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SPACES OF HARMONIC SURFACES IN NON-POSITIVE CURVATURE

NATHANIEL SAGMAN

Abstract. Let M(Σ) be an open and connected subset of the space of hyperbolic metrics on a
closed orientable surface, and M(M) an open and connected subset of the space of metrics on an
orientable manifold of dimension at least 3. We impose conditions on M and M(M), which are
often satisfied when the metrics in M(M) have non-positive curvature. Under these conditions,
the data of a homotopy class of maps from Σ to M allows us to view M(Σ) × M(M) as a space
of harmonic maps of surfaces. Using transversality theory for Banach manifolds, we prove that
the set of somewhere injective harmonic maps is open, dense, and connected in the space of
harmonic maps. We also prove some results concerning the distribution of harmonic immersions
and embeddings in the space of harmonic maps.

1. Introduction

The theory of harmonic maps from surfaces is well developed and has proved to be a useful tool in
geometry and topology. There are many broadly applicable existence theorems for harmonic maps,
but, compared to other objects like minimal surfaces, their geometry is neither well behaved nor
easy to understand. Locally, the most we can say about an arbitrary harmonic map from a surface is
that, in a good choice of coordinates, up to small perturbations it agrees with an n-tuple of harmonic
homogeneous polynomials (see the Hartman-Wintner theorem [6]). And in contrast, minimal maps
are weakly conformal and hence have much nicer local properties. In this paper, we consider spaces
of harmonic surfaces and study their generic qualitative behaviour through transversality theory.
The goal is twofold: to find nice properties shared by a wide class of harmonic maps, and to further
develop the methods and analysis for future problems.

Throughout the paper, let Σ be a closed and orientable surface of genus g ≥ 2, and let M be an
orientable n-manifold, n ≥ 3. Fixing integers r ≥ 2 and k ≥ 1, as well as α, β ∈ (0, 1) with α ≥ β,
denote by M(Σ) an open and connected subset of the space of Cr,α hyperbolic metrics on Σ, and
by M(M) an open and connected subset of the space of Cr+k,β metrics on M . Set C(Σ,M) to be
the space of Cr+1,α mappings from Σ → M . These all have C∞ Banach manifold structures.

Definition 1.1. A homotopy class f of maps from Σ to M is admissible if the subgroup f∗(π1(Σ)) ⊂
π1(M) is not abelian.

For the whole paper, we fix an admissible class f and assume the following.

Technical Assumption. For all (µ, ν) ∈ M(Σ) × M(M), there exists a unique harmonic map
fµ,ν : (Σ, µ) → (M, ν) in the class f , and fµ,ν is a non-degenerate critical point of the Dirichlet
energy functional.

The technical assumption is satisfied by a wide range of manifolds M and families of metrics. The
central example is that of a closed manifold M , with M(M) consisting of negatively curved metrics.
In Section 2, we give more examples that are of interest in geometry and topology.

With this assumption, M = M(Σ)×M(M) may be viewed as a space of harmonic surfaces inside
M . More precisely, a result of Eells-Lemaire [4, Theorem 3.1] (a consequence of the implicit function
theorem for Banach manifolds) implies that around each pair of metrics (µ0, ν0) ∈ M, there is a
neighbourhood U ⊂ M such that the mapping from U → C(Σ,M) given by

(µ, ν) 7→ fµ,ν
1
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is Ck. By uniformization and conformal invariance of energy, the restriction to hyperbolic metrics
on the source does not give up any information.

Our first result concerns the notion of a somewhere injective map, which is originally from sym-
plectic topology.

Definition 1.2. A C1 map f : Σ → M is somewhere injective if there exists a regular point p ∈ Σ
such that f−1(f(p)) = {p}. Otherwise, we say f is nowhere injective.

Remark 1.3. When the somewhere injective harmonic map f has isolated singular set, or more
generally the set A(f) from Section 4 is connected, it is injective on an open and dense set of points.
This follows from the Aronszajn theorem [2, page 248] (see also [14, Theorem 1]).

We let M∗ ⊂ M denote the space of metrics (µ, ν) such that fµ,ν is somewhere injective.

Theorem A. The subset M∗ ⊂ M is open, dense, and connected.

Remark 1.4. A minimal map on a Riemann surface is nowhere injective if and only if it factors
through a holomorphic branched cover [5, Section 3], or the surface admits an anti-holomorphic
involution that leaves the map invariant [13, Theorem 1.1]. Pseudoholomorphic maps from a surface
to a symplectic manifold have the same property (see [9, Chapter 2.5]). Harmonic maps, in contrast,
do not have the same rigidity.

Remark 1.5. These results for minimal surfaces, or more general branched immersions in the sense
of [5], are proved using the factorization theorem of Gulliver-Osserman-Royden. The analogue of this
theorem for harmonic surfaces is the subject of our previous paper [13]. Fittingly, the factorization
theorem for harmonic maps [13, Theorem 1.1] is a crucial ingredient in the proof of Theorem A.

Secondly, we prove a set of results about the structure of the space of harmonic maps near
somewhere injective maps. The somewhere injective condition, while not obviously significant, comes
into play in transversality arguments used for spaces of minimal surfaces (see the paper of Moore
[10] and the book that followed [11, Chapter 5]) and pseudoholomorphic curves (see [9, Chapter 3]).
In some sense, nowhere injective surfaces play the same role as reducible connections in Yang-Mills
moduli spaces.

Theorem B. Suppose dimM ≥ 4, and let (µ, ν) be such that fµ,ν is somewhere injective and has
isolated singularities. Then there exists a neighbourhood U ⊂ M containing (µ, ν) such that the
space of harmonic immersions in U is open and dense. If dimM ≥ 5, then the space of harmonic
immersions in U is also connected.

Theorem C. Suppose dimM ≥ 5, and let (µ, ν) be such that fµ,ν is somewhere injective and has
isolated singularities. Then there exists a neighbourhood U ⊂ M containing (µ, ν) such that the
space of harmonic embeddings in U is open and dense. If dimM ≥ 6, then the space of harmonic
embeddings in U is also connected.

We obtain the following corollary.

Corollary D. If dimM ≥ 4, then any somewhere injective harmonic map with isolated singularities
can be approximated by harmonic immersions. If dimM ≥ 5, then any such harmonic map can be
approximated by harmonic embeddings.

In Section 6.5, we explain our use of the hypothesis that f has isolated singularities and the
possibility of removing it. We propose the following question.

Question E. Do the weak Whitney theorems hold for harmonic surfaces? That is,

(1) if dimM ≥ 4, is the space of harmonic immersions in M open and dense? If dimM ≥ 5, is
the space of harmonic immersions connected?

(2) if dimM ≥ 5, is the space of harmonic embeddings in M open and dense? If dimM ≥ 6, is
the space of harmonic embeddings connected?
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The weak Whitney theorems [17, Theorem 2] state that a regular enough map between mani-
folds g : X → Y can be approximated by immersions if dimY ≥ 2 dimX , and by embeddings if
dimY ≥ 2 dimX + 1. Combined with the Whitney trick, they yield the Whitney immersion theo-
rem and the Whitney embedding theorem. One can give modern proofs of the weak theorems via
transversality theory (see also Remark 1.6). The question has a positive answer for Moore’s spaces
of minimal surfaces [11, Theorem 5.1.1 and 5.1.2]. It is also reasonable to ask about strengthening
our hypothesis.

Question F. Can we say more if we assume that the homotopy class f is incompressible or essential?

Such assumptions on f may give us more tools to probe Question E.

1.1. Outline of paper and proofs. In the next section, we define harmonic maps and associated
Jacobi operators, and give examples of spaces of harmonic surfaces. These examples mostly require
M(M) to be a space of non-positively curved metrics. We prove Proposition 2.9 to show that some
positive curvature is allowed. In Section 3, we compute precise expressions near singularities for
reproducing kernels for Jacobi operators. We proceed by constructing parametrices for some objects
that resemble Green’s operators.

The proof of Theorem A is contained in Sections 4 and 5. Section 4 is the reduction to a
transversality lemma and Section 5 is the proof of that lemma. Since the details are technical, we
explain the proof here. For disjoint open disks P,Q ⊂ Σ and δ > 0, we set

D(P,Q, δ) = {(µ, ν) ∈ M : dν(fµ,ν(P ), fµ,ν(Q)) > δ, P,Q ⊂ ΣSR(fµ,ν)},
where ΣSR(f) is the super-regular set, to be defined in Section 4. For Theorem A, it is enough to
prove that somewhere injective maps are open, dense, and connected in restriction to D(P,Q, δ)’s.
We define a map

Θ : Σ2 × (P ×Q×D) → M2 ×M2, Θ(r, s, p, q, µ, ν) = (fµ,ν(r), fµ,ν(s), fµ,ν(p), fµ,ν(q)).

If Θ(r, s, p, q, µ, ν) avoids the diagonal in M2 ×M2, which we denote by L, then fµ,ν is somewhere
injective. So, if we show that Θ is transverse to L, then the preimage has codimension 2 dimM ≥ 6.
Since Σ2 has dimension 4, a general transversality result, Proposition A.4, shows that the projection
of Θ−1(L) to D is dense and connected.

The real substance of the proof is to show that Θ is transverse to L. Given fµ,ν , we set F to be
the pullback bundle, with space of sections Γ(F). A variation through harmonic maps starting at
fµ,ν , or just a harmonic variation, is any section of Γ(F) obtained by choosing a path in M based at
(µ, ν) and taking the derivative of the corresponding path in C(Σ,M). We argue by contradiction
and suppose that Θ is not a submersion at points that map to L. Invoking an existence result
for reproducing kernels, this implies that at some pair of metrics (µ, ν), there is a non-zero section
X : Σ → Γ(F) such that for all harmonic variations V ∈ Γ(F),

(1)

∫

〈JV,X〉dAµ = 0.

Above, J is the Jacobi operator for fµ,ν . X satisfies the Jacobi equation away from its singularities,
and we show that these singularities can be resolved, making use of the local expressions from Section
3. X thus extends to a global Jacobi field, which is our contradiction.

To resolve the singularities, we vary the target metric on M to find harmonic variations V such
that (1) gives us good information. One could also vary the source metric on Σ, but it shouldn’t work
too well: in some situations where the homotopy class f is compressible and the original harmonic
surface fµ,ν(Σ) ⊂ M is totally geodesic, we will have fµ,ν(Σ) = fµ+µ̇,ν(Σ) for all admissible variations
µ̇. Thus, we can’t in general perturb away from a nowhere injective map.

The singularities of X are at intersection points of harmonic disks f(Ω1), f(Ω2) ⊂ M , and we
divide into cases: either the disks are tangential at the intersection point or they are not. When not
only are they tangential but also f(Ω1) = f(Ω2) and f |−1

Ω2
◦ f |Ω1 is conformal, then our approach

simply cannot work. To give one example of what can go wrong, if f factors through a holomorphic
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branched covering map (in which case the homotopy class is compressible) and Ω1 and Ω2 are related
by a covering transformation, then no matter how we vary the target metric, the harmonic maps
will continue to factor in this way and identify the two sets. This is where we use the factorization
theorem [13, Theorem 1] to say that the set of metrics giving rise to harmonic maps with this property
can be removed from the space without disconnecting it. The tangential case is then settled using
the super-regular condition (Section 4). For the non-tangential case, we choose variations supported
in what we call “fat cylinders” that give JV more support near some places than others.

In Section 6, we prove Theorems B and C, yet again by transversality theory. Right now, we
explain only Theorem B, since Theorem C is a similar argument. We trivialize the complexified
tangent bundle of M and let σ be the projection onto the Cn factor. Then we define a map

Ψ : Σ̃×M → C
n,Ψ(p, µ, ν) = σ(fz(p)),

where z is the uniformizing parameter for the metric µ on the universal cover Σ̃, and fz = df
(

∂
∂z

)

.

We try to show that Ψ is transverse to {0} and the submanifold of Cn consisting of vectors whose
real and imaginary parts are collinear. We achieve this near (µ, ν) that yield somewhere injective
harmonic maps with isolated singularities. By transversality theory, this gives Theorem B.

Remark 1.6. Perhaps it’s worth pausing to sketch a proof of Whitney’s weak immersion theorem,
which should explain the dimension bounds for Theorem B. If we replace M with C(Σ,M), then
the map Ψ is always transverse. Since the set of rank 1 vectors in Cn, say Y, has codimension n− 1,
by the Transversality Theorem for Banach manifolds, Ψ−1(Y ) is a submanifold of dimension n− 1.
Since Σ has dimension 2, the projection of Ψ−1(Y ) to C(Σ,M) should morally have codimension
at least (n − 1) − 2 = n − 3. So if n ≥ 4, the complement of this projection should be dense, and
if n ≥ 5 then the complement should be connected. These last statements are made precise and
realized through Proposition A.4. The dimension bounds for Theorem C can be derived similarly.

As in the proof of Theorem A, we suppose transversality fails, and then we find there must be
a section X : Σ → Γ(F) that is annihilated by all JV , where V ranges over variations through
harmonic maps.

The contradiction is different from that of Theorem A. We attach a particular holomorphic
structure to the complexification E of F. Using somewhere injectivity and a lemma of Moore [10],
we find there is an open set Ω on which X is the real part of a holomorphic section of a special
holomorphic line bundle L ⊂ E. Making use of the isolated singularity condition, we analytically
continue the “imaginary part,” so that X is the real part of a globally defined meromorphic section
Z of L. From Section 3 we see that Z has at most a simple pole at one point. We then check that
the order of this section does not match up with the degree of L. This final contradiction can also
be seen through Riemann-Roch.

In an appendix, we state general transversality theorems for Banach manifolds and prove Propo-
sition A.4, the general result we use to deduce density and connectedness results.

1.2. Acknowledgements. in the case of 3-manifolds, an argument for the first theorem is given in
an unpublished manuscript of Vladimir Marković [8]. The proof had a few small issues, which have
been resolved here, and also more needs to be done for the argument to work in all dimensions.

I thank Vlad for allowing me to absorb content from his manuscript, and for the many discussions
that we had related to this project. This paper is intended to be independent and self-contained,
and the reader should not have to consult [8]. I have tried to keep similar notation.

I would also like to thank the anonymous referee for a careful reading, helpful suggestions that
have improved the paper, and pointing out many typos and minor errors.

This paper was mostly written while I was a PhD student at the California Institute of Technology,
and the first version was submitted while I was simultaneously a visiting student at the University of
Oxford. At the time of completing this final version, I am a postdoc at the University of Luxembourg
and funded by the FNR grant O20/14766753, Convex Surfaces in Hyperbolic Geometry.
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2. Spaces of harmonic surfaces

2.1. Conventions. Given two non-negative functions defined on some set X , we say

f . g

if there exists a constant C > 0 such that f(x) ≤ Cg(x) for all x ∈ X . We define f & g similarly. If
X = R, and f, g, h are functions from X → [0,∞), we write

f = g +O(h)

to mean |f − g| . h. Given Banach spaces (Bi, || · ||i), equipped with an inclusion map B1 → B2,
we write

||V ||2 . ||V ||1
to mean there is a uniform constant C > 0 such that for all V ∈ B1, we have ||V ||2 ≤ C||V ||1.
2.2. Harmonic surfaces. Throughout, the space of Cn,α sections of a Cn,α vector bundle V over
M is denoted Γ(V ). Here we are allowing n = ∞ and n = ω (real analytic). Given a map f : Σ → M ,
we let F = f∗TM be the pullback of TM over Σ. If f is Cn,α then F is a Cn,α bundle. The derivative
df may be viewed as a section of the endomorphism bundle T = T ∗Σ⊗ F.

Fix Riemannian metrics µ, ν on Σ and M respectively. By ∇F we denote the pullback connection
of the Levi-Civita connection ∇ν on M . The Levi-Civita connection ∇µ on TΣ dualizes to a
connection on T ∗Σ, and this tensors with ∇F to form a connection ∇T on the tensor product T.

Definition 2.1. f : (Σ, µ) → (M, ν) is harmonic if the tension field τ = τ(f, µ, ν) ∈ Γ(F) given by

τ = traceµ ∇Tdf

satisfies τ = 0.

Under the technical assumption, fµ,ν will be the unique harmonic map from (Σ, µ) → (M, ν).
When working with fixed (µ, ν) we sometimes write f = fµ,ν . Let TMC = TM ⊗ C denote the
complexification of the tangent bundle ofM and E := f∗TMC the pullback bundle. The connections
∇F and ∇E will be used quite often, so henceforward we condense

∇ := ∇F, ∇E

when the context is clear. A section W ∈ Γ(E) may be uniquely written as W = Re(W ) + iIm(W ),
where Re(W ), Im(W ) ∈ Γ(F).

Any hyperbolic metric µ gives rise to a unique Riemann surface structure in which µ is conformal.
Let z = x+ iy be a local complex parameter on an open subset of Σ and set

∂

∂z
=

1

2

( ∂

∂x
− i

∂

∂y

)

,
∂

∂z
=

1

2

( ∂

∂x
+ i

∂

∂y

)

.

When working in such a coordinate, we use the notation ∇x = ∇ ∂
∂x
, ∇y = ∇ ∂

∂y
, ∇z = ∇ ∂

∂z
. We

define local sections of Γ(E) by df
(

∂
∂x

)

= fx, df(
∂
∂y ) = fy, and

df(
∂

∂z
) =

1

2
df
( ∂

∂x
− i

∂

∂y

)

=
1

2
(fx − ify) = fz.

One can check that

(2) (f ◦ h)w = (fz ◦ h)hw

for any holomorphic map such that h(w) = z. Therefore, the expression fzdz is a globally defined
E-valued (1, 0)-form on Σ.

From a classical theorem of Koszul and Malgrange, the complex vector bundle E admits a unique
holomorphic structure such that the (0, 1)-component of the connection ∇E is the standard ∂-
operator. In the complex coordinate, the harmonic map equation reduces to

∇zfz = 0.
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That is, fz is a local holomorphic section of E.

2.3. The Jacobi operator. The equation τ = 0 arises as the Euler-Lagrange equation for the
Dirichlet energy functional (defined over a suitable Sobolev space). The tension field may be seen
as a map

τ : M×C(Σ,M) → Γ(F).

For (µ, ν) fixed, the derivative in the C(Σ,M) direction is the Jacobi operator [4], which we are about
to define. The Dirichlet energy is non-degenerate–or the technical assumption from the introduction
is satisfied–if and only if the Jacobi operator has no kernel.

Let f : (Σ, µ) → (M, ν) be a C2 (not necessarily harmonic) map and as before set F = f∗TM .
Let ∆ denote the Laplacian induced by the connection ∇F and R = RM the curvature tensor of the
Levi-Civita connection of ν. The Jacobi operator Jf = J : Γ(F) → Γ(F) is defined

JV = ∆V − traceµ R(df, V )df , V ∈ Γ(F).

If z = x+ iy is a local complex parameter and the conformal density is µ, then

(3) JV = −∇x∇xV −∇y∇yV − |µ|−1(R(fx, V )fx +R(fy, V )fy).

The Jacobi operator is a second order strongly elliptic linear operator and it is essentially self-adjoint
in the sense that

∫

Σ

〈JV,W 〉dA =

∫

Σ

〈V,JW 〉dA

for all V,W ∈ Γ(F). Above, recall that 〈·, ·〉 = 〈·, ·〉ν is the inner product on F induced by the metric
ν on M . The integration over Σ is with respect to the volume form dA = dAµ.

Remark 2.2. The assumption r ≥ 3 guarantees the coefficients of the operator are at least C2.
This is relevant for the regularity theory, and we use this implicitly throughout the paper.

2.4. Calculus on vector bundles. The following Banach spaces will come into play.

• For 1 ≤ p < ∞, (Lp(F), || · ||p) is the space of Lp-bounded measurable sections of F.
• For k ∈ Z+, 1 ≤ p < ∞, (W k,p(F), || · ||k,p) is the Sobolev space of k-times weakly differen-
tianble sections with Lp derivatives with respect to the Levi-Civita connection.

• For k ∈ Z+, α ∈ (0, 1), (Ck,α(F), || · ||k,α) is the space of k-times differentiable sections whose
kth derivatives are α-Hölder.

• We can define these spaces in restriction to any open set Ω ⊂ Σ. For Lp(F|Ω), we use the
notation || · ||p,Ω, and likewise for the other Banach spaces.

Above, if the vector bundle is only Cn,α, we restrict k ≤ n. For precise definitions and other basic
facts, see [12, Chapter 10]. If we choose a different metric or connection on F, the relevant Sobolev
spaces are equal as sets of sections, and the identity map is bicontinuous. Thus, it is unambiguous
to write W k,p(F) (and likewise for the other spaces), while not specifying the choices involved.

Now we recall some results relevant to the Jacobi operator. A Jacobi field is a section V ∈ Γ(F)
such that JV = 0. We again refer the reader to [12, Chapter 10]. From the basic elliptic theory,
essential self-adjointness implies the following.

Proposition 2.3. Suppose there are no non-zero Jacobi fields. Then for every p > 1 and 0 < α < 1,
the operator J extends to a family of isomorphisms J : W 2,p(F) → Lp(F), J : C2,α(F) → C0,α(F).
Each such isomorphism preserves the subspace of smooth sections.

The result below is a consequence of the Weyl lemma for linear elliptic operators.

Proposition 2.4. Let Ω ⊂ Σ be open and V be a measurable section over Ω such that ||V ||p,Ω < ∞
for some 1 < p < ∞. If JV = 0 weakly on Ω, then V is as regular as the bundle Γ(F), and JV ≡ 0
on Ω.
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2.5. Examples of spaces of harmonic surfaces. Here we list some examples of manifolds M
and spaces of metrics M(M) satisfying the technical assumption.

Example 2.5. M is a closed n-manifold that admits a metric of negative curvature, with M(M)
consisting of negatively curved metrics.

In this case, Sampson proves in [14, Theorem 4] that there are no smooth Jacobi fields. In fact,
he proves a more general result.

Theorem 2.6 (Sampson, Theorem 4 in [14]). Let (M, ν) be a closed Riemannian manifold with
non-positive curvature. Suppose f : (Σ, µ) → (M, ν) is an admissible harmonic map and there is at
least one point p at which all sectional curvatures of M at f(p) are strictly negative. Then there are
no non-zero Jacobi fields.

Compactness of the target is not important.

Example 2.7. M is not necessarily compact, all M(M) are negatively curved, and the induced
mapping between the fundamental groups is irreducible.

Irreducible means that after choosing basepoints x ∈ Σ, y ∈ M and identifying the image subgroup
of

f∗ : π1(Σ, x) → π1(M, y)

with a subgroup of isometries of (M̃, ν̃) covering (M, ν), the subgroup does not fix any point on the

ideal boundary ∂∞M̃ . The existence is due to Labourie [7] (the argument is based on Donaldson’s
work [3]), and Sampson’s argument [14, Theorem 4] goes through to show that the Jacobi operator is
an isomorphism. For some intuition, this class of examples includes admissible classes f such that at
least one simple closed curve is mapped by f∗ to a class whose geodesic length is positive. Even more
specific examples include convex cocompact manifolds of negative curvature, such as quasi-Fuchsian
3-manifolds.

To demonstrate the level generality, we prove a slight extension of Sampson’s result that allows
for some positive curvature.

Definition 2.8. A pair (µ, ν) ∈ M is f -admissible if (M, ν) is non-positively curved and there exists
a map f ∈ f ∩ C(Σ,M) that is harmonic with respect to (µ, ν) and a point p ∈ Σ such that all
sectional curvatures of M are negative at f(p).

As discussed, f -admissibility implies uniqueness of the harmonic map.

Proposition 2.9. Suppose (µ, ν) is f-admissible, and let νn be a sequence of metrics converging
to ν. Furthermore, assume fj : (Σ, µ) → (M, νj) is a sequence of harmonic maps converging to a
harmonic map f : (Σ, µ) → (M, ν). Then Jfj admits no non-trivial C2 Jacobi fields for sufficiently
large j.

This gives another example of interest.

Example 2.10. A sufficiently small neighbourhood of an f -admissible pair inside the space of all
Riemannian metrics.

Proof. Since the harmonic maps fj , f are homotopic through Cn+1,α maps, the bundles f∗
j TM = Fj

and f∗TM = F are isomorphic in the Cn+1,α category. We identify them all with the bundle F.
Under this identification, F inherits a family of Riemannian metrics 〈·, ·〉j with corresponding Levi-
Civita connections ∇j , as well as elliptic operators Jfj . Since νj → ν and fj → f , we have
convergence of associated objects 〈·, ·〉j → 〈·, ·〉 := 〈·, ·〉ν , ∇j → ∇ := ∇ν , and Jfj → Jf in the
relevant topologies. Henceforth, rename Jj = Jfj .

One could write our Sobolev spaces more precisely as

W k,p(F, µ, ν,∇).
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We write W 1,2(F) to denote the usual Sobolev space for F, and W 1,2(Fj) for W 1,2(Fj , µ, νj ,∇j)
(and likewise for the L2 spaces). In our notation, we set || · ||2, || · ||1,2 to be the norms for F and
|| · ||2,j , || · ||1,2,j to be the norms for Fj . From bicontinuity of the identity map between these Banach
spaces, there exists Cj ≥ 1 such that for all V ∈ Γ(F),

C−1
j ||V ||2 ≤ ||V ||2,j ≤ Cj ||V ||2, and

C−1
j ||V ||1,2 ≤ ||V ||1,2,j ≤ Cj ||V ||1,2.

It is an easy exercise to show that Cj → 1 as j → ∞.
To prove the lemma, assume for the sake of contradiction that there is a subsequence (which we

still denote νj) and a family of non-zero sections Vj ∈ C2(F) such that JjVj = 0 and ||Vj ||2 = 1.
Necessarily,

∫

Σ

〈JjVj , Vj〉jdA = 0.

Unravelling the definition of the Jacobi operator and integrating by parts, we obtain

(4)

∫

Σ

|∇jVj |2j −
∫

Σ

〈traceµ Rνj (dfj , Vj)dfj , Vj〉jdA = 0.

.

Remark 2.11. We implicitly use that ∇j is the Levi-Civita connection for νj to integrate by parts.
If we tried to use the metric ν, then some extra terms involving Christoffel symbols would appear.

Let σj denote the maximum of 0 and the largest sectional curvature of M in the image of fj .
Then

〈traceµ Rνj (dfj , Vj)dfj , Vj〉j ≤ σj | traceµ(dfj)|2j |Vj |2j
pointwise. Convergence of νj → ν and fj → f then implies

〈traceµ Rµj (dfj , Vj)dfj , Vj〉j . σj |Vj |2j .
Substituting into (4) we see

∫

Σ

|∇jVj |2j . σj

∫

|Vj |2jdA.

Again using convergence of νj → ν, we see σj → 0 as j → ∞. Choosing j large enough so that
Cj . 1, and using ||Vj ||2 = 1 we obtain

(5)

∫

Σ

|∇jVj |2jdA . σj → 0

as j → ∞.
The above result gives uniform control on the W 1,2(Fj) norm of Vj , and hence we also have

control on the W 1,2(F) norm. Since W 1,2(F) is reflexive, the Banach-Alaoglu theorem guarantees
the existence of a subsequence along which Vj converges weakly inW 1,2(F) to a section V ∈ W 1,2(F).
By the Rellich lemma, we may pass to a further subsequence to obtain strong convergence in L2, so
that ||V ||2 = 1.

We now claim that ∇V = 0 in the sense of distributions, i.e., it is an almost everywhere constant
field. Working in a conformal parameter z = x+ iy for µ, we write out

|∇jVj |2 = µ−1
(

|∇j,xVj |2ν + |∇j,yVj |2ν
)

and observe the linear maps∇j,x, ∇j,y converge strongly to∇x and∇y respectively in Hom(W 1,2(F), L2(F))
with respect to the operator norm || · ||OP . Thus,

||∇xVj ||2 ≤ ||(∇x −∇x,j)Vj ||2 + ||∇x,jVj ||2 ≤ ||∇x −∇x,j ||OP ||Vj ||1,2 + Cj ||∇x,jVj ||2,j .
Our observation above shows the first term decays to 0 as j → ∞. It follows from inequality (5)
that the second term tends to 0 as well. Therefore ∇xVj → 0 strongly in L2. By the same method
we see ∇yVj → 0 strong as well. The claim follows.
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We obtain a contradiction by arguing that V = 0 on a set of positive measure. This would force
||V ||2 = 1 to be impossible. This is essentially Sampson’s observation in [14, Theorem 4]. From (4)
it follows that

(6)

∫

〈traceµ Rµ(df, V )df, V 〉dA = 0.

Since (f , ν) is an admissible pair, there is a point p0 ⊂ Σ such that all sectional curvatures of M are
negative at f(p). We extract a neighbourhood Ω ⊂ Σ on which f is a regular embedding and there
is a c > 0 such that all sectional curvatures of M at points in f(Ω) are bounded above by −c. Thus,
from the non-positive curvature assumption on ν, if V is not zero almost everywhere, the left-hand
side of (6) is strictly negative. As discussed above, this is a contradiction, and so we are done. �

Finally, the results should hold for some more examples that we don’t pursue here: manifolds
with boundary (see [4, Section 4]), non-orientable manifolds (Moore considers non-orientable minimal
surfaces in [10, Section 11]), and equivariant Anosov representations into Lie groups of non-compact
type. For the analogue of the Eells-Lemaire result, applied to a suitable class of equivariant harmonic
maps, we invite the reader to see [15]. In these three cases, the only substantial missing ingredient
is the factorization theorem [13]. A version of the theorem should be true in these contexts, but it
would take us too far afield in the current paper.

3. Reproducing kernels for the Jacobi operator

Let p ∈ Σ and U ∈ Fp. We say that X : Σ\{p} → F is a zeroth order reproducing kernel for the
Jacobi operator if, for all W ∈ Γ(F), we have

〈W (p), U〉 =
∫

Σ

〈JW,X〉dA.

For V ∈ TpΣ, X : Σ\{p} → F is a first order reproducing kernel if, for all W ∈ Γ(F),

〈(∇V W )(p), U〉 =
∫

Σ

〈JW,X〉dA.

In the proof of the main theorems, we need explicit expressions for the singularities of reproducing
kernels. We compute these singularities by constructing the kernels directly. Independent of the
work below, one can find general existence results in [8, Section 3].

Remark 3.1. From the self-adjoint property, kernels satisfy JX = 0 away from the singularities.

3.1. The parametrices. Let (Ω, z) be a disk neighbourhood of p, and Ω′ ⊂ Ω. In the local chart,
extend the vector U to a C2 section U(z). Let φn : Ω → [0, 1] be a smooth function in Ω such that

• φn has support in {|ζ| ≤ 1/n},
• φn integrates to 1 in Ω′, and
• φn converges in the sense of distributions to the Dirac delta δp as n → ∞.

Let G(z, ζ) be the ordinary Green’s function on Ω′, of the form

G(z, ζ) =
1

2π
log |z − ζ|−1 + r(z, ζ),

where r is smooth, and define a section Sn in Ω′ by

Sn(z) = U(z)

∫

Ω′

G(z, ζ)φn(ζ)dζ ∧ dζ.

Observe that
∫

Ω′

G(z, ζ)φn(ζ)dζ ∧ dζ → G(z, 0) =
1

2π
log |z|−1 + r(z, 0)
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as n → ∞ with maximum regularity on Ω′\{p} and in Lp for all 1 < p < ∞. We then extend Sn to
a globally defined section of F with support in Ω, in a way that Sn converges as n → ∞ in the C∞

sense on Σ\{p} to a section S satisfying

S(z) =
1

2π
log |z|−1U(z) + r(z, 0)U(z).

By the defining properties of G(z, ζ),

∂2

∂z∂z

∫

Ω′

G(z, ζ)φn(ζ)dζ ∧ dζ = φn(z).

Using this, we compute that in Ω′,

∇z∇zSn(z) = (∇z∇zU(z))

∫

Ω′

G(z, ζ)φn(ζ) + (∇zU)
∂

∂z

∫

Ω′

G(z, ζ)φn(ζ)

+ (∇zU)
∂

∂z

∫

Ω′

G(z, ζ)φn(ζ) + U(z)φn(z).

Set Φ1
n = ∇z∇zSn(z)− U(z)φn(z).

Lemma 3.2. For all 1 ≤ p < 2, Φ1
n converges along a subsequence in Lp as n → ∞.

Proof. It suffices to show that the three terms above all subconverge in Lp near 0. Since G splits
into a log term and a regular term, we only need show Lp-subconvergence for

(∇z∇zU(z))

∫

Ω′

log |z − ζ|φn(ζ), (∇zU)
∂

∂z

∫

Ω′

log |z − ζ|φn(ζ), (∇zU)
∂

∂z

∫

Ω′

log |z − ζ|φn(ζ).

By the basic properties of φn,
∫

Ω′ log |z − ζ|φn(ζ) → log |z| in Lp as n → ∞, so the first term
Lp-converges to ∇z∇zU(z) log |z| in Ω′, and away from Ω′ our regularity assumptions give Lp con-
vergence. As for the second term, since 1/|z| is in Lp(Ω′) for 1 ≤ p < 2, an application of dominated
convergence shows it is equal to

1

2
(∇zU)

∫

Ω′

φn(ζ)

z − ζ
dζ ∧ dζ.

Taking n → ∞, we have convergence for such p to

∇zU

z

in Ω′, and nice convergence outside of Ω′ (note we can make this continuous by choosing U so that
∇zU = 0, but this is not necessary). The final term is handled similarly. �

3.2. The zeroth order kernel. With the parametrices in hand, the remainder of the computation
is a routine procedure. Complementary to Φ1

n, set

Φ2
n =

1

σ2
R(Sn, fz)fz.

Let Φn = Φ1
n −Φ2

n and Ψn = J−1(Φn). Here R is the complexified curvature tensor of M and σ2 is
the density of the conformal metric µ on Σµ.

Lemma 3.3. For every 1 ≤ p < 2, the sequence of norms of ||Φn||p is uniformly bounded. Moreover,
for any α ∈ (0, 1), Ψn converges along some subsequence to a section Ψ ∈ C0,α.

Proof. We showed above that Φ1
n converges in Lp to an Lp section. As for Φ2

n, away from 0 it
converges locally uniformly to some C∞ section. Around 0 we have the estimate

Φ2
n ≤ C log |z|

for some C > 0 and hence we have uniform Lp bounds for all p.
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Invoking Proposition 2.9, Ψn is uniformly bounded in W 2,p(E) for any p ∈ [1, 2). The convergence
result now follows from the Rellich-Kondrachov theorem, which gives a compact embedding from
W 2,p → C0,α when 2− 2/p > α. �

Proposition 3.4. The zeroth order reproducing kernel is of the form

(7) X(z) = − 1

2π
log |z|U(p) +B(z)

where B(z) is a C0,α local section of E near p, for any α ∈ (0, 1).

Proof. Let W ∈ Γ(E). In local coordinates, the complexified Jacobi operator is given by

JW = ∇z∇z − σ−2R(W, fz)fz.

As J is essentially self-adjoint,
∫

Σ

〈JW,Sn〉dA =

∫

Σ

〈W,∇z∇zSn〉dA−
∫

Σ

〈W,σ−2R(Sn, fz)fz〉dA

=

∫

Σ

〈W,Φn〉dA +

∫

Σ

〈W,µn〉dA

=

∫

Σ

〈JW,Ψn〉dA+

∫

Σ

〈W,µn〉.

We reorganize this to
∫

Σ

〈JW,Sn〉dA−
∫

Σ

〈JW,Ψn〉dA =

∫

Σ

〈W,µn〉.

The term on the right tends to 〈W,U(p)〉 as n → ∞. Meanwhile, passing to the subsequence from
the previous lemma, the left-hand side converges to

∫

Σ

〈JW,S −Ψ〉

as n → ∞. Therefore, X = S−Ψ, and the expression for X is then derived from the local expression
for S stated above and the fact that Ψ ∈ C0,α for any α ∈ (0, 1). �

Remark 3.5. We have made no attempt to optimize the regularity of B(z).

Remark 3.6. If we change to a different (not holomorphic) coordinate ϕ(z) = ϕ(x, y) with ϕ(0) = 0,
the expression may not be so simple, but we know it behaves asymptotically like a constant multiple
of log |ϕ|−1.

3.3. First order kernels. We don’t need explicit information for the singularity for the first order
kernel, but we do need to know the rate at which it blows up. A calculation is given in [8, Appendix
A], that strongly uses that ∇z = ∂ for the Koszul-Malgrange holomorphic structure. Here we give
a different method that works in more generality (and applicable for higher order kernels).

We find the first order kernel with respect to the tangent vector ∂
∂z . Taking real and imaginary

parts, we can then get any kernel. Extend the vector U in a local trivialization so that ∇zU(p) = 0.
For z ∈ Ω′, ζ ∈ Ω, we thus have a well-defined function X(z, ζ) such that

〈V (z), U(z)〉 =
∫

Σ

〈JV (ζ), X(z, ζ)〉dA(ζ)

for all V ∈ Γ(F). From the work above, X(z, ζ) takes the form

X(z, ζ) =
1

2π
U(ζ) log |z − ζ|−1 +B(z, ζ),

where, for fixed z, B(z, ζ) is locally C0,α away from {ζ = z}. This function is not regular and in
fact blows up on the diagonal (unless U(z) = 0). Away from the diagonal, regularity in z is the
maximum of regularity of U and the vector bundle: from the construction, we can choose µn and
Sn to vary nicely with z for each n, and then we get the correct regularity in the limit.
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Observe
∂

∂z
〈V (z), U(z)〉 = 〈∇zV (z), U(z)〉+ 〈V (z),∇zU(z)〉

in Ω′. In terms of our integrals, differentiating under the integral via dominated convergence, we get

∂

∂z

∫

Σ

〈JV (ζ), X(z, ζ)〉 =
∫

Σ

〈JV (ζ),∇zX(z, ζ)〉 = 〈∇zV (z), U(z)〉+ 〈V (z),∇zU(z)〉.

Setting z = 0, we find that the first order kernel is given by ∇zX(0, ζ). From this we deduce the
following.

Proposition 3.7. In the complex coordinate z, the reproducing kernel is of the form

(8) X(z) =
1

πz
U(p) +B(z)

where B(z) is a C0,α local section of E near p, for any α ∈ (0, 1).

4. Somewhere injective harmonic maps

As discussed earlier, Theorem A reduces to a transversality result, whose proof is given in the
next section. Apart from a few things, the content of this section is adapted from [8, Section 6].

4.1. Exceptional Riemann Surfaces. Our proof of Theorem A involves a “super-regular” condi-
tion (defined below) that we would like to know is generic. The lemma below allows us to dismiss a
class of metrics on which the condition fails.

Definition 4.1. A Riemann surface Σ is exceptional if either

• Σ is a holomorphic branched cover of another Riemann surface of genus at least 2 or
• Σ admits an anti-holomorphic involution.

The lemma below is a consequence of the factorization theorem established in [13].

Lemma 4.2. Suppose there is a pair of disks Ω1,Ω2 ⊂ Σ and a conformal diffeomorphism h : Ω1 →
Ω2 such that f ◦ h = f on Ω1. Then the Riemann surface Σ is exceptional.

Proof. According to [13, Theorem 1.1], if h : Ω1 → Ω2 is a holomorphic map between open subsets
of Σ such that f ◦h = f , then f factors through a holomorphic branched covering map onto a surface
Σ0. If Σ0 has genus less than two, then it is either a sphere or a torus. In both cases, the subgroup

f∗(π1(Σ)) < π1(M)

is abelian, which contradicts our assumption that the homotopy class f is admissible. If h is anti-
holomorphic, the result follows from Theorem 1.1 and the discussion in Section 4 of [13]. �

This next result is well understood and one can find details in [8, Appendix B]. We set M′(Σ) to
be the set of metrics in M(Σ) giving rise to non-exceptional Riemann surfaces.

Proposition 4.3. M
′(Σ) is an open, dense, and connected subset of M(Σ).

For ease of notation, we write M = M
′(Σ) × M(M) instead of M(Σ) × M(M) throughout the

rest of the paper.

4.2. Super-regular points. Denote by A(f) the set of p ∈ Σ such that f−1(f(p)) ⊂ Σreg(f).
Given metrics (µ, ν) and p, q ∈ A(f), we say that the inner products µ(p) and µ(q) are conformal
to each other via f if the tangent planes df(TpΣ) and df(TqΣ) agree in Tf(p)M , and if the push
forwards f∗µ(p) and f∗µ(q) are collinear.

Definition 4.4. Given a map f , a point p ∈ Σ is said to be super-regular if

• p ∈ A(f) and
• if f(p) = f(q), then µ(p) and µ(q) are not conformal to each other via f .
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We denote the set of super-regular points for a map f by ΣSR(f). We define SR ⊂ Σ × M by
(p, µ, ν) ∈ SR if p ∈ ΣSR(fµ,ν).

Proposition 4.5. Continuing to exclude the exceptional metrics from M, the set SR is open in
Σ×M and ΣSR(f) is open and dense in Σ.

We first treat A(f) on its own. It is due to Sampson [14, Theorem 3] that the set of regular points
of an admissible harmonic map is open and dense.

Lemma 4.6. A(f) is open and dense in Σ.

Proof. Openness is obvious. As for density, suppose on the contrary that there is an open set Ω ⊂ Σ
on which f is regular but no point is in A(f). By shrinking Ω we may assume f |Ω is an embedding.
We then find a small tubular neighbourhood N ⊂ M of the submanifold f(Ω), in which the nearest
point projection π : N → f(Ω) is well defined. The set S = f−1(N) ⊂ Σ is then an open submanifold
of Σ.

Let g = π ◦ f : S → f(Ω). If y ∈ S is a singular point of f , then it is a singular point of g. By
assumption, for each u ∈ f(Ω), the set f−1(u) contains a singular point of g. Thus, each point in
f(Ω) is the image of a singular point y ∈ S of the map g. This contradicts Sard’s theorem. �

Proof of Proposition 4.5. It is clear that both ΣSR(f) and SR are open. It remains to prove ΣSR(f)
is dense. Note that the set f−1(f(x)) is finite provided x ∈ A. Indeed, if |f−1(f(x))| = ∞, then the
closed set f−1(f(x)) has an accumulation point, at which the rank of df is necessarily strictly less
than two (as f cannot be an embedding near that point).

From the previous lemma, we are left to show that the conformality condition holds on a dense
subset of A(f). Arguing by contradiction, suppose that on an open subset Ω ⊂ A we have that for
every p ∈ Ω there exists q ∈ f−1(f(p)) such that µ(p) and µ(q) are conformal to each other via f .
Given p ∈ Ω, we have a finite number of disks D1, . . . , Dn with centers pi such that f(p) = f(pi)
and with µ(p) and µ(pi) conformal via f . We also assume f is a regular embedding on Di and Ω.
Let Ci ⊂ Di be the closed set of points x ∈ Di with the property that there exists y ∈ Ω with
f(x) = f(y) and such that µ(x) is conformal to µ(y) via f . We claim that for at least one i, Ci has
non-empty interior. If not, then

C = ∪if(Ci) ∩ f(Ω)

has empty interior, for it is a finite union of closed nowhere dense sets. Choosing a sequence
(pn)

∞
n=1 ⊂ Ω\(f−1(C) ∩Ω) converging to p, we can find another sequence (qn)

∞
n=1 ⊂ Σ\(∪iDi) with

f(pn) = f(qn) and µ(pn) and µ(qn) are conformal via f . Passing to a subsequence, the qn converge
to some point q ∈ Σ\(∪iDi) such that f(p) = f(q) and µ(p) and µ(q) are conformal via f . This
contradicts our construction of the Di, and so the claim is proved.

Relabelling so that f(Ω) and f(D1) intersect with non-empty interior, we can find open sets
Ω1 ⊂ Ω and Ω2 ⊂ D1 as well as a diffeomorphism h : Ω1 → Ω2 such that f ◦ h = f on Ω1. The
metrics µ and h∗µ are pointwise conformally equivalent on Ω, and thus h is a conformal map. This
contradicts Lemma 4.2. �

4.3. Proof of Theorem A. Denote by J the subset of nowhere injective maps.

Lemma 4.7. J is closed.

Proof. If a somewhere injective map f (which need not be harmonic) has an injective point at
p, meaning f−1(f(p)) = {p}, then there is an open set containing p that consists only of injective
points. Indeed, choose a disk Ω around p on which f is regular and f |Ω is injective. If the claim fails,
we can find pn → p and qn ∈ Σ\Ω such that f(pn) = f(qn). By compactness, the qn subconverge to
a point q at which f(p) = f(q), a contradiction.

So, suppose ((µn, νn))
∞
n=1 ⊂ J converges to (µ, ν), and f = fµ,ν is somewhere injective with

injective point p. There is a disk Ω around p such that fµn,νn is injective on Ω. Thus, there exists
pn ∈ Σ\Ω such that fµn,νn(pn) = fµn,νn(p), and again we find a contradiction by extracting an
accumulation point q 6= p. �
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Let P,Q ⊂ Σ be two disjoint open embedded disks in Σ. For δ > 0 we let

D(P,Q, δ) = {(µ, ν) ∈ M : dν(fµ,ν(P ), fµ,ν(Q)) > δ, P,Q ⊂ ΣSR(fµ,ν)}.

It follows from Proposition 4.5 that D(P,Q, δ) is an open subset of M. By Proposition 4.5 we also
know that the set ΣSR(fµ,ν) is dense in Σ, and therefore non-empty. Thus, each pair (µ, ν) ∈ M is
contained in D(P,Q, δ) for some disks P,Q and δ > 0.

Lemma 4.8. Let A ⊂ M be a subset. Suppose every pair (µ, ν) ∈ M has a neighbourhood D ⊂ M

such that D\A is open, dense, and connected in D. Then M \A is open, dense, and connected in M.

The proof is trivial point-set topology and left to the reader. Thus, toward Theorem A it suffices
to prove that every D\J is connected, where D ranges over connected components of D(P,Q, δ).
Henceforward we work on a single such component D. Set Σ2 = Σ × Σ, M2 = M × M , and
Y = Σ2 × (P ×Q×D). Define the map Θ : Y → M2 ×M2 by

Θ(r, s, p, q, µ, ν) = (f(r), f(s), f(p), f(q))

where we abbreviate f = fµ,ν . As we have noted earlier, the map (µ, ν) 7→ fµ,ν is Ck and the
evaluation map has the same regularity as f . We deduce Θ is Cm, where m = min{k, n+ 1}.

Let L be the diagonal

L = {((u, v), (u, v)) ∈ M2 ×M2}.

The significance of Θ and L is contained in the fact that

π−1(J ) ⊂ Θ−1(L)

where π : Y → D is the projection onto the last factor. Indeed, suppose (µ, ν) ∈ J . Then for each
pair of points (p, q) ∈ P × Q there exists (r, s) 6∈ P × Q such that f(p) = f(r) and f(q) = f(s).
Thus Θ(r, s, p, q, µ, ν) ∈ L.

Remark 4.9. π−1(J ) also contains the set LP,Q×M, where LP,Q is the intersection of Σ2×(P×Q)
with the diagonal of Σ2 × Σ2. This set has codimension 4 and will not play a role in any of our
analysis.

Assuming the transversality lemma below, we prove Theorem A.

Lemma 4.10. Let (µ, ν) be a pair of metrics with µ not exceptional. Then for all (r, s, p, q) ∈
Σ2 × (P × Q) such that Θ(r, s, p, q, µ, ν) ∈ L, Θ is a submersion at that point. In particular, Θ is
transverse to L at such points.

Proof of Theorem A. By Lemma 4.7 we know that M∗ is open in M. If (µ, ν) yields a somewhere
injective harmonic map, then by openness there is nothing to do. According to Lemma 4.2, we
can also dismiss pairs (µ, ν) such that µ is exceptional. Henceforth fix (r, s, p, q, µ, ν) such that µ is
non-exceptional, and f = fµ,ν is nowhere injective. Via Lemma 4.10, we can shrink the surrounding
D(P,Q, δ) so that Θ is transverse to L on all of the corresponding Y. To prove that D\J is dense
and connected, we apply Proposition A.4 with A = P × Q × D, X = Σ2, Y = M2 ×M2, f = Θ,
and W = L. Proposition A.4 applies since d = dimX = 4 and k = codimM2×M2 W = 2dimM ≥ 6,
so d− k ≤ −2. �

5. The proof of transversality

We give the proof of Lemma 4.10.
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5.1. The derivative dΘ. The deriative of Θ is a map dΘ : T Y → F2×F2. The tangent space T Y
splits as T (Σ2 × P ×Q)× T M. The restriction dΘ : T (Σ2 × P ×Q)× {0} → F2 × F2 is given by

dΘ(r, s, p, q, µ, ν, 0) = dfr × dfs × dfp × dfq

where dfx denotes the derivative of f = fµ,ν at x. Since all four points are regular, the image of
dΘ contains every quadruple of vectors (Z1, Z2, Z3, Z4) ∈ F2 ×F2 that are tangent to the surface of
f(Σ) at the corresponding points.

For derivatives in the M-coordinates, we leave the source metric µ fixed and vary the target
metric. Let ν̇ ∈ T M(M). By [4, page 35], the section V ∈ Γ(F) defined by

V =
d

dt
|t=0fµ,ν+tν̇

satisfies

JV = G(ν̇).
Here, G(ν̇) is the derivative of the tension field in the ν̇-direction:

G(ν̇) = d

dt
|t=0τ(µ, ν + tν̇, fµ,ν).

Accordingly, V is called a harmonic variation. It follows that

dΘ(0, 0, 0, 0, 0, ν̇) = (V (r), V (s), V (p), V (q)).

Suppose Θ(r, s, p, q, µ, ν) ∈ L. To simplify notation, we rename the points as z1 = p, z2 = r,
w1 = q, w2 = s. The proof of Lemma 4.10 is another contradiction argument. Suppose the lemma
is incorrect. Then, there are four vectors Zi ∈ Fzi , Wi ∈ Fwi , not all of them zero, such that

• Zi and Wi are either zero or normal to the surface f(Σ) at the points f(zi) and f(wi)
respectively and

• for every V such that JV = G(ν̇), the following holds:

(9)

2
∑

i=1

(〈V (zi), Zi〉+ 〈V (wi),Wi〉) = 0.

We now invoke reproducing formulas for the zeroth derivative. We showed the existence of repro-
ducing kernels in Section 3. Adding up the four zeroth order reproducing kernels associated to the
points zi, wi, we find a section X : Σ\{z1, z2, w1, w2} → F with maximum regularity and such that

2
∑

i=1

(〈W (zi), Zi〉+ 〈W (wi),Wi〉) =
∫

Σ

〈JW,X〉dA

for all W ∈ Γ(F). We also record here that JX(p) = 0 for every p 6= z1, z2, w1, w2 and X ∈ Lp(F)
for every p ≥ 1. X is not identically equal to zero as we can certainly find sections W ∈ Γ(F) such
that the left-hand side above is not zero. On the other hand, from (9) we conclude that

∫

Σ

〈JV,X〉dA = 0

for every harmonic variation V .
Stepping back for a moment, if ν̇ has support near f(z1), then the associated JV is supported

near all preimages of f(z1). The kernel X may have singularities at z1 and z2, while X is smooth
at the other preimages of f(z1). The tangent planes df(Tz1Σ) and df(Tz2Σ) are either tangential or
span a k-plane for k = 3 or 4, and we find it convenient to treat the cases separately. In both cases,
it is possible to choose ν̇ so that G(ν̇) is negligible at z2 but not so at z1. In the tangential case,
we extend the argument from [8, Section 7]. This is where the super-regular condition comes into
play (and this is the only place it does). In this way, we can eliminate the singularity of X at z1.
Repeating the procedure, but interchanging the roles of z1 and z2, we’re able to show that X is a
global Jacobi field, which means X ≡ 0.
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5.2. The time derivative of the tension field. We compute 〈J V,X〉 in coordinates for a general
variation ν̇.

We let (x1, x2) and (u1, . . . , un) denote local coordinates near z1 ∈ Ω and f(z1) ∈ M such that
z1 = (0, 0), f(z1) = (0, . . . , 0). Near z1, the reproducing kernel X can be expressed as a linear
combination of the sections ∂

∂fj
= f∗ ∂

∂uj
, j = 1, . . . , n. We let Xj denote the real valued functions

on Ω such that

Xk =
n
∑

j=1

Xj ∂

∂fj
.

In local coordinates on Σ (not necessarily holomorphic), the tension field τ is given by

τγ = τγ(f, µ, ν) = µij
( ∂2fγ

∂xi∂xj
− µΓk

ij

∂fγ

∂xk
+ νΓγ

αβ(f)
∂fα

∂xi

∂fβ

∂xj

)

where γ = 1, . . . , n and, as in Section 3, we’re using the Einstein summation convention. Here µij are
the components of the inverse of the metric tensor µ. Let ν̇ be a variation of ν and set νt = ν + tν̇.
Recall we have defined G(ν̇) = ∂

∂tτ(fµ,ν , µ, νt)|t=0. Since τ(f, µ, ν) = 0, we see

〈G(ν̇), X〉 = d

dt
|t=0〈τ(f, µ, νt), X〉.

The only term that does not die upon taking the derivative is the term involving νΓγ
αβ(f). Thus,

(10) 〈G(ν̇), X〉 = d

dt
|t=0

∑

α,β

ναβµ
ijνtΓα

γδ(f)
∂fγ

∂xi

∂f δ

∂xj
Xβ.

Set
νtΓγ,αβ =

1

2
(νtαγ,β + νtγβ,α − νtαβ,γ)

where νtαβ,δ =
∂νt

αβ

∂uδ
and νγδt denote inverse components of νt. Under this notation, the Christoffel

symbols are computed by the well-known formula

νtΓγ
αβ =

∑

δ

νγδt · νtΓδ,αβ.

Inserting back into (10) yields

(11) 〈G(ν̇), X〉 = d

dt
|t=0

∑

α

µijνtΓγδ,α(f)
∂fγ

∂xi

∂f δ

∂xj
Xα =

∑

γ

µijΓ̇αβ,γ
∂fα

∂xi

∂fβ

∂xj
Xγ .

Here we are resuming the notation from Section 3,

Γ̇γ
αβ = lim

t→0

∂νtΓγ
αβ

∂t
.

We also record that

(12) Γ̇αβ,γ =
1

2
(ν̇αγ,β + ν̇γβ,α − ν̇αβ,γ).

5.3. Tangential harmonic disks. Let Ω be a small neighbourhood of z1 such that f : Ω → M
is an embedding. We let (x1, x2) be conformal coordinates near z1 and (u1, . . . , un) coordinates
centered at f(z1) ∈ M such that

• f(z1) = (0, . . . , 0),
• the (regular) surface f(Ω) is tangent to the plane P = {u3 = · · · = un = 0} at f(z1), and
ui ◦ f = xi for i = 1, 2, and

• νjk = νjk = 0 and νjj = 1 for k = 1, 2 and j = 3, . . . , n when restricted to P at f(z1).
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Note that, as observed in Section 4, the set f−1(f(z1)) is finite. Set

f−1(f(z1)) = {z1, z2, . . . , zm}.
For ǫ ∈ (0, 1) small enough, we let D(ǫ) denote the disk of radius ǫ in the plane P , and let Dǫ be
the ball of radius ǫ in the (u1, . . . , un)-coordinates centered at 0. Since zk ∈ Σreg(f), we may choose
ǫ so that

f−1(Dǫ) =

m
⋃

k=1

Ωk

where Ωk = Ωk(ǫ) is the corresponding neighbourhood of zk. If we choose a variation ν̇ with support
in Dǫ, then the induced variation of the pullback metric f∗ν is supported in f−1(Dǫ). If JV = G(ν̇),
we will see that this implies JV is supported there as well, and we obtain

(13)

∫

Σ

〈JV,X〉dA =

m
∑

k=1

∫

Ωk

〈JV,X〉dA = 0.

Our proof of transversality of Θ involves analyzing each integral in the sum above. We split into
cases: (i) the harmonic surfaces f(Ω1) and f(Ω2) are tangential at f(z1) and (ii) they are not
tangential. In each case, we pick a different variation of the target metric to find our contradiction.

We first treat case (i). For ǫ > 0 small enough,

1 . |df | . 1

on each Ωk. Here | · | is the operator norm. Since the surface f(Ωk) is regular and proper, it follows
that

(14) ǫ2 .

∫

Ωk

dA . ǫ2

for all k.
We now specify our variation. Let Zj

1 denote the jth component of the vector Z1 ∈ Fz1 in the
basis for Fz1 induced by our choice of coordinates. We let ϕαβ = ϕβα denote a set of real numbers
such that ϕαβ = 0 if at least one of α, β is greater than two. Let χ be a non-negative function
of (u1, . . . , un) with support in D2, equal to 1 on D1/2, and such that it has total integral 1 with
respect to the induced Euclidean area form on P . These conditions guarantee that, restricted to
this plane, χǫ(u) = ǫ−2χ(u/ǫ) converges in the sense of distributions to the Dirac delta function as
ǫ → 0. χǫ has compact support in D(2ǫ), and the product χǫϕαβ is equal to ǫ−2ϕαβ on D(ǫ/2).
Define ν̇ = ν̇(ǫ) by

ν̇αβ(u) =
n
∑

j=3

−2ujZ
j
1χ

ǫ(u)ϕαβ .

We suppress the ǫ from our notation wherever possible. Referring back to (11), we are interested in
the variation of Γαβ,γ . For γ ≥ 3,

Γ̇αβ,γ = −1

2
ν̇αβ,γ = Zγ

1ϕαβχ
ǫ(u) + uγZ

γ
1ϕαβχ

ǫ
γ(u),

and hence, on D(ǫ/2),

(15) |Γ̇αβ,γ | =
1

2
|ν̇αβ,γ | = |Zγ

1ϕαβχ
ǫ(u)| = ǫ−2|Zγ

1ϕαβ | . ǫ−2.

For γ = 1, 2,

(16) |Γ̇αβ,γ | . max
αβ,δ

|ν̇αβ,δ| . ǫ|∇χǫ| . ǫ−2.

In any case, (15) and (16) show that we have a O(ǫ−2) bound on |Γ̇αβ,γ | for any choice of α, β, γ.
The local coordinates (x1

1, x
1
2) near z1 satisfy

∂fα

∂x1
i

(z) = δiα.
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Since f(Ω2) is tangent to {u3 = 0} at z2, we can choose coordinates (x2
1, x

2
2) near z2 such that

(17)
∂fα

∂x2
i

(z) = δiα +O(ǫ).

Note that, by our restrictions on µ, µ is no longer conformal in these coordinates.

Remark 5.1. When the two harmonic disks are equal, the O(ǫ) term is identically zero.

Inserting these expressions into (10) gives, near z1,

(18) 〈G(ν̇), X〉 =
∑

γ

µijΓ̇ij,γX
γ

and near z2,

(19) 〈G(ν̇), X〉 =
∑

γ

µij Γ̇αβ,γ(δiαδjβ +O(ǫ))Xγ =
∑

γ

µij Γ̇ij,γX
γ +O(ǫ)

∑

α,β,γ

Γ̇αβ,γX
γ .

5.4. Incompatible asymptotics. The reproducing kernel X is regular near each point zk when
k > 2. Trivially, |JV | . 1 near zk. Recalling (14), we deduce

∣

∣

∣

∫

Ωk

〈JV,X〉dA
∣

∣

∣
. ǫ−2

for k > 1, 2. For k = 1, 2, it may be the case that X has a singularity near z1 or z2 (or both). We
computed this singularity in Proposition 3.7, the result being that in a trivialization near z1,

X(z) =
1

2π

(

log
1

|z|
)

Zk +B1(z)

where B1(z) is a C0,α local section of F near z1, and Zk ∈ Fzk is the vector normal to the surface
f(Σ) at f(z1), defined above. Our coordinate is not conformal around z2.

Here we are considering the zero vector to be normal. Recall we are assuming that for k = 1, 2,
the patches f(Ωk) are tangent to the plane P at f(zk). Zk is normal to P because ν1γ = ν2γ = 0
for γ ≥ 3. Incorporating these asymptotics into (18) and (19), we isolate that at z1,

(20) 〈G(ν̇), X〉 =
∑

γ≥3

µijΓ̇ij,γX
γ +

∑

δ=1,2

µij Γ̇ij,δX
δ =

∑

γ≥3

µij Γ̇ij,γX
γ +O(ǫ−2)

and at z2,

〈G(ν̇), X〉 =
∑

γ≥3

µijΓ̇ij,γX
γ(1 +O(ǫ)) +O(ǫ−2).

We now use the fact that the restrictions of the metric µ at the points z1 and z2 are not conformal
to each other via f . By the choice of local coordinates, this means the matrix µij(z1) is not a
multiple of the matrix µij(z2), where both matrices are found by trivializing the pullback bundle F

over f−1(Dǫ) using a trivialization of Dǫ. Furthermore, the two spaces of 2× 2 matrices orthogonal
to µij(z1) and µij(z2) respectively (with respect to the Frobenius inner product) do not coincide.
Thus, we can choose ϕij such that

2
∑

i,j=1

µij(z1)ϕij = 1

and
2

∑

i,j=1

µij(z2)ϕij = 0.
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Taylor expanding (20), we see that in a trivialization around z1,

〈G(ν̇), X〉 =
∑

γ≥3

ǫ−2χ(z/ǫ)Zγ
1

( 1

2π

(

log
1

|x|
)

Zγ
1 +Bγ(x)

)

+O(ǫ−2)

=
∑

γ≥3

ǫ−2 log |x|−1χ(z/ǫ)

2π
|Zγ

1 |2 +O(ǫ−2).

For z near z2,

2
∑

i,j=1

µij(z)ϕij . ǫ

follows by Taylor expansion, and therefore

〈G(ν̇), X〉 =
∑

γ≥3

µij(Zγ
1ϕijχ

ǫ(u) + uγZ
γ
1ϕijχ

ǫ
γ(u))X

γ(1 +O(ǫ)) +O(ǫ−2)

.
∑

γ≥3

ǫ(Zγ
1χ

ǫ(u) + uγZ
γ
1χ

ǫ
γ(u))(1 +O(ǫ))

((

log
1

|x|
)

Zγ
2 +Bγ(x)

)

+O(ǫ−2)

.
∑

γ≥3

ǫ−1 log ǫ−1|Zγ
1Z

γ
2 |+O(ǫ−2).

Taking integrals yields

∫

Ω1

〈JV,X〉dA =
ǫ−2

2π

∑

γ≥3

∫

Ω1

(

log
1

|x|
)

χ(z/ǫ)|Zγ
1 |2dA(x1

1, x
1
2) +O(1)

∫

Ω2

〈JV,X〉dA . ǫ log ǫ−1 +O(1) . 1,

and replacing back into (13) gives

∫

Σ

〈JV,X〉dA =
ǫ−2

2π

∑

γ≥3

∫

Ω1

(

log
1

|x|
)

χ(z/ǫ)|Zγ
1 |2dA(x1

1, x
1
2) +O(1).

Our standing assumption is that for all ǫ > 0, the left-hand side is equal to 0. Therefore,

∑

γ≥3

|Zγ
1 |2

ǫ−2

2π

∫

Ω1

(

log
1

|x|
)

χ(z/ǫ)dA(x1
1, x

1
2) =

∣

∣

∣

∑

γ≥3

ǫ−2

2π

∫

Ω1

(

log
1

|x|
)

χ(z/ǫ)|Zγ
1 |2dA(x1

1, x
1
2)
∣

∣

∣
. 1.

In coordinates, Ω1 contains a ball of radius ǫ/2 with respect to the Euclidean metric, and in such a
ball χ(z/ǫ) = 1. Thus,

ǫ−2

2π

∫

Ω1

(

χ(z/ǫ) log
1

|x|
)

dA(x1
1, x

1
2) & ǫ−2

∫

Ω1

(

log
1

|x|
)

dx1
1dx

1
2 & log(ǫ−1).

If there exists γ ≥ 3 such that Zγ
1 6= 0, this implies

log ǫ−1 . 1,

which is nonsensical. This forces Zγ
1 = 0 for all γ ≥ 3. Furthermore, recalling that Z1 is normal to

f(Ω1) at z1, we must have that Z1 = 0 identically. This proves the following lemma.

Lemma 5.2. Suppose f(Ω1) and f(Ω2) are tangential at f(z1). Then X extends smoothly over z1.
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5.5. Non-tangential harmonic disks. We have essentially proved transversality Θ, if we assume
the images of the harmonic map are tangential at z1, z2, and at w1, w2. In this subsection, we
consider other intersections. Namely, we prove the following.

Lemma 5.3. Suppose f(Ω1) and f(Ω2) are not tangential at f(z1). Then X extends smoothly over
z1.

Equipped with this lemma, we can prove transversality with ease.

Proof of transversality of Θ. Assume Θ is not transverse, so that we have the section X as in sub-
section 9.1. Applying Lemma 5.2 or Lemma 5.3, depending on the circumstance, we see X extends
smoothly over the point z1. Repeating this procedure with Z2,W1, and W2 taking the role of Z1,
we can show it extends smoothly over those points as well. However, that means X extends to a
global Jacobi field, which can only occur if X ≡ 0. This is a contradiction. �

Moving toward the proof of Lemma 5.3, the proof of the tangential case does not immediately
adapt because (17) does not hold, and the super-regular condition can not be used effectively. To
accommodate, we choose our variation differently. Instead of picking one supported in the ball Dǫ,
we set Cǫ = D(ǫ)× {|uj | < ǫ2 : j = 3, . . . , n} and use

Bǫ = Dǫ ∩ Cǫ.

The three-dimensional picture of this is the intersection of a ball with a fat cylinder. Similar to
before, let Ωk denote the connected components of f−1(Bǫ). Since Bǫ is contained in Dǫ, regularity
gives

∫

Ωk

dA .

∫

f−1(Dǫ)

dA . ǫ2.

Following our previous approach, we choose real numbers ϕαβ = ϕβα to be specified later, but that
can be non-zero only for α, β = 1, 2. Let χǫ be exactly as before. Take ω1 to be a smooth function
with support in P ∩ {u2

1 + u2
2 < 4} and such that ω1 = 1 on P ∩ {u2

1 + u2
2 < 1}, and let ω2 : R → R

be a smooth function that is 1 on (−1, 1) and 0 off (−2, 2). Assuming ǫ < 1, set

ωǫ(u) = ω1(ǫ
−1u1, ǫ

−1u2, 0, . . . , 0)
n
∏

k=3

ω2(ǫ
−2uk).

χǫωǫ has compact support in B2ǫ, and χǫωǫǫ−2ϕαβ = ϕαβ in Bǫ. Define ν̇ = ν̇(ǫ) by

ν̇αβ(u) = −2
n
∑

j=3

ujZ
j
1χ

ǫ(u)ωǫ(u)ϕαβ

and ν̇αβ = 0 for other α, β. One can slightly adjust our previous computations to get

max
α,β

|Γ̇γ
αβ | . ǫ−2.

Reusing our previous notation, one can now show

∫

Σ

〈JV,X〉dA =

2
∑

k=1

∫

Ωk

ναβ(f)Gα(ν̇)Xβ
k dA+O(1).

We aim to find asymptotics for both integrals on the right-hand side above. The key observation in
bounding the integral over Ω2 is that, since f(Ω2) is not wholly contained in Bǫ, we have a stronger
area estimate.

Lemma 5.4. The area of Ω2 satisfies

Area(Ω2) . ǫ3

as ǫ → 0.
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Proof. Since |df | is uniformly bounded above and below on Ω2, it suffices to prove the same asymp-
totic for the area of f(Ω2) ⊂ Bǫ. Let (u1, . . . , un), (x

2
1, x

2
2) be the coordinates from above, and let

Q be the embedding of the tangent plane df(Tz2Σ) inside our coordinate patch. Our metrics are
locally comparable to Euclidean metrics, and hence

Area(f(Ω2)) .

∫

Ω2

J(f)(x2
1, x

2
2)dx

2
1d

2
x .

∫

Ω2

J(f)(0)dx2
1d

2
x +O(ǫ3),

where J(f) is the Jacobian determinant for f . Let Ω̃2 be the relevant component of f−1(Cǫ). Then
∫

Ω2

J(f)(0)dx2
1dx

2
2 ≤

∫

Ω̃2

J(f)(0)dx2
1dx

2
2.

As f is an immersion near z2, from multivariable calculus we have

(21)

∫

Ω̃2

J(f)(0)dx2
1dx

2
2 =

∫

Q∩Cǫ

dS,

where dS is the Euclidean area form on the parametrized surface Q ∩ Cǫ ⊂ Rn.
To compute, if P and Q span a four-dimensional subspace, then our job is very easy: the plane Q

only intersects P at f(z2), and is hence contained in a ball of radius ǫ2. So the area integral is on the
order of ǫ2n. The less trivial case is when P and Q intersect transversely inside a copy of R3. That
is, Q intersects P in a line, making some acute angle α > 0 with P . The family of planes making
such an angle admits an S1 action by rotations around the normal axis (which we now assume is
the u3-axis), which preserves the area of intersections with the cylinder. Hence, we can replace Q
with any plane that makes the same angle α. A convenient choice is

Q = {(u1, u2, u3) : u1 sinα+ u3 cosα = 0}.
If not already the case, shrink ǫ so that ǫ < tanα. We view Q as the parametrized surface specified
by

F (u1, u2) = u3 = −u1 tanα,

subject to the constraints u2
1 + u2

2 < ǫ2, |u3| < ǫ2. Set Fi = Fui . We compute

∫

Q∩Cǫ

dS =

∫

Q∩Cǫ

√

F 2
1 + F 2

2 + 1dS = 2

∫ ǫ2

tan α

− ǫ2

tan α

∫

√
ǫ2−u2

1

0

√

tan2 α+ 1du2du1 . ǫ3.

Thus, in both cases, inputting the estimates into (21) gives the desired bound. �

With this lemma in hand, near z2,

X2(z) = C
(

log
1

|z|
)

Z2 +B(z)

with Z2 a vector normal to f(Ω2) at z2 (and thus not normal to P ) and B ∈ C0,α(F|Ω2 ). Independent
of the choice of ϕαβ , we estimate

〈G(ν̇), X〉 =
∑

γ

µijΓ̇αβ,γ
∂fα

∂xi

∂fβ

∂xj
Xγ . log

1

|x| max
α,β,γ

|Γ̇αβ,γ | . ǫ−2 log
1

|x| ,

so that
∫

Ω2

|G(ν̇), X〉|dA . ǫ−2

∫

Ω2

log
1

|x|dA.

We bound the integral on the right:
∫

Ω2

log
1

|x|dA =

∫

Ω2\(Ω∩B(0,ǫ3/2))

log
1

|x|dA+

∫

Ω∩B(0,ǫ3/2)

log
1

|x|dA

≤ log ǫ−3/2Area(Ω2) +

∫

B(0,ǫ3/2)

log
1

|x|dA . ǫ3 log ǫ−1.
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Returning to our original integral, we obtain

0 =

∫

Σ

〈JV,X〉dA =

∫

Ω1

〈J V,X〉dA+O(ǫ log ǫ−1).

For Ω1, the area estimate

(22) ǫ2 .

∫

Ω1

dA . ǫ2

is obvious. We choose ϕαβ exactly as in the tangential case, and if X does not extend smoothly over
z1, then using (22) returns

∫

Ω1

〈J V,X〉dA & log ǫ−1

and produces the same contradiction as in the tangential case. This completes the proof of Lemma
5.3. As discussed above, this concludes our proof of transversality of Θ.

6. Immersions and Embeddings

6.1. Preparing the arguments. Here we set up transversality arguments for Theorem B and
Theorem C. We assume thatM is parallelizable, the general case being a slight modification (because
transversality is a local property). Accordingly, we choose an isomorphism σ : TMC → M × Cn

with projection map from
TMC → C

n

that restricts to a family of isomorphisms σp : TMC
p → C

n, isometric with respect to the inner

product induced by the metric on TMC
p and the standard inner product on Cn.

Let Σ̃ denote the universal cover of Σ. The metric µ on Σ lifts to a metric on the universal cover
Σ̃ that we still denote by µ. Likewise, the harmonic map fµ,ν lifts to a map fµ,ν : (Σ̃, µ) → (M, ν),
and we do not distinguish our notation.

The Riemannian manifold (Σ̃, µ) identifies isometrically with (D, σ), the complex unit disk en-
dowed with its hyperbolic metric. We further identify the Riemann surface Σµ in the conformal
class of (Σ, µ) with D/Γµ, where Γµ is a smoothly varying family of Fuchsian groups acting on D.
Let z ∈ D denote the complex parameter. This provides us with a canonical complex parameter
zµ = z on Σ̃ that depends only on µ.

Unless stated otherwise, the dimension (codimension) of some object in a category (vector space,
manifold, etc.) refers to the real dimension (codimension). To prove Theorem B, consider the subset
I ⊂ Cn defined by

I = {A ∈ C
n : rankA < 2}.

Here, Rank(A) denotes the dimension of the vector space spanned by Re(A) and Im(A). I is not a
submanifold, but it splits as a union of two submanifolds of Cn: I = L0 ∪ L1, where

L0 = {0} ⊂ C
n, L1 = {A ∈ C

n : rankA = 1} ⊂ C
n.

We define
Ψ : Σ̃×M → C

n

by
(p, µ, ν) 7→ σ(fz(p)).

The point is that fµ,ν is an immersion as long as Ψ(p, µ, ν) 6∈ I for all p. L0 has codimension 2n and
L1 has codimension n−1 in Cn, so if Ψ is transverse to both submanifolds, then Ψ−1(I) is contained
in a codimension n − 1 submanifold. Let π : Σ̃ × M → M be the projection map. π(Ψ−1(I)) is
contained in a submanifold of codimension at least (n − 1) − 2 = n − 3. So, once we formalize an
argument using Proposition A.4, the content of Theorem B is that Ψ is transverse at all points in
the preimage of I.

Toward transversality of Ψ, we compute the derivative of Ψ at a point (p, µ, ν) in the direction of
a variation of the target metric (0, 0, ν̇). As before, the infinitesimal variation of the maps fµ,ν+tν̇



HARMONIC SURFACES 23

is a section V ∈ Γ(F) satisfying JV = G(ν̇). If we can choose our coordinate so that V (p) = 0, then
the vector dΨ(0, 0, 0, ν̇) can be identified with the vertical lift of the associated vector in Cn under
the identification of the tangent space at 0. In such a coordinate, the derivative becomes

dΨ(0, 0, ν̇) = σp(∇zV (p)).

Thus, we have the following. Recall that in Section 2 we defined the bundle E to be the complex
bundle f∗TMC.

Lemma 6.1. Fix a point (p, µ, ν) ∈ Σ̃×M. Suppose that for every W ∈ Ep, there exists a variation
ν̇ ∈ Tν M(M) such that if V ∈ Γ(F) is the section satisfying JV = G(ν̇), then V (p) = 0 and

σp(∇zV (p)) = W (p).

Then Ψ is a submersion at (p, µ, ν). Consequently, Ψ is transverse to L0 and L1 at (p, µ, ν).

Granting the following, we prove Theorem B.

Lemma 6.2. Suppose fµ,ν is somewhere injective and has isolated singularities. Then the hypothesis
of the lemma above is satisfied. Hence, Ψ is transverse to L0 and L1 at (p, µ, ν).

Proof of Theorem B. Transversality is an open property, so we can fix a neighbourhood U around
(µ, ν) in which Ψ is transverse. We let U I denote the subset of (µ, ν) ∈ U corresponding to harmonic
immersions. Observe U I = U ∩ M \(π(Ψ−1(I))). The goal is to show this is open, dense, and
connected.

I is clearly closed, from which the openness result is immediate. For density and connectedness,
we use Proposition A.4 with A = U I , X = Σ̃, Y = Cn, f = Ψ and W being both L0 and L1. Note
that we computed the derivative of Ψ above, so it is clearly C1 (in fact, it is Cm, but we don’t need
to prove this). d = dimX = 2 and k = codimCnW = 2n and n− 1 for W = L0 and L1 respectively.
Hence, if n = dimM ≥ 4, then in both cases d− k ≤ 2− 3 = −1, so U I is dense. If n = dimM ≥ 5,
then d− k ≤ −2, so U I is connected. �

We now explain Theorem C. Define

Φ : Σ2 ×M → M2

by

(p, q, µ, ν) 7→ (fµ,ν(p), fµ,ν(q)),

and let E be the diagonal

E = {(x, x) : x ∈ M} ⊂ M2.

Similar to before, the bulk of the proof consists of showing that Φ is transverse to E at certain points.
The derivative in a ν̇ direction is just (V (p), V (q)), where V is the associated harmonic variation
(Section 5.1). The following lemma is the transversality criterion.

Lemma 6.3. Fix points (p, q, µ, ν) ∈ Σ2 × M. Suppose that for every W1 ∈ Fp, W2 ∈ Fq, there
exists a variation ν̇ ∈ Tν M(M) such that if V ∈ Γ(F) is the section satisfying JV = G(ν̇), then
(V (p), V (q)) = (W1,W2). Then Ψ is a submersion at (p, q, µ, ν). Consequently, Ψ is transverse to
E at (p, q, µ, ν).

As above, Theorem C follows from a lemma that we leave for later.

Lemma 6.4. Suppose fµ,ν is somewhere injective and has isolated singularities. Then the hypothesis
of the lemma above is satisfied. Hence, Ψ is transverse to E at (p, µ, ν).

Assuming this lemma, the proof of Theorem C follows the same line as the proofs of Theorems
A and B.
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Proof of Theorem C. Similar to above, we fix a neighbourhood U around (µ, ν) in which Φ is trans-
verse, and we let UE ⊂ U be the subset corresponding to harmonic embeddings. UE is open for
basic reasons. To prove UE is dense for n ≥ 5 and connected for n ≥ 6, we use Proposition A.4
with A = UE , X = Σ2, Y = M2, f = Φ, and W = E . d = dimΣ2 = 4 and k = codimM2E = n. If
n = dimM ≥ 5, then d− k ≤ 4 − 5 = −1, so UE is dense. If n = dimM ≥ 6, then d− k ≤ −2, so
UE is connected. �

6.2. The holomorphic line bundle L. Working toward the lemmas, we introduce the line bundle
L. Here we follow the exposition of [11, section 4.1]. Fix a pair (µ, ν) ∈ M and let f = fµ,ν denote
the associated harmonic map. As in Section 2, if we take a local complex parameter z = x+ iy, fz is
a local holomorphic section of the bundle E, which we recall is equipped with its Koszul-Malgrange
holomorphic structure.

While fz is only locally defined, the zero set is independent of the choice of coordinate, and
the projectivization [fz] is a well-defined holomorphic section of the projectivized bundle P(E).
Analytically continuing to the zero set we obtain a well-defined global section

[fz] : Σ → P(E).

This section defines a family of lines in E, which patch together to form a holomorphic line bundle
L ⊂ E, and fz may be naturally viewed as a local holomorphic section of L. If p is a branch point,
we can choose a coordinate z in which z(p) = 0 and

fz = zkg(z)

where g is a local section of L such that g(p) 6= 0. The integer k is called the branching order of f .
The E-valued (1, 0)-form fzdz is naturally a holomorphic section of the holomorphic vector bundle

L ⊗K, where K is the canonical bundle. If f branches at points p1, . . . , pn with branching orders
kp1 , . . . , kpn , then fzdz defines a nowhere vanishing holomorphic section of the bundle

L⊗K⊗ ζ
−kp1
p1 ⊗ · · · ⊗ ζ

−kpn
pn

where ζpj is the holomorphic point bundle at pj. It follows that

L ≃ K∗ ⊗ ζ
kp1
p1 ⊗ · · · ⊗ ζ

kpn
pn .

The degree of L can then be computed by the evaluation of the first Chern class against the funda-
mental class of Σ:

degL = 〈c1(L), [Σ]〉 = 2− 2g +
∑

p

kp,

where the sum is taken over the branch set.

6.3. Prescribing harmonic variations for Lemma 6.2. Lemma 6.2 is a special case of the
following stronger result.

Lemma 6.5. Fix a local complex coordinate z = x + iy near p ∈ Σ. Then, for any three vectors
Zj ∈ Fp, j = 1, . . . , 3, we can find ν̇ ∈ TνM

∗(M) such that

V (p) = Z1 , ∇xV (p) = Z2 , ∇yV (p) = Z3

where G(ν̇) = JV .

Suppose the lemma false, so that there are three vectors Z1, Z2, Z3 ∈ Fp such that the above fails
for every V of the form JV = G(ν̇), where ν̇ ∈ TνM(M). Considering the induced inner product on
⊕3

1Fp, we can find a triplet of vectors U1, U2, U3 ∈ Fp (with not all of them equal to the zero vector)
such that for every section V ∈ Γ(F) such that JV = G(ν̇), U1, U2, and U3 are all orthogonal to
V (p). This yields the identity

〈V (p), U1〉+ 〈∇xV (p), U2〉+ 〈∇yV (p), U3〉 = 0

for every such V .
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Adding together reproducing kernels, we obtain a smooth section X : Σ\{p} → F such that

(23) 〈W (p), U1〉+ 〈∇xW (p), U2〉+ 〈∇yW (p), U3〉 =
∫

Σ

〈JW,X〉dA

for every W ∈ Γ(F). Moreover, JX(X) = 0 for every x ∈ Σ\{p} and the growth of X is controlled
by |z|−1 at p.

Lemma 6.6. X is not identically zero.

Proof. It is an elementary exercise to show that one can construct sections of F with prescribed
1-jet at p (and we used this fact already in Section 3). So, one can choose W such that the left-hand
side of equation (23) is positive. �

The following lemma, a very important piece of our argument, is the content of [10, Lemma 3.1].
The argument can also be found in Moore’s book [11, page 311].

Lemma 6.7. Let Ω ⊂ Σreg(f) be a small open subset of the regular set of f , and assume f = fµ,ν
satisfies f−1(f(Ω)) = Ω. Suppose Y : Ω → F is a smooth section. If

∫

Σ

〈JV, Y 〉dA = 0

for every ν̇ ∈ TνM(M) whose support is contained in f(Ω), then each point p ∈ Ω has a neighbour-
hood on which Y equals the real part of a local holomorphic section of L.

Remark 6.8. The existence of such a set Ω is guaranteed by the hypothesis that f is somewhere
injective.

Since the somewhere injective property is so strongly used, we give a word on the proof.

Ideas in the proof. The hypothesis that f−1(f(Ω)) = Ω implies that if we take any variation ν̇ with
support in f(Ω), then the support of JV = G(ν̇) is contained in Ω, where V is the associated
harmonic variation. Therefore,

(24)

∫

Σ

〈JV, Y 〉dA =

∫

Ω

〈JV, Y 〉dA.

Choosing variations ν̇ normal to f(Ω), Moore uses (24) to show that Y is a tangential section of F
over Ω, i.e., it maps into the image of df(TΣ|U ) inside the pullback bundle f∗TM . Since f is regular
in Ω, one can identify F|Ω with a real subbundle of L. This will be explained after Proposition 6.9.
Then, choosing tangential variations, (24) is used to show that, under the identification, Y is the
real part of a holomorphic section of L. �

Now we return to our main argument. Choose an open set Ω as above and not containing p and
apply Lemma 6.7 to the section X . Note that X has no singularity in Ω. Let Z be the holomorphic
section of L defined on Ω corresponding to X .

We use the isolated singularity condition to analytically continue Z. Let U be any open subset
of the regular set that intersects Ω with non-empty interior. We chose a conformal coordinate
z = x1 + ix2 on the source as well as coordinates on the target so that we could write

X = Xj ∂

∂uj

with ∂f i/∂xj = δijui. This identifies the first two components with the tangent bundle over Ω, and
we get an orthogonal splitting into tangential and normal components as

f∗TU = (f∗TU)T ⊕ (f∗TU)⊥.

X |Ω is tangential, and hence the projection π(f∗TU)⊥(X) vanishes on Ω. We see via the next
proposition that this holds on all of U .
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Proposition 6.9. π(f∗TU)⊥(X) = 0 on all of U . In other words, X |U is tangential to the image
surface f(U).

Remark 6.10. This is automatic when the metrics (µ, ν) are real analytic (which implies f is real
analytic as well).

Proof. We prove π(f∗TU)⊥(X) = 0 in an open disk V ⊂ U that intersects Ω. The proposition then
follows from point-set considerations.

Let
{

∂
∂f1

, ∂
∂f2

, . . . ∂
∂fn

}

be a trivialization for f∗TV such that
{

∂
∂f1

, ∂
∂f2

}

and
{

∂
∂f3

, . . . ∂
∂fn

}

are

frames for the tangential and normal subbundles respectively. In these frames, write X = Xj ∂
∂fj

,

so that

π(f∗TU)⊥(X) =

n
∑

j=3

Xj ∂

∂fj
.

Let p ∈ V and let z = x+ iy be a local complex parameter for V with z(p) = 0. In the coordinate,
JX is expressed as

JX = −µ−1
(

n
∑

j=1

(Xj
xx +Xj

yy)
∂

∂fj

)

+ µ−1
n
∑

j=1

(

2Xj
x∇x∂fj − 2Xj

y∇y
∂

∂fj

)

− µ−1
(

n
∑

j=1

Xj(∇x∇x +∇y∇y)
∂

∂fj
− µ−1

∑

i,k,j,ℓ

Xk(νRj
ℓki ◦ f)(f ℓ

xf
i
x + f ℓ

yf
α
y )

∂

∂fj

)

,

where the νRγ
δβα are the coordinate expressions for the Riemannian curvature tensor of (M, ν). Since

JX = 0 on V , we deduce that for all j,
∣

∣

∣

( ∂2

∂x2
+

∂2

∂y2

)

Xj
∣

∣

∣
. |∇X |+ |X |,

where∇ is the ordinary Euclidean gradient in the local coordinates. We can now invoke the Hartman-
Wintner theorem [6], which asserts that, in our choice of coordinates,

X(z) = p(z) + r(z),

where p(z) is a vector-valued harmonic homogeneous polynomial, and r(z) ∈ O(zp(z)). It follows
immediately that Xj = 0 on V for j ≥ 3. �

Next, let γ be any curve emanating from Ω that does not intersect the singular set (this includes
p). In a neighbourhood U containing the first intersection point of γ ∩ Ω, we continue to choose a
conformal coordinate z = x1 + x2 so that ∂f i/∂xj = δijui. Then there is a real linear isomorphism
τ : (f∗TU)T → L|U defined by

(25) M∂/∂x1 +N∂/∂x2 7→ (M + iN)fz.

In Ω ∩ U , the proof of Lemma 6.7 explicitly constructs the holomorphic section Z as

Z = τ(X) = (X1 + iX2)
∂

∂z
.

Extending Z by this formula on all of U , it is easily checked that Z is a Jacobi field if and only if X
is. Thus, arguing similarly to above, we see via Hartman-Wintner that in our coordinates,

Z(z) = q(z) + s(z),

with q a complex vector-valued harmonic homogeneous polynomial and s(z) decaying faster. Dif-
ferentiating, the local expression for the section ∂Z takes this form as well. Thus, since ∇zZ = ∂Z
vanishes on Ω, it vanishes everywhere. That is, Z is holomorphic on U . In this way, we continue
along all of γ. The next lemma shows that the analytic continuation does not depend on the path.

Lemma 6.11. Let W denote a local holomorphic section of L. Then Re(W ) is not identically 0.
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Indeed, suppose we have two open sets Ω1,Ω2 ⊃ Ω and local holomorphic extensions X1, X2 of
X . Setting W = X1 −X2, the lemma above forces W ≡ 0. Thus Z extends in well-defined fashion
to the complement of the singular set.

Proof. This is also found in [8, Proposition 4.2], but we include the proof for completeness. In a local
complex parameter z = x + iy, W may be written W = hfz for some locally defined meromorphic
function h = h1 + ih2 (with possible poles matching up with zeros of f). Then

Re(W ) =
1

2
(h1fx + h2fy).

If W is non-zero and Re(W ) ≡ 0, then fx and fy are linearly dependent vectors, and moreover
Rank(df) < 2 on Ω. This is impossible since, as remarked earlier, the set of regular points for f is
open and dense in Σ. �

We now address singular points.

Lemma 6.12. Z extends holomorphically over every singular point except possibly p.

Proof. Let S be the singular set of f , so that we have a section Y : Σ\S → F such that Z = X+ iY :
Σ\S → L is holomorphic.

From the local coordinate expression for Z, the norm with respect to the natural metric on F

blows up at singular points at worst like the inverse of the Jacobian of f . Thus, Z extends to a
meromorphic section of E on all of Σ. Taking the projectivization gives a well-defined holomorphic
section [Z] : Σ → P(E), which by the identity theorem must agree with [fz]. That is, Z is parallel
to fz, even at the singularities.

Let q 6= p be a singularity. Choosing a local complex coordinate z with z(q) = 0 and any
trivialization for our bundle, we can write

Z = zng(z),

with g holomorphic and parallel to fz, g(0) 6= 0, and n ∈ Z. Write g = h(z)fz, with h meromorphic.
Let g = g1 + ig2, h

−1 = h−1
1 + ih−1

2 . Then

fz =
1

2
(fx − ify) =

1

2

(

(h−1
1 g1 + h−1

2 g2)− i(h−1
2 g1 − h−1

1 g2)
)

,

and if X = a(z)fx + b(z)fy away from q (the coefficients may blow up at q), then we can also write

X = a(z)(h−1
1 g1 + h−1

2 g2) + b(z)(h−1
2 g1 − h−1

1 g2)

= (a(z)h−1
1 + b(z)h−1

2 )g1 + (a(z)h−1
2 − b(z)h−1

1 )g2.

Since X is regular and bounded at q, the coefficents on g1 and g2 are regular and bounded. This
demonstrates that X can be expressed as a real section in the trivialization determined by g. The
same can be done for Y off q. Since X is bounded at q, it follows that the singularity of Z is
removeable. �

To obtain a contradiction and finish the proof of Lemma 6.2, we explain that no holomorphic
section such as Z can exist. From the proof of Lemma 6.12, Z behaves at worst like the asymptotic
(8), so it extends to a globally defined meromorphic section

Z : Σ → L

with a pole of order at most 1 at p. We let ordLq (X), ordEq (X) denote the order of vanishing of Z at
q with respect to the charts on the bundles L and E respectively. In this notation,

ordLpj
(Z) = ordEpj

(Z) + kj .

The degree of the divisor for Z with respect to L agrees with the degree of L, so that

degL =
∑

q∈Σ

ordLq (Z) =
∑

q∈Σ

ordEq (Z) +
∑

j

kj ≥ −1 +
∑

j

kj .
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Meanwhile, we showed earlier that

degL = 2− 2g +
∑

j

kj .

This implies 2− 2g ≥ −1, or g ≤ 3/2, and this contradiction establishes the result.

6.4. Harmonic embeddings: the proof of Lemma 6.4. This is similar to Lemma 6.2, so we
only sketch the proof. Lemma 6.4 amounts to proving the following statement.

Lemma 6.13. For any two vectors Z1 ∈ Fp and Z2 ∈ Fq, we can find ν̇ ∈ TνM
∗(M) such that

V (p) = Z1 , V (q) = Z2,

where G(ν̇) = JV .

If the lemma fails, there are vectors U1 ∈ Fp, U2 ∈ Fq such that for every harmonic variation V ,

〈U1, V (p)〉+ 〈U2, V (q)〉 = 0.

Taking the reproducing kernels for U1 and U2, we have a section X : Σ\{p, q} → F such that
∫

Σ

〈JW,X〉dA = 〈U1,W (p)〉+ 〈U2,W (q)〉

for all sections W ∈ Γ(F). Invoking Moore’s lemma and then repeating our argument from the
previous subsection, one finds a section Y : Σ\{p, q} → F such that Z = X + iY is holomorphic.
The asymptotic (7) ensures that Z blows up strictly slower than any meromorphic section, and hence
the singularities at p and q are removeable. Thus, Z yields a globally defined holomorphic section,
a Jacobi field, and this is a contradiction.

6.5. Toward the Whitney theorems. Theorems B and C show that Question E has a positive
answer near harmonic surfaces that are somewhere injective and have isolated singularities. To
conclude the paper, we discuss our use of this hypothesis and the possibility of removing it.

Firstly, to positively resolve Question E, by Theorem A it suffices to prove it is true near surfaces
that are somewhere injective. So the only extra condition that we use here is the isolated singularities.
Let us assume that (µ, ν) are such that fµ,ν is somewhere injective, with no condition on singularities.
Beginning the proof of Lemma 6.2, we find a kernel X satisfying (23). Then we can find an open
set Ω on which f is injective, and by Moore’s lemma, X |Ω is the real part of a holomorphic section
Z : Ω → L. At this point, it is tempting to believe that some sort of unique continuation argument
should promote this to a global result.

It is unclear if this is possible, one obstruction being that we are not aware of a coordinate-free
way to express that X is the real part of a holomorphic section. The issue stems from the following
remark: X is a real section of E with respect to the real structure induced from the splitting
E = F ⊕ iF, but there is no reason for a transition map to the holomorphic trivialization for the
Koszul-Malgrange holomorphic structure to preserve this real structure. All we can say is that in
such a trivialization,

X(z) = K(z)X0(z),

where X0(z) is a real section, and K(z) is a smoothly varying family of complex matrices. Further-
more, the imaginary part Y has been defined in terms of a particular local frame for F. And the
norm of the elements in this frame may explode as we approach singularities of f . In other words, we
have no apriori uniform continuity for Z in Ω, and the imaginary part could blow up in an attempt
to analytically continue.

While the holomorphic coordinates on E are opaque, we do have some understanding of what
it means to be a holomorphic section of L. This is what allows for some results under stronger
hypothesis. In the end we want to find our contradiction by realizing X as the real part of a global
meromorphic section of L with constrained poles. Two steps:

(1) Show that when f is regular, X is tangential to f .
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(2) Find mappings from the distribution df(TΣ) ⊂ f∗TM to L, under which X corresponds to
the real part of a meromorphic section (a meromorphic multiple of fz).

When f is regular, we have well-defined splittings of f∗TM into tangential and normal components
for the image of f . Thus, if the set A(f) from Section 4 is connected, we can show (1) holds via
a unique continuation argument (Proposition 6.9). Note that the isolated singularity condition is
really more than what we need for this to work. Once we have (1), we can define the section Y at
regular points as before, and again a connectedness assumption allows us to deduce that Z = X+iY
is holomorphic where defined.

The last challenge is to extend Z over singular points. If the singularity is isolated, then Z is
meromorphic, and then we can argue using the boundedness of X in the right choice of coordinates.
But with a more complicated singular set–say, a general fold or a meeting point of general folds–
controlling Z becomes a delicate task.

At this point, we see no direct geometric reason for the argument to fail in general. It is reasonable
to expect that we can relax our assumptions to include harmonic maps with particular types of (non-
isolated) singularities. It is unclear how far the method goes.

Appendix A. Transversality theorems

We explain the transversality theory used in the proofs of Theorems A, B, and C. The main result
is Proposition A.4. For more background on transversality theory and Banach manifolds in general,
we refer the reader to [1], [11, Chapter 1], and [16].

Definition A.1. Let X,Y be C1 manifolds, f : X → Y a C1 map, and W ⊂ Y a submanifold. We
say that f is transverse to W at a point x ∈ X if f(x) = y 6∈ W or if f(x) = y ∈ W and

• the inverse image (dfx)
−1(TyW ) splits and

• the image dfx(TxX) contains the closure of the complement of TyW in TyY .

We say f is transverse to W if we have transversality for every x ∈ X .

The central transversality theorem is below.

Theorem A.2 (Transversality Theorem for Banach Manifolds). Let X,Y be Cr manifolds (r ≥ 1),
f : X → Y a Cr map, and W ⊂ Y a Cr submanifold. Then if f is transverse to W ,

• f−1(W ) is a Cr submanifold of X and
• if W has finite codimension in Y , then codimX f−1(W ) = codimY W .

A C1 map between C1 manifolds f : X → Y is Fredholm if for every x ∈ X, the tangent map
dfx : TxX → Tf(x)Y is a Fredholm operator. If X is connected, then the index, which does not
depend on the point x, is index(f) = dimker(dfx)− codimTf(x)Y (dfx(TxX)).

Theorem A.3 (Smale’s Density Theorem). Let X and Y be Cr manifolds with X Lindelöf and
f : X → Y a Cr Fredholm map. Suppose that r > max{0, index(f)}. Then the set of regular values
of f is residual.

Recall that a subset of a topological space is residual if it is a countable intersection of dense
open subsets. By the Baire Category theorem, residual sets are dense. Note that second countable
implies Lindelöf.

The two stated results are sufficient to prove the result below that is used throughout the paper.

Proposition A.4. Let A,X, Y be connected C1 Banach manifolds, and f : A×X → Y a C1 map.
Let W ⊂ Y be a C1 submanifold. Assume that

• X has finite dimension d and W has codimension k in Y ,
• A and X are second countable, and
• f is transverse to W .

Let π : A×X → A be the projection map and Z = π(f−1(W )).
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• If d− k ≤ −1, then A\Z is dense, and
• if d− k ≤ −2, then A\Z is connected.

In the proof of Proposition A.4, we essentially go through the argument used to prove the Para-
metric Transversality Theorem. For completeness, we state the theorem and give some explanation.
Let A,X, Y be Cr manifolds and δ : A → Cr(X,Y ) a map. The evaluation map β : A×X → Y is
defined by β(a, x) = δ(a)(x).

Theorem A.5 (Parametric Transversality Theorem). Let A,X, Y be Cr manifolds and δ : A →
Cr(X,Y ) a map such that the evaluation map β is Cr. Let W ⊂ Y be a Cr submanifold and AW

the set of a ∈ A such that δ(a) is transverse to W . Assume that

• X has finite dimension d and W has finite codimension k in Y ,
• A and X are second countable,
• r > max(0, d− k), and
• the evaluation map is transverse to W .

Then AW is residual in A.

The Parametric Transversality Theorem is typically proved as follows. By transversality, β−1(W )
is a submanifold of codimension k. The second countable assumption on A and X guarantees that
β−1(W ) is Lindelöf. If π : A×X → A is the projection map, then one observes that the restricted
map π|β−1(W ) : β−1(W ) → A is Fredholm of index d − k [1, Lemma 19.2]. One then proves that
AW is the residual set of π|β−1(W ) [1, Lemma 19.4 and Lemma 19.5] and applies Smale’s Density
Theorem to π|β−1(W ).

We also point out that parametric transversality recovers Smale’s Density Theorem. Suppose
that f : A → Y is a Cr Fredholm map with r > max{0, index(f)}. Setting X = {0} and defining
δ : A → Cr({0}, Y ) by δ(a)(0) = f(a), the Parametric Transversality Theorem applied to δ yields
Smale’s Density Theorem for f . With all of this explained, we give the proof of Proposition A.4.

Proof of Proposition A.4. By the Transversality Theorem for Banach Manifolds, f−1(W ) ⊂ A×X
is a submanifold of codimension k, which is Lindelöf by our second countable assumption on A and
X . The projection map π|f−1(W ) : f−1(W ) → A is C1 and Fredholm of index d − k [1, Lemma
19.2]. If the index of π|f−1(W ) is negative, a ∈ A is a regular value if and only if a ∈ A\Z. Assuming
d− k ≤ −1, it follows from Smale’s Density Theorem that A\Z is dense.

Now assume d−k ≤ −2. Let γ : [0, 1] → A be any C1 path with endpoints in A\Z. We perturb γ,
while keeping the endpoints fixed, so that its image is contained in A\Z. First we partition [0, 1] into
sufficiently small intervals I0, . . . , In, such that the image of Ii under γ is contained in a sufficiently
small subset Ui of A that fits into a single (convex) chart for the model Banach space of A.

Let a0 ∈ A\Z be the starting point of γ and a1 ∈ U0 ∩U1. Working in the chart for U0, we define
a map

δ : U → C1([0, 1]×X,Y ) , δ(a)(t, x) = f(a0 + ta, x),

whose evaluation map is clearly C1. Since dim([0, 1] × X) = d + 1 and codimY (W ) = k, we have
that d+1−k ≤ −1. Since f is transverse to W , the associated evaluation map β is transverse to W .
The set of a ∈ U0 such that δ(a) is transverse to W is the set of regular values of the projection from
U × ([0, 1]×X) → U, restricted to β−1(W ) [1, Lemma 19.4 and Lemma 19.5]. By Smale’s Density
Theorem, we obtain that on a dense set of a ∈ U0, the image δ(a)([0, 1]×X) does not intersect W .
We can thus choose a ∈ U0\Z arbitrarily close to a1 and so that the straight line path connecting
a0 to a is contained in U\Z. Henceforth replace a1 with a.

Returning to the path γ, for i = 2, . . . , n, choose points ai ∈ Ui−1∩Ui, and let an+1 be the endpoint
of γ. Choose a path from a1 to a2 contained entirely U1. We repeat the above procedure to obtain
an arbitrarily close path contained entirely in U1\Z. Continuing inductively and concatenating our
paths, we obtain the desired path from a0 to an+1. �
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