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Green’s functions for the isotropic planar relaxed micromorphic
model - concentrated force and concentrated couple
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Abstract

We derive the Green’s functions (concentrated force and couple in an infinite space) for the isotropic
planar relaxed micromorphic model. Since the relaxed micromorphic model particularises into the micro-
stretch, Cosserat (micropolar), couple-stress, and linear elasticity model for certain choices of material
parameters, we recover the fundamental solutions in all these cases.

Keywords: generalized continua, fundamental solution, Kelvin-Mindlin problem, concentrated force, con-
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1 Introduction

The relaxed micromorphic is a new generalised continuum model that allows to describe size-effects and
band-gaps appearing in metamaterials [7, 41, 58, 59, 60, 65, 66, 79] (in its dynamic setting). The relaxed
micromorphic model belongs to the family of micromorphic models [9, 42] in that the kinematics is given
by the classical displacement u : Q — R? and the non-symmetric micro-distortion P :  — R3*3, and the
solution is determined from the variational two-field problem

I(u, P) :/Q % (((Ce sym(Du — P),sym(Du — P)) + (C. skew(Du — P), skew(Du — P)) (1)

+ (Crnicro sym P, sym P) + pimacro L2 (I Curl P, Curl P>> dz — min(u,P).

Here Ce, Cppicro, L are positive-definite fourth-order tensors, and L. is a characteristic length and pmacro =
pn 1s the macroscopic shear modulus. C. is a positive semi-definite fourth order tensor and we note the
homogenization relation [49, 51]

—-1 -1
(Ce - Cmicro ((Cmicro - Cmacro) (Cmacro — (Cmacro = (Cmicro (Cmicro + Ce) (Ce ) (2)

-1
(Cmicro = (Ce (Ce - Cmacro) (Cmacro )

connecting the macroscopic stiffness Cyacro uniquely known from classical homogenization for a periodic
metamaterial to the stiffness tensors Cpicro and C, of the relaxed micromorphic model. This new model
leverages some of the main shortcomings of the classical Eringen-Mindlin micromorphic model (unbounded
stiffness, multitude of parameters). This is achieved by reducing the complexity of the strain energy function
in two ways: first (i) by excluding some generalities in the local part of the energy, and second and foremost
(ii) by reducing the dependency of the curvature energy acting on a full gradient of the micro-distortion in
the classical Mindlin-Eringen model to only a dependency on its Curl. The consequences of this choice are
remarkable: the additional balance equation remains of the second order (Curl is a second order tensor) and
the model still includes the better known micro-stretch and Cosserat (micropolar) models (which can be
alternatively written in dislocation format with a Curl in the curvature part [12]). Compared to the classical
Eringen-Mindlin micromorphic model, note the absence of mixed coupling terms between the elastic strain
sym (Du — P) and the microstrain sym P, i.e, terms like (C sym(Du — P),sym(Du — P)). This is the reason
for which the crucial homogenization formula (2) for L. — 0 can be obtained. Unlike for the linear Cosserat
(micropolar) model, the relaxed micromorphic model remains operative and well posed [4, 11, 51] also for
zero Cosserat couple modulus g = 0 (C. = 0), in which case the force stress tensor remains symmetric.
The well-posedness is established using novel generalized Korn’s inequalities for incompatible tensor fields
[34, 35, 36, 37, 54, 55], whereby sharp criteria for the validity of such coercivity estimates were given in
the recent work [13, 14, 15]. In addition, the relaxed micromorphic model now operates as a true two-scale
model between two clearly defined scales: the macroscopic scale with stiffness tensor Cpyacro appearing for
the characteristic length L. — 0 (arbitrary large sample) and the microscopic scale with stiffness tensor
Chicro appearing for L, — oo. Again, see Fig. 1, the limit L. — oo diverges as such in the classical
micromorphic, second gradient, Cosserat model, along with others.
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Figure 1: The stiffness of the relaxed micromorphic model (RMM) is bounded from above and below. Other
generalized continua exhibit unbounded stiffness for small sizes. For large values of the characteristic length L,
linear elasticity with a micro elasticity tensor is recovered (one RVE) while linear elasticity with a macro elasticity
tensor is obtained for small values of the characteristic length (many RVEs).

The above mentioned advantages have led to a multitude of investigations in short-time from the numer-
ical side [68, 70, 71, 72, 73, 74], from the modelling side [7, 41, 58, 59, 60, 65, 66, 79], analytical solutions
[61, 62, 63, 64], regularity of solutions [27, 28], and many others.

In this paper we continue our investigations from the theoretical side by determining the Green’s func-
tions for the case of a concentrated force and a concentrated couple in an infinite relaxed micromorphic
medium. Closed form solutions are derived using a Fourier transform analysis and results from generalized
functions. It is shown that several well known generalized continuum fundamental solutions can be obtained
as singular limiting cases of the relaxed micromorphic solution. In particular, from the relaxed micromor-
phic solutions we can readily derive the couple-stress, Cosserat-micropolar, micro-stretch, micro-void, and
classical elasticity fundamental solutions ([3, 8, 22, 23, 24, 25, 31, 38, 43, 44, 45, 67, 78, 80]), showing thus
how versatile the relaxed micromorphic theory is. On the other hand, the full Eringen-Mindlin micromor-
phic model is at present too complicated for analytical or even numerical solutions to be sought. Here we
take again advantage of the relaxed micromorphic model which drastically simplifies the situation in the
isotropic planar case (only one curvature parameter remains operative). In the appendix we exhibit the
two-scale elasticity nature relaxed micromorphic model. Moreover, we show how other generalised continua
(micro-stretch, micro-void, Cosserat-micropolar) appear as limits of the relaxed micromorphic model.

1.1 Notation

For vectors a,b € R™, we define the scalar product (a,b) == > I, a; b; € R, the (squared) euclidean norm

lla]|? = {(a,a) and the dyadic product a ® b == (a; bj);; € R™*". In the same way, for tensors P,Q € R"*",
we define the scalar product (P, Q) == .. ._, P;; Q;; € R and the (squared) Frobenius-norm || P||? := (P, P).

ij=1
Moreover, PT := (P;;);; denotes the transposition of the matrix P = (P;;);;, which decomposes orthogonally
into the skew-symmetric part skew P := (P — PT) and the symmetric part sym P := (P + PT). The

identity matrix is denoted by 1, so that the trace of a matrix P is given by trP := (P, 1), while the deviatoric

component of a matrix is given by dev P := P — ) 1 Given this, the orthogonal decomposition possible

3
for a matrix is P = devsym P + skew P + tr(gp) 1. The Lie-Algebra of skew-symmetric matrices is denoted

by s0(3) == {A € R3*3 | AT = —A}. Using the one-to-one map axl : 50(3) — R3 we have

Ab=axl(A) xb VAcso(3), beR>. (3)

where x denotes the cross product in R?. The inverse of axl is denoted by Anti: R?® — s0(3). The derivative
Du and the curl of a vector field u are defined as

U1l Ul2 U3 Uz, — U2,3
Du= [ uz1 us2 usgs , curlu=Vxu=| us—us1 . (4)
U3l U322 U333 U1 — UL,2

We also introduce the Curl and the Div operators for P € R3*3 as

(curl (Py1, Pi2, P13)T)T div (P11, Pi2, P13)T
Curl P = | (curl (Pa1, Pa2, Pa3)")" |, DivP = div(Pa, P, Poa)’ | - (5)
(CuI‘l (Pgl, P327 P33)T)T div (P31; P327 P33)T



The cross product between a second order tensor and a vector is also needed and is defined row-wise as
follow

(b x (m11,m12,mi3)")"

mxb= | (bx (ma1,mag,mae3)")"

(b x (ms1, msz, msz)™)"

:m-e~b:mikekjhbh, (6)
where m € R3*3, b € R?, and ¢ is the Levi-Civita tensor.

2 The isotropic relaxed micromorphic model

It has the kinematics of the classical Eringen-Mindlin micromorphic isotropic model [9, 42], i.e. the displace-
ment v € R? and the non-symmetric micro-distortion P € R3*3 as independent fields. The strain energy
density reads

A
W (Du, P, Curl P) = i ||sym(Du — P)||* + pic ||skew(Du — P)||* + ?etr2(Du — P)

Arﬂi r
+ b llsym P + 2255202 () ™)

+ HmacroLg

5 (a1 ||[dev sym Curl P||*> + ay ||skew Curl P||* + % tr? (Curl P)) ,

while the two equilibrium equations are
Diveo = f, 0 — Omicro — Curlm = M , (8)
with

o = 2puesym(Du — P) + 2u. skew(Du — P) 4+ Aotr(Du — P)1,
Omicro = 2,umicro sym P+ )\microtr (P) 1 ) (9)
m = py L2 (a1 dev sym Curl P + ag skew Curl P + % tr (Curl P) ]l) ,

where o is the non-symmetric elastic force stress tensor, m is the non-symmetric moment tensor, f is the
standard body force vector and M is the body volume moment tensor. The homogeneous Neumann and
the Dirichlet boundary conditions are

Neumann: t=0n=0, and ni=mxn=0, (10)

Dirichlet: u="1, and Q=Pxn, (11)
where the higher-order Dirichlet boundary conditions in (11) can be particularised to
Pxn=Q=Duxn, (12)

formally called “consistent coupling boundary conditions” [4]. The following additional equilibrium equation
can be derived combining the two equilibrium equations (8) thanks to the fundamental property of differential
operators DivCurl (-) =0

Divomicro = f — DivM . (13)
A similar additional equilibrium equation for opy;cro does not exist at all e.g. in the classical Eringen-Mindlin
model or the Cosserat model.

3 The isotropic relaxed micromorphic model in plane-strain

Under the plane-strain hypothesis only the in-plane components of the kinematic fields are different from
zero and they only depend on (21, z2). The structure of the kinematic fields (u,P) are [24]

Uy B P Pz 0 ~
u= | u |, ot = ( Zl ) , P=| Py P»n 0], Pt = < ?1 ?2 ) ) (14)
0 2 0 0 0 21 Pao



while the structures of the gradient of the displacement Du, of the Curl of the micro distortion tensor Curl 13,
and of the double Curl of the micro distortion tensor Curl Curl P are

ui,p w2 0
Du=| w21 w2 0 |, Dt = ( U1 U2 > ,
0 0 0 U1 U2
_ 0 0] Pig1—Puip 0 0 S _
CurlP= [ 0 0| oy~ Py | = (0 0] TP} Gty P = ( 11[3)12’1 IP;IL2 > :
0 0‘ 0 0 0 0 22,1 — 1212
_ Pis12 — P12 P2 — Piga1 | 0O 56| 0
Curl Curl P = | Paoio = Poisa Porga— Poony |0 | = [ SO0 P2 g )

0 0 IC 0 0 |0

5 P12 — Pii22 Piii2 — Pian
Curl Curlop P! = ’ ’ ’ ’ .
2D ( Posio — Po1 02 Por12 — Pag 11

(15)
Because of the nature of the Curl operator, it is noted that Curl P just has out of plane components that
depend on the in-plane components of P, while Curl Curl P fully preserves the in-plane structure. Moreover,
since

tr(Curl f’) =0, (16)
2 12 2 1 ~n2 1 S
Hdev symCurlPH :HsymCurlPH :HskewCurlPH :§HCur1PH :§HCurlgDPﬁH ,

the plane strain isotropic relaxed micromorphic model will just depend on one cumulative dimensionless
parameter a = %, and the strain energy density in (7) reduces to

~ =% e 9 =
skew(Du — P)H + ?tr (Du— P)

- - ~ 112
W (D, P, Curl P) = pie sym(Dﬁ—P)H + He

~|2 )\micro D L2~ ~|2
symPH + 042 (P) + %a HCurlPH ,

+ Hmicro D)
=2 T W R
= Ut ||sym(Du* — Pu)H + pe HskeW(Duﬁ - Pu)H + ?tr (Du* — P%) (17)
ik )\micro D macroL2 ~ ~4 |2
+ fmicro ||sym P”H + S e(P) + % i HCurlgD PﬂH

~ 2 ~ 2 ~
devy sym(Dat — Pﬁ)H + e ||skew (D@ — Pﬁ)H + S0 (D - P

:#’C

~41|2 micro e L2 ~ ~i||2
devy symPuH + KTtrQ(Pﬁ) + % a HCurIQD PuH ,

+ HMmicro

where devy X = X — %tr(X ) - 1o and pun = fimacro for better readability. Moreover, under plane-strain
conditions, the bulk micro-moduli k. and Kpjcro are related with the respective Lamé type micro-moduli
through the 2D relations

Re = )\e + He, Kmicro = )\micro + Mmicro - (18)

Accordingly, the relations between the macro moduli (fmacros Amacro, Smacro) and the micro-moduli in plane
strain become (see Appendix A2)

i 1 1 1
Mmacro — He Hmicro = =—+ P
He + Umicro Hmacro He Hmicro
Ke Kmi 1 1 1
Kmacro = — e < =—+ y (19)
Ke + Kmicro Rmacro Re Rmicro
L (tte + Ae) (fimicro + Amicro) He Hmicro
)\macro = -

(/ffe + )\e) + (,U/micro + )\micro) e + Hmicro ’

where Kmacro = [macro + Amacro- Lhe 3D relations for the macro and micro moduli are given in Appendix
A. From here and onwards, unless otherwise stated, the macro and micro moduli will refer to the case of
plane strain and will be defined through equations (18) and (19).



Taking the first variation of the strain energy I = / W da under the plane strain hypothesis with respect
Q

to (@#,P?) leads to

ST = / (zue (sym(Da* — P%), D&ut) 4 241 (skew(Dat — PF), Dout) + Ao (tr(Daf — P41, D5aﬁ>)dx ,
Q

sI7* = / ( — 2t (sym(Da* — P%), 6P*) — 2, (skew (D — P¥), 6P%) — A (tr(Duf — P*)1,,6P%)  (20)
Q
+ 2lmicro (Sym I?’ﬂ, 5]3‘1) + /\micr()(tr(l?’ﬁ)]lg, 5]5’1) + pm LE a (Curlyp ISﬁ, Curlap 6ﬁﬁ>>dx .
The equilibrium equation are now obtained by requiring
SI™ = (F,out), vout and 517 = (M, 5P%), V&Pt (21)
We define the following quantities
& == 2u sym(Dut — P + 2, skew(Dat — P + A, tr(Duf — PF)1,,
Tmicro = 2ftmicro Sy f)ﬁ + Amicro tr(ﬁﬁ)]& € R?*? > (22)
m = uym szdCurlgDﬁﬁ e R?,

where we used the tilde o and T icro to emphasize that here we are only considering the in-plane components.
We can rewrite the first variation 61% as

ST = / (7, Doty dz = [ div(5T 67) — (Div &, 6) da — / (& 5, ) ds — / (Divs, sty de  (23)
Q Q o0 Q

= / (G n, 00" ds — /(Div&, ouF) dz
o0 Q

and that, because of the equation (21), and highlighting that w is orthogonal with respect to the out-of-plane

displacement, implies

Dive =/ in (, ocn=0 on 99. (24)

where the out-of-plane components of Divo and on must not be considered. We can now rewrite the first
variation 617 as

517 — / (5, 5P + (Faeros 5P + (uaa LG Curlap P, Curlap 559 dar
Q

= /<—& ~+ Omicros 5ﬁﬁ> + <MM L?:Ad Curlsp ﬁﬁ, Curlsp 5ﬁ> dx
Q
3

= / (=& + Fmicro; 0P%) + (g L2a Curl Curlyp P, 0P%) — div]» " (umL2a Curlyp P); x (PF);]dz (25)
Q =1

3

— /(—5 + Omicro + UM L?E Curl Curlyp ﬁﬂ, 5]5ﬁ> — / (Z(MMLzﬁ Curlap ﬁﬂ), X (g]v-jﬁ)i, n)ds
Q 19 et

- /<—5 + Tmicro + pv L2@ Curl Curlyp ﬁﬁ, 5]311> — / {(unL2a Curlyp ﬁﬂ) X n, 513ﬁ> ds,
Q o0

which, because of (21), and recalling that Pis orthogonal with respect to the out-of-plane micro-distortion
tensor P (their scalar product is zero), implies

0 — Omicro — MM Lg’d Curl Curlop Pt=M in Q, (M Lg’d Curlsp ]Sﬁ) xn=0 on 0. (26)

where the out-of-plane components of (26); and (26)2 must not be considered. We can now collect all the
homogeneous equilibrium equations obtained and the homogeneous Neumann boundary conditions

Divo=f | . on=0
vo=/f Q. - - o0. (27
& — Fmicro — L2 Curl Curlop P = M } m (L2a Curlop P) x n =0 } o 27)



Since Div (uy L2a Curl Curlap ﬁ) = 0, combining the two equation in (27); gives rise to another equilibrium
equation that depends only on sym P

Diveo = fv
5 - 5micro — UM Lgﬁ Curl CuﬂQD P=M in Q s
{Div Gmicro = f + Div M}

0
(L%a Curlyp P) —0 } on 0. (28)

The extra equation Div opjcro = f+ Div M is not independent with respect the other two, and any smooth
solution of (27); will automatically satisfy it. This equation can nevertheless substitute Dive = f, but,
although it depends solely on sym P, it is an undetermined system of equations since we just have two equa-
tions for three unknown functions (P, Paa, Pi2). The governing equilibrium equations (27); in components
are
(Ae + 2te) (u1,11 — Pr11) + Ae (u2,12 — Pa21)
e (U122 — U212 — P22 + Po12) + ple (U122 + U212 — Pra2 — Po12) = f1,

)
(Ae + 2e) (u2,22 — P22 2) + Ae (u1,12 — P11,2)
e (U211 — ui,12 — Pari 4+ Pia1) + ple (U211 + w112 — Po1,1 — Pi21) = fa,

v L2 @ (Prya2 — Piao)
_P11(>\e + Am + 2(/1'6 + ,u/m)) - (>\e + )\m)P22 + ()‘e + 2/‘9)”1,1 + )\eu2,2 = Mll )

(29)
—HUM Li a (P11,12 - P12,11)
—(pte + pte + fim) Pr2 + (tte — fte — prm) Po1 + (e + fte)u1,2 + (fte — pc)u21 = Mia,
v L2 (Pay 92 — Pao 10)
+(pe — pre — pim) P12 — (fte + te + pim) Po1 + (fte — phe)u1,2 + (fe + fe)u21 = Moaq ,
—png L2@ (Po1 12 — Paoa1)
7P22()\C + >\m + 2(#(} + ,Ufm)) - (>\c + )\m)Pll + <>\c + 2,“0)“2,2 + )\cul,l = M22 .
which, according to (9), are accompanied by the following constitutive plane strain equations
011 = (e + 2e)u1,1 + Aeting — (Ae + 2pe) P11 — AePo2
022 = (e + 2pe)uz,2 + Aetin 1 — (Ae + 2pe) Poo — Ae P11,
012 = (;“e + MC)u1,2 + (Ne - NC)U2,1 - (/fJe + Nc)PH - (,Ue - Nc)PQI ,
(30)
021 = (fe + pe)uz,1 + (e — pe)ur2 — (fe + pie) Por — (pe — pc) Pr2,

mi3 = —UM Lga(PlLQ - P12,1) 9

Ma3 = — UM L35(P21,2 — Paay).

4 Fundamental solutions for the relaxed micromorphic continuum
under plane strain conditions

4.1 Concentrated force: The Kelvin problem

The Kelvin problem [77] provides the solution of a point force acting in the interior of an infinite elastic
medium [78]. The solution is of fundamental importance since it provides the plane strain Green’s function
for the relaxed micromorphic theory. Lord Kelvin (William Thompson, 1824-1907) solved the problem for
classical isotropic linear elasticity that was later named after him in 1848.

We consider a body occupying the full plane (—oco < z7 < 0o, —00 < 3 < 00) under plane-strain
conditions. The body is acted upon by a concentrated line force situated at the origin of the coordinate
system. There is no loss of generality if we assume that the direction of the line force coincides with the
To-axis of the coordinate system due to isotropy. In this case, we have that

= (0 Yo, w=(g o), (31)



with §(z) being the Dirac delta function.
For the solution of the problem the 2D Fourier transform will be employed. The direct (FT) and inverse
(FT~!) double Fourier transforms are defined, respectively, as

T =FTO) = [ w9 de ) =PI} = g [ FOe 0 @)

z€R2 (27T)2

where £ = (£1,&) is the 2D Fourier vector with [|£]| = & = /&7 + &2 and i is the imaginary unit [6].
Applying the Fourier transform on the equilibrium equations (29) and noting that FT{d(x1)d(z2)} = 1,
yields!

~ (Ve +200)8F + (e + e)3) U — (e + pte — i) €162 T + i( e + 21e)61 Pry
+Hide&1Paz + i (pe + pe) E2Pra — i (e — i) E2Po1 = 0,
= (e e = 1) €162 — ((Ne + 206)€3 + (e + 1e)€F) B + iXelo Py
+i(Ae + 21te) 2 Paz + ipte — )€1 Pra + i (pto + pre) &1 Por = —1,
—i(Ae + 2pte)&1U1 — iAotz — (Ao + 2fte + A + 2tm + apin L2E3) P

—(Ae + >\m)1322 + ap Lgflfzﬁlz =0,

(33)
—iXe&1ll — i(Ae + 2pe)Eatln — (Ao + 2pte + Am + 2im + dpna LEET) Pao
—(Ne + Am) Py + apng L2616 Py =0,
—i (e + o) Ealiy — €1 (e — pic) Uz + dpn L2612 Pry
- ((/’LC + He + ,um) +Zi,uM sz%) P12 - (:ue + Hm — /’LC)P21 = 0;
—i (pte — pte) Saliy — i (fhe + pre) E10iz + aping L2E182 Poy
- ((Mc + e + :um) + apim ngg) Py — (Ne + fm — NC)PH =0,
where we recall that @ := (a1 + a2)/2 > 0. The algebraic system can be written in the following form
Al§)u=7, (34)
where U = {uy, Uz, ﬁn, ﬁlg, 1321, ]322}T, v ={0,-1,0,0,0,0}, and the symmetric Fourier matrix A is given
as
A(§) = (35)
€ (et pe) = (e +2)  — Q& (—pe+ Ae + 1)) i1 (Ae + 24te) i€ (fte + pie) —i& (e — j1c) i1 A
= (&6 (—pe + A + 1)) — (&3 (pe + e)) — €3 (A + 2110) i€ —i&1 (pe — pe) i€1 (e + 1e) i€a (Mo + 2p10)
i1 (Ne + 24te) i€ Ae apng L2€3 + Ao + 2 (pe + fim) + Am —apn L2616 0 Ae +Am
i€ (e + pre) i€y (e — prc) —apn LE61& png LEET + pre + pre + frm —ic+ e + fm 0
—is (e — pre) i€y (pte + pre) 0 —Jte + fle + fim Qpnt LEES + e + fte + pim —ap L2616
€1 i€ (Ne + 24te) e + A 0 —apn L2 & apn L2EE + Ao + 2 (pe + fim) + Am

The determinant of the Fourier matrix A(£) becomes

52L§ .U12v1 fian (e + i) (Xe + 2pte) (Am + 2Nm)(£1_2 + E»2)(52_2 + 52)‘247 pe >0,

- - (36)
a* L (1} pn fe(Ne + 2416) (A + 2pim ) (£ 2t E7)eEs, fre =0,

det A(¢) = {

where ¢ and /5 are two characteristic lengths related with the internal length L. as

a B @ pin (fe + fic)
0 = Loy M o = Loy | EMMe T Fe) 37
' 4(Am + 2pm) 2 Aftc phe (37)

We recall also that the macroscopic moduli (A, pm, kM) are related to microscopic-moduli of the relaxed
micromorphic medium through equations (18) and (19). Further, the dimensionless parameter § is defined
as

(Ke + pre) (Km + fim)
(e + £m)(He + fim)

1For better readability in component form we abbreviate the Amicro 88 Am and Amacro as Am, similarly for the other appearing
parameters.

Bi=

> 0. (38)




It is interesting to note that det A(¢) is an 8*"-order polynomial of & with corresponding terms {£8, €6, &4},
whereas in classical isotropic linear elasticity the Fourier determinant assumes the form

det Ain.clast (€) = st (At + 2pn) € (39)
The positive definiteness conditions for the system (29) read simply
o > 0, phe > 0, e > 0, K > 0, Ke > 0, al?>o0, (40)

which according to (19), imply that pe > pp > 0 and ke > ky > 0.
Looking at (36), the plane(-strain) ellipticity conditions can be readily obtained as (cf. [52])

pat >0, g >0, pre+pie >0, pie >0, 2pe +Ae >0, 2pum +Am >0, aL?>0. (41)

From the solution of the above non-homogeneous system (34) we derive the solutions for the transformed
field variables. These can be written in the following form which is amenable for analytical treatment:

~ KM &6 Qi Lg ¢ 2 Qpnm LE
e _MM(FLM-i-/LM) &t a 4 (/‘GM+MM) §162 ¢1(8) + 4p2 §1&2 92(8),
~ 1 KM fgﬁuMLZ( ¢ )2 9 7'duMLg 9
T e pa (kar + pinr) &4 4 KM + M & ¢1(8) 4112 SO
S KM €3¢ i€ (eapn L2EF + 2(Km + i)
Py = Zum(HM 4+ ,LLM) 5‘4 4("<‘:M + IU/M)('K';m + //fm) ¢1(Ev) ’ (42)
5 . KM 313 iCeapn L2665 i€
iz = ZNrrl(’<51\/l +pn) &Y 4(km + pv1) (Km + ,um)¢1(a) + 2te $2(8),
. i€y (ka4 o) & + pué3) iCetpn L2 662 i
Py =— _
“ P (FM A+ ) €2 4(kn + pnt) (K + fim) $1(&) 2te $2(E),
B - KM §& i&2 G (eapn LEET + 2(Km — pim)) o(E)
2 et ) & Gt ) € Al ) )

where the transformed functions ¢;(&) (j = 1,2) and dimensionless parameters (¢, ¢) are defined as
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Me+ﬂm He"‘/{/m '%M—i_MM/B ( )

We employ now some useful classical results (see e.g. [19], [56]):

L=FT (& +8) '} = —5-(+Inr),
L=FT (g +&) "} = b+ ), (44)

_pm—lyp—2 2 -1y _ 1 r
L=FT (2 +&+8) "} =Ko 7] .
and
aza:?g]] = (7i£1)m(7i£2)n1j’7 (mvn = 07 1327"')7 (] = 17273) (45)

where r = /2% + x3, K,,[-] is the n-th order second kind modified Bessel functions and b = 0.57... is Euler’s
constant [19]. It should be noted that the integrals in (44) are defined as the finite part integrals®.

Using the above results, the definitions of the characteristic lengths ¢1, ¢5 and ignoring rigid body motions
in the displacement field, we obtain after some rather extensive algebra the following expressions for the
displacement and micro-distortion fields

2The concept of a finite-part integral has been first introduced by Hadamard [20] in 1923. These integrals have stronger singularities
than Cauchy principal value integrals and they exist in the finite part sense [30, 46].



2
KM £122 (Cw122 HeT1T2

Uy = + — Dy,
P dmp (kA i) 12 2B (kg + ) 12 27 phe (e + i) 72
2 9 2 2 _ .2
uy = T 5 (o + 24in1) Inr — ¢ ((x1 2%)@1 + Ko {T]>
drpong (kg + ) 12 A MM(/‘@M + ) 47 (km + pim) r 141
r
n Do, x| ,
A7 e ( uc+ue ( ? 0{52])
P KMT2 (x% — x%) N (o T _ Cexo (x% — x%) . Cex1xo 0.
H 47T:um("€M +,UM)T4 am (’%M +,UM)T ' 2m (Hm +Mm) 6T4 ' 27 (’%m +Mm) ﬂ"a nEh
KMT1 (ml — x%) 1 Cexy (w% — x%) Cexiwo (46)
Py = 1 Uy + 701 5 00, @1,
AT p (KM + i) T AT pieT 27 (K + fm) Br 27 (Km + fm) Br
. kv (23 — 23) . n N Cemy (23 — 23) N Cexiao 5 @
2T tm (Bn — ) 7% AT per 2T on (Km + ftm) BT 1 on (Km + fim) B2 7 !
B S
27 2’
T2 RMZ2 (l‘% - .’E%) C(Km - /Jm)x2
Py = — 5 + i Uy
27 (Ko + fom)7 AT iy (B + piv) 7 dm (kv + par) (K + fin )7
Cexo (x% — .T%) Cexiwo
1 631')1@17
27 (’fm +,Ufm) ﬁ’l‘4 2 (’fm +,um) 5712
where the functions ®; and ¥; (j = 1,2) are defined as
202 r 1 r T
D, =0;(r) =~ — Ky |— U, =0, =-(1-—K |—|]). A7
s a0 =24 -k |7 sz =1 (1-7:7]) 1)

Some useful relations and limits for the second kind modified Bessel functions that have been used for the
derivation of our equations can be found in Appendix A.5.

Equations (46) are the basic results of this paper and constitute the Green’s functions for the general
relaxed isotropic micromorphic continuum under plane strain conditions for the case of a concentrated force
acting in the xo-direction. The Green’s functions for the case where the concentrated force acts in the
x1-direction can be readily derived from the above solution by interchanging the indices 1 > 2.

The micro-rotation for the relaxed micromorphic medium in the case of plane strain is defined as the
skew-symmetric part of P (see (124))

1 T Lo + fhm 1 r T T 1 1 r T

93==(Pypy—Pp)=——|————FK||—||=——|————K1 |—| |- 48

3 2( 2 12) 472 ( hm fle the U2 ! Uy drr2 \ pny e 2 ! ly (48)

Finally, it is noted that the stresses and higher order stresses can be derived from the constitutive relations
(30).

Using now the asymptotic properties of the second kind modified Bessel functions as z — 0 [19]
—InZ2 -5, for n=0
K,|z] ~ 2 ’ 49
. {Fgﬂ(g)' for n >0, 1)

we may readily deduce that as r — 0 the displacement field becomes logarithmically unbounded as in the
classical linear elastic theory and the micro-distortion field P exhibits an r—! singularity consistent with the
additive coupling Du — P. This in turn implies that, according to (9)1, the components of the stress tensor
o behave also as O(r~!) as 7 — 0. The same singular asymptotic behaviour is exhibited by the micro-
rotation 9J3. In particular, the second term in (48) is bounded as 7 — 0 but the first term behaves as r~1.
Interestingly, the micro-rotation becomes bounded if fimicro = ptm — 00 which is the case of micro-stretch,
micropolar and couple stress elasticity as we shall see next. Interestingly, it turns out that the components
of CurlP have at most a logarithmic singularity which implies, according to (9)s, that the higher order
stresses m exhibit also a O(logr) behaviour as r — 0.

The above results corroborate uniqueness for our solutions. Indeed, for a unique solution of the concen-
trated load problem the conventional and higher order stress singularities must behave at most as O(r—1)
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when r — 0, where r is the distance from the point of application of the concentrated loads (see Har-
tranft and Shi [21] and Sternberg [76] for the case of couple stress elasticity and Eubanks and Sternberg
[sternbergl955concept] for the classical elasticity case). This is due to the fact that the tractions on a
circle surrounding and separating the concentrated load point from the rest of the medium must be statically
equivalent to the concentrated force at that point. This is a general requirement and is independent of the
elasticity theory that is employed.

4.1.1 The relaxed micromorphic continuum with zero micro and macro Poisson’s ratio

A simpler case arises for zero micro and macro Poisson’s ratio so that A\, = Ay, = 0 which implies A\yy = 0

and ¢ = 0. In this case, we derive

e = 1% (1 _ dpc ® )
P82\ pe(pe t o) )
2 3 x? — x2 r
UQ:87T,U§/[T’2_87T‘LLM ln?‘+47ruc(/:c+ﬂc) (( 17”2 2)<I>2—K0 [ZJ) , (50)
22 (23 — 3) o (@-d) o
Pu= 8T pumrt P2 = 8T fim 1t AT per 2,
Hm Hm He
P, — 2 (23 + 323) By =1 (321 +523)  m
8T fpn 1t 8T pnr? AT per
It is evident that us retains the logarithmic singularity but the detailed field is different, in particular
Ug = — (Suc'ue  fetim + 31 + 3Me'um) Inr, as r — 0. (51)

87 e ftm (fhe + fle)

4.1.2 The pure relaxed micromorphic continuum with symmetric force stress tensor

Another special case of interest is the pure relaxed micromorphic continuum with symmetric force stress
tensor o. In this case we have that the Cosserat modulus g, = 0 (which implies that ¢ — o0) and
accordingly (see Appendix A.5)

lim p.®2 =0, lim ¥y =0, hm e Ko {} 0, (52)
pe—0 1e—0 fe—> 2
and we derive
_ KM 122 Py
uy = p) + o *1s
4 pn (kv + ) 7 278 (kM + ) T
2 9 2 2
Uy = ML 5 — (e + 24ina) Inr — ¢ ((xl )<I>1 + K {])
drpnt (kv + p) 72 A pov (B + poa) Am B (km + pn) r? 2l
KMZ2 (x% — x%) Cxo Cexo (x% x%) Cexyxs
P11:_4 4+ 4 28I1q)17
T pim (KM + pae)r? A (kv + MM) 21 (K + i) Br 27 (K + i) BT
. kv (23 — 23) Cexy (2 — 23) Cex1o 5 o (53)
127y f (M + ) 1t 27 (K + i) Brt 27 (K + pm) Br2 "2 b
. rar (23 — 23) Cemy (xf — 23) Cex1o o o
A= tm (Bn — i) 7% 27 (K + o) BT 27 (Ko + pm) Br2 2 Yo T
Ta KMX2 (m% — x%) C(Km — fm)T2
Pry = — 5 i Uy
27 (K + pm)7r? AT pn (B 4 pan) 7 AT (K 4 pn) (B + pm)7
Cexa (37% - x%) Cex1mo

Oy, D1.

2m (Hm +,um) 57'4 B 2m (Hm +/~Lm) 57“2

4.1.3 Limiting cases

It is shown here that the fundamental solutions of several well-known generalized continua can be obtained
as singular limiting cases of the general relaxed micromorphic fundamental solution for a concentrated force.
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4.1.3.1 Micro-stretch elasticity

In order to pass from the general relaxed micromorphic continua to the micro-stretch continua we let
tm — 0o which, according to (19), implies that: pe — pum, and

Ke Ke 1 e

lim (= ———, lim fg=——. 54
umaooC Ke + KFm Hm—00 b Ke + Km 59
In this case, the kinematical fields read
RM X122 RKMKe T1T2 HcX1T2

U7 3

= + — s
A ping (g + ) 72 27k (kg + i) (Ke + i) 12 27 gt (pe + pre) 12

KMT2 KM+ 2 c x? — 2 r
(5] :4 M™2 5 = ( M MM) Inr 4+ a <( 1 2 2)@2—K() |::|>
Ty (R 4 pn) 72 A (R + poa) 4m gt (pe + pin) r ly (55)
KM FKe (22 — 23) {7’})
— O+ Ko |—| |,
Amkm (kv + piv) (Ke + fim) < r? ' "4
KMZ2 T
Py =Py = — v Pio=—Py =— v
11 =122 Ao (Rt + i) T 1, 12 21 7 fingr 2,
and the micro-rotation is given as
1 T T r
93 ==(Pyy —Pp)=———|(1-—K1|—]| ], 56
s 2( 2t 12) A7 g r? ( oot [52}) (56)
where the characteristic lengths are now defined as
a p(Ke + pou) a(pm + pc)
li=1 , by = Loy | ——=. 57
! C\/4(f<aM + piv) (Ke + Fm) o Apc (57)

We note again that {5 — oo as p. — 0.

4.1.3.2 Cosserat (micropolar) elasticity

As (fm, km) — 00 we have that: pe — pm, Ke — KM, de — AM, and also ¢ — 0, 8 — 0 which implies
further that ¢; — 0. Furthermore, by recalling that ky = Am + pm, and identifying (using Nowacki’s
notation [57]) pe = a, ajpun L2 = 27, agun L? = 2¢, the relaxed micromorphic solution degenerates to the
known micropolar solution ([38], [8])3

- (Am + pom) T1Ty o T1To (252 B r})
V7 v (A + 2pm) 72 21 pm (g + @) 2 72 el )
At pa) 23 (Am + 3pr) a m
Uy = = - nr— — Ky | -
drpnt (A + 2p) 72 Am (A + 2p) 4 p (o + po) ¢ (58)
e (22 — a3) [ 202 T
£ ).
47 pn (o + pv) r2 72 l
1 r r
P11 = Py =0, Ao =Po=—Pyy=—-A :7(1_,[( [,D
11 22 12 12 21 21 = - g 12 Ay
with the micro-rotation 93 given as
1 T T T
Pg3=—=(Pyy —Pp)=——"—(1—-—-K; |- 59
3= 5= ) 47rqu2< ¢ 1M) (59)
where
HQW“)(W N CITNES) (60)
4o 4fic

is the known characteristic length of the Cosserat (micropolar) theory.

31t should be noted that in [8] there is a misprint in the plane strain fundamental solution (3.78). In particular, the term (1 — v)
should be replaced with (1 — v)~!. Also, the solution in [8] is for a horizontal force which can be transformed to the solution for a
vertical force solution as in the present case by interchanging the indices 1 <> 2.
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4.1.3.3 Couple stress elasticity — the indeterminate couple stress model

As (fm, Km, fte) — 00 we have that: pe — punm, Ae = A, and also ¢ — 0, 5 — 0 which implies further
that ¢, — 0. In this case, we pass to Mindlin’s [45] and Koiter’s [koiter1964couple] theory of couple
stress elasticity (see also [zisis2014some, gourgiotis2019hertz, 10, 40, 47, 75]). Indeed, identifying
arpn L2 = 4n, aguaiL? = 47, we derive the fundamental solution in couple stress theory [22] which assumes
the following form

(AM + pm) T1To 1 z129 (262 {7‘})
- 2 )

Uy

T ir pnv (A + 2pM) 72 2y T2 2 l
"y — (A + pm) xj _ (Am + 3pm) o — F}
drpng (A + 2p1) 72 A (A + 20m) 47y Olel (61)
1 x? —x2) (202 r
+47(1722) (2_[(2 H) 7
T UM r r l
1 r r
R e (tr)
11 22 12 21 = - g 12 Ay

where the characteristic length of the couple stress elasticity model is defined as

n a
EéMLC\/». 62
? HM 4 (62)

As expected, the continuum-rotation 3 coincides with the skew symmetric part of P (i.e. the micro-rotation

9J3). Indeed,

— 1 [ Ous Ouy 1 T r r

Ty=5 (o= o ) = 5P = P) = ———— (1- 7K, [7]). 63
579 (3x1 6x2) 2( 21 12) 47 g 12 Y] (63)

Fundamental solutions for orthotropic couple stress materials under static and dynamic conditions can be
found in [2, 16, 17, 18].

4.1.3.4 Classical linear elasticity (L. — 0) - lower bound macroscopic stiffness

As L. — 0 we have also that ¢; — 0 (j = 1,2) if . > 0, and in this case we obtain that (see Appendix A.5)

. . . : 1 . r
lljlglo ®; =0, e%lino 0,2, =0, (i=1,2), z_ljlino v, = o e%lino K [EJ =0. (64)
Moreover, by using kyn = Ay + pn, we finally derive
A A 2 A 3
u (Am + ) T1T2 7 (Am + pir) T3 (Am + 3par) Inr, (65)

= Uo =
4 pn (Am + 2pm) 12 2 drpng (A + 2pm) 72 4 p(O + 2pm)

which is the standard classical linear elasticity fundamental solution for the displacements [78]. Moreover,

the continuum rotation is given as

Y3 = ——-—. 66
3 47 pp r? (66)
In addition,
P €2 O+ p)ap (2f — a3)
U gn (AM + 2um) r? AT o (A + 2p) 74
po_ T (A + pv)ay (23 — 23)
27 ur T2 AT p (AM + 2p0) 74 ()
67
p,___ T T (A + )21 (x% - m%)
2T Ty T2 2T fhp 72 A7 o, (A + 2pn) 74
Pyy = (CAm 42 (A + 2pm) )22 (Am + pnn)z2 (27 — 23)

T 4x (Am + 2m) (A + 2ups) 72 A7 p (A + 20 74
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4.1.3.5 Classical linear elasticity (L. — c0) - upper bound microscopic stiffness

As L, — oo we have also that £; — oo (j = 1,2), and in this case we obtain that (see Appendix A.5)

wr (Am + pm) 2120 (Ke = phe) 172
' an fim (Am + 2pm) 72 Am (pie + pe) (Ke + pe) 727
Am + fm 2 Am + 3ftm . — le 2
g = (Am i) T Am +3i) (Ke — pic) 72 (68)
AT pm (Am + 24m) 7 47 (A + 2 ) AT (pte + po) (Ko + fte) 7
He + Ke + 2fte

Inr.

dn (He + pe) (Ke + pe)

The first two terms in the displacements (68) are the classical linear elasticity terms (see (65)) but with the
micro Lamé moduli ({4, km) instead of the macro ones. The other two terms depend also upon the rest of
the parameters.

Furthermore, we obtain the components of the micro-distortion tensor P depending only on the micro-
scopic moduli (ftm, km) as

_ Rma(23 —a?) Fm1 (23 — a)

AT i (Rt )T AT fion (Ko + i)

_ml(x% (K + 24tm) + 23 (3km + 2im)) Z2 (i% (Fm = 2pim) — 3 (Fm + ZNm))
AT i (Fm + fom )74 AT iy (Fm + fim) 74 .

P11 P12 =
(69)

Py =

; Py =

It is worth noting that letting additionally p, — oo in the displacements (68) the last terms vanish and
we finally derive the classical solution involving now exclusively the micro-moduli

(Am + fim) 122 (Am + fim) x% (Am + 3fim)
= — — |
AT pon (Am + 2ptm) 127 2 nr (70)

“ - At (Am + 2pm) 72 47 (A + 200m)

and the continuum rotation is

U3 = (71)

_47rum7“2'

4.2 Concentrated couple

We consider again a body occupying the full plane under plane-strain conditions. The body is now acted
upon by a concentrated line unit couple situated at the origin of the coordinate system. In this case, we

have
f= < 0 > M= < _%2 12 )5(171)5(x2), (72)

such that M12 — M21 =1- 5(%1)5(%2)
Applying the Fourier transform on the equilibrium equations (29) and solving the non-homogeneous
algebraic system yields the following solutions for the transformed field variables

ﬂl = — 252 —+ l§2 ag = Zfl — Zfl (73)
2i€? T 2pe (67 +€2) 2umE2  2pe (657 +€2)
= = &6 5 & 1 = £ 1
Pr=—Pp=- ) == - R + = .
PO e T a8 an L2 (657 +€2) T 2@ apn L2 (G2 + €)

Note that the solution does not depend upon the parameters A\, and A, which is to be expected due to the
dominant shear character of the loading. Inverting the transformed fields we obtain the following solution
for the kinematical fields

To 1 1 TK r T 1 1 ’I"K r
Ul = ——-: _— — — —_— Uy = ——— _—— — — —_—
! drr2 \um e o el ) 27 4r2 UM e L2 el )
X1To
Pi= Py = 12 74
11 22 2 it (74)
2 2 2 2
T3 —x] 1 T Ty —x] 1 T

Py = S Ko | =, Py = _ Ko | —|.

12 A ppr? 2w a ppy L2 0 [EJ 2T 4 [T + 2 a pp L2 0 [KJ
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The micro-rotation is given as

1 1 r
93 = =(Pyy — Pra) = ——— Ky || . 75
’ 2( o 12) 2m a png L 0{52] (75)

The stresses and higher order stresses can be derived from the constitutive relations (30).

Regarding the asymptotic behaviour of the kinematical fields, we remark that as r — 0 the displace-
ments behave as r~!, the micro-distortions P behave as r—2, and the micro-rotation exhibits a logarithmic
singularity due to the Ky-Bessel function. In particular, the modulus of the displacement vector depends
(in all theories) only upon the radial distance r and there is no angular dependence (see Figure 2 and Fig-
ure 3). Interestingly, according to the equations (30), the stress components (011, 092) are bounded at the
point of application of the concentrated couple whereas the shear stresses (o12,091) exhibit a logarithmic
singularity as r — 0. Finally, the higher order moment stresses (1m13,m23) behave as O(r~!) at the origin.
All quantities converge to the classical linear elasticity solution (c.f. section 4.2.2.3) as we move away from
the concentrated load.

4.2.1 The pure relaxed micromorphic continuum with symmetric force stress tensor

The special case of a pure relaxed micromorphic continuum with symmetric force stress tensor is derived by
setting p. =0 (f2 — o0). In this case, we have according to (37) that (see Appendix A.5)

1 4 1 1 1
lim — = lim | =—t<te _ —, lim —K; |—| =~ lim —K; |—| = -, (76)
pe—0 Loy pe—0 \| apn (e + pc) te—0 fg ly 7 pe—0 Ll ly r

since lir%zKl (2) =1 (cf. (161)) and employing (74) together with (19), we finally derive
z—r

i) I .
Uy = —W, U = W 5 tr(DU) = le'LL = O, (77)
2 2 2 2
T1To T5 — TF 1 T5 — Tf
P1=-Pp=——""— Po= — Inr+0b Py = — — Inr+0b
H 2T 2wt TP A ppr? Y org pnr L2 (7). Po ATt 2w a g L2 (Inr+b),

where the last two expressions for Pjo and P»; were derived by taking the limit p. — 0 directly in the
transformed expressions of the pertinent field variables: Indeed, in the case of a concentrated couple (72),
the Fourier system (33) has a solution of the form:

a — 252 a _ 251
P 2?2’ 2 o2’ (78)
Py = —Pp = §12 Py =  2pim + apn LZ1n&3 Py — 2t + aping L2 i3
20m &2’ 2apn L2 pmpni &2 2apn L2 pum pni £2
Using the results in (44) we can readily invert the above expressions and obtain the results in (77).
Finally, the micro-rotation is given as
U3 = (Inr +b). (79)

C2ma L?

According to (79), the constant term related to the Euler’s constant b corresponds to a constant (rigid)
micro-rotation and does not affect the stresses or higher order stresses in (30), therefore it can be ignored.
It is interesting to note that the displacement field in the pure relaxed micromorphic case (77) does not
converge to the classical macroscopic elasticity one (see (82)) far away from the concentrated couple. Indeed,
the former has in the denominator p,, and the latter py which means that limits are different as r — oo.
This is not the case however with the complete relaxed micromorphic model (with g > 0) where, as r — oo
the Bessel functions in (77); and (77)2 tend to zero and the classical linear elasticity solution is restored.

It is intriguing to see that setting u. = 0 in the concentrated couple problem acts like a zoom into the
microstructure and activates the microscale shear modulus pp, in the displacement solution, which is not
the case in the concentrated force problem.

4.2.2 Limiting cases

From the general relaxed micromorphic solution we can derive the fundamental solutions in other generalized
continua as singular limiting cases.
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Figure 2: Inhomogeneous displacement solution for the
concentrated couple. Circles are rotated and expanded by Figure 3: ||u| behaves like X in all theories.
the deformation around zero.

4.2.2.1 Micro-stretch, micropolar and couple stress elasticity

As py, — oo we have that: pe — pun and

L2 r r 71 r r
- (1T |l L
“ 47T/~LM7“2( lo l[fzb’ " 47TNM?”2( ) 1[52]) (80)
He =+ e r
Py =Py =0, P12=—P21=—m 0[62}

This is the micro-stretch solution. Further, if we identify p. = « the solution transforms to the micropolar
solution with the characteristic length given by (60) [8, 57]. Next, taking . — oo we derive the couple stress
solution [weitsman1968two, 22] which is identical in form with the micro-stretch/micropolar solution but
with the characteristic length given by (62). It is worth noting that in the micro-stretch, micropolar, and
couple stress theories the displacement field remains bounded and in particular becomes zero at the point of
application of the concentrated couple (i.e. r — 0) which is in marked contrast with the respective relaxed
micromorphic behaviour. As 5 — oo all the fields become null. Finally, the micro-rotation is given by (75)
in all cases and exhibits a logarithmic singularity at the origin. As we move away from the load all solutions
converge to the classical elasticity solution (section 4.2.2.3).

4.2.2.2 Classical linear elasticity (L. — 0) - lower bound macroscopic stiffness

As L. — 0 at u. > 0 we have that f5 — 0, and also (see Appendix A.5)

i (=2 L - _— L -
w0 e[

Accordingly, from (74), we obtain the standard classical elasticity result for the displacements*

T2 1

=, =, 82
“ 41 pg 12 2 A1 pipg 72 (82)
see Fig. 2. In addition,
Pii= —Pyy = 102 Py = Py = 227 (83)
11 = —1I22 = 2 ot d 12 = I21 = I it
4.2.2.3 Classical linear elasticity (L. — c0) - upper bound microscopic stiffness
As L. — 0o (f2 — o0) we have that
T 1 r 1
lim (;2Ko|—| =0 lim —K; |—|=-. 84
Zzgnoo 2 0 |:£2:| ’ Zzl—l;noo 62 ! |:€2:| T ( )

4Timoshenko and Goodier [78, p. 131]; Love [39, p. 214].
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Accordingly, from (74), we obtain the classical elasticity solution for the displacements but now with gy,

instead of p
i) I

= ——- = 0. 85
“ AT 2’ Y27 T2 (85)
In addition, we derive again
2 2
122 5 — 27
11 2= 5 i 12 2= v (86)

also only depending on the microscopic modulus fy,.

5 Fundamental solution for an isotropic gauge-invariant incom-
patible elasticity model in plane strain

We consider the gauge-invariant incompatible linear elasticity model [27, 32, 50]
C.syme + C.skew e + puy L2 Curl (L. Curle) = M, e X nlag =0. (87)

where e := Du — P : Q € R3 — R3*3 is the incompatible elastic distortion, and C,, C., L are fourth order
tensors as in (1), while M is similar as in (8). Due to Div Curl = 0, smooth solutions of (87) satisfy the
additional balance equation

Div(Cesyme + C.skewe ) = Div M = f. (88)

=i

Formally, (87) and (88) appear as Euler-Lagrange equations of (1) with Cpicro = 0. Substituting a compat-
ible elastic distortion, e = Du, we retrieve from (87) linear Cauchy elasticity with stiffness tensor C,

DivCesymDu = f, Du X nlgg = 0. (89)

Observe that the boundary value problem (87) is still well-posed in terms of the elastic distortion e, due to
the generalized incompatible Korn’s inequality [13]. In the isotropic case (87) reduces to

2pe devsyme + 2u. skew e + ke tr(e) 13 (90)

+ 2uMLfCurl (a1 dev sym Curl e + as skew Curl e + % tr (Curle) ]1) =M,

and this is the second balance equation from (8)y for py, — 0, Ky — 0 and therefore omicro = 0.
Fundamental solutions to (90) in the three-dimensional case have been obtained by Lazar [33] under the
constitutive assumption of a strictly positive Cosserat couple modulus, g, > 0. The latter condition entails
that

o = 2ue.devsyme + 2u. skew e + K tr(e) 13 (91)

can be algebraically inverted, i.e. we can express e = G(0) if pte, tic, ke > 0, see ([50]). Here, we will consider
the fundamental solution to (90) in plane strain, but we allow for p. > 0. The plane strain version of (90)
is obtained by considering the following energy, connected to (90), namely

[ peldevsymel? + Fu? @ (92)

png L

(a1 |[dev sym Curlé]|* 4 ay ||skew Curle]|® + % tr? (Curle) — (M,é}) dz — mine.

As can be seen, letting L. — oo while assuming a1, az,az > 0 implies Curl € = 0 and therefore ¢ = Du on
contractible domains. We will consider (92) in an unbounded domain with given M = ¢ x M. Similarly, as
in section 3, the plane strain energy becomes

/ e ||devy syméﬁH2 + %tr2 (e*) 4+ pun L2 @ ||Curlyp €2 — (M, &) dz — min &, (93)
Q
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and we obtain the plane strain equations in components

1
—5hM L%(a1 + az2) (e11,22 — €12,12) + (Ao + 240 )e11 + Ac22 = M1,

1

SHm L%(a1 + as) (e11,12 — €12,11) + (ftc + te)e12 + (fte — tc)e21 = Mi2,
(94)
1

*i,uM Lz(al + az) (e21,22 — €22,12) + (fe — fic)e12 + (He + fte)e21 = Moy,

1
§NM Lg(al +as2) (e21,12 — €22,11) + Ae€11 + (Ae + 26 )€22 = Moo .

We consider again the case of a concentrated line unit couple situated at the origin of the coordinate
system. In this case, the components of the body volume moment M are given by (72). Following an
analogous Fourier transform analysis as in the previous cases we derive the fundamental solution for a
concentrated couple in gauge-invariant incompatible elasticity. The incompatible elastic distortions read
then

e i ]
T (e + pe) 32 ’
2
r — 5 r
e s K ||, 95
2= SWMC(MC + pe) €2 [ 2} 7 (phe -Hie)f [52} (%)
2
r — x5 r
€91 = K —1 .
2 87T MC(MC + Ne 62 [ ] Nc ‘|‘ Me)g 2 {&]

It is interesting to note that the solution does not depend upon the elastic bulk modulus . and that the
elastic distortion tensor for the case of a concentrated couple is traceless (i.e. tr(ef) = e1; + e = 0).

6 Numerical results and discussion

We will now present some results regarding the behaviour of the relaxed micromorphic solution near the
application of the applied loads. A comparison of the results with other well known generalized continua
obtained as limiting cases of the general relaxed micromorphic model will also be performed.

The relaxed micromorphic continua under plane strain conditions can be fully described by four dimen-
sionless parameters. In order to have a unified treatment for all the above cases, the following dimensionless
quantities g; (i = 1,2,3,4) are introduced:

He = g1 UM, He = g2 UM, Re = g3 UM, KM = g4 UM - (96)

In view of (40), we have that: g1 > 1, go > 0, and g3 > g4 > 0. We also recall that \; = k; — p; with
i € {e,m, M} and using (96) that

g1 g3
fo = — D, = — 5, (97)
g1—1 g3 — g4
Further, for comparison purposes all distances from the origin are normalized with respect to the charac-
teristic length /5 of the relaxed micromorphic model. Results for the cases of a concentrated force and
concentrated couple will be shown separately.

6.1 Concentrated force

Figure 4 shows contours of the normalized displacements and micro-rotation due to a concentrated line force
acting at the origin for a relaxed micromorphic material characterized by (g1 = 1.2, go = 3, g3 = 5, g4 = 3).
This implies, according to (97), that p, = 6uy and Ky = 2.550. A comparison of the relaxed micromorphic
continua with other generalized continua that can be obtained as limiting cases is shown in Figure 5. In
particular, in Fig. 5, the normalized displacement “25* and the normalized micro-rotation 193“7}5‘4& (F=1)
are plotted along the positive xj-axis (i.e. for o = 0) . The ug displacement has a logarithmic singularity
at the origin in all theories. It is observed that deviations from the classical elasticity solution (dashed line)
are more noticeable within a range of |z1| < 23 from the point of application of the concentrated force.
All solutions converge quickly to the classical elasticity solution as we move away from the origin. It is also
shown that the classical elasticity and the couple stress elasticity serve as the upper and lower bounds for
the solutions. In fact, couple stress elasticity predicts more pronounced size effects as compared to the other

18



generalized continuum theories. The micropolar solution is in-between the classical and the couple stress
solution. Also, we note that the relaxed micromorphic and the pure relaxed micromorphic are closer to the
classical elasticity one.

Regarding the behaviour of the micro-rotation we remark that the classical elasticity and the relaxed
micromorphic elasticity predict unbounded micro-rotation at the origin which is in marked contrast with
couple stress, micropolar, and micro-stretch theories that predict zero micro-rotation at the origin. In all
theories the micro-rotation decays as O(xfl) when 1 — oo. However, as it can be seen from Figure 5b,
in the pure relaxed micromorphic model and in the classical elasticity model with L. — oo (upper bound
microscopic stiffness) the solution does not converge in the standard classical elasticity solution (L. — 0)
as all other theories do.

Ugfim Ui pn O3tz
Yalim 7 F
4 41 1 4
0.05 0.02 0.10
2+ 0 2+ 1 0.01 2t 0.05
0.05 0 0
X9/l 0 0.10 Za/ly 0 -0.01 X9/l 0 -0.05
-0.02 -0.10
) -0.15 ol )
4 4| 4
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
201/52 $1/€2 xl/fz
Figure 4: Contours of the normalized displacements “*f* and micro-rotation % due to a concentrated unit
line force (F' = 1) acting at the origin of relaxed micromorphic medium. The material is characterized by ¢g1 = 1.2,
g2 =3, 93 =5 and g4 = 3.
0.00 x
mmm—— classical elasticity [L. — 0 S
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Figure 5: Variation of the normalized displacement “2£ and the normalized micro-rotation % along the
positive z1-axis due to a concentrated unit line force (F = 1) in various generalized continuum theories. The relaxed
micromorphic material is characterized by g1 = 1.2, go = 3, g3 = 5 and g4 = 3.

6.2 Concentrated couple

Figure 6 shows contours of the normalized displacements and micro-rotation for the case of a concentrated
couple. In this case, only the parameters g; and g need to be specified. A comparison of the relaxed
micromorphic continua with other generalized continua obtained as limiting cases is also shown in Figure 7.
In particular, in Fig. 7, the normalized modulus of the displacement vector ||u|| is plotted against the radial
distance r. The material parameters for the relaxed micromorphic material are: g; = 3 and g, = 2 (which
implies gy, = 1.5up). All distances are normalized with respect to characteristic length of the relaxed
micromorphic theory /5.

It is noted that ||u|| has a Cauchy type singularity O(r~!) in the relaxed micromorphic theory, in the
pure relaxed micromorphic, and in the classical elasticity theory (L. — 0 and L. — co0) but the strengths
of the singularities are different. In marked contrast, ||u| is bounded and becomes zero at the origin in
micro-stretch, micropolar and couple stress theory. As it was shown analytically (see sections 4.2.1 and
4.2.2.3), only the pure relaxed micromorphic solution and the classical elasticity solution with L. — oo
(green and dashed-gray lines in Fig. 7) do not converge to the standard classical elasticity (L. — 0) as
r — oo. This is to be expected since the latter solutions depend only upon the micro shear modulus fiy,.
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Figure 6: Contours of the normalized displacements and micro-rotation due to a concentrated unit line couple
(M = 1) acting at the origin. The relaxed micromorphic material is characterized by g1 = 3 and g2 = 2.
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Figure 7: Variation of the normalized modulus of the displacement vector ”“”“TMZQ along the positive xi-axis due
to a concentrated unit line couple (M = 1) in various generalized continuum theories. The relaxed micromorphic
material is characterized by g1 = 3 and g2 = 2. The gap between the green and black line at the right is due to
Um > punm. We note the fundamental qualitative difference between the relaxed micromorphic model and the other
generalized continua (microstretch, micropolar, couple stress) in their behaviour near to the singularity.

Finally, a comparison of the incompatible elastic distortions ejp = u1,2 — P12 and e2; = ug,1 — Po; in the
relaxed micromorphic theory and the gauge invariant dislocation model is shown in Figure 8. It is observed

that as ¢ increases as compared to go (i.e. pe > pm and pe > pc), the solutions for the gauge invariant
dislocation model and the relaxed micromorphic model converge.
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Here, for the considered singular solutions certain artifacts may appear,

Figure 9: Tree of the limit cases of the relaxed micromorphic model in statics. These limits apply strictly only for

weak solutions (u, P) € H' x H(Curl).

notably in the concentrated couple case.
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Appendix

In this appendix, for the convenience of the reader, we exhibit the two-scale nature of the relaxed micromorphic model in three
and two dimensions together with the form of equations and constitutive tensors in plane-strain.

A.1 A true two-scale model: the relaxed micromorphic limit for L. — 0 and

L. — oo in three dimensions

The relaxed micromorphic model reduces to a classical Cauchy elasticity model for both L — 0 and L. — oo but with two
different well-defined stiffnesses, Cmacro and Cpicro, respectively. The expressions of these stiffnesses in the isotropic case are
presented in the next two sections for the convenience of the reader.

A.1.1 Limit for L. — 0: lower bound macroscopic stiffness C,,.cro

For the limit L. — 0, the equilibrium equations (8) reduce to

Div[2pe sym(Du — P) + 2uc skew(Du — P) + Aetr(Du — P)1] = f, (98)
2pe sym(Du — P) + Aetr(Du — P)1 + 2puc skew(Du — P) — 2pmicro Sym P — Amicrotr (P)1 = M . (99)
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The equation (99) is now algebraic in P. Due to the orthogonality of the “sym/skew” decomposition, the equation (99) requires
that

24 skew(Du — P) = skew M, (100)
2pe sym(Du — P) + Aetr(Du — P)1 — 2pmicro Sym P — Amicrotr (P) 1 = sym M .

Since the “sym” operator is not orthogonal to the “tr” operator, we further decompose “sym” into “dev sym” and “tr sym”
so that

2uc skew(Du — P) = skew M,
2
2pe dev sym(Du — P) + Fhe tr(Du — P)1 + Aetr(Du — P)1 (101)
2 1
—2micro dev sym P — gﬂmicro tr (P)1 — Amicrotr (P) 1 = dev sym M + gtr (M)1,

note that “tr sym” is the same as “tr”. We also recall here the definition of the volumetric part, the deviatoric part, and the
skew-symmetric parts in the 3D case

1
3D volumetric part := gtr(P)]l ,

P+pPT 1
3D deviatoric symmetric part := +T — gtr(P)]l , (102)
p—PpPT
3D skew symmetric part := —

With further manipulations and thanks to the orthogonality of the operator “skew”, “dev sym”, and “tr”, the system (101)
requires that

2uc skew(Du — P) = skew M,
2ue dev sym(Du — P) — 2pmicro dev sym P = dev sym M, (103)
2 2 1
<§ue + )\e) tr(Du — P)1 — (gﬂmicro + /\micm) tr (P)1 = gtr (M)1.

From equation (103) we can evaluate the expressions for skew P, dev sym P, and tr(P) individually as

1
skew M = skew P,

skew Du —
2L
He 1
———————devsymDu— ———sym M = dev sym P, (104)

He + Hmicro 2(pte + Hmicro)

1
e tr Du — tr(M) = tr(P),
Ke + Kmicro 3("fe + Rmicro)
— 2pet+3Xe 2kmicro+3A

where ke and Kmicro = micre are the 3D-elastic and micro bulk modulus, respectively. The contribution
of the body volume moment M can be incorporated in the classical body volume force f*, but f* is now dependent on the
elastic coefficients. Substituting back the relations (104) in the equation (98) while also applying the “dev sym”, and “tr”
decomposition, allows us to write

Div[2pe dev sym (Du — (LDu)) + Ke tr (Du — (L Du)) 1] = f*,
e + Pmicro Ke + Kmicro
= Div[?m dev symDu + fie Fmicro 4, (Du) 1] = f*, (105)
He + Hmicro Ke + Kmicro
— Div [2Hmacro dev symDu + Kmacro tr (Du) ]1] = f* .
where f* is defined as
1
f* Z:f—DiV[M dev symM—i—skewM—&-fMtr(M)]l] . (106)
Hmicro Kmicro

It is noted that f* depends on skew M without any multiplicative elastic coefficient. This limit with a concentrated double
body force may be instrumental in order to identify the micro parameters. The equation (105)3 is the equilibrium equation
for a classical isotropic linear elastic Cauchy continuum with stiffness gmacro and Kmacro. The relations for the macroscopic

Lamé parameters (fmacro; Amacro) and the macroscopic bulk modulus (kmacro) are then
. He Hmicro . Ke Kmicro
Hmacro — ——— Kmacro == ——————,
e + Hmicro Ke + Kmicro
(107)

1
Amacro = g (3"’€macro - 2Mmacro) (3D medium),

where Kmacro is the macroscopic bulk modulus. Relations (107) are the specialization of relation (2) to the isotropic case [1].
In order to have Amacro = Amicro = 0, the only possible condition is Amicro = Ae = 0. Note that the macroscopic stiffness
Cmacro (here fimacro, Kmacro) is uniquely identified from classical homogenization techniques [68].

A.1.2 Limit for L. — oco: upper bound microscopic stiffness C,icro

The minimization of an energy functional that incorporates pp L2 ||CurlP||2, for the limit L. — oo, requires CurlP = 0, and
this implies that the micro-distortion tensor P has to reduce to a gradient field P — Dv on a simply connected domain such
that

CurlDuv=0 Vo€ [C®(N)?, (108)
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thus asserting finite energies of the relaxed micromorphic model for arbitrarily large characteristic length values L.. The
corresponding strain energy density in terms of the reduced kinematics {u, v} : 2 — R3 now reads

A Ami
W (Du, Dv) = pie ||sym(Du — Do) |2 + pe ||skew(Du — Dv)]|? + ?etrQ(Du — Dv) + fimicro [|lsym D2 + %m«? (Dv). (109)
The first variation of the strain energy I = / W dx with respect to the two independent vector fields v and v leads to
Q

oIt = /(QMe (sym(Du — Dv), Ddéu) + 2uc (skew(Du — Dv), Déu) + Ae(tr(Du — D)1, Déu) + (f, 5u))dx,
Q

oIY = /( — 2pe (sym(Du — Dv), Dév) — 2puc (skew(Du — Dv), Dév) — Ae(tr(Du — Dv)1, Dév) (110)
Q

+ 2lmicro <5ym P, D5'U> + Amicro <tr(DU)]17 Dév))dx .
The equilibrium equations are now obtained by requiring

oI = (f,0u), Vou and 6I° = (M,Dév), Vv. (111)

where the contributions on the right sides are the virtual work of the external forces f (classical body force) and M (non-
symmetric second order double body force tensor), and the equilibrium equations read

Div [2pe sym(Du — Dv) + 2pe skew(Du — Dv) + Ae tr(Du — Dv)1] = f, (112)
—Div[2pe sym(Du — Dv) + 2puc skew(Du — Dv) + Ac tr(Du — Dv)1]
+Div [Q,umicm sym Dv + Amicro tr(Dv)]l} =DivM, (113)

where the constraint M n = 0 is required on the boundary, with n the normal to the boundary. The term on the left-hand side
of equation (113) can be substituted with the right-hand side of (112) and, while keeping the equation (112), we can re-write
the system of equations (112)-(113) as

Div [2pe sym(Du — Dv) + 2pe skew(Du — Dv) + Ae tr(Du — Dv)1] = f, (114)
Div [Q,umicm sym Dv + Apicrotr (Dv)]l] =f+DivM,

The only case in which v = u is an admissible solution is if the classical body forces f are zero. In this case equations (114)
reduces to

Div omicro = Div [Q,umicm sym Du + Anicro tr(Du)]l} =DivM, (115)

which is an equilibrium equation of the classical elasticity type with a microscopic stiffness given by pfimicro and Amicro and a
body force vector equal to Div M.

A.1.3 Limit for C, — +0o0 with y. = 0: lower bound macroscopic stiffness C ;10

Thanks to the relations (107) we have formally Cpicro = Cmacro as Ce — +00. The strain energy density (7) is again reported
here

A Ami
W (Du, P, Curl P) = e ||lsym(Du — P)||> + pe ||skew(Du — P)||? + ?ctr2 (Du — P) + fmicro ||sym P|? + %tr2 (P)

4 M L2 (
2

a1 ||dev sym Curl P||? + as |jskew Curl P||% + %)’ tr? (Curl P)) — min(u, P). (116)

AS fte, Ae — 00, in order to remain with a bounded strain energy density, it is required that sym P = sym Dwu. This, and pc = 0,
reduces the variational problem to

Ao
/ Pmicro||sym Dul|? + %trz(sym Du) (117)
Q

+

L2 3
MMQ < (al ldev sym Curl P||? + ap ||skew Curl P||? + a?d tr? (Curl P)) dz — min(u, P).

2
The curvature part % (al |dev sym Curl P||2 + a2 ||skew Curl P||? + @ tr? (Curl P)) can be annihilated by choosing Curl P =
0 which implies

P =Dy (118)

on a simply connected domain. Moreover, the remaining minimization in (117), using the consistent coupling condition delivers
the unique solution u. Gathering, we have

symDu=symDn <= sym(D(u—7))=0 <= Du-—n)=A(z), AE€so(3)
= 0= CuwlD(u—n) = CurlA(z)
= A(x)=A “rigidity”[53] (119)
Du(z) —Dn(z) =A€s0(3) = P=Dnp=Du—A and CurlP=0.
This leads to

I(u, P) = / fmacro ||sym (Du — Z)HQ + /\L;cmtrz (Du—A) +0dz (120)
Q

>\Il’1'<1CI‘O

- / HMmacro ||Sym DU||2 + Ttl‘2 (Du) dx — minu.
Q
Therefore Cc — +o0o gives size-independent linear elasticity with stiffness Cmacro, as expected. Note that, in contrast, the

same limit of Ce — 400 would lead to a gradient elasticity formulation for the classical Eringen-Mindlin micromorphic model
[4] .
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A.2 A true two-scale model: the relaxed micromorphic model limit for L. — 0
and L. — oo in plane strain

The relaxed micromorphic model reduces to a classical Cauchy model for both L — 0 and L. — oo but with two different
stiffnesses, Cmacro and Cpjcro, respectively. The expressions of such stiffnesses are presented in the next two sections for the
plane strain problem.

A.2.1 Limit for L. — 0: lower bound macroscopic stiffness Cacro
For the limit L. — 0, the equilibrium equations (27) reduce to
Div [2pe sym(Duf — P¥) + 2puc skew(Duf — P¥) + Aetr(Duf — P¥)1o] = f, (121)
246 sym(Dut — ﬁﬁ) + 2pc skew(DUH — ﬁﬁ) + Aotz (DTt — ﬁu)ﬂg — 2micro sym Pt — )\microtr(ﬁﬁ)ﬂg =M.

The equation (121)2 is now algebraic in Pt. Thanks to the orthogonality of the “sym/skew” decomposition, the equation
(121)2 requires that

241 skew(Dut — PH) = sym M, (122)
e sym(Dﬂ’i - ﬁﬁ) + /\etr(Dﬂ’j - 13’1)]12 — 2lmicro Sym pt— /\microtr(ﬁu)ﬂg = skew M .

Since the “sym” operator is not ortogonal to the “tr” operator, we further decompose “sym” into “dev sym” and “tr sym” so
that

2p1c skew (Dt — PF) = skew M
2t devy sym(Daf — PY) + pe tr(Duf — P¥) 1o + Aetr (Dt — P¥) 1y (123)
—2pmicro devg sym Pt — Hmicro tT (ﬁﬁ)]IQ - )‘microtr(ﬁﬁﬁl? = Symﬁ'

note that “tr sym” is the same as “tr”. We also recall here the definition of the volumetric part, the deviatoric part, and the
skew-symmetric parts in plane strain case

1~
2D volumetric part := Etr(Pn)]lg7 1o = (1 0) ,

0 1
Pty ptt 1 - -
2D deviatoric symmetric part := % — Etr(Pu)]lg = devy sym P!
pt_ ptT
2D skew symmetric part := — (124)

With further manipulations and thanks to the orthogonality of the operator “skew”, “dev sym”, and “tr”, the system (123)
requires that

2t skevv(DﬂIj — 13’1) = skewﬁ,
o devo sym(Dat — P*) — finicro deva sym P! = dev sym M (125)
~ ~ ~ 1~
(e + Ae) tr(DT — P12 — (tmicro + Amicro) tr (P12 = S (M)1s.

From equation (125) we can evaluate the expressions for skew P?, dev sym P!, and tr(ﬁ’i) as

~ 1 —~ ~
skew Df — skew M = skew P! |
2pc
He ~ 1 —_— =
——————devy symDu* — ———————devy sym M = devy sym P* | (126)
He + Umicro 2(er + Hmicro)
- 1 ~ _
= Kf trDuf — —————tr M = tr(P%).
Ke + Kmicro 2(56 + Rmicro)

where Ke = pie + Ae and Kmicro = Mmicro + Amicro are the plane strain bulk moduli.
Substituting back the relations (126) in the equation (121); while also applying the “dev sym”, and “tr” decomposition,

we have
Div|[2p0 dev sym (Daﬁ - (Lmﬁ)) I R tr (Dﬁ1j - (% Dﬁﬂ)) 1] = *,
e + Mmicro Ke + Kmicro

= Div[2F PRI devy sym D 4 R0 g (D) 1] = [ (127)
Me + Bmicro Ke + Kmicro

= Div[2umacro deva sym DU + Rmacro tr(Dﬁu)]lg} = f* .

where f* is defined as

e = . rMmacro -~ —~ 1 Emacro .

f* == f — Div[=/"=deva sym M + skew M + - ———— tr(M)12] . (128)

Hmicro 2 Kmicro

It is noted that f* depends on skew M without any multiplicative elastic coefficient because of the choice of an isotropic
constitutive law (an isotropic second order skew-symmetric tensor depends on one coefficient). This limit with a concentrated
double body force may be instrumental in order to identify the micro parameters. The equation (127)3 is the equilibrium
equation for a classical linear elastic isotropic Cauchy continuum with stiffness pmacro and Kmacro-
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The relations for the macro Lamé parameters (fmacro; Amacro) and the macroscopic bulk modulus for plane strain (Kmacro)
are then

. Me Mmicro ~ ,7 %e %micro
Hmacro ' — ———————, Kmacro *= ———= > (129)
He + Mmicro Ke + Kmicro
(e + Ae)(ftmicro + Amicro) __He HPmicro

>\macro —

(He + >\e) + (Hmicro + )\micro) He + Hmicro ’

where Kmacro = fmacro + Xmacm. In order to have Xmacm = Amicro = 0, the only possible condition is again Apicro = Ae = 0.

A.2.2 Limit for L. — oco: upper bound microscopic stiffness C,;cro

The minimization of an energy functional that incorporate uyy L2 ||CurlﬁﬁH27 for the limit L. — oo, requires CurlPt = 0, and

this implies that the micro-distortion tensor P has to reduce to a gradient field P# — D%% on a simply connected domain and
CurlD?*F =0 Vot e [C=(Q)]3, (130)

thus asserting finite energies of the relaxed micromorphic model for arbitrarily large characteristic length values L.. The

corresponding strain energy density in terms of the reduced kinematics {%, 9%} : @ — R? now reads

2 2 )\
W (D&, D) = pie ||sym(D7 — Daﬁ)H + pte ||skew(Dat — Daﬁ)H + Zoor? (D — D) (131)

2 Aw
+ fmicro |[Sym DEﬁH + %tr2 (D5ﬁ> .

The first variation of the strain energy I = / W dz with respect to the two independent vector fields @ and ¢ leads to
Q
SI% = / (2ue (sym(Dat — Do), D8Tt) + 2. (skew(Dal — Do), DSt + Ao (tr(Duf — Dot 1, DJH”))dx, (132)
Q

sI7 = / ( — 20 (sym(Dut — Do%), Doot) — 2puc (skew(Dat — Dot), D6ot) — Ao (tr(Daf — Do) 12, DoY) (133)
Q
+ 2tmicro (sym DT, DST#) + Amiero (t(DTF) 13, D6T) ) da
The equilibrium equations are now obtained by requiring
sI% = (F,6at)y, vout and §I%° = (M, Dsaty, v out. (134)

where the contributions on the right sides are the virtual work of the external forces f (classical body force) and M (non-
symmetric second order double body force tensor), and the equilibrium equations read

Div[24te sym(Duf — Do*) + 2puc skew(D@* — Do) + A tr(D@f — DF)12] = f, (135)
—Div[2pe sym(Da¥ — Do) + 2puc skew(Du? — DT#) + Ae tr(DT* — Do¥)12]
+Div [2umicro SymDﬂu + Amicro tr(DEu)]IQ] = DiVMv

where the constraint M n = 0 is required on the boundary, with n the normal to the boundary. The term on the left-hand
side of equation (135)2 can be substituted with the right-hand side of (135)1 and, while keeping the equation (135);, we can
re-write the system of equations (135) as

Div [2pe sym(Da? — Do) + 2pue skew(Da? — D3%) + Ae tr(DTf — DoF)12] = £, (136)

Div [2ftmicro sym DT 4 Amicrotr (D7F)12] = f + Div M .
The only case in which o = % is an admissible solution is if the classical body forces fare zero. In this case (136) reduces to
Div omicro = Div[24micro sym D@¥ + Amicro tr(D@f)12] = Div M , (137)

which is an equilibrium equation of the classical elasticity type with a micro stiffness given by pimicro and Amicro and a body
force vector equal to Div M.

A.3 Some particular cases of the relaxed micromorphic model

A.3.1 The pure relaxed micromorphic equations

If we set puc = 0, the force stress tensor o becomes symmetric and the model reduces to
0=

Div[ 2pe sym(Da? — P*) + Aetr(Duf — PF)12] = f,

0 — 2lmicro Sym Pt )\micmtr(lsﬁ)]lg — ,uMLg a Curl Curlsp Pt = M, (138)
N M11 M12 0 - fl
M= M1 Moz O , f= f2
0 0 0 0

29



In components we have

(Me +2pe) (u1,11 — P11,1) + e (u2,12 — P22,1) + pe (—P12,2 — Pa1,2 + u1,22 + u2,12) = f1,
(Ae + 2pe) (u2,22 — P22.2) + Xe (u1,12 — P11,2) + pte (—P12,1 — Po1,1 + u1,12 + u2,11) = fo,
fint L2@ (Pi1,22 — P12.12) — P11(Me 4+ Am + 2(tte + ptm)) — (e & Am) Poz + (Ao + 2pe)u1,1 + deuz2 = Mi1, (139)
—int L2@ (Pi1,12 — P12,11) — (fe + pim) P12 — (fte + fim ) P21 + pre (u1,2 +u2,1) = M2,
fing L2@ (Po1,22 — Pa2,12) — (e + pim) P12 — (e 4 ptm) Po1 4 e (u1,2 +u2,1) = Ma1 ,
—iv L2 (Pa1.12 — Po2,11) — Pea(De + Am + 2(fte 4 fm)) — (Ae 4+ Am) P11 + (Ae + 2pte)uz,2 + Aeur,1 = Moo .

A.3.2 The relaxed micromorphic model with zero micro and macro Poisson’s ratio
If we set Amicro = Ae = 0, which implies Amacro = 0, the equilibrium equations (27) reduce to
Div|[2pe sym(Du? — P + 24 skew (Dt — 1511)} =7, (140)
2ue sym(Dﬂji — ﬁﬁ) + 2pc skew(DﬂIi — ﬁﬁ) — 2lmicro Sym pt— M Lz a Curl Curlsp Pt =11,
Componentwise we have
te (u1,22 —u2,12 + Pa1,2 — P12,2) + pte (u1,22 + 2u1,11 +u2,12 — 2P11,1 — Pi2,2 — P21,2) = f1,

te (Pr2,1 — Pa1,1 — w112 +u2,11) + pe (w112 + 2u2,22 +u2,11 — Pi2,1 — Po1,1 — 2P222) = fa,

Gun L2 (Pr1,22 — P12,12) + 206 (u1,1 — P11) — 2um P11 = Mi1,

(141)
Gun L2 (Pr2,11 — P11,12) + fic (u1,2 — ua,1 — P12 + Pa1) + pe (u1,2 + u2,1 — P12 — P21) — pm (P12 + P21) = M2,
Gunt L2 (P21,22 — Pao12) + fic (u2,1 — u1,2 + P12 — Po1) + pe (u1,2 + u2,1 — P12 — P21) — pm (P12 + P21) = Moy,
Gunt L2 (Pa2,11 — Po1,12) + 206 (u2,2 — Pa2) — 2pm Pag = Moz,
where we used the abbreviation pim = fimicro- The conditions for existence and uniqueness for the model in (140) are
pe >0, Hmicro > 0, wun L2a >0, e >0. (142)

For pc = 0, in order to guarantee existence and uniqueness, one needs tangential boundary conditions for ﬁ, while for pc > 0,
one does not need boundary conditions for P in order to guarantee existence and uniqueness.

A.3.3 The relaxed micromorphic model with one curvature parameter, a zero Cosserat couple
modulus, and a zero micro and macro Poisson’s ratio

If in addition to the simplifications of Sec. A.3.2 we also set puc = 0, the equilibrium equations (140) further reduce to
Div[2ue sym(Dﬂu - ]311)] = f, 24t sym(Dﬂu - 13’1) — 2pmicro Sym pt— UM Lg a Curl Curlsp Pt =M. (143)
This represents the most simple set of equations for the plane strain relaxed micromorphic model. In components we have
te (—2P11,1 — Pi2,2 — Po1,2 + u1,22 + 2u1,11 + u2,12) = f1,
te (—Pi2,1 — Pa1,1 — 2P22 2 + ui,12 + 2u2,22 + u2,11) = fa,
pn L2 (Pi1,22 — Pi2,12) — 2(pe + ptm) P11 + 2peut, 1 = M1, (144)
—pn L2G (Pi1,12 — P12,11) — (fte 4 ptm) P12 — (pte + pim ) P21 + pre (u1,2 4 u2,1) = M2,
pm L2 (P21,22 — Po2,12) — (tte + pm) P2 — (fte 4 pm) P21 + e (u1,2 +u2,1) = Moy ,
—pn L2@ (P21.12 — Paz11) — 2(fe + fim) Paz 4 2peuz 2 = Maa .

A.4 Subclasses of the relaxed micromorphic model as singular limits

A.4.1 The isotropic micro-stretch model in dislocation form as a particular case of the relaxed
micromorphic model

The micro-stretch model in dislocation format [5, 26, 48, 51, 69] can be obtained from the relaxed micromorphic model by
letting formally pimicro — 00, while Kmicro < 00. For bounded energy, the micro-distortion tensor P must be devoid from the
deviatoric component devsym P =0 << P = A+ wl, A € s0(3), w € R. The expression of the strain energy for this model in
dislocation format can then be written as [51] (using Curl as the curvature measure)

9
W (Du, A, w, Curl (A + w1)) = fimacro ||dev sym Du|? + %tr2 (Du — wl) + pe ||skew (Du — A)||% + 5 fimicro w? (145)

+

L2
MMQ S (a1 ldev sym Curl A||? + a2 ||skew Curl (A 4+ w1)||* + a—; tr? (Curl A)) ,
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since Curl (wl) € s0(3). The equilibrium equations, in the absence of body forces, are obtained by variation of (u, A,w)
respectively and read

0=

Div [2tmacro dev sym Du + ketr (Du — wl) 1 + 2u. skew (Du — A)] = f,

24 skew (Du — A) — ppy L2 skew Curl (al devsym Curl A + ag skew Curl (A + w1) + C%S tr (Curl A) 1 ) =skew M, (146)

tr [netr (Du — wl) 1 — Kmijerotr (wl) T — ppy L2 ag Curl skew Curl (w1 + A)} =tr(M).

Under the plane-strain hypothesis only the in-plane components of the kinematic fields are different from zero and they only
depend on (z1,x2). The structure of the kinematic fields (u,A,w) are

u1 B 0 A |0 N 1 0]o
U= ug , A= —Aoo s wlo =w 0 110 ,
0 0 0 0 0 010
N . 0 0 A1 —wpe
CurlA+wlz)=| 0 0 App2+w; , (147)
0 0 0
B N A1212 —w22 w12 —A1211 |0
Curl Curl(A + wlz) = | A2 +wiz2 —Aigi2—wiu |0
0 0 | 0
Under the plane-strain assumption, the equilibrium equations in components read now
—2pcAi2,2 + (Ke + pe)u1,11 + Ket2,12 — 2Kew,1 + (e + He)U1,22 — HeU2,12 = f1,
2ucAi2,1 + (ke — pe)u1,12 + (Ke + pe)u2,22 — 2kew,2 + (He + He)u2,11 = f2, (148)
1 - Mio — M.
ZHM LG (A12,02 + A12,11) + pie (—2A12 +u1,2 —ug,1) = % ,
1 ~ Mi1 + M.
Shm L2G (w22 + w,11) — 2(Ke + km)w + Ke (u1,1 + u2,2) = % .

A.4.2 The isotropic Cosserat model in dislocation form as a particular case of the relaxed
micromorphic model

If we take the limit for Amicros fmicro — 00 (Cmicro — 00), the isotropic relaxed micromorphic model is particularised to the
linear Cosserat model [12, 51]. The expression of the strain energy for the isotropic Cosserat continuum can be equivalently
written in dislocation format as (using Curl as the curvature measure)

A
W (Du, A, Curl A) = pimacro ||sym Dul|? + pe ||skew (Du — A)||* + %tr2 (Du) (149)

L2
+ WTC (a1 ||devsym Curl A||? + ao ||skew Curl A||% + a?trQ (CurlA)) ,

The Cosserat model features the classical displacement filed u € R® and the infinitesimal micro-rotation tensor A € so(3), i.e.
A is a skew-symmetric second order tensor. The system of equilibrium equations reads
0=

Div|[2ue sym Du + 2pc skew (Du — A) + Ae tr(Du)1 ] = f,

2pc skew (Du — A) — skew Curl(uM L? (al dev sym Curl A 4 ag skew Curl A + ag tr (Curl A) ]l) ) = skew M . (150)

m:=
Here, pec > 0 is called the Cosserat couple modulus. The skew-operator in equation (150)2 appears because of the reduced
kinematics and skew M is the skew-symmetric part of the body volume moment tensor. Note that there is no equation like
Div 0micro = Divskew M here and taking pc > 0 is mandatory for coupling both equations in (150).
Under the plane-strain hypothesis only the in-plane components are different from zero and they only depend on (z1,x2).
The structure of the kinematic fields are reported below in (151)

uy,1 uie O _ 0 A 0
uw=[ur, uz, 0T, Du=| w21 w22 O , A= —A12 0 O , (151)
0 0 0 0 0 0
_ 0 0 A2 _ 0 —(A12,11 + Ai2,22) O
CurlA=| 0 0 A2z , skew Curl Curl A = | Ai2.11 + A12,22 0 0
0 0 0 0 0 0
Moreover, since
~ ~112 112 —n2 1 112
tr(Curl A) =0, and Hdev symCurlA” = HsymCurlAH = HskeWCurlAH =3 HCurlAH , (152)
under the plane-strain hypothesis, the model will just depend on one cumulative parameter a := W, and the equilibrium

equations (150) reduce to (see the f-notation in (14))

O:=

Div|[2ue sym D@ + 2uc skew (DHji - gﬁ) + Xe tr(DHﬁ)]l} =7,

2uc skew (Dﬂﬁ - gﬁ) — uM Lzﬁ skew Curl Curlop A = skew M. (153)

m:=
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Note the additional appearance of the skew-operator due to the reduced kinematics of the Cosserat model. Moreover, the
Cosserat model is only operative for positive Cosserat couple modulus pc > 0, in contrast to the relaxed micromorphic model.
Finally, the equilibrium equations in component form read

—2pcA12,2 + (e — pe + pe)uz,12 + (Ae + 2pe)ut 11 + (fe + te)u1,22 = f1,

2ucA12,1 + (Xe — pre + te)u1,12 + (Ae + 2pe)u2 22 + (pc + pe)uz,11 = fo, (154)
1 . My — M.
ZHM L2a(A12,22 + A12,11) + pe(—2A12 +u12 —ua1) = %
A.4.3 Classical isotropic linear elasticity in plane strain
The plane-strain system of standard classical linear elasticity (L. — 0) reads
O:=
Div [ 2pem sym Daf + Ay tr(Daf)1] = f, (155)
and the component form is
(AM + pav)uz12 + (Am + 2pm)ur, 11 + pmur22 = fi,
(Am + pv)ur, 12 + (Am + 2pm)u2,22 + pmuz, 11 = fo,
The Fourier system in this case assumes the well-known form
— (W + 260)EF + pn&3) W1 — (A + pm)€1é2iz = i (156)
— (A + pv)€1€2t1 — (A + 2um)E3 + pnél) o = fas
and the Fourier determinant becomes
det Ajip.elast (6) = HtM (>‘IVI + 21”'1\/[)&4 (157)

A.5 Properties of the second kind modified Bessel functions

Here we show some well known relations regarding the second kind modified Bessel functions Ky [z] that have been used in the
derivation of the Green’s functions in (46) and (74) of the relaxed micromorphic medium. Also we derive some useful limits
that were employed for passing from the general relaxed micromorphic model to other generalized continua.

The modified Bessel functions Ky [r] are solutions of the ODE

224 (2) + zu' (2) — (22 + n?)u(z) = 0. (158)
Some useful recurrence relations for the second kind modified Bessel functions K, [r] are [19]:

Knsr[s] = Kno1]2] + 27”1("[4, Knls] = K_n[z], n>0 (159)

If z = (22 + 23)1/2 > 0, we derive the first and second derivatives of Ky[z] w.r.t z; as

{ Oz, Knlz] = — 5L (Kny1z] + Kn-1[2]) o

Or,0n, Knls] = S5 (Kugals] + 2Knls] + Kuoals]) — 2= (60 — 252 (K[ + Ko )0 2% (190

where §;; is the Kronecker delta. These equations have been employed for the derivation of the Green’s functions of the relaxed
micromorphic plane strain theory.
For small argument z — 0 we have the asymptotic relation [19]:

—InZ—-b, for n=0
Kplz] ~ 2 ’ ’ 161
n[ } {F[2n] (%)n for 7’L>0, ( )

where b is the Euler constant and I'[-] is the Gamma function.
For large argument z — oo we have the asymptotic relation [19]:

Knlz] ~ T e=* forn >0, (162)
2z

which show that all K, functions become quickly zero at infinity with exponential rate.
‘We now prove some limits that appear in the main text.

. 2 _1 . 1 _ . _ 1 .9 _ . _
ZIE&)(;_K2[/Z]>72’ Q%(Z_KI[Z})’O’ Zhg})zKﬂaz}fa , ZI%Z Kolz] =0, zhﬁn%)Ko[z}f Inz. (163)

Now the first three limits are easily derived by expanding Kz[z] and K1[z] in series as z — 0. We have: Ka[z] = 2/2% —1/2+
O(2?) and K1[z] = 1/2+ O(z). The last limit is a direct consequence of (161) and the fact that lim,_,¢ 2" Inz = 0, n > 0. The
above results cover the limit cases (52), (76), (84) where 2 — oo or pc = 0.

Accordingly, we have

2
lim 22 Ko[z] =0, lim zKi[z] =0, lim (—2 —Kg[z]) =0, (164)
z—00 z—00 zZ—r00 z

which are direct consequence of (162). The above results cover the limit cases (64), (81) where £; — 0.
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