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Abstract. We consider a n x d random matrix X}, ; whoses entries can be expressed as Skorohod
integrals. By using the techniques of the Malliavin calculus, we study the fluctuations under the
Wasserstein distance, as n,d — oo, of the renormalized Wishart matrix

1
Wn,d = Vg(dxn,d/yg:d - In)a

where 7, is the n x n identity matrix.

1. Introduction

Consider a n x d random matrix Xy, g = (X;;)1<i<n,1<j<d- We can associate to it the so-called
(renormalized) Wishart matrix W, ¢4 = Vd (éXn,ng: qd— In> where Z,, is the n x n identity matrix

and X7 denotes the transpose of the matrix X'. This matrix has been introduced by Wishart in the
twenties in Wishart (1928) and it has numerous applications in multivariate analysis or statistics. Of
particular interest is to understand its asymptotic behavior when the dimensions d and n are large.
Assume that the entries of the starting matrix A}, 4 are independent and identically distributed,
with zero mean and unit variance. Then it is easy to see that for fixed n > 1, the entries of
the matrix %de.}\fg’d converge, as d — 00, to the entries of the so-called n x n GOE matrix Z,
(Gaussian Orthogonal Ensemble) which is a random matrix with Gaussian elements given by (3.17)
with m4 = 3 (this matrix belongs to the larger class of the so-called Wigner matrices). Moreover,
the renormalized Wishart matrix W, 4 satisfies a Central Limit Theorem (CLT in the sequel) when
d — oo and n is fixed. A relatively recent research direction on random matrices is the study of the
limit behavior in distribution of the Wishart matrix in the "high-dimensional regime", i.e. when
both sizes n and d tend to infinity. This research is motivated by the need to handle large data sets
nowadays.
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A possible way to analyze the behavior of the Wishart matrix in the high-dimensional regime is
to evaluate the Wasserstein distance between its probability distribution and the law of its limiting
matrix when the sizes n and d are large enough. It was first discovered (independently) in Bubeck
et al. (2016) and Jiang and Li (2015) that, if the entries of the starting matrix X, 4 are independent
Gaussian random variables, then the Wasserstein distance between the associated renormalized
Wishart matrix W,, 4 and its limit (the Wigner matrix (3.17) with m4 = 3) is of order less than

ﬁ which means that W, 4 is "close" to the Wigner matrix when % tends to zero. Since then,
these results have been extended in mainly two directions: by supposing that these entries are
independent but with a possibly non- Gaussian distribution, or by assuming that the entries of the
initial matrix are (at least partially) correlated. Concerning the second line of research, we mention
the recents works Nourdin and Zheng (2019), Bourguin et al. (2021), Diez and Tudor (2021) in which
the authors assume that the correlation between the elements of the initial matrix are correlated and
the correlation is related to the correlation structure of the increments of the fractional Brownian
motion or of the Hermite process. Our work concerns the first direction of study: we start with a
matrix with independent entries, not identically distributed, and we assume that these entries follow
a very general probability law. As mentioned before, several works treated this question: besides
the case of Gaussian entries studied in Bubeck et al. (2016), Jiang and Li (2015) (see also Racz and
Richey, 2019 for results on the phase transition from the Wishart to the limit matrix and Bubeck
and Ganguly, 2018 for a discussion of the optimality of the estimates), we mention the paper Bubeck
and Ganguly (2018) for entries with a log-concave distribution, the work Mikulincer (2020) also for
entries with log-concave distribution but only column independent, the work Bourguin et al. (2021)
for the situation when the entries belong to a Wiener chaos of arbirary order, or Fang and Koike
(2021 1) for entries with a general distribution, assuming only the finiteness of their sixth moment.

Our purpose is to extend these results on the behavior of Wishart matrices to a more general
situation by using the techniques of the Malliavin calculus. We will assume that the entries of
the initial matrix X, 4 are independent random variables which can be expressed as Skorohod (or
divergence) integrals. This covers a very general case since basically any centered square integrable
random variable can be expressed as a Skorohod integral. Our results are not covered by the findings
in Fang and Koike (2021 1) due to the following aspects. Firstly, in Fang and Koike (2021 1) the
authors measure the Wasserstein distance between the law of the Wishart matrix W, 4 viewed as
vector (W;;,1 <i < j <n) and its limit. Notice that the random vector considered in Fang and
Koike (2021 1) does not include the diagonal terms of the Wishart matrix. This is due to the fact
that they use an approach based on the Stein method for exchangeable pairs, which does not allow
to include the diagonal of the Wishart matrix. Actually, including the diagonal is not trivial, see
Mikulincer (2020) (in this reference the author uses the log-concavity of the law of the entries).
Secondly, we work with a different distance (the so-called dp-distance) which is not necessarily
defined via Lipschitz functions. We detailed the relation between our findings and those in Fang
and Koike (2021+) in Remark 3.7 and we noticed that in some particular cases, our estimates can
be more optimal when the diagonal of the Wishart matrix is considered.

We need in addition some regularity assumptions (in the sense of Malliavin calculus) for the
integrands of the Skorohod integrals which define the entries the matrix A}, 4 and we will also use
the hypothesis of strong independence for the entries of the initial matrix X, ;4 which means more
than the usual independence. The strong independence of two square integrable random variables
F and G actually means that any component of the chaos expansion of F' is independent of any
component of the chaos expansion of G. This is the price to pay in order to keep a very general
form for the entries of the starting matrix. Under these assumptions, we are able to evaluate
the distance (the so-called da-distance defined later) between the random vector associated to the
Wishart matrix and its limit in distribution and then to deduce the Wasserstein distance (in the
matrix sense) between the renormalized Wishart matrix and its limiting Gaussian matrix. We
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use criteria from the recent Stein-Malliavin calculus and we exploit the strong independence of
the entries, which leads to several simplifications in the calculations. Actually, we will prove that
this ds-distance between the distribution of the random vector associated to the Wishart matrix

(including the diagonal) and its limit is less than Cn?/ %3 and then that the Wasserstein distance

9
between the renormalized Wishart matrix W, 4 and its limit is less C' Z—f, meaning that we lose some
4

speed with respect to the standard bound \/7"%3 . This is due to the following fact: in a first step we
majorate the Wasserstein distance between the laws of the random matrices W, 4 and Z,, by the
Wasserstein distance between their so-called associated half-vectors (defined in Section 2.2). But
there are no criteria to estimate directly the Wasserstein distance between random vectors whose
components are Skorohod integrals and we need to bound it by a new distance (the dy distance
defined in Section 2.2) in order to have some estimates.

Our paper is structured as follows. In Section 2 we describe the basic tools from Malliavin calculus
which are needed in our work as well as the distances between random matrices and random vectors.
Section 3 is the core of our work: here we introduce our random matrices, we present the assumptions
and prepare, state and prove the main result concerning the limit in distribution, under the high-
dimensional regime, of the renormalized Wishart matrix. In Section 4 we present some examples
where our theoretical results can be applied.

2. Preliminaries

This section contains the basic tools from Malliavin calculus needed in our work (the monographs
Nourdin and Peccati, 2012 and Nualart, 2006 contain a more complete exposition). We also define
the distances between random matrices and random vectors which are used in the sequel.

2.1. Malliavin derivative. Let T C R be a nonempty set and denote by L%(Tp) the set of real-
valued symmetric square integrable functions on T?. Let (By)ier be a Wiener process. Denote by
B(p) := [, psdB, the Wiener integral of ¢ € H := L? (T, B(T), \) with respect to the Brownian
motion B. We denoted by A the Lebesgue measure and B(T') stands for the Borel subsets of T.
The family (B(y),p € H) forms an isonormal process, i.e. a Gaussian family of centered random
variables such that

EB(o1)B(g2) = (o1, ¢2) 1 = /T 1(5)a(s)ds

for any ¢1, 02 € H.

Denote I,, the multiple stochastic integral with respect to B (see Nualart, 2006). This I,, is
actually an isometry between the Hilbert space H®"(symmetric tensor product) equipped with the
scaled norm v/n!|| - || yen and the Wiener chaos of order n which is defined as the closed linear span
of the random variables H,,(B(y)) where ¢ € H,||¢||z = 1 and H,, is the Hermite polynomial of

degree n > 1
n 2\ d" x?
H,(z)=(-1)"exp (2> o (exp <—2)> , zeR. (2.1)

The isometry of multiple integrals can be written as: if f denotes the symmetrization of the function
f, for m,n positive integers,

E(I(f)In(9)) = n{f,3)pen ifm=n,
E(L,(f)Im(g)) = 0 ifm#n. (2.2)
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We will use the product formula for multiple stochastic integrals, if f € L%(T™) and g € L%(T"),
then

I (f)In(g) = mfjﬂ <T) (Z) Imin—or(f @1 9) (2.3)

r=0
where for r = 0, ...,m A n, the contraction f ®, g is the function in L?(T™*"~2") given by

(f r g)(th ey tm+n727") = f(ulv ceey Up,y tl? ey tmfr)g(ula ceey Upy tmfrJrla ey 7feranT)dul'--dur-
T’V‘
(2.4)
Notice that f ®, g is not necesarily a symmetric function (even if f, g are symmetric) and we will

denote by f®,.g its symmetrization.
Let S be the class of smooth functionals of the form

F = f(By,,..,By,), ti,.,tn €T, (2.5)

with f € C*°(R") with at most polynomial growth (for f and its derivatives). For the random
variable (2.5) we define its Malliavin derivative with respect to B by

of

D F =
t 8x

(Bt17 . 7Btn)1[0,ti] (t)7 tel.

The operator D is an unbounded closable operator and it can be extended to the closure of S with
respect to the Malliavin -Sobolev norm

k
I}, =EIFP+ Y E|DY Flff oy, FESpz2k>1 (2.6)
7j=1
where D) stands for the jth iterated Malliavin derivative. This closure will be denoted by D*:?.
The Skorohod integral integral, denoted by §, is the adjoint operator of D. Its domain is

Dom/(0) = {u e L*(T xQ),E / usDsFds| < C”FHQ}
T
and we have the duality relationship
EFé(u / D Fusds, F e S8,ue Dom(d). (2.7)

We set LFP = P (T; ID)]W) .k >1,p > 2. This set is a subset of Dom(§) and it is endowed with the
norm

k
iy = [ | Blual + 3" BID ol |
j=1
We recall the Meyer’s inequality, for u € LFP with k > 1,p > 2 (see e.g. Nualart, 2006, Proposition
1.5.4)
16Cu) [k-1,5 < Copllullrp- (2.8)
We also recall (see e.g. Lemma 1 in Tudor and Yoshida, 2018) that if F' € D*P then D(—L)"'F €
LE+1P and
ID(=L) ' Fllit1p < Cpll Flrsp (2.9)
where (—L)~! denotes the pseudo-inverse of the Ornstein-Uhlenbeck operator L, which satisfies
(-L)'I,F = 1L,(f) if n > 1 and f € LE(T™).
The Malliavin derivative D acts on the Wiener chaos as an annihilation operator: if F' = I,,(f)
with f € L?(T™) symmetric, then D,F = nl,_1(f(-,t)) where "-" stands for n — 1 variables in 7.
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2.2. Distances. Let us recall the definition of some distances between random matrices and random
vectors. Let X', ) be two random matrices with values in M, (R), n > 1 (the set of n X n ma-
trices with real entries). We will denote by dy the Wasserstein distance between the probability
distributions of X and ). That is,

dw (X,Y) = sup [E(g(X)) - E(g))l,

llgllLip<1
where the Lipschitz norm ||-||;, of g: My (R) — R is defined by
A)—g(B
9l = sup l9(A) — g( )\’
azB,ABem,®) 1A — Bllgs

with ||-||gg denoting the Hilbert-Schmidt norm on M, (R).
If X,Y are two random vectors in R™, we will consider the ds-distance between their probability
distributions

d2(X,Y)= sup |Eh(X)—ER(Y)] (2.10)
([P ]| oo <1
where )
0°h
h"||s = sup su x ‘
H Hoo zeIé:31 1§i,jp§n 61‘18:3]( )
If X = (Xij)1<; j<, 15 an n X n symmetric random matrix, we associate to it its “half-vector”
defined to be the n(n + 1)/2-dimensional random vector
el = (X, X2 X, Xo2, X2, oo Xos oo, Xan) - (2.11)

It is possible to bound the Wasserstein distance between two random matrices by a constant
times the square root of the ds-distance between their associated half random vectors as follows.

Lemma 2.1. If X, Y are two symmetric random matrices with values in My (R) then

dy (X, ) < Aniy/dy(Xhalf | Yhalf), (2.12)

where XM yhalf e the associated half-vectors defined in (2.11) and C > 0.

Proof: The inequality (2.12) is obtained by combining the results in Lemma 2.2 and Proposition 4.4
in Nourdin and Zheng (2019). O

3. The behavior of the Wishart matrix

Here we introduce the starting random matrix &, 4 and the assumptions on its entries. Then we
state and prove some auxiliary results concerning the strong independence, which will be used in
the final part for the proof of the main result.

3.1. The starting matriz and the assumptions on its entries. We will consider a n x d random matrix
Xnd = (Xij)i<i<n,i<j<d Whose entries are centered, square integrable, independent and they are
written in a very general form, as an infinite sum of multiple stochastic integrals with respect to an
isonormal process (see Section 2.1). More precisely,

Xij =Y _L(f§) (3.1)

p>1

with f,§i’j ) e L%(Tp) for every 1 <1i <n,1 < j <d and for every p > 1. Notice that we can express
the entries X; ; as Skorohod integrals

Xij = 0(uiy) with wij(t) = > L1 (f7 (1), teT
p>1
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2

where ” -7 stands for p — 1 variables. Actually we have

uij(t) = Di(=L) ' X5, te€T (3.2)

where D is the Malliavin derivative, L denotes the Ornstein-Uhlenbeck operator with respect to
B and (—L)~! its pseudo-inverse (see Section 2.1). The bound (2.9) assures that u; ; is Skorohod
integrable for every 1 <i<n,1 <j <d.

We will make the following hypothesis:

e H1: We will assume that (Xm, 1 <i<n,1<j<d) are strongly independent random
variables. That means that every chaos component of X; ; is independent of every chaos

component of Xy ; if (4,75) # (k,1), i.e. Ip(flgl’])) and Iq(fék’l)) are independent for every
p,q > 1 and for every (i,j) # (k,1).

e H2: Forevery 1 <i<mn,1<j<d, the random variables X; ; have the same second and
fourth moments (without loss of generality, the second moment is assumed to be 1),

EX} =1 (3.3)
and
EX}; = m4. (3.4)

e H3: The processes (u;(t),t € T') are sufficiently regular in the sense of Malliavin calculus,
more precisely, for some p > 8, for every 1 <i<n,1 <j <d, u;; € L%P and

[wijllzp < Cp (3.5)

with C}, > 0 an universal constant depending only on p.

3.2. Some technical results. This paragraph is devoted to the proof of some technical results needed
later. These results concern some inequalities for the Malliavin-Sobolev norms and some conse-
quences of the strong independence assumption.

We start with the following crucial lemma, well-known in the Stein-Malliavin calculus.

Lemma 3.1. Let ' =3 -, Ip(fp) with f, € L%(TP) be a centered random variable in DFP with
k>1,p>2. Thenu= D(—L)"'F ¢ LM gnd

F =6D(—L)"}(F). (3.6)
In particular u = D(—L)"'F given by u(t) = > ops1 Ip—1(fp(+, ) for every t € T.

Proof: Let p > 2. The fact that u = D(—L)~'F belongs to L' follows from the inequality (2.9)
while the identity (3.6) is well-known (see e.g. Nourdin and Peccati, 2012). O

Lemma 3.2. Let u,v € L2% with p > 1. Then §(u)d(v) € D and
16(w)d(v)ll1p < Cpllull22pllvl2.2p-

Proof: Let p > 2. We use the definition of the norm in D'?, the derivation rule for D and the
inequality (a + b)? < 297 (a? + b9) for ¢ > 1, we obtain
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[N14S)

I6@SIE, = Bl rp+E( >>>2ds)
— Bl E< v) + 6(v )Dsé(u)]2d5>
< Bl |P+E< D) + [5<v>Dsé<u>P>ds)g
< BISWiW)]P + 25E < /T (6(u) D36 (v))2ds + /T (5(U)D55(u))2ds>2
< BP0 + 2B |5(u)? ( / <Dsa<v>>2ds)g'
+2P7IE [5(v)P (/(D 5(u))?ds )g
< (B[5(w)*™)2 (E]5(v)[*)?

2P~ 1(E]<5 ) < (/ (Dsd(v))2ds p>é
+ ort (E\cs(v)ﬁp)é (E (/T(Dsé(u))zds)p>é. (3.7)

Notice that

E [§(u)*” < 1)1}, < Cpllullzh, (3.8)

where the last inequality is obtained via Meyer’s inequality (2.8). Clearly a similar bound will hold
for v. Also, from the definition of the norm in D27,

2
B < Collullzl,. (3.9)

B ([ (atas) < Gl

Then the conclusion follows by plugging (3.8) and (3.9) into (3.7). O

Let us now state and prove some results concerning the strongly independent random variables.
Let us recall a key result from Ustiinel and Zakai (1989) concerning the independence of multiple
stochastic integrals. For n,m > 1, let f € L%(T™) and g € L%(T™). The multiple Wiener integrals
I,(f) and I,,(g) are independent if and only if (recall the definition (2.4) of the contraction)

f ®1 g =0 almost everywhere on Tmtn=2, (3.10)
Relation (3.10) implies that for r = 1,...,n A m,
f ®, g = 0 almost everywhere on T™+"=2", (3.11)

Lemma 3.3. Consider the random variables F' =} I,(fp) and G = 3_ <1 I4(gq) with fp,gp €
L%(Tp) for every p > 1. Assume that F,G € D"* and that they are strongly independent. Then
(1) The random variables F? and G* are strongly independent.
(2) Let u= D(—L)"'F and v= D(—L)"'G. Then

(u,v) 27y = (u, DG) 21y = (v, DF) 12(1y = 0 almost surely.
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(3) Let u = D(—L)"'F and v = D(—L)"'G. Then the random variables (DF,u)2(r) and
(DG, v) 21y are strongly independent.

(4) Let H =73 o1 Ip(hp), J =3 51 1q(jg) with hy, jp € L%(TP) for p > 1 be two other random
variables in D, Assume that F,G,H,J are mutually strongly independent. Then the
random variables FG and HJ are strongly independent.

Proof: For point 1., by the product formula (2.3),

P1Ap2
F2 - Z Z r!<1;1> (ﬁ2>lpl+p22r(fp1 S fpg)

p1,p2>1 r=0
and

P1/\p2
b1 (P2
6= 3% (") () st

p1,p2>1 r=0
To obtain the conclusion, it suffices to show that for every pi,p2,q1,q2 > 1 and for every r; =
0,...,p210 Ap2, 72 =0,...,q1 A qo,

(fpl ®T1 fp2) 1 (9q1 ®r29q2) =0 a.e. on TP1+p2+Q1+Q2—2r1—27"2—2

and this follows by Lemma 3.1 in Bourguin et al. (2021).
Let us prove point 2. For every t € T, we have

u(t) = Ip-1(f(- 1)) and o(t) = > Ip-1(gq(-,1)).

p=>1 q=>1

It suffices to show that for every p,q > 1,

/Tlp_l(fp(-,t))lq_l(gq(-,t))dt = 0 almost surely.

Again by the product formula (2.3),

| s st
/T it (plgl)ry (p; 1) (q - 1)fp+q2r2(fp<-,t> & gu(-+1))

(=11 (g—1) p—1\/q—1
= r!( ) < - >Ip+q—27‘—2(fp Or+1 gq)

r
r=0

and by (3.11), for every g > 0, f, ®,4+1 g4 = 0 almost everywhere on TPT972"~2 Point 3. is a
consequence of Lemma 3.3 in Bourguin et al. (2021).

Let us show the last point of the statement. By the product formula and the strongly indepen-
dance, we remain with the simple expressions

FG: Z Ip1+p2(fp1 ®9p2)

p1,p2>1
and

HJ = Z IP1+;D2 (hpl ® jpz)
p1,p2>1
Thus, it suffices to show that for every pi,p2,q1,q2 > 1

(fp1 ®9p2) ®1 (hq1 ®jq2) =0 a.e. on TP iPtate-2 (3.12)
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where
(fp1®gp2)(t1a s ’tp1+p2)
1
- | Z f(ts Pl)) (t (P1+1)""’t0(P1+P2))'
(pl +p2)‘ 0EGp, +py
Similarly,

(hth ®le2)(t1a . tlI1+Q2)

Z h a(l)a cey to‘(ql))j(ta(q1+1)a ey ta(ql-i-qg))

UeGlh +a2

Q1+Q2

Hence, we can write via (2.4),
(£ 29p2) @1 (hgy@3an)) (B2 tpr4pa-tar +a2-2)

= /T(fm@égpz)(tlv e tpidpa—1, CU)(htzl®j<12)(t101-|—1027 o Upitpatqitga—1s x)dx‘ (3'13)

Note that for a symmetric function h € H®™, it holds that
E(th o tnot, @ Z Zh (7(1 1), % ta(H—I) ta(n—l)) )
' UEGn 1 i=1

so that by plugging the above identity into (3.13), we get

[(fp1®gp2) ®1 (ht;{1®jq1)] (tla s 7tp1+P2+Q1+¢12—2)
1 pP1+p2 q1+4q2

(pl +p2)l(q1 + 2)! Z Z Z

0€6p+py—1,7€6q; +gp-1 1=1 J=1

/T(fpl ®gp2)(t0(1)7 s 7t0'(i71)7x7 to‘(i+l)7 s 7t0(p1+p271))

(hq1 ® jq1)(t7(1)7 s 7t7'(j—1)7m7 tT(j+1)7 s 7t‘r(q1+q2—1))dx'

To obtain (3.12), we prove that for all 1 <i <p; +prand 1 < j < g1 + ¢o,

A(fpl ®gp2)(t0(1)7 s 7t0'(i—1)7‘r7 ta(i-‘,—l)? <. 7ta(p1+p2—1)) (314>

(hq1®jq2)(t7'(1)7 <. 7t'r(j—1)7 xz, tr(j+1), cee ,tT(q1+q2_1))d$ =0

almost everywhere with respect to t1,...,%p, 4potqi+go—2-
Assume that 1 < i < p; and 1 < j < ¢; (the other cases can be dealt with in the same way).
Then, we have

/T(fpl ® gp2)(t0'(1)7 s ’ta(i—l)axa 7to(i+1)7 cee 7to(p1+p2_1))
(hth ® ij)(tT(l)) B t’r(jfl)u ) tT(jJrl)a s 7tT(q1+q271))d'fr
/ o (to to(i—1)> T, Lo(it1)s - to(m—l))gpz (tcr(pl)u e 7t0(p1+p2—1))

hq2 (tq—(l), cee tr(j—l)al‘a tT(Q1—1))jq2 (tT(q1)7 v ’tT(q1+q2—1))dx'

Now, the strong indepedence and so the fact that the contraction of f and h vanishes, implies for
almost every to(1), - - to(py+pa—1) tr(1)s - - - tr(qi+q—1) (s€e (3.10))
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/ fp1 o(1)» 0' i—1), % tU(Z+1) (p1 1))9}72 (ta(p1)7 <o >ta(p1+p2—1))
thh( T(1)s - - tT(j—l)axata(j—i—l)v '--7tU(q1—1))jqz (tT(q1)7' . ?t’r(q1+q2—1))d$
it o(p1+p2— 1))jQ2 (t‘r(q1)7 cee ’tT(q1+q271))

Gps (t
/ fpz o(l)s--- 7t0'(i71)7 T, ta’(i+1)7 ey to(p1fl))hq1 (tT(l)v s 7t‘r(j71)7 T, tcr(j+1)7 X to(q1fl))dx

which concludes the proof. ([l

3.3. The Wishart matriz and its asymptotic behavior. We introduce the (renormalized) Wishart
matrix Wy, ¢ = (W j)1<i j<n associated to the starting matrix &), 4 whose entries are given in (3.1),

1
Wi,a = Vd (dxn,dx,?,d - In>

where ”7” denotes the transpose and Z,, the identity n x n matrix. Its components are

d
1
— ,for1<i<n (3.15)
At
and
d
1
Wij == > XXk for 1<, j <n,i+#j. (3.16)

The independence of the components of the matrix &, 4 and the assumptions (3.3), (3.4) imply
EW? =my—1and EW?; =1for 1 <i,j <n,i#j.

Also, consider the Wigner matrix Z, = (Z;;),; i<n with entries given by

Zii~N(O,mqg—1) for1<i<n
Zi ~ N(0,1) forl1<i<j<mn, (3.17)
Zi,j:Zj,i for1§j<i§n

where the entries (Z; j: i < j) are (mutually) independent. Clearly, by the standard Central Limit
Theorem, the Wishart matrix W, 4 converges componentwise in distribution, as d — oo to the
Wigner matrix Z, when n is fixed. We are interested to evaluate the distance between W, 4 and
the Wigner matrix when both dimensions n, d are large enough.

Our main tool to evaluate the distance between the Wishart and Wigner matrices is the following
result (Proposition 2.3 in Huang et al., 2020, see also relation (4.6) and the footnote (6) in Nourdin
and Zheng, 2019).

Proposition 3.4. Let F = (Fy,...,, Fy,) be a random vector with F; = 6(u;),u; € Dom(d) and
F; € DY2 for every 1 < i < m. Let Z be a centered Gaussian vector with covariance matriz

C = (Cij)i<ij<m- Then

m

do(F, Z) < % Z E(C;; — <DEauj>L2(T))2'
ij=1
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Let us observe that the elements of the Wishart matrix W, 4 can be written as Skorohod integrals.
Indeed, since for every 1 < k < d and 1 < 4,5 < n with i # j the random variables X — 1 and

X kX are centered (by assumption (3.3)) and sufficiently regular (by H3). Then by Lemma 3.2,
we have

X}, —1=0D(-L) "X}, —1), 1<i<n1<k<d (3.18)

Consequently, the diagonal entries of the Wishart matrix can be expressed as, for every 1 < ¢ < n,

Wii = 0(Viy) with V;; = Vi? ZD X - D). (3.19)

)

Similarly, for every 1 <4, j <n with ¢ # j, we have
T
Wij = 0(Vi;) with i > D(—L) ' X 1 X (3.20)

Since all the elements of W,, 4 can be expressed as Skorohod integrals, we will apply Proposition
3.4 in order to evaluate the do-distance between the half vectors associated to the W, 4 and to the
Wigner matrix Z,. To this end we need to calculate and to evaluate the quantity

E ((DW;j, V) 121y — E(ZijZay))’ (3.21)

for every 1 <4,j,a,b < n with ¢ < j and a < b. The processes V; ; are those defined in (3.19) and
(3.20) respectively.

If 1 <4,5,a,b < n, we denote by M, j,p the subset of {1,2, ..,n}* such that i < j,a < b and
{i,7} N{a,b} = 0. The quantity (3.21) is estimated in the below result.

Proposition 3.5. Assume H1-H3. Let (W;;,1 <1,j <n) be given by (5.15), (5.16). Then for
1<4,7,a,b<n withi<ja<b,

...
E (<DWi»j7 Va,b) - EZiija,b)Q < C& if (17]7 a, b) ¢ Mi,j,a,b
and
(DWi j,Vap) — EZ; jZap = 0 if (i, j,a,b) € M jap-
Proof: Assume (i,7,a,b) ¢ M; ;.p. We separate the proof into the following cases: (i = j = a =
b),(i=a#j=>b) and (i=aorj=bh). NotethatE(Zgi) — g — 1, E(Zgj) — 1ifi#j, and

E (Zi,jZa,b) =0if (27]) a (aa b)
Let us consider first the case i = j = a = b. We have,

d
Z X2 = 1), D(=L)"NX2 = D)2y

k=1

(DWi 4, Vi)

QU=

Notice that Xigk is strongly independent, for k # [, by Xfl by Lemma 3.3, point 1. Therefore, by
Lemma 3.3, point 2. we have

(DX} = 1), D(=L) (X7 = D)oy =0if 1 < k, I < d k #1.
Thus we can write

d
1 _
(DW; 3, Vig) = p E (D(X}, — 1), D(—=L) (X7}, — 1) 21
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On the other hand, by the duality formula (2.7), (3.18) and assumptions (3.3), (3.4),
E(D(X?, — 1), D(=L) " (X2 = D)2y = B(XZ), — 1)6(D(-L)H(XZ, — 1))
= E(X} -1’ =mi—1
Thus
E ((DWij, Vig) = (ma = 1))?

d
= ﬁE (Z<D(Xi2,k - 1)7D(_L)_1(Xi2,k — D)2
k=1

—E(D(X}, — 1), D(~L) " (X2, — D) r2))

d
1 _
= 5 > E((D(XF—1),D(-L)" (X3 — D)y
k=1
~E(D(X?), = 1), D(=L)" (X}, = 1)) r2(1)
x ((D(X2 = 1), D(=L)" (X}, = 1) 2y — E(D(X, — 1), D(=L) " (X7 = 1)) 2(1))
d
1 _
= = ZE (DX}, — 1), D(—L) M (X2, — D) 2(ry
k=1
2 ~1/v2 2
~E(D(X, — 1), D(-=L) (X7, = ) r21)) -
We used the fact that for k # [, the random variables sz and le are strongly independent
(Lemma 3.3, point 1.) and also the fact that <D(Xi27k - 1), D(—L)_l(ng — 1)) 2y and (D(X7 —
1), D(fL)_l(XiQ’l — 1)) 21y are independent (Lemma 3.3, point 3.)
It suffices to show that for every 1, k,
_ 2
E ((D(X}, —1),D(=L) " (X7, —1))121)) < C

with C' > 0 an universal constant (not depending on 7, k). We have

E ((D(X?, — 1), D(~L)"Y(X2, — 1)) 12p))”

< E (DO = DIZan I D(-1) 7 (X2 = DllEr))
: !
< (BIDC = Dlifag) (BIDL) (X = Dlita)
< C”Xz?,k_1”%,4’D(_L)71(Xi2,k_1)“%,4 (3.22)

and by Lemma 3.2 and (2.9),

E ((D(X2, — 1), D(—L)" (X}, — 1)) ()

16 (uix)® = LT alld(uie)? = 1[74(q)
C(lluigll3s +1) < C

IN

IN

due to (3.5).

Now, let us assume i = a # j = b and compute the term (DW; ;,V; ;) 2y with i # j where
Wi j, Vi; are given by (3.16) and (3.20) respectively.

Since the random variables X; ;X are centered for every 1 <i < mn,1 <k < d, we have using
Lemma 3.2

XinXjn =0(D(—L) M (XixXj1))
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and by Lemma 3.3 point 4. XX, and X;;X;; are strongly independant for k£ # [. The same
Lemma 3.3 point 2. implies

(D(X; 1k X ), D(—=L) "M (X3 X)) p2(ry = 0if 1 <k #£1<d

and consequently
1
(DWij, Vig) = = > (D(XiXjn), D(~L) " (Xin Xjn)) 12(r) (3.:23)
k=1
Moreover, using again the duality formula, the strongly independence and assumption (3.3),
E(D(X; kX 1), D(=L) " (XixXj 1)) 121

= EXpX;p6(D(—L) N XinXjk) = B (X X7,) = 1.

Thus
E ((DWij, Vij) —1)°

d
= %E (Z(D(X@ #X5k), D(=L) (X 1 X5k)) £2(7)
k=1

~E(D(Xix X;1), D(~L) " (Xin X)) 12 (r)”

k), D(=L) (X1 X)) 121
1) D(=L) "M XiX;0)) 207y — BAD(X:2X54), D(—=L) (X5 X;1)) 121))

1 —
- ﬁZE«D(Xi,ka,k)’D(—L) 1(Xz‘,chJ',lc)>L2(T)
k=

_ 2
~E(D(X;xX; k), D(—L) "N (X; e X)) r2(1)) " -

We also used the fact that for k # I, the random variables (D(X; . X;x), D(—L) ™ (X, X 1)) 12(7)

and (D(X;,X;), D(—L)_I(Xi’lXjJ»Lz(T) are also strongly independent due to point 3. in
Lemma 3.3.
It suffices to show that for every i # j, k, with C' > 0 not depending on these parameters,

E ((D(XiX;) D(=L) ™ (XipX50)) 12r))” < €.
We have
_ 2
E ((D(XixXjx), D(—L) (X k Xjk)) £2(1))

E (IID(Xia X3yl D= L) ™ (Xi X 221
1
(BIDCG kX0 ) (BIDL) ™ (XX 0l
[| X X (—L) M (Xin X013 4
and by Lemma 3.2 and (2.9), by proceeding as for the bound (3.22),
_ 2
E ((D(Xix Xj 1), D(=L) " (Xix X 1)) 12(1))” <

IN
[N

IN

A

where the last inequality is due to the assumption H3.
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Next case we have to deal is when i = a, j # b, (by symmetry we can deduce the case i # a
j =b). Using the same arguments as above and assuming i < j and i < b, we get
d
(DWi;, Vip) = (D(XipXjr), D(=L) (X33 X00)) L2(1)

=1

Ul

k

~

(D(X; X)), D(—=L) "M (Xi 1 Xo)) £2(7)

[
Ul
1=~

o

=1

Moreover by the same bounds as above, the following inequality is verified for every (i, j, b, k) such
as (i, j,b) are all distinct

_ 2
E ((D(XixXj1), D(—=L) " (Xix Xop)) r2(m))” < C
The next case is when (i, j,a,b) € M; j qp,

(DW; j, Vay) = (D(X; 1 Xj), D(—=L) " (X0 X)) 12(7)

ISHN
E

k=1

(D(6(ui )0 (ujk)), D(—L) " (8 (uta,1) (ung)) r2(1)-

I
ISHN
=

1

Kl
We have, by using Lemma 3.3, points 2 and 4., V1 < k,l < d
(D(X; 1 Xj), D(=L) " (X0 Xp0)) 2(r) = 0 if (4,7, a,b) € M; jqp
Hence V (i,7,a,b) € M; jqp.
(DWi ,Vap) =0
O
The above result allows to evaluate the do-distance between the half-vector associated to the

Wishart matrix W), 4 and its limit. Recall that the half-vector associated to a matrix is defined by
(2.11).
Theorem 3.6. Assume that W, 4 has the entries given by (3.15) and (5.16) and consider the

n(n+1)

Wigner matriz (3.17). Then for every n,d > 1, and for any function h : R~ 2 — R with bounded

second partial derivative,
5 13

half r7half 5 [n?
dy (Wil Zi") < on?y .

Proof: It suffices to use Proposition 3.4 and the estimates in Proposition 3.5, by noticing that
the dimension of the vectors Wk%f and Zﬁ;alf is % and the cardinal of the set M; ;o (the

complement of the set M; ;o) is less than 6n3. ]

[EROWE) — BR(Z™

and consequently

Remark 3.7. Let us denore by ngllf and Z?Lalf the following random vectors:

half
Wha = Wio, oo Wi, Was,...,Wop,...,Wn_12)

and -
—ha
7 = (Z1,27 RN Zl,nv Z2,37 cey Z2,TL7 LERR anl,n) .

n
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That is, the components of the above vectors are the components of Whalf and Zhalf without the
diagonal terms It follows from Theorem 1.2 in Fang and Koike (20 121+ ) that for any suitable

function h : ]R =

— R (in particular h is Lipschitz but it also satisfies additional conditions),

3
ER(W) — Eh(Zhalf)‘ <cyf 7; (3.25)

Notice that the above estimate (3.25) does not take into account the diagonal of the matrice W, 4,
which is not trivial to include (actually, in Mikulincer (2020) one uses the log-concavity of the
distribution of the entries in order to include the diagonal terms). Moreover, if we would use the
triangle inequality (which is not probably, the most optimal choice),

)

half

EA(WIAT) — Eh(zgalf)‘ < ‘Eh (What) — BR(WLY

half half
)=

’Eh Eh(Z" ‘ ‘Eh ) — ER(ZP)| (3.26)
where we kept the notation Wiilif for the random vector

0, Wig,...,Win, Wo1,0,Was,...,Wap,...,Wy_1,,0). It is easy to see that, since h is Lipschitz,

‘Eh( half) Eh(Whalf‘<CE <Z >

N

E (Z W2>] = é EY (Z 2 -1 ) = (my —1)vn (3.27)
=1

i=1 \k=1

half) Eh(ZEalf)‘. By plugging (3.25) and (3.27) into (3.26),

<C <\/7L+ \/ "3) which is, for large enough d, a worse

estimate than (3.24). We also refer to Remark 1.5 in Fang and Koike (2021 ) for similar estimates
when the covariance matrix of Z,, is not invertible.

and a similar estimate holds for )Eh(

we would get ‘Eh(Whalf) — Eh(zha!)

We state our main result.

Theorem 3.8. Consider the Wishart matriz Wi, 4 with entries (3.15) and (5.16) and assume H1
- H3. Then for every n > 1, the matriz W, 4 converges compontwise in law, as d — oo, to the
Wigner matrixz Z,, defined by (3.17) and for every n,d > 1, there exists C > 0 such that

dW(Wn,d7 Zn) S C

%\‘H‘ i\co

n(n+1)

Proof: By Lemma 2.1 we have, since the dimension of the half-vector associated to Wy, 4 is =5,

1
4
3 2
dw Wia, Zn) < Cn2 Z E(CZJ DW”,VM>L2(T)>
i,5,k,l=1

and by Proposition 3.5, we obtain, since the cardinal of the set M; ;, is less than 6n3,

dW(WTL,d7 Zn) < C

&‘3
=0

=
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In the literature, one usually says that W), q is "®-close to Z,", where ®, 4 = “+. As commented

in the introduction, we have lost some speed with respect to the classical bound C'y/ %3. This is due
to the need to use the do distance between random vectors.

4. Examples

We present few examples of random matrices to which our main result can be applied.

4.1. Random entries in a finite sum of Wiener chaoses. Let us consider a starting matrix X, 4 =
(Xij)1<i<n,1<j<d such that every random variable X; ; can be expanded into a finite sum of Wiener
chaos, i.e. for every 1 < ¢ <nand 1 < j < d we have, with NV > 1 integer

N
. k (k)
Yoy = 3 1y (1) with 7 € 23
k=1

where qgl;) > 1 are interger numbers for every 1 <i <n,1 < j<dand 1<k < N. Assume that
the family of random variables (F; j,1 <i < n,1 < j < d) are independent where

Fi,j = (Iql(’kj),k‘ = 1,...,N> .

This ensures the strong indeoendence of the entries of the matrix A}, 4 (assumption H1). We
need to assume (3.3) and (3.4) in order that H2 holds true. Moreover, it is well-known that
the assumption H3 is satisfied for variables in a finite sum of Wiener chaoses (actually we have
X, D(=L)71X; ; € D¥P for every k > 1 and p > 2).

This example contains as a particular case a result in Bourguin et al. (2021) (where the entries
of A, 4 are assume to be in a Wiener chaos of fixed order).

4.2. Eaxplicit probability laws in a finite sum of Wiener chaoses. A particular case of the previous
example is when the elements X; ; have the same probability distribution. For example, we can
consider

1
Xij = 73

where W is a Wiener process and (h; j, 9,1 <i <n,1 < j < d) constitutes a family of orthogonal
elements in L?(T). We can also write

(W (hij) +W(gij)* — 1)

1
Xij = % <Il(hi,j) + 12(9%2)) .

Then (X;;,1 < i < n,1 < j < d) is a family of strongly independent random variable and
assumptions H2-H3 are also verified.

4.3. Random variables with an infinite chaos expansion. It is possible to provide examples of random
variables with an infinite chaotic decomposition which satisfy H1-H3. Let for 1 <i<n,1 <j<d

Yi;

Y%J = GW(Ai’j)_% — 1 and Xi,j = 72
(EY;)

N
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where A; ; are disjoint intervals of length one and W (4; ;) = f 4, . AWs. Then for every 1 < i <
2
n,1 < j <d, we have (see e.g. Nualart, 20006)

1
_ ®
Xij=> (A7)
n>1
and therefore (X;;,1 <7 <n,1 < j <d) is a family of strongly independent random variables with
infinite chaos expansion. It is easy to see that H2 holds true while to check H3, we can use for
example the bound (2.9).
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