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Abstract

In this paper, we derive the Kushner-Stratonovich and
the Zakai equation for the filter and the unnormalized
filter associated with a nonlinear filtering problem with
correlated noises, bounded coefficients and a signal process
evolving in an infinite dimensional space. A robust form
of the Zakai equation is established when the noises are
independent.

1 Introduction

The purpose of this paper is to prove that the unnormal-
ized filter associated with a nonlinear filtering problem
with correlated noises, bounded coefficients and a signal
process evolving in an infinite dimensional space, solves
the Zakai equation. Then, a Kushner-Stratonovich equa-
tion for the filter is deduced by usual arguments from the
Kallianpur-Striebel formula.

This problem has already been investigated when the sig-
nal process is finite dimensional by many authors. M.
Zakai [13] has showed in the case of independent noises,
that the unnormalized filter is, if it exists, solution of a
stochastic partial differential equation of parabolical type.
Then, M. Davis [3], M. Davis and S. I. Marcus [4] and E.
Pardoux [11] have extended Zakai’s method to the case of
nonlinear filtering problems with correlated noises.

As we know, infinite dimensional stochastic processes, so-
lutions of a stochastic differential equation driven by infi-
nite dimensional Brownian motions, are related with cer-
tain continuous state Ising-type models in statistical me-
chanics, and also with models arising in population ge-
netics. In [5], P. Florchinger has proved that the unnor-
malized filter associated with a nonlinear filtering problem
with independent noises and bounded coefficients solves a

Zakai equation, even if the signal process is infinite dimen-
sional.

This paper is divided in six sections organized as follows.
In the second section, we introduce the nonlinear filtering
problem studied in this paper and we show that it has
a unique strong solution with a.s. continuous paths. In
section three, we define an unnormalized filter linked with
the filter defined in the previous section by means of a
Kallianpur-Striebel formula. In the fourth and fifth sec-
tions we derive the Zakai and the Kushner-Stratonovich
equations associated with our nonlinear filtering problem.
The sixth section, finally, is devoted to deduce a robust
form of the Zakai equation under the hypothesis that the
noises are independent.

2 Setting of the problem

Let (Q2,F,P) be a complete probability space and v =
{7i, © € ZZ} a summable sequence of strictly positive real
numbers.

Set
12(y) ={2 = () eRZ:|Jo]2 = 3 yilail® < +oo},
IEZ
L2y x7) = {o = (a}) e R***
22 = Y wivlall® < +oo}
i,JEXL

and L*(yxp) = {a: = (z}) € RZ*? .

p
ol = 32 D ilekl? < +oo}.

i€ k=1

On the other hand, consider the nonlinear filtering prob-
lem associated with the signal-observation pair (x;,y:) €
L?(7) x IR? solution of the stochastic differential system
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+ng(s,azs)dvf, ie (1)
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¢
Z/t:/ h(s,xs)ds + vy,
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where,

1. W ={wi,tel0,T],i€ Z} is a family of indepen-
dent Brownian motions with variances ;t.

2. V.={uv, t €[0,T]} is a p-dimensional standard
Brownian motion independent of W.

3. xp is an L*(7y)-valued random variable independent
of W and V.

4. The maps b:[0,T] x R* — R%, 5:(0,7] x R% —
RZ*% and g:]0,T] x R% — R#*” are such that
there exists a strictly positive constant K for which

(Hy) vt € [0,T),Vz € L%(y),
Ib(t, 2) 15 + lo (8, 2) 1150, + llg(t, 2)15
< K(1+|[lz]3)
and
(HZ) Vt e [O,T],Vﬂ?,yELZ( )
1b(¢, @) =b(t, )15+ llo(t, 2) = o (t, )13«

Hlg(t, @) =gt )3, < Kllz—yll3-

5. h:[0,T] x R” — IR? is a bounded Lipschitz func-
tion with less than linear growth.
6. The maps b,0 and ¢ are uniformly bounded.

Then, the stochastic differential system (1) is well defined
for the stochastic processes x in L*(Q x [0,T] ; L*(v))
and y in L*(Q x [0,T] ; IRP). Moreover, if u = {uf, t €
[0,T),i € Z} is an L?(vy)-valued square integrable and

adapted process, we have, (cf. [10]) :
/ Zu dw / Z% |u|? ds) (2)
i€ 1€EZ

which allows us to prove the following existence and unic-
ity theorem :

Theorem 2.1 For any L*(v)-valued random variable x
independent of the Brownian motion {Ws, t € [0,T]}, the
stochastic differential system (1) has a unique continu-
ous L?(v)-valued strong solution {z¢, t € [0,T} such that

E( sup ||:z:t||3) < 400.
t€[0,T]

proof :
We use Picard’s iteration method to construct an approx-
imation of the solution of (1). Set

()_

=X
. . t
:U:(HH) = J,‘l—i-/ bi(s, (™) ds
3
/Z (s, 2 dw? ®)
Ojez

/Ozgk s7

for each n > 0.

At first, we show by induction on n, that
E{ sup ||:z:§")||,2y} < 400, to ensure that (3) makes sense.
te[0,T7]

Indeed, the relation (2), as well as the Minkovski and
Burkholder inequalities and condition (H;) imply

E{tﬁ[“p g™V} < C(Z{%Emzsﬁ
+E/ ~ilbi (s

+E/ Z%|a

0 ez

)2 ds

")|? ds

+E/ 27 g5 (s, (™) ds})
<Cr+CE{ sup |z(™|2}
t€[0,T)

<..<CE{ sup ||$§0)||?Y} < 400.
t€[0,T

On the other hand, the same arguments and condition
(n+1) _

(H2) show that
E{ sup |z :16(”)”2
{ o ™" -l

. (4)
<CE [~ ol | s
0

Consequently, the sequence (z(™),>q is a Cauchy se-
quence in the complete space L*(Q x [0,T]; L*(7)), so
it possesses a limit, which ensures the existence of an a.s.
continuous process = {z¢,t € [0,T]} such that

sup "

E{te[o,T]

Furthermore it is easy to see that z verifies (1).

- :z:t||fy} — 0, when n — +oo.

Now, let us prove now the uniqueness of the solution.

If # = {&,t € [0,T]} denotes another solution of (1), the



same arguments that we have used to prove (4) imply that

T
SC/
0

Therefore the uniqueness of the solution follows from
Gronwall’s lemma.

Moreover, since xin) tends almost surely to x;, we get by

Fatou’s lemma that E{ sup ||lz:]|2} < +o0. O
t€[0,T]

E{ sup [l — &2 E[ sup ||z —:zs||3] dt
tel0,T) 0<s<t

To determine the infinitesimal generator associated with
the stochastic process {z:,t € [0,7] }, denote for all
t€[0,T],x € L*(v),i,j € Z and k = 1, ..., p the matrices
a(t,z) and a(t,z) in Mzxz(R) and Mz, (IR) respec-
tively, defined by
ai(t,z) =Y yoi(t,z) o] (t,2)
[sy/4
and

r) =Y ngi(t,z) gf ().

=1

Notice that under the condition (Hs), the matrices a(t, x)
and «a(t, z) satisfy the following property :

For every strictly positive constant C', there exists a
strictly positive constant K¢ such that, for any ¢ € [0, 77,

la(t, =) — a(t, y)I5 ., + lalt, ) —alt, )],

< Kcllz - ylf3,

for all 2,y € L?(7) such that ||z[|2 and [ly||2 are less than
C.

Notation 2.2 Denote by D> the set of functions f :
[0,7] x R% — R such that there exists M € IN*, a subset
{i1,-.inv} CZ and a Cé’2—function £:0,T]xRY - R
such that f(t,z) = f(t,zi,,...,xi, ) for every t € [0,T]
and x € R%.

Hence, we have :

Proposition 2.3 (¢f. [10]) The process {z:, t € [0,T]},
solution of the stochastic differential system (1) is a
Markov diffusion process whose infinitesimal generator L
is defined for every function f in D? by

Litte) = gf(t,:o + Y bV (1)
[ISy/A
+ > di(t,2)Vi,f(t,x)
i,jEZ
1 p
+§ Z Z CY Vi kf(t :It)
1€ k=1

Then, as usually in nonlinear filtering theory we then de-
fine the filter associated with (1) by

Definition 2.4 For all t € [0,T], denote by II; the fil-
ter associated with the stochastic differential system (1),
defined for every function ¢ from [0,T] x R% to IR by

I () = Ete(t, )/ V4], (5)
where Yy = 0(ys/0 < s < t).

Remark : We could have defined the filter for a larger
class of functions, but we have restricted it here to func-
tions in D?, because the Zakai and Kushner-Stratonovich
equations are only valid for such functions.

3 The reference probability mea-
sure

In order to define an unnormalized filter, we make use
of the "reference probability measure” method to trans-
form the stochastic process {y:, t € [0,T]} into a standard
Wiener process. With this aim set

Definition 3.1 For all t in [0,T], denote by Z; the Gir-
sanov e;vponential defined by
/ [hs, 2 ds). (6)

Since (Z¢)¢ejo,17 is @ martingale, we can introduce the ref-
erence probability measure as follows.

thsxsdv + =

Zt:exp(
0 k=1

Definition 3.2 Denote by P the reference probability
measure, defined on the space (Q,F,F:) by the Radon-
Nikodym derivative

dpP
— =7z
dP/F, 7!

Then, by Girsanov’s theorem, the process {y:, t € [0,T]}
is a standard Brownian motion on the space (2, F, F;, P)
independent of the Wiener process W.

Hence we can define the unnormalized filter associated
with the system (1) in the following way

Definition 3.3 For all t in [0,T], denote by p; the un-
normalized filter associated with the stochastic differential
system (1), defined for every function ¢ from [0,T] x R”%
in R by

pet = E[Y(t,m¢) Zy | Vi), (7)
where E denotes the expectation with under the probability
P.

Furthermore, we have the following Kallianpur - Striebel
formula which links the filter and the unnormalized filter.

Proposition 3.4 (c¢f. [9] or [12]) For all t in [0,T] and
every function v in D?, we have
Py

M = 20
Y ol



4 The Zakai equation

In this section, we show that the unnormalized filter p;
defined by (7) solves a Zakai equation associated to the
system (1). For this, we need the following stochastic Fu-
bini theorem :

Lemma 4.1 (¢f [7]) If U; is a stochastic process such
that Efot UZds < +o0, then

/le%U’dw /yt] —0,

and
— t P t P —
B[ S ukakiv] = [ S BIUE/ 5]k
0 k=1 0 k=1

Theorem 4.2 For every function 1 in D?, the unnor-
malized filter p; is a solution of the stochastic partial dif-
ferential equation

pl) = (@) + [ puTords+ [ pu(Le)duk, (8)
0 0 k=1

where Ly, is the first order differential operator defined for
any function v in D? by

Lgp(t, x) ng (t,x) Vib(t, ) + hy (¢, 2)P(t, ).

Sy/4

proof :
By Ito’s formula,

dp(t,m) = Lp(t,m)di+ okt ) Vih(t, o) dw]
4,jEZ
p .
+ Z Z gi(t,z) Vigo(t, xp) dof
i€ k=1
Hence,

d(’l/J(t, Z’t)Zt) = L’(/)(t, Q?t) Zt dt

+2 7

1,jE€EZ

t Qﬁt ZtV ’I/J(t Z’t)d’LUt

p
+ 303 gilt,w0) Ze Vi (t, x) dof

i€EZ k=1

p
+ Z Zy hk (t7 iI?t) ¢(t7 xt) dyf
k=1

p
+ Z Zg;c (t7 mt) hk (t7 mt) vzdj(t; mt) Zt dt

i€Z k=1
= L’I/J(t, Z’t) Zt dt

+2 7]

t Z’t V ’I/J(t Z’t) Zt d'LUt

LJEL
+ZLk (t,2¢)) Zs dyp.
Consequently,
t
pl0) = E[Om)] + [ ElL(s,2) 2,/ %] ds
0

Z/ E[Li ((s,2,)) Z4 | V5] dy.

5 The Kushner -
equation

Stratonovich

In this section, we prove that the filter II; defined by (5)
solves a Kushner-Stratonovich equation. With this aim,
we show at first the following result by applying It6’s for-
mula to the process Z;.

Proposition 5.1 For all t in [0,T],

pitl =exp /ZH (h) dys——/ ds)
0 0

Again, by applying It6’s formula to the processes
(p:1)~% and pgep (ps1)~t we proof the following Kushner -
Stratonovich formula :

k= 1

Theorem 5.2 For all t in [0,T] and every function 1
in D?, the filter 11;(¢)) is the solution of the stochastic
differential equation

()= Tof) + + [ 1L (L) ds
/0 (L) —

6 The robust form of the Zakai
equation

I, (g )T ()] [yt — TLg(hy)] dis.

In this section, we derive the robust form of the Zakai
equation (8) obtained previously. The robust form of the
Zakai equation has been introduced by J. Clark [2] to de-
fine a "robust” filter associated with a noncorrelated fil-
tering system with bounded observation coefficients. This
method allows to turn up the resolution of an Ito type
stochastic differential equation to an ordinary partial dif-
ferential equation parametrized by the paths of the ob-
servation process. W. Hopkins [8] then established, by



means of an analoguous method, a robust form for the
Zakai equation for a noncorrelated nonlinear filtering sys-
tem with unbounded observation coefficients. Since, in
the case of a multidimensional observation process, this
method is however only adapted to the case of a noncor-
related filtering problem, we shall suppose in this section
that g = 0, so we consider the system process-observation
pair (z¢,y:) € L*(y) x IR solution of the stochastic
differential system

ri=axb + /bsxsds+/z (s, 25)

JEZ
. 1€
Yy :/ h(s,zs)ds + v;.
0

Remark: In the case of a one-dimensional observation
process, M. Davis [3], respectively J.M. Bismut and D.
Michel [1], have derived a robust form for the Zakai
equation for a correlated nonlinear filtering system with
bounded coefficients, whereas P.Florchinger [6] proved a
similar result for a correlated nonlinear filtering system
with unbounded observation coefficients.

Definition 6.1 For every t in [0,T] and every function

W in D2, set o
vip = E[p(t,x) Uy [ Vi,
where Uy is the stochastic process defined by

t P 1 [t
Uy = e:cp(—/ ny dhk(s,xs)—g/ Z(hk(s,xs))st).
0 k=1 0 k=1

Besides, by an integration by parts in the stochastic inte-
gral appearing in the formula (6), we get

Zys dhy (s, zs)

0 f=1

_5/0 ;(hk(s,xs))2 ds),

which allows us to deduce that for any function ¢ in D2,
we have

Vt¢ = Pt (1/) emp(_ <h(t7$t)7yt >))

7y = ea:p(<h(t T), Y > —

With this, we can prove the following theorem :

Theorem 6.2 For every function v in D?, v solves the
ordinary partial differential equation :

d

%Vﬂﬁ = v4(Ly,v)

vt = E[(0,x0)],

where Ly, is the second order partial differential operator,
parametrized by the paths of the process y, defined for any
function ¢ in D? by

Lytw(ta :L“) = L¢(t7 :E)

DI (1

i,jEZ k=1

2)) Vil (t,2) Vit (1, 2)y)

DI

i,jEXL k=1

(t,x)Vihg(t :z:))2yf)¢(t,x)

proof :
According to It6’s formula,

P
Uy = exp — /t ny Lhy(s,xs)ds
0
——/ Z hi(s :Es
0
/ Z Za (s,z5)Vihi(s,zs)y dwj)

,JEXL k=1

Further applications of It6’s formula give

p
— > ULy (t,24) yf dt

dU; =
k=1
1< 2
—_—= Z Ut (hk(t,l’t)) dt
- Z ZUt (t, ) Vil (t, 2 yF dw!
JEZI« 1
+ Z ZUt t J,'t V h/k(t J,'t)yt) dt,
,JEXL k=1
and
d(v ( ) (t z) U dt

) U
t2

ez
b
- Zd’(t%) Uy yf Lhy(t, ) dt

V w(t iEt) Ut dwt

L,JEU k=1
1 p
+5 D w(t, ) Uy (0 (t, we) Vihe(t, z)yl)’ dt
1,JE4 k=1
p
3 S U (0t 7)) Vih (b, 2 Vi o (t, 2oyl d.
L,JEU k=1

The conclusion is then straightforward by means of defi-
nition 6.1 and lemma 4.1. |
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