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a b s t r a c t

Let Xn be a n × n random matrix with independent Gaussian entries. Then it is
well-known that log(| det(Xn|)) satisfies a Central Limit Theorem. Our purpose is to
evaluate the 1-Wasserstein distance for this limit theorem via the techniques of the
Stein–Malliavin calculus.
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1. Introduction

Since several decades, the study of the distribution of the determinant of a random matrix constitutes a problem of
nterest for many researchers in probability theory. The first studies in this direction concerned the moments of a random
eterminant, see among others Forsythe and Tukey (1952), Nyquist et al. (1954), Prékopa (1967) or Turań (1955). Later, a
urther step in the analysis of the determinants of random matrices was to show that it satisfies a Central Limit Theorem
CLT in the sequel). Let Xn be a n × n random matrix and assume that its entries are standard Gaussian independent
random variables. Then it has been shown in Goodman (1963) that, as n → ∞,

log(| detXn|) −
1
2 log(n − 1)!√

1
2 log n

(d)
→ N(0, 1) (1)

where →
(d) stands for the convergence in distribution and N(0, 1) denotes the standard normal distribution. The

extensions of the above result to a more general situation (when the entries of the random matrix Xn are not Gaussian or
not independent) are due, among others, to Bourgade and Mody (2019), Nguyen and Vu (2014), Rempala and Wesolowski
(2005) or Bao et al. (2015). The rate of convergence for the limit theorem (1) has been studied in Nguyen and Vu (2014).
It has been shown that the Kolmogorov distance between the left-hand side of (1) and the standard Gaussian law is of
order less than log−

1
3 +o(1) n.

∗ Corresponding author.
E-mail addresses: diez@univ-lille.fr (C.-P. Diez), ciprian.tudor@univ-lille.fr (C.A. Tudor).
https://doi.org/10.1016/j.spl.2023.109804
0167-7152/© 2023 Elsevier B.V. All rights reserved.

https://doi.org/10.1016/j.spl.2023.109804
https://www.elsevier.com/locate/stapro
http://www.elsevier.com/locate/stapro
http://crossmark.crossref.org/dialog/?doi=10.1016/j.spl.2023.109804&domain=pdf
mailto:diez@univ-lille.fr
mailto:ciprian.tudor@univ-lille.fr
https://doi.org/10.1016/j.spl.2023.109804


C.-P. Diez and C.A. Tudor Statistics and Probability Letters 197 (2023) 109804

M
n
e
p
d
b
o

L

w
r

a

p
c

Our purpose is to estimate the 1-Wasserstein distance corresponding to the CLT (1) via the techniques of the Stein–
alliavin calculus. We will assume that the entries of the starting matrix Xn have Gaussian distribution but they are not
ecessarily mutually independent. As noticed in Goodman (1963) or Rempala and Wesolowski (2005), det(X 2

n ) can be
xpressed as a product of sums of independent chi-square random variables. We will then focus of the analysis of such a
roduct of sums, by improving the results in Arnold and Villasenor (1998) or Rempala and Wesolowski (2005, 2002). We
ecompose it into a negligible part (whose L1(Ω)-norm can be relatively easily estimated) and a dominant part which can
e decomposed in Wiener chaos and whose rate of convergence to the normal distribution can be analyzed by the tools
f Malliavin calculus. We obtain a rate of convergence of order log−

1
2 n which improves the result for the Kolmogorov

distance obtained in Nguyen and Vu (2014).
We organized our work as follows. Section 2 is devoted to the notation and the description of the general context of

this work. In Section 3 we estimate the negligible part of a product of sums of chi-square-distributed random variables.
In Section 4 we apply the tools of the Malliavin calculus in order to evaluate the distance between the dominant part of
such a product of sums and we deduce its rate of convergence under the 1-Wasserstein distance. Section 4 contains the
application to random determinants while (the Appendix) contains some elements of the Malliavin calculus needed in
this work.

2. Products of sums of chi-square random variables

This part is consecrated to the presentation of the problem and to some notation.

2.1. The settings

Let H be a real and separable Hilbert space and let (W (h), h ∈ H) be an isonormal Gaussian process (see the Appendix).
et
(
Xk,l, k ≥ 1, l = 1, . . . , k

)
be a family of independent real-valued random variables with standard normal distribution,

i.e. Xk,l ∼ N(0, 1) for k ≥ 1 and l = 1, . . . , k. We will assume

Xk,l = W (hk,l) = I1(hk,l) for k ≥ 1, l = 1, . . . , k

here (hk,l, k ≥ 1, l = 1, . . . , k) are orthogonal elements in H and Iq denotes the multiple integral of order q ≥ 1 with
espect to W . Denote, for k ≥ 1,

Sk = X2
k,1 + · · · + X2

k,k (2)

nd

Ck =
Sk
k

(3)

We will need the following lemma (see e.g. Lemma 1 in Rempala and Wesolowski (2005), which is borrowed from Lee
(1990)).

Lemma 1. For k ≥ 1, let Ck be given by (3). Then for every k ≥ 1 and p ≥ 2

E |Ck − 1|p ≤ Dpk−
p
2

with Dp > 0 not depending on k.

For N ≥ 1, we define

TN =
1

√
2 log(N)

(
N∑

k=1

log(Ck) + log(N)

)
=

1
√
2 log(N)

(
log

[
N∏

k=1

Sk

)
− log(N − 1)!

]
. (4)

We know that (see e.g. Rempala and Wesolowski (2005))

TN
(d)
→ N(0, 1) as N → ∞. (5)

Our purpose is to find the rate of convergence in the above limit theorem. The idea is to write TN as the sum of a negligible
art whose L1(Ω) norm can be evaluated by standard calculation and a dominant part which fits with the Stein–Malliavin
alculus. More precisely, we will decompose TN as follows

TN =
1

√
2 log(N)

[
log(N) +

N∑
k=1

log(Ck)1|Ck−1|≤ 1
2

+

N∑
k=1

log(Ck)1|Ck−1|> 1
2

]

=
1

√
2 log(N)

[
log(N) +

N∑
log(Ck)1|Ck−1|≤ 1

2

]

k=1

2
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+
1

√
2 log(N)

[
N∑

k=3

log(Ck)1|Ck−1|> 1
2

+ log(C1)1|C1−1|> 1
2

+ log(C2)1|C2−1|> 1
2

]
= SN + RN (6)

here

SN =
1

√
2 log(N)

[
log(N) +

N∑
k=1

log(Ck)1|Ck−1|≤ 1
2

]
(7)

and

RN =
1

√
2 log(N)

[
log(C1)1|C1−1|> 1

2
+ log(C2)1|C2−1|> 1

2
+

N∑
k=3

log(Ck)1|Ck−1|> 1
2

]
. (8)

.2. Chaos expansion

For every k ≥ 1, l = 1, . . . , k, we can express the random variable Xk,l as Xk,l = I1(hk,l) where Iq denotes the multiple
integral of order q ≥ 1 with respect to the isonormal process W . Thus we can also write for every k ≥ 1,

Sk = I1(hk,1)2 + I1(hk,2)2 + · · · + I1(hk,k)2

= I2(h⊗2
k,1) + · · · + I2(h⊗2

k,k) + k = I2(gk) + k

where for k ≥ 1, we use the notation

gk = h⊗2
k,1 + · · · h⊗2

k,k . (9)

Similarly, the random variable Ck defined by (3) can be written as

Ck =
I2(gk)
k

+ 1. (10)

. The negligible part

In this section we estimate the negligible part of the sequence (TN )N≥1 given by (4). This negligible part will be
omposed by the remainder RN given by (8) and from other summands derived from SN which will appear when we
se the Taylor expansion of the logarithm function.
Let us start with the following lemmas which will give and estimate of the summand (8).

emma 2. For i = 1, 2, we have

E
⏐⏐⏐log(Ci)1|Ci−1|> 1

2

⏐⏐⏐ ≤ C

ith C > 0 an universal constant.

roof. Assume first i = 1 and recall that C1 ∼ Z2 where Z ∼ N(0, 1). Consequently, C1 ∼ Γ
( 1
2 ,

1
2

)
(we denoted by Γ the

amma function) and

E
⏐⏐⏐log(C1)1|C1−1|> 1

2

⏐⏐⏐ = C
∫

∞

0
| log(x)|x−

1
2 e−

1
2 x1

|x−1|> 1
2
dx

= C
∫

∞

3
2

log(x)x−
1
2 e−

1
2 xdx

− C
∫ 1

2

0
log(x)x−

1
2 e−

1
2 xdx := I1 + I2

ince 0 < log(x) ≤ x − 1 for x > 1 we have

I1 ≤ C
∫

∞

3
2

x
1
2 e−

1
2 xdx ≤ C .

For I2, by bounding the exponential function by 1 and with the change of variables − log(x) = y we get

I2 ≤ C
∫

∞

ye−
1
2 ydy ≤ C .
log(2)

3
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Let us assume now i = 2 and recall that C2
(d)
=

Z21+Z22
2 with Z1, Z2 independent standard normal random variables.

Therefore C2 ∼ Exp(1) (the exponential distribution with parameter 1) and we have without difficulty

E
⏐⏐⏐log(C2)1|C2−1|> 1

2

⏐⏐⏐ =

∫
∞

0
| log(x)|e−x1

|x−1|> 1
2
dx

=

∫
∞

3
2

log(x)e−xdx +

∫ 1
2

0
− log(x)e−xdx ≤ C . ■

emma 3. For N ≥ 1, we have

E

⏐⏐⏐⏐⏐
N∑

k=3

log(Ck)1|Ck−1|> 1
2

⏐⏐⏐⏐⏐ ≤ C

with C > 0 not depending on N.

Proof. By definition

Ck ∼
Z2
1 + · · · + Z2

k

k
with Z1, . . . , Zk standard Gaussian independent random variables. We have, for every k ≥ 3

E
⏐⏐⏐log(Ck)1|Ck−1|> 1

2

⏐⏐⏐ = E log(Ck)1Ck>
3
2

− E log(Ck)10≤Ck<
1
2

= a1,k + a2,k.

o deal with a2,k, we use the inequality − log(x) ≤
1
x − 1 for x ∈ (0, 1). So

a2,k ≤ E
(

1
Ck

− 1
)
10≤Ck<

1
2

≤ E
1
Ck

10≤Ck<
1
2

≤ kE
(

1
Z2
1 + Z2

2 + Z2
3
10≤Ck<

1
2

)
here we used k ≥ 3. Take p ∈

(
1, 3

2

)
. Then

a2,k ≤ k
(
E
(

1
Z2
1 + Z2

2 + Z2
3

)p) 1
p
(
P(0 ≤ Ck <

1
2
)
) p−1

p

and, since the density of Z2
1 + · · · + Z2

k is f (x) = 2−
k
2 1
Γ

(
k
2

)x k
2 −1e−

1
2 x1x>0, we have

E
(

1
Z2
1 + Z2

2 + Z2
3

)p

= C
∫

∞

0
x−p+ 1

2 e−
1
2 xdx < C

since p < 3
2 . Consequently, since

(
0 ≤ Ck <

1
2

)
⊂
(
|Ck − 1| > 1

2

)
, we obtain, for every a ≥ 1, via Lemma 1,

a2,k ≤ Ck
(
P(0 ≤ Ck <

1
2
)
) p−1

p

≤ Ck
(
P(|Ck − 1| >

1
2
)
) p−1

p

≤ Ck
(
E|Ck − 1|a

) p−1
p ≤ Ck1−

a
2

p−1
p

nd hence, by choosing a sufficiently large,
N∑

k=3

a2,k ≤ C
∞∑
k=3

k1−
a
2

p−1
p ≤ C . (11)

o handle the summand a1,k, we use the bound log(x) ≤ x − 1 ≤ x for x ∈ (1,∞). Then for every p ≥ 2,

a1,k ≤ E
(
|Ck − 1|1Ck>

3
2

)
≤
(
E|Ck − 1|2

) 1
2

(
P
(
Ck ≥

3
2

)) 1
2

≤
(
E|Ck − 1|2

) 1
2

(
P
(

|Ck − 1| ≥
1
2

)) 1
2

≤ C
(
E|C − 1|2

) 1
2
(
E|C − 1|p

) 1
2 ≤ C k−

1
2 −

p
4 .
p k k p

4
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y choosing p large enough, we get
N∑

k=3

a1,k ≤ Cp

∑
k≥3

k−
1
2 −

p
4 ≤ C . (12)

he conclusion follows by (11) and (12). ■

Let us conclude the estimation of the remainder RN .

Corollary 1. Let RN be given by (8). Then for every N ≥ 1,

E|RN | ≤ C
1

√
log(N)

.

roof. The result is an immediate consequence of Lemmas 2 and 3. ■

Next, we analyze the sequence SN defined by (7), i.e.

SN =
1

√
2 log(N)

[
log(N) +

N∑
k=1

log(Ck)1|Ck−1|≤ 1
2

]
or every N ≥ 1. By using the expansion of the logarithm function

log(1 + x) = x −
x2

2
+

x3

3(1 + θx)3

for x ∈ (−1, 1) with θ ∈ (0, 1) (which depends on x), we can write

log(Ck)1|Ck−1|≤ 1
2

= (Ck − 1)1
|Ck−1|≤ 1

2
−

1
2
(Ck − 1)21

|Ck−1|≤ 1
2

+
(Ck − 1)3

3(1 + θ (Ck − 1))3
1

|Ck−1|≤ 1
2

with θ ∈ (0, 1) a random point depending on Ck. Moreover,

log(Ck)1|Ck−1|≤ 1
2

= (Ck − 1) − (Ck − 1)1
|Ck−1|> 1

2
−

1
2
(Ck − 1)2

+
1
2
(Ck − 1)21

|Ck−1|> 1
2

+
(Ck − 1)3

3(1 + θ (Ck − 1))3
1

|Ck−1|≤ 1
2
.

Consequently, for every N ≥ 1,

SN = SN,1 + SN,2 + SN,3 + SN,4 + SN,5

where

SN,1 :=
1

√
2 log(N)

N∑
k=1

(Ck − 1)

SN,2 := −
1

√
2 log(N)

N∑
k=1

(Ck − 1)1
|Ck−1|> 1

2

SN,3 :=
1

√
2 log(N)

N∑
k=1

1
2
(Ck − 1)21

|Ck−1|> 1
2

SN,4 := −
1

√
2 log(N)

(
N∑

k=1

1
2
(Ck − 1)2 − log(N)

)

SN,5 :=
1

√
2 log(N)

N∑
k=1

(Ck − 1)3

3(1 + θ (Ck − 1))3
1

|Ck−1|≤ 1
2
. (13)

e will analyze separately the five summands from above. Actually, we show that SN,i, i = 2, 3, 4, 5 converge to zero in
L1(Ω) as N → ∞ while the dominant term S will be treated via Malliavin calculus.
N,1

5
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emma 4. Let SN,j, j = 1, . . . , 5 be given by (13). Then, for j = 2, 3, 5,

E|SN,j| ≤ C
1

√
log(N)

(14)

ith C > 0 not depending on N.

roof. Let us start with the summand SN,5. We use the inequality

|x|3

|1 + θx|3
≤ 8|x|3

for θ ∈ (0, 1) and |x| ≤
1
2 and we get

E|SN,5| ≤ C
1

√
log(N)

N∑
k=1

E|Ck − 1|3

≤ C
1

√
log(N)

N∑
k=1

k−
3
2 ≤ C

1
√
log(N)

.

For the term SN,3, we write, by using Markov inequality and Lemma 1, with p ≥ 2,

E|SN,3| ≤ C
1

√
log(N)

N∑
k=1

E
(
|Ck − 1|21

|Ck−1|> 1
2

)
≤ C

1
√
log(N)

N∑
k=1

(
E|Ck − 1|4

) 1
2

(
P(|Ck − 1| >

1
2
)
) 1

2

≤ C
1

√
log(N)

N∑
k=1

(
E|Ck − 1|4

) 1
2
(
E|Ck − 1|p

) 1
2

≤ C
1

√
log(N)

N∑
k=1

k−1− p
4 ≤ C

1
√
log(N)

y choosing p sufficiently large. The summand SN,2 can be treated similarly. Indeed, by using the inequality |Ck−1|1|Ck−1|> 1
2

2|Ck − 1|21
|Ck−1|> 1

2
, we get

E|SN,2| ≤ C
1

√
log(N)

N∑
k=1

E
(
|Ck − 1|1

|Ck−1|> 1
2

)
≤ C

1
√
log(N)

N∑
k=1

E
(
|Ck − 1|21

|Ck−1|> 1
2

)
≤ C

1
√
log(N)

by using the above estimate for E|SN,3|. ■

Let us analyze the term SN,4 given by

SN,4 = −
1

√
2 log(N)

(
N∑

k=1

1
2
(Ck − 1)2 − log(N)

)
.

emma 5. Consider the sequence SN,4 given by (13). Then, for every N ≥ 1, with C > 0 an universal constant,

E|SN,4|2 ≤ C
1

log(N)
.

roof. Recall (see (10)) that Ck − 1 =
1
k I2(gk) for every k ≥ 1 where the term gk is given by (9). By the product form-

la (28),

(Ck − 1)2 =
1
k2

I2(gk)2

=
1
k2

[I4(gk ⊗ gk) + 4I2(gk ⊗1 gk)] + E(Ck − 1)2

=
1

[I4(gk ⊗ gk) + 4I2(gk ⊗1 gk)] +
2

k2 k
6
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here we used E(Ck − 1)2 =
2
k . Consequently,

SN,4 =
−1

√
2 log(N)

[
1
2

N∑
k=1

1
k2
(I4(gk ⊗ gk) + 4I2(gk ⊗1 gk))

+

N∑
k=1

1
k

− log(N)

]
. (15)

ia the behavior of the partial sum of the divergent harmonic series
N∑

k=1

1
k

= log(N) + γ + O
(

1
N

)
(16)

ith γ the Euler–Mascheroni constant, we get from (15) (in the sequel we denote by ⟨·, ·⟩ and ∥ · ∥ the scalar product
nd the norm in H , respectively)

E|SN,4|2 ≤ C
1

log(N)
E

(
N∑

k=1

1
k2
(I4(gk ⊗ gk) + 4I2(gk ⊗1 gk))

)2

+ C
1

log(N)

= C
1

log(N)

N∑
k,l=1

1
k2l2

(
4!⟨gk⊗̃gk, gl⊗̃gl⟩ + 32⟨gk⊗̃1gk, gl⊗̃1gl⟩

)
+ C

1
log(N)

y the expression of the kernel gk in (9), we notice the following facts:

1. For every k ≥ 1,

gk⊗̃1gk = gk ⊗1 gk = gk.

2.

⟨gk, gl⟩ =

{
k, if k = l
0, if k ̸= l.

(17)

3. For k, l = 1, . . . ,N ,

⟨gk⊗̃gk, gl⊗̃gl⟩ = 0 for k ̸= l.

e arrive at the following estimate

E|SN,4|2 ≤ C
1

log(N)

N∑
k=1

1
k4
[
∥gk⊗̃gk∥2

+ ∥gk∥2]
+ C

1
log(N)

and since

∥gk⊗̃gk∥2
≤ ∥gk ⊗ gk∥2

= ∥gk∥4
= k2,

we will have

E|SN,4|2 ≤ C
1

log(N)

[
1 +

N∑
k=1

(
1
k2

+
1
k3

)]
≤ C

1
log(N)

. ■

4. The dominant part and the rate of convergence

Let us finally deal with the sequence SN,1 from (13) i.e.

SN,1 =
1

√
2 log(N)

N∑
(Ck − 1).
k=1

7
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e know (see e.g. Rempala and Wesolowski (2005), Bourgade and Mody (2019) and Nguyen and Vu (2014)) that the
equence (SN,1,N ≥ 1) converges in distribution to the standard normal law. Our purpose is to find its rate of convergence
nder the Kolmogorov, total variation, 1-Wasserstein or Fortet–Mourier metrics. Let us recall the definition of these
etrics. If X, Y are two real-valued random variables, the usual way to define the distance between the law of X and

the law of Y is to set

d(X, Y ) = sup
h∈A

|Eh(X) − Eh(Y )| (18)

where A is a suitable class of functions. If A = {1(−∞,z], z ∈ R} then (18) gives the Kolmogorov distance, if A = {1A, A ∈

B(R)}, then we have the total variation distance, when A = {h : R → R, ∥h∥Lip ≤ 1} we have the 1–Wasserstein distance
and for A = {h : R → R, ∥h∥Lip + ∥h∥∞ ≤ 1} we obtain in (18) the Fortet–Mourier distance. By ∥ · ∥Lip we denoted the
Lipschitz norm.

The recent Stein–Malliavin theory (see Nourdin and Peccati (2012)) represents a method to find an explicit bound for
the distance between the law of a sequence (GN )N≥1 of random variables in a Wiener chaos of fixed order and the normal
law. We refer, among others, to Nualart and Ortiz-Latorre (2009), Nourdin and Peccati (2009, 2012) and the references
therein for more details. The notation in the below statement are those from Appendix.

Theorem 1. Fix q ≥ 1. Assume that (GN )N≥1 = (Iq(gN ))N≥1 with gN ∈ H⊙q, a sequence of random variables belonging to the
qth Wiener chaos such that:

E(G2
N ) −→

N→∞

σ 2.

Then, GN converges in law to Z ∼ N (0, σ 2) if and only if

∥DGN∥
2
H −→

N→∞

qσ 2.

Furthermore,

d
(
GN ,N (0, σ 2)

)
≤ C

(√
Var

(
∥DGN∥

2
H

)
+

√
E
(
∥DGN∥

2
H

)
− qσ 2

)
. (19)

The result in Theorem 1 can be applied to the sequence SN,1 because this sequence belongs to the second Wiener
chaos. Indeed, by (10),

SN,1 =
1

√
2 log(N)

N∑
k=1

1
k
I2(gk) = I2(fN ) (20)

ith

fN =
1

√
2 log(N)

N∑
k=1

1
k
gk.

We will prove the following result. Below d is one of the distances defined before Theorem 1 (Kolmogorov, total variation,
1-Wasserstein or Fortet–Mourier distance).

Theorem 2. Let SN,1 be given by (13). Then for N large enough,

d(SN,1,N(0, 1)) ≤ C
1

√
log(N)

.

roof. Let us notice that, via (17),

ES2N,1 =
1

2 log(N)
2

N∑
k,l=1

1
kl

⟨gk, gl⟩

=
1

log(N)

N∑
k=1

1
k2

∥gk∥2
=

1
log(N)

N∑
k=1

1
k

→N→∞ 1

and by using (16), for N sufficiently large,⏐⏐E|SN,1|2 − 1
⏐⏐ ≤ C

1
. (21)
log(N)
8
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a

a

T

T

P

B

w

The Malliavin derivative of SN,1 reads

DSN,1 =
2

√
2 log(N)

N∑
k=1

1
k

(
hk,1I1(hk,1) + · · · + hk,kI1(hk,k)

)
nd then, since ⟨hk,i, hl,j⟩ = 0 if k ̸= l or i ̸= j,

∥DSN,1∥2
=

4
2 log(N)

N∑
k,l=1

1
kl

⟨

k∑
i=1

hk,iI1(hk,i),
l∑

j=1

hl,jI1(hl,j)⟩

=
2

log(N)

N∑
k=1

1
k2

k∑
i=1

I1(hk,i)2 =
2

log(N)

N∑
k=1

1
k2

k∑
i=1

(
I2(h⊗2

k,i ) + 1
)

=
2

log(N)

N∑
k=1

1
k2

I2(gk) +
2

log(N)

N∑
k=1

1
k
.

We have

E∥DSN,1∥2
=

2
log(N)

N∑
k=1

1
k

nd by (17),

Var
(
∥DSN,1∥2)

= E

(
2

log(N)

N∑
k=1

1
k2

I2(gk)

)2

=
8

log(N)2

N∑
k,l=1

1
k2l2

⟨gk, gl⟩

=
8

log(N)2

N∑
k=1

1
k4

∥gk∥2
=

8
log(N)2

N∑
k=1

1
k3

and therefore

Var
(
∥DSN,1∥2)

≤ C
1

log(N)2
. (22)

he conclusion is obtained by (21) and (22) via Theorem 1, by noticing that⏐⏐E∥DSN,1∥2
− 2

⏐⏐ = 2
⏐⏐ES2N,1 − 1

⏐⏐ ≤ C
1

log(N)
. ■

Below, dW will stand for the 1-Wasserstein distance.

heorem 3. Consider the sequence (TN ,N ≥ 1) given by (4). Then TN
(d)
→ N(0, 1) and for N large

dW (TN ,N(0, 1)) ≤ C
1

√
log(N)

. (23)

roof. By the decomposition (6) and the triangle inequality,

dW (TN ,N(0, 1)) ≤ dW (SN,1,N(0, 1)) + dW (TN , SN,1).

y Theorem 2, dW (SN,1,N(0, 1)) ≤ C 1
√
log(N) while by the definition of the 1-Wasserstein distance,

dW (TN , SN,1) ≤ E|TN − SN,1| ≤ E

⏐⏐⏐⏐⏐RN +

5∑
i=2

SN,i

⏐⏐⏐⏐⏐
≤ E

⏐⏐⏐⏐⏐RN +

∑
i=2,3,5

SN,i

⏐⏐⏐⏐⏐+ (
E
⏐⏐SN,4⏐⏐2) 1

2

≤ C
1

√
log(N)

here we used Corollary 1, Lemmas 4 and 5. ■
9
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. Application to random determinants

Let us consider a n × n random matrix Xn = (xi,j)1≤i,j≤n and denote by Xj its jth column vector, i.e. Xj =

x1,j, x2,j, . . . , xn,j)T for j = 1, . . . , n. Assume that the random vectors (Xj, j = 1, . . . , n) are independent and

Xj ∼ N(0,Σ)

where Σ is an invertible matrix. We also denote by Wn the associated Wishart matrix,
i.e. Wn = XnX T

n . Then we have the following result.

Theorem 4. Let the above notation prevail. For every N ≥ 1, let

UN =
1

√
2 logN

[log(detWN ) − log(detΣ) − log(N − 1)!] . (24)

hen the sequence (UN )N≥1 convergence in law to the standard normal distribution and for N large enough

dW (UN ,N(0, 1)) ≤ C
1

√
logN

.

Proof. It is well-known (see e.g. Theorem 4 in Rempala andWesolowski (2005)) that (
(d)
= means the equality in distribution)

detWn

detΣ
(d)
=

N∏
k=1

(
k∑

l=1

Y 2
k,l

)
(d)
=

N∏
k=1

Sk

here (Yk,l, k ≥ 1, l = 1, . . . , k) are i.i.d. standard normal random variables and Sk is given by (2). It then suffices to apply
Theorem 3. ■

We can also write the above result as(
det(WN )

det(Σ)(N − 1)!

) 1√
2 log(N)

→
(d)
= eZ

where Z ∼ N(0, 1). Concerning the determinant of the random matrix Xn described at the beginning of this section, we
can write

1
√
2 logN

[2 log | detXn| − log(det(Σ)) − log(N − 1)!]
(d)
= N(0, 1)

nd

dW

(
1

√
2 logN

[2 log | detXn| − log(det(Σ)) − log(N − 1)!] ,N(0, 1)
)

≤ C
1

√
logN

.
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ppendix

Here, we shall only recall some elementary facts; our main reference is Nualart (2006). Consider H a real separable
nfinite-dimensional Hilbert space with its associated inner product ⟨., .⟩H, and (B(ϕ), ϕ ∈ H) an isonormal Gaussian
rocess on a probability space (Ω,F,P), which is a centered Gaussian family of random variables such that E (B(ϕ)B(ψ)) =

ϕ,ψ⟩H, for every ϕ,ψ ∈ H. Denote by Iq the qth multiple stochastic integral with respect to B. This Iq is actually
n isometry between the Hilbert space H⊙q (symmetric tensor product) equipped with the scaled norm 1

√
q!∥ · ∥H⊗q

nd the Wiener chaos of order q, which is defined as the closed linear span of the random variables Hq(B(ϕ)) where
∈ H, ∥ϕ∥H = 1 and Hq is the Hermite polynomial of degree q ≥ 1 defined by:

Hq(x) = (−1)q exp
(
x2
)

dq

q

(
exp

(
−

x2
))

, x ∈ R. (25)

2 dx 2

10
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he isometry of multiple integrals can be written as: for p, q ≥ 1, f ∈ H⊗p and g ∈ H⊗q,

E
(
Ip(f )Iq(g)

)
=

{
q!⟨f̃ , g̃⟩H⊗q if p = q

0 otherwise
(26)

here f̃ denotes the canonical symmetrization of f and it is defined by:

f̃ (x1, . . . , xq) =
1
q!

∑
σ∈Sq

f (xσ (1), . . . , xσ (q)),

in which the sum runs over all permutations σ of {1, . . . , q}. It also holds that:

Iq(f ) = Iq
(
f̃
)
.

In the particular case when H = L2(T ,B(T ), λ) (λ being the Lebesgue measure), the rth contraction f ⊗r g is the element
of H⊗(p+q−2r), which is defined by:

(f ⊗r g)(s1, . . . , sp−r , t1, . . . , tq−r )

=

∫
T r

du1 . . . dur f (s1, . . . , sp−r , u1, . . . , ur )g(t1, . . . , tq−r , u1, . . . , ur ), (27)

or every f ∈ L2(T p), g ∈ L2(T q) and r = 1, . . . , p ∧ q. By f ⊗̃lg we denote the symmetrization of the contraction f ⊗l g .
The product for two multiple integrals can be expanded into a sum of multiple integrals (see Nualart (2006)): if

f ∈ L2(T n) and g ∈ L2(Tm) are symmetric functions, then it holds that

In(f )Im(g) =

m∧n∑
l=0

l!C l
mC

l
nIm+n−2l(f ⊗l g). (28)

Let S be the class of smooth functionals of the form

F = f (Bt1 , . . . , Btn ), t1, . . . , tn ∈ T , (29)

with f ∈ C∞(Rn) with at most polynomial growth (for f and its derivatives). For the random variable (29) we define its
Malliavin derivative with respect to B by

DtF =

n∑
i=1

∂ f
∂xi

(Bt1 , . . . , Btn )1[0,ti](t), t ∈ T .

The operator D is an unbounded closable operator and it can be extended to the closure of S with respect to the
Malliavin–Sobolev norm

∥F∥
p
k,p = E|F |

p
+

k∑
j=1

E∥D(j)F∥
p
L2(T j)

, F ∈ S, p ≥ 2, k ≥ 1. (30)

where D(j) stands for the jth iterated Malliavin derivative. This closure will be denoted by Dk, p.
The Malliavin derivative D acts on the Wiener chaos as an annihilation operator: if F = In(f ) with f ∈ L2(T n) symmetric,

hen DtF = nIn−1(f (·, t)) where ‘‘·’’ stands for n−1 variables in T . The pseudo-inverse of the Ornstein–Uhlenbeck operator,
enoted by L−1, acts as follows: if F = In(f ) with n ≥ 1, then −L−1F =

1
nF .
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