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3 On Kazhdan-Yom Din asymptotic Schur

orthogonality for K-finite matrix coefficients

Anne-Marie Aubert, Alfio Fabio La Rosa

Abstract

In a recent article, D. Kazhdan and A. Yom Din conjectured the valid-
ity of an asymptotic form of Schur’s orthogonality for tempered irreducible

unitary representations of semisimple groups defined over local fields. In
the non-Archimedean case, they established such an orthogonality for K-
finite matrix coefficients. Building on their work, and exploiting the ad-

missibility of irreducible unitary representations, we prove the analogous
result in the Archimedean case.
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1 Introduction

Let G be a semisimple group over a local field, let K be a maximal compact
subgroup of G. We fix a Haar measure on G, denoted dg. If H is the Hilbert
space underlying a unitary representation of G, let HK denote the space of K-
finite vectors and H∞ the space of smooth vectors.

In their recent work [4], D. Kazhdan and A. Yom Din conjectured the valid-
ity of an asymptotic version of Schur’s orthogonality relations. It should hold
for matrix coefficients of tempered irreducible unitary representations of G, gen-
eralising Schur’s well-known orthogonality relations for discrete series.

Following their article, we fix a norm, denoted ‖ · ‖, on the Lie algebra g of
G. We further define the function

r : G −→ R≥0, r(g) = log
(
max{‖Ad(g)‖, ‖Ad(g−1)‖}

)
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so that, given r ∈ R>0, we can introduce the corresponding ball

G<r := {g ∈ G|r(g) < r}.

Given this set-up, we are in position to state their conjecture.

Conjecture 1.1 (Kazhdan-Yom Din, Asymptotic Schur Orthogonality Rela-
tions). Let G be a semisimple group over a local field and let (π, H) be a
tempered irreducible unitary representation of G. Then there exist d(π) ∈ Z≥0

and f(π) ∈ R>0 such that, for all v1, v2, v3, v4 ∈ H , the following holds:

lim
r→∞

∫
G<r

〈π(g)v1, v2〉〈π(g)v3, v4〉 dg

rd(π)
=

1

f(π)
〈v1, v3〉〈v2, v4〉.

Assuming that the matrix coefficients involved are K-finite, one has the
following result:

Theorem 1.2 ([4], Theorem 1.7). Let (π, H) be a tempered irreducible unitary
representation of G and K be a maximal compact subgroup of G. Then there
exists d(π) ∈ Z≥0 such that:

(1) If G is non-Archimedean, there exists f(π) ∈ R>0 such that, for all
v1, v2, v3, v4 ∈ HK , we have

lim
r→∞

∫
G<r

〈π(g)v1, v2〉〈π(g)v3, v4〉 dg

rd(π)
=

1

f(π)
〈v1, v3〉〈v2, v4〉.

(2) If G is Archimedean, for any given non-zero v1, v2 ∈ HK , there exists
C(v1, v2) > 0 such that

lim
r→∞

∫
G<r

|〈π(g)v1, v2〉|2 dg

rd(π)
= C(v1, v2).

In the non-Archimedean case, the proof of (1) is achieved by first establishing
the validity of the analogous version of (2). The polarisation identity allows the
authors of [4] to define a form

D(·, ·, ·, ·) : HK ×HK ×HK ×HK −→ C

via the prescription

D(v1, v2, v3, v4) := lim
r→∞

∫
G<r

〈π(g)v1, v2〉〈π(g)v3, v4〉 dg

rd(π)
.

In [4], Section 4.1, this form is shown to be G-invariant and one would like to
invoke an appropriate form of Schur’s lemma to argue as in the standard proof
of Schur’s orthogonality relations. That is, for fixed v2, v4 ∈ HK , one defines
the form

〈·, ·〉v2,v4 := D(·, v2, ·, v4)
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and, for fixed v1, v3 ∈ HK , the form

〈·, ·〉v1,v3 := D(v1, ·, v3, ·).

One applies Schur’s lemma to these forms, which implies that each such form is
a scalar multiple of the inner product on H . Upon comparing them, one obtains
the desired orthogonality relations.

The appropriate version of Schur’s lemma in the non-Archimedean case is
provided by Dixmier’s lemma, which can be applied since in the non-Archimedean
setting the subspace of K-finite vectors HK and the subspace of smooth vectors
H∞ coincide, the latter being equipped with the structure of a Fréchet repre-
sentation of G, which is irreducible since H itself is irreducible.

The purpose of this article is to prove that the analogue of (1) in Theorem
3.3 holds in the Archimedean case. As explained in [4], Section 4.2, it suffices
to prove the result for real semisimple groups (proved as Theorem 3.5).

Theorem 1.3. Let (π, H) be a tempered irreducible unitary representation of
a real semisimple group G. Let K be a maximal compact subgroup of G. Then
there exists f(π) ∈ R>0 such that, for all v1, v2, v3, v4 ∈ HK , we have

lim
r→∞

∫
G<r

〈π(g)v1, v2〉〈π(g)v3, v4〉 dg

rd(π)
=

1

f(π)
〈v1, v3〉〈v2, v4〉.

We need to modify the strategy above to account for the fact that the spaces
of smooth and K-finite vectors of a Hilbert space representation (π, H) of a real
semisimple group do not coincide.

Our approach relies crucially on the admissibility of irreducible, unitary
representations of reductive groups, a foundational theorem proved by Harish
Chandra. The theory of admissible (g,K)-modules then provides us with the
appropriate version of Schur’s lemma for (g,K)-invariant forms. Hence, we are
reduced to verify that 〈·, ·〉v2,v4 and 〈·, ·〉v1,v3 are, indeed, (g,K)-invariant. Hav-
ing established this, to conclude the proof of Theorem 1.3, we can argue as in
[4], Section 4.

The article is organised as follows.

Section 2: We collect those notions and results on representation theory and
(g,K)-modules that we need, including the admissibility of the (g,K)-modules
associated to irreducible unitary representations, and the appropriate form of
Schur’s lemma.

Section 3: We establish the (g,K)-invariance of the forms introduced above
and prove Theorem 1.3.
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2 Recollections on (g, K)-modules

Our presentation of the theory of (g,K)-modules, the core of this section, fol-
lows [7] very closely. To discuss even its basic features, we need to gather some
results on unitary representations of compact groups. We begin by recalling the
basic notions in the study of representations of topological groups, which we
always assume to be Hausdorff.

First, following [7], Section 1.1, let G denote a second-countable, locally
compact group, equipped with a left Haar measure dg, and let V denote a
complex topological vector space. We denote by GL(V ) the group of invertible
continuous endomorphisms of V . A representation of G on V is a strongly
continuous homomorphism π : G −→ GL(V ). Let (π, V ) denote the datum of
a representation of G. A subspace of V which is stable under the action of
G through π is called an invariant subspace. A representation is said to be
irreducible if the only closed invariant subspaces are the trivial subspace and
V itself.

If (H, 〈·, ·〉) is a separable Hilbert space, a representation π of G on H is
termed a Hilbert representation. If, in addition, G acts by unitary opera-
tors through π, the representation is said to be unitary.

Next, following [6], Section 10, we introduce the basic features of the theory
of vector-valued integration.

Let (X, dx) be a Radon measure space, let H be a Hilbert space and assume
that

f : X −→ H

is measurable. The function f is integrable if it satisfies the following two
conditions:

(1) For all v ∈ H , ∫

X

|〈f(x), v〉| dx < ∞.

(2) The map

v )→

∫

X

|〈f(x), v〉| dx

is a bounded conjugate-linear functional.
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If f : X −→ H is integrable, then, by the Riesz’ representation theorem,
there exists a unique element in H , denoted

∫

X

f(x) dx,

such that, for all v ∈ H , we have

〈∫

X

f(x) dx, v
〉
=

∫

X

〈f(x), v〉 dx.

Proposition 2.1. Let (X, dx) be as above. Let H , E be Hilbert spaces,
f : X −→ H a measurable function and T : H −→ E a bounded linear operator.
Then the following holds:

(1) If ∫

X

‖f(x)‖ dx < ∞,

then f : X −→ H is integrable.

(2) If f : X −→ H is integrable, then so is Tf : X −→ E. Moreover,

T

(∫

X

f(x) dx

)
=

∫

X

Tf(x) dx.

Proof. See [6], Proposition 10.8 and Proposition 10.9.

Now, let (π, H) be a unitary representation of G. Let v ∈ H and f : G −→ H
be such that the map

g )→ f(g)π(g)v

is integrable. Let π(f)v denote the unique element inH such that, for all w ∈ H ,
we have

〈π(f)v, w〉 =

∫

G

f(g)〈π(g)v, w〉 dg.

Proposition 2.2. Let (π, H) be as above. If f ∈ L1(G), then, for all v ∈ H ,
the map g )→ f(g)π(g)v is integrable and the prescription

π(f) : H −→ H, v )→ π(f)v

defines a bounded linear operator.

Proof. See [6], Proposition 10.20.

With the integral operators introduced in Proposition 2.2 at our disposal,
we have all the tools needed to state the main results on the unitary represen-
tations of compact groups.
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Let K be a compact group. Let K̂ denote the set of equivalence classes of
irreducible unitary representations of K. If (π, H) is a unitary representation,
for each γ ∈ K̂ let H(γ) denote the closure of the sum of all the closed invariant
subspaces of H in the equivalence class of γ. We refer to H(γ) as the γ-isotypic
component of H .

Proposition 2.3. Let K be a compact group. Let (π, H) be an irreducible
unitary representation of K. Then H is finite-dimensional.

Proof. See [7], Proposition 1.4.2.

Given Proposition 2.3, we can associate, to each γ ∈ K̂, the function

χγ : K −→ C, χγ(g) := trγ(g),

the character of γ.

Recall that if {(πi, Hi)|i ∈ I} is a countable family of unitary representations
of a topological group G, we can construct a new unitary representation of G,
the direct sum, on the Hilbert space completion of the algebraic direct sum
of the Hi’s. We refer the reader to [7], Section 1.4.1, for the details of this
construction. We let ⊕

i∈I

Hi

denote the direct sum of the family {(πi, Hi)|i ∈ I}, dropping explicit reference
to the πi’s.

Proposition 2.4. Let K be a compact group. Let (π, H) be a unitary repre-
sentation of K. Then (π, H) is the direct sum representation of its K-isotypic
components; that is,

H =
⊕

γ∈K̂

H(γ).

Moreover, let αγ denote the function

αγ(k) := dim(γ)χγ(k).

Then the following holds:
H(γ) = π(αγ)H.

Proof. See [7], Lemma 1.4.7.

Proposition 2.5. Let K be a compact group. If (π, H) is a Hilbert space
representation of K, then there exists an inner product on H that induces the
original topology on H and for which K acts unitarily through π.

Proof. See [7], Lemma 1.4.8.
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We are finally ready to introduce (g,K)-modules. Although they can be de-
fined for general Lie groups, as in [7], Section 3.3, we will assume at the outset
that our group G is a reductive group. We adopt the definition of reductive
group that is given in [7], Chapter 2. Similarly for semisimple groups.

Definition 2.6. Let G be a real reductive group with Lie algebra g. Let K be a
maximal compact subgroup of G with Lie algebra k. A vector space V , equipped
with the structure of g-module and K-module, is called a (g,K)-module if the
following conditions hold:

(1) For all v ∈ V , for all X ∈ g, for all k ∈ K,

kXv = Ad(k)Xkv

(2) For all v ∈ V , the span of the set

Kv := {kv|k ∈ K}

is a finite-dimensional subspace of V , on which the action of K is contin-
uous.

(3) For all v ∈ V , for all Y ∈ k,

d

dt
exp(tY )v|t=0 = Y v.

We remark that (3) implicitly uses the smoothness of the action of K on the
span of Kv. This follows from the fact that a continuous group homomorphism
between Lie groups is automatically smooth.

Let V and W be (g,K)-modules and let Homg,K(V,W ) denote the space
of g-morphisms that are also K-equivariant. Then V and W are said to be
equivalent if Homg,K(V,W ) contains an invertible element.

A (g,K)-module V is called irreducible if the only subspaces that are
invariant under the actions of g and K are the trivial subspace and V itself. In
this case, we have the following theorem:

Theorem 2.7. Let V be an irreducible (g,K)-module. Then the space
Homg,K(V, V ) is 1-dimensional.

Proof. This is the result actually proved in [7], Lemma 3.3.2, although the
statement there says Homg,K(V,W ), for an unspecified W . We believe it is a
typo.

Let V be a (g,K)-module. Since, given each v ∈ V , the span of Kv, say Wv,
is a finite-dimensional continuous representation of K, we can use Proposition
2.5 and then apply Proposition 2.4, thus decomposing Wv into a finite sum of
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finite-dimensional K-invariant subspaces of V . For γ ∈ K̂, we let V (γ) denote
the sum of all the K-invariant finite dimensional subspaces in the equivalence
class of γ. Then the discussion above implies that

V =
⊕

γ∈K̂

V (γ)

as a K-module, with the direct sum indicating the algebraic direct sum. A
(g,K)-module V is called admissible if, for all γ ∈ K̂, V (γ) is finite-dimensional.

Given a unitary representation (π, H), there exists a (g,K)-module naturally
associated to it. To define it, recall that a vector v ∈ H is called smooth if the
map

g )→ π(g)v

is smooth. Let H∞ denote the subspace of smooth vectors ofH . It is a standard
fact that the prescription

π̇(X) :=
d

dt
π(exp(tX))v|t=0,

for v ∈ H∞ and X ∈ g, defines an action of g on H∞. Recall that a vector
v ∈ H is K-finite if the span of the set

π(K)v := {π(k)v|k ∈ K}

is finite-dimensional. Let HK denote the subspace of K-finite vectors of H .
By [7], Lemma 3.3.5, with the action of g so defined and with the action of K
through π, the space HK ∩H∞ is a (g,K)-module. The representation (π, H) is
said to be admissible if HK ∩H∞ is admissible as a (g,K)-module and (π, H)
is called infinitesimally irreducible if HK ∩ H∞ is irreducible as a (g,K)-
module. It is in general not true that a K-finite vector is smooth. However, if
(π, H) is admissible, we have the following result:

Theorem 2.8. Let G be a real reductive group and (π, H) an admissible rep-
resentation of G. Then every K-finite vector is smooth.

Proof. See [8], Theorem 4, part 1.

In light of the following fundamental result of Harish Chandra, Theorem 2.8
will play an important role in this article.

Theorem 2.9. Let (π, H) be an irreducible unitary representation of G. Then
(π, H) is admissible.

Proof. See [7], Theorem 3.4.10.

As in [7], Section 3.3.6, given a (g,K)-module V , we can equip its algebraic
dual V ∗ with the following actions of K and g. For all k ∈ K, for all µ ∈ V ∗,
we define

k̃µ(v) := µ(k−1v),
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for all v ∈ V . For all X ∈ g, for all µ ∈ V ∗, we define

X̃µ(v) := −µ(Xv),

for all v ∈ V . The subspace of V ∗ consisting of the K-finite elements with
respect to the action of K so defined is a (g,K)-module: the dual, or contragre-
dient, Ṽ , of V . Similarly, we can equip the space of conjugate-linear functionals
on V with analogously defined actions. If µ is a conjugate-linear functional on
V , for all k ∈ K and for all v ∈ V , we define

kµ(v) := µ(k−1v).

For all X ∈ g and for all v ∈ V , we define

Xµ(v) := −µ(Xv).

The subspace of K-finite conjugate-linear functionals on V , equipped with these
actions, is a (g,K)-module: the conjugate-dual, V , of V .

Both the following statements are extracted from [7]. The first appears at
the end of the proof of Lemma 4.3.2, while the second is essentially given in
Lemma 4.3.3. Since we shall need them in the third section, we decided to fill in
the details of the proofs. The first part of the argument in the next proposition
is an adaption of [3], Proposition 8.5.7. The key idea is to exploit the local
finiteness of (g,K)-modules to reduce to a setting where the projection to a
given K-isotypic component of an arbitrary element is given by an appropriate
integral operator, as in Theorem 2.4.

Proposition 2.10. Let V be an admissible (g,K)-module. Then

Ṽ =
⊕

γ∈K̂

(V (γ)∗).

In particular, Ṽ is admissible.

Proof. Let µ ∈ Ṽ , let W be defined as

W := Span{K̃µ}.

Then W is a finite-dimensional representation of K, which, by Proposition 2.5,
we can assume unitary. By decomposing µ according to its K-isotypic com-
ponents, we can reduce to the case that µ ∈ W (γ) and, by Proposition 2.4,
that

µ = k̃(αγ̃)µ
′,

for some µ′ ∈ W . Here, k̃(αγ̃)µ′ denotes the functional obtained as the W -
valued integral of the function

k )→ αγ̃(k)k̃µ
′.
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We want to show that µ vanishes identically outside V (γ). So, let v ∈ V and
let E be defined as

E := Span{Kv}.

Then, as above, E is a finite-dimensional unitary representation of K and we
have

E(γ) = k(αγ)E

We can compute as follows:

µ(v) = k̃(αγ̃)µ
′(v)

=

∫

K

αγ̃(k)k̃µ
′(v) dk

=

∫

K

αγ̃(k)µ
′(k−1v) dk

= µ′

(∫

K

αγ̃(k)k
−1v dk

)

= µ′

(∫

K

αγ(k
−1)k−1v dk

)

= µ′(k(αγ)v).

Here, the second equality is justified by a reasoning that we have learnt from P.
Garrett: we view evaluation at v ∈ V as a linear functional on W . Since W is
finite-dimensional, this functional is continuous and we can interchange it with
the integral ∫

K

αγ̃(k)k̃µ
′ dk,

which is W -valued. The fourth equality follows from the fact that µ′ is continu-
ous on the finite-dimensional vector space E, hence we can interchange it with
an integral valued in E. The fifth equality follows from

χγ̃(k) = χγ(k
−1),

a fact proved in [2], Chapter II, Proposition 4.10, (vi). Finally, we used the
unimodularity of K. Hence, we showed that µ ∈ Ṽ (γ) acts on v ∈ V through
the projection of v to its γ-isotypic component. This implies that µ vanishes
identically outside V (γ) and gives an element in V (γ)∗. To complete the proof,
it is enough to observe that we can decompose any element in Ṽ uniquely ac-
cording to its K-isotypic components and apply the discussion above to each
resulting summand.

For the reverse inclusion, Let µ be an element of the right-hand side of the
display in the statement. Then there exist µγ1 , . . . , µγn

, with µγi
∈ V (γi)∗ for

each i, such that

µ =
n∑

i=1

µγi
.
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Admissibility of V implies that V (γ) is finite-dimensional for every γ ∈ K̂, hence
so is V (γ)∗. Since K̃µγi

is contained in V (γi)∗, it follows that, for each i, the

span of K̃µγi
is finite-dimensional. Hence, the same holds for the span of K̃µ,

proving that the right-hand side of the above display is contained in Ṽ .

Proposition 2.11. Let (π, H) be an irreducible unitary representation. For
w ∈ HK , let φw denote the linear functional on HK defined by φw(v) = 〈v, w〉,
and set

Φ(HK) := {φw|w ∈ HK}.

Then the following equality holds:

H̃K = Φ(HK).

Proof. By Theorem 2.9 and by Proposition 2.10, we have

H̃K =
⊕

γ∈K̂

(HK(γ)∗)

with HK(γ) finite-dimensional for each γ ∈ K̂. Hence, each HK(γ) inherits

a Hilbert space structure from H . Let µ ∈ H̃K and let µγ1 , . . . , µγn
, with

µγi
∈ HK(γi)∗, be such that

µ =
n∑

i=1

µγi
.

For each i, by Riesz representation theorem, we can find wi ∈ HK such that,
for all v ∈ HK ,

µγi
(v) = 〈v, wi〉.

Then, setting

w :=
n∑

i=1

wi ∈ HK ,

we obtain, for all v ∈ HK ,
µ(v) = 〈v, w〉,

proving that H̃K is a subset of Φ(HK).

For the reverse inclusion, let φw ∈ Φ(HK). Let w1, . . . , wm ∈ HK be a basis
for the space spanned by π(K)w and, for k ∈ K, let λ1, . . . ,λm ∈ C be such
that

π(k)w =
m∑

i=1

λiwi.

Since

k̃φw(v) = 〈π(k)−1v, w〉 = 〈v,π(k)w〉 =
m∑

i=1

λiφwi
(v),

it follows that the space spanned by K̃φw is contained in the subspace spanned
by φw1 , . . . ,φwm

. Hence, φw ∈ H̃K , concluding the proof.
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We conclude this quick (and far from complete) review of the theory of
(g,K)-modules by proving the version of Schur’s lemma for sesquilinear forms
that we will use in Section 3. This is given by Corollary 2.14 below. First, we
need:

Theorem 2.12. Let (π, H) be an admissible representation. Then (π, H) is
irreducible if and only if it is infinitesimally irreducible.

Proof. See [7], Theorem 3.4.11.

Theorem 2.13. Let V be an admissible (g,K)-module. Suppose that there
exist a (g,K)-moduleW and a non-degenerate (g,K)-invariant sesquilinear form

B(·, ·) : V ×W −→ C.

Then W is (g,K)-isomorphic to V .

Proof. This is [7], Lemma 4.5.1, except for the fact that our form is sesquilinear.
To account for it, we modify the definition of the map T in the reference by
setting, for a given w ∈ W , T (w)(v) = B(w, v) for all v ∈ V . This defines a
map from W to V obtained by sending w to T (w) which, by the argument in
the reference, is a (g,K)-isomorphism.

The next corollary is proved by adapting to our case the argument in [3],
Proposition 8.5.12 and using the beginning of the proof of [5], Proposition 9.1.

Corollary 2.14. Let (π, H) be an irreducible admissible representation. Then,
up to a constant, there exists at most one non-zero (g,K)-invariant sesquilinear
form on HK . In particular, if (π, H) is irreducible unitary, then every such form
is a constant multiple of 〈·, ·〉.

Proof. The irreducibility of H implies that of HK , by Theorem 2.12 and by
Theorem 2.8. Let B(·, ·) be a (g,K)-invariant sesquilinear form. Consider the
linear subspace V0 of HK defined as

V0 := {v ∈ HK |B(v, w) = 0 for all w ∈ HK}.

Since B(·, ·) is non-zero, V0 is a proper subspace of HK . Since B(·, ·) is moreover
(g,K)-invariant, it follows that V0 is a (g,K)-invariant subspace of HK , hence,
by the irreducibility of HK , it must be zero. Analogous considerations for the
subspace

V 0 := {w ∈ HK |B(v, w) = 0 for all v ∈ HK}

imply that B(·, ·) is non-degenerate. By Theorem 2.13, the map v )→ T (v),
T (v)(·) := B(v, ·), is a (g,K)-isomorphism. Since HK is irreducible, the space
Homg,K(HK , HK) is 1-dimensional by Theorem 2.7. Now, let B′(·, ·) be another
such form, with associated isomorphism T ′. Then T (T ′)−1 = cI, for some
c ∈ C. For the last statement, the unitarity of (π, H) implies that 〈·, ·〉 is a
(g,K)-invariant non-degenerate sesquilinear form and Theorem 2.9, with the
discussion above, implies the result.
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3 Schur orthogonality

We fix the datum of a real semisimple groupG and a maximal compact subgroup
K of G.

For a fixed d ∈ Z≥0, let Ld be the set of measurable functions f : G −→ C

such that

lim
r→∞

∫
G<r

|f(g)|2 dg

rd
< ∞.

Let ‖ · ‖d denote the following prescription:

‖f(g)‖d :=

(

lim
r→∞

∫
G<r

|f(g)|2 dg

rd

) 1
2

.

Recall that for all x ∈ G, we can define the right and left action of G on a
function f as R(x)f(g) := f(gx) and L(x)f(g) := f(x−1g), respectively.

Proposition 3.1. Let f ∈ Ld. Then the following holds:

(1) Let x ∈ G be such that both R(x)f and R(x−1)f belong to Ld. Then
‖R(x)f‖d = ‖f‖d. The analogous statement is true for L(x)f .

(2) ‖f(g−1)‖d = ‖f(g)‖d

Proof. For (1), we observe that, for a given x ∈ G, the right translate (G<r)x
of G<r is contained in G<r+r(x). Indeed, by definition, g ∈ G<r implies
log‖Ad(g)‖ < r and log‖Ad(g−1)‖ < r. Thus, log‖Ad(gx)‖ < r + log‖Ad(x)‖
and log‖Ad((gx)−1)‖ < r + log‖Ad(x−1)‖, which implies

r(gx) < r +max{log‖Ad(x)‖, log‖Ad(x−1)‖}

= r + log
(
max{‖Ad(x)‖, ‖Ad(x−1)‖}

)

= r + r(x).

Now, for f an element in Ld as in the statement, we compute as follows:

‖R(x)f(g)‖2d = ‖f(gx)‖2d

= lim
r→∞

∫
G<r

|f(gx)|2 dg

rd

= lim
r→∞

∫
G
|f(gx)|21G<r

(g) dg

rd

= lim
r→∞

∫
G
|f(g)|21G<r

(gx−1) dg

rd

= lim
r→∞

∫
(G<r)x

|f(g)|2 dg

rd

≤ lim
r→∞

∫
G<r+r(x)

|f(g)|2 dg

rd

= ‖f(g)‖2d.
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where, in the fourth equality, we used the unimodularity of G.
We remark that, without the assumption on R(x)f , we could only prove the
weaker inequality

lim sup
r→∞

∫
G<r+r(x)

|f(g)|2 dg

rd
≤ ‖f(g)‖d.

Coming back to our proof, we obtained

‖R(x)f‖d ≤ ‖f‖d.

Similarly, we have
‖R(x−1)f‖d ≤ ‖f‖d.

In this last inequality, substituting R(x)f with f , we obtain ‖f‖d ≤ ‖R(x)f‖d,
which implies ‖f‖d ≤ ‖R(x)f‖d ≤ ‖f‖d. The argument for L(x)f runs analo-
gously. For (2), it suffices to observe that (G<r)−1 = G<r and to use unimod-
ularity.

The set Ld is not a vector space and ‖ · ‖d is not a seminorm on it. As
A. Yom Din pointed out, following [1], one could remedy the issue by using a
limit superior in the definition of ‖ ·‖d. However, we will not need anything but
Proposition 3.1 in this article.

For a tempered irreducible unitary representation (π, H) of G, for given
v, w ∈ H , let

φv,w(g) := 〈π(g)v, w〉

denote the associated matrix coefficient. By (2) of Theorem 1.2, there exists
d(π) ∈ Z≥0 such that φv,w ∈ Ld(π) for all v, w ∈ HK .

As in Section 4.1 of [4], by the polarisation identity and by (2) of Theorem
1.2, the prescription

D(v1, v2, v3, v4) := lim
r→∞

∫
G<r

〈π(g)v1, v2〉〈π(g)v3, v4〉 dg

rd(π)

is a well-defined form on HK that is linear in the first and fourth variable,
conjugate-linear in the second and the third.

As explained in the introduction, we consider the following family of forms.
For fixed v2, v4 ∈ HK , we define

〈·, ·〉v2,v4 := D(·, v2, ·, v4),

which is linear in the first variable and conjugate linear in the second. For fixed
v1, v3 ∈ HK , we define

〈·, ·〉v1,v3 := D(v1, ·, v3, ·),
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which is conjugate-linear in the first variable and linear in the second.

As in [4], Section 4.1, showing that for all k1, k2, k3, k4 ∈ K and for all
v2, v2, v3, v4 ∈ HK we have

D(π(k1)v1,π(k2)v2,π(k3)v3,π(k4)v4) = D(v1, v2, v3, v4),

can be reduced, by the polarisation identity, to prove that, with the notation of
(2) of Theorem 1.2, we have

C(π(k1)v,π(k2)w) = C(v, w)

for all k1, k2 ∈ K and for all v, w ∈ HK . This will imply the K-invariance of
〈·, ·〉v1,v3 and 〈·, ·〉v2,v4 .

Proposition 3.2. Let (π, H) be a tempered irreducible unitary representation
of a real semisimple group G. Then, for all k1, k2 ∈ K, for all v, w ∈ HK , we
have

lim
r→∞

∫
G<r

|〈π(g)π(k1)v,π(k2)w〉|2 dg

rd(π)
= lim

r→∞

∫
G<r

|〈π(g)v, w〉|2 dg

rd(π)
.

Hence, for all k ∈ K, and for all v1, v2, v3, v4 ∈ HK , we have

〈π(k)v1,π(k)v3〉v2,v4 = 〈v1, v3〉v2,v4

and
〈π(k)v2,π(k)v4〉

v1,v3 = 〈v2, v4〉
v1,v3 .

Proof. We observe that

〈π(g)π(k1)v,π(k2)w〉 = φv,w(k
−1
2 gk1) = L(k2)R(k1)φv,w(g).

Since π(k1)v ∈ HK , by (2) of Theorem 1.2 it follows that R(k1)φv,w ∈ Ld(π).
Therefore, we also have L(k2)R(k1)φv,w ∈ Ld(π). Using (1) of Proposition 3.1,
we compute

lim
r→∞

∫
G<r

|〈π(g)π(k1)v,π(k2)w〉|2 dg

rd(π)
= ‖L(k2)R(k1)φv,w(g)‖

2
d(π)

= ‖φv,w(g)‖
2
d(π),

as required. The K-invariance of the forms 〈·, ·〉v2,v4 and 〈·, ·〉v1,v3 now follows
from the polarisation identity.

Next, we proceed to prove that the forms we consider are g-invariant. First,
we observe that if v2, v3, v4 ∈ HK , the linear functional

〈·, v3〉v2,v4 : HK −→ C

is K-finite, hence it belongs to the contragredient (g,K)-module, H̃K , of HK .
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Lemma 3.3. Let v2, v3, v4 ∈ HK . Then the linear functional

〈·, v3〉v2,v4 : HK −→ C

is K-finite; that is, it belongs to H̃K .

Proof. Since v3 ∈ HK , the span of π(K)v3 is finite-dimensional and we let
w1, . . . , wn ∈ HK be a basis for it. For k ∈ K, let λ1, . . . ,λn ∈ C be such that

π(k)v3 =
n∑

i=1

λiwi.

We compute

k̃〈v, v3〉v2,v4 = 〈π(k)−1v, v3〉v2,v4
= 〈v,π(k)v3〉v2,v4

=
n∑

i=1

λi〈v, wi〉v2,v4 ,

where the second equality follows by K-invariance of 〈·, ·〉v2,v4 .

Therefore, the span of K̃〈·, v3〉v2,v4 is contained in the span of the functionals
〈·, w1〉v2,v4 , . . . , 〈·, wn〉v2,v4 .

Proposition 3.4. Let (π, H) be a tempered irreducible unitary representation
of a real semisimple group G. Then, for all X ∈ g, and for all v1, v2, v3, v4 ∈ HK ,
we have

〈π̇(X)v1, v3〉v2,v4 = −〈v1, π̇(X)v3〉v2,v4

and
〈π̇(X)v2, v4〉

v1,v3 = −〈v2, π̇(X)v4〉
v1,v3 ,

where π̇ denotes the action of g through π introduced in Section 2, page 8.

Proof. Since the functional 〈·, v3〉v2,v4 belongs to H̃K by Lemma 3.3 and since
HK is admissible by Theorem 2.9, it follows from Proposition 2.11 that there
exists w ∈ HK such that

〈v, v3〉v2,v4 = 〈v, w〉
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for all v ∈ HK . For X ∈ g, we compute

〈π̇(X)v1, v3〉v2,v4 = 〈π̇(X)v1, w〉

=
d

dt
〈π(exp(tX))v1, w〉|t=0

=
d

dt
〈v1,π(exp(−tX))w〉|t=0

=
d

dt
〈π(exp(−tX))w, v1〉|t=0

= 〈−π̇(X)w, v1〉

= X〈w, v1〉

= X〈v3, v1〉v4,v2

= −〈π̇(X)v3, v1〉v4,v2
= −〈v1, π̇(X)v3〉v2,v4

Here, the notation X denotes the action of g on the conjugate-dual (g,K)-
module HK , introduced in Section 2, page 9. The sixth equality follows from
viewing 〈·, v1〉 as an element in HK , the conjugate-dual of HK (See Section 2,
after Theorem 2.9). For the seventh equality, we observe that

〈v1, w〉 = 〈v1, v3〉v2,v4

implies that
〈w, v1〉 = 〈v1, w〉 = 〈v1, v3〉v2,v4 = 〈v3, v1〉v4,v2 .

Finally, the eighth equality follows from viewing 〈·, v1〉v4,v2 as an element in

HK . For the g-invariance of the form 〈·, ·〉v1,v3 , the computation

〈v2, v4〉
v1,v3 = lim

r→∞

∫
G<r

〈π(g)v1, v2〉〈π(g)v3, v4〉 dg

rd(π)

= lim
r→∞

∫
G<r

〈v1,π(g−1)v2〉〈v3,π(g−1)v4〉 dg

rd(π)

= lim
r→∞

∫
G<r

〈v1,π(g)v2〉〈v3,π(g)v4〉 dg

rd(π)

= lim
r→∞

∫
G<r

〈π(g)v4, v3〉〈π(g)v2, v1〉 dg

rd(π)

= 〈v4, v2〉v3,v1 ,

where the third equality follows from (2) of Proposition 3.1, reduces the state-
ment to the previous case.

We can now complete the strategy outlined in the introduction.
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Theorem 3.5. Let (π, H) be a tempered irreducible unitary representation of
a real semisimple group G and let K be a maximal compact subgroup of G.
Then there exists f(π) ∈ R>0 such that, for all v1, v2, v3, v4 ∈ HK , we have

lim
r→∞

∫
G<r

〈π(g)v1, v2〉〈π(g)v3, v4〉 dg

rd(π)
=

1

f(π)
〈v1, v3〉〈v2, v4〉.

Proof. Fix v2, v4 ∈ HK . By Proposition 3.4, we can apply Corollary 2.14 to the
form 〈·, ·〉v2,v4 . Hence there exists cv2,v4 ∈ C such that for all v1, v3 ∈ HK we
have

〈v1, v3〉v2,v4 = cv2,v4〈v1, v3〉.

Similarly, fixing v1, v3 ∈ HK , there exists a dv1,v3 ∈ C such that

〈v4, v2〉
v3,v1

= dv1,v3〈v4, v2〉,

since the left-hand side is conjugate-linear in the first variable. Hence, since

〈v4, v2〉
v3,v1

= 〈v2, v4〉
v1,v3 ,

we obtain
〈v2, v4〉

v1,v3 = dv1,v3〈v2, v4〉

By definition, we have

D(v1, v2, v3, v4) = 〈v1, v3〉v2,v4 = 〈v2, v4〉
v1,v3 ,

so, for a vector v0 ∈ HK of norm 1, using (2) of Theorem 1.2, we obtain a real
number C(v0, v0) > 0 such that

D(v0, v0, v0, v0) = C(v0, v0) = cv0,v0 = dv0,v0 .

Computing D(v1, v0, v3, v0), we have

dv1,v3 = cv0,v0〈v1, v3〉.

Therefore, we obtained

D(v1, v2, v3, v4) = cv0,v0〈v1, v3〉〈v2, v4〉,

showing that f(π) := 1
C(v0,v0)

does not depend on the choice of v0, as required.
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