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Abstract. This paper considers A∞-algebras whose higher products satisfy an analytic bound with
respect to a fixed norm. We define a notion of right Calabi–Yau structures on such A∞-algebras
and show that these give rise to cyclic minimal models satisfying the same analytic bound. This
strengthens a theorem of Kontsevich–Soibelman [KS08], and yields a flexible method for obtaining
analytic potentials of Hua-Keller [HK19].
We apply these results to the endomorphism DGAs of polystable sheaves considered by Toda
[Tod18], for which we construct a family of such right CY structures obtained from analytic germs
of holomorphic volume forms on a projective variety. As a result, we can define a canonical
cyclic analytic A∞-structure on the Ext-algebra of a polystable sheaf, which depends only on the
analytic-local geometry of its support. This shows that the results of [Tod18] can be extended
to the quasi-projective setting, and yields a new method for comparing cyclic A∞-structures of
sheaves on different Calabi–Yau varieties.
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1. Introduction
1.1. Motivation. In their seminal paper, Donaldson and Thomas [DT98] proposed a definition of
gauge-theoretic invariants for a compact Calabi–Yau threefold X. Writing νX for the volume form
on X, these invariants would count critical points of a holomorphic Chern-Simons functional

CS : α 7→
∫

X

tr(Dα ∧ α + α ∧ α ∧ α) ∧ νX

on spaces of connections on vector bundles on X, taken up to the action of a suitable gauge group.
Defining such invariants directly in this infinite dimensional setup proved difficult, and this led Thomas
[Tho00] to pursue an algebraic setup involving moduli spaces of finite type. In the study of Donaldson–
Thomas type invariants that followed [KS08; Beh09; JS12] the moduli space of interest is the moduli
stack of semistable sheaves MX , and the invariants are defined by expressing MX locally as a critical
locus of a finite type potential [Joy15].

The link between the gauge-theoretic and the algebraic setups was explored by Toda [Tod18], who
shows that the moduli space MX is locally controlled by a gauge problem associated to a polystable
sheaf F ∈ coh X. Concretely, one takes a locally free resolution E• → F and considers the DG algebra

gE = g•
E :=

(
Γ(X, A 0,•(End(E))), D, ∧

)
,

of Dolbeault forms, whose Maurer-Cartan locus represents the critical locus of the Chern-Simons
functional. The gauge problem is made finite dimensional, by transferring the DG algebra structure
to a minimal model, given by an A∞-structure on the Ext-algebra

HE = (Ext•
X(F , F),µ = (µn)n∈N) .
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Toda [Tod18] shows that the Maurer-Cartan locus of HE is an analytic space, whose quotient by the
gauge group presents an analytic neighbourhood of F in MX . Under the assumption that X is 3
Calabi–Yau, it is moreover a critical locus {dWF = 0} of the associated analytic potential

WF (α) =
∑

n

σ(α)(µn(α, . . . , α)),

where σ : Ext•(F , F) ∼−−→ Extdim X−•(F , F)∨ is the Serre duality pairing. The potential is the
desired replacement for the Chern-Simons functional in this finite dimensional model, and is the
correct function for defining refined versions of the DT invariants [KS08; MMNS12; Tod21].

These results suggest that it should be possible to study the enumerative geometry of X by directly
manipulating the A∞-algebra HE using algebraic methods. However, for this to work there are two
additional structures which need to be considered:

• an analytic structure on gE and HE , in the form of a norm ∥·∥ for which (as shown by Tu [Tu14])
the higher products satisfy the following geometric series bound

∥µn∥ < Cn ∀n ≥ 1. (1)

• a cyclic structure on HE , in the form of the isomorphism σ : HE → H∗
E which (as shown by

Polishchuk [Pol01]) is compatible with the natural A∞-bimodule structures on HE and H∗
E .

Neither the analytic nor the cyclic structure is compatible with arbitrary A∞-algebra morphisms.
Instead one should consider morphisms of cyclic A∞-algebras (defined in [Kaj07; KS09]), and mor-
phisms of analytic A∞-algebras (appearing implicitly in [Tu14; Tod18]) respectively.

The aim of this paper is to develop the theory of A∞-algebras carrying both an analytic and cyclic
structure. The main goal is to find a general method for constructing analytic cyclic minimal models
for a given analytic A∞-algebra, with the motivating example being the analytic DG algebra gE and
its analytic cyclic minimal model (HE ,σ). To do this we study the behaviour of right Calabi–Yau
structures on such analytic A∞-algebras.
1.2. Main result. In what follows, A denotes an A∞-algebra defined over a separable C-algebra ℓ,
which includes A∞-structures on vector spaces and on quivers.

Recall that a right n-CY structure on A is a cocycle in the negative cyclic complex of A satisfying
a certain nondegeneracy condition [BD19]. In this paper, we take the Connes complex C•

λ(A) as our
model for negative cyclic cohomology HC•

λ(A), and an n-CY structure will be a cocycle in C−n
λ (A).

Given an analytic structure ∥·∥ : A → R as above we define the subcomplex

Can,•
λ (A) := { ϕ ∈ C•

λ(A) | ϕ satisfies a geometric series bound in ∥·∥ },

and call a right CY structure analytic if it lies in Can,•
λ (A). We show that the subcomplex Can,•

λ (A)
admits pullbacks with respect to A∞-morphisms satisfying a bound analogous to (1), and is therefore
a good cohomology theory on a category of analytic A∞-algebras. Working inside this category, we
find the following main theorem.

Theorem A (Theorem 4.23). Let A be an analytic A∞-algebra admitting an analytic minimal model
H(A) which is finite dimensional and unital. Then every analytic right CY structure ϕ ∈ Can,•

λ (A)
defines an cyclic analytic minimal model

(H(A)ϕ,σϕ)

which depends only on the class [ϕ] ∈ HC•
λ(A) up to an isomorphism of cyclic analytic A∞-algebras.

If B is a second such A∞-algebra, then every analytic quasi-isomorphism f : B → A induces a cyclic
analytic A∞-isomorphism

(H(B)f∗ϕ,σf∗ϕ) ∼=cyc,an (H(A)ϕ,σϕ).

The proof of our main theorem follows the work of Amorim–Tu [AT22], proving a type of “analytic
Darboux theorem” for a version of the homotopy-invariant version of cyclic structures [Cho08], which
are related to the noncommutative symplectic structures of [KS09].
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Cyclic A∞-algebras are especially interesting in the 3-CY setting, because the cyclic A∞-structure
is captured by a potential: given such a 3-cyclic A∞-algebra (D,σ) there is an associated noncom-
mutative potential W ∈ T̂V :=

∏
n≥0 V ⊗n in the completed tensor algebra over V = (D1)∨. If D is

moreover equipped with an analytic structure, then this potential lies in an analytic subring

T̃V :=
{

(vn)n∈N ∈ T̂V
∣∣∣ ∃C such that ∥vn∥ < Cn for all n > 0

}
,

and is therefore an analytic potential in the framework of Hua–Keller [HK19]. Analytic morphisms
induce algebra morphisms between these analytic subrings, so in the 3-CY setting our theorem can
be interpreted as follows.

Corollary B (Corollary 4.24). In the situation of Theorem A suppose that ϕ is a right 3-CY structure,
and write VA = H1(A)∨. Then there is a canonical analytic potential

Wϕ ∈ T̃VA,

which is well-defined up to an automorphism of T̃VA. Moreover, if f : B → A is a quasi-isomorphism
and VB = H1(B)∨ then there is an induced isomorphism g : T̃VA → T̃VB such that

g(Wϕ) = W f∗ϕ.

The main theorem and its corollary can be used to relate infinite dimensional setting, involving
e.g. normed DG algebras, with finite dimensional settings, such as those considered in [HK19]. In
particular, it applies to the gauge-theoretic setup mentioned above.

1.3. Analytic CY structures in complex geometry. We apply Theorem A to describe the cyclic an-
alytic minimal models of Toda’s DGA gE for a perfect complex E of vector bundles on a smooth pro-
jective variety X of dimension n. If X is Calabi–Yau with holomorphic volume form ν ∈ H0(X, Ωn

X),
then there is an induced right CY structure: the bounded linear functional

gE → C, α 7→
∫

X

tr(α) ∧ ν (2)

defines a cocycle ϕν ∈ Can,•
λ (gE) which is the nondegenerate in the appropriate sense. The associated

cyclic analytic minimal model (HνE ,σν) recovers the A∞-algebra of [Pol01; Tu14; Tod18].

There are in general many other choices of analytic right CY structures, each of which yields a
cyclic analytic minimal model of gE . We identify a family of such CY structures corresponding to
holomorphic volume germs along the support Z = supp E , by which we mean an equivalence class

ν ∈ (Ωn
X)Z := colim

U⊃Z
Γ(U, Ωn

X)

of differential forms on analytic open neighbourhoods U ⊃ Z, which is nonvanishing when U is
sufficiently small. Such a germ determines a bounded linear functional on the DG subalgebra

gE|U ,c := {ξ ∈ gE | supp ξ ⊂ U} ⊂ gE,c,

of Dolbeault forms with compact support in any sufficiently small neighbourhood U ⊃ Z. This
functional induces an analytic right CY structure on gE|U ,c, which we transfer to a right CY structure
on gE using an explicit A∞-quasi-isomorphism gE → gE|U ,c. This leads to the following theorem.

Theorem C (Theorem 5.9). Let X be smooth projective of dimension n, and E ∈ Dperf(X) a complex
with support Z ⊂ X. Then every volume germ ν ∈ (Ωn

X)Z determines a canonical class [ϕν] of an
analytic right CY structure ϕν ∈ C•,an

λ (gE), and hence determines a cyclic analytic minimal model

(HνE ,σν) = (Ext•
X(E , E),µν ,σν),

which is analytically A∞-isomorphic to HE .
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The above theorem applies to the setting of [Tod18] when E is a resolution of a polystable sheaf
F ∈ coh X whose support does not meet the canonical divisor KX . Some examples considered in the
enumerative geometry literature include point sheaves [BBS13], and sheaves on contractible curves
[Sze08; Kat08]. If X is a threefold, then there is moreover a noncommutative analytic potential

Wν
E ∈ T̃Ext1(E , E)∨,

whose abelianisation Wν
E = (Wν

E )ab is an ordinary analytic function whose critical locus describes the
moduli space of semistable sheaves around F . Hence, the gauge-theoretic setup can be generalised
from the projective CY-3 case in [Tod18] to open analytic neighbourhoods of projective CY-3 folds
equipped with a choice of volume form.

In our setup, both the A∞-algebra structure on the Ext-algebra of E and the volume germ ν are
determined in terms of analytic-local geometry around the support of E in X. One would therefore
expect that the cyclic A∞-algebra (HνE ,σν) is not sensitive to the global geometry of X. To show
this we consider embeddings of such neighbourhoods into other projective varieties.

Theorem D (Theorem 5.12). Let X, X ′ be smooth projective varieties, and let Y be an open sub-
manifold of X with an open embedding into X ′, as in the following diagram:

X Y X ′.i f

Let E ′ be a perfect complex on X ′ with cohomological support f(Z) ⊂ f(Y ) for some compact Z ⊂ Y ,
and let ν ∈ (Ωn

X′)Z be a volume germ. Then for any E ∈ Dperf(X) such that E|Y ≃ f∗E ′ there exists
an analytic quasi-isomorphism

gE ≃an gE′

which identifies the classes [ϕν] and [ϕf∗ϕ] via pullback. In particular, there is an analytic cyclic
A∞-isomorphism between the cyclic analytic minimal models

(Hf∗ν
E ,σf∗ν) ∼=an,cyc (HνE′ ,σν).

Corollary E (Corollary 5.13). If X, X ′ are threefolds, then the noncommutative potentials Wν
E′ and

W f∗ν
E are related by an analytic change of variables T̃Ext1(E , E)∨ ∼−→ T̃Ext1(E ′, E ′).

One implication of Theorem D is that there is a canonical cyclic A∞-structure on the Ext-algebra of
a compactly supported sheaf F on a quasi-projective Calabi–Yau threefold Y equipped with a fixed
volume form. Indeed, applying Theorem C to a resolution of F on any compactification X = Y , it
follows from Theorem D that the cyclic A∞-algebra obtained does not depend on these choices.

For the reader who is exclusively interesting in projective Calabi–Yau geometry, we stress that Theo-
rem D also allows one to compare the cyclic analytic A∞-structure (hence the enumerative geometry)
of different projective CY varieties on a common analytic neighbourhood. As a motivating example,
we compute the cyclic analytic A∞-structure on the Ext-algebra of an arbitrary point sheaf.

Proposition F (Proposition 5.17). Let p ∈ X be a point on a smooth projective variety X, and
F → Op a locally free resolution for the associated point sheaf. Then for every volume germ ν ∈ (Ωn

Y )p

there is an isomorphism of cyclic analytic A∞-algebras

HνF ∼=an,cyc

( •∧
ToAn, σλ : ξ 7→ λ(ξ ∧ −)

)
,

where the right hand side denotes the graded algebra of polyvectors at the origin o ∈ An, with cyclic
structure induced by some linear form λ :

∧n
ToAn ∼−→ C.

1.4. Structure of the paper. In section §2 and we recall the definition of (analytic) A∞-algebras
defined over a separable commutative C-algebra, and prove some new results about the existence of
analytic (quasi-)inverses for analytic morphism that are used in later sections.

The subsequent section §3 contains some new definitions of A∞-bimodules, A∞-bimodules maps,
and Hochschild cohomology. Again, we prove some new results about the invertibility of analytic
A∞-bimodule maps based on a tree formula, which seems to be new.



5 O. VAN GARDEREN

Section §4 contains the definition of cyclic structures and their homotopy invariant versions in the
analytic setting, as well as the proof of Theorem A.

Finally, section §5 contains the application to the DG algebras of Dolbeault differential forms, which
is used to prove Theorem C, Theorem D, and Proposition F

1.5. Acknowledgements. The author would like to thank Ben Davison and Louis Ioos for interesting
discussions, and Sarah Scherotzke for general support.

2. Analytic A∞-algebras
In this section we recall the definition of A∞-algebras and morphisms, and introduce the relevant
category of analytic A∞-algebras based on the convergence conditions used in [Tu14].

In what follows let ℓ be a separable C-algebra, and write grMod ℓe for the graded C-linear category
of Z-graded bimodules V = V • which are nonzero in finitely many degrees. Given V, W ∈ grMod ℓe,

hom•
ℓe(V, W ) :=

⊕
n∈Z

Homℓe(V n, V n+•)

denotes the graded vector space of ℓe-linear maps, and Homℓe(V, W ) the subspace of graded mor-
phisms. Given a homogeneous element f ∈ hom•

ℓe(V, W ) we write |f | for its degree. The category
grMod ℓe carries the usual graded tensor product ⊗ := ⊗ℓ and shift functor [1] : grMod ℓe → grMod ℓe.
We write s ∈ hom−1

ℓe (V, V [1]) for the obvious shift map, acting as the identity V i → V i = (V [1])i−1

on each graded component.

2.1. A∞-algebras and morphisms. A∞-algebras are commonly as sequences of multilinear maps
either of the form V ⊗n → W with varying degrees or of the form V [1]⊗n → W [1] with all maps being
homogeneous. In this section we adopt the latter convention, adopting the notation

M•(V, W ) :=
∞∏

n=0
hom•

ℓe(V [1]⊗n, W [1]),

for the graded vector space of these sequences f = (fn)n∈N, and writing M>0(V, W ) for the subspace
of elements with f0 = 0. The exists various compositions between sequences in M(V, W ), which are
most cleanly described using the bar construction

BV :=
⊕
n∈N

V [1]⊗n,

which is a counital cofree conilpotent coalgebra over ℓ with the decomposition coproduct [Tra08].
The coalgebra BV being cofree implies means that every sequence f ∈ M(V, V ) ≃ homℓe(BV, V [1])
induces a unique coderivation f̃ : BV → BV via the formula (see Tradler [Tra08])

f̃ :=
∑
k≥1

∑
i,j≥0

id⊗i
V [1] ⊗ fk ⊗ id⊗j

V [1],

and likewise every coderivation defines a sequence in M(V, V ) by composing with the obvious projec-
tion π : BV → V [1]. In terms of the bar construction, A∞-algebras are defined as follows.

Definition 2.1. An A∞-algebra is a pair (A,µ) of a graded bimodule A ∈ grMod ℓe and a map
µ ∈ M1

>0(A, A) satisfying the condition µ̃2 = 0.

Given bimodules V, W ∈ grMod ℓe, every sequence f ∈ M(V, W ) ≃ homℓe(BV, W [1]) also induces a
cohomomorphism f̂ : BV → BW between the associated coalgebras, via the formula

f̂ :=
∑
k≥1

∑
n1,...,nk

fn1 ⊗ · · · ⊗ fnk
,

and every cohomomorphism between bar coalgebras can again be described in this way (see again
[Tra08]). These lifts are used to define (pre-)morphisms of A∞-algebras.
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Definition 2.2. A pre-morphism between A∞-algebras (A,µA), (B,µB) is an element of the complex

homAlg∞(A, B) := (M>0(A, B), δ) , δ(f) := µB ◦ f̂ − (−1)|f |f ◦ µ̃A,

while a morphism is an element of the subspace HomAlg∞(A, B) := Z0 homAlg∞(A, B) .

By lifting pre-morphisms to cohomomorphisms, one obtains an associative composition between pre-
morphisms which we will write as

⋄ : homAlg∞(B, C) × homAlg∞(A, B) → homAlg∞(A, C), g ⋄ f := g ◦ f̂ ,

for clarity. One verifies that this satisfies the Leibniz rule with respect to the differentials and A∞-
algebras therefore form a DG category. We will denote this DG category by Alg∞.

Finally we recall the definition of (homotopy) units on an A∞-algebra.

Definition 2.3. A unit for an A∞-algebra A = (A,µ) is an injective map 1 : ℓ[1] → A[1] such that

µ2(1(l), a) = la, µ2(a,1(l)) = (−1)|a|+1al for all l ∈ ℓ[1], a ∈ A[1]
µn(. . . ,1(l), . . .) = 0 for all n ̸= 2,

and a triple (A,µ,1) is called a unital A∞-algebra. A weak unit is a map 1 : ℓ[1] → A[1] for which
the image is µ1-closed and which satisfies the following relations in µ1-cohomology:

µ2([1(l)], [a]) = [−la], µ2([a], [1(l)]) = al

If A and B are unital A∞-algebras, with units 1A and 1B , then the unital A∞-pre-morphisms

homun
Alg∞(A, B) :=

{
f ∈ homAlg∞(A, B)

∣∣∣∣∣ f1 ◦ 1A = 1B ,

fi+j+1 ◦ (id⊗i ⊗ 1A ⊗ id⊗j) = 0 for all i + j > 0

}
,

form a subcomplex of homAlg∞(A, B), and unital morphisms Homun
Alg∞(A, B) likewise form a subspace

of HomAlg∞(A, B). The composition of two unital pre-morphisms is again unital, so unital A∞-
algebras again form a DG category.
2.2. Analytic algebras and morphisms. We now consider the category grNMod ℓe of Z-graded normed
ℓe-bimodules, by which we mean pairs (V, ∥·∥V ) of a bimodule V ∈ grMod ℓe and a norm ∥·∥V : V → R
on the underlying ungraded vector space so that for any l, r ∈ ℓ the multiplication v 7→ lvr is bounded
in ∥·∥ℓ. Between any V, W ∈ grNMod ℓe there is a graded normed vector space

homcont
ℓe (V, W ) := {f ∈ homℓe(V, W ) | ∥f∥op < ∞}

of morphisms whose operator norm ∥f∥op := sup∥v∥V =1 ∥f(v)∥W is finite. The shift naturally extends
to a functor [1] : grNMod ℓe → grNMod ℓe, and for any pair of normed graded bimodules V, W the
tensor product V ⊗ W is again normed via the projective tensor norm

∥z∥π := inf{
∑

i ∥vi∥V ∥wi∥W | z =
∑

i v ⊗C w},

where the infimum is over all presentations of an element z ∈ V ⊗ W as a sum of pure tensors in the
tensor product V ⊗C W over C. If fi : Vi → Wi are continuous bimodule morphisms between normed
bimodules V1, V2, W1, W2 ∈ NMod ℓe, then the tensor product f1 ⊗ f2 has operator norm

∥f1 ⊗ f2∥op = ∥f1∥op∥f2∥op < ∞,

and is therefore a continuous bimodule map V1 ⊗ V2 → W1 ⊗ W2. Henceforth, we will drop the
subscripts on the above norms to reduce clutter.

Now given a normed ℓ-bimodule V ∈ grNMod ℓe and r ∈ R with r > 0 we consider the following
normed version of the bar construction:

B(V, r) := (BV, ∥·∥r), ∥
∑

vn∥r := sup
n∈N

∥vn∥r−n,

noting that the supremum in the definition of ∥·∥r is finite for any finite sum in BV . Continuous
maps out of these normed ℓ-bimodules are characterised by the following lemma.
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Lemma 2.4. Let V, W ∈ grNMod ℓe and let f ∈ M(V, W ). Then the following are equivalent:

1. there exists C > 0 such that ∥fn∥ < Cn for all n ≥ 1,

2. there exists r > 0 such that f : B(V, r) → W [1] is bounded,

3. for every r′ > 0 there exists an r > 0 such that f̂ : B(V, r) → B(W, r′) is bounded,

if additionally V = W then this is also equivalent to:

4. for every r′ > 0 there exists an r > 0 such that f̃ : B(V, r) → B(V, r′) is bounded.

Proof. (1 =⇒ 2) Let C > 0 be such that ∥fn∥ < Cn for all n ∈ N and fix some r < C−1. Then the
map f : B(V, r) → W [1] satisfies for every v =

∑
n∈N vn ∈ B(V, r)

∥f(v)∥ ≤
∑
n∈N

∥fn(vn)∥ <
∑
n∈N

Cn∥vn∥ ≤
∑
n∈N

(Cr)n∥v∥r = ∥v∥r

1 − Cr
,

where the final equality for the geometric series holds because Cr < 1. It follows that f has operator
norm bounded by (1 − Cr)−1 < ∞.

(2 =⇒ 1) If f : B(V, r) → W [1] is bounded in the operator norm by some constant K > 1, then for
each n ∈ N and vn ∈ V [1]⊗n the map fn satisfies

∥fn(vn)∥ = ∥f(vn)∥ ≤ K∥vn∥r−n ≤ (K/r)n∥vn∥.

Hence, picking any C > K/r it follows that ∥fn∥ < Cn for all n ∈ N, so f ∈ A(V, W ) follows.

(1 =⇒ 3) Let C > 0 be such that ∥fn∥ < Cn for all n ∈ N, fix r′ > 0 and let K = min{r′, 1}. Then
expanding the formula for f̂ , we find that for every v =

∑
vn ∈ BV∥∥∥f̂(v)

∥∥∥
r′

≤
∑
n∈N

∑
n1+···+nk=n

∥fn1 ⊗ · · · ⊗ fnk
(vn)∥(r′)−k

≤
∑
n∈N

∑
n1+···+nk=n

CnK−k∥vn∥

≤
∑
n∈N

(# partitions of n) ·
(

C

K

)n

∥vn∥.

The number of partitions of n is exponentially bounded by a function qn for some q > 0. Picking
r < K

qC the geometric series in rqC
K again converges, which shows that∥∥∥f̂(v)
∥∥∥

r′
≤
∑
n∈N

(
rqC

K

)n

∥v∥r = K

K − rqC
∥v∥r.

As q and r can be chosen independently of v, it follows that f̂ : B(V, r) → B(V, r′) is bounded.

(1 =⇒ 4) Let C > 1 be such that ∥fn∥ < Cn for all n ∈ N, fix r′ > 0 and let K = min{r′, 1}. Then
expanding the formula for f̃ yields for every v =

∑
vn ∈ BV∥∥∥f̃(v)

∥∥∥
r′

≤
∑
n∈N

∑
i+k+j=n

∥∥(id⊗i ⊗ fk ⊗ id⊗j)(vn)
∥∥(r′)−(i+j+1)

≤
∑
n∈N

∑
i+k+j=n

CkK−(i+j+1)∥vn∥

≤
∑
n∈N

n3
(

C

K

)n

∥vn∥.

Picking q > 0 such that n3 < qn for all n and an r < K
qC , it again follows that∥∥∥f̃(v)

∥∥∥
r′

≤
∑
n∈N

(
rqC

K

)n

∥v∥r = K

K − rqC
∥v∥r,
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hence f̃ is bounded when considered as a linear map B(V, r) → B(V, r′).

(3,4 =⇒ 2) For any r′, the projection π : B(V, r′) → V [1] is obviously bounded, so if a map f̂ or f̃ is
bounded it follows that f = π ◦ f̂ = π ◦ f̃ is again bounded.

We define the space of analytic sequences of multilinear maps between V and W as

A(V, W ) =
⋃
r>0

homcont
ℓe (B(V, r), W [1]) ⊂ M(V, W ),

and note that its elements are sequences f = (fn)n∈N satisfying one of the equivalent conditions in
the above lemma. The sequences with f0 = 0 are again denoted by the subscript A>0(V, W ).

Definition 2.5. An analytic A∞-algebra is a pair (A,µ) of a graded normed bimodule A ∈ grNMod ℓe

and an analytic sequence µ ∈ A1
>0(A, A) which satisfies µ̃2 = 0.

Example 2.6. Let (A, d) be a DG algebra, and suppose ∥·∥ : A → R is any norm on the underlying
vector space. Then the differential and multiplication defines an analytic A∞-algebra structure if and
only if both are bounded. In particular, this includes the case of Banach DG algebras.

Example 2.7. Let (A,µ) be a finite dimensional A∞-algebra such that µn = 0 for n ≫ 0. Then (A,µ)
is analytic for any choice of norm on A.

Remark 2.8. It follows from Lemma 2.4 that the definition given above is equivalent to the A∞-
algebras satisfying a convergence condition used in the literature [Tu14; Tod18].

Given two analytic A∞-algebras, we can impose the convergence condition on (pre-)morphism f ∈
homAlg∞(A, B). This defines a graded subspace

homan
Alg∞(A, B) := A>0(A, B) ∩ homAlg∞(A, B),

of analytic pre-morphisms. Lemma 2.4 now implies the following.

Lemma 2.9. Let A, B be analytic A∞-algebras. Then homan
Alg∞(A, B) is a subcomplex of homAlg∞(A, B).

Proof. Suppose µA,µB are analytic A∞-structures on A and B and consider an analytic map f ∈
homan

Alg∞(A, B). By Lemma 2.4 there exist r1, r2, r3 > 0 such that the maps

µB : B(B, r1) → B[1], f̂ : B(A, r2) → B(B, r1), µ̃A : B(A, r3) → B(A, r2),

are bounded linear maps. Because compositions and sums of bounded maps are bounded, it follows
that the differential of f is bounded:

δ(f) = µB ◦ f̂ + f ◦ µ̃A : B(A, r3) → B[1].

It follows that homan
Alg∞(A, B) ⊂ homAlg∞(A, B) is a subcomplex.

Lemma 2.10. For any three analytic A∞-algebras A, B, C, the composition restricts to a map

⋄ : homan
Alg∞(B, C) × homan

Alg∞(A, B) → homan
Alg∞(A, C).

Proof. Given f ∈ homan
Alg∞(A, B) and g ∈ homan

Alg∞(B, C), it follows from Lemma 2.4 that there exist
r1, r2 > 0 such that the maps

g : B(B, r1) → C[1], f̂ : B(A, r2) → B(B, r1)

are bounded. Then the composition g ⋄ f = g ◦ f̂ is also bounded.

We conclude that analytic A∞-algebras again form a DG category Alg∞,an, with an obvious forgetful
DG functor Alg∞,an → Alg∞ to the ordinary DG category of A∞-algebras.
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2.3. Analytic minimal models. Given A, B ∈ Alg∞ recall that a morphism f ∈ HomAlg∞(A, B) is a
quasi-isomorphism if f1 is a quasi-isomorphism of chain complexes f1 : A[1] → B[1] with respect to
the differential µA,1 and µB,1. A morphism g ∈ HomAlg∞(B, A) is a quasi-inverse if

f ◦ g = δ(h), g ◦ f = δ(h′)

for some homotopies h ∈ hom−1
Alg∞(B, B) and h′ ∈ hom−1

Alg∞(A, A). It is well known that any A∞-
algebra A ∈ Alg∞ is quasi-isomorphic to a minimal model: there exists an A∞-algebra H(A) ∈ Alg∞

with trivial differential and a diagram

H(A) A
I

P
Q (3)

of quasi-isomorphisms P and I such that P ⋄ I = idH(A), and a degree −1 pre-morphism Q such that
I ⋄ P = idA + δ(Q). The minimal model can be constructed explicitly using a homotopy transfer
formula [Kad80]. We recall that the A∞-algebra A is called compact (or proper) if the minimal model
is finite-dimensional over C.

In the analytic setting the construction of minimal models is more subtle: if the quasi-isomorphisms
I and P are analytic then the composition I ⋄P is a continuous splitting of H(A) as a direct summand
of A, which does not exist in general. Even if such a splitting exists, there may not be an analytic
homotopy Q witnessing the fact that I and P are quasi-inverse. For this reason we work with two
notions of minimal model in the analytic setting.

Definition 2.11. Let A ∈ Alg∞,an be an analytic A∞-algebra, then a weak analytic minimal model
is an analytic A∞-algebra H(A) ∈ Alg∞,an with trivial differential together with a diagram

H(A) A,
I

P

for quasi-isomorphisms I ∈ Homan
Alg∞(H(A), A) and P ∈ Homan

Alg∞(A, H(A)) satisfying P ⋄ I = idH(A).
A minimal model is strong if in addition, there exists an analytic pre-morphism Q ∈ homan

Alg∞(A, A)
such that I ⋄ P = idA + δ(Q).

We will not give a construction of analytic minimal models, but note that they can be constructed
via a homotopy transfer formula given a suitable homotopy operator as in [Tu14].

2.4. Analytic (quasi-)inverses. We conclude this section with some technical results about inverses
for analytic A∞-(pre-)morphisms, used in the rest of the paper. The definition of these inverses uses
common “tree-formulas” based on the following notion of planar trees.

Definition 2.12. O(n) denotes the set of planar rooted trees on n leaves, in which every internal
node has valency ≥ 3, and O(n, d) ⊂ O(n) denotes the subset of trees with d internal nodes.

Under the above assumptions there is a unique tree in O(1) = O(1, 0), and for n > 1 each tree
T ∈ O(n) is uniquely determined by the ordered list of rooted subtrees T1, . . . , Tk ⊂ T starting in the
internal node of T that is connected to the root. For a fixed morphism g1 : B[1] → A[1] we define
a map gT for all T ∈ O(n) as follows: for the unique tree T ∈ O(1) we set gT = g1 and for any
T ∈ O(n) with n > 1 we define recursively

gT = −g1 ◦ fk ◦ (gT1 ⊗ · · · ⊗ gTk
).

where T1, . . . , Tk are the subtrees starting in the internal node in T connected to the root. The
following result is classical, and can be easily verified using the recursive formula.

Proposition 2.13. Let f ∈ homAlg∞(A, B) be a pre-morphism such that f1 : A[1] → B[1] admits a
left (right) inverse g1 : B[1] → A[1]. Then the pre-morphism g ∈ homAlg∞(B, A) defined by

gn =
∑

T ∈O(n)

gT ,

is a left (right) inverse to f in Alg∞. If f is moreover a morphism and g1 is both a left and right
inverse, then g is again a morphism.
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We now claim that the analogous result holds in Alg∞,an, assuming the inverse of the map f1 is
bounded. This follows easily from the recursive formula, as we show below.

Lemma 2.14. Let f ∈ homan
Alg∞(A, B) be an analytic pre-morphism such that f1 : A[1] → B[1] admits

a continuous left (right) inverse g1. Then the left (right) inverse g is again analytic.

Proof. By assumption there exists a common constant C > 1 such that ∥g1∥ < C and ∥fn∥ < Cn

for all n ∈≥ 1. We now claim that for any tree T ∈ O(n, d) the norm of gT is bounded by ∥gT ∥ <
C2n+2d−1. This follows by induction: for the base case T ∈ O(1) = O(1, 0), as

∥gT ∥ = ∥g1∥ < C = C2+0−1,

while for n > 1 any tree T ∈ O(n) determined by subtrees Ti ∈ O(ni, di) such that
∑

ni = n and∑
di = d − 1, we have

∥gT ∥ ≤ ∥g1∥∥fk∥∥gT1 ⊗ · · · ⊗ gTk
∥ < C · Ck · C2

∑
ni+2

∑
di−k = C2n+2d−1,

assuming the claim holds for all ni < n and di < d. Now we note that a tree T ∈ O(n, d) has n + d
total vertices, so the cardinality of O(n, d) is bounded by the Catalan number Cn+d. Because internal
nodes have valency ≥ 3 it follows that any tree in O(n) has at most d = n − 1 internal nodes, so that
the total cardinality is bounded by the sum C1 + · · · + C2n−1 of Catalan numbers. It is well-known
that the function n 7→ C1 + · · · + C2n−1 can be bounded by qn for all n, for some sufficiently large
constant q ≫ 0. We therefore find the following bound on the norm of gn:

∥gn∥ ≤
n−1∑
d=0

∑
T ∈O(n,d)

∥gT ∥ <

n−1∑
d=0

∑
T ∈O(n,d)

C2n+2d−1 ≤ |O(n)| · C4n < (qC4)n.

Because the constant qC4 is independent of n, it follows that g is analytic.

Note that if the A∞-algebras A and B are finite-dimensional, then the continuity of g1 is automatic.
The above now implies that the morphism between minimal models induced by an analytic quasi-
isomorphism is invertible in the analytic category.

Lemma 2.15. Suppose A, B ∈ Alg∞,an are compact and admit analytic minimal models H(A), H(B),
and let f ∈ Homan

Alg∞(A, B) be an analytic quasi-isomorphism. Then there is an induced analytic
isomorphism H(f) ∈ Homan

Alg∞(H(A), H(B)).

Proof. Composing f with the quasi-isomorphisms IA ∈ Homan
Alg∞(H(A), A), PA ∈ Homan

Alg∞(B, H(B)),
yields an analytic morphism

H(f) := PB ⋄ f ⋄ IA ∈ Homan
Alg∞(H(A), H(B)),

with H(f)1 : H(A)[1] → H(B)[1] an isomorphism of graded ℓ-bimodules. Because H(A) and H(B) are
finite-dimensional, the inverse of H(f)1 is continuous, and Lemma 2.14 then implies that H(f) is an
isomorphism in Alg∞,an.

Corollary 2.16. Analytic minimal models are unique up to analytic isomorphism.

Proof. This follows directly from Lemma 2.15 when taking H(A) and H(B) to be two different minimal
models of A = B with morphism f = idA.

One can lift the inverse H(f)−1 of the induced map between the minimal models H(A) and H(B)
back up to a map IA ⋄ H(f)−1 ⋄ PB between B and A. If the minimal model of either A or B is
strong, the result will be quasi-inverse to the original morphism.

Lemma 2.17. Let f ∈ Homan
Alg∞(A, B) be an analytic quasi-isomorphism between analytic A∞-

algebras admitting minimal models, then:

• if A admits a strong minimal model then f admits a left quasi-inverse in Alg∞,an,

• if B admits a strong minimal model then f admits a right quasi-inverse in Alg∞,an,
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• if both admit a strong minimal model then f admits a quasi-inverse in Alg∞,an.

Proof. By Lemma 2.15 the morphism H(f) = PB ⋄ f ⋄ IA admits an analytic inverse, which can be
used to define an analytic morphism g = IA ⋄ H(f)−1 ⋄ PB from B to A. Now suppose the minimal
model H(A) of A is strong, with homotopy operator QA such that IA ⋄ PA = idA + δ(QA). Then

g ⋄ f = g ⋄ f ⋄ (IA ⋄ PA − δ(QA))
= IA ⋄ H(f)−1 ⋄ PB ⋄ f ⋄ IA︸ ︷︷ ︸

H(f)

⋄PA − δ(g ⋄ f ⋄ QA)

= IA ⋄ PA − δ(g ⋄ f ⋄ QA),
= idA + δ(QA − g ⋄ f ⋄ QA),

and it follows that g is a left quasi-inverse of f . Similarly, it follows that g is a right quasi-inverse if
the minimal model of B is strong, and that g is a two-sided quasi-inverse if both minimal models are
strong.

Finally we show how to transfer minimal models between quasi-isomorphic analytic A∞-algebras.

Lemma 2.18. Let A ∈ Alg∞,an admit a strong analytic minimal model H(A), let B ∈ Alg∞,an be
arbitrary, and let f ∈ Homan

Alg∞(A, B) and g ∈ Homan
Alg∞(B, A) be two quasi-isomorphisms. Then

there is a quasi-automorphism h ∈ Homan
Alg∞(A, A) such that:

• h ⋄ g is a left quasi-inverse for f

• f ⋄ h is a right quasi-inverse for g

• the analytic A∞-algebra H(A) is an analytic minimal model for B via either of the two diagrams:

H(A) A B
IA

PA

f

h⋄g
, H(A) A B

IA

PA

f⋄h

g

Proof. Because f and g are quasi-isomorphisms, so is the composition g⋄f ∈ Homan
Alg∞(A, A). Because

A admits H(A) as a strong minimal model, it then follows from Lemma 2.17 that g ⋄ f admits a two-
sided quasi-inverse h = IA ⋄ H(g ⋄ f)−1 ⋄ PA. It is then immediate that

(h ⋄ g) ⋄ f ∼an idA, g ⋄ (f ⋄ h) ∼an idA,

so h ⋄ g is a left quasi-inverse for f and f ⋄ h is right quasi-inverse to g. To show that these maps
exhibit H(A) as a minimal model for B, it now suffices to check that PA ⋄ (h ⋄ g) is a left inverse for
f ⋄ IA. This follows readily from the definition:

PA ⋄ (h ⋄ g) ⋄ f ⋄ IA = PA ⋄ IA︸ ︷︷ ︸
idA

⋄H(g ⋄ f)−1 ⋄ PA ⋄ g ⋄ f ⋄ IA︸ ︷︷ ︸
H(g⋄f)

= idA.

Similarly, one shows that the second diagram exhibits H(A) as a minimal model for B.

3. Analytic A∞-bimodules
In this section we define A∞-bimodules and morphisms over an analytic A∞-algebra by imposing an
analogous condition on sequences of multilinear maps. We start by recalling the definition of such
bimodules using a bar construction, for which we again follow Tradler [Tra08].
3.1. A∞-bimodules. Given an A∞-algebra A ∈ Alg∞, A-bimodules and the morphisms between them
can be defined via double sequences of morphisms in the space

MA(M, N) :=
∞∏

i,j=0
homℓe(A[1]⊗i ⊗ M [1] ⊗ A[1]⊗j .N [1]).

We will use the notation ρ = (ρi,j)i,j∈N for homogeneous elements of MA(M, N). As before, this
space of sequences can be identified with the morphisms out of a bar construction

BAM := BA ⊗ M [1] ⊗ BA =
∞⊕

i,j=0
A[1]⊗i ⊗ M [1] ⊗ A[1]⊗j ,
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which is naturally a cofree cobimodule over the coalgebra BA. In [Tra08] it is shown that one
can lift any map ρ ∈ MA(M, N) to a cohomomorphism ρ̂ : BAM → BAN , and to a coderivation
ρ̃ : BAM → BAM if M = N . These maps are explicitly given by the following formulas:

ρ̂ :=
∑

i,j≥0
id⊗i ⊗ ρ⊗ id⊗j

ρ̃ :=
∑
i,j

id⊗i ⊗ ρ⊗ id⊗j +
∑

i,j,k≥0
id⊗i ⊗ µA ⊗ id⊗k ⊗ idM [1] ⊗ id⊗j

+
∑

i,j,k≥0
id⊗i ⊗ idM [1] ⊗ id⊗k ⊗ µA ⊗ id⊗j ,

These lifts can again be used to define A∞-bimodule structures and their morphisms in terms of
differentials.

Definition 3.1. An A∞-bimodule over an A∞-algebra A is pair (M,ν) of a bimodule M ∈ grMod ℓe

and a map ν ∈ MA(M, M) satisfying ν̃2 = 0.

The main examples of bimodules which we will consider are the following.

Example 3.2. The diagonal bimodule A∆ = (A,ν∆) is defined by the sequence of maps

ν∆,i,j : A[1]⊗i ⊗ A[1] ⊗ A[1]⊗j ∼−−→ A[1]⊗i+j+1 µi+j+1−−−−−−→ A[1]

Example 3.3. Writing A∨ = HomC(A,C), the pair A∨
∆ := (A∨,ν∨

∆) defined by the sequence of maps

ν∨
∆,i,j(a1, . . . , ai, f , ai+1, . . . ai+j)(a0) = (−1)Kf(µi+j+1(ai+1, . . . , ai+j , a0, a1, . . . , ai)),

is a bimodule, called the dual bimodule [Tra08].

Bimodules over an A∞-algebra A again form a DG category with the following morphism complexes.

Definition 3.4. A pre-morphisms between A∞-bimodules (M,νM ) and (N,νN ) is an element of

homA−A(M, N) := (MA(M, N), δ) , δ(ρ) = νN ◦ ρ̂− (−1)|ρ|ρ ◦ ν̃M .

The space of morphisms, i.e. degree 0 cocycles is denoted HomA−A(M, N) ⊂ hom0
A−A(M, N).

Given ρ ∈ homA−A(M, N) and τ ∈ homA−A(L, M) the composition is defined as ρ ⋄ τ = ρ ◦ τ̂. This
composition then yields a well-defined DG category Mod∞

A−A of A∞-bimodules.

GIven a morphism f ∈ HomAlg∞(A, B) of A∞-algebras A, B ∈ Alg∞ there is a DG functor

f ♯ : Mod∞
B−B → Mod∞

A−A,

mapping a B-bimodule (M,ν) to f ♯(M,ν) = (M,ν ◦ (f̂ ⊗ idM [1] ⊗ f̂)) and mapping a B-bimodule
pre-morphism ρ to f ♯ρ = ρ ◦ (f̂ ⊗ idM [1] ⊗ f̂), where

f̂ ⊗ idM [1] ⊗ f̂ : BAM = BA ⊗ M [1] ⊗ BA → BB ⊗ M [1] ⊗ BB = BBM

is the induced map on the relative bar constructions. A tedious but straightforward computation
verifies that f ♯ν again lifts to a codifferential, that δ(f ♯ρ) = f ♯δ(ρ), and that f ♯ commutes with the
differential δ and composition ⋄; see [Gan12, §2.8].

Maps between the diagonal and dual bimodule satisfy an additional functoriality: given an A∞-
morphism f ∈ HomAlg∞(A, B) and a pre-morphism ρ ∈ homB−B(B∆, B∨

∆) there is a pre-morphism

f∗ρ : A∆
f∆−−→ f ♯B

f♯ρ−−→ f ♯B∨
∆

f∨
∆−−→ A∨

∆,

where the map f∆ ∈ HomA−A(A∆, f ♯B∆) has components (f∆)i,j = fi+1+j and the dual version
f∨

∆ ∈ HomA−A(f ♯B∨
∆, A∨

∆) is defined in components as

(f∨
∆)i,j(a1, . . . , ai, b, c1, . . . , cj)(d) = (−1)Kb(fi+1+j(c1, . . . , cj , d, a1, . . . , ai)),
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where K = (|a1| + · · · + |ai|)(|b| + |d| + |c1| + · · · + |cj) is the appropriate Koszul sign. This gives rise
to an additional pull-back

f∗ : homB−B(B∆, B∨
∆) → homA−A(A∆, A∨

∆).

One checks that (g ⋄ f)∗ρ = f∗(g∗ρ) holds, so that the assignment A 7→ homA−A(A∆, A∨
∆) is con-

travariantly DG-functorial.
3.2. Hochschild cohomology. Given an A∞-algebra A, one can define the Hochschild cohomology
with values in any A∞-bimodule M . The Hochschild complex can again be modeled using the
bar construction: following Tradler [Tra08, Lemma 2.3] one can define for each ξ ∈ M(A, M) a
coderivation ξ : BA → BAM by the formula

ξ :=
∑

i,j,n≥0
id⊗i

A[1] ⊗ ξn ⊗ id⊗j
A[1],

where the underline again signifies the component mapping to the factor M . Using this lift, the
Hochschild cochain complex can be defined as follows.

Definition 3.5. Let (A,µ) be an A∞-algebra and (M,ν) an A-bimodule. Then the M -valued
Hochschild cochain complex is the complex

C•(A, M) := (M(A, M)[−1], b) , b(ξ) := ν ◦ ξ − (−1)|ξ|ξ ◦ µ̃.

If M = A∆ then the Hochschild complex is abbreviated as C•(A) := C•(A, A∆).

The Hochschild complex is functorial in each argument: given an A∞-algebra morphism f ∈ HomAlg∞(A, B)
and a B-bimodule M there is a chain map

C•(B, M) → C•(A, f ♯M) ξ 7→ ξ ◦ f̂ ,

and likewise every bimodule morphism ρ ∈ HomA−A(M, N) induces a chain map

C•(A, M) → C•(A, N), ξ 7→ ρ ◦ ξ.

In particular, there is a pullback for Hochschild cohomology with values in the dual bimodule: given
any morphism f ∈ HomAlg∞(A, B) there is a chain map

f∗ : C•(B, B∨
∆) −◦f̂−−−→ C•(A, f ♯B∨

∆) f∨
∆◦−

−−−→ C•(A, A∨
∆),

where f∨
∆ ∈ HomA−A(f ♯B∨

∆, A∨
∆) is the morphism defined in the previous section. One checks that

this satisfies (g ⋄ f)∗ξ = f∗(g∗ξ), making the assignment A 7→ C•(A, A∨
∆) functorial.

Lastly we consider negative cyclic cohomology of an A∞-algebra. We will realise negative cyclic
cohomology using Connes’ complex, which can be defined as follows. An element ξ = (ξn)n∈N ∈
C•(A, A∨

∆) is called cyclic if for each n ∈ N and all a0, . . . , an ∈ A[1] the following relation holds:

ξn(a1, . . . , an)(a0) = (−1)|a0|(|a1|+···+|an|)ξn(a0, . . . , an−1)(an)

One checks that the Hochschild differential preserves cyclic cochains, yielding a subcomplex

C•
λ(A) := ({ ξ ∈ C•(A, A∨

∆) | ξ is cyclic } , b) ,

called Connes’ complex. We will denote the cohomology of this complex by HC•
λ(A). We remark

that the pullback along ant morphism f ∈ HomAlg∞(A, B) preserves cyclic cocycles, and therefore
restricts to a map f∗ : C•

λ(B) → C•
λ(A).

3.3. Analytic A∞-bimodules. Given an analytic A∞-algebra A and normed ℓ-bimodule M ∈ NModZ ℓe

we consider a family of norms as in §2.2: for each r > 0 we define

BA(M, r) := (BAM, ∥·∥r), ∥m∥r = sup
i,j

∥mi,j∥r−i−j−1,

where m =
∑

i,j mi,j ∈ BAM is a decomposition into elements mi,j ∈ A[1]⊗i ⊗ M [1] ⊗ A[1]⊗j .
Boundedness of linear maps out of these normed bar constructions can again be characterised in
various ways, analogously to Lemma 2.4.
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Lemma 3.6. For ρ ∈ MA(M, N) the following are equivalent:

1. there exists C > 0 such that ∥ρi,j∥ ≤ Ci+j+1 for all i, j ∈ N

2. there exists r > 0 such that ρ : BA(M, r) → N [1] is bounded,

3. for every r′ > 0 there exists r > 0 such that ρ̂ : BA(M, r) → BA(N, r′) is bounded

if moreover M = N , then this is also equivalent to:

4. for every r′ > 0 there exists r > 0 such that ρ̃ : BA(M, r) → BA(M, r′) is bounded.

Proof. (1 =⇒ 2) Suppose there exists C > 0 such that ∥ρi,j∥ ≤ Ci+j+1 for all i, j ∈ N and fix
0 < r < C−1. Then an element m =

∑
i,j mi,j ∈ BA(M, r) of norm ∥m∥r = 1 satisfies ∥mi,j∥ ≤ ri+j+1

for all i, j ∈ N and therefore

∥ρ(m)∥ ≤
∑
n∈N

∑
i+j=n

∥ρi,j(mi,j)∥ ≤
∑
n∈N

∑
i+j=n

Ci+j+1ri+j+1 =
∑
n∈N

n(Cr)n+1.

Because the power series
∑

n nzn+1 has radius of convergence 1, it converges at z = Cr < 1. In
particular, the norm ρ is bounded.

(2 =⇒ 1) Let K > 1 be a constant bounding the norm of ρ : BA(M, r) → N [1] and pick C ≥ K
r , then

for all i, j ∈ N and mi,j ∈ A[1]⊗i ⊗ M [1] ⊗ A[1]⊗j of norm ∥mi,j∥ = 1 the map ρi,j satisfies

∥ρi,j(mi,j)∥ = ∥ρ(mi,j)∥ ≤ K∥mi,j∥r−i−j−1 ≤
(

K

r

)i+j+1
≤ Ci+j+1,

which shows that in particular that ∥ρi,j∥ ≤ Ci+j+1.

(1 =⇒ 3) Suppose there exists C > 1 such that ∥ρi,j∥ ≤ Ci+j+1 for all i, j ∈ N, and fix r′ > 0. Then
we choose a constant q > 0 such that ij < qi+j+1 for all i, j ∈ N, a constant K = min{r′, 1}, and a
radius r < K

qC . Then for any element m =
∑

mi,j ∈ BAM of norm ∥m∥r = 1 one has ∥mi,j∥ ≤ ri+j+1

and hence
∥ρ̂(m)∥r′ ≤

∑
i,j≥0

∑
0≤i≤n
0≤j≤m

∥∥(id⊗i ⊗ ρn−i,m−j ⊗ id⊗j)(mi,j)
∥∥(r′)−i−j−1

≤
∑

i,j≥0

∑
0≤i≤n
0≤j≤m

Ci+j−i−j+1K−i−j−1ri+j+1

≤
∑

i,j≥0
nm

(
rC

K

)i+j+1

≤
∑
N≥1

(N − 1)
(

rqC

K

)N

Then the norm is bounded by the value of the power series
∑

N (N − 1)zN at z = rqC
K < 1.

(1 =⇒ 4) This follows in an analogous way to previous implication. We leave the details up to the
reader.

(3,4 =⇒ 2) The projection π : BA(N, r′) → N [1] is clearly bounded for any r′ > 0, so boundedness
of ρ̂ : BA(M, r) → BA(N, r′) implies that ρ = π ◦ ρ̂ is bounded. Likewise, ρ = π ◦ ρ̃ is bounded when
ρ̃ : BA(M, r) → BA(M, r′) is bounded.

Hence, as in the algebra case we find that the union over the morphism spaces homcont
ℓe (BA(M, r), N [1])

is given by a graded vector space of double sequences

AA(V, W ) :=
{

f ∈ MA(V, W )
∣∣ ∃C > 0 such that ∥fi,j∥ ≤ Ci+j+1 for all i, j ∈ N

}
,

whose elements we again call analytic. In particular, we obtain a definition of analytic A∞-bimodules
over an analytic A∞-algebra.
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Definition 3.7. Let (A,µ) be an analytic A∞-algebra, then an analytic A-bimodule is a pair (M,ν)
of M ∈ NModZ(ℓe) and ν ∈ A1

A(M, M) satisfying ν̃2 = 0.

Example 3.8. The diagonal bimodule A∆ is analytic for any analytic A∞ algebra when endowed with
the induced norm, as ∥ν∆,i,j∥ = ∥µi+j+1∥ satisfies the appropriate bound.

Example 3.9. The dual bimodule A∨ is not analytic in general, as the dual space is not endowed with
a natural norm. However, one can consider the continuous dual bimodule

A′
∆ :=

(
homcont

C (A,C),ν′
∆
)

,

where the components of ν′
∆ are defined by the same formula as the components of ν∨

∆. It is again
straightforward to check that

∥∥∥ν∨
∆,i,j

∥∥∥ = ∥µi+j+1∥ is bounded by a geometric series. If A is finite
dimensional, then A′

∆ is equal to A∨
∆ in Mod∞

A−A, but in general it is only a submodule.

As before we call a (pre-)morphism ρ ∈ hom•
A−A(M, N) between A-bimodules (M,νM ) and (N,νN )

analytic if it lies in the subspace AA(M, N) ⊂ MA(M, N). It follows from Lemma 3.6 that

δ = νN ◦ (̂−) − (−1)|ρ|(−) ◦ ν̃M

is a bounded operator on this space, and hence gives rise to a complex of analytic pre-morphisms

hom•,an
A−A(M, N) := (AA(M, N), δ) ,

which is a subcomplex of hom•
A−A(M, N). As before we denote the subspace of analytic morphisms

by Hom•,an
A−A(M, N) ⊂ Hom•

A−A(M, N). It follows from Lemma 3.6 that the composition of ana-
lytic bimodule pre-morphisms is again analytic, and therefore defines morphism complexes for a DG
category NMod∞,an

A−A of analytic bimodules over A.

Given an analytic A∞-morphism f one can again consider the functor f∗, and the pullback map f ♯

on the Hom-spaces between the diagonal bimodule and its continuous dual.

Lemma 3.10. Let f ∈ Homan
Alg∞(A, B) be an analytic morphism, then there is a well-defined functor

f ♯ : NMod∞,an
B−B → NMod∞,an

A−A ,

which induces a pullback f∗ : homan
B−B(B∆, B′

∆) → homan
A−A(A∆, A′

∆).

Proof. Given f ∈ Homan
Alg∞(A, B), for any N, M ∈ NModZ ℓe and ρ ∈ AB(M, N), there exists a

common constant C > 0 such that ∥fn∥ < Cn for all n ∈ N and ∥ρi,j∥ < Ci+j+1 for all i, j ∈ N.
Then the construction f ♯ρ has components satisfying∥∥(f ♯ρ)i,j

∥∥ ≤
∑

i1+···+in=i
j1+···+jn=j

∥ρn,m∥∥fi1∥ · · · ∥fin∥∥fj1∥ · · · ∥fjm∥

<
∑

i1+···+in=i
j1+···+jn=j

Cn+m+i+j+1

≤ (# of partitions of i) · (# of partitions of j)) · C2(i+j)+1.

Picking some constant q > 1 such that qn bounds the number of partitions of n, it follows that∥∥(f ♯ρ)i,j

∥∥ < qi+jC2(i+j)+1 ≤ (qC2)i+j+1, which shows that f ♯ρ ∈ AA(M, N). If follows that f ♯

maps every analytic bimodule structure ν to an analytic bimodule structure f ♯ν, and an analytic
(pre-)morphism ρ ∈ homan

A−A(M, N) between analytic bimodules to an analytic bimodule map f ♯ρ.
Hence f ♯ is a well-defined functor between categories of analytic bimodules.

It follows that f ♯B∆ is an analytic bimodule, and it follows directly from the definition that the map
f∆ : A → f ♯B∆ is analytic. The bimodule f ♯B′

∆ is likewise analytic, and it follows easily that the
formula for f∨

∆ defines an analytic map f ′
∆ : f ♯B′

∆ → A′
∆. Hence, if ρ ∈ homan

B−B(B∆, B′
∆) is an

analytic bimodule map, the composition f∗ρ = f ′
∆ ⋄ f ♯ρ ⋄ f∆ is again analytic.



CYCLIC A∞-ALGEBRAS AND CALABI–YAU STRUCTURES IN THE ANALYTIC SETTING 16

3.4. Analytic Hochschild cohomology. Given an analytic A∞-algebra (A,µ) and an analytic A-
bimodule (M,ν) ∈ NMod∞,an

A−A , we call a Hochschild cochain ξ ∈ C•(A, M) = (M(A, M)[−1], b)
analytic if it lies in the subspace A(A, M)[−1] ⊂ M(A, M)[−1]. This analytic condition can again be
characterised in multiple ways.

Lemma 3.11. Let ξ ∈ C•(A, M), then the following are equivalent:

1. ξ is analytic

2. for every r′ > 0 there exists r > 0 such that ξ : B(A, r) → BA(M, r′) is bounded

Proof. The implication (2) =⇒ (1) is obvious, hence we only check the other implication. Given
ξ ∈ C•,an(A, M) there exists by Lemma 2.4 a C > 0 such that ∥ξn∥ < Cn. Fix r′, let K = min r′, 1
and pick r < K

2C . Then for every element
∑

an ∈ B(A, r) of norm ∥a∥r ≤ 1∥∥ξ(a)
∥∥

r′ ≤
∑
n≥0

∑
i+1+j=n

∥∥(idi ⊗ ξn ⊗ id⊗j)(an)
∥∥(r′)−n

≤
∑
n≥0

(n − 1)Cn · ∥an∥ · (r′)−n

≤
∑
n≥0

(
2Cr

r′

)n

=: M

is a finite bound as the sum is a convergent geometric series. Hence,
∥∥ξ∥∥ < M and ξ is bounded.

As a corollary, it follows that the differential maps an analytic cochain ξ ∈ C•,an(A, M) to a cochain

b(ξ) = ν ◦ ξ− (−1)|ξ|ξ ◦ µ̃

which is bounded as a map B(A, r) → M for some r, hence analytic by Lemma 2.4. It follows that
the analytic cochains form a well-defined subcomplex which we denote by

C•,an(A, M) := (A(A, M)[−1], b).

For M = A∆ we again abbreviate C•,an(A) := C•,an(A, A∆). Similarly, we define the analytic version
of Connes’ complex as the intersection

C•,an
λ (A) := C•

λ(A) ∩ C•,an(A, A′
∆),

which will play the role of the negative cyclic cohomology in the analytic setting.

The analytic Hochschild complex is again functorial in each argument with respect to analytic maps:
given f ∈ Homan

Alg∞(A, B) it follows directly from Lemma 2.4 that there is a well-defined map

− ◦ f̂ : C•,an(B, M) → C•,an(A, f ♯M),

and likewise for any ρ ∈ Homan
A−A(M, N) it follows from Lemma 3.11 that

ρ ◦ − : C•,an(A, M) → C•,an(A, N),

is well-defined. In particular, composition with f̂ and f ′
∆ induces pull-back maps f∗ : C•,an(B, B′

∆) →
C•,an(A, A′

∆) and f∗ : C•,an
λ (B) → C•,an

λ (A) for any analytic A∞-morphism f ∈ Homan
Alg∞(A, B).

3.5. Analytic inverses for bimodule morphisms. In the remained of this section we show the analogue
of Lemma 2.14 for bimodule morphisms: given ρ ∈ Homan

A−A(M, N) such that ρ0,0 is invertible in
NModZ ℓe, we show that it admits an analytic inverse τ ∈ Homan

A−A(N, M). To check the growth
condition on τ, we define it explicitly using a tree formula using a special kind of planar tree.

Definition 3.12. A caterpillar is a rooted planar tree T with one of the leaves marked, such that all
internal nodes have valency ≥ 3 and lie on a central path between the root and the marked leaf. The
set of caterpillars for which n1 unmarked leaves lie to the left of this central path and n2 unmarked
leaves lie to the right of the central path is denoted Catp(n1, n2). The subset of caterpillars with d
internal nodes is denoted Catp(n1, n2, d).
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×

×

ρ2,2

ρ2,1

τ0,0

τ0,0

τ0,0

Figure 1: Left: an example of a tree T ∈ Catp(3, 4, 2) with the root at the bottom. Right:
the string diagram for the corresponding map τT : A[1]⊗3 ⊗ M [1] ⊗ A[1]⊗4 → N [1].

A typical example of a caterpillar tree is given in Figure 1. There is a unique tree T ∈ Catp(0, 0)
which has d = 0 internal nodes. For n > 1 one has d > 1 and every tree T ∈ Catp(n1, n2, d) can be
uniquely decomposed into an internal node and a subtree in two ways:

T = ×

...

...
Tr

l1

l2

= Tl

...

...
×

r1

r2

so T is unique determined by a pair of numbers (l1, l2) and a tree Tr ∈ Catp(n1 − l1, n2 − l2, d − 1),
and also by a pair of numbers (r1, r2) and a tree as Tl ∈ Catp(n1 − r1, n2 − r2, d − 1). Hence we have
bijections

Catp(n1, n2) ∼= {(l1, l2, Tr) | l1 + l2 > 0, Tr ∈ Catp(n1 − l1, n2 − l2)}
∼= {(Tl, r1, r2) | r1 + r2 > 0, Tl ∈ Catp(n1 − r1, n2 − r2)}

Given ρ ∈ homA−A(M, N) and τ0,0 ∈ homcont
ℓe (N, M) we then define for every tree T ∈ Catp(n1, n2)

a bimodule pre-morphism as follows. For n1 = n2 = 0 we set τT = τ0,0, and otherwise we define τT

via the following equivalent recursive formulas:

τT = −τ0,0 ◦ ρl1,l2 ◦ (id⊗l1 ⊗ τTr
⊗ id⊗l2)

= −τTl
◦ (id⊗(n1−r1) ⊗ (ρr1,r2 ◦ τ0,0) ⊗ id⊗(n2−r2)).

(4)

See again figure Figure 1 for an example of the map τT . If τ0,0 is an inverse for ρ0,0 then the sum of
these maps determines an inverse bimodule map.

Lemma 3.13. Let ρ ∈ homA−A(M, N) be a pre-morphism such that ρ0,0 admits a left-/right inverse
τ0,0. Then ρ admits a left-/right inverse τ ∈ homA−A(N, M) with components

τi,j =
∑

T ∈Catp(i,j)

τT ,

where the maps τT are defined as above.

Proof. Suppose τ0,0 is a right-inverse for ρ0,0, then we claim that τ is a right-inverse for ρ. The base
case i = j = 0 is trivial as

(ρ ⋄ τ)0,0 = ρ0,0 ◦
∑

T ∈Catp(0,0)

τT = ρ0,0 ◦ τ0,0 = idM [1].
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For i + j > 0 it follows from the recursive definition of the maps τT that

(ρ ⋄ τ)i,j = ρ0,0 ◦ τi,j +
∑

l1+l2>0

∑
Tr∈Catp(i−l1,j−l2)

ρl1,l2 ◦ (id⊗l1 ⊗ ρTr ⊗ id⊗l2)

= ρ0,0 ◦ τi,j +
∑

l1+l2>0

∑
Tr∈Catp(i−l1,j−l2)

ρ0,0 ◦ τ0,0 ◦ ρl1,l2 ◦ (id⊗l1 ⊗ ρTr ⊗ id⊗l2)

= ρ0,0 ◦ τi,j −
∑

T ∈Catp(i,j)

ρ0,0 ◦ τT = 0,

where the final line uses the bijection between trees in Catp(i, j) and triples (l1, l2, Tr) discussed above.
It follows that ρ ⋄ τ = id, so τ is a right inverse. The case where τ0,0 is a left-inverse is similar, using
the other decomposition into triples (Tl, r1, r2). In particular, τ is a two-sided inverse if τ0,0 is.

We remark that if ρ is a morphism and τ = ρ−1 is a two-sided inverse, then the latter is again a
morphism by the equality

0 = τ ⋄ δ(id) = τ ⋄ δ(ρ) ⋄ τ+ δ(τ) = δ(τ).

We claim that the map τ is moreover analytic when ρ is analytic.

Proposition 3.14. Let ρ ∈ homan
A−A(M, N) be an analytic pre-morphism, and suppose ρ0,0 admits

a continuous left-/right-inverse τ0,0. Then ρ admits an analytic left-/right-inverse.

Proof. Because ρ is analytic and τ0,0 is continuous, there exists C > 0 such that ∥τ0,0∥ < C and
∥ρi,j∥ < Ci+j+1 for all i, j ∈ N. We claim that for T ∈ Catp(n1, n2, d) the map τT satisfies ∥τT ∥ <
Cn1+n2+2d+1. For n1 = n2 = 0 and d = 0 one has

∥τT ∥ = ∥τ0,0∥ < C = C0+0+0+1.

Now let n1, n2 and d > 0 be arbitrary, then assuming the bound holds for all d′ < d it follows by the
recursive formula that there exists (l1, l2) and a tree Tr ∈ Catp(n1 − l1, n2 − l2, d − 1) such that

∥τT ∥ = ∥τ0,0∥∥ρl1,l2∥∥τTr ∥ < C · Cl1+l2+1 · C(n1−l1)+(n1−l2)+2(d−1)+1 = Cn1+n2+2d+2.

As the number of internal nodes satisfies d ≤ i + j, it follows that ∥τT ∥ < C3(i+j)+3 for i + j > 0.
Hence, taking the sum over all trees in Catp(i, j) one finds that

∥τi,j∥ ≤
∑

T ∈Catp(i,j)

∥τT ∥ <
∑

T ∈Catp(i,j)

C3(i+j)+3 = |Catp(i, j)|(C3)i+j+1.

Each T ∈ Catp(i, j) corresponds to a unique planar tree with less than 3(i + j) + 3 total nodes, so the
cardinality of the set Catp(i, j) is clearly bounded by the Catalan number C3(i+j)+3. Taking again a
constant q > 1 such that Cn < qn for n ≫ 0, it follows that ∥τi,j∥ < (qC)i+j+1 for i + j ≫ 0. Hence
τ is analytic.

4. Cyclic structures and analytic Calabi-Yau structures
The notion of a cyclic structure on an A∞-algebra was introduced in [Kaj07; KS09] as a non-
degenerate skew-symmetric pairing ⟨−, −⟩ : A[1]⊗A[1] → ℓ[2−d] satisfying a compatibility condition

⟨µn(a1, . . . , an), an+1⟩ = (−1)K⟨a1,µn(a2, . . . , an+1)⟩, ∀n ∈ N

for some appropriate Koszul sign K. In particular, a cyclic A∞-algebra is always finite dimensional.
In practice, it is easier to work with an alternative characterisation of the cyclic structures as a
bimodule map [Tra08; Cho08] which is as follows.

Definition 4.1. A d-cyclic structure on an A∞-algebra A is a morphism σ ∈ HomA−A(A∆, A∨
∆[−d])

such that σ0,0 is a skew-symmetric isomorphism and σi,j = 0 for i + j > 0.
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A pair (A,σA) of an A∞-algebra and a cyclic A∞-structure is called a cyclic A∞-algebra, and given
two such cyclic A∞-algebras (A,σA) and (B,σB) a morphism f ∈ HomAlg∞(A, B) is said to be cyclic
precisely if f∗σB = σA.

A case of special interest is when A is d-cyclic for d = 3, and A0 ∼= ℓ. In this case, the structure of the
cyclic A∞-algebra (A,σA) can be recovered from a potential: setting VA = (A1)∗ the cyclic structure
defines an element

WA :=
∑
n∈N

σ(µn(−, . . . , −))(−) ∈ T̂ℓVA

in the completed tensor algebra T̂ℓVA :=
∏

n≥0 V ⊗n
A on VA, which can be used to recover the A∞-

structure (see e.g. [VdB15]). Likewise, given an ℓ-bimodule V and an element W =
∑

n Wn ∈ T̂ℓV
such that each Wn is invariant under cyclic permutation, there is a well-defined cyclic A∞-algebra
structure on

AV = ℓ ⊕ V ∗[−1] ⊕ V [−2] ⊕ ℓ∗[−3].

Any (pre-)morphism f ∈ hom0
Alg∞(A, B) induces a graded algebra morphism f∗ : T̂ℓVB → T̂ℓVA, and

a morphism f is cyclic if and only if f∗(WB) = WA by a result of Kajiura [Kaj07].

In this section we consider cyclic analytic A∞-algebras, by which we mean a pair (A,σA) with
A ∈ Alg∞,an and σA a cyclic structure in the above sense. In the d = 3 case the analytic requirement
yields an analytic potential, as defined in [HK19].

Proposition 4.2. Let (A,σ) be a 3-cyclic analytic A∞-algebra with A0 ∼= ℓ and pick a basis v1, . . . vm

for VA, then the potential WA lies in the analytic subring

T̃ℓVA :=


∞∑

n=0

∑
i1,...,in

ci1,...,in
· vi1 ⊗ . . . ⊗ vin

∈ T̂ℓVA

∣∣∣∣∣∣ there exists C > 0 such that
|ci1,...,in | < Cn for all i1, . . . , in

 .

Proof. Let a1, . . . , am ∈ A1 be a dual basis to v1, . . . , vm ∈ VA = (A1)∗. Then the coefficient ci1,...,in of
WA in T̂ℓVA is given by ci1,...,in = σ(µn−1(ai1 , . . . , ain−1))(ain). Because µ is analytic by assumption,
there exists C0 such that ∥σ∥ < C0 and ∥µn∥ < Cn for all n, and ∥ai∥ < C0 for each basis vector. It
follows that there is a bound for all i1, . . . , in:

|ci1,...,in | = |σ(µn−1(ai1 , . . . , ain−1))(ain)| ≤ ∥σ∥∥µn−1∥∥ai1∥ · · · ∥ain∥ < C0 · C2n−1
0 · Cn

0 = (C2
0 )n,

so setting C = C0, the result follows.

Remark 4.3. Hua–Keller [HK19] use the language of quivers to define their potential. Here the base
is ℓ =

∏
v∈Q0

Cv is a product over the nodes of a quiver Q, and the ℓ-bimodule V should be seen as
the span of the arrows in Q. This identifies T̂ℓV with the completed path algebra ĈQ, and identifies
the subring T̃ℓVA with the analytic path algebra C̃Q ⊂ ĈQ in [HK19].

In the rest of this section we will show how to obtain a cyclic structure on analytic minimal models of
analytic A∞-algebras that satisfy a Calabi–Yau property. This requires us to consider a “homotopic”
generalisation of cyclic structures, called a strong homotopy inner product.

4.1. Strong homotopy inner products. If σ is a cyclic structure on an A∞-algebra B then the pull-
back f∗σ along a quasi-morphism f ∈ HomAlg∞(A, B) will, in general, not be a cyclic structure on A
because both the condition

(f∗σ)i,j = 0 if i + j > 0,

as well as the requirement that (f∗σ)0,0 is an isomorphism may be violated. One says that cyclic
structures are strict. Because A∞-algebras are most useful when viewed in a derived setting, it is
better to use a homotopy-invariant alternative which relaxes these conditions. One such alternative
was define by Cho [Cho08], which we recall here following the setup of [AT22].

Definition 4.4. Given A ∈ Alg∞, a closed 2-form is an element of the subcomplex Ω2,cl(A) ⊂
hom•

A−A(A∆, A∨
∆)[−2] of shifts of bimodule morphisms ρ satisfying:
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• skew-symmetry: for any i, j ∈ N and a0 ⊗ · · · ⊗ ai+j+1 ∈ (A[1])⊗i+j+1 the relation

ρ(a1 ⊗ · · · ⊗ ai+1 ⊗ · · · ⊗ an)(a0) = (−1)K · ρ(ai+2 ⊗ · · · ⊗ a0 ⊗ · · · ⊗ ai)(ai+1)

holds, where K is obtained from the Koszul sign rule after cyclic permutation

• closedness: for any a0 ⊗ · · · ⊗ an ∈ (A[1])⊗n and indices 1 ≤ i < j < k ≤ n the relation

(−1)Ki · ρ(aj+1 ⊗ · · · ⊗ ai ⊗ · · · ⊗ aj−1)(aj) + (−1)Kj · ρ(ak+1 ⊗ · · · ⊗ aj ⊗ · · · ⊗ ak−1)(ak)
+ (−1)Kkρ(ai+1 ⊗ · · · ⊗ ak ⊗ · · · ⊗ ai−1)(ai) = 0

holds, where Ki, Kj , Kk are again obtained from the Koszul sign rule after cyclic permutation.

Definition 4.5. A strong homotopy inner product (SHIP) is a cocycle ρ ∈ Ω2,cl(A) of some degree d
such that the map ρ0,0 : A∆[1] → A∨

∆[d − 1] is a quasi-isomorphism.

Any cyclic structure defines a SHIP, but the latter class is much better behaved under A∞-morphisms:
given f ∈ HomAlg∞(A, B) the pullback f∗ on bimodule morphisms restricts to a chain map

f∗ : Ω2,cl(B) → Ω2,cl(A),

which maps SHIPs to SHIPs when f is a quasi-isomorphism. Following the philosophy of [KS09],
a SHIP can be viewed as a type of noncommutative shifted-symplectic structure: one can view
the Hochschild cohomologies C•(A) and C•(A, A∨) as vector fields and differential 1-forms on a
noncommutative space, and any cocycle ρ ∈ Ω2,cl(A) defines a contraction map

ι−ρ : C•(A) = C•(A, A) → C•(A, A∨
∆), α 7→ ρ ◦ α,

which is a quasi-isomorphism if ρ is a SHIP. We now generalise the notion of strong homotopy inner
product to analytic A∞-algebra, as follows.

For an analytic A∞-algebra A ∈ Alg∞,an, we define the complex of analytic closed 2-forms

Ω2,cl,an(A) := Ω2,cl(A) ∩ A(A∆, A′
∆)[−2],

where we view A(A∆, A′
∆) as a subspace of M(A∆, A∨

∆) via the inclusion A′
∆ ↪→ A∨

∆. The assignment
A 7→ Ω2,cl,an(A) is again functorial, as Lemma 3.10 guarantees that there is a chain map

f∗ : Ω2,cl,an(B) → Ω2,cl,an(A),

for every analytic A∞-morphism f ∈ Homan
Alg∞(A, B). We define the following analogue of a SHIP

for analytic A∞-algebras admitting an analytic minimal model.

Definition 4.6. Let A be an analytic A∞-algebra A with minimal model H(A). Then an analytic
SHIP is a cocycle ρ ∈ Ω2,cl,an(A) such that the map

H(A)[1] I−−→ A[1] ρ0,0−−→ A∨[1] I∨

−−−→ H(A)∨[1]

admits a continuous inverse.

As before, an analytic SHIP can be though of as a noncommutative shifted symplectic structure with
contraction map

ι−ρ : C•,an(A) → C•,an(A, A′
∆),

which is well-defined by the discussion in §3.4. If H(A) is a strong minimal model, one can again
show that this map is a quasi-isomorphism. In what follows we consider finite dimensional minimal
A∞-algebras, for which it suffices that ρ0,0 is invertible and the contraction map is an isomorphism.

Proposition 4.7. Suppose A is a finite dimensional minimal A∞-algebra and ρ ∈ Ω2,cl,an(A) a
cocycle with ρ0,0 invertible in grMod ℓe. Then ρ is an analytic SHIP and ι−ρ is an isomorphism.

Proof. Continuity of ρ−1
0,0 is automatic if A is finite dimensional, hence ρ is an analytic SHIP. It

then follows from Proposition 3.14 that ρ admits an analytic inverse τ ∈ Homan
A−A(A′

∆, A∆), and the
induced map

C•,an(A, A′
∆) → C•,an(A) ξ 7→ τ ◦ ξ

is then inverse to the contraction map by bi-functoriality of the Hochschild cochain complex.
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4.2. An analytic Darboux lemma. Kontsevich–Soibelman [KS09] showed that when interpreted in
the language of noncommutative symplectic geometry, any SHIP can be put into a standard Darboux
form. In the algebraic setup we use here, this means that any SHIP ρ ∈ Ω2,cl(A) on a minimal
A∞-algebra A = (A•,µ) can be strictified to a genuine cyclic structure

σ = f∗ρ ∈ Ω2,cl(A′)

where A′ = (A•,µ′) is a perturbation of the A∞-structure and f ∈ HomAlg∞(A′, A) is an A∞-
morphism with first order term f1 = idA. A Darboux lemma of this form was first shown by Cho–Lee
[CL11]. More recently, Amorim–Tu [AT22] show that the morphism f can be obtained as f = f1

from a solution of a differential equation 
d
dt

f t = αt ⋄ f t

f0 = id,
(5)

where t 7→ αt is certain one-parameter family of Hochschild cocycles interpolating between ρ and σ,
chosen such that the solution satisfies f1 = f . In what follows we give an analytic version of this
result: we construct an explicit tree expression for the solution t 7→ f t to show that f = f1 and µ′

are analytic if ρ and µ are analytic. We first specify the type of families we wish to use.

Let V, W ∈ grNMod ℓe be normed bimodules, then a family of multilinear maps from V to W is a
sequence f = (fn)n∈N of continuous functions over t ∈ [0, 1] in the space

M[0,1](V, W ) :=
∏
n≥0

C0 ([0, 1], homcont
ℓe (V [1]⊗n, W [1])

)
.

In particular, the values f t
n of the fn at each t ∈ [0, 1] define a sequence map f t = (f t

n)n∈N ∈ M(V, W ).
The composition ⋄ extends to families, as the pointwise formula

(f ⋄ g)t
n := (f t ⋄ gt)n =

∑
k

∑
n1+...+nk

f t
k ◦ (gt

n1
⊗ · · · ⊗ gt

nk
)

defines again a sequence of continuous functions. We say a family is differentiable if each fn is a
differentiable function, and note that the differential equation (5) makes sense for a differentiable
family f and any continuous α.

Fix a finite dimensional minimal A ∈ Alg∞,an. Given a family α ∈ M[0,1](A, A)[−1] parametrising
Hochschild cochains αt ∈ C•(A), we define for every rooted tree T ∈ O(n) a differentiable family

fT ∈ C0([0, 1], homcont
ℓe (A[1]⊗n, A[1]))

as follows. The unique tree T ∈ O(1) determines the constant map f t
T = idA[1], and for T ∈ O(n)

with n > 1 the map fT is given by the recursive formula:

f t
T =

∫ t

0
ατk ◦ (fτT1

⊗ · · · ⊗ fτTk
)dτ,

where (T1, . . . , Tk) are the subtrees emanating from the first internal node as in §2.4. The following
lemma shows that these functions can be combines to a solution for the differential equation of [AT22].

Lemma 4.8. Suppose αt
0 = αt

1 = 0. Then the family of pre-morphisms f ∈ M[0,1](A, A) defined by

fn =
∑

T ∈O(n)

fT ,

is a solution to the differential equation (5).

Proof. For t = 0 we have f0
T = idA[1] for the unique tree T ∈ O(1) and f0

T = 0 for T ∈ O(n) with
n > 1, as the latter are given by an empty integral. Hence f satisfies the initial condition f0 = id in
(5) and just remains to check that it satisfies the differential equation

d
dt

f t
n = (αt ⋄ f t)n :=

n∑
k=1

∑
n1+···+nk=n

αt
k ◦ (fn1 ⊗ · · · ⊗ fnk

), (6)
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which is well-defined because αt
0 = 0. Applying the recursive formula for fT it follows that

d
dt

f t
n =

∑
T ∈O(n)

d
dt

f t
T

=
n∑

k=2

∑
n1+···+nk=n

∑
Ti∈O(ni)

αt
k ◦ (f t

T1
⊗ · · · ⊗ f t

Tk
)

=
n∑

k=2

∑
n1+···+nk=n

αt
k ◦

 ∑
T1∈O(n1)

f t
T1

⊗ · · · ⊗

 ∑
Tk∈O(nk)

f t
Tk


=

n∑
k=2

∑
n1+···+nk=n

αt
k ◦ (fn1 ⊗ · · · ⊗ fnk

),

which is equal to (6) under the assumption αt
1 = 0. Hence f is a solution to (5) as claimed.

For each n we endow the space C0([0, 1], homcont
ℓe (V [1]⊗n, W )) with the supremum norm

∥g∥∞ = sup
t∈[0,1]

∥∥gt
∥∥.

and say that a family f = (fn)n∈N ∈ M[0,1](V, W ) is uniformly analytic if there exists C > 0 such
that the components fn satisfy the following bound for all n ≥ 1

∥fn∥∞ < Cn.

If a family f of morphisms is uniformly analytic, then for all t ∈ [0, 1] and n ≥ 1∥∥f t
n

∥∥ ≤ sup
τ∈[0,1]

∥fτ
n∥ ≤ ∥fn∥∞ < Cn,

so f t ∈ A(V, W ) is analytic for each t ∈ [0, 1], with a uniform choice of bounded constant C. We have
the following.

Lemma 4.9. Suppose αt is uniformly analytic, then f t is also uniformly analytic.

Proof. Let C > 0 be such that ∥αn∥∞ < Cn for all n ∈ N. We will show that ∥fT ∥∞ ≤ Cn+d−1 holds
for each T ∈ O(n, d) by induction over n. For the unique tree T ∈ O(1) = O(1, 0) then

∥fT ∥∞ = sup
t∈[0,1]

∥id∥ = 1 = C1−0−1,

which establishes the base case. For the induction step let n > 1 and assume the statement holds for
all T ∈ O(m, d) with m < n. Then T ∈ O(n, d) is built out of l ≥ 2 subtrees T1, . . . , Tl ⊂ T with
Ti ∈ O(ni, di) satisfying ni ̸= 0,

∑
ni = n, and

∑k
i=1 di = d − 1. The because each ni is less than n

it follow by the induction hypothesis that

∥fT ∥∞ = sup
t∈[0,1]

∥∥∥∥∫ t

0
ατk ◦ (fτT1

⊗ · · · ⊗ fτTl
)dτ
∥∥∥∥

≤ sup
τ∈[0,1]

∥ατk∥
∥∥fτT1

∥∥ · · ·
∥∥fτTk

∥∥
≤ ∥αk∥∞∥fT1∥∞ · · · ∥fTk

∥∞

≤ Ck · Cn1+d1−1 · · · Cnk+dk−1 = Cn+d−1

which verifies the induction. Because the valency of every internal node of a tree in O(n) is at least
3, one easily verifies that the maximal number of internal nodes is d ≤ n. Hence, the sum over all
trees is bounded by

∥fn∥∞ ≤
∑

T ∈O(n)

∥fT ∥∞ ≤ |O(n)| · C2n−1
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where |O(n)| denotes the cardinality of O(n), which is bounded by the Catalan number C2n. These
Catalan numbers are bounded by qn for some fixed q > 0, so we obtain a bound

∥fn∥∞ < C2n · C2n < qnC2n = (qC2)n.

which shows that f is uniformly analytic.

With the above convergence and the results of the previous section we arrive at an analytic generali-
sation of the Darboux lemma appearing in [KS08; CL11; AT22].

Lemma 4.10 (Analytic Darboux). Let A ∈ Alg∞,an be minimal and finite dimensional and suppose
ρ ∈ Ω2,cl,an(A) is a SHIP of degree 2 − d. Then:

1. there exists an A∞-algebra Aρ and an analytic A∞-isomorphism f ∈ Homan
Alg∞(Aρ, A) such that

σρ := f∗ρ

is a cyclic structure.

2. if τ ∈ Ω2,cl,an(A) is another SHIP such that the image τ− ρ along the inclusion Ω2,cl,an(A) →
Ω2,cl(A) is exact, then there is a cyclic analytic A∞-isomorphism

(Aρ,σρ) ∼=an,cyc (Aτ,στ).

Effectively, every class in H2−dΩ2,cl(A) admitting an analytic lift defines a cyclic analytic model.

Proof. (1) Let σ := ρ0,0 and consider for each t ∈ [0, 1] the analytic closed 2-form

ρt := σ+ t(ρ− σ) ∈ Ω2,cl,an(A), (7)

and use Lemma 4.17 to fix an analytic Hochschild cocycle ξ ∈ C•,an(A, A′
∆) with image S(ξ) = ρ−σ

along the surjective map S : → C•,an(A, A′
∆) → Ω2,cl,an(A)[1]. It follows from the formula (10) that

ξ1 is given on generators by

ξ1(x1)(x0) = 1
2 (ρ− σ)(x0)(x1) = 0,

so ξ1 = 0, and likewise ξ0 = 0. Because A is minimal the component ρt
0,0 = ρ0,0 is invertible and hence

ρt is an isomorphism by Proposition 3.14. Hence, for every t the Hochschild cocycle αt ∈ C•,an(A)
defined by the equation

αt := (ρt)−1 ◦ ξ,

satisfies the equation ιαtρt = ξ. It is straightforward to verify that the sequence α = (αn)n∈N of
functions αn : t 7→ αt

n is in M[0,1](A, A). Indeed, each component ρt
n varies linearly in t, and it is

easy to verify from the recursive identity (7) that the function t 7→ (ρt)−1
n is a polynomial of degree

at most n in t. Hence, α is a well-defined family of Hochschild cocycles, which satisfies

αt
1 = (ρt)−1

0,0 ◦ ξ1 = 0

because ξ1 = 0, and likewise αt
0 = ((ρt)−1 ◦ξ)0 = 0 by definition. To show that it is analytic we note

that for each t ∈ [0, 1] we have∥∥ρt
0,0
∥∥ = ∥ρ0,0∥,

∥∥ρt
i,j

∥∥ = t
∥∥ρt

i,j

∥∥ ≤ ∥ρi,j∥ (i + j > 0),

so that ∥ρt
n∥ < Cn

1 for a uniform choice of constant C1 > 0 independent of t. It then follows from the
proof of Proposition 3.14 that there is a uniform constant C2 > 0 such that

∥∥(ρt)−1
n

∥∥ < Cn
2 for all t,

and because ξ is analytic there is some C3 > 0 bounding the composition∥∥αt
n

∥∥ =
∥∥((ρt)−1 ◦ ξ)n

∥∥ < Cn
3 ,

for all t. Therefore α = (αn)n∈N is uniformly analytic, and it follows from Lemma 4.8 and Lemma 4.9
that there exists a uniformly analytic family of pre-morphisms f = (fn)n∈N satisfying the differ-
ential equation (5). It then follows from [AT22, Proposition 2.32] that for each t the pullback
(f t)∗ : Ω2,cl,an(A) → Ω2,cl,an(A) satisfies

(f t)∗ρt = σ,
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so in particular f1 pulls back ρ1 = ρ to the constant 2-form (f1)∗ρ = σ. Because f1
1 = id, the pre-

morphism f1
1 admits an analytic inverse by Lemma 2.14. Hence if we define Aρ as the A∞-algebra

with product defined by the analytic Hochschild cocycle

µρ := (f1)−1 ◦ µA ◦ f̂1 ∈ C•,an(A),

it follows as in [AT22, Proposition 2.32] that f1 ∈ Homan
Alg∞(Aρ, A) is an isomorphism and σρ = σ =

(f1)∗ρ is a cyclic structure as claimed.

(2) Now let τ be another analytic SHIP defining a cyclic analytic A∞-algebra (Aτ,στ), and let
g ∈ Homan

Alg∞(Aτ, A) denote the isomorphism for which στ = g∗τ is cyclic. Suppose that τ − ρ is
exact in the complex Ω2,cl(A), then as in [AT22, Lemma 2.33] we note that τ0,0 = ρ0,0, so that for
every t ∈ [0, 1] the analytic closed 2-form

ρt := τ+ t(ρ− τ) ∈ Ω2,cl,an(A),

has ρt
0,0 = τ0,0 = ρ0,0 an isomorphism, and is therefore a SHIP. Fixing a cocycle ξ ∈ C•,an(A, A′

∆)
such that S(ξ) = ρ − τ as before, there again exists a family of Hochschild cocycles α which satisfy
the equation ιαtρt = ξ for each t ∈ [0, 1]. The norms of ρt

n are bounded by max{∥τn∥, ∥ρn∥} for all t,
so it again follows that α is uniformly analytic. Hence there exists a family of pre-morphisms h with
h0 = id solving the differential equation

d
dt

ht = αt ⋄ ht.

Because ρ − τ is exact in Ω2,cl(A) it follows that ξ is exact in C•(A, A∨) Therefore [AT22, Lemma
2.33] implies that the analytic pre-morphism h1 is an A∞-morphism such that (h1)∗τ = ρ, hence
lies in h1 ∈ Homan

Alg∞(A, A). Now the composition g−1 ◦ h1 ◦ f1 ∈ Homan
Alg∞(Aτ, Aρ) is an analytic

A∞-isomorphism satisfying

(g−1 ◦ h1 ◦ f1)∗στ = (h1 ◦ f1)∗τ = (f1)∗ρ = σρ.

4.3. Analytic Calabi–Yau structures and SHIPs. Cyclic structures express a type of Calabi–Yau
symmetry, which can be formalised using the notion of a right Calabi–Yau structure in the terminology
of [BD19]. For ordinary A∞-algebras, these structures can be defined as follows.

Definition 4.11. A right d-Calabi–Yau structure on an A∞-algebra A = (A,µ) ∈ Alg∞ is a cocycle
ϕ ∈ Z−dC•

λ(A) for which the map A → A∨[−d] : a 7→ ϕ0(µ2(a, −)) is a quasi-isomorphism.

It was shown by Cho–Lee [CL11] (and [KS08] in the symplectic language) that right CY structures and
SHIPs on an A∞-algebra A are equivalent notions. More precisely, the two structures are identified
up to homotopy by a map Ω2,cl(A)[1] → C•

λ(A). This map can be constructed in two steps.

Proposition 4.12 (see [CL11][AT22]). The map S : C•(A, A∨
∆) → Ω2,cl(A)[1] defined by

(Sξ)(x ⊗ v ⊗ y)(w) = ξ(x ⊗ v ⊗ y)(w) − ξ(y ⊗ w ⊗ x)(v),

defines a chain map fitting into a short exact sequence of chain complexes

0 C•
λ(A) C•(A, A∨

∆) Ω2,cl(A)[1] 0
S

(8)

where the first map is the inclusion of the cyclic cochains. Moreover, this short exact sequence is
natural over A ∈ Alg∞ along the induced pullbacks on Hochschild cochains and bimodule maps.

The above shows that the map S induces an isomorphism between Ω2,cl(A)[1] and the quotient
complex C•(A, A∨

∆)/C•
λ(A). As observed by Kontsevich–Soibelman, the latter complex can be related

to the negative cyclic complex via the following short exact sequence.

Proposition 4.13 ([KS08][AT22]). There is a short exact sequence of chain complexes

0 C•(A, A∨)/C•
λ(A) (BA/ℓ)∨ C•

λ(A) 0.
id−t N (9)
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where the maps are the compositions of the norm operator (Nξ)n = (1 + t + · · · + tn)ξn and the
operator id − t via the identification

(BA/ℓ)∨ ∼=
∏
n≥0

homℓe(A[1]⊗n+1, ℓ)[1] ∼=
∏
n≥0

homℓe(A[1]⊗n, A∨) ∼= M(A, A∨)[−1].

The short exact sequence is moreover natural in A ∈ Alg∞ via the induced maps.

It is well known that the normalised bar complex BA/ℓ is acyclic if A is unital, hence so is its dual.
Choosing a contracting homotopy s : (BA/ℓ)∨[1] → (BA/ℓ)∨, one obtains a quasi-isomorphism

Ω2,cl(A)[2] ∼= (C•(A, A∨
∆)/C•

λ(A))[1] N◦s◦(id−t)−−−−−−−→ C•
λ(A),

after composing with the inverse of S. One can show that this map identifies right CY structures
with SHIPs, leading to the following statement for unital A∞-algebras.

Proposition 4.14 ([AT22, Corollary 2.24]). The map Ω2,cl(A)[2] ∼−→ C•
λ(A) is a quasi-isomorphism,

is natural with respect to A∞-morphisms, and identifies right CY structures with SHIPs.

We now want to show a version of the above for analytic A∞-algebras, involving the analytic SHIPs
and analytic right Calabi–Yau structures, by which we mean the following.

Definition 4.15. Let A ∈ Alg∞,an, then a right Calabi–Yau structure ϕ is analytic if it lies in the
subcomplex C•,an

λ (A) ⊂ C•
λ(A).

Example 4.16. Let (A, D, ∥·∥) be a normed DG algebra and λ : An → C a ∥·∥-bounded linear functional
such that

λ(Da) = 0, λ(a1 · a2) = (−1)|a1||a2|λ(a2 · a1).
Then the element ϕ ∈ C−n,an

λ (A) defined by ϕ0 = λ and ϕn = 0 for n > 0 is a cocycle, and it is a
right n-Calabi–Yau structure if the cohomology pairing ([a1], [a2]) 7→ λ([a1 · a2]) is nondegenerate.

We will show that the map Ω2,cl(A)[2] → C•
λ(A) restricts to a map on analytic elements by showing

that the short exact sequences (8) and (9) restrict to the relevant analytic subspaces. The analytic
version of Proposition 4.12 is as follows.

Lemma 4.17. Let A be an analytic A∞-algebra, then the map S fits into a short-exact sequence

0 C•,an
λ (A) C•,an(A, A′

∆) Ω2,cl,an(A)[1] 0S

which is moreover natural with respect to analytic A∞-morphisms f ∈ Homan
Alg∞(A, B).

Proof. By construction C•,an
λ (A) = C•

λ(A) ∩ C•,an(A, A′
∆) is a subcomplex of C•,an(A, A′

∆), and this
subcomplex is the kernel of the restriction of S to C•,an(A, A′

∆) by Proposition 4.12. Hence it suffices
to show that S restricts to a surjective map S : C•,an(A, A′

∆) → Ω2,cl,an(A)[1].

Suppose ϕ ∈ C•,an(A, A′
∆), and pick C > 0 such that ∥ϕn∥ < Cn for all n ≥ 1. Then for any element

a ∈ A[1]⊗i ⊗ A[1] ⊗ A[1]⊗j and any decomposition a =
∑

k xk ⊗ vk ⊗ yk

∥(Sϕ)i,j(a)∥ ≤
∑

k

sup
∥w∥=1

∥(Sϕ)i,j(xk ⊗ vk ⊗ yk)(w)∥

≤
∑

k

sup
∥w∥=1

(∥ϕi+j+1(xk ⊗ vk ⊗ yk)(w)∥ + ∥ϕi+j+1(yk ⊗ w ⊗ xk)(vk)∥)

≤ 2∥ϕi+j+1∥ ·
∑

k

∥xk∥∥vk∥∥yk∥.

Taking the infimum over all decompositions of a, it follows that ∥(Sϕ)i,j(a)∥ ≤ ∥ϕi+j+1∥ · ∥a∥, so
that ∥(Sϕ)i,j∥ ≤ 2∥ϕi+j+1∥ < (2C)i+j+1. It follows that by Lemma 3.6 that Sϕ is analytic.

To show the surjectivity of S we use the map1 h : Ω2,cl(A)[1] → C•(A, A∨) defined in [AT22, Equation
11], which is defined by the equations

(hρ)(x1 ⊗ · · · ⊗ xn)(x0) =
n∑

i=1

(−1)#

n + 1 ρ(xi+1, . . . , xn, x0, . . . , xi−1)(xi), (10)

1Note that this is not a chain map, hence does not split the exact sequence of chain complexes.
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which satisfies S ◦ h = id. Now suppose ρ ∈ Ω2,cl,an(A) is an analytic closed 2-form, and let C > 0
be a constant such that ∥ρi,j∥ < Ci+j+1 for all i, j ∈ N. Then for any element a ∈ A[1]⊗n and
decomposition a =

∑
k ak,1 ⊗ · · · ⊗ ak,n there is an inequality

∥(hρ)n(a)∥ ≤ sup
∥a0∥=1

∑
k

∥(hρ)n(ak,1 ⊗ · · · ⊗ ak,n)(a0)∥

≤ 1
n + 1 ·

∑
k

n∑
i=1

sup
∥a0∥=1

∥ρn−i,i−1(ak,i+1, . . . , ak,n, a0, ak,1, . . . , ak,i−1)(ak,i)∥

≤ 1
n + 1 ·

n∑
i=1

∥ρn−i,i−1∥ ·
∑

k

∥ak,1∥ · · · ∥ak,n∥

< Cn ·
∑

k

∥ak,1∥ · · · ∥ak,n∥.

Taking the infimum over all decompositions of a, it follows that ∥(hρ)n(a)∥ ≤ Cn∥a∥, which shows
that hρ is analytic. Hence h defines a map Ω2,cl,an(A)[1] → C•(A, A′

∆) which satisfies S ◦ h = id,
showing that S is surjective.

Finally, if f ∈ Homan
Alg∞(A, B) is an analytic morphism, it follows from Lemma 3.10 and the subsequent

discussion that the pullback morphisms f∗ preserve analytic elements, so naturality follows.

Corollary 4.18. The map S induces an isomorphism C•,an(A, A′
∆)/C•,an

λ (A) ∼−→ Ω2,cl,an(A)[1].

For the analytic analogue of Proposition 4.13 we note that (BA/ℓ)∨ ∼= M(A, A∨)[−2], and define

(BA/ℓ)∨,an := (BA/ℓ)∨ ∩ A(A, A′)[−2],

as the subspace obtained from A(A, A′)[−2] via this identification. The following now holds.

Lemma 4.19. Let A be an analytic A∞-algebra, then there is a short exact sequence

0 C•,an(A, A′)/C•,an
λ (A) (BA/ℓ)an C•,an

λ (A) 0.
id−t N (11)

which is natural with respect to analytic A∞-morphisms.

Proof. The operator id − t restricts to A(A, A′)[−1] ⊂ M(A, A∨)[−1] and clearly has the set of cyclic
analytic elements as its kernel. Hence, it immediately follows that it defines an injective chain map

C•,an(A, A′)/C•,an
λ (A) (BA/ℓ)∨ ∩ A(A, A′)[−1] = (BA/ℓ)∨,an.

id−t

To see that the norm operator likewise preserves A(A, A′), note that if ϕ satisfies ∥ϕn∥ < Cn then

∥(Nϕ)n∥ ≤ ∥ϕn∥ + · · · + ∥(tnϕ)n∥ = (1 + n)∥ϕn∥ < (1 + n)Cn < (3C)n,

so that Nϕ is again analytic. Therefore it follows that N defines a chain map

(BA/ℓ)∨,an C•,an
λ (A).N

It is moreover surjective, as every ϕ ∈ C•,an
λ (A) is the image of the sequence ( 1

n+1ϕn)n∈N ∈ A(A, A′)[−1].
To see that the sequence (11) is exact at the middle term, one can consider the inverse operator

f : ker N → C•,an(A, A′
∆)/C•,an

λ (A), (fξ)n = 1
n + 1(t + 2t2 + · · · + ntn)ξn,

which maps an analytic element with ∥ξn∥ < Cn for n ≥ 1 to an element fξ satisfying ∥(fξ)n∥ ≤
n2

n+1 ∥ξn∥ < (2C)n, which is therefore again analytic. It follows that (11) is a short exact sequence as
required. Naturality again follows from the naturality in (11)
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To construct the map Ω2,cl,an(A)[2] → C•
λ(A) it now suffices to find a contracting homotopy for

(BA/ℓ)∨ which restricts to a contracting homotopy for (BA/ℓ)∨,an. For this one can take e.g. the
dual of the degeneracy map in [Lod92, Proposition-definition 1.1.12], which is given by the formula

s : (BA/ℓ)∨ → (BA/ℓ)∨[−1], (sg)n(a1, . . . , an) = gn+1(1, a1, . . . , an),

where 1 is any choice of unit in A. The following lemma shows that this restricts to analytic elements.

Lemma 4.20. Let A be a unital analytic A∞-algebra. Then the degeneracy map restricts to a
contracting homotopy s : (BA/ℓ)∨,an → (BA/ℓ)∨,an[−1].

Proof. Let f = (fn)n∈N ∈ A(A, A′) be an analytic sequence, and pick C > 0 such that ∥fn∥ < Cn

for all n ≥ n. Then the corresponding element g ∈ (BA/ℓ)∨ is the map defined by gn(a1, . . . , an) =
fn−1(a1, . . . , an−1)(an), hence

(sg)n(a1, . . . , an) = gn+1(1, a0, . . . , an) = fn(1, a1, . . . , an−1)(an),

and the element sf ∈ A(A, A′) corresponding to sg is given by (sf)n(a) = fn+1(1 ⊗ a). Clearly this
now satisfies the bound

∥(sf)n(a)∥ = ∥fn+1(1 ⊗ a)∥ ≤ ∥fn+1∥∥1∥∥a∥ < Cn+1 · ∥a∥ < (C2)n+1 · ∥a∥,

hence sf is analytic as claimed.

Corollary 4.21. For a unital analytic A∞-algebra A there is a natural quasi-isomorphism

Ω2,cl,an(A)[2] ∼= (C•,an(A, A′
∆)/C•,an

λ (A))[−1] N◦s◦(id−t)−−−−−−−→ C•,an
λ (A),

which maps analytic SHIPs to analytic right CY structures.

Example 4.22. Let (A,µ) be the analytic A∞-algebra obtained from a normed DG algebra with ϕ an
analytic right CY structure obtained from a bounded linear functional λ : An → C as in Example 4.16.
Then ϕ is the image of the analytic SHIP ρ ∈ Ω2,cl,an(A) defined by ρ0(a)(b) = λ(µ2(a, b)) and ρn = 0
for n > 0: one has ρ = S(ξ) for the analytic cocycle ξ ∈ C•,an(A, A′

∆) with ξ1(a)(b) = 1
2λ(a · b) and

ξn = 0 otherwise, and this cocycle maps to the Connes cocycle (N ◦ s ◦ (id − t)ξ) with

(N ◦ s ◦ (id − t)ξ)0(a) = ξ1(1)(a) − (−1)|a|ξ1(a)(1) = 1
2λ(µ2(1, a) − (−1)|a|µ2(a, 1)) = λ(a)

and vanishing higher terms. This example appears in the non-analytic case in [AT22, Example 2.25].

As result of the corollary, we find that every analytic SHIP is determined up to homotopy by an
analytic right Calabi–Yau structure. Using the corollary above, we can restate the analytic Darboux
lemma in terms of Calabi–Yau structures, which yields our main theorem.

Theorem 4.23. Suppose A ∈ Alg∞,an is compact and admits a unital analytic minimal model. Then:

1. every analytic right d-CY structure ϕ, determines a d-cyclic analytic minimal model (H(A)ϕ,σϕ),

2. if ϕ,ψ are analytic right CY structures such that [ψ]−[ϕ] maps to 0 along the map HC−d,an
λ (A) →

HC−d
λ (A), then there is a cyclic analytic A∞-isomorphism

(H(A)ϕ,σϕ) ∼=an,cyc (H(A)ψ,σψ)

3. if B ∈ Alg∞,an is also compact with a unital analytic minimal model, and g : B → A is an
analytic quasi-isomorphism, then there is an induced a cyclic analytic A∞-isomorphism

(H(B)g∗ϕ,σg∗ϕ) ∼=an,cyc (H(A)ϕ,σϕ).

Effectively, there is a canonical cyclic analytic minimal model for every nondegenerate class in
HC−d

λ (A) which admits an analytic lift.
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Proof. (1) Let H(A) ∈ Alg∞,an be a finite dimensional analytic minimal model of A with diagram

H(A) A,
I

P

for analytic morphisms I and P . Given an analytic right CY structure ϕ ∈ C−d,an
λ (A) it is immediate

that the induced map A → A∨[−d] induces an isomorphism H(A) → H(A)∨[−d], which coincides
with the morphism induced by I∗ϕ ∈ C•,an

λ (H(A)). Hence, I∗ϕ is an analytic right CY structure on
H(A).

Because H(A) is unital, it follows by Corollary 4.21 that there exists an analytic strong homotopy inner
product ρϕ ∈ Z2−dΩ2,cl,an(A) with image in C−d,an

λ (A) homotopic to I∗ϕ. Therefore Lemma 4.10
determines a cyclic A∞-algebra (H(A)ϕ,σϕ) = (H(A)ρϕ

,σρ
ϕ) and an analytic A∞-isomorphism

f ∈ Homan
Alg∞(H(A)ϕ, H(A)) such that f∗ρϕ = σϕ. Because H(A) is finite dimensional, it follows by

Lemma 2.14 the map f is invertible in Alg∞,an, and we obtain a diagram

H(A)ϕ H(A) A,
f

f−1

I

P

which exhibits (H(A)ϕ,σϕ) as a cyclic minimal model of A.

(2) Let ψ is a second right CY structure and pick a lift ρψ ∈ Ω2,cl,an(H(A)) for I∗ψ, yielding a cyclic
minimal model (H(A)ψ,σψ) as above. Suppose [ϕ] − [ψ] maps to 0 in HC−d

λ (A), then it follows by
naturality that [I∗ϕ] − [I∗ψ] maps to 0 in HC−d

λ (H(A)) and considering the commutative diagram

H2−dΩ2,cl,an(H(A)) HC−d,an
λ (H(A))

H2−dΩ2,cl(H(A)) HC−d
λ (H(A))

it is also clear that [ρϕ] − [ρψ] maps to 0 in Ω2,cl(H(A)). Hence it follows from Lemma 4.10 that
there is a cyclic analytic A∞-isomorphism

(H(A)ψ,σψ) ∼=an,cyc (H(A)ϕ,σϕ)

between the minimal models as claimed.

(3) Let B ∈ Alg∞,an admit a finite dimensional analytic unital minimal model H(B) and suppose
g : B → A is an analytic quasi-isomorphism, then g∗ϕ ∈ C•,an

λ (B) is again right CY and induces a
cyclic minimal model H(B)g∗ϕ. The map g induces an analytic A∞-isomorphism H(g) fitting into a
commutative diagram

B A

H(B) H(A) H(A)ϕ

g

H(g)
I I

f−1

f

This implies that the equality [I∗(g∗ϕ)] = [H(g)∗I∗ϕ] holds in cohomology, and therefore [H(g)∗ρϕ] =
[ρg∗ϕ] for the associated closed 2-forms. It therefore follows from Lemma 4.10 that the cyclic minimal
model (Hg∗ϕ,σg∗ϕ) is cyclic-analytic A∞-isomorphic to the cyclic minimal model corresponding to
H(g)∗ρϕ. The latter is given by (H(A)ϕ,σϕ), as the composition H(g)−1 ⋄ f satisfies

(H(g)−1 ⋄ f)∗(H(g)∗ρϕ) = f∗ρϕ = σϕ.

Corollary 4.24. If A ∈ Alg∞,an is compact with unital analytic minimal model with H0(A) ∼= ℓ, then
any analytic 3-CY structure ϕ determines an analytic potential

Wϕ
A ∈ T̃ℓV
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in the analytic tensor algebra over V = H1(A)∗, which only depends on [ϕ] ∈ HC−3
λ (A) up to an

change of coordinates T̃ℓV → T̃ℓV . Moreover, if g : B → A is an analytic quasi-isomorphism for
B another such analytic A∞-algebra, then there is an isomorphism h : T̃ℓW → T̃ℓV from the tensor
algebra over W = H1(B) such that

h∗(W g∗ϕ
B ) = Wϕ

A ,

Proof. Letting (H(A)ϕ,σϕ) be the cyclic minimal model from Theorem 4.23(1) associated to a 3-CY
structure ϕ, it follows from Proposition 4.2 that there is an associated analytic potential Wϕ

A ∈ T̃ℓV
for V = ((H(A))1)∗ = H1(A)∗. If ψ is another 3-CY structure with [ψ] = [ϕ] then it follows by
Theorem 4.23(2) that there is an isomorphism f ∈ Homan

Alg∞(H(A)ϕ, H(A)ψ) which is cyclic. There
is an induced algebra isomorphism f∗ : T̂ℓV → T̂ℓV , and it follows by [Kaj07, Proposition 4.16] that

f∗(Wψ
A ) = Wϕ

A .

Hence it remains to verify that f∗ restricts to a map T̃ℓV → T̃ℓV of analytic tensor algebras. As
in [HK19, Lemma 3.12] it suffices to show that f∗(v) ∈ T̃ℓV for each v ∈ V . Picking a basis
v1, . . . , vm ∈ V and letting a1, . . . , am ∈ H1(A) denote the dual basis, the element f∗(v) can be
written as the power series

f∗(v) =
∑
n≥0

∑
i1,...,in

v(fn(ai1 , . . . , ain)) · vi1 ⊗ · · · ⊗ vin ∈ T̂ℓV.

Because f is analytic, it follows that there exists C0 > 0 such that ∥fn∥ < Cn
0 for all n ∈ N, ∥v∥ < C0,

and ∥ai∥ < C0 for each ai. Then for each i1, . . . , in the coefficient satisfies:

|v(fn(ai1 , . . . , ain))| ≤ ∥v∥∥fn∥∥ai1∥ · · · ∥ain∥ < C2n+1
0 ≤ (C3

0 )n,

which shows that f∗(v) ∈ T̃ℓV . It follows that Wϕ
A and Wψ

A are related by an analytic change of
coordinates. A similar argument now show the second statement.

5. Analytic Calabi–Yau structures in geometry
We will now apply our main theorem to a geometric setting: we will consider A∞-algebras which
govern the deformations of sheaves on a smooth projective variety. To set notation, we will write X
for a smooth projective variety of dimension n, which we interpret as an analytic space, and we will
write Y for arbitrary complex manifold.

The A∞-algebras arising in this setting are obtained from normed DG algebras, and for this reason
it is more convenient to work in an unshifted setup involving sequences of maps funsh

n : A⊗n → A
of various degrees, rather than the maps fn : A[1]⊗n → A[1] in the shifted setup. We remark that
one can move between the two setup by taking the composition fn = s ◦ funsh

n ◦ (s−1)⊗n with the
canonical shift maps s : A → A[1]. We will leave this implicit in what follows.

5.1. The Dolbeault construction. Recall that the sheaf of holomorphic functions OY on a complex
manifold Y admits a fine resolution via the Dolbeault complex

OY ↪→ A 0,0
Y

∂−−→ A 0,1
Y

∂−−→ . . .
∂−−→ A 0,n

Y −→ 0,

where A p,q
X is the sheaf of smooth (p, q)-forms on Y . The sheaves A p,q

X are acyclic, hence can be
used to compute the sheaf cohomology of OY via Hi(U, OY ) ∼= Hi(Γ(U, A 0,•

Y ), ∂) on any open U ⊂ Y .
More generally, one can take any a bounded complex of locally free OY -modules E = (E•, δ) on Y ,
i.e. perfect complex, and obtain an acyclic resolution of E

A 0,•
Y (E) := . . .

D−→
⊕
q∈Z

E−q ⊗Y A 0,q
Y

D−→
⊕
q∈Z

E1−q ⊗Y A 0,q
Y

D−→ . . . ,

where the differential is given by D = ∂ + δ. This complex again computes the hypercohomology
RΓ i(U, E) ∼= HiΓ(U, A 0,•

Y (E)) on any open U ⊂ Y .
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The Dolbeault construction can be used to construct a DG enhancement of the derived category
Dperf(Y ): for any perfect complexes E , F there is a natural isomorphism

HiΓ(Y, A 0,•
Y (Hom(E , F))) ∼= RiΓ(Y, HomY (E , F)) ∼= HomDperf(Y )(E , F [i]),

so the complex of global sections for A 0,•
Y (Hom(E , F)) is a morphism complex between E and F .

The natural composition on Dperf(Y ) is given by a wedge product ∧, which can be defined in terms
of local sections f ⊗ ξ ∈ (Homi1(F , G) ⊗ A 0,q

Y )(U) and g ⊗ ζ ∈ (Homi1(E , F) ⊗ A 0,q2
Y )(U) as

(f ⊗ ξ) ∧ (g ⊗ ζ) := (−1)i2q1(f ◦ g) ⊗ (ξ ∧ ζ) ∈ (Homi1+i2(E , G) ⊗ A 0,q1+q2
Y )(U).

This product satisfies the Leibniz rule with respect to D, and therefore defines a DG enhancement of
Dperf(Y ) called the Dolbeault enhancement, see e.g. [Toë11, §2.3 Example 9].

To each perfect complex E ∈ Dperf(Y ) is associated an endomorphism DGA: the Dolbeault DG algebra

gE :=
(
Γ(X, A 0,q

Y (End(E))), D, ∧
)

,

with cohomology Ext•(E , E). If E admits a direct sum decomposition E = E⊕m1
1 ⊕ . . . ⊕ E⊕mk

k then
the Dolbeault DG algebra is naturally defined over the base ring

ℓ = MatC(m1) × · · · × MatC(mk) ⊂ g0
E .

In what follows we will always assume such a splitting is given and work over the fixed base ℓ.

5.2. Analytic minimal models in the compact setting. Now let X be (the analytic space associated
to) a smooth projective variety and fix a hermitian metric ⟨−, −⟩X : A 0,q

X ⊗ A 0,q
X → A 0,0. For a

perfect complex E = (E•, δ) one can choose a compatible hermitian metric

⟨−, −⟩E : A 0,0
X (E i) ⊗ A 0,0

X (E i) → A 0,0
X

for each locally free sheaf E i; we will refer to E endowed which such a metric as a hermitian perfect
complex. Recall (see e.g. [GH78]) that this data determines an L2-norm ∥·∥L2 : Γ(X, A 0,•

X (E)) → R,
which is defined on pure tensors ξ = f ⊗ ω with f ∈ Γ(X, A 0,0

X (E i)) and ω ∈ Γ(X, A 0,q) by the
formula

∥ξ∥2
L2 :=

∫
X

⟨f, f⟩E · ⟨ω, ω⟩X dvolX ,

where dvolX ∈ Γ(X, A 0,n
X (Ωn

X)) is the canonical real volume form on X. The Sobolev (l, 2)-norm for
l ∈ N is defined in terms of the L2-norm as ∥ξ∥l,2 :=

∑
k≤l

∥∥∇kξ
∥∥

L2 , where the operator ∇ acts on
each locally free sheaf E i as the canonical metric connection.

Given hermitian perfect complexes E and F , there is an induced hermitian metric on Hom(E , F) and
hence also induced norms ∥·∥L2 and ∥·∥l,2 on the global sections of its Dolbeault construction. As
remarked by Fukaya [Fuk01], the operators D and ∧ satisfy a bound

∥D∥l,2 < C, ∥∧∥l,2 < C2, (C > 0)

if one chooses a sufficiently large l > 2 dimC X. In particular, the Dolbeault DG algebra gE of a
hermitian perfect complex is naturally an analytic A∞-algebra. It was shown by Tu [Tu14] and Toda
[Tod18] that this admits a strong analytic minimal model.

Theorem 5.1 ([Tu14, Appendix A][Tod18, Lemma 4.1]). The DG algebra gE admits a minimal
model with diagram

HE gE
I

P
Q

such that the A∞-structure µ on HE and the maps I, P , and Q satisfy the bounds

∥µk∥l,2 < Ck, ∥Ik∥l,2 < Ck, ∥Pk∥l,2 < Ck, ∥Qk∥l,2 < Ck

for all k ≥ 1 and a fixed constant C > 0 independent of k.
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At first order, the minimal model is given by Hodge theory: HE is the space of harmonic forms in
gE , with I1 and P1 being the inclusion and projection, and Q1 is defined via the Green operator
associated to D. The higher compositions are all defined via the standard homotopy transfer formula
[Kad80] given via sums of trees.

If X is a Calabi–Yau variety, then Polishchuk [Pol01] showed that the Serre duality pairing pulls back
to a cyclic structure on this analytic minimal model. Using the terminology employed in this paper,
this can be phrased as follows.

Theorem 5.2 ([Pol01, Theorem 1.1]). Suppose X is a projective Calabi–Yau variety with holomorphic
volume form ν ∈ H0(X, Ωn

X), then the Serre pairing

ρ(−)(−) =
∫

X

ν ∧ tr(− ∧ −)

pulls back to a cyclic structure σ = I∗ρ on HE .

The Serre pairing used in this theorem can be viewed as an analytic strong homotopy inner product
ρ ∈ Ω2,cl,an(gE), which corresponds to the right Calabi–Yau structure associated to the bounded
linear functional

τν =
∫

X

ν ∧ tr(−) ∈ g′
E ∈ C−n

λ (gE),

as in Example 4.22. In view of the analytic Darboux theorem, one might suspect that there exists
other cyclic analytic minimal models for other choices of analytic right Calabi–Yau structure.

In what follows we show how such CY structures can be obtained from a choice of holomorphic volume
form on open subsets U ⊂ X, using a compactly supported version of the Dolbeault construction.

5.3. The compactly supported setting. Let U ⊂ X be an open analytic subvariety of a smooth
projective variety X, viewed as an analytic manifold. Given a bounded complex of locally free OU -
modules F we let

gF,c :=
(
Γc(U, A 0,•

U (End(F))), D, ∧
)

denote the nonunital DG subalgebra of gF of compactly supported sections. Henceforth, we will
assume that the cohomology of F is supported on a compact subset Z ⊂ U , which implies that

H•gF,c = RiΓc(U, A 0,•
U (End(F))) ∼= RiΓ(U, A 0,•

U (End(F))) = H•gF ,

so that the inclusion gF,c ↪→ gF is a quasi-isomorphism. We also fix a hermitian metric on F , which
induces a hermitian pairing

⟨−, −⟩End(F) : A 0,0
U (End(F)) ⊗ A 0,0

U (End(F)) → A 0,0
U

The metric data again determines a well-defined L2-norm ∥·∥L2 : gF,c → R which is defined on pure
tensors ξ = f ⊗ ω with f ∈ Γc(U, A 0,0(End(F))) and ω ∈ Γc(U, A 0,q) as

∥ξ∥L2 =
(∫

X

⟨f, f⟩End(F) · ⟨ω, ω⟩XdvolX

)1/2
,

where we note that the compactly supported function ⟨f, f⟩End(F) can be viewed as a function on X
via extension by 0, and similarly ω extends to a smooth (0, q)-form on X. The metric connection
then also determines a Sobolev norm ∥·∥l,2 =

∑
k≤l

∥∥∇k−
∥∥

L2 as in the compact setting. A priori,
the operators D and ∧ are not guaranteed to be bounded, however the reader can check that such a
bound exists if U is chosen to be a sufficiently small neighbourhood of the compact set Z.

Now suppose that U admits a nowhere-vanishing holomorphic volume form ν ∈ Γ(U, Ωn
U ). Then

writing again tr : A 0,n
U (End(E)) → A 0,n

U for the point-wise trace, we obtain a linear functional

τν : gn
F,c → C, ζ 7→

∫
U

ν ∧ tr(ζ).

We will view τν as an element of g∨
F,c ⊂ M(gF,c, g∨

F,c)[−1] in the obvious way, and claim that this is
a negative cyclic cocycle.
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Lemma 5.3. The map τν defines a right Calabi–Yau structure of degree −n.

Proof. Unraveling the definition of the differential on C•(gF,c, g∨
F,c) = (M(gF,c, g∨

F,c)[−1], b), we see
that b(τν) = 0 if and only if the following two equations hold for all homogeneous ζ, ξ ∈ gF,c:

τν(Dζ) = 0,

τν(ζ1 ∧ ζ2) = (−1)|ζ1||ζ2|τv(ζ2 ∧ ζ1).

To show the first equation, we note that for a local form ζ = f ⊗ ω with f a local section of Endi(F)
and ω a local (0, n − i − 1)-form, we have the local identity

tr(D(f ⊗ ω)) = tr(f)∂ω + tr([δ, f ])ω = tr(f)∂ω = ∂ tr(f ⊗ ω).

Hence, the same identity also hold for a general compactly supported section ζ over U . Because ν is
holomorphic it then follows by Stokes’ theorem for compactly supported forms that

τν(Dζ) =
∫

U

∂(ν ∧ tr(ζ)) =
∫

U

(∂ + ∂)(ν ∧ tr(ζ)) = 0,

where we note that ∂(ν ∧ tr(ζ)) = 0 for degree reasons. For the second equation, we can likewise
consider local forms ζ1 = f1 ⊗ ω1 and ζ2 = f2 ⊗ξ2 with fk a local section of Endik (F) and ωk a local
section of A 0,qk

U , there is an identity

tr(ζ1∧ζ2) = (−1)q1i2 tr(f1◦f2)·ω1∧ω2 = (−1)q1(q2+i2)+i1i2 tr(f2◦f1)·ω2∧ω1 = (−1)|ζ1||ζ2| tr(ζ2∧ζ1).

This identity then also holds for any compactly supported sections on U , so integrating against ν
yields the section equality. It follows that τν is a cocycle in C•(gF,c, g∨

F,c), and it is immediate that
it lies in C•

λ(gF,c) because the cyclic action is trivial on the summand g∨
F,c ⊂ C•

λ(gF,c).

It remains to show that the map ζ 7→ τν(ζ ∧ −) is a quasi-isomorphism, or equivalently that

(ζ, ξ) 7→ τν(ζ ∧ ξ) =
∫

U

ν ∧ tr(ζ ∧ ξ) (12)

induces a nondegenerate pairing on cohomology. For this, we note that a holomorphic volume form
ν ∈ Γ(U, Ωn

U ) represents an isomorphism [ν] ∈ HomD(U)(OU , Ωn
U ) in the derived category. Therefore,

the wedge product

ν ∧ − : Γc(U, A 0,•
U (End(F))) → Γc(U, A 0,•

U (End(F) ⊗ Ωn
U )), (13)

induces the isomorphisms HomD(U)(E , E [i]) → HomD(U)(E , E ⊗ Ωn
U [i]) in the derived category. By

inspection, (12) is the composition of (13) with the Serre duality pairing

Γc(U, A 0,n−i
U (End(E))) ⊗ Γc(U, A 0,i

U (End(E) ⊗ Ωn
U ))

∫
U

tr(−∧−)
−−−−−−−→ C,

which induces a nondegenerate pairing HomD(U)(E , E [n − i]) ⊗ HomD(U)(E , E ⊗ Ωn[i]) → C on coho-
mology. Therefore the pairing induced by (12) on cohomology is also nondegenerate, and it follows
that τν is a right Calabi–Yau structure.

We now want to show that the right Calabi–Yau structure τν is analytic if gF,c is an analytic A∞-
algebra. For this it suffices to show that τν is bounded with respect to the Sobolev norm.

Lemma 5.4. If ν ∈ Γ(U, Ωn
U ) is an L2-integrable holomorphic volume form, then τν is bounded.

Proof. For any ζ ∈ Γc(U, A 0,•(End(F)) there is a Cauchy-Schwarz type inequality

|τν(ζ)| =
∣∣∣∣∫

U

ν ∧ tr(ζ)
∣∣∣∣ ≤ ∥ν∥L2∥tr(ζ)∥L2 ,

with respect to the L2-inner product on smooth forms determined by the hermitian metric. It is then
easy to check that ∥tr(ζ)∥L2 ≤ ∥ζ∥L2 ≤ ∥ζ∥l,2, so that ∥τν∥l,2 is bounded by ∥ν∥L2 .

We again remark that one can ensure that any holomorphic volume form ν ∈ Γ(U, Ωn
U ) is bounded in

the L2-norm by replacing U with a sufficiently small neighbourhood of Z. After making this slight
modification, we find an analytic right Calabi–Yau structure corresponding to the volume form.
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5.4. Comparing the compact and noncompact settings. Let E be a hermitian perfect complex on a
projective variety X, with cohomology supported on a subset Z, and choose an open neighbourhood
U ⊃ Z with inclusion map i : U ↪→ X. Then the extension by zero yields an injective map

i! : gE|U ,c = Γc(U, A 0,•
U (End(E|U ))) −→ Γ(X, A 0,•

X (End(E))) = gE ,

which exhibits gE|U ,c as a DG ideal of gE . Equipping E|U with the induced metric, this is an isom-
etry with respect to the Sobolev norm, making gE|U ,c into an analytic A∞-subalgebra of gE . The
assumption on the support moreover guarantees that i! is a quasi-isomorphism.

In order to pull back the analytic right CY structures found above from gE|U ,c to gE we would like
to construct a quasi-inverse for i! using Lemma 2.18. This requires us to first construct a quasi-
isomorphism gE → gE|U ,c, for which we use a choice of weak unit.

Lemma 5.5. There exists a pair (u, h) ∈ g0
E|U ,c × g−1

E such that Du = 0 and

Dh = i!u − idE ∈ g0
E .

In particular, the map 1 : l 7→ l · u is a weak unit for the analytic A∞-algebra gE|U ,c.

Proof. Because i! : gE|U ,c → gE is a quasi-isomorphism, it follows that there exists a cocycle u with
[i!u] = [idE ], and a homotopy h for the difference i!u − idE . If ξ ∈ gE|U ,c is D-closed, then

[i!(u ∧ ξ)] = [idE ∧ i!ξ] + [Dh ∧ i!ξ] = [i!ξ] ∈ H•gE .

It follows that [u ∧ ξ] = [ξ] and likewise [ξ ∧ u] = [ξ] hold in H•gE|U ,c. The map 1 : ℓ → gE|U ,c then
satisfies [1(l) ∧ ξ] = [l · u ∧ ξ] = [l · ξ] and [ξ ∧ 1(l)] = [ξ · l ∧ u] = [ξ · l], making it a weak unit.

For a unit/homotopy pair (u, h) as above, the wedge product i!u ∧ ξ with any section ξ ∈ gE has
compact support contained in U . Hence, we obtain a well-defined retraction i∗(i!u ∧ −) : gE → gE|U ,c

which is quasi-inverse to i! as a map of chain complexes. The following lemma shows that this map
extends to a full analytic A∞-morphism, hence a quasi-isomorphism.

Lemma 5.6. Let (u, h) be a unit/homotopy pair as above, then the sequence of maps

Kn(ξ1, . . . , ξn) = (−1)(n−1)|ξ1|+(n−2)|ξ2|+···+|ξn−1| · i∗(i!u ∧ ξ1 ∧ h ∧ · · · ∧ h ∧ ξn)

defines an analytic A∞-quasi-isomorphism K ∈ Homan
Alg∞(gE , gE|U ,c).

Proof. Because the A∞-algebra structures on gE and gE|U ,c have only the first and second order
multiplication, the system of maps Kn : g⊗n

E → gE|U ,c defines an A∞-morphism in the unshifted
convention, if and only if the following identity holds for all ξ1, . . . , ξn ∈ gE :

DKn(ξ1, . . . , ξn) =
n−1∑
i=0

(−1)n+|ξ1|+···+|ξi−1|Kn(ξ1, . . . , ξi−1, Dξi, ξi+1, . . . , ξn)

+
n−1∑
i=1

(−1)i(|ξ1|+···+|ξi|)Ki(ξ1, . . . , ξi) ∧ Kn−i(ξi+1, . . . , ξn)

+
n−2∑
i=0

(−1)iKn−1(ξ1, . . . , ξi−1, ξi ∧ ξi+1, ξi+2, . . . , ξn).

This identity is easily verified via the graded Leibniz rule for D and ∧: because u is D-closed of
degree 0 and h is an element of degree −1 with Dh = i!u − idE|U

it follows that

D(u ∧ ξ1 ∧ h ∧ · · · ∧ ξn) =
n−1∑
i=0

(−1)|ξ1|+···+|ξi−1|+(i−1)i∗(i!u ∧ · · · ∧ h ∧ Dξi ∧ h ∧ · · · ∧ ξn)

+
n−2∑
i=0

(−1)|ξ1|+···+|ξi|+(i−1)i∗(i!u ∧ · · · ∧ h ∧ ξi ∧ u ∧ ξi+1 ∧ h ∧ · · · ∧ ξn).

−
n−2∑
i=0

(−1)|ξ1|+···+|ξi|+(i−1)i∗(i!u ∧ · · · ∧ h ∧ ξi ∧ ξi+1 ∧ h ∧ · · · ∧ ξn),
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and the required identity drops out after adding the appropriate signs in the definition of the maps
Kn. Hence, the system of maps K defines an A∞-morphism. To see that K is analytic, let C ≥ 1 be
any constant so that ∥∧∥l,2 ≤ C, ∥u∥l,2 < C and ∥h∥l,2 < C. Then

∥Kn(ξ1, . . . , ξn)∥l,2 ≤ C3n−1 · ∥ξ1∥l,2 · · · ∥ξn∥l,2,

holds for any sections ξ1, . . . , ξn, which implies that ∥Kn∥ < C3n−1 < (C3)n.

Using the maps K and i!, Lemma 2.18 now shows that there exists a quasi-automorphism T ∈
Homan

Alg∞(gE , gE) such that T ⋄ i! is left quasi-inverse to K and K ⋄ T is right quasi-inverse to i!.
Moreover, either of the diagrams

HE gE gE|U ,c,
I

P

K⋄T

i!
HE gE gE|U ,c.

I

P

K

T ⋄i!

(14)

exhibit HE as a minimal model for gE|U ,c. These maps allow one to compare invariants of gE|U ,c, gE
and HE , in particular right CY structures.

Finally, we wish to compare the situation where E|U is replaced by an arbitrary hermitian perfect
complex on U . It turns out that we can again compare the corresponding Dolbeault DG algebras via
a quasi-isomorphism, as the following lemma shows.

Lemma 5.7. Suppose F is a hermitian perfect complex quasi-isomorphic to E|U , such that gF,c is
analytic with respect to the Sobolev norm. Then there exists a triple (r, t, hrt) with

r ∈ Γc(U, A 0,•
X (Hom(F , E|U ))), t ∈ Γc(U, A 0,•

X (Hom(E|U , F)))
degree 0 cocycles and hrt ∈ g−1

E satisfying Dhrt = i!(r ∧ t) − idE . Such that the maps

Fn(ξ1, . . . , ξn) := (−1)(n−1)|ξ1|+(n−2)|ξ2|+···+|ξn−1| · t ∧ ξ1 ∧ hrt ∧ · · · ∧ hrt ∧ ξn ∧ r

determine an analytic A∞-quasi-isomorphism F ∈ HomAlg∞(gE|U ,c, gF,c).

Proof. Because the cohomologies of F and E|U are compactly supported on U , the morphism spaces
between E|U and F in the derived category can be computed as

HomD(U)(E|U , F) ∼= R0Γc(U, Hom(E|U , F)) ∼= H0(Γc(U, A 0,•
U (Hom(E|U , F))), D),

and similarly HomD(U)(F , E|U ) ∼= H0(Γc(U, A 0,•
U (Hom(E|U , F)), D). Hence, there exists degree 0

cocycles t ∈ Γc(U, A 0,•
U (Hom(E|U , F))) and r ∈ Γc(U, A 0,•

U (Hom(E|U , F))) which induces the isomor-
phism between F and E|U in the derived category. The composition r ∧ t induces the identity on E|U
in the derived category, which implies that

i!(r ∧ t) = idE + Dhrt,

for some hrt ∈ g−1
E . The A∞-morphism axioms for the map F can be checked in an analogous fashion

to the proof of Lemma 5.6, so it remains to show that the first component F1 = t ∧ − ∧ r induces an
isomorphism in cohomology. This follows by the existence of a quasi-inverse F −1

1 := r ∧ − ∧ t which
satisfies

[i!(F −1
1 (F (ξ)))] = [i!(r ∧ t) ∧ i!ξ ∧ i!(r ∧ t)] = [(idE + Dhrt) ∧ i!ξ ∧ (idE + Dhrt)] = [i!ξ] ∈ H0gE .

Because i! : gE|U ,c → gE is a quasi-isomorphism, it follows that F −1
1 ◦ F1 induces the identity on

H•gE|U ,c. Finally, to check that F is analytic it suffices to choose C > max{∥t∥l,2, ∥r∥l,2, ∥h∥l,2, ∥∧∥l,2},
so that

∥F∥l,2 ≤ ∥∧∥2n
l,2 · ∥r∥l,2 · ∥t∥l,2 · ∥hrt∥n−1

l,2 ≤ C3n+1 ≤ C4n,

as in the proof of Lemma 5.6. It follows that F is analytic when gF,c is an analytic A∞-algebra.

If F is an arbitrary perfect complex on U with compactly supported cohomology then F is quasi-
isomorphic to i∗E = E|U , where E → Ri!F is any resolution of the exceptional direct image. With
the above lemma, this then yields a sequence of quasi-isomorphisms

HE gE gE|U ,c gF,c,I K F

along which right Calabi–Yau structures can be pulled back. With these comparison maps, we are
now ready to prove the main theorems of the paper.



35 O. VAN GARDEREN

5.5. Cyclic minimal models from local volumes. We now combine the results of the previous subsec-
tions with the main theorem of the previous section to obtain new cyclic minimal models associated
to local holomorphic volume forms. It turns out that the cyclic minimal model one obtains does not
depend on the neighbourhood chosen, so we can take an agnostic approach: given a closed subset Z
we consider the space of germs along Z

(Ωn
X)Z := {ν ∈ Γ(V, Ωn

X) | V ⊃ Z open in X}/ ∼

where ν ∼ ν′ for two sections ν ∈ Γ(V, Ωn
X) and ν′ ∈ Γ(V ′, Ωn

X) if there exists V ′′ ⊂ V ∩ V ′ such that
Z ⊂ V ′′ and ν|V ′′ = ν′|V ′′ . We consider germs which locally act as a volume.

Definition 5.8. An element ν ∈ (Ωn
X)Z is a volume germ along Z if there is some open neighbourhood

V ⊃ Z such that ν|V is nonzero for all p ∈ V .

The main result of this section is the following theorem.

Theorem 5.9. Let X be a smooth projective variety of dimension n, and E a perfect complex on X
with cohomology supported on Z ⊂ X. Then any volume germ ν ∈ (Ωn

X)Z determines a canonical
analytic right Calabi–Yau structure ϕν, which is well-defined up to non-analytic homotopy, and this
determines a corresponding analytic cyclic minimal model

(HνE ,σν) = (Ext•
X(E , E),µν ,σν),

for gE , which is well-defined up to cyclic analytic A∞-isomorphism.

Proof. We fix a hermitian structure on X and E as before, so that gE is an analytic DG algebra which
admits a strong analytic minimal model by Theorem 5.1 with underlying space

HE ∼= H•gE ∼= Ext•
X(E , E).

We claim that every volume germ along Z has a representative ν ∈ Γ(U, Ωn
X) such that ν is L2-

integrable on U . To construct this, simply pick any representative ν0 ∈ Γ(V, Ωn
X), and note that the

pointwise squared-norm is a continuous function p 7→ |ν0(p)|2X on V . Because Z is compact, this
function is bounded on Z, so picking any ϵ > 0 we obtain an open neighbourhood

U =
{

p ∈ Y

∣∣∣∣ |ν0
p|2X < ϵ + max

q∈Z
|ν0

X(q)|2
}

,

on which |ν0
p|2 is bounded, hence square-integrable. Setting ν = ν0|U then yields the required

representative.

Fixing such a choice of ν ∈ Γ(U, Ωn
X), it follows from Lemma 5.3 and Lemma 5.4 that τν ∈

homℓe(ℓ, g′
E|U ,c) is an analytic right CY structure on gE|U ,c. Writing i : U → X for the embed-

ding of U , it follows by Lemma 5.5 that there is a unit/homotopy pair (u, h) ∈ g0
E|U ,c × g−1

E , which
induces an analytic quasi-isomorphism K ∈ Homan

Alg∞(gE , gE|U ,c) by Lemma 5.6. Because gE ad-
mits a strong minimal model, it follows from Lemma 2.18 that there exists a quasi-automorphism
T ∈ Homan

Alg∞(gE , gE) such that K ⋄ T is right quasi-inverse to i! as in (14). We define

ϕν := (K ⋄ T )∗τν ∈ Can,•(gE),

and note that it is again an analytic right CY structure on gE . Because the minimal model HE is
unital, it follows from Theorem 4.23(1) that ϕν determines an analytic cyclic minimal model

(HνE ,σν) := (Hϕ
ν

E ,σϕ
ν

),

so that ϕν pulls back to a class in C•,an
λ (HνE ) which is homotopic to the image of σν along the map

in Corollary 4.21. It now remains to show that the right CY structure and the cyclic minimal model
are independent of the choice of neighbourhood U or the unit/homotopy pair (u, h).

Suppose V ⊂ U is another open subset with inclusion j : V ↪→ U , and let (uV , hV ) be a choice
of unit/homotopy pair such that (i ◦ j)!uV = idE + DhV , and let KV ∈ Homan

Alg∞(gE , gE|V ,c) and
TV ∈ Homan

Alg∞(gE , gE) be the induced quasi-isomorphisms such that KV ⋄ TV is a right quasi-inverse
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for (i ◦ j)!. Then ν|V ∼ ν is another representative of the germ and induces the analytic right CY
structure (KV ⋄ TV )∗τν|V

as before. We claim that this induces the same class in the non-analytic
cohomology HC−d

λ (gE). To see this, firstly note that by the identity

(j!)∗τν(ξ) =
∫

U

ν ∧ tr(j!ξ) =
∫

V

ν|V ∧ tr(ξ) = τν|V
(ξ),

the strict morphism j! identifies the cocycles τν and τν|V
, and hence yields the equality

(KV ⋄ TV )∗τν|V
= (KV ⋄ TV )∗(j!)∗τν = (j! ⋄ KV ⋄ TV )∗τν ∈ C•,an

λ (gE).

Because K ⋄ T is a right quasi-inverse to i! in Alg∞,an it is in particular a right quasi-inverse in
the nonanalytic category Alg∞. But then K ⋄ T is also a left quasi-inverse in Alg∞, because any
quasi-inverse in Alg∞ is two-sided. Hence there is a non-analytic homotopy K ⋄ T ⋄ i! ∼ idgE|U ,c

, and
hence an equality

[(j! ⋄ KV ⋄ TV )∗τν] = [(j! ⋄ KV ⋄ TV )∗(K ⋄ T ⋄ i!)∗τν]
= [((i! ◦ j!) ⋄ (KV ⋄ TV ))∗(K ⋄ T )∗τν]
= [(K ⋄ T )∗τν] = ϕν.

in the non-analytic Hochschild cohomology HC•
λ(gE). Hence, (KV ⋄ TV )∗τν|V

differs by ϕν by a non-
analytic homotopy as claimed. In particular, it follows by Theorem 4.23(2) that the cyclic minimal
model induced by (KV ⋄ TV )∗τν|V

is cyclic analytic A∞-isomorphic to HνE .

In the 3-Calabi–Yau case, a potential can be constructed using Corollary 4.24.

Corollary 5.10. Suppose X is a threefold, then any volume germ ν induces an analytic potential

Wν ∈ T̃ℓExt1(E , E)∨,

which is well-defined up to an analytic change of coordinates T̃ℓExt1(E , E)∨ ∼−→ T̃ℓExt1(E , E)∨.

Remark 5.11. If X is itself Calabi–Yau then the global volume form ν ∈ Γ(X, Ωn
X) is L2-integrable

and (u, h) = (idE , 0) is a valid unit/homotopy inducing the identity maps K = T = id on gE,c = gE .
The trace (K ⋄ T )∗τν = τν induces the Serre pairing, and (Hν,σν) is simply the cyclic analytic
minimal model of [Pol01; Tu14; Tod18] as given in Theorem 5.2.

The cyclic minimal models obtained from the above theorem express the local geometry on an open
subset, but are always defined with respect to a global choice of projective space. We claim however,
that the cyclic minimal model really only depends on the local geometry. To substantiate this claim,
we will consider diagrams of the form

X Y X ′i f (15)

where Y is an open analytic subvariety in a smooth projective varieties X, and f is an open embedding
into a second smooth projective variety X ′. We claim that any cyclic minimal models for a perfect
complexes with support on Y can be computed equivalently on X ′ or X.

Theorem 5.12. In the situation of Equation (15), let E ′ ∈ Dperf(X ′) have support f(Z) ⊂ f(Y ) for
some compact Z ⊂ Y , let ν ∈ (Ωn

X′)Z be a volume form germ, and let E ∈ Dperf(X) be such that
E|Y ≃ f∗E ′. Then there exists an analytic quasi-isomorphism

gE ≃an gE′

along which the analytic right CY structure ϕν pulls back to a an analytic right CY structure which
is (non-analytically) homotopic to ϕf∗ϕ. In particular, there is an analytic cyclic A∞-isomorphism

(Hf∗ν
E ,σf∗ν) ∼=an,cyc (HνE′ ,σν),

between the cyclic analytic minimal models.
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Proof. Given a germ in (Ωn
X′)f(Z) we can find a representative ν ∈ Γ(f(U), Ωn

X′) defined on an the
image of some open neighbourhood U ⊃ Z. As before, this neighbourhood can be chosen so that
ν and f∗ν are L2-integrable forms on f(U) and U respectively, yielding τν ∈ C•,an

λ (gE|f(U),c) and
τf∗ν ∈ C•,an

λ (gE|U ,c). Now for any choice of complexes E and E ′ as above, we can consider the chain
of quasi-isomorphisms

gE gE|U ,c gf∗E′|U ,c gE′|f(U),c,K F (f∗)−1

(16)

where F : gE|U ,c → gf∗E′|U ,c is the map in Lemma 5.7 associated to a triple (r, t, hrt) of mutually
inverse quasi-isomorphisms t : E|U → f∗E ′|U and t : E|U → f∗E ′|U with homotopy hrt for the compo-
sition rt, and (f∗)−1 denotes the DG algebra morphism given by the inverse of the pullback map

f∗ : Γ(f(U), A 0,•
X (End(E ′))) → Γ(U, A 0,•

Y (End(f∗E ′))),

which is a DG algebra isomorphism because f is a diffeomorphism onto its image. Choosing hermitian
metrics on E and E ′, there is an induced hermitian metric on f∗E ′, and the maps K and F are analytic.
The strict map f∗ is again bounded provided that U is chosen sufficiently small, as the ratio between
the metric on U and the metric pulled back from f(U) is again bounded on a neighbourhood of the
compact subset Z. Now we observe that along the quasi-isomorphism (f∗)−1 ⋄ F the functional τf∗ν

pulls back to an analytic negative cyclic cocycle of the form

(((f∗)−1 ⋄ F )∗τν)n(ξ1, . . . , ξn) =
∫

f(U)
ν ∧ tr((f∗)−1(t ∧ ξ1 ∧ hrt ∧ · · · ∧ hrt ∧ ξn ∧ r))

=
∫

U

f∗ν ∧ tr(t ∧ ξ1 ∧ hrt ∧ · · · ∧ hrt ∧ ξn ∧ r)

=
∫

U

ν ∧ tr(r ∧ t ∧ ξ1 ∧ hrt ∧ · · · ∧ hrt ∧ ξn)

= ((K ⋄ i!)∗τf∗ν)n(ξ1, . . . , ξn),

where K is the quasi-isomorphism associated to the unit/homotopy pair (u, h) = (r ∧ t, hrt) con-
structed in Lemma 5.6. Taking again the quasi-isomorphism T ∈ Homan

Alg∞(gE , gE) such that K ⋄ T
is right quasi-inverse to i! as before, then we find the relation:

((f∗)−1 ⋄ F ⋄ K ⋄ T 2)∗τν = (K ⋄ T 2)∗((f∗)−1 ⋄ F )∗τν

= (K ⋄ T 2)∗(K ⋄ i!)∗τf∗ν

= (K ⋄ (i! ⋄ K ⋄ T ) ⋄ T )∗τf∗ν

∼an (K ⋄ T )∗τf∗ν,

where ∼an denotes the homotopy induced by the analytic homotopy i! ⋄ K ⋄ T ∼an id. The cocycle
(K ⋄ T )∗τf∗ν is (up to nonanalytic homotopy) equal to the right CY structure ϕf∗ν in Theorem 5.9.
Now let j : f(U) ↪→ X ′ denote the inclusion of f(U), and let K ′, T ′ be the analytic quasi-isomorphisms
defining the analytic right CY structure ϕν. Then

j! ⋄ (f∗)−1 ⋄ F ⋄ K ⋄ T 2 ∈ Homan
Alg∞,an(gE , gE′)

is an analytic quasi-isomorphism for which the pullback of the cocycle ϕν satisfies

[(j! ⋄ (f∗)−1 ⋄ F ⋄ K ⋄ T 2)ϕν] = [(K ′ ⋄ T ′ ⋄ j! ⋄ (f∗)−1 ⋄ F ⋄ K ⋄ T 2)∗τν]
= [((f∗)−1 ⋄ F ⋄ K ⋄ T 2)∗τν]
= [ϕf∗ν] ∈ HC•

λ(gE),

where we used the fact that K ′ ⋄ T ′ is also left quasi-inverse to j! in Alg∞. It now follows by
Theorem 4.23(3) that there is a cyclic analytic A∞-isomorphism between the cyclic analytic minimal
models, which finishes the proof.

In the threefold case, the second part of Corollary 4.24 now directly implies the following.
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Corollary 5.13. Suppose X and X ′ are threefolds with complexes E and E ′ as above. Then for any
volume germ ν ∈ (Ω3

X′)Z there is an algebra isomorphism

g : T̃ℓExt1(E ′, E ′)∨ ∼−−→ T̃ℓExt1(E , E)∨.

which relates the two potentials via g(Wν) = W f∗ν

5.6. The example of a point. We will give an explicit computation of the cyclic minimal model
associated to the point sheaf of the origin in An, which is a quasi-projective Calabi–Yau with standard
volume form ω = dz1 ∧ · · · ∧ dzn in standard coordinates.

Let Pn ⊂ An be the projective compactification with coordinates z0, z1, . . . , zn and write o ∈ An ⊂ Pn

for the origin. Writing V = (ToAn)∗ ∼= Cn, the point sheaf Oo is resolved by the Koszul complex

E := ∧n(V ⊗C OPn(−1)) δ−−→ · · · δ−−→ ∧2(V ⊗C OPn(−1)) δ−−→ V ⊗C OPn(−1) δ−−→ OPn ,

where the differential acts v ⊗ f 7→
∑n

i=1 v(∂zi)zi · f on E−1 = V ⊗C OPn(−1) and acts on the other
terms by extension over the wedge product. We endow E with a hermitian structure from the Fubini-
Study metric on Pn, yielding a Dolbeault DG algebra gE as a model for Ext•(Oo, Oo). It is known
(see e.g. [RS21, Lemma 3.6] for the threefold case) that the algebra of polyvectors

h :=
(

n⊕
i=0

(ToAn)∧i, ∧

)
,

at o forms an A∞-minimal model for gE . Here we include a proof for the analytic setting.

Lemma 5.14. There is an analytic DG algebra quasi-isomorphism I : h ∼−→ gE , which makes h into
an analytic minimal model for gE .

Proof. It suffices to define I(ξ) for ξ ∈ ToAn and check that I(ξ) ∧ I(ξ) = 0 and DI(ξ) = 0 hold.
For a vector ξ ∈ ToAn the element I(ξ) is defined as the holomorphic endomorphism acting by
v ⊗f 7→ v(ξ) ·f ∈ E0 on E−1 and extended to maps E−k 7→ E1−k over the wedge product. A standard
computation shows that I(ξ) ∧ I(ξ) = I(ξ) ◦ I(ξ) acts by

(I(ξ) ◦ I(ξ))(v1 ⊗ f1 ∧ · · · ∧ vk ⊗ fk) =
n∑

i=1
(−1)ivi(ξ)fi · I(ξ)(v1 ⊗ f1 ∧ · · · v̂i ⊗ fi · · · ∧ vk ⊗ fk

=
∑
i<j

((−1)i+jvi(ξ)vj(ξ)fifj + (−1)i+j−1vi(ξ)vj(ξ)fifj)·

(v1 ⊗ f1 ∧ · · · · · · v̂i ⊗ fi · · · v̂j ⊗ fj · · · ∧ vk ⊗ fk

= 0,

where the hats indicate omission. It follows that I is an algebra morphism, and a similar argument
shows that D(I(ξ)) = 0, making I into an analytic DG algebra morphism. It is moreover a quasi-
isomorphism because the dimension of h is dimC Exti(Oo, Oo) = dimC(ToAn)∧i. By Corollary 2.16 it
follows that h is equivalent to the analytic minimal model HE of gE .

It follows easily from [VdB15, Lemma 11.2] that h admits a cyclic structure: for every choice of trace
λ : hn → C the composition

σ := λ ⋄ (− ∧ −),

is a cyclic structure. Viewing λ as a cocycle in C•,an
λ (h), one checks that it corresponds to σ along

the map in Corollary 4.21. The following lemma relates λ to an analytic right CY structure on gE|U ,c

induced by the volume ω.

Lemma 5.15. There exists an open U ⊂ An and unit/homotopy pair (u, h) for gE|U ,c ⊂ gE with
associated quasi-isomorphism K, such that (K ⋄ I)∗τω|U

is homotopic to a trace λ as above.
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Proof. Let q : R → R be any smooth real function such that q(t) = 1 for |t| ≥ 1 and let p : R → R be
the smooth compactly supported function

p(t) =
{

1 − q(t)t for |t| ≤ 1
0 for |t| ≥ 1

Writing ∂∗
zi

∈ (ToAn)∗ = V for the dual of the standard basis vector ∂zi , we consider for each
i = 1, . . . , n the smooth sections ui ∈ g0

E|An
and hi ∈ g−1

E|An
defined by

ui(z) = p(|zi|2) + p′(|zi|2)(∂∗
zi

∧ −) · dzi, hi(z) = q(|zi|2)zi(∂∗
zi

∧ −),

which clearly satisfy ui = idE|An + Dhi. The element u = u1 ∧ · · · ∧ un has the closed polydisc
{z | |zi| ≤ 1 ∀i} as its support and can therefore be interpreted as an element of gE|U ,c for a bounded
open neighbourhood U of said polydisc. The element u satisfies u = idE|An + Dh̃ with respect to

h̃ =
n∑

k=1
hk +

∑
i<j

hi ∧ Dhj + . . . +
∑

j1<···<jn−1

hj1 ∧ Dhj2 ∧ · · · ∧ Dhjn + h1 ∧ Dh2 ∧ · · · ∧ Dhn,

so a valid unit/homotopy pair can be constructed by extending h̃ to all of Pn. For this, consider a
smooth function t with compact support on An such that t|U = 1. Then t · h̃ has compact support,
and hence extends to a form i!(t · h̃) on Pn which satisfies

D(i!(t · h̃)) = t(i!u − idE) + ∂t · h̃ = i!u − idE + ((1 − t)idE + i!(∂t · h̃)).

Now the element (1−t)idE +i!(∂t·h̃) ∈ g0
E has support in Pn\U , and is therefore given by Dβ for some

β ∈ g−1
E with compact support in Pn \ U . Taking h = i!(t · h̃) −β then yields the required extension,

making (u, h) into a homotopy pair with h|U = h̃. This yields a quasi-isomorphism K : gE → gE|U ,c,
and I∗K∗τω|U

is now an analytic negative cyclic cocycle for h. A computation in polar coordinates
shows that the zeroth component maps the top polyvector ξ = ∂z1 ∧ · · · ∧ ∂zn

∈ hn to the nonzero
value

(I∗K∗τω|U
)0(ξ) =

∫
U

p′(|z1|2) · · · p′(|zn|2) · ω|U ∧ dz1 ∧ · · · ∧ dzn.

= (−1)n

∫ 2π

0

∫ 1

0
p′(r2

1)r1dr1dθ1 · · ·
∫ 2π

0

∫ 1

0
p′(rn)2rndrndθn

= (−1)n(πp(1) − π · p(0))n = πn.

A similar computation shows that the higher components of I∗K∗τω|U
vanish: by inspection

(I∗K∗τω|U
)k(ξ1, . . . , ξk)(ξ0) =

∫
An

ω|U ∧ tr(u ∧ I(ξ0) ∧ h ∧ · · · ∧ h ∧ I(ξk))

=
∑

α∈Nn

|α|=k

∫
An

Fξ,α(|z1|2, . . . , |zn|2)zα1
1 · · · zαn

n ω|U ∧ dz1 ∧ · · · ∧ dzn

=
∑

α∈Nn

|α|=k

(−1)n

∫
[0,1]n

Fξ,α(r2
1, . . . , r2

n)rα+1dr ·
n∏

j=1

∫ 2π

0
e−αjθj ·idθj .

for some smooth functions Fξ,α : Rn → R supported on [−1, 1]n, which depend on ξ and a multi-
index α with |α| = α1 + . . . + αn = k. For k ≥ 1 there is at least one αj ̸= 0, contributing a factor∫ 2π

0 e−αjθj ·idθj = 0 which makes the term in the sum vanish. It follows that (I∗K∗τω|U
)k = 0 for

k ≥ 1, and therefore λ = I∗K∗τω|U
= (I∗K∗τω|U

)0 is a linear functional.

Corollary 5.16. The pair (h,σ) is equivalent to the cyclic analytic minimal model (Hω
E ,σω).

Proof. Letting U and K be as in Lemma 5.15 above, the map K ⋄ I makes the (h,σ) into the
cyclic analytic minimal model of gE|U ,c corresponding to the analytic right CY structure τω|U

as in
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Theorem 4.23. Letting T ∈ Homan
Alg∞(gE , gE) it follows that K ⋄ T ∈ Homan

Alg∞(gE , gE,c) is a quasi-
isomorphism such that

[(K ⋄ T )∗τω|U
] = [ϕω] ∈ HC•

λ(gE),

is the canonical analytic right CY structure of Theorem 5.9. But then it follows from Theorem 4.23(3)
that there is a cyclic analytic A∞-isomorphism (h,σ) ∼=cyc,an (Hω

E ,σω).

Because any point of a smooth variety has an analytic neighbourhood biholomorphic to an open
analytic subset of An ⊂ Pn, we now find a similar result for the cyclic analytic minimal models of
arbitrary points.

Proposition 5.17. Let p ∈ X ′ be a closed point in a smooth projective variety X ′ of dimension n,
and let E ′ → Op be any resolution by a perfect complex. Then for every holomorphic volume germ
ν ∈ (Ωd

X)Z the cyclic analytic minimal model HνE′ is cyclic-analytic A∞-isomorphic to (h,σ).

Proof. Let Y ⊂ An ⊂ Pn be a sufficiently small neighbourhood of o ∈ An so that there is an open
embedding f : Y → X ′ with f(o) = p. Then along this map f∗Op

∼= Oo and the volume ν pulls back
to a form

f∗ν = g(z1, . . . , zn)dz1 ∧ · · · ∧ dzn,

for some nonvanishing holomorphic function g on Y . Let G(z1, . . . , zn) be a holomorphic function
such that ∂G

∂z1
= g and G(0, . . . , 0) = 0. Then the map φ : Y → An given by

φ(z1, . . . , zn) = (G(z1, . . . , zn), z2, . . . , zn)

has a Jacobian J(φ) = det ∂Gi

∂zj
= g which does not vanish on Y . Shrinking Y if necessary, we obtain

an open embedding φ : Y → An such that φ∗Oo
∼= Oo and

φ∗ω = dg(z1, . . . , zn) ∧ · · · ∧ dzn = f(z1, . . . , zn)dz1 ∧ · · · ∧ dzn = f∗ν.

Applying Theorem 5.12 twice then yields cyclic-analytic A∞-isomorphisms

(h,σ) = Hω
E

∼=an,cyc Hf∗ν
E

∼=an,cyc HνE′
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