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1. Introduction

Since several decades, the study of the distribution of the determinant of a random matrix constitutes a problem of
interest for many researchers in probability theory. The first studies in this direction concerned the moments of a random
determinant, see among others Forsythe and Tukey (1952), Nyquist et al. (1954), Prékopa (1967) or Turan (1955). Later, a
further step in the analysis of the determinants of random matrices was to show that it satisfies a Central Limit Theorem
(CLT in the sequel). Let X, be a n x n random matrix and assume that its entries are standard Gaussian independent
random variables. Then it has been shown in Goodman (1963) that, as n — oo,

log(| det A,|) — 3 1 - 1)
og(| det x;|) — 5 log(n )ﬂN(o,n (1)

1 logn

where —(@ stands for the convergence in distribution and N(0, 1) denotes the standard normal distribution. The
extensions of the above result to a more general situation (when the entries of the random matrix &), are not Gaussian or
not independent) are due, among others, to Bourgade and Mody (2019), Nguyen and Vu (2014), Rempala and Wesolowski
(2005) or Bao et al. (2015). The rate of convergence for the limit theorem (1) has been studied in Nguyen and Vu (2014).
It has been shown that the Kolmogorov distance between the left-hand side of (1) and the standard Gaussian law is of

1
order less than log=3+" " n,
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Our purpose is to estimate the 1-Wasserstein distance corresponding to the CLT (1) via the techniques of the Stein-
Malliavin calculus. We will assume that the entries of the starting matrix &, have Gaussian distribution but they are not
necessarily mutually independent. As noticed in Goodman (1963) or Rempala and Wesolowski (2005), det(X,f) can be
expressed as a product of sums of independent chi-square random variables. We will then focus of the analysis of such a
product of sums, by improving the results in Arnold and Villasenor (1998) or Rempala and Wesolowski (2005, 2002). We
decompose it into a negligible part (whose L'(£2)-norm can be relatively easily estimated) and a dominant part which can
be decomposed in Wiener chaos and whose rate of convergence to the normal distribution can be analyzed by the tools
of Malliavin calculus. We obtain a rate of convergence of order log‘% n which improves the result for the Kolmogorov
distance obtained in Nguyen and Vu (2014).

We organized our work as follows. Section 2 is devoted to the notation and the description of the general context of
this work. In Section 3 we estimate the negligible part of a product of sums of chi-square-distributed random variables.
In Section 4 we apply the tools of the Malliavin calculus in order to evaluate the distance between the dominant part of
such a product of sums and we deduce its rate of convergence under the 1-Wasserstein distance. Section 4 contains the
application to random determinants while (the Appendix) contains some elements of the Malliavin calculus needed in
this work.

2. Products of sums of chi-square random variables
This part is consecrated to the presentation of the problem and to some notation.
2.1. The settings
Let H be a real and separable Hilbert space and let (W(h), h € H) be an isonormal Gaussian process (see the Appendix).

Let (Xk,,, k>1,1=1,..., k) be a family of independent real-valued random variables with standard normal distribution,
ie. Xk ~N(,1)fork>1and [ =1,...,k We will assume

Xey = W(he) = Ii(hgg) fork > 1,1=1, ...,k

where (hy;, k > 1,1 = 1, ..., k) are orthogonal elements in H and I; denotes the multiple integral of order g > 1 with
respect to W. Denote, for k > 1,
Sk=Xi1+...+Xk%k 2)
and
Sk
G=— 3)

We will need the following lemma (see e.g. Lemma 1 in Rempala and Wesolowski (2005), which is borrowed from Lee
(1990)).

Lemma 1. For k > 1, let C, be given by (3). Then for every k > 1 and p > 2
E|G— 1] <Dk "
with D, > 0 not depending on k.

For N > 1, we define

; N
Ty = WA <; log(Cy) + log(N )) Zlog (l g [n Sk> log(N l)!:| ) (4)

We know that (see e.g. Rempala and Wesolowski (2005))

Tv @ N0, 1) as N — oo. (5)

Our purpose is to find the rate of convergence in the above limit theorem. The idea is to write Ty as the sum of a negligible
part whose L'(£2) norm can be evaluated by standard calculation and a dominant part which fits with the Stein-Malliavin
calculus. More precisely, we will decompose Ty as follows

N N
1
Ty = T [log(N)—i— > log(Clgq21 + Zlog(Ck)lckbg]
k=1

k=1
1 N
= 5T [log(N)+ Zlog(C,<)1|Ck”<;:|

k=1
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N
1
t T [Z 10g(Ci)1y¢, 1. 1 +108(C1)1 ¢ yo1 + log(C2)1|C21|>;:|
k=3
=Sy +Ry (6)
where
r N
S L log(N) + > _ log(G)1 1} (7)
N AT ] ko ie-11=4
+/210g(N) i e k 2
and
B N
R ! log(Cy)1 + log(Cy)1 + ) log(G)1 } (8)
N = "o e 1> 1 2) -1 1 kK ge-1>1 ]+
v2log(N) | =7 o~ k=72
2.2. Chaos expansion
For every k > 1,1 =1, ..., k, we can express the random variable X ; as X ; = I1(hx) where I; denotes the multiple

integral of order ¢ > 1 with respect to the isonormal process W. Thus we can also write for every k > 1,

Sk = hilthi1 ) + (o) + - - - + Li(her )
= LW + -+ L(hE) + k= hL(g) + k

where for k > 1, we use the notation

g =hg7 + - hi;. 9)
Similarly, the random variable C; defined by (3) can be written as
I
G = 2(’fk) 1 (10)

3. The negligible part

In this section we estimate the negligible part of the sequence (Ty)y>1 given by (4). This negligible part will be
composed by the remainder Ry given by (8) and from other summands derived from Sy which will appear when we
use the Taylor expansion of the logarithm function.

Let us start with the following lemmas which will give and estimate of the summand (8).

Lemma 2. Fori=1, 2, we have

E |log(Ci)1 <C

Ic—11>1

with C > 0 an universal constant.

Proof. Assume first i = 1 and recall that C; ~ Z% where Z ~ N(0, 1). Consequently, C; ~ I (% %) (we denoted by I" the
gamma function) and

E log(Cl)l‘

o0
= C/o |log(x)lx_%e_%"llxqb%dx

1
C1-1>3

o 1 1
= C/ log(x)x~2e™ 2%dx

2
1

2
—C/ log(x)x’%e’%"dx =hL+Dh
0
Since 0 < log(x) < x — 1 for x > 1 we have

o 1 1
L < C/ xze 2%dx < C.
3
2
For I,, by bounding the exponential function by 1 and with the change of variables — log(x) = y we get

o 1
L < C/ ye~2¥dy < C.
log(2)
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. 22+73
Let us assume now i = 2 and recall that C; = @zt

Therefore C; ~ Exp(1) (the exponential distribution with parameter 1) and we have without difficulty

[e ]
:/(; | log(x)|e™™ 1, 1|>ldx

E lOg(CZ)l\c2—1|>%
1

*© 2
:/ log(x)e"‘dx—f—/ —log(x)e*dx <C. =
3 0

2

Lemma 3. For N > 1, we have

N
E| D log(Cliq, .1
k=3

with C > 0 not depending on N.

<C

Proof. By definition
4427
k
with Z1, ..., Z standard Gaussian independent random variables. We have, for every k > 3

Ck’\*

E|log(C)1 c, . 1| = Elog(G) g, 5 — Elog(CTo_,y = ari+ .

To deal with a k, we use the inequality — log(x) < % — 1forx € (0, 1). So

1 1
i <E (C—k - 1) locg<3 = B locg<

1
< KE( o———— 1
= (z$+z§+z§ °fq<<%>

where we used k > 3. Take p € ( ) Then

k ! P% 0<( ! pp%]
Gk <k|\E| 55— PO<C, < —
2= ( (Z%+Z§+Z§>> (( - )>

and, since the density of Z? + - - - + Z2 is f(x) = 275 (1 )x%‘le‘%*1x>0, we have

1 p o 11
E|5—— ) = C/ xPTae72%dx < C
i+ 275+ 75 0

\]

~
[T

since p < 2. Consequently, since (0 < Gy < 3) C (ICx — 1] > ), we obtain, for every a > 1, via Lemma 1,

IA

1 p’%l 1 pT
Ck (P(O <G < 7)> <k (P(|Ck —1 > 7))

as
: 2

N

p—1 p—1

Ck(EIG—1%) 7 <ck'"2%

IA

and hence, by choosing a sufficiently large,

Za2k<CZk %pT <C

To handle the summand ay x, we use the bound log(x) < x — 1 < x for x € (1, co). Then for every p > 2,

IA
.

aq k

E<|Ck—1|]ck>%)f(E|C"_1|)]< < ))
(EIG — 1|2)% (P ('C" —li= 2))

Gy (EIG—11) (EICe — 1P)? < G35,

IA
—

IA

Tz with Z;, Z, independent standard normal random variables.

(11)



C.-P. Diez and CA. Tudor

By choosing p large enough, we get

Za1k < Cka_% i <C

k>3

The conclusion follows by (11) and (12). =

Let us conclude the estimation of the remainder Ry.
Corollary 1. Let Ry be given by (8). Then for every N > 1,

EIRy| < C——.
Rl = o

Proof. The result is an immediate consequence of Lemmas 2 and 3.

Next, we analyze the sequence Sy defined by (7), i.e.

1
Sy = W |:10g Zlog Ck [Ce—1]< ;:|

for every N > 1. By using the expansion of the logarithm function

x> x3
log(1 X)=X— — T ——
g(1+x) 2 T3t oxp

for x € (—1, 1) with 8 € (0, 1) (which depends on x), we can write

log(Ci)Tjg,—qj<3 = (Ce = Dl _q<1 — %(Ck g a=s
(Ck - 1)3 1
3(1+0(C — 1) 1%11=3
with 8 € (0, 1) a random point depending on C,. Moreover,
1

lOg(Ck)]Kk,”S% = (Ck - 1) - (Ck - 1)1‘(‘,{,1‘>% - 5(Ck - 1)2

+ %(Ck - 1)21|Ck7”>%
(G — 1)} 1 1
3(14+6(C — 1)) 16 =z"
Consequently, for every N > 1,
Sv =5n.1+ SN2+ Sv3+Sva+Shs
where

SN,1 = ,721 g Z(Ck - 1)

N

Sng = e ¥ (G — 1)1
N,2 210g(N) ;( k ) \Cl<—1|>%

1 Noq

(Ge—1)°
SN = E 1
N> ./2log 31+ 6(Ce— 1)) lG-1i=

k 1

Statistics and Probability Letters 197 (2023) 109804

(13)

We will analyze separately the five summands from above. Actually, we show that Sy ;, i = 2, 3, 4, 5 converge to zero in
L'(£2) as N — oo while the dominant term Sn,1 will be treated via Malliavin calculus.

5
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Lemma 4. LetSyj,j=1,...,5 be given by (13). Then, for j =2, 3,5,

1
ElSyjl < C(— 14
ISl = Tog(N) (14)

with C > 0 not depending on N.
Proof. Let us start with the summand Sy 5. We use the inequality
3
X
% < 8Jx]®
|1+ 6x|

for € (0, 1) and |x| < 5 and we get

| /\

E[Sy s log ZEICk - 1P

3 1
Ci k72 < C—.
—  4/log(N) ; (0= +/l1og(N)

For the term Sy 3, we write, by using Markov inequality and Lemma 1, with p > 2,

E|Sy 3]

1
ECWZ (16 =171

1 1 1\?
C—— EC—142<PC—1 7>
mé(u ) (PUG— 11> 2)

1 N 1
< C Z (EIC — 11*)2 (EIG — 1PP)

IA

[N

1
,], p
«/log Z - log(N)

by choosing p sufficiently large. The summand Sy , can be treated similarly. Indeed, by using the inequality |C,_1|1 11>

<2|Ck—1|21‘c 1)1 We get

E[Sn 2|

= \/;Z ('Ck |ck—1|>%)

1
\/WZEOC" lige-1>1 >§CW

by using the above estimate for E[Sy3|. W

Let us analyze the term Sy 4 given by
SNa= G—1)Y—1lo
NA S s log (Z ~(Gc— 17 — log(N ))

Lemma 5. Consider the sequence Sy 4 given by (13). Then, for every N > 1, with C > 0 an universal constant,

E|S |2<C;
" T logN)’

Proof. Recall (see (10)) that G, — 1 = Tl(lz(gk) for every k > 1 where the term g is given by (9). By the product form-
ula (28),

(Ce— 17 = k712( 2,
1
= kiz [14(gk ®gk) + 412(gk &1 gk)] + F‘(Ck _ 1)2

1 2
=2 [I4(gk ® gk) + 42 (gk ®1 &)] + %
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where we used E(C; — 1) = % Consequently,

~1 1 1
Sva= — | =Y = + 4l
N4 = o [2 E: iz (4(8x ® 8) + 412 (g ®1 81)

+Z——log j| (15)

Via the behav1or of the partial sum of the divergent harmonic series

AR 1
> :log(N)+y+O<) (16)
k N
k=1
with y the Euler-Mascheroni constant, we get from (15) (in the sequel we denote by (-, -) and || - || the scalar product

and the norm in H, respectively)

N 2
1 1
ElSyal® < Co——E (Y - (la(g ® &) + 4ha(gk ®1 &)
) — k

log(N

C——

log(N)

N
=¢ — (4 Be, 8Be) + 32(2&1g. 88

log(N ’;zl k212( (8 R8k, 8181 + 32(grk®18k gz®1g1))
+C 1

log(N)

By the expression of the kernel gi in (9), we notice the following facts:
1. For every k > 1,

D18k = & ®1 8k = &-

k, ifk=1

(&, &) = {0, itk 1. (17)

3. Fork,I=1,...,N,
(@®g. a®g) = 0 for k # L.

We arrive at the following estimate

ElSy.4? < C— l[||g,®gk|| + llgell?]
TT Tlog(N) & kA ET ’
C
log(N)
and since

lee®eil? < llge ® &ll* = llgwll* =

we will have

ElSya2 < C—— 1+i LAV | m
N4 log(N) Z\i2 " 13) |~ Tlog(NY’

4. The dominant part and the rate of convergence

Let us finally deal with the sequence Sy ; from (13) i.e.

SN = ¥Z(Ck = 1)
' +/210g(N) e
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We know (see e.g. Rempala and Wesolowski (2005), Bourgade and Mody (2019) and Nguyen and Vu (2014)) that the
sequence (Sy 1, N > 1) converges in distribution to the standard normal law. Our purpose is to find its rate of convergence
under the Kolmogorov, total variation, 1-Wasserstein or Fortet-Mourier metrics. Let us recall the definition of these
metrics. If X, Y are two real-valued random variables, the usual way to define the distance between the law of X and
the law of Y is to set

d(X,Y) = sup |[Eh(X) — Eh(Y)| (18)
he A
where A is a suitable class of functions. If A = {1(_ ], Z € R} then (18) gives the Kolmogorov distance, if A = {14,A €
B(R)}, then we have the total variation distance, when A = {h: R — R, ||h]|;;p < 1} we have the 1-Wasserstein distance
and for A = {h: R — R, ||hl|1jp + |Ihllec < 1} we obtain in (18) the Fortet-Mourier distance. By || - ||.j, we denoted the
Lipschitz norm.

The recent Stein—Malliavin theory (see Nourdin and Peccati (2012)) represents a method to find an explicit bound for
the distance between the law of a sequence (Gy)y>1 of random variables in a Wiener chaos of fixed order and the normal
law. We refer, among others, to Nualart and Ortiz-Latorre (2009), Nourdin and Peccati (2009, 2012) and the references
therein for more details. The notation in the below statement are those from Appendix.

Theorem 1. Fix q > 1. Assume that (Gy)n>1 = (I4(gn))n=1 With gy € H®Y, a sequence of random variables belonging to the
qth Wiener chaos such that:

EG) =20

Then, Gy converges in law to Z ~ N(0, o) if and only if
IDGy Iy —> qo°.
N—oo

Furthermore,

d (Gy, N0, 02)) < C <\/Var<||DGN||12.;> + \/E<||DGN||,2,> - q02> . (19)

The result in Theorem 1 can be applied to the sequence Sy ; because this sequence belongs to the second Wiener
chaos. Indeed, by (10),

N
1 1
Sni= ——— 3 (g =1 20
N1 Zlog(N);kZ(gk) 2(n) (20)
with
N
1 1
In= 2Tog(N) = k"

We will prove the following result. Below d is one of the distances defined before Theorem 1 (Kolmogorov, total variation,
1-Wasserstein or Fortet-Mourier distance).
Theorem 2. Let Sy 1 be given by (13). Then for N large enough,

1

d(Sy.1,N(0, 1)) < C——.
(Sn,1.N(0, 1)) Tog(N)
Proof. Let us notice that, via (17),

N
1 1
ES2 | = 2§ ,
N1 21og(N) e k1<gk &)

N

1 N
— E 2 _ E SN
= log 2 |gk|| log k N—o0

k: k:

and by using (16), for N sufficiently large,

1
ElSy1P—1] < C—. 21
|E(Sw.11 | < TogN) (21)
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The Malliavin derivative of Sy ; reads

N
2 1
oy 2 (et - ()
k=1

and then, since (hy;, hij) = 0if k 7 [ ori # j,

DSy =

N k
1
DSw,1lI* = S = i), Y hugli(h
” N,l” 210g(N)kl kl<i:1 fe, i1\ ke, i 1jl1 lj)
N k k
2 1 2 1
= — Ii(h )2 = _ h®2 1
log(N) Z k2 Z (ki) log(N) Z k2 ( ( k,i )+ )
k=1 i=1 k=1 i=1
N N
2 1 2 1
= 71 —.
log(\) E 2 2(8k) + og(V) p
k=1 k=1
We have
N
2 1
E[DSy 4 = —— }: 2
ol log(N) k=1 k
and by (17),

Var (||DS111%)

I
™
—
—
(=}
ﬂ )
\_/
I[]=
x| =
|CT"
=
)
s
S~—
[\S]
—
o
LN
=2
=
N
=
=~
|
D
T
&)
=

and therefore

Var (IDSy111%) < €

1
g NF (22)

The conclusion is obtained by (21) and (22) via Theorem 1, by noticing that

|EIDSy,11I> —2| =2 |ES§; — 1| <C

log(N)’
Below, dy, will stand for the 1-Wasserstein distance.

Theorem 3. Consider the sequence (Ty, N > 1) given by (4). Then Ty @ N(0, 1) and for N large
1

dw (T, N(0, 1)) < C
w(Tn. N(0, 1)) Tog(N

(23)

~—

Proof. By the decomposition (6) and the triangle inequality,

dw(Tn, N(0, 1)) < dw(Sn,1, N(0, 1)) + dw(Tn, Sn,1).

By Theorem 2, dw(Sn.1, N(0O, 1)) < Cm while by the definition of the 1-Wasserstein distance,

5

Ry + Z SN.i

i=2

+ (Elswal’)

dw(Tn, Sn,1) < E|Ty —Sn1|l <E

ERv+ Y Sni

i=2,3,5
1

log(N)
where we used Corollary 1, Lemmas 4 and 5. ®

Nj—=
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5. Application to random determinants

Let us consider a n x n random matrix X, = (X;j)i<ij<n and denote by X; its jth column vector, ie. X; =
(X175 X2j5 -+ s xn,j)T for j=1,...,n. Assume that the random vectors (X;,j = 1, ..., n) are independent and
X; ~ N(0, X)

where X' is an invertible matrix. We also denote by W, the associated Wishart matrix,
ie. W, = XanT . Then we have the following result.

Theorem 4. Let the above notation prevail. For every N > 1, let

Uy = [log(det Wy) — log(det X') — log(N — 1)!]. (24)

1
/2logN

Then the sequence (Uy)n>1 convergence in law to the standard normal distribution and for N large enough

1
JIogN'

@
(

Proof. It is well-known (see e.g. Theorem 4 in Rempala and Wesolowski (2005)) that (= means the equality in distribution)

N k N
detWy (a) 2| @
dar - L\ 2Y0) =11

where (Yy, k> 1,1=1,..., k) are ii.d. standard normal random variables and Sy is given by (2). It then suffices to apply
Theorem 3. ®

We can also write the above result as
1
det(Wy) 2log(N) (d)
_ detW) ) W@ oz
det(X)(N — 1)!

where Z ~ N(0, 1). Concerning the determinant of the random matrix X, described at the beginning of this section, we
can write

1 (d)
————— [2log | det &;| — log(det(X)) — log(N — 1)!] = N(0, 1)
/2logN
and
1 1
dw | ——=[2log | det x,,| — log(det(X)) — log(N — 1)!], N(0, 1) | < C .
w( TogN[ og| det X,| — log(det( X)) — log( M, N( )) Tog N
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Appendix

Here, we shall only recall some elementary facts; our main reference is Nualart (2006). Consider # a real separable
infinite-dimensional Hilbert space with its associated inner product (.,.),,, and (B(¢), ¢ € #) an isonormal Gaussian
process on a probability space (§2, §, P), which is a centered Gaussian family of random variables such that E (B(¢)B(vr)) =
(@, V)4, for every ¢, € 7. Denote by I, the gth multiple stochastic integral with respect to B. This I; is actually
an isometry between the Hilbert space #®? (symmetric tensor product) equipped with the scaled norm ﬁll - [l y®a

and the Wiener chaos of order g, which is defined as the closed linear span of the random variables Hy(B(¢)) where
¢ € H, llglly = 1 and Hy is the Hermite polynomial of degree q > 1 defined by:

2 2
Hy(x) = (—1)7exp <%> ;—:q (exp (—%)) , XER. (25)

10
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The isometry of multiple integrals can be written as: for p, ¢ > 1, f € #®P and g € H®9,

Wf,8)pee ifp=
E(’ﬂ(f)lq(g)> = {‘Mvgm ifp=gq

. (26)
0 otherwise

where f denotes the canonical symmetrization of f and it is defined by:
- 1
fx1,...,%g) = a7 Zf(xa(n, S

T oeSy

in which the sum runs over all permutations o of {1, ..., g}. It also holds that:
Iq(f) = Iq (f)

In the particular case when # = L*(T, B(T), A) (= being the Lebesgue measure), the rth contraction f ®; g is the element
of #®P+4-2r) which is defined by:

(f ®r g)(Sl, e 7sp—r, tlv LR} tq—r)
=/ duy...duf(s1, ..., Sp—rs Uty oo, U)g(E, - ooy gy, U, -, Uy, (27)
Tr

for every f € [2(TP), g € [>(T9) and r = 1,...,p A q. By f®,g we denote the symmetrization of the contraction f ®; g.
The product for two multiple integrals can be expanded into a sum of multiple integrals (see Nualart (2006)): if
f € I*(T") and g € [*(T™) are symmetric functions, then it holds that

mAn

L(ln(g) = Y 1ChChlmin—21(f ®18). (28)
1=0

Let S be the class of smooth functionals of the form
F=f(Bt1,...,Btn), t1,...,th €T, (29)

with f € C*°(R") with at most polynomial growth (for f and its derivatives). For the random variable (29) we define its
Malliavin derivative with respect to B by

n

of
DF = —(B¢;, .-, By )1poen(t), teT.
‘ ; x B ) 110.61(0)
The operator D is an unbounded closable operator and it can be extended to the closure of S with respect to the
Malliavin-Sobolev norm

k
IFIE, = EIFIP + Y EIDYF|, . FesSp=z2k=1. (30)
j=1

where DU stands for the jth iterated Malliavin derivative. This closure will be denoted by D*?.

The Malliavin derivative D acts on the Wiener chaos as an annihilation operator: if F = I,(f) with f € L*(T") symmetric,
then D;F = nl,,_1(f(-, t)) where “-” stands for n— 1 variables in T. The pseudo-inverse of the Ornstein-Uhlenbeck operator,
denoted by L™, acts as follows: if F = I,(f) with n > 1, then —L~'F = 1F.
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