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As previously demonstrated, the entropy production—a key quantity characterizing the irreversibility
of thermodynamic processes—is related to generation of correlations between degrees of freedom of the
system and its thermal environment. This raises the question of whether such correlations are of a classi-
cal or quantum nature, namely, whether they are accessible through local measurements on the correlated
degrees of freedom. We address this problem by considering fermionic and bosonic Gaussian systems. We
show that, for fermions, the entropy production is mostly quantum due to the parity superselection rule that
restricts the set of physically allowed measurements to projections on the Fock states, thus significantly
limiting the amount of classically accessible correlations. In contrast, in bosonic systems a much larger
amount of correlations can be accessed through Gaussian measurements. Specifically, while the quantum
contribution may be important at low temperatures, in the high-temperature limit the entropy production
corresponds to purely classical position-momentum correlations. Our results demonstrate an important
difference between fermionic and bosonic systems regarding the existence of a quantum-to-classical tran-
sition in the microscopic formulation of the entropy production. They also show that entropy production
can be mainly caused by quantum correlations even in the weak coupling limit, which admits a description
in terms of classical rate equations for state populations, as well as in the low particle density limit, where

the transport properties of both bosons and fermions converge to those of classical particles.
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I. INTRODUCTION

The second law of thermodynamics is one of the most
fundamental principles of physics that determines the
direction of spontaneous thermodynamic processes. Math-
ematically, this law is formulated by defining a quan-
tity called the entropy production o and postulating that,
for every thermodynamic process, this quantity is non-
negative: o > 0. Entropy production is thus a key measure
of irreversibility of thermodynamic processes; see Refs.
[1,2] for a review of basic issues related to the description
and applications of entropy production in both classical
and quantum setups.
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Since the time of Boltzmann and his famous contro-
versy with Loschmidt, one of the most basic goals of
statistical physics has been to justify the emergence of ther-
modynamic irreversibility from time-reversal symmetric
laws of classical or quantum mechanics. Recent decades
have brought about important progress in this area. The
explanations for the emergence of irreversibility can be
divided into two classes. The first set of arguments ratio-
nalizes the relaxation of closed quantum systems to ther-
mal equilibrium by employing concepts such as typicality
[3—7], nonintegrability [8], or the eigenstate thermaliza-
tion hypothesis [9—11] (see Refs. [12—16] for reviews).
This approach has been supported by experiments [17-20]
and may be generalized to demonstrate the emergence of
nonequilibrium steady states [21]. While such explanations
appear to be most fundamental, a no less important insight
into the origin of the second law of thermodynamics is pro-
vided by the second class of arguments, which deals with
open quantum systems attached to a thermal environment
(or several thermal reservoirs) to justify their thermaliza-
tion and the irreversibility of thermodynamic flows. To this
class belong arguments based on the semigroup property of
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Markovian dynamics [22] (with recent generalizations to
the non-Markovian case [23,24]), nonequilibrium fluctua-
tion theorems [25-29], or resource theory [30—32]. Finally,
our paper focuses on the information-theoretic approach
proposed in Ref. [33], which is applicable to a generic
open quantum system arbitrarily strongly coupled to the
thermal environment (see Ref. [34] for a similar formal-
ism based on the observational entropy and Ref. [35]
for finite-size corrections). Within this formulation, the
entropy production is expressed as a sum of two non-
negative information-theoretic quantities: the mutual infor-
mation quantifying the system-environment correlations
and the relative entropy measuring the displacement of the
environment from equilibrium. As further shown in our
previous work [36], for macroscopic baths composed of
many independent degrees of freedom, the latter term can
be related to the generation of correlations within the envi-
ronment; thus, the entropy production can be interpreted
as a sum of system-environment and intraenvironment
correlations.

As the entropy production can be related to generation
of multipartite correlations within the system-environment
ensemble, the natural question appears whether such cor-
relations are of a classical or quantum nature. The related
problem of splitting the entropy production into classical
and quantum contributions has previously been investi-
gated in the context of a reduced description of system
dynamics [37—41], for closed systems driven by exter-
nal time-dependent protocols [42—45], as well as for the
total system-environment dynamics of open systems in
the case of energy-preserving thermal operations [37], or
in a generic case within the formalism of observational
entropy [46]. In all these studies, the quantum contribu-
tion to the entropy production has been defined through
the change of quantum coherence in the eigenstate basis
of the system Hamiltonian (for the reduced dynamics) or
the environment Hamiltonian. Here, using the formulation
of the entropy production in terms of correlations, we take
another path. Following Refs. [47,48], the classical contri-
bution to the entropy production is defined as a maximum
amount of correlations accessible through local measure-
ments on the degrees of freedom of the system and the
environment. Accordingly, the inaccessible part of corre-
lations is referred to as multipartite (or global) quantum
discord. We note that while quantum and classical cor-
relations [49] as well as entanglement [50] between two
degrees of freedom of the environment have recently been
investigated, our article deals with genuine multipartite
correlations.

Specifically, we focus on two types of physical setups:
Gaussian fermionic and bosonic systems described by
quadratic Hamiltonians. Such systems admit a convenient
description since their properties can be characterized
by means of two-point correlation matrices instead of
much larger-dimensional density matrices. Using analytic

arguments and numerical simulations of the system-
environment dynamics, we show that, for both fermions
and bosons, the entropy production is mostly related to
generation of quantum coherence in the Fock basis (i.e.,
basis of states with a defined particle number). At first
glance, this might suggest that the entropy production is
mostly of a quantum nature. However, there is a cru-
cial qualitative difference between fermions and bosons.
For the first class of particles, the Fock basis is the
only measurement basis allowed due to the parity super-
selection rule that prohibits the superpositions of states
with different particle parities [51-53]; therefore, corre-
lations in fermionic systems are indeed mostly quantum.
On the other hand, for bosons, a much larger amount
of correlations can be accessed by performing Gaussian
heterodyne measurements. In particular, while quantum
correlations may be significant for low temperatures, in the
high-temperature limit the entropy production corresponds
to purely classical correlations between positions and
momenta of different bosonic modes (e.g., harmonic oscil-
lators). One may observe, therefore, a quantum-to-classical
transition in the microscopic formulation of the entropy
production, which is absent in the fermionic case. Further-
more, we demonstrate that quantum system-environment
and intraenvironment correlations can be present even
when the reduced dynamics of the system is apparently
classical (i.e., lack of coherence in the system eigenbasis)
or in the limit of low particle density where the macro-
scopic transport properties of both fermions and bosons
converge to those of classical particles.

The paper is organized as follows. In Sec. Il we briefly
review the formalism relating the entropy production to
correlations and discuss the decomposition of correlations
into classical and quantum contributions. In Secs. III and
IV we present the evaluation of quantum and classical
contributions to the entropy production in fermionic and
bosonic systems, respectively. In Sec. V we discuss the
microscopic nature of the entropy production for fermions
and bosons in the low density limit. Finally, in Sec.
VI we present conclusions following from our results.
Appendices A—E contain supplementary results, certain
derivations, and technical details of calculations.

II. ENTROPY PRODUCTION AS A
CORRELATION

Let us first present a general formalism relating the
entropy production to the generation of correlations. First,
up to Eq. (11) below, we review the main results of Refs.
[33,36]; next we discuss the decomposition of correlations
into classical and quantum contributions.

We consider a generic open quantum system described
by the Hamiltonian

I:ISE =ﬁs +1:1E+1:11, (1)
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where ﬁs, ﬁE, and H, are the Hamiltonians of the Sys-
tem, the environment, and the interaction between them,
respectively. We further take the environment to consist of
M baths «, each composed of K, independent degrees of
freedom £ (later referred to as modes):

Ko
Hy =33 Ha. 2)
a k=1

Such an assumption is justified, e.g., for baths composed
of noninteracting bosons or fermions. As a matter of fact,
as shown in condensed matter theory, the effective degrees
of freedom of interacting systems can often be repre-
sented as noninteracting quasiparticles, such as phonons or
magnons. For the sake of simplicity, from hereon we focus
on a single bath case with K, = K, Hak = Hk, etc.; all for-
mulas can be easily generalized to a multiple bath scenario
considered in Sec. V.

The system-environment ensemble is taken to form a
closed quantum system undergoing a unitary evolution
given by the von Neumann equation

d

—pse = [Hsg, 3
ldtpSE [HsE, psE]- 3)
From hereon we take /& = 1. The evolution of the sys-
tem is assumed to start from the initially uncorrelated state
ose(0) = ps(0) ® péq, where pg(0) is an arbitrary state of
the system and p;. is the grand canonical Gibbs state of the

environment,
pE = ® Pi @)

where

« e~ BUEH—uNp)
B 5
Pk Tr[e—PHi—nlo] )
is the equilibrium state of mode &; here 8 = 1/(kgT) is the
inverse temperature of the environment, 4 is the chemical
potential, and NV is the particle number operator acting on
mode k.
The entropy production during the time interval [0, 7] is
defined as

o = ASs — BO, (6)

where ASs = Ss(7) — Ss(0), Ss = —Tr(ps In ps) is the von
Neumann entropy of the system, and Q is the heat extracted
from the environment, defined as

0 = —Tr{He[pe(®) — pg']} + wTr{Neloe(®) — pi'1),
(7)

where Ng = >k Ny is the particle number operator act-
ing on the environment. Here, the first term corresponds

to the energy change of the environment (with a minus
sign), while the second one corresponds to the chemical
work. By inserting Egs. (2) and (4) into the formula above,
a heat-related contribution to the entropy production can
be expressed as

—BO =) _ASc+ Y D(pillog), (®)
k k

where AS; = S;(¢) — Si(0) is the change in the von Neu-
mann entropy of mode k and D(p||o) = Tr[p(In p — Ino)]
is the relative entropy; from hereon we use a short-
ened notation pi(f) = px, Sk(f) = Sk, etc. As a result, the
entropy production can be expressed as the sum of two
information-theoretic terms,

0 = Iy + Depy, )

where

IM:SS+ZSk_SSE (10)
%

is the multipartite mutual information between the system
and the modes of the environment (later referred to as the
total correlation), while the quantity

Deny = ) D(pill o) (11)
k

measures the displacement of the environmental modes
from equilibrium; in deriving Eq. (9) one uses the assump-
tion of an initially uncorrelated state, which implies that
Iy (t = 0) = 0. According to information theory, both con-
tributions /), and Dy, are non-negative, which guarantees
the non-negativity of the entropy production. For large
baths (i.e., in the thermodynamic limit), when the environ-
mental modes are infinitesimally displaced from equilib-
rium, the contribution D, is usually negligible (although
may still be important when only certain modes of the
environment are resonantly excited [54]) and the entropy
production is dominated by the total correlation /,, [36].

This raises the natural question of whether the inter-
mode correlations are of a classical or a quantum nature.
In order to answer this question, following Refs. [47,48]
we decompose the total correlation as

Iy = Ju + Dy, (12)
where J), is the classical correlation between the system
and the modes of the environment, while D), is the multi-
partite quantum discord. The first quantity is defined as the
maximum amount of correlations accessible through local
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measurements:

Jyu = max

{Ngh{M},....{Mg}

[H(As) + Y H(AY
k

— H(AsA, "'AK)}, (13)

where {I1;} is a set of measurements acting on the sub-
system i € {S,k}, H(A;) is a Shannon entropy of the
measurement outcomes A; for a single subsystem i, and
H(AgA; - -- Ag) is the Shannon entropy of the measure-
ment outcomes for the total system-environment ensemble.

We note that while (following Refs. [47,48]) the classi-
cal correlation is here taken to correspond to local mea-
surements on each mode, a less stringent definition can
be provided by allowing nonlocal measurements on sets
of several modes. We discuss this in more detail in Sec.
Ic3s.

ITII. FERMIONIC SYSTEMS

A. Analytic arguments

We now apply our decomposition of the entropy pro-
duction to specific physical scenarios, starting from the
system of noninteracting fermions. Within the formalism
of second quantization, a generic noninteracting fermionic
system can be described by a quadratic Hamiltonian [55—
60]

H =Y (Ajcle; + Bycle] — Byaicy),  (14)

g

where A; = A5 and B; = Bj; are complex numbers,

while cj and ¢; are fermionic creation and annihilation
operators. We further restrict our discussion to the particle-
number-preserving Hamiltonians with B;; = 0.

To make a connection with the thermodynamics for-
malism presented in Sec. II, we focus on the case where
a single mode i = 0 belongs to the system and K other
modes i € {1,...,K} to the environment (generalization
to multimode systems is straightforward). Furthermore,
we take the modes of the environment to be uncoupled
(A; =0 for i #j unless i =0 or j = 0); in fact, every
quadratic Hamiltonian can be brought to such a form by
a unitary transformation. Then, Hamiltonian (14) can be
rewritten as

K K
I:ISE = éocgco + Z eicjci + Z(t,»cgc,» +H.c.), (15
i=1 i=1

where the ¢; are the mode energies and the #; are the tunnel
couplings between the system and the modes of the envi-
ronment. The system and the environment will be further

assumed to be initialized in thermal states of their respec-
tive Hamiltonians, which belong to the class of fermionic
Gaussian states. Then, the evolution generated by an arbi-
trary (possibly time-dependent) Hamiltonian preserves the
Gaussianity of the system-bath state (as well as the state
of any subsystem). As shown by Peschel [55], the prop-
erties of fermionic Gaussian states (for particle-number-
preserving Hamiltonians) can be fully characterized by a
correlation matrix C with matrix elements defined as

Cy = (e]¢;) = Tr(cle; pse). (16)

(For a more generic Hamiltonian (14) with B;; # 0, one

also needs to consider correlations (c;c;) and (cjcj._) [56—
60].) Accordingly, the reduced state of any portion of
the global system (e.g., system, environment, or a single
mode) is described by a corresponding submatrix of the
total correlation matrix. In particular, the von Neumann
entropy of a system described by the correlation matrix C
(which is required to calculate the total correlation /,,) can
be calculated as [61]

S=Y [-gilng, — (1 — gy In(l — g, (17)

n

where the g, are the eigenvalues of the correlation matrix.

We now argue, based on analytic arguments, that, for
large environments, the total correlation /j,—and thus the
entropy production—is mostly determined by the quantum
discord D), while the classical correlation Jj, is negligible
(this will be confirmed in Sec. I1I C using numerical simu-
lations). To do so, let us express the correlation matrix of
the system-environment ensemble as

C=CP+et, (18)

where CP and €& are the diagonal and the off-diagonal
parts of the correlation matrix, respectively. We now pose
the following hypothesis: for large baths, the off-diagonal
elements €&; are small, such that one can treat € as a
small perturbation parameter. This can be justified as fol-
lows: when one simulates the dynamics for different sizes
of the environment, as the number of modes K increases,
the entropy production at time ¢ converges to some finite
value corresponding to the infinite bath limit [36]. At the
same time, I, (and thus o) is bounded from below by the
inequality derived by Bernigau et al. [62]:

o =1y 2 2Tr(E) =22 ) 1& 1P (19)
i?j

(see Appendix A for details). Therefore, as the number of
elements in the sum above is proportional to (K + 1)K ~
K?, while the value of o is fixed, the magnitude of the off-
diagonal elements €|&;; | is bounded from above by a factor
proportional to 1/K.
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In the next step we demonstrate that, to the lowest order
of €, both the total correlation and the classical correla-
tion can be approximated as sums of two-mode total and
classical correlations, i.e.,

Iy~ Iy fore— 0, (20)
1j>1

Ju~ Y Jy fore =0, 1)
ij>1

where the lowest-order contributions to the total and classi-
cal two-mode correlations are of orders O(e?) and O(e*),
respectively:

Iy = O(e?), (22)
Jj = O(eh). (23)

This implies that, for small €, the classical correlation J), is
negligible compared to the total correlation /,,. More pre-
cisely, since € is bounded by a factor proportional to 1/K,
it can be expected that the ratio Jy, /Iy, decays as 1/K>.
To show that, let us first consider the total correlation ;.
Using second-order nondegenerate perturbation theory, the
eigenvalues of the correlation matrix can be calculated as

a=Cire Y Lo@)

iz Ci =Gy

Using Eq. (17), for small €, the total correlation then reads

2 2
IEij | Ci(1 =Cy)
Iy ~ In 25
l;zc —¢, "¢, =cn

Quite obviously, the contribution linear in € has to dis-
appear since the mutual information is non-negative, and
thus the lowest-order contribution is quadratic in €. A sin-
gle element of the sum can be easily identified as the
lowest-order contribution to the quantum mutual informa-
tion between two modes /;; (one simply applies the formula
above to a two-mode system), which leads to Egs. (20)
and (22). As demonstrated numerically in Sec. III C2, Eq.
(25) is actually not exact even in the large-bath limit; this
is related to the presence of redundant correlations, due
to which /) is not exactly equal to ;. Neverthe-
less, it still describes very well the magnitude of /;;, which
supports our general argument.

Let us now turn our attention to the classical correlation
Jy. In general, its calculation requires optimization over
all possible sets of measurement operators. For fermionic
systems, however, the problem is simplified by the parity
superselection rule that forbids the existence of quantum
superpositions of states with even and odd numbers of

particles [51,52]; correspondingly, the projective measure-
ments on such superpositions are not allowed. In particular,
the only possible projective measurement operators acting
on the ith fermionic mode are projections on the empty and
the occupied states [53]:

n’ = ¢/, (26)
) = c;rci. 27)

As a result, the classical correlation Jy, is equal to the
mutual information in the Fock basis (occupation basis)
JE:

Ju =Sy = T pen . 28)

Here n = (no, ..., ng) is the vector of the mode occupan-
cies, n(n)—]_[p(n) and ) = Z DI

The probability distribution p (n) is fully determmed by
its transform, the moment generating function

lk
M) =) pme™ =) ") -, (29)

n k

where A = (Ag,...,Ax) is the vector of the counting
fields, Yo = D00 -+ D oo g, M = 15,7, and k! =

H,{io k;!. Specifically, the state probabilities can be calcu-
lated as

1 2 2 )
pm)=— / dho- - / dige ™ M@r).  (30)
T Jo 0

The statistical moments of the particle number operator
can be expressed as

K
= <l_[(cjc,-)k">. (31)
i=0

They can be calculated using Wick’s theorem, according to
which, for Gaussian states, all higher-order correlations are

sums of products of two-point correlations (cjcj ). It can be

expressed as [63]

(i)=Y o) fv-ifi),  (32)
P

where f; can be either creation or annihilation operators, N
is an even number, ) _, is the sum over all distinct permu-
tations of indices, and o (P) is the permutation sign (4 or
— for the even or odd number of index swaps). As one
can easily note, every product of two-point correlations
contains an even number of the off-diagonal elements of
the correlation matrix. As a result, the moments (n*)—and
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therefore the probabilities p(n)—depend only on even
powers of €. In particular, the terms of order €> corre-
spond to a single perturbation of indices, and therefore to
two-mode correlations:

K
(n*) = (1’[<n5‘f>> [1 +Y gk k) + O(e“)} (33)
i=0 ij>i
with
ki ki
gk k) = k) k]) —1 (34)

Consequently, using Eq. (30), to the lowest order of e,
many-body probabilities p(n) describe only two-mode
correlations:

p(n) = n(n)[l =Y EAmn) +etom) + 0(e">]
ij>i

(35)
with

ezA(ni,nj) — M -1
‘ p(nyp(n;)

(36)
and 6 (n) the contribution of order O(e*).

Inserting Eq. (35) into Eq. (28) and expanding as a
Taylor series yields

Jh=e Zn(n) > Awi,m) + € Zn(n)@(n)

ij>1

+ < Zn(n) D Ain) Y Alng ) + O(€®).

ij>i kI>k

(37

We now use the fact that the introduction of correlations
does not affect the single-mode probabilities p (n;),

Y ) Alm,n) =0, (38)
J

which can be derived using Eq. (36) and the relations
Z p(ni,n;) = p(n;) and Z p(n;) = 1. We further use
the total probability conservanon the sum of all prob-
abilities ) p(m) =) w(n) =1 is not affected by the
introduction of correlations, and thus summing Eq. (35)

over all n one gets

> xmo(m) = 0. (39)

As a result, the first two terms on the right-hand side of Eq.
(37) disappear, whereas the third reduces to

Zn(n) > Ain) Y Al m)

ij>i kI>k

ny nL
X |: Z A(n;, ny) Z A(ny, nl)]

ij>1 kI>k

=D pp() A (mi, my), (40)

ij>1

where we have used Eq. (38) and ) ; p(n;) = 1. Finally,
for small €, we find that

4
T ™ EE Y p(m)p ) A (i, my). (41)

ij>1

Again, a single element of the sum can be identified as
a classical correlation between two modes Jlf , leading to
Eqgs. (21) and (23). As in the case of I);, we do not expect
Eq. (41) to be exact even in the large-bath limit. This is
because the terms of order * and higher in Wick’s theorem
(32) may actually still contribute to many-body probabili-
ties p (n) due to their large number. Nevertheless, as shown
later in Sec. III C 1, the equation correctly predicts the
order of magnitude of J1;.

B. Two-mode correlations

To illustrate the analytic results presented above, let us
analyze the total and classical correlations for a pair of
modes i and j described by the correlation matrix

_ () €
€= ( € <”j>>’ “2

where (n;) is the average occupancy of mode i
and the correlation tenn € 18 bounded as € < € =
min[,/(n;) (n;), /(1 — (n;))(1 — (n;))].  Using  Wick’s
theorem (32) the state probablhties p(n;,n;) can be cal-
culated as p(0,0) = (1 — (m))(1 — (n;)) — €2, p(0,1) =
(1= (m)m) + €%, p(1,0) = (m)(1 — (n;)) + €, and
p(1,1) = (n){n;) — €. The total correlation between the
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1.0f
0.8F Iy
o6l ]5
0.4+ ]
099 0204 06 0.8 1.0
€ /€max
FIG. 1. The total mutual information between two fermionic

modes /;; and its classical part J; as a function of €* for (n;) =
0.5, (1) = 0.4, and emax = /1) ().

modes and its classical part read as

2 YA = (n;
Iy = € 1 ) = (1))
(i) = (nj)  (mp)(1 = (mi))

64

2(n;)(n;) (1 — (n)) (1 — (n;))

+ O(eh, (43)

+ 0%, (44

F_
I =

Their magnitudes are compared in Fig. 1. As one can
observe, for small €, the classical correlation is indeed
negligible compared to the total correlation.

C. Numerical results
1. Full density matrix evolution

To further demonstrate the validity of our theoreti-
cal reasoning, we perform numerical simulations of the
system-environment dynamics for the setup described by
Hamiltonian (15). The energy levels of the environment
are taken to be uniformly distributed over the interval
[—W/2,W/2], while the tunnel couplings ¢; are taken to
be equal and parameterized as t; = /T W/[2n(K — 1)],
where I" is the coupling strength. In the first step we ana-
lyze a global unitary evolution of the system-environment
density matrix given by the von Neumann equation (3).
This approach enables one to calculate the exact value of
the classical correlation Jy,, but is feasible only for baths
consisting of just a few modes; however, even for such
small reservoirs, some relevant results can be obtained.
As demonstrated in Fig. 2, already for environments con-
sisting of just eight modes, one can observe good ther-
malization behavior. In full agreement with our theoretical
predictions, the classical correlation Jy, is very small com-
pared to the total correlation /j; therefore, the entropy
production is dominated by quantum correlations. At the
same time, the contribution D, related to the displace-
ment of modes from equilibrium, is here non-negligible;

1.2F
1of T e
-
'l
/ —
0.8f [ T
4
_____ Iu
0.6F
........ Jur
041 — — Deny
02} - T T T - T T T
-~
-~
e e emeenmmeneE TR eeeoeeeeeeceeeeeeeeaas
0.0 = !
0 2 4 6 8 10

I't

FIG. 2. Entropy production and its constituents as a function of
time for the initially empty system [(Ny(0)) = 0], g = —0.5k5T,
I' = kgT, 0 =0, W=3kgT,and K = 8.

however, as shown later, it can be neglected for larger baths
consisting of hundreds of modes.

Further insight can be obtained by analyzing the scaling
of the constituents of the entropy production as a func-
tion of the size of the environment. As shown in Fig. 3,
both the classical correlation Jy, and the displacement term
De,y decrease with bath size, while the total correlation 7y,
approaches the entropy production o. This confirms that,
for large environments, the entropy production is dom-
inated by quantum correlations. More specifically, Dy
scales approximately as 1/K, while J3, decreases faster
than 1/K but slower than 1/K?, as predicted by the theory
presented in Sec. III A. This discrepancy can be explained
by the finite-size effects: First, for small baths, the approx-
imation K(K + 1) &~ K? for the number of off-diagonal
elements of the correlation matrix is not perfectly valid.
Second, this approximation is further invalidated by the
fact that not all elements £; contribute to 7, and Jy, with
a similar magnitude, but rather the correlations between
modes with energy close to ¢ (i.e., resonant with the
energy level of the system) are dominant.

Finally, we check how well the perturbative formulas
(25) and (41) describe the exact values of I}, and Jy,. As
shown in Fig. 4, even for the small bath analyzed (com-
posed of only eight modes), they provide results correct to
the order of magnitude (though, as shown later, they are
not exact even for large baths); this further confirms the
validity of analytic arguments presented in Sec. IIT A.

2. Correlation matrix approach

Because of the noninteracting nature of the system,
much larger baths (consisting of hundreds of modes) can
be analyzed considering the evolution of the correlation
matrix C instead of the density matrix psg. The dynamics
of the correlation matrix follows the equation [64]

C(t) = €MC(0)e ™, (45)
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FIG. 5. Comparison of the evolutions of the von Neumann

FIG. 3. Scaling of the entropy production and its constituents
as a function of the inverse of the number of environmental
modes K for a fixed time I't = 3 and other parameters as in Fig.

2. Lines are shown as visual guides.

where H is the single-particle Hamiltonian defined as

entropy of system Ss and the heat-related contribution to entropy
production —BQ for the exact (Ex) and Markovian (M) dynam-

ics. Results obtained for the initially empty system [(No(0)) =
0], = 0.02kgT, €9 = 0, u = kgT, W = kpT, and K = 400.

— w)]} is the Fermi distribution. The particle number and
the energy of the bath, which appear in the definition of
heat [Eq. (7)], can be calculated as

Hi=¢ fori=0,... K, (46a)
Hoi=Hip=t fori=1,...,K, (46b)
H;j =0 otherwise, (46¢)
and the initial correlation matrix reads C(0) =
diag[0, f (€1),....f (ex)], where f (€) = 1/{1 + exp[B(e
(a) 1.0}
0.8t T e
< 0.6 I,’ Exact
~N ,I
04l /I ————— Perturbative
0.2} /'I
(b) 0.0
0.06f e
0.05F ~ ,/’
0.04 ,” A
~= o003 f
0.02F ,n:
0.01F ,"
0.00
( 4 6 8 10

I't

FIG. 4. Exact values of the total (a) and the classical (b)
correlations (black solid lines) compared with results obtained
using perturbative formulas (25) and (41) (red dashed lines).

Parameters as in Fig. 2.

K
<NE> = ZCii, (47)
i=1

K
(ﬁE> = Zéicz’i, (48)
i=1

while information-theoretic quantities can be obtained
using Eq. (17).

We now demonstrate that the quantum contribution to
the entropy production dominates even in the regime when
the reduced dynamics of the system can be well described
by means of a Markovian master equation for state popula-
tions. To do so, we first show that, for a weak system-bath
coupling I' « kgT, the correlation matrix approach gives
results that coincide with those provided by the master

equation [65]

dit( 0) = I'[f (€0) — (No)].
Within this formulation, the heat can be calculated as O =
(ANp)(n — €9), where (ANg) = (No(9)) — (No(0)). The
results for small I' = 0.02kpT are presented in Fig. 5; as
one can observe, the correlation matrix and the master
equation approaches are indeed in almost perfect agree-

(49)

ment.
Next, let us analyze the information-theoretic con-

stituents of the entropy production. Within the correlation
matrix approach, a direct calculation of the classical corre-
lation J}, is not feasible, since this still requires many-body
probabilities; though in principle they can be calculated
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using Wick’s theorem (32), this is computationally diffi-
cult. However, one can provide an upper bound. It can
be obtained by expressing Jy, through the chain rule for
mutual information [47,48]

K—-1

Ju < Z Jo..kk+1s (50)
=0

where Jo_ir+1 is the classical correlation between the
systems consisting of modes 0,...,k and mode &k + 1
(equality holds if Jyy and Jy_ x 4+1 are optimized in the same
measurement basis). The latter quantity obeys the Holevo
bound [66]

Jo. kk+1 < maxJy g k41

= So.k — (1 = (NeDS(Y ) — (Nes1)S(og. 1)
(51)

where S(pgf .lk) is the von Neumann entropy of the con-

ditional state pg_{ _1k given the empty or occupied state of
mode k + 1; it can be calculated using the fact that con-
ditional states are Gaussian states [S6] with correlation
matrix elements

Cg =Cj 4+ (1 — (Ne1) " 'Cins1Crorj s (52)
C; = Ci/ — (Nk+]>7lci,k+lck+l,j9 (53)

which can be derived using Wick’s theorem (32) (see
Appendix B for details). Thus, finally,

K—1

Jy < maxJy = ZmaXJO..Ak,kJrl- (54)
=0

The results are presented in Fig. 6. They show that the
entropy production is clearly dominated by quantum cor-
relations (as classical contributions Jj, and D, are neg-
ligible), even though the reduced dynamics and thermo-
dynamics of the system are well described by a classical
Markovian rate equation for the state populations. This
resembles a similar previous observation for the pure
dephasing case: the character of the reduced dynamics of
the system is not directly related to the quantum or classical
character of the system-environment and intraenvironment
correlations, since by performing the partial trace one loses
track of details of the microscopic dynamics [67,68]. Fur-
thermore, this clearly implies that classical and quantum
microscopic correlations are fundamentally distinct from
classical and quantum contributions to entropy produc-
tion defined in Refs. [37—40] for the reduced dynamics.
Indeed, in these works the quantum contribution to entropy
production was related to the dynamics of off-diagonal
elements in the system density matrix (in the eigenbasis

b — & — @ — 00— —0— —¢ — e — ® — 9
0 2 4 6 8
I't

FIG. 6. Entropy production and its constituents as a function
of time for the same parameters as in Fig. 5.

of the system Hamiltonian). Thus, it vanishes for sys-
tems described by classical rate equations, in contrast to
microscopic quantum correlations.

Finally, let us check how appropriately the total corre-
lation /), can be evaluated using the perturbative formula
(25). In Fig. 7 we present the evolution of the exact and
approximate total correlations for K = 400 modes in the
bath, while Fig. 8 shows their values at a fixed time for
different sizes of the environment. As can be observed, the
approximate value of I, is not equal, though very simi-
lar to the exact one. Furthermore, it does not converge to
the exact result when one increases the bath size; rather,
the perturbative formula tends to overestimate [, by a
few percent (note the scale of the y axis in Fig. 8). The
origin of this discrepancy appears to be the presence of
redundant correlations, due to which 7, does not exactly
correspond to the sum of two-point correlations /j;. Never-
theless, though Eq. (25) is not exact even in the large-bath
limit, it still very well describes the order of magnitude of

15F
]
II
= /I Exact
/’ ————— Perturbative
05f |
0.0 ‘
0 2 4 6 8
It
FIG. 7. Exact total correlation (black solid line) compared

with the perturbative formula (25) (red dashed line) as a function
of time. Parameters as in Fig. 5.
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FIG. 8. Scaling of the exact total correlation (black dots) com-

pared with the perturbative formula (25) (red squares) as a
function of the number of modes K at a fixed time 't = 5. Other
parameters as in Fig. 5. Lines are shown as visual guides.

the total correlation, which supports the analytic argument
presented in Sec. [T A.

3. Excursus: system-environment correlations

While in our paper we focus on multipartite correlations
Iy and Jy, let us now take a small detour to consider
quantum and classical contributions to bipartite correla-
tions between the system and the environment. We note
that the system-environment quantum mutual information
Isg = Ss + Sg — Ssg is a part of the total correlation,

Iy = Isg + Loy, (55)

where Iy = Zle Sr — Sk is the intraenvironment corre-
lation. To obtain the classical correlation Jsg, we apply
a unitary Householder transformation [69] acting on the
environment that converts the correlation matrix to a form
C in which all off-diagonal elements Cy; apart from Cy,
are equal to zero (see Ref. [70] for a simple algorithm
for non-Hermitian matrices). Then the classical system-
environment correlation becomes fully concentrated in a
pair of modes 0 and 1:

Jse = Jo1. (56)

This two-mode correlation is then easily computable (see
Sec. III B). We note that a similar procedure of the cor-
relation localization has been previously demonstrated for
bosonic Gaussian states [71,72].

The results are presented in Fig. 9. As one can observe,
the mutual information between the system and the envi-
ronment first increases but then tends to saturate at a
low asymptotic value; this behavior is common for both
fermionic [73] and bosonic [54,74,75] noninteracting sys-
tems. The term Jsg is now non-negligible in comparison
with the quantum mutual information /sg (especially at
shorter timescales, when Igg is maximal). This can be

0.7F 2
n
0.6F Isg
osf,~_ \ 77 Ise
1 S~
04 b 'I \\\ Z)SE
I’ AN
\
03 AN
N
- \\
02F 7 T M
01 Teel Y
0.0 L T freteoes -
0 2 4 6 8
I't

FIG. 9. System-environment mutual information /sg (red solid
line) compared with the classical correlation Jgg (blue dotted
line) and the quantum discord Dsg = Isg — Jsg (magenta dashed
line). The In2 line denotes a maximum bound for the mutual
information in separable states. Parameters as in Fig. 5.

explained using the equivalence of Jsg to a correlation
within a pair of modes: when Isg is large, the relative
weight of the classical correlation increases (see Fig. 1);
accordingly, when Isg decays to the asymptotic value, the
weight of the classical contribution also decreases. Never-
theless, the quantum discord Dsg = Isg — Jsg is still domi-
nant on all timescales. Furthermore, we note that the quan-
tum mutual information temporarily exceeds the value
In2 = Indim(Hs) > Ss [where dim(Hs) is the dimension
of the Hilbert space of the system], which is a maximum
bound for the mutual information in separable (nonentan-
gled) states [76,77]. This implies the presence of (at least
transient) system-environment entanglement, even though
the reduced dynamics of the system is effectively classi-
cal and Markovian. We will explore this issue in a future
study.

It may also be noted that the classical bipartite corre-
lation Jsg is actually larger than the classical multipartite
correlation Jy; (cf. Fig. 6). This might be surprising, as
the total correlation obeys the inequality I, > Isg [cf.
Eq. (55)]. The explanation is that Jsg is maximized in
a different measurement basis (obtained via the House-
holder transformation) than the base of modes diagonal-
izing the environment Hamiltonian (in which Jj, is cal-
culated). From a technical point of view, this implies that
the obtained value of maxJy, depends on the ordering of
modes in the chain rule in Egs. (50) and (51); in particular,
it would be overestimated if we wrote Eq. (50) in the form

K—1

Ju < ZJk+lmK,ka (57)
k=0

since maxJy; would then also include a contribution Jsg.
On the other hand, this also suggests that one can actu-
ally access more information about correlations within the
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global system SE than given by Jj, using the following
procedure.

(a) Partition the modes into m € [2, K + 1] subsystems
consisting of a single or several modes (e.g., form =
2, the system and the environment).

(b) Perform measurements on subsystems rather than
individual modes.

(c) Calculate the mutual information between the mea-
surement outputs.

For purely classical correlations, such coarse graining
would always lead to information loss, as one loses track
of correlations between modes belonging to a single sub-
system; however, in quantum systems this can be com-
pensated by gaining more freedom in choosing the mea-
surement basis. Thus, in analogy to Eq. (13), the classical
correlation can be alternatively defined as

X H Atx i

NTRYL P

Ju =

- H(Azxm,l Tt Aam,m)], (58)

where o, denotes a single way of partitioning the global
system SE into m subsystems and H (A,,, ;) is the Shannon
mutual information of local measurements on subsystem #;
then Jy, and Jsg are special (unoptimized) instances of Jj,
for m = K + 1 and m = 2, respectively. This definition is
inspired by the multipartite relative entropy of quantum-
ness defined in Ref. [78]. However, since the calculation
of this quantity is a complex combinatorial problem, its
analysis goes beyond the scope of the present paper.

D. Final remarks

Let us now set our results in the context of the liter-
ature. First, we note that, as many-body Fock states are
eigenstates of ﬁs + I:IE, our result implies vanishing of the
classical relative entropy between probability distributions
of eigenstates of the environment since

D[Me®ME(0)] < Ju + Denys (59)

where I is the diagonal part of the density matrix of the
environment in the eigenstate basis. The disappearance of
such a relative entropy is tacitly implied in the derivation of
the relation of heat and the observational entropy presented
in Ref. [34], which is based on scaling arguments. How-
ever, since scaling arguments can sometimes lead to wrong
predictions [36], an independent confirmation of this result
is valuable.

Second, we note a similarity between our observations
and the result of Kaszlikowski et al. [79] showing that gen-
uine multipartite quantum correlations can exist on their

own without a supporting background of classical corre-
lations. Although in Ref. [79] the classical correlations
have been defined via correlations of observables rather
than information-theoretic quantities, this observation can
be easily generalized to the classical mutual information,
as a generic probability distribution can be expressed by
means of generalized moments [Eq. (30)].

Finally, our observations may appear to contradict the
previous results showing that the parity superselection rule
reduces rather than increases the amount of quantum cor-
relations [80—82]. However, there is no contradiction. In
those previous studies, quantum correlations were defined
as an accessible entanglement, which can be used as
a genuine quantum resource. The parity superselection
rule reduces this accessibility via constrains on physically
allowed local operations. In contrast, in our case the cor-
relations do not play the role of a useful resource, but
rather a “sink” that allows the entropy production to grow
even though the total von Neumann entropy Ssg is con-
served. This distinction between entanglement and discord
has previously been stressed by Pusuluk ez al. [83].

IV. BOSONIC SYSTEMS

A. General discussion

We now turn our attention to noninteracting bosonic
systems described by quadratic Hamiltonians

i

where (for a generic N-mode system) X; =¢; (i=
1,...,N) is the position operator and X; =p,_ y (i =
N+1,...,2N) is the momentum operator; the posi-
tion and momentum operators can be further expressed
by means of bosonic creations and annihilation opera-
tors: g; = (a;f +a;)/v/2 and p; = i(a;r —a;)//2. As for
fermionic systems, a thermal state of a quadratic Hamil-
tonian is a Gaussian state that can be wholly charac-
terized by the 2N vector of the average moments N =
({x1), ..., (Xonv)) and the 2N x 2N covariance matrix with
the elements

Eif = %({521,551}) - (5&!)6&1) (61)

The information-theoretic aspects of bosonic Gaussian
states have been thoroughly investigated; see Refs. [84—
86] for comprehensive reviews. In particular, the von
Neumann entropy of a Gaussian state can be calculated as

[87]
5= (o ) (o+ )
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where the v; are the symplectic eigenvalues of X; they are
equal to the positive eigenvalues of matrix iQX [84-86],

where
_ 0 1y
Q= <_]1N 0 ) (63)

is the symplectic form, with 1y being the N x N identity
matrix.

Analogously to the fermionic case, we now express the
covariance matrix of the system-environment ensemble as

L =3P 4en, (64)

where %7 is the covariance matrix of uncorrelated modes
and € A describes the intermode correlations, with € being
a perturbation parameter. It can be now argued that, as
for fermionic systems, to the lowest order of € the mutual
information in the Fock basis is a sum of pairwise mutual
information Jf and scales as O(e*). This is because
Wick’s theorem (32) is also applicable to bosonic Gaus-
sian systems [with o (P) equal to 1], and therefore the
whole argumentation leading to Eq. (41) is also valid.
This might also suggest that in this case the intermode
correlations are mostly quantum. However, there is a cru-
cial difference between fermionic and bosonic systems:
the parity superselection rule does not apply to bosonic
systems, and thus the projective measurements on super-
positions of Fock states are now allowed. For example, one
of the most important measurements in the field of quan-
tum optics—the heterodyne measurement—corresponds to
a projection on the coherent state [88]

— o lP2 S o 65
la) = e ;%ﬂx (65)

which is a coherent superposition of different Fock states.
Furthermore, coherences in the Fock basis are related to
correlations between positions and momenta of different
modes; for example, representing the density matrix of a
pair of modes i and j as

o= Z Pni.ng ), mimy) i 1y ) (mi, my |, (66)

nj,nj mi,nj

and expressing the creation operators as

aj:zm“ll"' 1,n/>(nlan]|5 (67)

ni,nj

one shows that correlations between positions of two
modes are given by real parts of coherences in the Fock

basis:

A A 1

=Y J@i+ D+ 1)

ni,nj
X ARe[ oy ), mi+ 1,0, +1)]
+ Relog+1m),0m+10) 1} (68)

Quite obviously, such correlations may also be present in
the classical, high-temperature limit, where noninteracting
bosonic systems correspond to networks of classical har-
monic oscillators. As follows, in such a regime the entropy
production should be purely classical in nature; we con-
firm this numerically in Sec. IV C. This resembles the
result of Li [89], who related the entropy production in
a gas of classical particles to the generation of position-
momentum correlations. Furthermore, our observations are
closely related to those of Smith et al. [90], who noted
a correspondence between the quantum coherence in the
eigenstate basis and the inhomogenity of the probability
density on a microcanonical shell in the classical phase
space.

To better estimate the amount of classical correlations,
we therefore apply the Wehrl mutual information [91]

Sy =S¢+ ¢ - Sg. (69)
k

where S is the Wehrl entropy [92,93], which opera-
tionally corresponds to the Shannon entropy of the output
of the heterodyne measurements [94]. Therefore, the Wehrl
mutual information J)}—as the mutual information in the
Fock basis J{,—is a classical mutual information between
the measurement outputs, and thus [as implied by Eq. (13)]
provides a lower bound to the classical correlation Jj,.
The Wehrl entropy for the N-mode Gaussian state can be
calculated as [91]

1 1
§" = 2 Indet (2 + %) +N. (70)

B. Two-mode correlations

We now compare the magnitudes of the defined cor-
relation measures considering a two-mode system with
zero average moments ((x;) = 0). The covariance matrix
of such a system can be transformed by local unitary
transformations to a standard form [95]

) +1/2 ¢ 0 0
5 — € (nj) +1/2 0 0
0 0 (n;) +1/2 € ’
0 0 € (nj) +1/2

(71)
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where the (n;) are the mean occupancies of the modes, and
the parameters €, and €, are covariances or positions and
momenta, respectively. In this section we focus on two-
mode squeezed thermal states with ¢, = —¢, = € [96];
as shown in Appendix D, the main conclusions can be
generalized to other symmetries of covariance matrix ele-
ments The correlation terms are constrained as € < € =
V ((ni) + 1){n;) for (n;) > (n;). The total mutual informa-
tion I,j and the Wehrl mutual 1nformat10n JUW can be calcu-
lated analytically; expanding the obtained expressions as a
power series in € yields

In[(1 + (n)) (1 + (m; )/ (i) ()]

- 2 4
fy T+ (m) + () €+ 0,
(72)
2
JV = + O(e%). (73)

YA+ ) A+ ()

As can be observed, both /; and JI-JW are of the order

O(e?). It may also be verified that both quantities coin-
cide in the classical limit of large occupancy: J — 1I;; for
(ni), (n;) — oo. Therefore, intermode correlatlons become
purely classical for large occupancies. The classical cor-
relation in the Fock basis is calculated numerically using
Eq. (28) with a finite cutoff n;, n; < 30. The state probabil-
ities p(n;,n;) are obtained using the Hermite polynomial
approach developed by Dodonov et al. [97]; see Appendix
C for details.

The results for two choices of mean occupancies, (n;) =
(n;j) =3 and (n;) =4, (n;) = 2, are illustrated in Fig. 10.
As may be observed, for small €, the terms /; and JUW
are of similar magnitudes; therefore, correlations in the
position-momentum phase space are predominantly clas-
sical. On the other hand, the classical correlation in the
Fock basis J/ scales as e* instead of €, and is thus negligi-
ble for a small €. This confirms that, for weakly correlated
bosonic Gaussian states, the Wehrl mutual information bet-
ter estimates the magnitude of classical correlations than
the classical mutual information in the Fock basis.

Additionally, one may observe that the symmetry of
covariance matrix elements plays a role in the high corre-
lation regime € & €p,x. Then, for equal mean occupancies
(n;) = (n;) = 3, the state of the two mode-system becomes
an entangled pure state |¢) = Y ;2 oy|l,[) in the limit of
€ = €max [98], and the mutual information in the Fock
basis is equal to half the quantum mutual information:
J§ =1I;/2. In this case, J; becomes dominant over .J;”
for large €. For unequal occupan01es (ni) =4, (n;) =2,
the state is mixed, and the Wehrl mutual information also
remains dominant in the high correlation regime.

C. Numerical results

The magnitude of the classical contribution to the
entropy production is now further investigated by

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 10. The total mutual information between two bosonic
modes 7;;, the Wehrl mutual information JUW, and the classical
mutual information in the Fock basis Jf as a function of €2
for (a) (n;) = (n;) =3, and (b) (n;) =4, (n;) =2, with € =

(i) + 1) (ny ).

performing simulations of the time evolution of the covari-
ance matrix for the Caldeira-Leggett model [99] described
by the Hamiltonian

K

I:ISEZZ

i=0

@ +p7) — Z Kiqodi, (74)

where (as for the fermionic case) the index i = 0 cor-
responds to the system and i =1,...,K to the modes
of the environment. Details of the simulation approach
are presented in Appendix E. The energy levels of the
bath are chosen as w; =jw./K, where w, is the cutoff
frequency. The couplings k; are parameterized as «; =
V2J (w)Aw/m, where Aw = w./K and J(w) = yw is the
Ohmic spectral density. The system is initialized in the
state with a null vector of average moments (W = 0) and
the covariance matrix

2(0) = diag(s, ¢) + 5 Lag+2, (75)

where ¢ = diag[(]%(O)),n(wl),...,n(a)K)] and n(w) =
[exp(Bw) — 117! is the Bose-Einstein distribution. The
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energy of the environment is calculated as

K
(He) = 5 (Bi + Dt rrik i), (76)

i=1

since B = (§7) and Zgi14ik414 = (PP)-

We analyze two cases. First, as in Refs. [54,74,75],
we consider thermalization of a system initialized in the
ground (vacuum) state for different temperatures of the
bath T; results are presented in Fig. 11. In the second
case, presented in Fig. 12, the system is initialized in a
thermal state with temperature 27. As one may observe,
for both cases the Wehrl mutual information J} is rel-
atively small for low temperatures, while it becomes a
dominant contribution to the entropy production in the
high-temperature limit. Therefore, one may conclude that
the correlations responsible for the entropy production

a ;
( ) kBT = O.5UJO _______________
0.15F
0.10F
0.05 — — Dy,
000 :.-:---: _I ______________
(b) kBT = Hwyp
1.5F
1.0f
0.5F
0.0F
c :
( ) 4F k?BT:50wU

0.0 0.5 1.0 1.5 2.0

Yol
FIG. 11. Entropy production and its constituents for the

Caldeira-Leggett model with the initial vacuum state of the
system, w. = 4wy, ¥ = 0.01wy, and K = 600.

undergo a quantum-to-classical transition when the tem-
perature increases. However, the magnitude of quantum
correlations depends not only on the temperature of the
bath but also on the initial state of the system. For the ini-
tial vacuum state, the Wehrl mutual information does not
coincide with the total correlation even for high tempera-
tures of the bath [Fig. 11(c)], while this does take place for
the initial high-temperature thermal state [Fig. 12(c)]. This
may be explained as follows: when both the system and
the environment are initialized in the effectively classical
high-temperature thermal states, the generated correlations
are fully classical. On the other hand, when the system
is initialized in the high-purity vacuum state and cou-
pled to a high-temperature environment, the state of the
system becomes classical due to thermalization, while its
initial “quantumness” (here related just to the impossibil-
ity of a joint measurement of position and momentum) is
reconverted into the quantum correlation between the

(a)

kBT = 0.5w0

(b)

0.0

()

kpT = 50wq _——

03 e

0.2

0.1

ool 2 === ==~ ]

0.0 0.5 1.0 G 70

Ywot
FIG. 12. Entropy production and its constituents for the

Caldeira-Leggett model with the system initialized in a thermal
state with temperature 27 and the other parameters as in Fig. 11.

020353-14



QUANTUM AND CLASSICAL CONTRIBUTIONS. ..

PRX QUANTUM 4, 020353 (2023)

modes. This resembles the result of Ref. [100], showing
that, when the system is initialized in a pure state, there
is always a generation of entanglement between the sys-
tem and the environment, regardless of temperature and
the system-bath coupling. Furthermore, one may relate
our result to a standard interpretation of decoherence as a
reconversion of the initially local quantum information of
the system into quantum correlations with the environment
[101].

We note that the apparent lack of reconversion of the
system quantumness into classical correlations may be
related to the quadratic nature of the considered Hamil-
tonian; in such a case the same equations of motion
for the covariance matrix apply to both quantum and
classical models [102], and thus the dynamics of quan-
tum and classical correlations is decoupled. The open
issue is whether different outcomes may be provided by
nonquadratic Hamiltonians, e.g., the spin-boson model;
however, this goes beyond the scope of the present paper.

V. SEMICLASSICAL TRANSPORT IN THE
LOW-DENSITY LIMIT

So far, we have treated fermionic and bosonic systems
in a separate way, showing their different behaviors with
respect to the nature of microscopic correlations responsi-
ble for the entropy production. There is, however, a limit in
which the properties of fermionic and bosonic particles can
be expected to converge: the low-density limit where the
mode occupancies (N,-) are close to zero. It is reached when
the level energies (with respect to the chemical potential)
are much larger than the thermal energy kp7, such that
the Fermi and Bose-Einstein distributions converge to the
Maxwell-Boltzmann distribution, i.e.,

f (@) ~nw) ~ e’ <1 forw> kT, (77)
where we took w = 0. In this regime, quantum correla-
tions (such as the Pauli exclusion principle for fermions
or particle bunching for bosons) play a negligible role,
since the probability of “meeting” of two particles is small,
and thus the properties of both fermions and bosons are
expected to converge to those of classical particles [103].
This raises the question of whether the microscopic corre-
lations responsible for the entropy production also become
classical in this limit.

To deal with this problem, we analyze the microscopic
constituents of the entropy production for the case of heat
transport between two baths with different temperatures
rather than relaxation of the system attached to a single
bath (as in Secs. III and 1V). This is because in such a
transport scenario the physical manifestation of the low-
density limit becomes most clear: the Levitov-Lesovik
formula [104—106], which describes the fluctuations of
fermionic and bosonic currents, converges to an analogous

equation derived for classical ballistic particles obeying the
Maxwell-Boltzmann distribution [107]. In other words, the
transport becomes effectively classical in terms of macro-
scopic observable quantities, such as heat currents. How-
ever, as we show in Secs. VB and V C, for both fermionic
and bosonic cases, the entropy production is then domi-
nated by quantum intermode correlations. Therefore, there
is no direct connection between the possibility of a semi-
classical description of macroscopic transport quantities
and the nature of microscopic correlations.

A. Low-density limit in nonequilibrium transport

To illustrate the physics of the low-density limit, let us
first show how it manifests itself in the case of nonequilib-
rium heat transport between two baths. In noninteracting
systems, fluctuation of both fermionic and bosonic currents
can be described by the Levitov-Lesovik formula for the
scaled cumulant generating function [104—106]. For heat
transport from the hot bath A to the cold bath C with the
same chemical potential uy = ug = 0, it takes the form

MAX dw y + +
x(A) = :i:/ I In{l £ 7 ()[(e"” = Dgy (w)h¢ (@)

'MIN

+ (e — Dgg ()hy ()]}, (78)

where the + (—) sign corresponds to fermions (bosons),
T (w) is the transmission function, g&(w) = [exp(By)
+1]7! is either the Fermi (+) or Bose-Einstein (-) dis-
tribution, hff(w) =1F g;t(w), and [wMiN, wMax] 18 the
transport window, that is, the energy region with a finite
transmission function. By assuming that w > kT in the
whole transport window [wwyin, @wMmax], the formula sim-
plifies to the same form for both fermions and bosons:

OMAX do
X () :/ _T(w)[e—(ﬂH—/\)w +e—(ﬂc+x)w] +C
WMIN

(79)

with C a constant. An equivalent formula has been derived
by Brandner et al. [107] for classical ballistic particles
obeying the Maxwell-Boltzmann distribution. Therefore,
in the low-density limit quantum correlations cease to play
arole in the transport, which becomes effectively classical.

To show that explicitly, we analyze the average heat
current and the current variance

0
Jo= Lyl . 80
0 [SAX( ):|A=0 (80)
82
V (J)=[— ()»)i| 81
ar(Jo 3 X L (81)
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FIG. 13. (a) The average heat current and (b) the current vari-
ance for fermions (F) and bosons (B) compared with values
calculated using Eq. (79) derived for classical ballistic parti-
cles with either fermionic or bosonic transmission function (F,
Bal and B, Bal, respectively). Parameters are 7¢c = 0.5Ty, [ =
0.0SkBTH, W= kBTH, and W, = 36()().

For fermions, we take a transmission function of a single
energy level with energy €, [108]:

ryle

Tw) = (w—€0)>+ Ty +T)?/4

(82)

Here Ty, is the coupling strength to the bath o and the
transport window reads [wwmm, wmax] = [€0 — W/2, €0 +
W/2]. An analogous formula for a single bosonic level
with energy wy reads [109]

4’ Ty (w)Jc(w)
(@2 — )2 + 2[Jy (®) + ()P

T(w) = (83)

where J,(w) = yyw is the Ohmic spectral density and
[wovmn, wmax] = [0, w.]. To allow for a comparison, we
further take wyg = ¢g and 'y = I'c = yywy = ycwy =T

The results are presented in Fig. 13. As one can observe,
the transport statistics of bosons and fermions indeed coin-
cide and converge to that of classical ballistic particles
for large level energies € X 4kg7. This shows that the
transport in the low-density regime becomes effectively
classical at the level of current statistics.

Additionally, we note that the transport properties of
fermions and bosons differ drastically in the opposite limit
of small level energies. In particular, in the limit €y — 0

the heat current vanishes for fermions, while it is finite
(and, in fact, maximal) for bosons. This can be explained
as follows: for a weak coupling I' < kg T, the heat current
can be approximated as

Tyl

m[&ﬂi@o) — gz (€)]- (34)

JQ=€0

For fermions, gl (ep) — 1/2 in the particle-hole sym-
metric case of ¢g — 0 (independent of the temperature),
and thus the current vanishes. In contrast, for bosons,
g, (e0) = kpTy /€ for g — 0, and thus the current takes a
finite value Jp — kg(Ty — Tc)Tul'c/(T'nw + T'¢) (in Fig.
13 it is a little higher due to the finite coupling effects).

B. Fermionic case

We now analyze the constituents of the entropy produc-
tion in the low-density limit, starting from the fermionic
case. We consider a two-bath generalization of Hamilto-
nian (15):

K
2 i i
Hsg = €gcyeo + E E €aiCqiCai
a=H,C k=1

K
+ 3 taicheai + He). (85)

a=H,C k=1

As before, the bath levels are uniformly distributed over
the interval [eg — W/2, €9 + W/2] and the tunnel couplings
are parameterized as t,; = /Ty W/[2 (K — 1)]. The sys-
tem is initialized in the state with a stationary occupancy

Ay = FHfH(;O) + Lfeleon)
w+Tc

, (86)

where f,(€) = {1 + exp[Ba(€ — )]}~ "; later we take
'y =Tc¢=T and uy = uc = 0 for simplicity. Accord-
ingly, the initial correlation matrix is defined as

C(0) = diag[<N§t)»fH(€H1), .. fu(enx),
Jelecr), - - - feleck)]- (87)
The entropy production is compared with a prediction of

the Levitov-Lesovik formula for classical ballistic particles
(79),

o = (Bc — Bu)Jot, (33)

where the heat current Jy is given by Eq. (80) and the
fermionic transmission function (82) is used. Furthermore,
we also make a comparison with the results provided by
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FIG. 14. The entropy production and its constituents as a func-
tion of time for an initial stationary state; results compared with
the prediction of the Markovian master equation (M) and Eq. (79)
derived for classical ballistic particles (Bal). Parameters are €) =
4kBTH, UH = Uc = 0, TC = O.STH, FH = FC =I = 0.0SkBTH,
W = kgTy, and K = 400.

the Markovian master equation

Lyt

o =€y(Bc— Bu) == fuleo) —fc(ep)].  (89)

I'y+T¢

The results are presented in Fig. 14. As may be observed,
the entropy production agrees well with the predictions
of the classical transport formula (79) and the Markovian
master equation. At the same time, the classical inter-
mode correlation Jy; is completely negligible; in fact,
the obtained upper bound is even lower than in the
high-density case presented in Fig. 6. This result can be
explained by analyzing the correlations within a two-mode
system with a correlation matrix given by Eq. (42). Taking
(n;) = (n;) = (n) < 1 one obtains approximate formulas

N (n)? — € (n) +€
Iijw(n)an—i-eln(m_E, (90)
SR g () — ey € 1)

ij (n)2

As can be seen, the total correlation is proportional to the
average occupancy (n), while the classical correlation is
proportional to (n)?; therefore, the classical term becomes
negligible for low occupancy. On the other hand, one notes
that contribution Dy, is finite and increases at larger times;
this is because, for finite baths, a relative perturbation of
mode occupancies is more significant in the low-density
limit.

C. Bosonic case

Let us now turn our attention to bosons. We consider
a two-bath generalization of the Caldeira-Leggett model

analyzed in Sec. IV C:

a=H,C i=1
K
= > > Kai@odai- (92)

a=H,C i=1

We find the best convergence with the Markovian evo-
lution by choosing the energy levels in the bath to
be uniformly distributed throughout the interval [wy —
W/2,wo + W/2] (quite a nonstandard parameterization
compared to previous studies [54,74,75]). The couplings
Kqi are parameterized as «y; = +/2Jy(w)Aw/7m, where
Aw = W/(K — 1) and J,(w) = y,w. The system is initial-
ized in the state with a stationary occupancy

Rty = vinu (@o) + yene(@o)
’ Yu +vc ’

93)

where 7q(w) = [1 + exp(Byw)]~'; we later take yy =
yc = Y. As in the fermionic case, the entropy production
is compared with the predictions of the Levitov-Lesovik
formula for classical ballistic particles (79), as well as with
the classical Markovian master equation

)’H vct

o = wy(Be— ﬂH) 94)

[y (wo) — nc(wo)].

The results are presented in Figs. 15 and 16. One can note
that at short times the entropy production exhibits non-
Markovian oscillating dynamics. However, good agree-
ment with the master equation, and a little worse with the
ballistic formula, is observed in the stationary phase by
analyzing a difference o (f) — o (#), where ¢, is greater than

0.12
0.10f
~ 008}
s
Llo 0.06}
<
= 004}
b
0.02f
0.00 . ‘ . . ‘
1.0 15 2.0 25 3.0 35 40
Ywot
FIG. 15. The stationary entropy production as a function of

time for the covariance matrix approach (Cov), Markovian mas-
ter equation (M), and Eq. (79) derived for classical ballistic
particles (Bal). Parameters are ) = 1/(woy), wo = 4kpTy, Tc =
0.5Ty, yu = yc =y = 0.0125, W = kzTy, and K = 300.
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FIG. 16. The entropy production and its constituents as a func-
tion of time for an initial stationary state. Parameters as in Fig.
15.

the duration of the transient phase [Fig. 15]. As shown in
Fig. 16, the entropy production is dominated by the total
intermode correlation, while the effectively classical Wehrl
mutual information J}} is negligible. This is, in fact, not
surprising, since the low-density limit corresponds to low
temperatures. As in the fermionic system, the scaling of
these two quantities can be explained by analyzing a two-
mode system described by the covariance matrix (71). In
the limit of small (n;) and (#;) one finds that the ratio of
the Wehrl and the quantum mutual information scales as

J 1 -1
o =L Gy )]
I (ni){n;)

which goes to 0 for (n;), (n;) — 0. It should be noted that
the Wehrl mutual information—as the mutual informa-
tion of the outputs of heterodyne measurements—is only
a lower bound for the classical correlation J),. Never-
theless, since heterodyne measurements are often optimal
[48,110,111], with a good level of certainty we can assume
that classical intermode correlations become small in the
low-density regime.

Summarizing, we have observed a similar behavior for
fermions and bosons in the low-density limit, which is
however quite paradoxical: although their transport prop-
erties converge to those of classical particles, the entropy
production in both cases becomes dominated by quantum
intermode correlations. This again illustrates the lack of
a direct relationship between the character of the reduced
dynamics and the nature of microscopic correlations [67,
68].

95)

VI. CONCLUSIONS

We conclude that the answer to the question of whether
the entropy production is mostly dominated by classical or
quantum correlations is not universal but rather depends on
the physical system. In particular, for bosonic systems, one

observes a quantum-to-classical transition in the micro-
scopic nature of entropy production: it becomes dominated
by the classical position-momentum correlations when the
temperature increases. In contrast, no such transition is
observed for fermionic systems, where correlations are
always predominantly quantum. We relate this qualita-
tive difference to the parity superselection rule applying
to fermionic systems, which constrains the set of allowed
projective measurements to projections on the Fock states,
which limits the amount of classically accessible correla-
tions. In contrast, no such rule applies to bosonic systems,
enabling one to access a higher amount of correlations by
performing Gaussian heterodyne measurements.

We further note that the microscopic nature of the
entropy production cannot be directly related to the char-
acter of the reduced dynamics. For example, the quantum
contribution may be dominant even when the reduced
dynamics and thermodynamics of the system can be effec-
tively described by a Markovian master equation and the
framework of stochastic thermodynamics [1]. Moreover,
quite paradoxical behavior is observed in the low-density
limit when the Fermi and Bose-Einstein distributions con-
verge to the Maxwell-Boltzmann distribution: while the
transport properties of fermions and bosons become equiv-
alent to those of classical particles, the entropy production
is dominated by quantum correlations (also in the bosonic
case). This lack of a direct relation between reduced
and microscopic dynamics resembles similar observa-
tions for the pure dephasing case [67,68], as well as
our previous result showing that correlations generated
within the environment are a dominant contribution to the
entropy production even when they can be neglected in
the reduced description of the system dynamics within the
Born approximation (which assumes that the environment
is in thermal equilibrium at all times) [36].

Our paper opens new perspectives on research on the
nature of correlations in different physical setups. First,
the obvious direction is to consider coupled fermion-
boson systems, which are ubiquitous in condensed matter
physics [112] (e.g., in the context of superconductivity
[113]) and nanoscopic transport [114,115]; the particu-
larly interesting question may be the nature of correla-
tions between fermionic and bosonic degrees of freedom.
Second, one can investigate other types of environment,
such as spin baths [116—119]; in particular, one might
expect a quantum-to-classical transition when increasing
the spin dimension. The other objects of interest may be
the systems of either topological [120—122] or statistical
[123] anyons—quasiparticles continuously interpolating
between bosons and fermions [124]. Finally, as noted in
Sec. III C 3, while we define the classical contribution to
the entropy production as a correlation of outputs of local
measurements on the system and all modes of the envi-
ronment, possibly a higher amount of information can
be accessed by enabling nonlocal measurements on sets

020353-18



QUANTUM AND CLASSICAL CONTRIBUTIONS. ..

PRX QUANTUM 4, 020353 (2023)

of several modes. However, calculating such a quantity
would be computationally demanding.
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APPENDIX A: DERIVATION OF EQ. (19)

To make the paper self-contained, in this section we
repeat the derivation of Eq. (19) presented by Bernigau et
al. [62]. We first use the fact that the entropy production
is bounded from below by the total correlation: o > Ij,.
Furthermore, we write the formula for the von Neumann
entropy [Eq. (17)] in the form S = Trs(C), where

s(x) = —xInx — (1 —x) In(1 —x). (A1)
Thus, the total correlation can be calculated as [, =
Trs(CP) — Trs(C). We then define the functions /(x) =
2x(1 — x) and g(x) = s(x) — I(x). Now, one can verify that
all functions s(x), /(x), and g(x) are concave in the whole
range of eigenvalues [0, 1] of C and CP. In the next step,
we use Peierls’ inequality, which states that, forany N x N

Hermitian matrix 4 and a function f (4) that is concave
within the range of eigenvalues of 4,

N
> f i) = Tif (4). (A2)

i=1
Thus, in particular,
K

Trg(C”) = ) g(Ci) = Trg(C),

i=0

(A3)

and, therefore,

Iy = Trs(CP) — Trs(C)
> Trl(CP) — Trl(C)
= 2Tr[CP (141 — CP)] — 2Tr[C(1k41 — CO)]

= 2e°Tr(E?), (A4)

where in the last step we use C =CP 4+ €€ and Tr€ =
Tr(CPE) = 0; this proves Eq. (19).

We note that the above inequality is different from (and
usually tighter than) the bound derived by Gullans and

Huse [125]

L > e* (K + DTr(E?)? (AS)
T (Nsg)(K + 1 — (Nsg))

where (Ngg) is the average total particle number. Further-
more, as shown in Ref. [125], the bound 7, > 2€>Tr(E?)
becomes tight for the infinite temperature state (with C? =
Tx41/2) in the limit of small €.

APPENDIX B: DERIVATIONS OF EQS. (52) AND
(33)

To derive Egs. (52) and (53), we use the fact that a
generic conditional state given output v corresponding to
the projective measurement IT" [obeying 1" = (I1")" and
ITVTT” = I1"] can be written as [126]

p’=1"pIl"/p,, (B1)

where

py = Tr(IT"p) (B2)

is the probability of output v. Let us now consider the pro-
jective measurement on the occupied state of mode &k + 1,
which reads I} = cZ +1Ck+1. The output probability is
given by the average occupancy

Tr(cjt+1ck+lpSE) = Cip1hr1 = (Nig1). (B3)

The elements of the conditional correlation matrix can then
be calculated as

1 _ -1 SPN) f
Cg/‘ = Ck+1,k+1Tr(ci Cj Ch Ch+1 PSEC) 41 Ch+1)
_ -1 (PN
= Crp1 a1 T1(€; G €y Cr108E)
~1
= Ck+1,k+1 (Cijck+l,k+1 - Ci,k+lck+1,j)

= CU - Ck__:l’k_t,_lci,k-i-lck-‘rl,ja (B4)
which gives Eq. (53); here in the second step we use
the cyclic property of the trace and fermionic anticom-
mutation relations, while in the third step, we use Wick’s
theorem (32). Equation (52) can be derived analogously
using H2+1 = ck+1c,£+1.

APPENDIX C: CALCULATION OF FOCK STATE
PROBABILITIES

Here we briefly describe the formalism used to calcu-
late the Fock state probabilities p (n) for N-mode bosonic
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Gaussian states developed by Dodonov et al. [97]. Within
this approach, one first defines the matrix

R =U* Loy —25) Loy +23)"'UT (CI)
and the vector
y=2U(w —2%)7'N, (C2)
where
L 1y ily
U= 7 (]IN _l.]lN> . (C3)

Then one defines the generating function of Hermite poly-
nomials

o0

exp( — Sy Ry +yRy") = > o i y)
2 L~ m!n! mn e
(C4)
where n! = nil nil, Y oneo = Z;xf:o : "Zﬁ:o’ Y=

Bi,...,Bn,a1,...,ay), and a" = Hfil «; in general,
the parameters ¢; and B; correspond to the complex ampli-
tudes of coherent states, but for the sake of calculation of
p(n), they can be taken to be real. Finally, the H.{fn} (y) are
multidimensional Hermite polynomials that can be related

to the state probabilities as

HY ()

pn) =Py —
n!

(C5)

where Py = p(0,...,0) is the probability of the vacuum
state:

|: ( 112N>i|_1/2 _ =T
po=[aet(3+ 2] enplosez + 120 157
(Co)

Using Egs. (C4) and (C5), the Fock state probabilities can
be calculated as

Py[ o™ o™ 1
— 2 — —yR T R T ,
(C7)
where @ = (a1,...,ay),0=(0,...,0), and
on M Q"N
= (C8)
da™  day' Aoy’

APPENDIX D: TWO-MODE BOSONIC
CORRELATIONS FOR OTHER SYMMETRIES OF
COVARIANCE MATRIX ELEMENTS

In Sec. IV B we analyzed the intermode correlations for
a two-mode bosonic system in the two-mode squeezed
thermal state with ¢, = —¢, = €. Here we investigate
whether the results change for other choices of covari-
ance matrix elements. Specifically, we focus on the cases
of ¢, =€, and ¢, = ¢, ¢, = 0. The maximum values of
correlation terms then read as €max = /M1 and €max =
2¢nm (I +n)no(1+nm)/[(1+2m)(1 + 2ny)],  respec
tively. We find that, for the latter case, the calculation
of Fock state probabilities for large occupancies becomes
unfeasible (or, at least, very time consuming) using a
desktop computer. Therefore, we consider the case of a
relatively low occupancy (n;) = (n;) =1 with a cutoff
nj,n; < 10.

The results for different covariance matrix element sym-
metries are presented in Fig. 17. As one may observe, for
all cases, the Wehrl mutual information is dominant over
the mutual information in the Fock basis in the regime of
small €. The difference between different symmetries only
becomes apparent in the high correlation regime of ¢ ~
€max. Then the two-mode squeezed thermal state becomes
pure for € = ey, and the mutual information in the Fock
basis becomes dominant over the Wehrl mutual informa-
tion. In contrast, for the other symmetries considered, the
state remains mixed and JUW continues to be dominant.

APPENDIX E: TIME EVOLUTION OF THE
COVARIANCE MATRIX

Here we present the method used to simulate the time
evolution of the covariance matrix. We note that, as shown
by Ullersma [102], the time evolution of the covari-
ances can be expressed by means of (rather tedious) ana-
lytic equations; this approach has been applied, e.g., in
Refs. [54,74,75]. Here we use another technique, which
is more clear and convenient for numerical implementa-
tion. Within this method, one considers an alternative form
of the covariance matrix X¢ of the N-mode system with
matrix elements [86]

Z,f = 1{d.,d;}) — (d)(d;), (ED)
where d; = a; and d; y = af (i=1,...,N). The conver-
sion between the covariance matrices reads

¢ =Usu’, (E2)

with U defined in Eq. (C3). Any quadratic Hamiltonian can
be further expressed in the form

A =1d"Hd",

(E3)
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(a)

2.5¢

2.0r

FIG. 17. The total mutual information between two bosonic
modes /;, the Wehrl mutual information J;V, and the classical
mutual information in the Fock basis Jif as a function of €2 for
(n;) =(nj) =1and (a) ¢, = —€, =€, (b) ¢, =€, =€, and (c)
€ =¢€,6 =0.

where d = (dy, ...,doy) and H is a 2N x 2N Hermitian
matrix. In particular, for the Caldeira-Leggett Hamiltonian
(74), one gets

_ (diag(w) — K —-K
Hse = < K diag(®) — K>’ (E4)
where ® = (wy, . ..,wg) and
0 «
K= (KT 0) (E5)

with k¥ = (ky,...,kx). The evolution of the covariance
matrix can then be expressed as [127]

¢ = SzC0)ST, (E6)

where S = exp(—iKCH{) and

1 0
K = ( Ly _]lN>. (E7)
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