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a b s t r a c t

We consider a randomized urn model with objects of finitely many colors. The replace-
ment matrices are random, and are conditionally independent of the color chosen given
the past. Further, the conditional expectations of the replacement matrices are close to
an almost surely irreducible matrix. We obtain almost sure and L1 convergence of the
configuration vector, the proportion vector and the count vector. We show that first
moment is sufficient for i.i.d. replacement matrices independent of past color choices.
This significantly improves the similar results for urn models obtained in Athreya
and Ney (1972) requiring L log+ L moments. For more general adaptive sequence of
replacement matrices, a little more than L log+ L condition is required. Similar results
based on L1 moment assumption alone has been considered independently and in
parallel in Zhang (2018). Finally, using the result, we study a delayed elephant random
walk on the nonnegative orthant in d dimension with random memory.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

We consider an urn with objects of K colors indexed by [K ] = {1, 2, . . . , K }. At discrete time points, we select a color
with probability proportional to its content in the urn, and add more amount of object of each color to the urn following
a randomized rule. For n ≥ 0, consider the configuration vector Cn := (Cn1, . . . , CnK ) where Cni is the amount of color i in
the urn at epoch n. Note that the amount added can be any nonnegative real value. Let χn be the row vector indicating
the color drawn at the nth trial, so that χn = ei, the ith coordinate vector in RK , if the selected color is i. The randomized
rule for adding content to the urn is encoded by a sequence of K × K random matrices (Rn)n≥0, called the replacement
matrices. If χn = ei then Rn;ij amount of color j is added to the urn, for each j ∈ [K ]. Therefore, for n ≥ 1

Cn = Cn−1 + χnRn. (1)

The total content of the urn after nth trial is Sn =
∑K

i=1 Cni. The count vector after nth trial, Nn, giving the number of
times each color is drawn, is Nn =

∑n
k=1 χk. The vectors considered in this article are row vectors, and any column vector

is indicated by transpose. We also use 1 for a row vector of 1’s, whose dimension is clear from the context. In this article
we discuss sufficient conditions for almost sure convergence of Cn, Sn, Nn after suitable scaling.

For n ≥ 1, let Fn be the σ -field generated by C0 and
(
Rm, χm

)n
m=1. The basic assumptions about the evolution of the

urn are the following.
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Assumption 1.1. The adapted sequence ((χn,Rn),Fn)n≥1 satisfies:

(i) The nonzero vector C0 has almost surely nonnegative entries and finite mean.
(ii) For n ≥ 1 and i ∈ [K ], P

(
χn = ei|Fn−1

)
= Cn−1,i/Sn−1.

(iii) Each of the replacement matrices (Rn)n≥1 have finite mean.
(iv) The variables χn and Rn are conditionally independent given Fn−1.

We also assume that the replacement matrices are ‘‘close’’ to an irreducible replacement matrix in an appropriate sense.
Recall that, a square matrix A with nonnegative entries is called irreducible if, for any i, j ∈ [K ], there exists a positive
integer N ≡ Nij, such that the (i, j)-th entry of AN is positive. By Perron–Frobenius theory, the dominant eigenvalue of an
irreducible matrix, namely the eigenvalue having the largest real part, is simple and positive and has corresponding left
and right eigenvectors with all coordinates strictly positive.

For a matrix A, we use the operator norm ρ (A) := maxi
∑

j

⏐⏐Aij
⏐⏐. Further, for an event A, its indicator function is

denoted by 1A. The conditional expectations of the replacement matrices, denoted as Hn−1 := E (Rn|Fn−1), are called the
generating matrices and their truncated version, denoted as H̃n−1 := E

(
Rn1[ρ(Rn)≤n]|Fn−1

)
, are called truncated generating

matrices.

Assumption 1.2. There exists a (possibly random) almost surely irreducible matrix H with nonnegative entries,
such that the truncated generating matrices H̃n converge to H in Cesaro sense in the operator norm almost surely,
i.e., 1

n

∑n−1
k=0 ρ

(
H̃k − H

)
→ 0. The dominant eigenvalue of H is λH and πH is the unique left eigenvector of H corresponding

o λH such that πH has all coordinates strictly positive and is normalized to be a probability vector.

In Athreya and Ney (1972), the replacement matrices formed an i.i.d. sequence, with finite L log+ L moments for the
ntries and irreducible mean matrix, which was additionally assumed to be aperiodic. Using branching process techniques,
t was shown in Athreya and Ney (1972), Chapter V.9.3 that the normalized color count and composition vectors converge
lmost surely to the (normalized to probability) left eigenvector of the mean matrix corresponding to its dominant
igenvalue. In this article, we establish almost sure convergence for i.i.d. replacement matrices under L1 conditions alone,
s a significant relaxation of L log+ L condition in Athreya and Ney (1972). The mean replacement matrix is taken to be
rreducible alone, aperiodicity is not needed. We extend the result to an adapted sequence also, under L log+ L condition,
hen the replacement matrices are suitably majorized. A referee has pointed out an unpublished manuscript (Zhang,
018). It became available on the preprint server arXiv long after the initial submission of the present work. The
anuscript Zhang (2018) obtained similar results independently and in parallel, using different stochastic approximation
ethod. The stochastic approximation used here enables one to obtain a simpler proof where the associated differential
quation is simpler. In the process, we develop Theorem 3.1 on Stochastic Approximation which uses only Cesaro
egligibility of the error sequence and can be of independent interest.
In Section 2, we state the model and the main results. Theorem 2.3 extends the result for i.i.d. replacement matrices

n Athreya and Ney (1972), Zhang (2012) under L1 condition only. Corollary 2.5 studies adapted replacement matrices,
ajorized by a L log+ L random variable. In Section 3, the main tool for the proof – an appropriate result on stochastic
pproximation – is provided and the main results are proven. Finally, in Section 4, we apply the results for the urn to
tudy a delayed elephant random walk on d-dimensional nonnegative orthant with randomly reinforced memory.

. Main results

To obtain the appropriate convergence results, we make further uniform integrability type conditions on the replace-
ent matrices.

ssumption 2.1. The sequence (ρ (Rn)) satisfy one of the following:

(a) The distributions of ρ (Rn) are majorized: there exists c ∈ (0, ∞) and a positive random variable R with finite
expectation such that, for all x > 0,

P (ρ (Rn) > x) ≤ cP (R > x) .

(b) For some nonnegative function φ on [0, ∞) which is eventually positive and nondecreasing, satisfying∑
1/(nφ(n)) < ∞ and x/φ(x) eventually monotone nondecreasing, we have the bounded moment condition:

sup
n

E (ρ (Rn) φ (ρ (Rn))) < ∞.

emark 2.1. An example of φ(x) = (log+ x)p for some p > 1, has been considered by Zhang (2012). Other choices include
(x) = log+ x(log+ log+ x)p for some p > 1.

emark 2.2. It is interesting to note that the majorizing condition in Assumption 2.1(b) is on the unconditional
istribution of the replacement matrices (R ), in contrast to the conditions (3.3)–(3.5) of Theorem 3.1 of Zhang (2018).
n
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Remark 2.3. Both Assumptions 2.1(a) and 2.1(b) imply uniform integrability of (ρ (Rn)) and, hence, of
(
Rn1[ρ(Rn)≤n]

)
.

Thus, under either condition, the convergence in Assumption 1.2 is also in L1.

Theorem 2.2. Under Assumptions 1.1, 1.2 and 2.1, we have, almost surely, as well as in L1,
Cn

Sn
→ πH ;

Sn
n

→ λH ;
Cn

n
→ λHπH ; and

Nn

n
→ πH . (2)

Remark 2.4. It is interesting to compare the assumptions in this article with those required to establish convergence
in probability and in L1 in Gangopadhyay and Maulik (2019). Note that Assumption 1.1 is same as Assumption 3.1
of Gangopadhyay and Maulik (2019). Assumption 1.2 corresponds to Assumptions 3.2 and 3.3 of Gangopadhyay and
Maulik (2019). Assumption 3.2 of Gangopadhyay and Maulik (2019) on the properties of the matrix H remain unchanged.
However, given the almost sure convergence in conclusion, we naturally strengthen the assumption to almost sure
convergence. The methods of proof differ however. We further require the truncated generating matrices H̃n to converge
to H instead of the generating matrices, as considered in Gangopadhyay and Maulik (2019). In Remark 2.5 sufficient
conditions will be provided for convergence of Hn, as in Gangopadhyay and Maulik (2019), to work. Finally, uniform
integrability condition in Assumption 3.4 of Gangopadhyay and Maulik (2019) has been appropriately strengthened in
Assumption 2.1.

The case of i.i.d. replacement matrices have been considered in Athreya and Ney (1972), Zhang (2012). Assump-
tion 2.1(a) holds, when (Rn) is i.i.d. with finite mean. Further, since Rn is independent of Fn−1 and i.i.d. with finite mean,
Assumption 1.2 holds. Thus, we relax L log+ L condition of Athreya and Ney (1972), Zhang (2012) to existence of first
moment alone and obtain the following theorem as a corollary to Theorem 2.2. As has been noted before, a referee has
informed us about the unpublished manuscript (Zhang, 2018), which was developed independently and in parallel, and
considered the following theorem in its Corollary 2.1. However, a different stochastic approximation has been used here,
which has significantly simplified the proof.

Theorem 2.3. We consider an urn model with nonzero initial configuration C0 having almost surely nonnegative entries and
finite mean; as well as an i.i.d. sequence of replacement matrices (Rn), independent of C0 with irreducible mean matrix and
E (ρ (R1)) < ∞. Also, let

P
(
χn = ei|C0, (Rm)n−1

m=1, (χm)
n−1
m=1

)
= Cn−1,i/Sn−1

hold for n ≥ 1 and i ∈ [K ], and let χn be independent of (Rm)m≥n. Then the convergence (2) in Theorem 2.2 holds both almost
surely and in L1.

It is natural to also consider the following variant of Assumption 1.2.

Assumption 2.4. There exists a (possibly random) matrix H with nonnegative entries, which is almost surely ir-
reducible, such that the generating matrices Hn converge to H in Cesaro sense in the operator norm almost surely
i.e., 1

n

∑n−1
k=0 ρ (Hk − H) → 0 almost surely.

emark 2.5. By Kronecker’s lemma, Assumption 2.4 and the condition
∞∑
n=1

1
n
E
(
ρ (Rn) 1[ρ(Rn)>n]|Fn−1

)
< ∞ almost surely, (3)

imply Assumption 1.2.

Remark 2.6. It may be noted that the analysis in Zhang (2018) is done under its assumption (3.1) alone, which is same
as Assumption 2.4. The additional truncated moment condition (3) corresponds to (3.4) in Zhang (2018).

Corollary 2.5 extends the result on i.i.d. sequence of replacement matrices given in Athreya and Ney (1972) to adapted
sequence with L log+ L moment for the majorizing random variable. The moment condition on the majorizing random
variable in Assumption 2.1(a) is strengthened to replace Assumption 1.2 by Assumption 2.4.

Corollary 2.5. Consider an adapted sequence
((

χn,Rn
)
,Fn

)
satisfying Assumptions 1.1, 2.1(a) and 2.4, where the majorizing

random variable R in Assumption 2.1(a) additionally satisfies E(R log+ R) < ∞. Then the convergence (2) in Theorem 2.2 holds
both almost surely and in L1.

Remark 2.7. It may be noted that Assumption 2.1(a) involves majorization of the unconditional distribution of the
replacement matrices in contrast to the conditional distribution in Zhang (2018).

Next corollary uses a generalization of Assumption 2.2(a) in Zhang (2012). See also Remark 3.1 of Zhang (2018). No
additional condition is required to replace Assumption 1.2 by Assumption 2.4.

Corollary 2.6. Assumptions 1.1, 2.1(b) and 2.4 imply the convergence (2) in Theorem 2.2 both almost surely and in L1.
3
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3. Proofs of the main results

In the first subsection, we provide the relevant result on stochastic approximation and another technical result. In the
ast two subsections, we prove the main theorem and the corollaries of Section 2.

.1. Stochastic approximation and other results

The main tool for proving Theorem 2.2 is Stochastic Approximation. We shall use the following theorem on Stochastic
pproximation, which follows from a special case of Theorem 9.2.8 of Duflo (1997), which in turn was adapted
rom Kushner and Clark (1978).

heorem 3.1. Let S be a compact and convex subset of RK . Let h : S → RK be a continuous function. Let (an)∞n=0 be a
nonincreasing sequence of positive real numbers, called the step sizes, satisfying

0 < lim inf nan ≤ lim sup nan < ∞. (4)

Let
(
γn
)∞
n=0 be a sequence, called the error sequence, which is Cesaro negligible, i.e., 1

nΓ n → 0, where Γ n :=
∑n

i=0 γ i. Let
xn)∞n=0 be a sequence that takes values in S and evolves as

xn+1 = xn + anh(xn) + anγn. (5)

If the ODE ẋ = h(x) has a unique solution z : R → S, then limn→∞ xn = z(0).

The above results uses only Cesaro negligibility of the error sequence, rather than its summability or negligibility. The
result can be of independent interest.

It should also be noted that general form of step sizes allows us to develop stochastic approximation for (Cn/Sn) in
ontrast to (Cn/n) considered in Zhang (2018). As (Cn/Sn) already lies in the probability simplex and the corresponding
ifferential equation is of the standard Lotka–Volterra type, our analysis becomes significantly simpler.

roof of Theorem 3.1. It is immediate from (4) that an → 0 and
∑

∞

n=0 an = ∞. Then, using Theorem 9.2.8 of Duflo
1997), it is enough to show that, for all T > 0,

lim
n→∞

sup
n≤j≤τn(T )


j∑

k=n

akγk

 = 0,

where τn (T ) := inf {k ≥ n : an + · · · + ak ≥ T }, and ∥·∥ is any norm in RK . Fix T > 0. First observe that

akγk = (akΓ k − ak−1Γ k−1) + akak−1Γ k−1

(
1
ak

−
1

ak−1

)
.

Since (an) is nonincreasing, for n ≤ j ≤ τn (T ), we have,
j∑

k=n

akγk

 ≤
ajΓ j

+ ∥an−1Γ n−1∥ + an sup
k≥n−1

∥akΓ k∥
1
aj

.

Hence, we have

sup
n≤j≤τn(T )


j∑

k=n

akγk

 ≤ sup
j≥n−1

ajΓ j
(2 + nan ·

τn (T )

n
·

1
τn (T ) aτn(T )

)
.

sing (4) and 1
nΓ n → 0, it is enough to show that τn (T ) /n is bounded for any T > 0. Since lim inf nan > 0, choose a∗ > 0

such that nan > a∗ for large enough n. Also an < T for large enough n. Hence, for large enough n, τn (T ) > n and

a∗

[
log

τn (T ) − 1
n − 1

− 1
]

≤
a∗

n
+ · · · +

a∗

τn (T ) − 1
≤ an + · · · + aτn(T )−1 ≤ T .

hus, τn (T ) /n ≤ (τn (T ) − 1)/(n − 1) ≤ exp(T/a∗
+ 1), as required. □

We also need the following technical result for the average of a dominated adapted sequence, with the terms
ppropriately centered.

emma 3.2. Let (Xn,Fn) be adapted, and |Xn| ≤ Vn, where (Vn) satisfies

- either a majorization condition as in Assumption 2.1(a), namely there exists c ′
∈ (0, ∞) and a positive random variable

V with finite expectation satisfying P(V > x) ≤ c ′P(V > x) for all x > 0,
n

4
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- or a bounded moment condition as in Assumption 2.1(b), namely a function φ as in Assumption 2.1(b), satisfying
supn E(Vnφ(Vn)) < ∞,

then, 1
n

∑n
k=1

(
Xk − E

(
Xk1[Vk≤k]|Fk−1

))
→ 0 almost surely.

Further, if (Vn) is identically distributed with finite mean and if Vn is independent of Fn−1 for all n, then
1
n

∑n
k=1 (Xk − E (Xk|Fk−1)) → 0 almost surely.

roof. The first part of the proof, where centering is done by the truncated moment, is similar to the derivation of (2.20) of
heorem 2.19 of Hall and Heyde (1980) under majorization condition. Under bounded moment condition, we additionally
se, for all large enough n, P(Vn > n) ≤

1
nφ(n)E(Vnφ(Vn)) and E

(
V 2
n 1[Vn≤n]|Fn−1

)
≤

n
φ(n)E (Vnφ(Vn)|Fn−1).

Finally, when (Vn) is identically distributed with finite mean and Vn is independent of Fn−1, the majorization condition
holds. Also

E
(
Xn1[Vn>n]|Fn−1

)
≤ EVn1[Vn|>n] → 0 almost surely,

by independence of Vn from Fn−1, which takes care of the remaining term in the centering. □

3.2. Proof of Theorem 2.2

First we establish convergence of (Cn/Sn) to πH by rewriting the evolution equation (1) in the form of (5) and checking
the conditions of Theorem 3.1. Define Y0 := S0 and for n ≥ 1, Yn := Sn − Sn−1 = χnRn1T . So Yn is the total amount added
to the urn after the nth draw. Observe that, for n ≥ 1,

0 ≤ Yn = χnRn1T
≤ ρ (Rn) . (6)

We rewrite the evolution Eq. (1) as

Cn

Sn
=

Cn−1

Sn−1
+

1
Sn

hH

(
Cn−1

Sn−1

)
+

δn

Sn
+

ξn

Sn
,

here hH , δn, ξn are defined as follows. The drift hH , indexed by K ×K matrices H , is defined as hH (X) := XH−X
(
XH1T ).

For each n ≥ 1,

δn :=

(
χnRn −

Cn−1

Sn−1
Yn

)
− E

((
χnRn −

Cn−1

Sn−1
Yn

)
1[ρ(Rn)≤n]|Fn−1

)
,

is the martingale difference term, and ξn := hH̃n−1−H

(
Cn−1
Sn−1

)
is the adjusted truncated conditional expectation term. The

Cn/Sn) takes values in the closed bounded convex set of probability vectors in RK . The corresponding differential equation
s ẋ = hH (x) with hH (x), a quadratic polynomial in x, is continuous. Further, from Proposition 3.3 of Gangopadhyay and
aulik (2019), the differential equation has unique solution in the probability simplex given by x(t) = πH for all t . Now
e check the conditions on the step sizes. Since Sn is partial sum of nonnegative (Yn), the step sizes are nonincreasing.
ow we check (4). Define

ηn :=
Sn
n

−
1
n

n∑
m=1

Cm−1

Sm−1
H1T

=

[
Sn
n

−
1
n

n∑
m=1

E
(
Ym1[ρ(Rm)≤m]|Fm−1

)]
+

1
n

n∑
m=1

Cm−1

Sm−1

(
H̃m−1 − H

)
1T .

Using the bound (6) and Lemma 3.2, Sn
n −

1
n

∑n
m=1 E

(
Ym1[ρ(Rm)≤m]|Fm−1

)
→ 0 almost surely. Also,

1
n

∑n
m=1

Cm−1
Sm−1

(
H̃m−1 − H

)
1T

→ 0, using Assumption 1.2. Thus ηn → 0 almost surely. Let σ (H) be the least absolute
ow sum of H . Since H is irreducible, no row can be the zero vector and hence σ (H) > 0. Using ηn → 0 and

< σ (H) ≤
1
n

∑n
m=1

Cm−1
Sm−1

H1T
≤ ρ (H) < ∞ we get that the step sizes (1/Sn) satisfy condition (4). Finally, each

coordinate of (δn) is Cesaro negligible using Lemma 3.2 and the bound
χnRn −

Cn−1
Sn−1

Yn

 ≤ 2ρ (Rn). Also, (ξn) is Cesaro
negligible by Assumption 1.2.

Then from Theorem 3.1 we have the almost sure convergence of the proportion vector Cn/Sn to πH . Using Cn/Sn → πH
we get Sn/n − ηn =

1
n

∑n
m=1

Cm−1
Sm−1

H1T
→ πHH1T

= λH . Since ηn → 0, we get Sn/n → λH , and hence Cn/n → λHπH

lmost surely. Now Nn
n −

1
n

∑n−1
m=0

Cm
Sm

=
1
n

∑n
m=1

(
χm −

Cm−1
Sm−1

)
, being a scaled L2-bounded martingale, is negligible. The

lmost sure convergence of Nn/n to πH then follows from that of Cn/Sn.
Being bounded, Cn/Sn and Nn/n converge in L1. We next consider Sn/n. From (6), 0 ≤ Yn ≤ ρ (Rn) for n ≥ 1 and

rom Assumption 1.1 (i))Y0 = C01T is integrable. As noted in Remark 2.3, Assumption 2.1 implies uniform integrability of
(ρ (Rn)). Hence (Yn) and (Sn/n) are also uniformly integrable. Hence Sn/n converges L1. Also, so does Cn/n using Lemma 3.5
f Gangopadhyay and Maulik (2019).
5
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3.3. Proofs of Corollaries 2.5 and 2.6

Assumption 2.1(a) with L log+ L moment condition gives
∞∑
n=1

1
n
E
(
ρ (Rn) 1[ρ(Rn)>n]

)
≤ c

∞∑
n=1

∞∑
j=n

1
n
E
(
R1[R∈(j,j+1]]

)
≤ c

∞∑
j=1

E
(
R1[R∈(j,j+1]]

) j∑
n=1

1
n

≤ cE
(
R(1 + log+ R)

)
< ∞.

his implies (3) and, using Remark 2.5 and Theorem 2.2, proves Corollary 2.5.
Similarly, Assumption 2.1(b) gives, for large enough m

∞∑
n=m

1
n
E
(
ρ (Rn) 1[ρ(Rn)>n]

)
≤

∞∑
n=m

1
nφ(n)

E (ρ (Rn) φ (ρ (Rn))) < ∞.

This again implies (3) and proves Corollary 2.6.

4. Applications to elephant random walk

We consider a delayed elephant random walk (ERW) on nonnegative integer lattice of dimension d with randomly
reinforced memory. ERW was introduced in Schütz and Trimper (2004). We analyze the model using the results obtained
in this article utilizing an interesting connection between the urn model and ERW discovered in Baur and Bertoin (2016).

The random walk is parametrized by three parameters, namely, mean memory reinforcement parameter a > 0 and two
mixing parameters p, q ∈ (0, 1) for delay and shift respectively. At every epoch, a past epoch is selected with probability
proportional to its memory and the memory of the selected epoch is randomly reinforced. If there was a delay at the
selected epoch, then the current epoch is also delayed with probability 1 − p or else there is a unit movement in a
randomly selected direction. If there was a shift at the selected epoch, it is repeated with probability 1 − q or else there
is a delay.

To construct the random walk, we consider three mutually independent i.i.d. sequences (An)n>1 :=

((A0n, A1n, . . . , Adn))n≥1, (In)n≥1 and (Jn)n≥1. The memory reinforcement An has nonnegative coordinates. The coordinates
have common finite first moment a, but may have different distributions. The variable In takes values 0, 1, . . . , d with
probabilities 1 − p, p/d, . . . , p/d respectively, while Jn is a Bernoulli (1 − q) random variable. Independent of these
sequences, U is a random vector, uniform over {e0, . . . , ed}, where e0 is the zero vector in Rd and, as before, for each
i ≥ 1, ei is the ith coordinate vector in Rd.

At epoch n, the elephant is at Ln and the step taken is Xn, giving, Ln = Ln−1+Xn. The step Xn takes values e0, e1, . . . , ed,
corresponding to a delay or a unit step shift along one of the d coordinate axes respectively. The elephant starts at the
origin, i.e., L0 = e0, and the first step X1 is taken to be U .

For n ≥ 1, let Fn denote the σ -field generated by U , (Im)m≤n, (Jm)m≤n. An adapted sequence ((M (n)
1 , . . . ,M (n)

n ),Fn)n≥1
denotes the memory of the elephant about the past epochs evolving over time. The memory sequence is initiated by
taking M (1)

1 = 1. At epoch n > 1, the elephant chooses τn, one of the past epochs, such that,

P (τn = u|Fn−1) =
M (n−1)

u

M (n−1)
1 + · · · + M (n−1)

n−1

, for u = 1, . . . , n − 1.

If the step X τn , at the selected epoch τn, was ei for some i = 0, 1, . . . , d, then the memory M (n−1)
τn

associated with the
selected epoch is reinforced by Ain, that is M (n)

τn
= M (n−1)

τn
+ Ain. Other memories remain unchanged.

For n > 1, the current step Xn is chosen as follows. If X τn was e0, then Xn becomes eIn , that is, it is e0 with probability
1 − p, and, for i = 1, . . . , d, it is ei with probability p/d. If, on the other hand, X τn was ei for some i = 1, . . . , d, then Xn
is ei·Jn , that is, it takes values e0 and ei with probability q and 1 − q respectively. Finally, the current epoch n is assigned
memory 1, i.e., M (n)

n = 1.
Theorem 2.3 and the connection between ERW and urn models from Baur and Bertoin (2016) yield the strong law of

(Ln)n≥0. It depends on the mixing parameters p, q, but not on the mean memory reinforcement parameter a.

Theorem 4.1. Consider the delayed elephant random walk on the positive orthant in dimension d with random reinforcement
of memory, parametrized by a, p and q as described above. Then 1

nLn →
p

d(p+q)1 almost surely and in L1.

Proof. It was noted in Baur and Bertoin (2016) that the evolution of the ERW depends on the moves at the selected
past epoch rather than the selected epoch itself. Thus we consider an urn model with memory as objects categorized
by the types of moves. Consider the vector of memory content of each type of step at epoch n ≥ 1, denoted by
W (n)

:= (W (n)
, . . . ,W (n)), where W (n)

:=
∑

M (n)
1 for i = 0, 1, . . . , d. At epoch n, memory of the type of X
0 d i 1≤k≤n k [Xk=ei] τn

6
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a

is increased by the random reinforcement, while, memory of the type of Xn is increased by 1. Thus

(
W (n))

n≥0 behaves as
n urn model of (d + 1) types (indexed by 0, 1, . . . , d) with i.i.d. replacement matrices having common mean

R =

⎛⎜⎜⎝
1 − p + a p

d
p
d · · ·

p
d

q 1 − q + a 0 · · · 0
...

...
. . .

...
...

q 0 0 · · · 1 − q + a

⎞⎟⎟⎠ .

Clearly, the dominant eigenvalue of R is the common row sum (1+a) and the corresponding left eigenvector normalized to
probability is 1

d(p+q) (dq, p, . . . , p). Finally, note that, for i = 1, . . . , d, the memory of the step at epoch k can be reinforced
by 1 at epoch k and, further in future epochs by a random amount if selected, and, hence, for i = 1, . . . , d

1
n
W (n)

i =
1
n

n∑
k=1

(
1 +

n∑
l=k+1

Ail1[τl=k]

)
1[Xk=ei]

=
1
n
Lni +

a
n

n∑
l=2

1[Xτl=ei] +
1
n

n∑
l=2

(Ail − a)1[Xτl=ei]. (7)

By Theorem 2.3, the composition vector 1
nW

(n)
i →

(1+a)p
d(p+q) and the count vector 1

n

∑n
l=2 1[Xτl=ei] →

p
d(p+q) . Finally, by

Lemma 3.2, the last term of (7) is negligible, with (Ail + a) as the dominator. Hence the result follows. □
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