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Abstract—In this paper, a novel robust beamforming for an
intelligent reflecting surface (IRS) assisted FD system is presented.
Since perfect channel state information (CSI) is often challenging
to acquire in practice, we consider the case of imperfect CSI and
adopt a statistically robust beamforming approach to maximize
the ergodic weighted sum rate (WSR). We also analyze the achiev-
able WSR of an IRS-assisted FD with imperfect CSI, for which
the lower and the upper bounds are derived. The ergodic WSR
maximization problem is tackled based on the expected Weighted
Minimum Mean Squared Error (WMMSE), which is guaranteed
to converge to a local optimum. The effectiveness of the proposed
design is investigated with extensive simulation results. It is shown
that our robust design achieves significant performance gain
compared to the naive beamforming approaches and considerably
outperforms the robust Half-Duplex (HD) system.

Index Terms—full duplex, intelligent reflecting surfaces, robust
beamforming, ergodic weighted sum rate.

I. INTRODUCTION

FULL DUPLEX (FD) is a promising wireless transmission
technology offering simultaneous transmission and recep-

tion in the same frequency band, which theoretically doubles
the spectral efficiency [1], [2]. Beyond spectral efficiency, FD
can be beneficial to improve security, enable advanced joint
communication and sensing, and reduce end-to-end delays.
However, FD systems suffer from Self-Interference (SI), which
could be 90 − 110 dB higher than the received signal of
interest, and it is a major challenge for achieving an ideal
FD operation. Advanced SI Cancellation (SIC) techniques are
pivotal to mitigate the SI power close to the noise floor and
enable correct reception of the received signal. In parallel to
FD, another emerging technology is the Intelligent Reflecting
Surfaces (IRSs), which can provide a smart and reconfigurable
wireless environment [3]–[5].

The IRS-aided FD (IRS-FD) systems hold great promise in
supporting the forthcoming traffic demands while being highly
spectrally and energy efficient [6]–[8]. In [3], the authors in-
vestigated the performance of the IRS-FD system by analyzing
the outage and error probabilities. In [9], the authors present a
novel beamforming design for an FD relay assisted with one
IRS to maximize the minimum achievable rate with the max-
min optimization. In [10], the authors studied the IRS-FD sys-
tems to improve the worst-case achievable security rate under
imperfect channel state information (CSI). Furthermore, a deep
neural network is also developed to reduce the computational
burden of the proposed beamforming solution. Finally, in [11],
the authors presented a joint beamforming design for weighted

sum rate (WSR) maximization in a single-cell multiple-input
single-output (MISO) IRS-FD system. Note that the existing
literature only provides the secrecy rate expression for IRS-
FD systems under imperfect Channel State Information (CSI).
However, there is currently no analytical expression available
for the ergodic weighted sum rate (WSR) or a novel robust
beamforming design considering imperfect CSI in this context.

Motivated by the aforementioned considerations, we address
the challenge of maximizing the ergodic WSR for IRS-FD
systems with multi-antenna users under imperfect CSI. Our
objective is to enhance both the uplink (UL) and downlink (DL)
sum rates by jointly optimizing the digital beamformers and the
IRS phase response while accounting for imperfect CSI. It is
important to note that incorporating CSI errors in the beam-
forming designs, with multi-antenna users, makes the problem
of MIMO beamforming for IRS-FD systems highly complex.
The CSI errors are modelled by using the Gaussian-Kronecker
model and then an analytical approximation for the ergodic
achievable WSR using this model is derived. Subsequently,
we formulate the problem of maximizing the ergodic WSR,
considering average sum-power and unit-modulus constraints
for the IRS phase response under imperfect CSI. To solve
this problem, we leverage the connection between the ergodic
WSR and the expected weighted minimum mean squared error
(EWMMSE), where the expectation is taken with respect to
the CSI errors. Simulation results validate the accuracy of
the analytically derived ergodic WSR expression. It is further
shown that our proposed approach significantly outperforms the
naive schemes in the presence of imperfect CSI.1

II. SYSTEM MODEL

Let j and k denote the multi-antenna DL and UL user served
by the MIMO FD base station (BS), respectively, and let Mk

and Nj denote their number of transmit and receive antennas,
respectively. The FD BS is assumed to have M0 transmit and
N0 receive antennas. We consider a multi-stream approach, and
the number of data streams for the UL user k and DL user j
is denoted as uk and vj , respectively. Let Uk ∈ CMk×uk and
Vj ∈ CMt×vj denote the precoders for white unitary-variance

1Notations: Boldface lower and upper case characters denote vectors and
matrices, respectively. E{·}, Tr{·}, I, ⊗, X̃ denote expectation, trace, identity
matrix, Kronecker product, and transmit covariance matrix, respectively. Fi-
nally, diag(x) and denote a diagonal matrix with vector x on its main diagonal
and I denotes identity matrix.



data streams sk ∈ Cuk×1 and sj ∈ Cvj×1, respectively. We
assume that the considered FD system is aided with one IRS
of size R × C. Let θ = [eiθ1 , ...., eiθRC ] denote the vector
containing the phase-shift response of its RC elements, and
let Θ = diag(θ) denote a diagonal matrix containing θ on
its main diagonal. Let n0 and nj denote the noise vectors at
the FD BS and DL user j, respectively, which are modelled
as n0 = CN (0, σ2

0I) nj = CN (0, σ2
j I), where σ2

0 and σ2
j

denote the noise variances at the FD node and the DL user
j, respectively. The channel responses from the UL user k to
the BS and from the BS to the DL user j are denoted with
Hk ∈ CN0×Mk and Hj ∈ CNj×M0 , respectively. Let H0 ∈
CN0×M0 and Hj,k ∈ CNj×Mk denote the SI channel response
for the FD BS and cross-interference channel response between
the UL user k and the DL user j, respectively. The channel
responses from the transmit antenna array of the FD BS to the
IRS and from the IRS to the receive antenna array of the FD
BS are denoted with Hθ,0 ∈ CRC×M0 and H0,θ ∈ CN0×RC ,
respectively. Let Hj,θ ∈ CNj×RC and Hθ,k ∈ CRC×Mk denote
the channel responses from the IRS to the DL user j and from
the UL user k to the IRS, respectively.

A. Imperfect CSI Modelling

Let ∆Hk,∆Hj ,∆H0,∆Hj,k,∆Hθ,0,∆H0,θ,∆Hj,θ,∆Hθ,k

denote the estimation errors for the channel responses
Hk,Hj ,H0,Hj,k,Hθ,0,H0,θ,Hj,θ,Hθ,k, respectively. The
available CSI matrices can be written as a sum of the channel
estimates and CSI errors as

Hk = Ĥk +∆Hk, Hj = Ĥj +∆Hj ,

H0 = Ĥ0 +∆H0, Hj,k = Ĥj,k +∆Hj,k,

Hθ,0 = Ĥθ,0 +∆Hθ,0, H0,θ = Ĥ0,θ +∆H0,θ

Hj,θ = Ĥj,θ +∆Hj,θ, Hθ,k = Ĥθ,k +∆Hθ,k,
(1)

where the channel matrices of the form X̂ denote the chan-
nel estimates. To model the estimation errors, we adopt the
Gaussian Kronecker model [12], which dictates that

∆Hk = CN (0,Jk ⊗Kk), ∆Hθ,0 = CN (0,Jθ,0 ⊗Kθ,0),

∆H0 = CN (0,J0 ⊗K0), ∆Hj,k = CN (0,Jj,k ⊗Kj,k),

∆Hj = CN (0,Jj ⊗Kj), ∆H0,θ = CN (0,J0 ⊗Kθ),

∆Hj,θ = CN (0,Jj,θ ⊗Kj,θ), ∆Hθ,kCN (0,Jθ,k ⊗Kθ,k),
(2)

where the matrices J and K are the covariance matrices seen
from the transmitter and receiver for each link, respectively.
The estimation errors are uncorrelated with the estimated
channel matrices, and hence we can write

Hk = CN (Ĥk,Jk ⊗Kk), Hθ,0 = CN (Ĥθ,0,Jθ,0 ⊗Kθ,0),

H0 = CN (Ĥ0,J0 ⊗K0), Hj,k = CN (Ĥj,k,Jj,k ⊗Kj,k),

Hj = CN (Ĥj ,Jj ⊗Kj), Hθ,k = CN (Ĥθ,k,Jθ,k ⊗Kθ,k)

Hj,θ = CN (Ĥj,θ,Jj,θ ⊗Kj,θ)H0,θ = CN (Ĥ0,θ,J0,θ ⊗K0,θ)
(3)

Let H0,k,H0,0,Hj ,Hj,k denote the effective channel re-
sponses affected by the estimation errors defined as

Hk = (Ĥk+∆Hk)+(Ĥ0,θ+∆H0,θ)Θ(Ĥθ,k+∆Hθ,k) (4a)

H0 = (Ĥ0+∆H0)+(Ĥ0,θ+∆H0,θ)Θ(Ĥθ,0+∆Hθ,0) (4b)

Hj = (Ĥj+∆Hj)+(Ĥj,θ+∆Hj,θ)Θ(Ĥθ,0+∆Hθ,0) (4c)

Hj,k = (Ĥj,k +∆Hj,k) + (Ĥj,θ +∆Hj,θ)Θ(Ĥθ,k +∆Hθ,k)
(4d)

Let yk and yj denote the signals received by the FD BS from
UL user k and by the DL user j, respectively, given as

yk = HkUksk +H0Vjsj + n0, (5a)

yj = HjVjsj +Hj,kUksk + nj . (5b)

B. Problem Formulation

We aim to maximize the ergodic WSR of the IRS-FD
system under imperfect CSI given the CSI error statistics and
the channel estimates. Let R = Rk + Rj denote the WSR
of the system in the case of perfect CSI, with Rk and Rj

denoting the weighted rate of the users k and j, respectively.
The ergodic WSR of the system, i.e., the average WSR with
respect to the CSI errors, can be written as EH|Ĥ[R]. However,
such a problem is infeasible to be solved and can be tackled
by applying Jensen’s inequality, which allows moving the
expectation operator insider as EH|Ĥ[R] ≥ R(EH|Ĥ) [13].
The optimization problem for ergodic WSR R(EH|Ĥ), under
the sum-power and the unit-modulus constraint can be written
as

max
Vj ,Uk,Θ

Rk(EH|Ĥ) +Rj(EH|Ĥ) (6a)

s.t. Tr(UkU
H
k ) ⪯ αk, & Tr(VjV

H
j ) ≤ α0, (6b)

|θ(i)| = 1, ∀i, (6c)

where α0 and αk denote the sum-power constraint at the BS
and UL user, respectively.

C. Ergodic WSR Analysis with Imperfect CSI

In the following, we derive the expression for the ergodic
WSR R(EH|Ĥ) in the presence of estimated channel responses
and CSI errors for the IRS-FD system with multi-antenna UL
and DL users. Let Ũk = UkU

H
k and Ṽj = VjV

H
j denote

the transmit covariance matrices for UL user k and DL user j,
respectively. In the case of imperfect CSI, the received signal
plus interference plus noise covariance matrices Rk and Rj ,
including the CSI errors and the IRS phase response Θ, are
given as

Rk =HkŨkHk
H
+H0ṼjH0

H
+ σ2

0I, (7a)

Rj =HjṼjHj
H
+Hj,kŨkH

H

j,k + σ2
j I. (7b)

The interference plus noise covariance matrices can be obtained
as Rk = Rk − Sk,Rj = Rj − Sj , with Sk and Sj denoting
the useful received signal covariance part.



Given the statistical distribution of the CSI errors (2) and
the channel estimates, the lower bound for the ergodic WSR
R(EH|Ĥ) of an IRS-FD system with multi-antenna users with
imperfect CSI can be approximated as

R(EH|Ĥ) = wkln[det(I+UH
k (Ĥk + Ĥ0,θΘĤθ,k)

HΣ−1

k

(Ĥk + Ĥ0,θΘĤθ,k)Uk)] + wj ln[det(I+VH
j (Ĥj+

Ĥj,θΘĤθ,0)
HΣ−1

j
(Ĥj + Ĥj,θΘĤθ,0)Vj)],

(8)
where Σk and Σj are given as in (9). This result is derived
based on the identities: For any H ∼ CN (Ĥ,J ⊗ K), there
is E[HXHH ] = ĤXĤH + Tr(XJT )K and E[HHXH] =
ĤHXĤ + Tr(KX)JT . Note that an upper bound for ergodic
WSR can be easily derived from (9) in the presence of ideal
CSI, i.e., by setting J and I equal to the identity.

III. ROBUST BEAMFORMING VIA EXPECTED WMMSE

The problem of ergodic WSR maximization (6) is non-
convex due to interference and in the case of perfect CSI
it can be solved with an equivalent problem formulation of
EWMMSE, which exploits the relationship between the WSR
and the expected error covariance matrices [13].

A. Digital Combining

We assume that the FD BS for UL user k and the DL
user j apply the combiners Fk and Fj to estimate their data
streams as ŝk = Fkyk and ŝj = Fjyj . Let Ek̃ and Ej̃

denote the MSE error matrices for instantaneous CSI for UL
user k and DL user j, respectively, which can be written as
Ek̃ = E[ekeHk ], Ej̃ = E[ejeHj ] where ek = Fkyk − ŝk and
ej = Fjyj − ŝj denote the error vectors. Let Qk,Tj ,T0 and
Qj,k denote the matrices defined as

Qk = EH|Ĥ(HkŨkH
H

k ), Tj = EH|Ĥ(HjṼjH
H

j ), (10a)

T0 = EH|Ĥ(H0ṼjH
H

0 ), Qj,k = EH|Ĥ(Hj,kŨkH
H

j,k).
(10b)

Since we adopt the EWMMSE approach, consider the expected
MSE of the UL and DL user as

Ek = EH|Ĥ[Ek̃]

= FkQkF
H
k − Fk(Ĥk + Ĥ0,θΘĤθ,k)Uk + FkT0F

H
k

+ σ2
0FkF

H
k −UH

k ĤH
k FH

k −UH
k ĤH

θ,kΘ
HĤH

0,θF
H
k − I.

(11a)
Ej = EH|Ĥ[Ej̃ ]

= FjTjF
H
j − Fj(Ĥj + Ĥj,θΘĤθ,0)Vj + FjQj,kF

H
j

+ σ2
jFjF

H
j −VH

j ĤH
j FH

j −VH
j ĤH

θ,0Θ
HĤH

j,θF
H
j − I.

(11b)
By minimizing the trace of the (11), the optimal EWMMSE

combiners can be derived as

Fk = UH
k (ĤH

k + ĤH
θ,kΘ

HĤH
0,θ)(Qk +T0 + σ2

0I)
−1, (12a)

Fj = VH
j (ĤH

j + ĤH
θ,0Θ

HĤH
j,θ)(Tj +Qj,k + σ2

j I)
−1. (12b)

B. Active Digital Beamforming Under Imperfect CSI

Given the optimal combiners, the EWMMSE problem with
respect to the digital beamformers under the average total sum-
power constraint and given the IRS phase response Θ fixed,
can be formally stated as

min
Vj ,Uk

Tr(WkEk) + Tr(WjEj), (13a)

s.t. Tr(UkU
H
k ) ⪯ αk, & Tr(VjV

H
j ) ≤ α0, (13b)

where Wi is a constant weight matrix associated with node i.
The problem (13) and the WSR maximization problem (6) are
equivalent if their gradient results to be the same, which can
be assured if the weight matrices are chosen as

Wk =
wk

ln 2
(Ek)

−1, Wj =
wj

ln 2
(Ej)

−1. (14)

Such a result can be easily shown by following a similar proof
provided in [14, Appendix A], but carried out for the case of
average MSE error under the imperfect CSI case. To optimize
the digital beamformers Vj ,Uk we take the partial derivative
of the Lagrangian function of (13) with respect to their conju-
gate, which leads to the following optimal beamformers

Uk = (Xk + λkI)
−1(ĤH

k + ĤH
θ,kΘ

HĤH
0,θ)F

H
k Wk, (16a)

Vj = (Xj + λ0I)
−1(ĤH

j + ĤH
θ,0Θ

HĤH
j,θ)F

H
j Wj , (16b)

where Xk and Xj are defined in (15a) and (15b), respectively,
and the scalars λk and λ0 denote the Lagrange multiplier for
the uplink user k and the FD BS. The multipliers can be
searched while performing power allocation for the users given
the average total sum-power constraints. Namely, consider
the singular value decomposition (SVD) of the matrices as
Xk = AkΛkBk and Xj = AjΛjBj , where Ai and Bi denote
the left and right unitary matrices obtained with SVD and
Λi denote the singular values. The average power constraints
(13b), after some simplifications, can be written as

Tr(VjV
H
j ) =

∑M0

i=i Sj(i, i)

(λ0 +Λj(i, i))2
, (17a)

Tr(UkU
H
k ) =

∑Mk

i=i Sk(i, i)

(λj +Λk(i, i))2
, (17b)

where the matrices Sk and Sj are defined as

Sj = Bj(Ĥj + Ĥj,θΘĤθ,0)
HFH

j WjWjFj

(Ĥj + Ĥj,θΘĤθ,0)Aj ,
(18a)

Sk = Bk(Ĥk + Ĥ0,θΘĤθ,k)
HFH

k WkWkFk

(Ĥk + Ĥ0,θΘĤθ,k)Ak.
(18b)

The optimal Lagrange multipliers satisfying the average total
power constraints can be searched with a linear search, and
in this work, we adopt the Bisection method. If the obtained
values of the multipliers are negative, then we replace them
with zero. Note that the average power constraint is met based
on the CSI estimates.



Σk =Tr(ŨkJ
T
k )Kk + Ĥ0,θΘTr(ŨkJ

T
θ,k)Kθ,kΘ

HĤH
0,θ + Tr(ΘĤθ,kŨkĤθ,kΘ

HJT
0,θ)K0,θ + Tr(ŨkJ

T
θ,k)Tr(ΘKθ,kΘ

HJT
0,θ)K0,θ

+ Ĥ0ṼjĤ
H
0 + Ĥ0ṼjH

H
θ,0Θ

HĤ0,θ + Tr(ṼjJ
T
0 )K

T
0 + Ĥ0,θΘĤθ,0ṼjĤ

H
0 + Ĥ0,θΘHθ,0ṼjH

H
θ,0Θ

HĤH
0,θ

+ Ĥ0,θΘTr(ṼjJ
T
θ,0)Kθ,0Θ

HĤH
0,θ + Tr(ΘĤθ,0ṼjĤ

H
θ,0Θ

HJT
0,θ)K0,θ + Tr(ṼjJ

T
θ,0)Tr(ΘKθ,0Θ

HJT
0,θ)K0,θ + σ2

0I,

(9a)

Σj =Tr(ṼjJ
T
j )Kj + Ĥj,θΘTr(ṼjJ

T
θ,0)Kθ,0Θ

HĤH
j,θ + Tr(ΘĤθ,0ṼjĤ

H
θ,0Θ

HJT
j,θ)Kj,θ + Tr(ṼjJ

T
θ,0)Tr(ΘKθ,0Θ

HJT
j,θ)Kj,θ

+ Ĥj,kŨkĤ
H
j,k + Ĥj,kŨkĤ

H
θ,kΘ

HĤH
j,θ + Tr(ŨkJ

T
j,k)Kj,k + Ĥj,θΘHθ,kŨkĤj,k + Ĥj,θΘHθ,kŨkĤ

H
θ,kΘ

HĤH
j,θ

+ Ĥj,θΘTr(ŨkJ
T
θ,k)Kθ,kΘ

HĤH
j,θ + Tr(ΘĤθ,kŨkĤ

H
θ,kΘ

HJT
j,θ)Kj,θ + Tr(ŨkJ

T
θ,k)Tr(ΘKθ,kΘ

HJT
j,θ)Kj,θ + σ2

j I.

(9b)

Xk =(ĤH
k + ĤH

θ,kΘ
HĤH

0,θ)F
H
k WkFkĤk + Tr(KkF

H
k WkFk)J

T
k + ĤH

θ,kΘ
HĤH

0,θF
H
k WkFkĤ0,θΘĤθ,k

+HH
k FH

k WkFkĤ0,θΘĤθ,k + Tr(Kθ,kΘ
HĤH

0,θF
H
k WkFkĤ0,θΘ)JT

θ,k + ĤH
θ,kΘ

HTr(K0,θF
H
k WkFk)J

T
0,θΘĤθ,k

+ ĤH
j,kF

H
j WjFjĤj,θΘĤθ,k + (ĤH

j,k + ĤH
θ,kΘ

HĤH
j,θ)F

H
j WjFjĤj,k + Tr(Kj,kF

H
j WjFj)J

T
j,k

+ Tr(K0,θF
H
k WkFk)Tr(Kθ,kΘ

HJT
0,θΘ)JT

θ,k + ĤH
θ,kΘ

HĤH
j,θF

H
j WjFjĤj,θΘĤθ,k + Tr(Kθ,kΘ

HĤH
j,θF

H
j WjFjĤj,θΘ)JT

θ,k

+ ĤH
θ,kΘ

HTr(Kj,θF
H
j WjFj)J

T
j,θΘĤθ,k + Tr(Kj,θF

H
j WjFj)Tr(Kθ,kΘ

HJT
j,θΘ)JT

θ,k,
(15a)

Xj =(ĤH
j + ĤH

θ,0Θ
HĤH

j,θ)F
H
j WjFjĤj + Tr(KjF

H
j WjFj)J

T
j + ĤH

θ,0Θ
HĤH

j,θF
H
j WjFjĤj,θΘĤθ,0 + ĤH

j FH
j WjFjĤj,θΘĤθ,0

+ Tr(Kθ,0Θ
HĤH

j,θF
H
j WjFjĤj,θΘ)JT

θ,0 + ĤH
θ,0Θ

HTr(Kj,θF
H
j WjFj)J

T
j,θΘĤθ,0 +HH

0 FH
k WkFkĤ0,θΘĤθ,0

+ (ĤH
0 + ĤH

θ,0Θ
HĤH

0,θ)F
H
k WkFkĤ0 + Tr(K0F

H
k WkFk)J

T
0 + Tr(Kj,θF

H
j WjFj)Tr(Kθ,0Θ

HJT
j,θΘ)JT

θ,0

+ ĤH
θ,0Θ

HĤH
0,θF

H
k WkFkĤ0,θΘĤθ,0 + Tr(Kθ,0Θ

HĤH
0,θF

H
k WkFkĤ0,θΘ)JT

θ,0 + ĤH
θ,0Θ

HTr(K0,θF
H
k WkFk)J

T
0,θΘĤθ,0

+ Tr(K0,θF
H
k WkFk)Tr(Kθ,0Θ

HJT
0,θΘ)JT

θ,0.
(15b)

C. Passive Beamforming Under Imperfect CSI

In this section, we consider optimizing the phase response
of the IRS to jointly assist the UL and DL channels for rate
enhancement. Let S,T and Z denote the matrices indepen-
dent of the IRS phase response, given in Appendix A. The
EWMMSE optimization problem for the IRS phase response
Θ under imperfect CSI, given the matrices S,T and Z, can be
formally stated as

min
Θ

Tr(ΘHZΘT) + Tr(ΘHSH) + Tr(ΘS) + c, (19a)

s.t.|θ(i)| = 1, ∀i, (19b)

where the scalar c denotes the constant terms, independent of
Θ. In (19a), the problem is stated with respect to the matrix
Θ. However, we wish to maximize only the diagonal response
of such matrix to maximize the ergodic WSR or minimize the
expected MSE, because the off-diagonal elements result to be
zero. Therefore, we first consider restating the problem (19a)
with respect to θ, being a vector made of the diagonal elements
of Θ. For doing so, we write the trace terms as

Tr(ΘHZΘT) = θHΣθ, where Σ = Z⊙TT , (20a)

Tr(ΘHSH) = sHθ∗, Tr(ΘS) = sTθ, (20b)

where s denotes the vector containing only the diagonal el-
ements of the matrix S. Problem (19a) can be restated with
respect to the vector θ as

min
θ

θHΣθ + sr
Hθ∗ + sTθl, (21a)

s.t. |θ(i)| = 1, ∀i. (21b)

Problem (21) is still very challenging as it is a non-convex prob-
lem due to the unit-modulus constraint. To solve it we adopt
the majorization-maximization method [15]. Such method aims
to solve a more difficult problem by constructing a series
of more tractable problems stated with the upper bound. Let
R(θ(n)) denote the function evaluating (21) at the n-th iteration
for computed θ. Let Ru(θ|θ(n)) denote an upper bound
constructed at n-th iteration for R. According to [15], for the
problem of the form (21), an upper bound can be constructed
as

Ru(θ|θ(n)) = 2Re{sHq(n)}+ cu, (22)

where cu denote constant terms in the upper bound independent
of θ and q(n) is given by

q(n) = (λmaxI−Σ)θ(n) − s∗, (23)

with λmax denoting the maximum eigenvalues of Σ. Based
on the result above, the hard non-convex optimization problem
(21a) simplifies to a series of the following problem

min
θ

2Re{sHq(n)}, (24a)

s.t. |θ(i)| = 1, ∀i, (24b)
which need to be solved iteratively until convergence for each
update of θ. By solving (24a), we get the optimal solution of
θ at n+ 1-th iteration, given the θ at the n-th iteration as

θ(n+1) = ei∠q(n)

. (25)

Formally, the optimization algorithm to optimize the IRS phase
response is given in Algorithm 1 and the joint optimization
procedure is provided in Algorithm 2.



Algorithm 1 Optimization of IRS Phase Response
Initialize: θ0, iteration index n = 1, accuracy ϵ.
Evaluate: R(θ0).
Repeat until convergence

Calculate q
(n)
i with (23).

Update θ
(n+1)
i with (25).

if |R(n+1) − R(θ
(n)
i )|/R(θ

(n+1)
i ) ≤ ϵ

Stop and return ϕ
(n+1)
i .

Algorithm 2 Robust Beamforming for MIMO IRS-FD system
Initialize the iteration index n, accuracy ϵ, beamformers and combiners.
Repeat until convergence

for i, where i = k or i = j
Update Fi with (12).
Update Wi with (14).
if i=k → update Uk with (16a).
else → update Vj with (16b).

Update Θ with Algorithm 2.
if convergence condition is satisfied

Stop and return the optimized variables.

Note that each update of the beamformers leads to a mono-
tonic decrease in the EWMMSE which assures the convergence
of the proposed methods. A more formal proof can be presented
by following a similar strategy as [16]. However, due to space
limitations, we omit it here, which will be available in the
extended version of the paper.

IV. NUMERICAL RESULTS

In this section, we present extensive simulation results to
evaluate the performance of the proposed robust beamforming
design. We consider the FD BS and the IRS to be centered in
the positions (0m, 0m, 0m) and (20m, 10m, 0m), respectively,
in the three-dimensional coordinates. The UL and the DL user
are assumed to be randomly located in circles of radius r = 8 m
centered in the positions (20m, 0m, 30m) and (30m, 0m, 20m),
respectively. We assume that the FD BS and the users are
equipped with the uniform linear array (ULA), placed at the
distance of half-wavelength. The IRS of 10 × 10 = 100
elements is assumed to assist the MIMO FD communication
unless otherwise stated. The MIMO FD BS is assumed to have
M0 = 15 transmit and N0 = 8 receive antennas. The UL user
k and the DL user j is assumed to have Mk = 5 transmit and
5 receive antennas, respectively, and served with dk = dj = 2
data streams. The large scale path loss is modelled as [15] and
the SI channel is modelled as a Rician fading [17] with Rician
factor 1. The direct links between the users and the FD BS
are also modelled with a Rician fading channel model with a
Rician factor of 1. The channels involving the IRS are modelled
according to Rayleigh fading [18]. We define the transmit
signal-to-noise (SNR) of our system as SNR = α0

σ2
j

= αk

σ2
0

,
where α0 and αk are the average total transmit power at
the FD BS and the multi-antenna UL user k. We assume
that the CSI errors to be i.i.d zero-mean circularly symmetric
complex Gaussian distribution with the same variance σ2

csi, and
therefore, the error covariance matrices set chosen as Ji = I
and Kj = σ2

csiI, ∀i, j. Since the variance of the CSI errors
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Fig. 1. Average WSR as a function of ρ with SNR= 30 dB.
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Fig. 2. Average WSR as a function of SNR with ρ = 0.4.

strictly depend on the average transmit power (used also to
estimate the channels) and the noise variance, we assume that
σ2
csi decays as O(SNR−α), for some constant α, satisfying

the CSI error decay rate inversely proportional to the SNR. As
the SNR represents the transmit SNR, note that SNR → ∞ is
equivalent to αk = α0 → ∞, which enhances the CSI quality
and reduces the CSI error variance as σ2

csi → 0. The CSI
errors variance is set as σ2

csi = ρ/SNRα, where ρ denotes
a scale factor and α ∈ [0, 1] determines the quality of the
CSI. Maintaining the quality of the CSI with α = 1 could be
exhausting in terms of resources required to acquire the CSI
and therefore we set α = 0.6.

We label our proposed design as a FD-IRS-RB. For com-
parison, we define the following benchmark schemes: 1) FD-
IRS-Non-RB: FD system assisted with IRS and non-robust
beamforming, i.e., CSI is treated as perfect; 2) FD-No-IRS-
RB: FD system with no IRS and robust beamforming; 3)
FD-No-IRS-Non-RB: FD system with no IRS and non-robust
beamforming; 4)HD-IRS-RB: HD system assisted with IRS and
robust beamforming; 5) HD-IRS-Non-RB: HD system assisted
with IRS and non-robust beamforming; 6) HD-No-IRS-RB: HD
system with no IRS and robust beamforming; 7) HD-No-IRS-
Non-RB: HD system with no IRS and non-robust beamforming.
We also compare our approximation proposed for the analytical
ergodic WSR derived above, which is labelled as Analytical
FD-IRS-RB and compare it with the ergodic rate achieved with
the EWMMSE robust beamforming approach.

Fig. 1 shows the performance of the proposed robust joint
beamforming design as a function of the scale factor ρ dictating
the CSI error variance, by means of Monte Carlo simulations at
SNR= 30 dB as a function of ρ. It is shown that the proposed
robust design achieves significant performance gain compared



to the naive FD-IRS-Non-RB scheme, which does not account
for the CSI errors. Moreover, we can also see that the achieved
ergodic WSR accurately matches the analytical result derived
above. It is to be noted that as the CSI error variance gets
extremely large, the proposed statistically robust beamforming
design preserves significant robustness against the uncertainties
in the CSI quality.

Fig. 2 shows the ergodic WSR of the proposed design as a
function of the transmit SNR with ρ = 0.4. We can see that
our robust design achieves significant gain in the presence of
CSI errors compared to the other schemes. Theoretically, the
FD systems offer a twofold gain in the WSR compared to the
HD systems. However, Fig. 2 for the scheme FD-IRS-Non-
RB, at low SNR, i.e., high CSI error variance, shows that the
IRS-FD system may achieve no gain compared to the IRS-
aided HD system at any SNR level if non-robust beamforming
approach is adopted. This is due to the fact that the residual
SI can become extremely large in the presence of large CSI
errors and can significantly degrade the performance. However,
we can observe that as the CSI error variance decreases,
the performance of the non-robust beamforming scheme tends
toward the performance of the robust beamforming schemes,
which tends towards the two-fold improvement in the WSR
due to quasi-ideal simultaneous transmission and reception.

V. CONCLUSIONS

In this paper, a novel and statistically robust beamforming
design for an IRS-FD system under imperfect CSI is presented.
A closed-form approximation for the ergodic WSR is first
derived given the statistical distribution of the errors. Then
the ergodic WSR maximization problem is handled based on
the EWMMSE method leading to two layers of sub-problems
which are solved iteratively based on alternating optimization.
Simulation results show that imperfect CSI can potentially
limit the performance of the IRS-FD systems, and adopting
robust beamforming leads to significant improvement in the
performance gains.

APPENDIX

S =ĤH
0,θF
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H
θ,0

+WkU
H
k ĤH
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j,θF

H
j (WjFjHjṼjH
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H
θ,0 + Tr(ṼjJ
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T
θ,0)Kθ,0 + Ĥθ,0ṼjĤ
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