...,2K.

Fort = (¢1,1n) € [0, 112, we write ig k() = (il,K(tl), iz,K(tz)) for the vector verifying

Diix(t1) =11 < Diy g()+1s  Pirx(t) =12 < Pir g (12)+1>

that is, the vector ik g (t) is such that p; . t)(K, K) is the closest partition point to t on
the left (by convention, if t = (¢1, 1), with #; < 1, one sets ig x (t) = (il,K(tl), ZK), and
analogous conventions are adopted whent = (1, %), < l and t = (1, 1)).

We now introduce a notion of discretized nodal length.

Definition 2.9 (Discretized nodal length field) Let K > 1 be an integer and [1g a partition
of [0, 1]? as described above. For t € [0, 1]2, we define the discretized nodal length at t as

ZE10, 1] x [0, 12]) == Z ([0, piy 1) (KD X [0, piy (1) (K)])

and write X Ibf for its normalized version:

5127

XE® = 1 (ZE @011 x 106D — B[ ££10,n1 < 10,2D]).

As usual, we write X g [¢] for the projection of X § on the gth Wiener chaos and set Rg =
Zq23 Xg [251]

In short, the quantity X E (t) represents the normalized nodal length contained in the rectangle
formed by the partition coordinates that are closest to t, thus yielding a discrete approximation
of Xg(t). Moreover, gé( is P-almost surely an element of D,. The following result shows
that there exists a suitable partition ITx of [0, 1]? associated with a sequence K = K(E)
such that the discretized residue process Rg converges to zero uniformly on the unit square,
thus showing a discretized version of Point (III) of Strategy S. The proof of Theorem 2.10
relies on a planar chaining argument inspired by [13, 28].

Theorem 2.10 Let {K(E) : E > 0} be a numerical sequence such that K(E) — oo and
K(E) = o((log E)YY10y 45 E — 0. Then, forevery e > 0,

P4 sup
te[0,1]2

Rg(E)(t)’ > s} — 0.
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Combining the findings of Theorem 2.10, Corollary 2.8 and the weak convergence of
X gl4] proved in [37] (see Theorem 1.5), allows us to deduce the following weak convergence
result for the discretized nodal length process.

Corollary 2.11 Let {K(E) : E > 0} be a numerical sequence such that K(E) — oo and
K(E) = o((log E)/19Y a5 E — oco. Then, the normalized process XE(E) converges weakly
to a standard Wiener sheet W on [0, 112 in the Skorohod space Dj.

Corollary 2.11 gives access to a number of new limit theorems dealing with specific func-
tionals of the discretized nodal length process. Of particular interest is, for instance, the
asymptotic behaviour of the maximal discrepancy between the discretized nodal length and
its expectation, given by the supremum of X g . Such statistics provide global indications on
how the nodal length process deviates from its mean and are intimately related to overcrowd-
ing estimates and concentration inequalities. We refer the reader e.g. to [35] for the study
of such events in the framework of zero counts and nodal length associated with stationary
Gaussian processes.

Corollary 2.12 Let {K(E) : E > 0} be a numerical sequence such that K(E) — oo and
K(E) = o((log E)'/19) 45 E — oo. Then, as E — oo, we have that

sup
te[0,1]2

XE(E)(t)‘ 9 sup (W)
te[0,1]2

To the best of our expertise, the probability distribution of the supremum of the Wiener sheet
is not known. In [34], the authors provide a number of explicit expressions for the probability
distribution function of the supremum of Wiener sheets restricted to the boundary of planar
domains. For instance, the following statement is a direct consequence of Corollary 2.12 and
[34, Theorem 3], yielding a closed formula for the asymptotic distribution function of the
supremum of X g on the boundary of the unit square. We refer the reader to [34] for more
examples in this direction.

Corollary 2.13 Let {K(E) : E > 0} be a numerical sequence such that K(E) — oo and
K(E) = o((log E)'/19Y as E — o0. Then, for every z € R, we have that, as E — o0,

PJ sup
ted[0,112

where ®(z) := P{N < z}, with N being a standard Gaussian random variable.

XEP® =2t > PL osup (WOl =2f =1-30(2) +¢* 0 (=32,
ted[0,1]2

Remark 2.14 The findings described above are not sufficient to obtain a weak convergence
result for the process X g and thus to fully address Part (III) of Strategy S. Our main difficulty
for directly dealing with the residual term Rg (instead of its discretized version R g ) appears
in the chaining argument used in the proof of Theorem 2.10 and is essentially explained
by the fact that the expectation of X (which is of order /E/log E) grows considerably
faster than the normalizing factor log E. Carrying out the planar chaining argument with Rg
typically requires the quantity

VE 1
JIog E 2K
to be bounded, thus imposing K = K (E) to be of logarithmic order. Such a requirement is

however incompatible with the choice o((log E )1/10y a5 is needed in the above statements.
Such a difficulty is eschewed when dealing with the discretized versions, since in this case

|E[Xe®)] —E[XEPig (K, K)]| ~
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E[XK®] =E[XEig c (K, K))] by construction of X &, implying that the above dif-
ference is zero. One possible strategy for providing a complete answer to (III) would be to
prove that for every ¢ > 0

P{ sup
te[0,1]2
as E — oo, where K (E) is as in Theorem 2.10. However, our arguments allow one to prove
that such an asymptotic relation only holds pointwise in the L?(P)-sense

2 1 1
K(E)
E[(RE () = Re(®)) } < o 5 3K

where c; > 0 is some absolute constant, thus converging to zero in view of our choice of
K (E) (see in particular Lemma 3.9).

REP® = Re()] > g} =0,

2.2.2 Truncated Nodal Length Process

We also point out that our results on the second Wiener chaos are sufficient to formulate a
weak convergence result for truncated nodal lengths of increasing degree, defined as follows.

Definition 2.15 (Truncated nodal length) For an integer N > 1, we define the truncated
nodal length of order N by

N
ZLp(D; N) ==Y Zp[2q1(D).
q=0

We write X g (t; N) for the normalized version of .Z£ ([0, 1] x [0, ©2]; N) and Rg(t; N) :=
22]:3 X g[2¢](t) for its chaotic projections of order 6 to 2N.

The following result shows that the process Rg(e; N) converges to zero for a well-chosen
N = N(E), as a consequence of the hypercontractivity property on Wiener chaoses.

Proposition 2.16 Let N(E) = [logs(log E)]. Then, as E — oo, the process
{Re(t; N(E)) : t € [0, 117}
converges weakly to zero in Ds.

Combining this result with the weak convergence to zero of the second chaotic projections
XE[2] (see Corollary 2.8) and the weak convergence of X g[4], is sufficient to derive the
following functional limit theorem for the truncated nodal length process of order N = N (E).

Corollary 2.17 Let N(E) = [logs(log E)]. Then, as E — 00, the process
{Xp® N(E)) : te[0,177)
converges weakly to a standard Wiener sheet W on [0, 11 in Ds.

Remark 2.18 We point out that our findings outlined in Sect.2 naturally extend to the case
of the nodal intersection point process {/\/E (10, t1] x [0, 2]) : (21, 12) € [O, 1]2} obtained
by counting the nodal intersection points of two independent Berry random waves with the
same frequency in the unit square—see in particular [31] for univariate results and [37] for
multidimensional extensions on such a quantity.

The rest of the paper is devoted to the proof of our main results.
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3 Proof of the Main Results
3.1 Proofs of Theorems 2.3 and 2.4

In order to prove Theorems 2.3 and 2.4, we first prove their analog statements when the
polygonal curves are replaced with straight line segments. More specifically, in Sect.3.1.1,
we investigate the limiting covariance structure of ¢ when restricted to line segments,
by carefully taking into account all possible spatial configurations of two line segments. In
Proposition 3.1, we show that, in the high energy limit, this covariance is non-zero only when
the line segments have a non-trivial intersection, that is, when the line segments are adjacent
to each other. In Proposition 3.3, we establish a multidimensional Gaussian limit theorem
for random vectors of the form (QNSE(S]), . $E(Sd)), where Sy, ..., Sg is a collection of
line segments. Our methods rely on both the Fourth Moment Theorem (see [30, Theorem
5.2.7]) for proving normal approximations of chaotic sequences and its multidimensional
counterpart (see [30, Theorem 6.2.3]).

3.1.1 Study of Line Segments
Let S and S be two line segments in R, and consider the random variables de(S;),i =1,2.
Our principal aim of this section is to prove the following result.

Proposition 3.1 Ler S| and Sy be two line segments. Then, we have that, as E — 00,

(81, $2) 1
Cov[pe(S1), E(S2)] = ———F~= +o0 (* , 3.1
BT 1672VE  \VE
where A(S1, S2) is the signed length of S1 N $».
We start with some ancillary computations. Introducing normalized derivatives d; :=
V272Ed;, i = 1,2 (where 9; = dy, = 0/0dx;) and exploiting the definition of ¢ in
(2.4), we have that, for every C1, Cr € € (writing dx for H! (dx) for brevity),

Cov[¢e(C1), pe(C2)] =E[¢pr(C)Pe(C2)]
1

= 12872E
/C . E[BE(X)(VBE(X)vncl(x»BE(Y)(VBE(Y)vncz(y»]dXdy
1 XC2

1

= 12872E
2

> [ BIBE0BE0)BE 003 B ()] o, (0, ()
1XC2

i,j=

2
1 . .
= 64 Z /C C I/ffj(x’ y)n’cl(x)néz(y)dxdy, (3.2)
1xC2
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where £ i R? x R? — R is the function

VE 9 = E[BeOBEWG BE )T BEW) |, i1 =12

Since for every x, y € R? and every i = 1,2, (Bg(x), B (y), 3; Be(x), 3; BE(y)) is a cen-
tered Gaussian vector, we apply Feynmann’s formula (see for instance [25, Proposition 4.15])
in order to simplify the above expression: for jointly Gaussian centered random variables
Zi, ..., 24, we have

E[Z1Z2Z3Z4] = yioy3a + vi3vaa + viayas.  vij = E[ZiZ;].

Therefore, exploiting the covariance structure of the vector (Bg (x), Be (y), 9: B (x), BNJ Be(y))
(see [31, Lemma 3.1]), we obtain

V(9 = E[BE(OBEWIE 8 BE ()3 Br (7))
+E [ B0 Br () | E [ B ()3 Br ()]
+E [ Br ()8 B (0) | E [ Be()di B

=rF e — FF (e = y) = g (x = )75, (x — ), 3.3)

where the second term is equal to zero by independence of Bg(x) and VBEg(x) for every
fixed x € R? and we set

FEe—y) =0y 0yt (x —y), i,j=0,1,2

where rF is as in (1.1) and we adopt the convention that 3y is the identity operator. We now

restrict (3.2) to the case where C; = §;,i = 1, 2 are straight line segments. Denoting by
BY (x) := Bp(Rox),  BY (x):=Bp(x+L), xeR*0e[0,27],LeR>

where Ry € M2 (R) stands for the rotation matrix associated with angle 0, it follows

by isotropy and stationarity of Berry’s random field that Bg 4 Bg)) and Bg 4 éfEL),

where £ denotes equality in distribution of random fields. These observations imply that
for every choice of x, y € R2, the pairs (B(EQ) (x), Bg))(y)) and (ég) (x), éé”(y)) have the
same distribution as (Bg (x), Bg(y)). As a consequence, we reduce our investigations to line
segments given by the unit speed parametrizations

Y100, 0] = 81t () i=te 34
v2: 10,221 = 82, 1> () = p+1tp0) (3.5)
where A; > 0,i = 1,2 is the length of Sj, ¢; is the i-th canonical basis vector of R2,

p = (p1, p2) € R? and p(#) := (cos b, sin ) for 6 € [0, 27).

Remark 3.2 In view of the definition of ¢g, it follows that whenever S is a line segment
given by a union of line segments § = S’ U §” sharing only one point, then ¢z(S) =
dE(S") + ¢E(S”). Tt follows that, one can always express the covariance associated with
arbitrary line segments as a linear combination involving only covariances associated with
line segments that have the same origin. This implies that, in (3.5), we can consistently reduce
to the case p = (0, 0), that is when S| and S, have the same origin, except when S; and
S> are parallel but disjoint. Indeed, in order to see this, let us assume that S; = [Py, Q1]
and Sy = [P>, Q3] for points Py, P>, Q1, Q> € R? such that p = P> # (0,0). (Here for
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A, B € R2, we use the notation [A, B] to indicate the line segment joining A and B.) Denote
by ¢ and ¢ the lines directed by S; and S; respectively andlet I = £1N €. If ;NS = {1},
we consider the four line segments [ P>, 1], [1, Q»], [P1, I]and [1, Q1]. By construction, we
thus have ¢ (S1) = ¢ ([P1, I]) + ¢e (1, O1]) and ¢£(S2) = ¢ ([P2, I1) + ¢ (1, O2]),
so that
Cov[ge(S1), e (S2)] = Covlpp([Pr, I]), pE([ P2, I])]

+Covlpp ([P, I1), o1, O2])]

+Covlpr(1, Q1) pe([P2, I])]

+Covpi (1, 01)), $ (1, Q2]
and each of these covariances contains only line segments with common point /, which
one can set to be the origin by translation invariance of the Berry random field. Similarly, if
S1NS, = @, we consider the line segments [/, Py]and [/, P»]. Then, again by linearity we can

write (up to sign, which is determined by the orientation of S1) ¢ ([1, Q1]1) — (I, P1]) =
¢E(S1) and ¢ ([1, Q2]) — ¢e (I, P2]) = PE(S2), so that

Cov[pe(S1), p£(S2)] = Covige (1, O1]), pe([1, Q2])]
—Cov[pe ([, 01D, ¢, P2]]
—Covlpe (1. P1D), ¢e(l1, Q2D]
+Covloe(l1, P1D), ¢e(l1, P2D],

and the covariances on the right hand side can be dealt with setting / = (0, 0) as before.

Q Q
Q2 l’,/ Q>
I /pr_—

T

In view of the above reductions, throughout this section, we will assume that S; and $>
are parametrized as in (3.4) and (3.5), respectively with p = (0, 0) and 6 € [0, 27). The fact
that ng, (x) = ey for every x € S1 and ng, (x) = p(0)+ = (—sinb, cosH) for every x € $»
yields

1
Covlpe (1), dr(S)] = — / [WE,(x, ) cos0 — wE, (x, ) sin O1dxdy
64 S1x8

1 Al A2
— | ar /0 ds[yrs,(y1 (1), ya(s)) cos O

~ 64 J,
—5 (11(1), y2(s)) sin 0], (3.6)
where wil,;j is as in (3.3). From the parametrizations in (3.4) and (3.5), it follows that
1@ =2 ©1* = liter —sp@)]?
=12+ 5% —2st{e1, p(0)) = 1> + s> — 2st cos f. (3.7)
Now, computations based on the explicit expressions of the functions £, FI.E cfori, j =

0, 1, 2 in terms of Bessel functions (see [31, Lemma 3.1]), lead to (for y;(t) # ’yz (s))
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Y21 (1), y2(s)) = Jo(tF (1, 9)) (JO(fE(t, 5)) + Jz(rE(t,s)))
s2sin? 6 £ . . .
- m<l‘>(’ (t, ) (", ) + Nz (t,s)))

and
(t —scosf)ssinf
ly1(r) = y2(s)[|?

where we set 72(z, 5) 1= Zn«/EIIyl (t) — y2(s)]||. As a consequence, by (3.7), we have that
Yr2 (1 (1), ya(s)) cos 0 — Y3 (11 (1), y2(s)) sin 0
= cos0o(cE(1,9)) (o (1, ) + Io(eE (1. 5)))
B <2s2 sin?6 cos @ + 2(t — s cos 0)s sin® 9)
ly1(®) = y2 ()%
(0E @ NI ) + D (2E e 9)?)

= cos0Jo(zE (1, ) (J()(TE(Z‘, ) + L (L, s)))

2ts sin® 0 E £ e 5
T ey (0 EAEE ) + 1 @)
B NI EEE )
tE(, s))
2tssin® @
12+ 52— 2stcosb

VEL (0, 72(5) =2 (E @ NI ) + @ 9)?),

=2cosf

(oG@E @ N BEEE ) + NEE @ s)?),

where in the last line, we exploited the recurrence relation J,4i(x) + J,—1(x) =
2nJ,(x)/x,n > 0,x € R (see e.g. [41, Equation (1.71.5)]) implying the useful identity

J
Jo(x) + Ja(x) =2 ‘(x) (3.8)
Inserting this expression into (3.6), we obtain that
2cos6 M 2 Jo( B, NI (E@, s
Covlgr (). ¢ (S2)] = f / o @SN 5)
th(t,s)
2 sin? 9/
64 0
/Az oS 0PN REEE ) + 1 (@E T 5)?)
0 12 4 52 — 25t cosd
=: Ap(A1, 22,0) + BE(A1, A2, 0),
where
cosf [ M B, )N (tE @, s
ApGuy. Ao, 8) = / / o(t™( E)) 1z (1, 5))
Tl(t,s)
(3.9
sin?g (M2 as (Jo(rE @ ) h(tE ) + Dt )
B\, 1p,0) := — / d;/ . - )
t> + 5% — 2st cosf

(3.10)
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and where we recall the notation T£(z, s) = 27V E~12 + s2 — 25t cos . We note that if
0 € {0, }, then BE (A1, Az, ) = 0, so that for parallel line segments we immediately deduce
that

Covigge(S1), 9E(S2)] = Ap(h1, 12, 0).
We are now in position to prove Proposition 3.1.

Proof of Proposition 3.1 Throughout the proof, we can and will assume without loss of gen-
erality, that S1 and S, are both oriented in the same way. Indeed, if S is a line segment with
a given orientation, then —S is the same line segment with opposite orientation to S, so that
Pe(=S) = —¢E(S).

In order to prove the statement, we distinguish two cases: (A) S| and S, are parallel, and
(B) S1 and §; are not parallel.
Case (A) We treat the case where S; and S; are parallel line segments. Let y; : ¢ € [a, b] —
teyand yp 1 t € [c,d] > te; + Lep where 0 < a < b,0 < ¢ < d and L > 0 are fixed
real numbers be the respective parametrizations of 1 and S>. Note that the case L = 0
corresponds to the configuration where S1 and S, are supported by the same line, whereas,
the case L > 0 corresponds to the case where S| and S> are supported by parallel distinct
lines. We have that ||y (1) — y2(s)||> = [|(£,0) — (s, L)||*> = (¢t — s)> + L>. Therefore,
performing the linear change of variables (u, v) = (¢, t — s), we infer

1 b
Cov[pe(S1), ¢e(S2)] = 33/ dt

a J (mﬁ,/(t —52+ L2) Ji (2nﬁ,/(t —52+ L2>
d
/c ’ 20 VE(t — 5)2 + L2
1o e b (2rVEVH ) 0y (22 VEV H L)
= — / du/ dv
32 /4 u—d
1 P 1

27 VENVI + L2

dv

27 VE (u—c)

— | 4
32 J, MZN\/E 27 VE(u—d)
Jo (,/v2 + (2n¢EL)2) i ( v2 + (2nﬁL)2>

V2 + 27 VEL)?

1 b
=3 ; duKEw; L,c,d), (3.11)

where we set
1 27 VE (u—c)
- ﬁ 27 VE (u—d)
Iy (\/ v+ QrVEL? ) (\/ v+ (Znﬁm)

KEw; L,c,d) : dv

v2 4 2nVEL)?
(3.12)
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Note that, using (3.8) and the bound |J,(x)| < 1, v =0, 1, 2 implies that

Jo(x)J !
Jo) I | _ 5 (o) (o) + 12(0)] < 1

so that
1 2 «/f(ufc)

27T\/E 27 VE(u—d)

|KE@: Loe.d)| < dv=d-c,
for every u € (a, b) and every ¢ < d, so that KE; L,c,d)is integrable on (a, b). We now
study the two cases L > 0 and L = 0 separately.

Case(A.1): L >0 Fix L > 0. We show that K¥(u; L,c,d) = o(l/ﬁ) as E — oo
uniformly for u € (a, b). Indeed, using the fact that |J,(x)| = O(x~1/2) for x > 0 and
v =0, 1, 2, we infer from (3.12) that for every u € (a, b),

0(1) 27 Eu—c) 1

dv——mm—F——
27 JoxJEw—d) v+ Qn/EL)?
0(1) 27r\/f(u7c) 1
<

< — dv—
27 JonJEw-a) E

= 0™,

vE KE(u;L,c,d)’

where the constant involved in the ‘big-O’ notation does not depend on u. Thus,
\/EKE(M; L,c,d)— 0

as E — oo uniformly on (a, b), and therefore we infer from (3.11)

1
Cov[¢e(S1), pE(S2)] = O (f) :

as £ — oo, which gives the desired conclusion.
Case(A.2) : L =0 Setting L = 0 in (3.12), we obtain

| 27 /E(u—c) Jo(lvDJ1(v])
dv——m"—F——.
2VE Jrx i) v

In order to show (3.1), we treat the two cases (i) [a, b]N[c, d] = ¥ and (ii) [a, b]N[c, d] # @.
We start by case (i). This is the case whena < b < c <dorc <d < a < b. We only
treat the case a < b < ¢ < d as the other case is dealt with similarly. The assumption
a <b<c<dimpliesthatu —c¢ < 0and u —d < O for every u € (a, b). Then, using the
fact that | J, (x)| = O(x~1/2) for x > 0, we have

KEu;0,¢,d) =

| zm/F(u*C)d [Jo(lv]) J1(lv])]
_ V5
27 JoavEua vl

o) [PVEw-0 gy 1 1 1
L o) ()
27 JonJEw—d) Y JE)\c—u d-—u

which goes to zero as E — oo, uniformly for u# € (a, b). Thus, from (3.11) it follows that in
this case

IA

VE |KE@: 0, c,d)‘

1
Covigr(S1), (8] = O (E) ,
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which implies (3.1).
We now study the case (ii) and start with the special case (¢,d) = (a, b), that is when
S1 = 8. From (3.11), we write

b
VECov[¢(S)), d(S1)] = %/ duvEKEw: 0,a,b)

a
with
1 271\/E(u7u) J J 1 271«/?(147(1) J J
VEKE@:0.a.b) = 7/ PSR (I 7/ PRIC) 1(v),
27 Jon VEu—b) [v] 27 Jon VEu—-b) v
where we used that Jy is even and J; is odd. Now computations based on differentiation of

Bessel functions imply that (f—v[v(lo(v)Z + 1 ()3 = Jo()J1 ()] = Jo(v) T (v)/v, so that

27/ E(u—a)

1
VEK@;0,a,b) = — [v(o@)* + /1)) = o) i 0)]y7 Uz,

and therefore
b

1 v 4 u—a
VECOVI8x(S). 62501 = g [ du [0(o@)? + @A Ve
b
g |, o)1 )22 (3.13)

For the first term, we use the dominated convergence theorem: since | J, (x)| < C,x~ /2, x >

0 for some constant C,, > 0, it follows that

27 E(u—a)

[v(Jo@)* + i) |3 VE s | < 215 + T

which is integrable on (a, b). Setting f(v) := v(Jo(v)> + J1(v)?), we have f(—v) = —f(v)
and

[vo@) + HA T = (22 VEG — ) ~ (27 VEw — b)),
so that
Jim (oo + h@AETYE T = lim 2120 VEW—a) = lim 21()

since u — a > 0. Now, the asymptotic expansion of Bessel functions (see for instance [22])

2 _ b4
To(y) = /;ycos(y—wv)Jro(y ), w,y =@+, vy (14

yield
2 7\2 32
2f(y) ~ ZyE [cos (x — Z) + cos (x - T) i|
2 2 2
=2y 2 Jeos (x= ) sin (- )]

4

T
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as y — oo. Thus, by dominated convergence, we obtain

1 b 2 u—a 1 b 4
—— [ du[v(o@)* + i (v) )]znfiu i 6471[ -

I
— (h—
64m o2 b~

as E — oo. For the remainder term in (3.13), we use the bound |Jo(x)| < Cox~1/2,x > 0
and |J1(x)| < 1 to obtain

b b
/ du[Jo(v)Jl(vnjjjf}Z ;3 / ‘Jo(ZN\/E(M—d))"-’l(zﬂﬁ(u—a))‘

+ ‘Jo(an/E(b - u))’ ‘11 QrVE®b — u))‘ du

b
1 1 1
<c + <c Vb —a
- /a EVA/u—a EVA4/b—u~ EV*

for some constant ¢ > 0. This proves that

1 b— 1
Covlpr (S1). ¢r(S)] = @ﬁ“ +o (ﬁ) .

Let us now assume that S; # S but S; N Sy # @. Without loss of generality, assume that
0<a<c<b<d,thatis S| NSy = [c, b] x {0}. Exploiting the linearity of ¢, we write

¢E(S2) = ¢E([c, b] x {0}) + ¢ ([b, d] x {0})

and use the previous observations to obtain

Cov[¢r (S1), 9£($2)] = Covlpr([a, c] x {0}), p£([c, b] x {0})]
+Cov[¢e([a, c] x {0}), pe([b, d] x {0})]
+Cov[¢r([c, b] x {0}), p£([c, b] x {0})]
+Cov[ge([c, b] x {0}), £ ([b, d] x {0})]

1
= Cov[pr([c, b] x {0}), ¢£([c, b] x {OD] + 0 <7

7z)
_MSLS) ( e )
" 16x2VE VE)'
which is (3.1).

Case(B) We now treat the case where the line segments are not parallel. We will use the
parametrizations (3.4) and (3.5) of S; and S, respectively with

p=1(0,0), 0€l0,2n)\{0,7}.
Moreover, in this case
Cov[oe(S1), ¢E(S2)] = Ap(h1, A2, 0) + Be (A1, A2, 0) (3.15)

where Ag (A1, X2, 6) and Bg (A1, A2, 0) are given in (3.9) and (3.10), respectively. We show
that both the contributions of Ag (A1, A2, 0) and Br (A, A2, 0) to the covariance are of order
o(E~Y/2) in the high-energy regime. By (3.8), we can write

Al %3
/ dt/ dsJo(x(t, ) (Jo(xF (1. 9)) + (5 (1.9))

cos6
Ap(Ay, A2,0) =
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where we recall T£(r,s) = 2m+E~v1? +s2 —2stcos6. Passing to polar coordinates
(t,s) = (pcosg, psing), we have

27V EV/ p?2 — 2p2 sin ¢ cos ¢ cos O
27V Epy/1 — sin(2¢) cos 6
=:tE(p, ¢). (3.16)

We note that 7€ (p, ¢) > 0 and cos@ £ 0 for 8 € [0, 27) \ {0, ). Using polar coordinates
(p, ¢) onrectangle [0, A1] X [0, A>] and the fact that the line joining the origin and the point
(A1, X2) forms an angle of arctan(A, /A1) shows that the range of integration is parametrized
according to

Al X2 oy A1/ cos¢ A2/ sing
/ dt/ ds:/ d¢/ ,odp+/ dd)/ pdp, (3.17)
0 0 0 0 ay2

where we set o] 1= arctan(A2 /A1) € (0, w/2). We split the integral

tE(p cos ¢, p sin @)

s A
Ag(Ai, A2,0) = COSQ/ 1dt/ 2dsJo ‘L’ Eq, s)) (Jo(r (t, s))+12(1: (t, s)))
0 2 A1/ cos¢
= [ [ pdnan(E . )
0 0

(050 9) + (0. 9) )

0 A2/ sing
L f a6 [ pdpin(F 0. )
or1,2

64
(70(FE 0. 9) + (0. 9)) )
=: Ag,1(A1,22,0) + Ag2(X1, A2, 0).

We focus on the term Ag (A1, A2, 6). For fixed ¢ € (0, aq,2), we perform the change of
variable ¥ = 7€ (p, ¢) with dyr = 7E(1, ¢)d p, yielding

cos® (%2 d¢ Zhgm
Ap1(,22,0) = — /0 (fE(Lf/)))z/o dyry Jo() (Jo(¥) + J2(¥))
=6 / dpKE ($: 11.6) (3.18)
Tl i A1, 0), )
with
| fE(l,(z;))\l
KE($;201,0) = W/o Ay o) (o) + L (¥)
£ (1,90 Edpr

Jo(I/f)z:| e
0 b

2 cos ¢
/ AN = FEq 47 [ 2

T GEEL )2 )
(3.19)

where we used (3.8) and the fact that J()(I//) = —J1(¢). Thus, it follows that (since

[Jo(x)| = 1)
~E
7 (T (1,4)))»1) 1002
cos ¢

<2
T @9

1
KE A, 0)| <
@210 = GEA g))2
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so that by (3.18)

|AE!1(A1,A2,9)|§/al.zd¢ _ 2 _ 2 /al.z . do =O(E_1)
0 TE, ¢)?  4n2E Jog 1 —sin(2e)cos(0)

where the last upper bound is justified by the reverse triangular inequality |x —y| > ||x|—[y]|],
the assumption | cos 6| # 1 and

a2 d a2 d
/ _d¢ sf _d¢ < M2 (320)
0 [1 — sin(2¢) cos 8] 0 1 — |sin(2¢)]|| cos 6] 1 —|cos6|

Arguing similarly for the term Ag 2(A1, A2, 0), we obtain that [Ag 2(A1, X2, 0)| = O(E™Y,
so that |Ag (A1, A2, 0)| = O(E~1) as E — co. We now treat the term Bg (A1, A2, 6). From
(3.10), we have

Bg(M1,22,0) == —

sin29 M s M ts (Jo(E @, sNhE®R, 9)) + Ji(tE(, 9))?)
/ / t2 + 52 —2stcosf

Passing to polar coordinates and using (3.17), we write

Bg(A1,22,0) = Bg,1 (A1, A2,0) + Bg2(A1, A2, 0),

where
. sin2@ [%12 do sin ¢ cos ¢
BraG, 2,0 = =75 /0 (FE(1, $))? 1 — sin(29) cos 6
fE(l.d;)Al
\ o dyy (Jo) L W) + J1(¥)?),
and
. sin?@ [7/? do sin ¢ cos ¢
Bealn 22,00 === /alz FE(1, )% 1 — sin(24) cos 6
fE(_l,q;))AQ
\ Ay (Jo() L (¥) + J1(¥)?).

We treat the first term B 1 (A1, A2, 0). We write

sin2g [o12 E
B0 22, 0) =~ f dpME ($; 11.9). (3.21)
0
where
1 sin ¢ cos ¢ fE(Lq;)M
E . L cos 2
ME@i.6) = s _Sin(w)cos@/o dvy (o)) + hW)?).

Using the asymptotic expansion of Bessel functions in (3.14) yields

2
¥ (o200 + 1Y) = 2 cos (204 3) + 0™ = 2 sin@y) + 0

as ¥ — 00, so that for large E
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tE(1.g)1y
cos ¢

1
dyy (o) L) + 1(¥)?) = fo dyyr (Jo(W) (W) + J1(¥)?)

E(1,¢)0,
0s ¢

4 /1 T dyy (oW B ) + ()P

E L)y
cos ¢

2 . _1
0(1)+;/1 dyr (sm(2¢)+0(w ))
1 <2fE(1,¢>xz>
—CcoS| —mm@@

b4 cos ¢

~E
1o <1+10g <7T S)’si)“»

~E
o(l) (1 + log (%)) .

sin20/“1~2 do
32 Jo  @EA,9))?

. ~E
sin ¢ cos ¢ {0(]) <1+10g(T (1,¢))»2)>}

0

Therefore, we conclude by (3.21)

Be 1(A1, A2,0)

1 — sin(2¢) cos b cos ¢
. sin6 O(1) [*2 sin ¢ cos ¢
T 327w 472E Jy (1 — sin(2¢) cos 0)?2
. 2 o .
sin“ 6 O(1) 1.2 sin ¢ cos ¢ -E
— I 1, o)A
327 472E Jo (1= sin(2¢) cos6)2 & (T (1. ¢) 2)
sin20 O(1) [*12 sin ¢ cos ¢
: log (cos ¢)
327 4n2E J (1 — sin(2¢) cos 0)2

= bl + b3 + by

Clearly we have |b}5| = O(E~") since (arguing similarly as in (3.20))

12 ‘ sin ¢ cos ¢ /au,z d¢ o1,2
d¢ - < = < o0
A (1 — sin(2¢) cos 0)? o (1 —]cosf? (1 —|cosh|)?

since | cos 0| # 1. Let us now consider the term b%. Using (3.16), we write

log (55(1, ¢>)x2) — log (2nA2\/E/1 ~sin(2¢) cos 9)
— 27 log E + log (2m2w/ I — sin(24) cos 9)

= O(logE)+ 0(1),
where we used the fact that the map ¢ — log (ZN)LQ«/I — sin(2¢) cos 9) is bounded. Thus,

arguing as above shows that |b%| = O+ log(E)/E) = O(log(E)/E). For the term
bSE, we show that |b3E| = O(E™"). Indeed, since a1 » = arctan(A/11) < m/2, we have

o1.2 sin ¢ cos ¢ 1 /2
/0 do ‘ (1 = sin(29) cos 82 log (cos )| < m/o d¢|log(cos¢)| < oo
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since it is straightforward to check that

mlog?2
>

/2
/0 d¢|log(cos p)| =

Indeed, the last integral is obtained as follows: Since log(cos ¢)) < 0 on (0, 7 /2), we have
/2 /2
| asttoseos o = - [ g togteos ) = -
0 0

By changing variable u = 7 /2 — ¢, we have that I = /On/z d¢log(sin ¢) and also by
symmetry [ = f:/z d¢ log(sin ¢). Therefore, we have

21

/2 /2
/ d¢log(cos ¢ sing) = / d¢ (log(sin 2¢) — log2)
0 0

log?2 :lxﬂ_nlogZ :[_n'log27
2 2 2 2

1 /n log(sin p)d¢p —
2 Jo

so that I = —% as desired. Combining the contributions of each of the terms b’ L] =
1,2, 3, we conclude that Bg 1 (A1, A2, 0) = O(E™! log E). The analysis for Bg 2(A1, A2, 6)
is done analogously, so that Bg 2 (A1, A2, 0) = O(E_1 log E'). We conclude from (3.15) that,
as £ — oo,

_ _ log E _ L
Cov[pr(S1), pe(S2)] = Ap(Ay, A2,0) + Bp (A1, A2,0) = O ( z > =0 (ﬁ) ,

which proves the statement. This concludes the proof. O

‘We now prove the following multivariate Central Limit Theorem for the normalized ran-
dom variables ¢ (S) = 4w EV4¢ 5 (S).

Proposition 3.3 (Multidimensional CLT for line segments) For every integer d > 1 and
every line segments Sy, ..., Sq, we have that, as E — oo,

(FESD. .. DE(SD)) > Na(0. D),
where ¥ ={X(i, j):i,j=1,...,d} is the d x d matrix defined by

X0, ) =A08,8) i,j=1,...,d,
where A(S;, S;) is the signed length of §; N S;.

Proof Using the fact that for every line segment S, ¢E(S) is an element of the second
Wiener chaos and we proved that the covariances E [qb £(S] )¢)E (Sz)] converge to A(S;, S;)
as E — oo (see Proposition 3.1), it is sufficient to prove the statement for d = 1, since in
view of [30, Theorem 6.2.3], joint convergence is equivalent to marginal convergence for
chaotic sequences. By invariance under rigid motions of the plane of Berry’s random wave
model, we can assume without loss of generality, that S; = [0, L] x {0} for L > 0. Using
the fact that ng, = e, we have

1/4

Hr(S1) = /0 Bg(x, 03B (x, 0)dx. (3.22)
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We now represent Hr(S)) as a multiple integral of order 2 with respect to an isonormal
Gaussian process on the Hilbert space Lz([O, 1], 1), where A denotes Lebesgue measure (see
Remark 2.2 (¢)). For (x, 0) € R?, let fF(x, ), £F(x,) : [0, 1] — R be such that

BE(x,0) = I;(fE(x,), %Be(x) = L(ff(x,-),

where I, denotes the Wiener—It6 isometry of order p. Using the product formula for multiple
integrals (see [30, Theorem 2.7.10]) and independence, we can write

Br(x, 0B (x,0) = b (fF(r )8 (,)
1o (ff (x 0B1 f (x, )
= b (ff & OB ).

where the symbols ®, and &, denote the contraction operator of order r and its symmetriza-
tion respectively (see [30, Appendix B]. In particular, for » = 0 and r = 1, these are given
by (writing A(du) = du)

fo (e, @0 fs (x, ) = f (x, I fF (x, ),

1
fE@ @, ) = /O foGow) £ G wydu = (g (), f2 (8 )) 20110 = 0.

where the last identity follows from the isometry property for Wiener integrals and indepen-
dence. It follows from (3.22) that,

/OL L (foE(x, IR 5 (x, ‘)) dx =1 Db (kE) ’

E1/4

~ T
PE(S1) =

where (Sym denotes the symmetrization operator)

1/4 L
) = 2L Sym{/O FEGow G, v)dx}
TEYA (L L
=" {/ f& o) £ (x, v)dx +/ fEx, v)sz(x,u)dx}.
0 0

(3.23)

In order to show that J;E(S]) satisfies a CLT as E — o0, it suffices to show that ||kE ®1
KE|| L2([0.1]2,2®2) converges to zero as E — 00, in view of the Fourth Moment Theorem [30,
Theorem 5.2.7]. From (3.23) it follows that

1
kE @) kE(u,v)=/ dzk® (u, D)kE (v, z)
0

n*VE
16

1 L L
f dz{ f fo (e w) £ (x, 2)dx + / foE(x,z)sz(x,u)dX}
0 0 0

L L
x {/0 fEo, v)sz(y,Z)der/O fE, D, v)dy},
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thatis, after expanding, a sum of four terms, among which one of them (ignoring multiplicative
constants that are independent of E) is

L L 1
w,v) > VE fo dx /0 dyfE o) fE (v v) /0 dofE e D FE (3 2)
L L
- VE /0 dx fo dyfE e fE (3, VB [ Be(r, 0082 Be (7, 0)

L L
= ﬁ/o dx/O dyfE o fE 0, =y, 0).

From this, we compute the squared norm

1 1 2
k" @ kE“iz([o,l]z,A@z) :/0 dM/O dv [kE ®1 k" (u, U)] )

which is given by a sum of 16 terms that have all the same behaviour. We will expose the
details for one of them (which is representative of the difficulty), the others can be treated
similarly. Exploiting once more the isometry property of Wiener integrals, one among them
(corresponding to the computation above) is given by

E/ \ dxi...dxy Ffz(xl — X2, O)Ffz(xz — X3, O)rE(x3 — X4, O)rE(x4 —x1,0).
[0,L]

(3.24)

‘We now show that the integral in (3.24) converges to zero as E — oo. Performing the change
of variables (u1, us, us, us) = (x1 —x2, X2 — X3, X3 — x4, X4) yields that the integral in (3.24)
is equal to

L—uqy L—(u3+uyg) L—(ux+usz+ug)
/ du4f du3/ du2/ du 752(u1,0)f£2(u2,0)

—(uz+usg) —(up+uz+usg)
rE s, 0) - rE (—uy — uz — u3, 0)

L 2L 4L
< EL/ du3/ duz/ duy
—L 2L —4L

where in the second line, we used the fact that [r£ ()] < 1 and uniformly bounded the
regions of integrations. Now using [31, Lemma 3.1] and the relation (3.8) yields

FEy (U3, 0)Fs s (ua, 0)rE (uy, (3.25)

P J1(27VEu3|
753, 0) = Jo(2nVE|u3l) + L (2nVE(u3|) = 2W
T us
so that changing variable v = 27 VEus,
' 2VEL (o))
dus |, (3, 0)] = /
/*L 2’2 2 f seEL 0]

Splitting the region of integrations and using that |}72 »(] < 2yields

1 /Wf NP / |Jl<|v|>|dv+ /Zﬂm 171 (v))|
2nEL J-2xJEL [v] an 2tVE N
The first term is O (E ~1/2). For the second term, we use the bound | J; (v)| < v~'/2, to obtain
2VEL g 2VEL |
| 1(v)] / - 0(E~2)
Zn«f v 2nf v3/
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For the integration with respect to 1 in (3.25), we have that

ar . 1 87VEL
,0)lduy = ——=10(1)+2 J\ d
/_4L [r™ (u1, 0)|du; 27n/f< (D /1 [Jo(v)| U)

1 SN«/EL 1 1/
— 0@ 2 —dv | =O(E™ /7).
27T\/E< =+ /1 Vv v) ( )

From this, we deduce that the integral in (3.24) is O(E - E-V2E=12E=-U4 = o(E~1/%),
which suffices.

m}

We now conclude the proofs of Theorems 2.3 and 2.4.

Proof of Theorem 2.3 Assume that C;,C, € € are given by C; = (Cy,...C;) and Co =
(T, ...T,,) for segments Sy, ..., Sy, T1, ..., T,. Then, in view of the covariance structure
for line segments proved in Proposition 3.1, it follows that, as E — oo,
1 n
Covipr(C), ¢E(C)] =YY Cov[¢r(S)). pr(Ti)]
j=1k=1
B 2‘:22: M TO L ( 1 )
tor2vE '\ VE

j=1k=1

MCy, C2) n ( 1 )
= 0] R— ,
1672VE VE
where we used the definition of A(-, -). The variance estimate follows after setting C; = C,
above. O

Proof of Theorem 2.4 Thanks to the estimate in (2.8) and [30, Theorem 6.2.3], it suffices
to prove the statement for d = 1. Write C = (Sy, ..., S;) for line segments Sy, ..., Sy.
The definition of ¢ £ and the fact that the random vector ($E (S7), . 55 (Sy)) converges in
distribution to a Gaussian vector with covarlance matrix X (i, j) = A(S,, Si)i,j=1,...,r
(in view of Proposition 3.3) imply that ¢z (C) converges in distribution to a Gaussian random
variable with variance A(C, C). O

3.2 Proof of Corollary 2.8

In view of the variance estimate in Theorem 2.3, and taking into account the normalization in
the definition of X g (see (1.7)), we deduce that the finite-dimensional distributions of X g[2]
converge to zero. We are thus left to show that the laws of {Xg[2] : E > 0} are tight, which
is the content of the following proposition.

Proposition 3.4 The laws of the random functions {Xg[2] : E > 0} are tight in D».

The proof of Proposition 3.4 is based on the following criterion by Davydov and Zitikis
[15, Theorem 1] for proving weak convergence of processes on [0, 1.

Theorem 3.5 (see [15]) Let Y,, = {Yn (t) : t €0, l]d} ,n > 1be a collection of real-valued
stochastic processes on [0, 119 such that its paths belong P-almost surely to C([0, 114, R).
Assume furthermore that
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1. The finite-dimensional distributions of Y, converge to those of some stochastic process
Y,

2. There existax > B > d, ¢ > 0 and a numerical sequence {o, : n > 1} such that o, — 0
asn — oo, E[|Y,(0)|*] < c for everyn > 1 and

E[IY,() = Ya(0)] < clt = s, ¥i,s €0, 119t = s = @, (326)
3. For the sequence {ay, : n > 1} at point (b), we have as n — 00,

wy, (0y) == sup |Y,(t) — Y, (s)|spsO. (3.27)

lz—sll<en

Then, as n — 00, Y, converges weakly to Y and Y has continuous paths P-almost surely.

In order to prove that the process X g[2] verifies the assumptions (3.26) and (3.27), our
arguments make use of the following moment estimates for suprema of stationary Gaussian
random fields. Here, for a function f : R — R, a domain D C R¢ and an integer j > 0,
we denote by

Ifllci(py = sup sup |3y f(x)]

x€D |a|<j

where 9o f(x) = 9y ... 047 f(x), for o := (a1, ..., ag) with || := Zf:] ay. The proof
of Proposition 3.6 is postponed to Appendix C.

Proposition 3.6 Let G be a stationary Gaussian random field on R%. Assume that for every
m > 0, there exists a constant &z(m) < 00 such that

E[(3,G(x)?] < 6%(m), Va e N, |a| <m. (3.28)
Then, for any p > 1,

E[IGIZ, )] = € tlog(vol @)}

P .
Ci(D)
where C > 0 is an absolute constant depending on p and j, and vol(D) is the volume of D.
The following auxiliary results are needed to complete the proof Proposition 3.4.
Lemma3.7 Fort = (1,12) € [0, 112 we write Dy = [0, 1] x [0, t2]. Then, for every

continuous function f : [0, 11> > Rand every t,s € [0, 112, we have

<C sup |[fO)llt—s],
xe[O,l]2

‘ fx)dx — / f(x)dx
Dy Ds

for some absolute constant C > 0.

Proof This follows directly from the fact that area(D¢\Ds) < C||t — s||, for some constant
C > 0 which is independent of t and s. O

Lemma 3.8 Forevery p > 1 and E > 0, we have

E| sup [Be()IP [+E| sup |VBgx)|” | < C(log E)P/2,
x€l0,172 xel0,172

where C > 0 is some absolute constant depending only on p.
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Proof We use the fact that Bg 4 B (2n JVE -) as random fields, so that

E |: sup BE(x)pi| = E|: sup Bl()’)pi| .
x€l0,112 yel[0,2nVE)?

It is easy to see that the assumption (3.28) of Proposition 3.6 is satisfied by Bj. Applying the
estimate in Proposition 3.6 with D = [0, 27VE)? C R? yields the desired conclusion. The
second supremum involving the normalized gradient is dealt with in the same way. O

We are now in the position to prove Proposition 3.4.

Proof of Proposition 3.4 In view of Theorem 3.5 and the fact that the finite-dimensional dis-
tributions of X £[2] converge to those of the zero-process, it is sufficient to prove that there
exists a numerical sequence {ag : E > 0} such that ap — 0 as E — oo and (i) there exist
absolute constants « > > 2, ¢ > 0 such that

E[IXp21() — X£[215)*] < clit —sllP, Vt.s: |t —s| > ag (3.29)
and (ii)
w(E) = ” Slﬁp [XE[2](t) — XE[2](s)| spsO, (3.30)
t—s||<ag

as E — o0o. We claim that choosing ag := (vElog E)~! verifies the above conditions
(i) and (ii). Let us prove that (i) holds. The variance estimate in Theorem 2.3 implies that
there exists an absolute constant K > 0 such that for every £ > 0 and every t € [0, 1]2,
Var[ X g[2](t)] < K(\/Elog E)~!. Therefore, choosing o = 2 in (3.29), we infer that for
every t, s such that ||t —s|| > (\/Elog E) 1,

E[(X£[21(0) — X£[21(5)?] < 2Var[X £[2]1(0)] + 2Var[X £[2](s)] < <clit —s|.

2K
f
Since for every t € [0, 112, X £[2](t) is an element of the second Wiener chaos associated

with B, we exploit the hypercontractivity property for multiple Wiener integrals (see [30,
Theorem 2.7.2]) to obtain (for some absolute constant C > 0)

E[(X£[21(t) — X£[21(s)"] < CE [(X£21(t) — X£[21(s)2])"? < Clit —s)17/2

for every p > 4, which gives the desired estimate in (3.29) since p/2 > 2. Let us now argue
that (ii) holds. By [31, Eq. (4.58)], we can write

X2 = [ 227 zE[zl(Do—‘/s—”Jﬁ[ > / Be(x)2dx + / ||%Bg<x>||2dx]
Dg Dt

Combining this expression with Lemma 3.7 applied to f = Bg(-)> and f = VB2
yields for every choice of t, s such that ||t — s|| < ag (denoting by C an absolute constant
whose value varies from line to line)
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IXE[2](t) — X£[21(s)] < q/i{ ‘ f B (x)*dx — / B (x)*dx
log E Dy Dy

+V ||%Bg<x>||2dx—/ 19 B (0|2 }
Dt Ds

E ~
sc,/l sup |Be(x)|*+ sup [VBp)|*{ It —s]|
og E xel0,1]2 xel0,1]2

<———=1 sup [Be)PP+ sup |VBE)I*},
(log E)3/2 {xe[o,uz xel0, 1P

where we used the definition of ag. This implies that

[t=sl<ag

C ~
< 5 \E| s [Be@)P’ | +E| sup [VBe(x)|*dx
(log E) xe[0, 172 xel0,1]2

C C
< —_— ~1 E =
~ (log E)3/2 o8 JIog E

where we used Lemma 3.8 with p = 2. Therefore, by the Markov inequality we have for
every n > 0,

E[w(E)]=E[ sup IXE[2](t)—XE[2](S)|]

C
-1
P{w(E) > n} =n” Elw(E)] < W JogE

which proves the validity of (ii). O

3.3 Proof of Theorem 2.10 and Corollary 2.11

Our proof of Theorem 2.10 is based on a planar chaining argument, similar to the one
presented in [13] and [28] in dimension one for a study related to empirical processes.

We start with a preliminary lemma, yielding a L?> bound for increments of Rr =
Zqz3 X E[2q] along rectangles of the form [s1, #1] X [s2, 2] C [0, 112.

Lemma3.9 Forevery0 <s; <t; €[0,1],i = 1,2, and E > 0, we have that

C
E[(Re(t1. 1) — Re(s1. 1) — Re(t1, 52) + Re(s1,52))%] < log E [t —s1)(t2 — 521,

where C > 0 is some absolute constant (independent of t1, tp, s1, s2 and E).

Proof Let D(t,s) := [s1, t1] X [s2, 12]. By definition of Rg and the additivity of the nodal
length, we have

512
RE(t1,12) — Re(s1,12) — Re (11, 52) + Re(s1, 82) = ,/d Y Ze2q)(D(t,5)).

q>3
(3.31)
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By inspection of the arguments used in the proofs of [31, Lemmas 7.6, 7.8, 7.9], one verifies
that there is an absolute constant C; > O (independent of t, s and E) such that

Var ZXE[Zq](D(t, s)) | < Cjarea(D(t,s)).
q=3

Taking the square of L2 (P)-norm in (3.31), and exploiting the above upper bound, we obtain

E[(Rg(t1. 1) — Re(s1. 1) — Re(t1, 52) + R (51, 2))°]

512
= 2 var| Y Z1291(D(t, 5)
log E
q=3
5127
< Ci area(D(t, s))
log E
c
= —— (1 —s1)(tr — 52),
logE( 1 — s —s2)
which gives the desired conclusion. O

We are now in the position to prove Proposition 2.10.

Proof of Theorem 2.10 We start by introducing refining partitions of the unit square.
Refining partitions of the unit square Let us fix a large integer K (whose exact value will
be chosen later as a function of E). For every integers k, kX" = 0, ..., K, and every vector

i=(i)e{0,...,2¢ x {0, o 2",}, we define the partition points

pi (k. Ky := (pi, (0), pir (k) = (;—; 2’—,3) e [0, 12

Moreover, for every t = (t1,12) € [0, 1% and k, k' = 0,..., K, we define the vector
i p () = (il,k(tl), i2 (tz)) to be such that

Dir e k) < 11 < piypay+1(K), Pizvk/(tz)(k/) <n =< Pizyk/(t2)+l(k/)a

thatis, forevery t € [0, 112, the vector ik (t) is such thatp;, 1) (k, k') is the closest partition
point to t on the left.

We introduce the following operators.

Definition 3.10 Given a function f : [0, 1? > Ra point t = (t1,) € [0, 113, and
k, k' €{0,..., K — 1}, we define the difference operator

At f® = (P &+ D2 iy ® 4 D) = £ (Pirgsan® + D, piyyi) (6))
—f (Pn_km)(k), Piy 1 (0) (K + 1)) +f (pn.ml)(k), Piy (tz)(k/)) .
Also, for k, k' € {0, ..., K — 1}, we set
Ak f® = (1 Piyyy e ® D) = £(1. piyy 9 ®))

1 (P K P ® 4 D) + 1 (Piy i KD Py oan®))
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Ak F@®) = [ (Pigen &+ 1. 12) = f (Piygeian &+ 1), pi g 1) (K))
—f (Piv &), 12) + £ (Piy w01y K, Piy g2y (K))
and finally
Ak k f) = f(t1,0) = [ (11, Pirg 02 (K))
—f (Pivx (KD, 12) + f (Piy g 1) (KD, Pio g (1) (K)) -
Also, we use the notations A,‘:

e AE v and A,j x toindicate the operators obtained from the
relations above by replacing 71 and 1, with p;, , 1y)+1(k) and pi, , (1,)+1(k"), respectively.

We remark that, by construction of the refining partitions, we have either p;, (k) =
Pit g1 () (k + 1) or Pi1,k+1(11)(k +1) — Pil,k(tl)(k) = 2~ (k+D) (and similarly for partition
coordinates involving the index i») which yields in particular

| Ak f (11, 1)

1 1 1
< ‘f (Pil,k(n)(k) + ST Piy () (k) + W) - f (Pil.k(zl)(k) + ST Pizvk/(zz)(k/)>

. (3.32)

1
~f (Pil,k(m(k% Pi 12 (k) + ﬁ) +7f (Pin,m)(k)’ Piz,k/(zz>(k’))

In view of the above defined difference operators, the following bivariate telescopic formula
holds

K
) =Y A [, n) (333)
kk'=0
forevery f : [0, 11> — R.
Let us now write Rg for the discretized version of Rg associated with the above partition.
Applying (3.33) to R we can write for every t € [0, 1],

K
‘Rﬁ(t)‘: 3 AwRE®
k,k'=0
= Y |awREol+| Y AwREm|. 639
(k,k")eB(K)* (k,k")eB(K)

where we set B(K) := {(k, k') € {0, ..., K}* : max(k, k') = K }. Note that the second term
in the R.H.S of (3.34) vanishes by definition of the operators Ag i/, Ay x and Ag g, and
the fact that we consider the discretized remainder R ’bf : indeed, for every (k, k') € B(K),
we have that Ak,k/Rg (t) = 0. From this, we conclude that, for every ¢ > 0,

P4{ sup
te[0,1]2
We remark that the R.H.S involves the increments on closest partition points associated with

t.
Now, using the fact that

Rg(t)’ > e] <P{ sup Z ‘Ak,k/Rf(t)' >eq. (3.35)
t€[0,1]2 (k,k/)EB(K)C

&
> *k+320 132 = °

k.k'>0
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and the Chebychev inequality, we can bound the probability in (3.35) by

> ]P{ sup

(/(,/(/)EB(K)C tElO,]Jz

K &
BuRE®]> (k+ 32K +3)?

ok o

< 2 ZZP[‘Ak.k’R]IS{(p(il,iz)(k-Fl,k—i-1))‘

(k. K")eB(K)E i1=0ir=0

&
T k+ 32k +3)° }
ok ok

(k + 3)* (k' + 3)* c 1 1 c" 1
< ) —>> < K,
- ' g2 L L og E 2K+ 2K+ ~ Jog E
(k. k") eB(K)¢ i1=0 in=0

where we used Lemma 3.9. Therefore, this probability converges to zero once we chose
K = K(E) in such a way that K(E) — oo and K(E) = o((log E)!/10y a5 E — o0. This
concludes the proof. O

Proof of Corollary 2.11 Let us choose K = K(E) as in the statement. By the Wiener chaos
expansion of X K we can write

XE = Xpld1+ (XE141 - Xp[41) + Xe[21+ (XE[21 - Xg[21) + RE.

We use the same strategy used to prove Lemma 1.4. The process X g[4] converges weakly to
a standard Wiener sheet in the space Dy, in view of [37, Theorem 3.4]. The residue process
R ’bf converges to zero uniformly in probability, in view of Theorem 2.10. The second chaotic
projections converge weakly to zero in view of Corollary 2.8. For the term X g [4] — XE[4]
we argue that, for every ¢ > 0,

IP’: sup | XK410) - X410 > g} -0
te[0,1]2

as E — oo. By definition of X § [4], we can rewrite

P{ sup
te[0,1]?

Since both X £[4] and W belong to the space C, P-almost surely, we can apply the Skorohod

Representation Theorem [14, Theorem 11.7.2]. Thus, on some probability space (', %/, P'),

there exist { Y} : E > 0}, Z’ € C; such that ¥ < XEgl4], Z/ < W and

XEI410 - X141 > s} =P { sup [ X [41(pi s 0(K. K)) = Xe[410)] > s} :
te[0,1]

sup |Yp(t) — Z'(t)| — 0,
te[0,1]2

IP’-almost surely as E — oo. Therefore, denoting by A € Pg a cell of a partition Pg of
[0, 1]? with mesh | Pg| — 0 as E — oo, we can write

]P’{ sup | Xg[4(pig ¢ (K. K)) — Xp[41(D)] > 8}
tel0,1]2

<P { sup sup |[Xp(t)— X5(s)| > ¢
A€PE t,seA
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< ]P”[ sup sup (IX5(0) — Z'(®)] + 12 (s) — Xj(s)]) > ;]
A€ePE t,seA

+P' { sup sup |Z'(t) — Z'(s)| > ¢
A€PE t,seA 2

where we used the triangle inequality. For the first probability, we use the fact that X',
converges to Z’ uniformly on [0, 1]?, P’-almost surely, implying that

sup sup (|Xz(®) — Z'()]+1Z'(s) — Xp(9)|) <2 sup [Xp(t)—Z'(®)] — 0,
A€Pr t,seA te[0,1]2

IP’-almost surely. For the second term, we notice that Z’ is uniformly continuous on [0, 1]2
(being continuous on [0, 1]%), so that SUpPg sea 1Z'(t) — Z'(s)| — 0, P’-almost surely. O

3.4 Proof of Proposition 2.16

By Lemma 3.9, we deduce that for every t € [0, 1]2,

1
Var[Re(1)] = O <10gE> )
where the constants involved in the ‘big-O’ notation are independent of t and E. This implies
that the finite-dimensional distributions of the process Rg (e, N) converge to zero for every
fixed N > 4. Therefore, in order to obtain the desired conclusion, it is sufficient to prove that
the laws of the random mappings {Rg(e; N) : E > 0} (for N = N(E) as in the statement)
verify a Kolmogorov type estimate of the form

E[(Re(t; N) — Rp(s; N)*] < clit —s| ™, vt,s € [0, 177 (3.36)

for some constants o, 8 > 0 and ¢ > O that are independent of E. Denoting by Dy :=
[0, 1] x [0, 2] and Dy s := D¢ \ Ds, we have that for every integer N (to be chosen later as
a function of E) and every p > 2,

pl/p
512w

E[(Re(t; N) — Re(s; N)P]"? = logE

N
E| > Zel2q1(Drs)
qg=3

Since Z;V=3 ZE[2q](Dts) is a random variable living in the orthogonal sum of Wiener
chaoses up to order 2N, we use the hypercontractivity property [30, Theorem 2.7.2] together
with Lemma 3.9, to deduce that

172
512 N
E[(Re(t; N) — Re(s; N))P]'? < ﬁ(” — DVVar| Y Zp[241(Ds)
q=3
[

=

P N 1/2
—1 t—s s
log E (r=D7| ||
where ¢, is some absolute constant only depending on p. In particular, for p = 6 we obtain
the estimate

6N

C 6 5
E[(Re(t; N) — Rp(s; N)°| < {—GSNnr —s||”2} = liog B — |,

log E
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for some absolute constant ¢ > 0. Thus in order to prove (3.36), it is sufficient to choose
N = N(E) such that

56N (E)
— =1,
(log E)°
yielding that N(E) = 6! logs((log E)%)] = [logs(log E)7. This proves the claim.
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Appendix A: Proof of Proposition 1.3

According to Proposition 1.2, the random field Xg converges in the sense of finite-
dimensional distributions to W, and moreover one has that

sup E[Xp®)?] <oo, and E[Xp(t)?] = E[W®)?],
E>0,te[0,1]2

where the first relation follows from the computations contained in [31, Sections 6 and 7],
and the second one takes place as E — oo, forall t € [0, 1]2. As a consequence of these
relations, we can apply [20, Theorem 4] and conclude that, if ¢ € C2°(R), then

/ Xe®y®)dt S / W)y (t)dt. (A.1)
R R

We now fix ¢ € C2°(R) and apply (A.1) to ¥/ (t) = ;- -2¢(t) € C2°(R), where t = (11, 1p),

Aty
in such a way that ¢(t) = f(,l’l)x(zﬂ) ¥ (z)dz. Applying a standard Fubini theorem on the
left-hand side of (A.1) and a stochastic Fubini theorem (see [36, Theorem 5.13.1]) on the
right-hand side yields that

/I;XE(t)w(t)dt:<jE,(ﬂ>s and /RW(tW(t)dtZ/Rw(Z)W(dZL

where the last expression denotes a stochastic Wiener-Ito integral with respect to W. The
conclusion now follows from [16, Theorem II1.6.5].

Appendix B: Proof of Lemma 1.4

Since U,, and V), converge weakly to X and zero in Dy, respectively, we use for instance [44,
Theorem 2], to deduce that, for every ¢ > 0,

alin})hm sup P {ws(U,) > ¢} =0, gin%)lim sup P{ws(V,) > €} =0 (B.1)
— —

n—oo n—o0
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where ws(f) = sup{|f(t) — f(s)|: ||t —s| < &}. To obtain the desired conclusion, by
virtue of the discussion contained in [29, p.1291], it is sufficient to show that

lim lim sup P {ws(X,) > ¢} = 0.

-0 n—oo

By the triangle inequality, we can write for every § > 0,
ws(Xn) = ws(Un + Vi + Wy) < ws(Uy) + ws(Vy) + ws(Wy),
in such a way that
Plws(Xn) > e} < Plws(Un) > €/3} + Plws(Va) > €/3} + Plas(W,) > &/3}.

Using the estimate ws(W,) < 2supgcpo, 12 |Wa(t)| and letting n — oo and § — 0 then
implies the desired conclusion from (B.1) and assumption (iii) in the statement.

Appendix C: Moment Estimates for Suprema of Gaussian Fields

In what follows we consider a centred smooth stationary Gaussian field G = { G(x):xeR? }
on R? with covariance function E [G (x) G(y)] =k (x—y).Foraninteger j > Oand D C R4,
we write

o(D; j) := sup sup ]E[(aaG(x))zL

xeD |a|<j

where 9, G (x) := 3y ... 05¢ G(x), for a := (a1, ..., ag) with || := Zle ar. Moreover,
forD c R and ¢ > 0, we write D© for the e-enlargement of D. Finally, we use the notation

I fllcicpy == sup sup |0q f(x)|

xeD Ja|<j

for f : RY — R. The goal of this section is to prove Proposition 3.6, whose statement we
recall for convenience.

Proposition C.1 Let the above setting prevail. Assume that for every m > 0, there exists
&2(m) < oo such that

E[(3,G(x)?] < &%(m), Va e N, |a| <m. (C.1)
Then, for every p >l and j > 0

E[IGI7, | = € llog(vol(D))?”?

p
Ci(D)

where C > 0 is an absolute constant depending on p and j, and vol(D) is the d-dimensional
volume of D.

We remark that assumption (C.1) in particular implies that o2(D; j) < &2(j) for every
j=0.

C.1: Proof of Proposition C.1
The proof of Proposition C.1 is based on several classical concentration inequalities for

suprema of Gaussian fields, that we state here below. The first statement is an estimate for
the first moment of ||G || ¢j(py (see [32, Appendix A.9]).

@ Springer



97 Page 38 of 41 M. Notarnicola et al.

Proposition C.2 Let the above setting prevail.
E[IGlciipy] < c1(Do@V;j+ 1), (C2)
where c1(D) is a constant depending on D.

The following inequality is the so-called Borell-TIS inequality applied to the Gaussian
field 0, G, see for instance [42, Theorem 2.1.1].

Proposition C.3 For every o € N and u > 0, we have

u2
P :sup 0,G(x) > E |:sup 8aG(x):| + u} <e 20°(Difal) (C.3)
xeD xeD

Combining the contents of Propositions C.2 and C.3, we deduce that for every o € N¢
with |¢| < jandu > 0

u2
P{sup 3G (x) > c1(D)&(j + 1) + u} < i
xeD

which implies (by symmetry)

w2
P { sup [dgG(x)| > c1 (D)o (j + 1) + u} <2e %7G+D,
xeD

Therefore summing over all possible o with || < j,

2

P{IGlcipy > c1(D)&( + 1) +u} <k(j,d)e 270D (C.4)

where k(j, d) := 2card {« € N : || = j}.
We can now prove Proposition C.1.

Proof of Proposition C.1 By stationarity of G it follows that, if D’ is a translation of D, then
necessarily ¢; (D) = ¢ (D’), where ¢ (D) is the constant appearing in (C.2). In particular,
applying (C.2) in the case where D is a ball B with unit radius and exploiting the moment
assumption (C.1) on G, we deduce that

E[IGlcigm] <c16G + 1),

where ¢ is a universal constant. Therefore, applying (C.4) with D = B yields

u?

P{IGllci > 16 + 1) +u} <k(j.d)e 60D, u>0.

Now, using the above inequality with u = ¢t — ¢16(j + 1), we can write for every b > 0
(setting k :=k(j,d),o :=0(j + 1)),

o0
E [eb”Gllcf(JB>] =1 +b/ VPGl cim) > 16 + (t —16) ) dt
0

- o0
= beid +b/ “ ele{HGHCj(]B) > 16 + (t —c16)} dt
c10

s 00 , _a—15)? berG b _a@?
Se“"—l—bk/ e'Ve” 27 dlSqu+bk/ete %2 dt
c16 R

— ebL‘|5’ +bk\/ﬂ&E I:Ebz], 7 ’\/N(Cl&, 62)
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— % | pk27 (ebﬂ&*bz&z/z) — P (1 4 bka/276 677/
< ebc1&+b2&2/2(1 +bkd2716) Sebc1&+b2&2/2+bk 276

_ eb&(c1+k\/27r)+b2(72/2’ (C.5)

where we used that 1 + x < ¢*. Now for D C R? we denote by Np the minimal number of
unit balls needed to cover D and by Bp := { By,...,B ND} the collection of all unit balls
covering D in such a way that card(Bp) = Np. Then, we have that, for every b > 0

E[IGcip)] = E [logexp(b'bIGlicipy)] = b~'E [log eb”G”c-fm)]

Np
< b 'logE [eb”c”cfm)] <b'log) E [eb”G”Cf(IBn]
=1

< b 'log (NDJE [eb”G”Cfmw])

< b 'log (Npeb&(cﬁk‘/ﬂ)*bz&zﬂ) using(C.5)
~2
— b~ og(Np) + 6 (1 + kv/270) + b% —: h(b).

Differentiating & with respect to b, we find that 2 (b) < h(bg) for by = V2, /log(Np)/6 and
thus

E[IGllcipy] < hbo) = V26 /log(Np) + & (c1 + kv/21) =1 pu. (C.6)

Now let p > 1. Then, using the inequality

2

P{lIGlcicpy > n+u} <ke 27, u>0

together with (C.6), yields
* 1
E[IGI2, | = ”/o PP {IGllcipy > i+ (¢ — o)} di

S (S Ly e
§/Lp+pkf tP~e 232 dtfup—}—pk/mp e %2 dt
R

M
= ul + pk2rGE[|ZIP7Y],  Z~N(u,6?).
Now for Z ~ N(w, %) and Z' := (Z — n)/6 ~ N(0, 1),
E[1ZI”7'] =&"'E[I1Z' + u/5177"]
<27 ENZ1P7 ]+ (/6P
= C," " 4 uP,

where C), := 2P~2E [|Z'|”~"] depends only on p, so that

E [||G|| ] < 1P + pkN2mECpGP " + Py,

P
CJ (D)

The conclusion follows from the definition of w in (C.6) and the fact that there are constants
C1, Cy > 0 such that Cyvol(D) < Np < Cavol(D). O
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