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Abstract. Our aim in this paper is to improve Holder continuity re-
sults for the bifractional Brownian motion (bBm) (Baﬁ(t))te[o,l] with
0 < a<1land0< g < 1. We prove that almost all paths of the bBm
belong to (resp. do not belong to) the Besov spaces Bes(af3,p) (resp.
bes(af,p)) for any aiﬁ < p < oo, where bes(af,p) is a separable
subspace of Bes(af,p). We also show similar regularity results in the
Besov-Orlicz space Bes(af, M2), with Ma(z) = ¢ — 1. We conclude
by proving It6-Nisio theorem for the bBm with a3 > % in the Holder spaces
C7, withy < af.
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1. INTRODUCTION

Let (B®(t));>0 be a bifractional Brownian motion (bBm for short), i.e., a

centred real-valued Gaussian process with covariance function

o 1 o o (67
(1.1) R(s,) i= R(s,1) = 55 ((t2 + 52098 g g2 6),
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where o € (0,1) and 3 € (0, 1]. Observe that, when 3 = 1, B%! is a fractional
Brownian motion with Hurst parameter « € (0, 1). However the increments of
B are not stationary except for the case when 8 = 1. The bBm has the following

general properties: it is self-similar with index (3, that is, for every a > 0,
(1.2) (B*P(at), t > 0} £ {a®PB*B(1), t > 0},

where X £ Y means that the two processes have the same finite-dimensional dis-
tributions. It is a quasi-helix (see [17] and [[18]] for various properties and applica-

tions of quasi-helices) since for every s, ¢ € [0, 7], we have
2
13) 278t — 5P <E (Baﬂ(t) - Baﬂ(s)) < 21B| — 5208,

Based on the fractional Brownian motion structure, Houdré and Villa [14]] have
constructed the bifractional Brownian motion as a more general self-similar Gaus-
sian process. Russo and Tudor [27] have shown that the bBm behaves, in terms of
sample paths properties, like a fractional Brownian motion with Hurst parameter
af (one can see that clearly in Lei and Nualart decomposition). There is a rich lit-
erature investigating the properties of the bifractional Brownian motion, we refer
for example to the following non-exhaustive list: Bojdecki et al. [4], EI-Nouty [10],
El-Nouty and Journé [11], Kruk et al. [20], Es-Sebaiy and Tudor [12], Tudor and
Xiao [30], Bardina and Es-Sebaiy [3] and Lei and Nualart [[22], just to mention a
few. It was shown essentially in this last paper the following decomposition of the
bBm
{CoB* (1), t > 0} L {C1X*P(t) + B¥F(t), t > 0},

where Cy, Cy are two constants and (B*?(t));> is a fractional Brownian motion
(fBm) with parameter o3 and (X aﬂ(t)),g;o is a Gaussian process with infinitely
differentiable trajectories on (0, +00) and absolutely continuous on [0, +00). On
the other hand, we know from Ciesielski et al. [9] that almost all paths of the

fBm (B*%(t));>0 belong (resp. do not belong) to the Besov spaces Bes(a3, p)
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(resp. to the separable subspaces bes(af, p)). In fact, a stronger regularity result
was obtained in the Besov-Orlicz space Bes(a3, M), where My (z) = e”° — 1,
(definitions are given in Section 2). Needless to mention that, if we take 0 < a < b
one can deduce directly by Lei and Nualart decomposition that the sample paths of
(BYP(t))a<t<p satisfy the same Besov regularity as those of fractional Brownian
motion of parameter af. Otherwise, we are unable to get the Holder regularity of
X8 on intervals of type [0, €], for € > 0, since the trajectories of this process are
only absolutely continuous near 0. Hence we can not derive directly from Lei and
Nualart decomposition the Besov regularity for the bBm on the interval [0, €. Our
main purpose in this paper is to investigate the Besov regularity for sample paths
of the bBm (B*#(t)) for t € [0, 1].

Besov spaces Bes(,p) are a general framework to investigate the modu-
lus of smoothness in LP-norms for trajectories of continuous time stochastic pro-
cesses. In our paper we are concerned by a particular class of Besov spaces of real
functions (f(t), t € [0,1]) (for a more general context we can see Triebel [29]).
One can get an improvement of the regularity in Besov spaces Bes(y, p) by us-
ing Besov—Orlicz spaces Bes(~y, M3), because of the following injections: for all
p=1,

Bes(v, M2) — Bes(v,p).

We note by C7 the space of functions satisfying a Holder condition of order v > 0
endowed with the usual norm. It’s known that Besov spaces cover the Holder
spaces as particular cases, more precisely C” = Bes(~, c0). In addition, for any
€ > 0, and p large enough, we have the following continuous injections (see Sec-

tion 2):
CT(I) = bes(y,p)(I) and C(I) = Bes(,p)(I) = C'7r(I),

where bes(v, p) is a separable subspace of the Besov space Bes(v, p). It is well

known that almost surely the sample paths of the bBBm (B%”(t));>0 belong to
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the Holder spaces CY for v < a3, and do not belong a.s. to C*?. Our aim is to
improve these classical results by showing that we can get smoothness of order o3
in the Besov spaces Bes(a/3,p) for % < p < oo, or even in the Besov—Orlicz
space Bes(af3, My). This is the best regularity one can get in the context of Besov
spaces, because we also prove that almost surely the trajectories of the bBm do
not belong to the separable spaces bes(af,p) for O}—ﬁ < p < oo. So the above
injections explain clearly the sharpness of our results. Note that our paper leads
to some previous Besov regularity results: When o = % and S = 1 we get the
standard Brownian motion regarded in [7]] and [8], for 5 = 1 we recover the fBm
situation considered in [9]], and the case a = [ = % corresponds to the regularity
of the mild solution for a linear stochastic heat equation driven by a white noise
(see [6]).

Among Itd’s accomplishments, there is the Itd-Nisio theorem (cf. [16]), in
which the authors have established on one hand a general improvement of the
Fourier series decomposition of the Brownian motion, and on the other hand a
generalization of Wiener’s construction of the Brownian motion. They have given
the expansion as the convergence of normalized sums of independent random vari-
ables. Later, Kerkyacharian and Roynette [[19] have proved the same result of the
1t6-Nisio in Holder spaces with a sample proof. In this paper we show the It6-Nisio
theorem for the bBm with a3 > % in the Holder spaces C7, with v < a3. The case
B = 1 corresponds to the fBm with Hurst parameter o > 1/2.

This paper is organized as follows. In the second paragraph we give a brief
introduction to Besov spaces. The third paragraph is devoted to study the Besov
regularity for the sample paths of the bifractional Brownian motion. In the fourth
paragraph we investigate the It6-Nisio theorem for bBm with a5 > % The proofs

of our results use technical and very fine calculations based on dyadic coordi-

nate expansions of the bifractional Brownian motion and descriptions of the Besov
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norms in terms of the corresponding expansion coefficients of a function.

2. PRELIMINARIES

2.1. Besov spaces. Let I/ C R be a compact interval , 1 < p < co and f €
LP(I; R). We define for any ¢ > 0

Ap(f, 1)(t) = sup {f [f(x+s) - f(fv)lpdfc}p :

ls|<t I
where I, = {z € I; x4+ s € I}. Ay(f,I)(t) denotes the modulus of continuity

of f in the LP-norm. For v > 0, we consider the norm

A (f, D)t
1l = 1 Flliren + sup 222D,
0<t<1

The Besov space is given by Bes(vy,p)(I) = {f € LP(I); ||f]

~p < 00}. The
space (Bes(v,p)(I),|-||y,p) is a non separable Banach space. We also define
bes(v,p)(I) = {f € LP(I); Ay(f,I)(t) = o(t”) ast — 07} a separable sub-
space of Bes(~, p)(I). For p = oo, the space Bes(~y, 00)(I) is defined in the same
way by using the usual L°°-norm.

In the case of unit interval I = [0, 1] Besov spaces are characterized in terms of
sequences of the coefficients of the expansion of continuous functions with respect
to the Schauder basis. The following isomorphism theorem has been established

by Ciesielski [7] ( see also Ciesielski et al. [9])

THEOREM 2.1. Let1 < p < oo and % <7y < 1, we have
1. Bes(v,p)([0,1]) is linearly isomorphic to a sequences space and we have

the following equivalence of norms:
—i(4=+1) 2 P
[ fllyp ~ max ¢ [fol, [ fil,sup2 “\2 7P/ 1> [ flP ,
J k=1

where the coefficients { fo, f1, fjr,j > 0,1 < k < 27} are given by

fo = £(0), fi=£(Q1) - £(0),
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, 2k — 1 1 2k 1 2k — 2
=22 (g ) -t (o)~ 0 ()

2. fisinbes(v,p)(]0,1]) if and only if

lim 27j(%77+171’>

Jj—o0

1
27 p

> IflP| =0.
k=1

2.2. Besov—Orlicz spaces. Let I C R, be a compact interval, v € (0,1) and
M, is the Young function defined by Ms(z) = ¢* — 1. The Orlicz space Ly, (I)

is the space of measurable functions f : I — R, such that

1
v, o= inf — |1 My(Af(t))dt .
I, = fnf 5 (1 Mo )| < oc
It is more suitable to use an equivalent norm to || - [|3,, (see Fernique [13] or
Ciesielski [8] for a proof):
I £l ey
My = SUp ————.
Il = sup =2

Let Ap, (f, I)(t) be the modulus of continuity of f in the Orlicz space Ly, (1)

defined as:

Au(£, D)) = sup Mfﬁf)(t)

For v > 0, we consider the following norm

AM2 (fv I)(t)

vy = [ fllas, + sup ——2——==.
0<t<1

/1

tY

The Besov-Orlicz space is defined by

Bes(v, My)(1) = {f € Loy (D); |0tz < 50}

Bes(v, M>)(I) endowed with the norm || - || az, is a non separable Banach space.
We introduce bes(y, M2)(I) = {f € Lar,(I); A, (f, I)(t) = o(t?) ast — 0T}
a separable subspace of Bes (v, M2)(I).

With the same notations as in Theorem [2.1] we have the following characteri-

zation of Besov—Orlicz spaces (see Ciesielski [8] or Ciesielski ez al. [9]):
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THEOREM 2.2. We have
1. Bes(v, M3)([0,1]) is linearly isomorphic to a sequences space and we
have the following equivalence of norms:
1
i(3-7+3) Y P
112z, ~ max 4 | fol, [ /1, sup 72 A DR B

2. f belongs to bes(vy, M>)(]0,1]) if and only if

1

hmwp12(2wwlzum1 "

J70 p>1 /P
Remark 2.3. l. Let1 <p<ooand 0 <y <~ <1, then we have

Bes(7,p)(I) — bes(v,p)(I).

2. We denote by C?(I) the Holder space define by

(21) C’Y(I) = fEC(I), sup M<OO ,
z,yel |ZL‘ — y|’y
TFY
endowed with the norm || f||y = sup,c; |f(2)| + supa,ver W
TAY

. Bes(y, 00)(1) = C(1).
« For 1 < p < oo, we have C7(I) — Bes(v,p)(I).
- Forany 1 < p < coand ¢ > 0, we get C71¢(I) — bes(vy,p)(I).

- Forall 1 < p < oo and % < 7y < 1, we obtain Bes(v,p)(I) — CVﬁ%(I).
»+ Foreachp € [1,00) and 0 < v < 1,

Bes(v, M3)(I) — Bes(v,p)(I) and bes(vy, Ma)(I) — bes(y,p)(I).

In the next, we will restrict ourselves to the interval I = [0, 1], so we will omit

to precise the interval [ in our notations, e.g. Bes(v, p) := Bes(vy,p) ().

3. BESOV REGULARITY OF THE BIFRACTIONAL BROWNIAN MOTION

Our main result is the following theorem
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THEOREM 3.1. Foreach « € (0,1), 8 € (0,1] and % < p < oo, we have
P(B%P(.) € Bes(a3,p)) =1 and P(B*?(.) € bes(af,p)) =0,

where BYP(.) are the sample paths ¢ € [0, 1] — B*#(t).

To show this theorem, we will adapt the techniques in [9]. Let us first give some
preliminary results.
The below lemma is a useful tool to obtain precise estimations in the calcula-

tions of this paper. For the proof we refer to [9].

LEMMA 3.2. Let (X,Y) be a mean zero Gaussian vector such that E(X?) =
E(Y?) =1 and p = |[EXY|. So for any measurable functions f and g such that
E(f(X))? < 00, E(f(Y))? < oo and f(X), f(Y) are centred, we have

Ef(X)g(Y)] < p {E(F(X)2} {E(g(v)2}'?,

when f (or g) is even we can replace p by p? in the previous inequality.

We define
(3.1

: 2% -1\ 1 2% \ 1 2k — 2
. o.9i/2] s _lpas _lpap (-2
wj =2 -2 {B ( ST ) 5B (2j+1) 5B ( ST )}

We set

Uik . 1/2
(3.2) vip = £ with o = {Eflu2}
O'jk
By using (T.1)) and (3:1), we have forall j > 1 and k, k' € {1, ...,27}
2i(1=2aB) A
(3.3) Elujruje] = W(AyAx\I’k,k’(an) — AP 1:(0)),

where Af/ (resp. A2) is the one step progressive difference of order 2 in the y
variable (resp.  variable), and A? is the one step progressive difference of order
4, 1.e.

AYF(0) = f(4) —4f(3) + 6£(2) — 4f(1) + £(0),
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and

AZAZg(0,0) =g(2,2) — 29(2,1) + g(2,0) — 29(1,2) + 4g(1,1)

—29(1,0) +¢(0,2) — 29(0,1) + ¢(0,0).
The functions in (3.3)) are

Vi (2,y) = ((2k — 2+ 22 + (2K —24)*)”,

and
Oy (z) = [20k — k') — 2+ 27

LEMMA 3.3. Foralla € (0,1), 8 € (0,1],j > 1and k, k' € {1,...,2/} with

k' < k, there exist C' > 0, ki v € (0,2) and ¢ 1y € (0,4) such that

1
(2K — 2+ /ﬁk,k/)4_2aﬂ

(3.4) |E[ujkujp]

< (99(1-208) {

1
+ (2(](3 - k‘/) -2 + Ck,k/)472aﬁ } ’

And there exist two constants m1, mg > 0 such that, forall j > 1and k € {1,...,27},

(35 my 2707200 < Bfjug ) < myg 2707207,
Proof. Denote by (I>,(€4,)€, the derivative of order 4 of ® ;s. So by the mean

value theorem and (3.3)), there exist three constants ¢y j, i/, c2 1 & € (0,2) and ¢, 3 €
(0,4) such that

217208 (4)
(3.6) Elujrujp] = W(ayax‘l’k,k'(cl,k,kuC2J€,k’) — Cbk’k,(c&k,k/))v

where 0, = 8% and 0, = 3%. On the other hand, we get forall j > 1 and k, k' €
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..

3.7)

72j}7

272
0,03V i (C kbt Cok k)

= 40?2 — 1)28(B — 1)(2k — 2+ c1 o pr)** 2 (2K — 2 + co 1) 2

+ 8200 — 1)B(6 —

(6% Q -2
x (2 — 2+ 1 o) 2 + (2K — 2+ copp)?®)”

(5—2>(2k—2+01kk/)2a 2(2k,—2+62kk/)4a 2

+8a3(2a ) (/B 1 (,6—2)(2k—2+01kk/)4a 2(2]€/—2+62kk/)2a 2

1)
/ 20\ B3
X((2 _2+Clkk’) (2]{3—2+62kk’) )
)
/ 200\ B—3
X((Q —2+Clkk’) (2]6—2+C2kk’) )
)

+16a*B(B — 1)(B — 2)(B — 3)(2k — 2 + c1 )22 (2K — 2+ coppr )2

—4
X ((2k = 2+ erp)2 + (2K — 24 co o)™’

=1+ 1+ I3+ 14
And forall j > 1and k, K’ € {1,...,27} such that k¥’ < k, we have

(3.8)

3

B (can) = [1(2a8 — D2k — ) — 2+ g )04
=0

Let us first investigate the inequality (3.4). Combining (3-6)), (3.7) and (3-8), we get
forall j > 1and k, k' € {1,...,27} such that ¥’ < k

(3.9)

9i(1-208) [T, 1208 — 1|
‘E[ujkujk’” < “9B+2a8 Z ’Il‘ + ( (k _ k’) — 24+ C3,k,k’)4_2a’8 )

- Fora < §.Letj > 1and k, k' € {1,...,27} such that ¥’ < k, we have by

G7
; C(a,B)

3.10 Il < ’ ,
( ) lzzl | l| (2k/ ) + cl,k,k/ A CQ,k,k/)4_2aﬁ
where
(3.11) Cla, B) = 2?8 = 1{B(2a = 1)* + 20|20 — 1| 8]5 — 2|

+a?B|6 — 2|6 - 3[}.
Combining (3.9) and (3.10)), we get

97(1-20p) C(a,p)

3.12 Elupuip]| < d
( ) | [’U«chujk‘ ] 98+2ap (Qk’ — 24 CLip N C2,k,k’)4_2aﬁ

L Tl Ras -1l

20— K) — 2+ capp )28 [
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- For o > % Let j > 1and k, k' € {1,...,27} such that k¥ < k, we remark
that

8a’(2a — 1)B(8 — 1)(6 - 2)
(2k =2+ c1 o ) 2* (2K — 2+ co )2
1

((Qk 24 Cl,k,k/)2a + (2/{:’ —24 CQ’k’k,)QQ)2—B.

(3.13) I+ I3 =

X

And by the inequality ﬁ < %, we have

4a'p|B — 1118 — 2|8 — 3|
(2]€ -2+ Cl,k,k’)2_2a(2k, -2+ Cgvk,k/)2_2o‘
1

((Zk — 24+ CL]C’]C/)ZO‘ -+ (2]6, -2+ 627k7k/)2a)2_6 ‘
Combining (3.7), (3.13) and (3.14), we get

Cla, B)
2k — 24 ¢ g N Co gy )28

(3.14) |14 <

X

4
(3.15) S < (
=1

where C(a, 3) is given by (B.11). According to (3.9) and (3.13), we obtain

2701-209) Clo.p)
26+20p (2K — 2+ C1 ekt N\ Cg}k,k/)4_2o‘6

(3.16) |E[ujrujn]] <

_l’_

[T 208 — 1 }

(2(k — k,) -2+ C3’k’kl)4_20‘6

We put

Cla, B) VT, 1208 — 1

C= e .

Soforalla € (0,1), 8 € (0,1],j > 1and k, k' € {1,...,27} such that ¥’ < k, we
have

1
(2K — 2 + /{k7k/)472a5

1
+(2(l€ — ]C/) -2 + Ck,k,)4*20¢,@ } ’

where kg g = €1 g A Cog g and ¢ g = c3 x gr. This finishes the proof of (3-4).
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Now we will prove (3.5). For this end, let us start with proving the upper
bound, for all j > 1 and k € {1,...,27}, we have by (3.3) and the mean value
theorem, there exist ¢; x, c2 1 € (0,2) such that

g 2007200 4
E[|Ujk| ] == W(ayam\llk7k(clyk7 627]@') - A (bk‘,k‘(o))
97(1=2ap)
(318) — W(@j@i\l’;@k(q?k, C2,k) + 8 — 22&5—}-1)‘

- For a < 3. By (3-7) we remark that 0702y k(cLk, c2x) < 0, so by using
(3:18) we have
] — 22&5-"—1

g 20D,
2 Q

(3.19) Eflujr)?] <

- For e > 3. By (3-7) we remark that I, I < 0, and by (3:13) we get, for all
j>landk € {2,..,27},

3(2a — 1 -1)(B-2
(3.20) It < T2 2;52(555 JF=2)
So (3.18) and (3:20) entail

B2l Efjupl’

i(1-2a 320 —1)B(B—1)(B—2)  8—2%ft]
< 2i(1-208) (a(a )(8 )( )+ e )

Now for j > 1 and k = 1, we have by (3.1) and (1.2),

2
(1-205) 4E [B*A(1) — 1B*F(2)] .

(322) Eljuji|?] = 2/ 5%a8
Put
32 _1 -1 -9 _22a6+1
(3.23) mo = maX{<a (2a )6(85 E-2) + : 9B+2ap ) ;
4E [B*(1) — BB (2))”
22aﬁ ’

Combining (3.21), (3:22), (3:23) and (3.19), we get for all a € (0,1), 5 € (0, 1],
j>landk € {1,...,27},

(3.24) Eljuj|?] < mg2i(1=208),
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This finishes the proof of the upper bound in (3.3). Let us now investigate the
lower bound of (3.3)). According to (3.1)) and (1.2), it follows that for all j > 1 and
ke{l,..2},

(3.25) Efjuj ) = 2707228

where
a,f 1 a,f 1 o, ?
C(k) =E|B*(2k 1) — 5 B*(2k) — ;B*P(2k ~ 2)| .

We know by [[I, Lemma 3.3] (see also [24])) that the process (B (t));0 is locally
non-deterministic i.e. for all 0 = t5 < t; < ... < t,, < 1 with ¢,,, — ¢t; < § and
(Uly ooy U) € R™,

(3.26)

(i (B>t B‘Xﬁ(tj_l)]) > Cp, i u? Var (Ba”g(tj) — B*P(t;_ 1)> :
= =1

On the other hand by (T.2), we have for some & < 3 A ok,

(3.27) C(k) = e 2P [ [Baﬁ (e(2k — 1)) — B*P(e(2k — 2))}
—% (B9 ((2k)) — B*P(c(2k - 1))]} g

Combining (3:26)), (3:27) and (T.3)), we get C(k) > 21+B Hence

ACs

2 i(1—2 .
Elluji’) > mi 20720 with oy = 22aBAAL

This finishes the proof of Lemma[3.3] =

Remark 3.4. We remark that when 3 = 1, 02079, (1,51, C2,k,k7) = 0 and hence
AZAZW} 12(0,0) = 0, so equation (3.3) becomes

2j(1—2a) 4
(3.28) Elujpujp] = — a2 @rw (0),

and this is the same equation as the (IV.9) in [9]], for the fractional Brownian mo-
tion.

LEMMA 3.5. There exists a constant M > 0 such that, for all 7 > 1 and
k, k' € {1,...,27}, we have

27
(3.29) Y | Evjpvip]® < M2,
kk'=1
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where the v, are given by (3.2).

Proof. Equality (3.2) and Holder’s inequality give

27 27 21 21
> Bopvwl? =2 X [Bupopl?+2 3 [Evpowl +2 Y [Evponl?
k,k'=1 Kk <k, k!>2 Kk <k, k!>2 k=2
k—k'>2 k—k/=1
27
2112
+ 2 AE o[}
k=1
P EU U5t 2 . . .
<2 —IRTIR (20 — 2) 4 2(2F — 1) + 2
K<k, k>2 | TiEO Gk
k—k'>2
=2J+52 —6.
We will estimate J. For this end, let us note A = 02 , so we obtain by (3.4) and

B3,

27
J < Z
k

1
k' — 2+ kg k,)S dof + (2(k—FK)—2+ Ckyk/)874a5 }

k=4
2

e
k' >2
,2 1
=A
Z kz { 2K — 2+ Ky k:’)g 15 © (2(k — k') — 2+ cp )3 408 }
k—
A
= L (2K —

27 1
<A
I<:Z4 / 8 4ap + (2(k‘ _ k/) _ 2)8—4aﬂ}

27 k—2 (2K —2 1 2(k—k')—2 1

k=4k'=2 (2k'—3 2(k—k')—3
2 k-226'-2

=245 > f mdw

k=4 k'=22k'—3 T

27 2k—6 1
<24 Z f 8- 4a,8
2A ~
X - .~ 2] - .
7— 4045( 3)

And this proves Lemma[3.5] m
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LEMMA 3.6. Forall j > 1and k € {1,...,27}, we have

, 2

27 )

(3:30) E [Z (lojel” — Cp)] < (egp — ) M2,
k=1

1 132

I 4

where ¢, = \/ﬂfR |x|Pe™ 2 dx.
Proof. First we get

27 2 27
E > (vl - Cp)] = > E[(luil” = ep)(low [’ — )] -

k=1 kk'=1

And by applying Lemma with f(z) = g(z) = |z|’ — ¢,, we obtain
27 2 27
E [Z(|Ujk|p - Cp)] <(ep—c) X [Efojrow].
k=1 ke k' =1

Inequality (3.29) of Lemma[3.5]ends the proof of Lemma[3.6| m

Now, we are ready to show Theorem [3.1]

Proof. [of Theorem[3.1]] We are going to prove that, almost surely
(3.31) 275 3 ujplf — cp.
For this end we will show that for all € > 0 we have
(3.32) P27 > |vglP € [ep —e,cp+e] p < 00.

j>1 k=1
Markov’s inequality gives
o2 1 27 2

(333) P {2_] 1; vkl ¢ [cp —€,¢p + E]} < @E L;l(vjﬂp — cp)] .

Combining the inequality (3.33) and Lemma [3.6] we get that (3.32) holds and
(3.31) is then a consequence of Borel-Cantelli Lemma. Finally our main result,
Theorem 3.1] is a simple consequence of Theorem 2.1} =

Below is a stronger regularity result than Theorem [3.1]
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THEOREM 3.7. For each a € (0,1) and 8 € (0, 1], we have
P(B*?(.) € Bes(a3, My)) =1 and P(B*“?(.) € bes(a, M) =0,

where B%P(.) are the sample paths ¢ € [0, 1] — B*#(t).

Proof. The proof is similar to that one of [[9, Theorem II.5]. Indeed, taking
into account Theorem Lemma and the fact that for positive integer p, we
have

cop = (2)!/(P12F) ~ eI

Therefore, there exists a constant ¢ with ¢ > 1, such that cg, < ce P(2p)P. m

Remark 3.8. 1. Let (Y,*)¢>0 be a sub-fractional Brownian motion i.e. a mean
zero Gaussian process with covariance function

1
E[Y Y] = s2* 4 2% — 3 (s +1)%* + |t — s|*],

where a € (0, 1). We believe that by the same calculations as in the above one can
get that almost all paths of the sub-fractional Brownian motion belong to (resp. do
not belong to) the Besov spaces Bes(a, p) and Besov—Orlicz space Bes(«, M>)
(resp. bes(a, p) and bes(a, M3)).

2. Letr(t) be a real valued function, such that the kernel K, (¢, s) defined by

K. (t,s) :==r(t) —r(s) —r(t—s),

is positive on the real line, and let ¢ be as follows

ol(t) = 7:0 — et dim(u),

where m is a positive measure on [0, co) such that |’ 100 dm(u) < oo. Therefore by
[2, Theorem 5.1.], we get that

K(s,t) = @(r(t) +r(s)) — (r(t - s)),

is a positive Kernel on the real line. Let (X;);>0 be a centred Gaussian process

with covariance function
E[X:X;] = K(s,t).

If in addition we assume that o and 7 are in C*((0, 00)), and that for all a > 0,
we have r(at) = a®r(t) and p(az) = a®p(z) (.e. X is a self-similar Gaussian
process with index O‘Q—B). We expect that almost all paths of the process X belong to
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(resp. do not belong to) the Besov spaces Bes(a/3/2, p) (resp. bes(af/2,p)). We
intend to provide, in a future paper, a proof of this result using a new method deal-
ing directly with Besov norms without using Ciesielski’s isomorphism theorem.
For this new approach, we refer to [[15[], [31]], [23].

3. The bifractional Brownian motion B*?, with0 < a < 1,1 < B < 2 such
that a5 < 1 has been introduced and studied in [3]]. The case a > 1 such that
2a8 < 1 has been considered in [28]]. One can show that the regularity results in
Theorem and remain valid, since the derivatives 8283%\11 ke k! (CL k> €2k ')

and @gl)g, (¢3,k,k) do not change. So in the proof of Lemma we need just to take
into account the other cases (i.e. 0 < a < 1,1 < f < 2s.t.af < land a > 1 with
208 < 1).

4. AN ITO-NISIO THEOREM FOR THE BIFRACTIONAL BROWNIAN MOTION.

Let € be the linear space generated by the indicator functions 1, endowed

with the inner product
4.1) < ﬂ[O,t]a ]l[O,s] >H= R(S,t) , 8, t¢€ [0, 1].

Define H as the completion of £ w.r.t. the inner product < .,. >4;. The application
© € H — B*P(y) is an isometry from H to the Gaussian space generated by
BB B*(y) is the Wiener integral of ¢ w.r.t. BP.

Our main result in this paragraph is the following It6-Nisio theorem for the

bifractional Brownian motion
THEOREM 4.1. Letaf > % and (¢n, )n>1 be an orthonormal basis of H. Then
we have almost surely

N

Y < n Ly >n B () N T B*P(t) in the Besov space Bes(a3 — ¢, p),
n=1 -

1

where ¢ > 0 and p > 1aresuchthat% <a6—s—p.

By classical continuous injections we can deduce

COROLLARY 4.2. Suppose that a3 > % and (¢p, )n>1 be an orthonormal basis
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of H. Then we have almost surely

N
Y <¢n, 1y >n B%P(p,) — B%P(t) in the Holder space C7,

n—1 N——+oc0

for any v < apf.

N
Proof. [of Theorem Put  Xp(t Z < pn, Lo >n BY Blon).

n=1
And define

» 2k —1 1 2k 1 2k — 2
o 2

Let {hjg, j >0, k =1,...,27} be the Haar functions defined as follows

jki\/i]l —@ﬂ[z -1 [ and hy :]1[0:1]'

2J+1 ’2J+1

2J+1 ’2J+1[

Remark that
Uik — Zjk = Ba’ﬁ(h'k) — XN(h‘ )

= Ba”B h; k Z < (,On, ik >H Ba’ﬁ(tpn).

Set
Ujk — Zjk .
(4.2) Wiy, = % with ol = {E[luy, — 22112,
ik

First, by Borel-Cantelli lemma, we can easily show that almost surely

(4.3) 9—J(1+ep) Z Wikl — 0.
k=1 J=

Let ¢,1 € H and ziL:"1 AL gn1, Z] 7 15 Lo, be two sequences in & such
that

Ln, M,
(f) = JLH;O 2:1 )‘?ﬂ[o,t?] and 1/) = n%gnoo 2:1 /L;n]l[07s;n} in H.
i= Jj=

Define for all @ > 0,

¢* = lim Z AL Ljo,atn] and Pp® = lim Z pitl 0,057 in H.

n—00 ; m—00 j=1
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One can see easily by (T.2)) and a density argument that
(44) E[B*7(¢") B> (4)] = a*PE[B**(¢) B> (¥))).

Set sz =< ©n, hjr >n, we get

2
N
o3> =B | B*P(hjr) = > < @n, hjr >3 B (on)
n=1
) w 2 a 2 c- 2
4.5) = [[hll3 + Do 107k =2 2 107%" = D2 (05417
n=1 n=1 n=N-+1
Put
ﬁjk =1 2k-2 26-1;,— L2k , ik = 1 2k — 1, 2k 2%
e et o oo Gl Gemeaeinel
(4.6) 9k = Lppg—22k—1] — Lpgp—1,2k-

Let a; = 2~ UF1D/2 we have by @#4)
i = BB (hjr) B ()]
= 2PE[BYP (hjx) B*P (¢n)]

1 aj «@ aj*t a;
= 2PE[B(g3) B (i )™)]
-1

4.7 = 2_a62j(1/2_a5)E[Ba“8(gjk)Ba76(90Zj ).

Hence combining (@.3)) and [@.7), we get

o) a;t 2
|Qg 2=o" 20f9j(1-2ap3) > {E[Ba’ﬁ(ﬁjk)Ba’B@nj )]}
n=N-+1

) 0o -1 2
(4.8) <2202 qup 3 {E[Ba’ﬁ (30) B (pui )]} :
j’k ’I’L=N+1
The supremum in the last term of the inequality is finite. In fact we remark that

(a oB o )n>1 is an orthonormal basis of H, therefore

oo 3 ! 2 9 oo 3 o=t
5 {E[Bmﬁ(gjk)Baﬂ(wnf >]} S0 S < a3,
n=N+1 n=N+1

oo —1
—9 - a;
< q; Y <gjk,a?ﬂ<pnj >2

n=1

a2 )
(4.9) = a; 19013 = a; 2| gy 1 = llgw By
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On the other hand, we have by (3:24) that E[|u|?] < m227(1=25). Therefore by
(3.1), (1.2), @.6) and (@.T)) we get forall k& > 1,

4.10)  ||grl|3, = E[2B*#(2k — 1) — B*#(2k) — B*P(2k — 2)]? < ma.

According to (4.9) we obtain for all N > 1,
00 o=t 2
(4.11) Ay :=sup Y {E[Ba’ﬁ(gjk)Ba’B(gon] )]} < 00.

(AN)nN>1 is a non-increasing real valued sequence such that

(4.12) limAy =0 a.s..
N

We derive from (@.2), (4.8)) and (4.1T)) the following inequality

2J 27
(413) 27j(1+€p) Z |w§\]/€‘p 2 2pa52*jp(%*(a576)+%) Z |U]k,‘ - ’Z]k|p
k=1 k=1 A%

—ir(z—(af—e)+3;) y2 is i -
We remark that the sequence 272 P’y 0y lujk — 2k [P is increasing
in j for € small enough, p large enough and a8 > % Therefore by (4.3) and (4.13),
we get that almost surely,

27
- 1 1
sup 2 VGO ST gy — 2 fp < 2P0 AR,
j=20 k=1

Which finishes the proof of Theorem[d.1|by applying (#.12) and Theorem[2.1]. m

Remark 4.3. When 8 = 1 we get the It6-Nisio theorem for the fractional Brownian
motion with o > %
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