STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS ASSOCIATED WITH
FELLER PROCESSES

JIAN SONG, MENG WANG, AND WANGJUN YUAN

ABSTRACT. For the stochastic partial differential equation 2% = Lu + uW where W is Gaussian

at
noise colored in time and L is the infinitesimal generator of a Feller process X, we obtain Feynman-
Kac type of representations for the Stratonovich and Skorohod solutions as well as for their moments.
The regularity of the law and the Holder continuity of the solutions are also studied.
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1. INTRODUCTION

Consider the following SPDE in R¢,

{Qu(t,az) = Lu(t,z) + u(t,x)W(t,z), t>0,z€R’ (1.1)

u(0,z) = up(x), r € RY,
where ug(x) is a bounded measurable function, W(t, x) is Gaussian noise with covariance given by
E[W (t,2)W (s,9)] = |t — 5| Py(z —y), (12)

with 8y € [0,1) and ~y(z) being a non-negative and non-negative definite (generalized) function,

and L is the infinitesimal generator of a time-homogeneous Markov process X = {X,t > 0} which

is independent of the noise W. Let u(d§) = 4(€)d¢ be the spectral measure of the noise, i.e.,
1
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Jra p(@)y(x)dr = [ga (E)p(d€) for any Schwartz function ¢(z). Recall that p is a positive and
tempered measure, i.e., [pa(1+ [£]*)7Pu(d€) < oo for some p > 0.

A typical example of W is given by the partial derivative of fractional Brownian sheet WH with
Hurst parameter Hy in time and (Hy, - - - , Hy) in space satisfying H = (Hg, Hy,...,Hy) € (%, 1)i+d:
the Gaussian noise WH (t, z) = %(t,@ is a distribution-valued Gaussian random variable
with the covariance function (up to a multiplicative constant)

d
E[WH (t,2)WH (s,9)] = |t — sPO72 ] ] fars — i3, (1.3)
i=1

In this case, y(x) = fl[ |2;|2Hi=2 with 4(€) = [T%, |&|'~2"i. Another typical example of y(z) is
the Dirac delta functlif)il d(z) whose Fourier transform is the constant 1. Some other interesting
examples of the spatial covariance function are, for instance, the Riesz kernel v(x) = |z|~*, a € (0,d)
with 4(€) = |¢]*~%, the Cauchy kernel y(z) = T[L,(1 + 22)~! with 5(£) = exp (Zle |£Z-|), the
Poisson kernel v(z) = (14 |z|2)~(@*+D/2 with 4(¢) = exp (—|¢]), and the Ornstein-Uhlenbeck kernel
v(z) = exp (—|z|¥),a € (0,2].

Let p(x) (y) = P(Xy = y|Xs = ) be the probability transition density of the time-homogeneous

t—s
Markov process X. We assume the following condition on X throughout the paper:

Assumption (H). We assume pgx) (y) < CP(y—x) for some non-negative function Py(z) satisfying

0 < Pi(€) < crexp (—eat¥(€)) (1.4)
where c1,c2,C are positive constants and V(&) = Y(|€|) is a non-negative measurable function

satisfying lim¢| o0 W(§) = 00.

Clearly, symmetric Lévy processes X such as Brownian motion and a-stable process satisfy
Assumption (H) with ¥ () being the characteristic exponent of X. Moreover, the diffusion process
X* governed by the stochastic differential equation

t t
X7 = x—l—/ b(X;"’)der/ o(X)dB,, s> 0, (1.5)
0 0
where {B;,t > 0} a d-dimensional Brownian motion, also satisfies Assumption (H), if we assume
the uniform ellipticity condition: there exists a constant ¢ > 0 such that for all =,y € RY,
yo()o* @)y > clyl (1.6)

Indeed, by By Theorem 1.5 of Baudoin, Nualart, Ouyang and Tindel (AOP 2016), under the
condition (1.6), we have for all y € R?,

x — - 2
() < ert™ ¥ exp (—L | ) : (1.7)
Cgt

and hence Assumption (H) is satisfied. In this situation, the differential operator £ is of the
following form:

1 & 9 b9
Lu = 3 i]zzjl(aa )i 7@%8:@“ + ; b,a—xlu

The equation (1.1) can be understood in the Stratonovich sense and in the Skorohod sense,
depending on the definition of the product ulWW. We say that it is a Stratovich equation if the
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product is ordinary and a Skorohod equation if the product is a Wick product. Note that if the
noise is white in time, Skorohod solution reduces to Itd solution.

To obtain the existence of the solutions, we propose the following Dalang’s conditions (see [6]):

1-Bo
and
/IRd e +{Il(§)u(d§) < 0 (1.9)

for Stratonovich equation and Skorohod equation, respectively. Clearly, (1.8) implies (1.9), noting
that 5y € [0,1) and ¥ (§) — oo as || — oo.

Denote by X;* the Feller process X which starts at « at time ¢ = 0. We shall prove that under
the stronger condition (1.8), the Stratonovich solution u** and the Skorohod solution u** can be
represented by the following Feynman-Kac type of formulas respectively,

wt0) =B [uo(Xexp ([ [ 80X, — )W ds,a) )| (1.10)

and

w¥tn) = Bx [wo(Xyexp ([ [ 00, —pWdsdy) 5 [ [ 1= sl - X2)aras )|
(1.11)

where 9(+) is the Dirac delta function, [Ex is the expectation in the probability space generated by
X (similarly, we will use Eyy to denote the expectation with respect to the noise W).

Note that there exists a unique Skorohod solution under the weaker condition (1.9) while the
Feynman-Kac formula (1.11) may not hold as the It6-Stratonovich correction term 3 I el —
s|7Poy(XZ — X?®)drds is infinite if the condition (1.8) is violated. As a contrast, the moments
of the Stratonovich solution and the Skorohod solution can be represented by Feynman-Kac type
formulas under (1.8) and under (1.9), respectively. With the help of Feynman-Kac formula, we also
study the properties of the solutions such as the regularity of the probability law and the Holder
continuity.

To close the introduction, we provide a short survey and comments on the related works which
by no means is complete.

For the heat equation on R driven by space-time white noise, it has a unique It6 solution which
cannot be presented by a formula in the form of (1.11) since the It6-Stratonovich correction term
is infinite (see [26]). For heat equations driven by Gaussian noise induced by fractional Brownian
sheet, the existence of Feynman-Kac formulae was conjectured in [18] and was later on established
in [14]. The result in [14] was extended to general Gaussian noise in [10] and to the equation
%—7; = Lu + uW where L is the infinitesimal generator of a symmetric Lévy process. One key
ingredient in the validation of Feynman-Kac formulae is to establish the exponential integrability
of the Hamiltonian [ [¢ [r — s|~%y(X? — X?)drds which guarantees the well-definedness of the
Feynman-Kac representations (1.10) and (1.11). In [14, 10] where X is Brownian motion, the
exponential integrability was proved by using the technique developed in [16] which employs some
unique properties of Brownian motion. For a general Feller process X, Le Gall’s technique is not
convenient. Our method is inspired by [24] and [23] which only involves the Markov property of
X and some Fourier analysis techniques (see Section 3.1). Another key ingredient of validating
Feynman—Kac formula (1.10) is to justify that it does solve (1.1) in some sense, and we shall follow
the approach in [14, 10, 24] in which Malliavin calculus was used and prove that (1.10) is a mild
Stratonovich solution to (1.1) (see Section 3.2).
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With the help of Feynman-Kac formulae, it is more convenient to study the properties of the
solutions such as the regularity of the distribution law which will be studied in Sections 3.3 and
4.2. For one-dimensional heat equation with space-time white noise, by using Malliavin calculus,
the absolute continuity of the law of the solution was obtained in [22], and the smoothness of the
probability density was proved in [2, 19] under proper conditions. For SPDEs of the form Lu =
b(u) 4o (u)W, the absolute continuity of the law was deduced in [25] when L is a psudodiffererential
operator and W is space-time white noise, and the smoothness was obtained in [21] when L is a
parabolic/hyperbolic operator and W is Gaussian noise white in time and homogeneous in space.
The smoothness of the density for stochastic heat equations was obtained by using Malliavin calculus
together with Feynman-Kac formula in [14, 15].

Another application of Feynman-Kac formula is to study the Holder continuity for the Stratonovich
solution (see Section 3.4); the Holder continuity of the Skorohod solution is analysed by its Wiener
chaos expansion (see Section 4.3), as in general it does not have the Feynman-Kac representation
(1.11) under the condition (1.9). The Holder continuity of the solutions to (fractional) heat equa-
tions has been studied in, for instance, [14, 10, 24, 1, 11]. We also refer to a survey [9] and the
references therein.

This paper is organized as follows. In Section 2, some preliminaries on the Wiener space as-
sociated with the noise W, in particular some fundamental ingredients in Malliavin calculus, are
collected. In Section 3 and Section 4, the Stratonovich solution and the Skorohod solution are
studied, respectively. In Appendix A, the Feynman-Kac formula for PDE Oyu = Lu + f(t,x)u
where L is the infinitesimal generator of a Feller process is provided.

2. PRELIMINARIES

In this section, we provide some preliminaries on the Wiener space associated with the Gaussian
noise W of which the covariance is given by (1.2). In particular, some basic elements in Malliavin
calculus is recalled. We refer to [20, 8] for more details.

Let D(R, x R?%) be the space of smooth functions on Ry x R? with compact support. Let H be
the completion of D(Ry x R?) with respect to the inner product given below,

(fr9)y = /IR2 oo 0905 D)t = 8170y (@ — y)dadydsdt
* (2.12)

= [, | 0300l - sl e dsat
R4 R4

Here f means the Fourier transform in the space variable. In particular, for f € Ll(le), its Fourier
transform can be defined by the integral f(£) = Jga @ f(x)dx, where ¢ is the imaginary unit.

Let W = {W(f),f € H} be a centered Gaussian family (also called an isonormal Gaussian
process) with covariance

We call W(f) a Wiener integral which is also denoted by W(f) := [g, [ra f(s,2)W (ds,dz). De-
noting W (t,x) :== W(ljx[), then {W(t,x),t > 0,2 € R?} is a random field and we have

Wt x) = %W(t,az) in the sense of distribution. It is of interest to consider the following

case as a toy model: when By = 2 — 2Hy and y(z —y) = [1%, |z; — ys|*"~2 with H; € (0,1) for
i=0,1,...,d, the random field {W(¢,z),t > 0,2 € R?} is the so-called fractional Brownian sheet
(up to some multiplicative constant) with Hurst parameters Hy in time and (Hq, ..., Hy) in space.
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Denote the mth Hermite polynomial by Hy,(z) := (—1)™e*"/2 e —*/2 for m € N U{0}. For
g € H with ||g|lz = 1, the mth multiple Wiener integral of g®™ € H®m is defined by I,,(¢%™) :=
H,,(W(g)). In particular, we have W(g) = I;(g). For f € H®™, denote the symmetrization of f
by

f(t17$17"'atm7xm = Z f o(1)y La(1)s 'atcr(m)7xo(m))7
m! 0ESm
where S,, is the set of all permutations of {1,2,...,m}. Let HE™ be the symmetrization of H®™.

Then for f € H®m, one can define the mth multiple Wiener integral I,(f) by a limiting argument.
Moreover, for f € H®™ and g € H®", we have

B[l (£)In(9)] = m!(f, g)pem bmn, (2.13)

where 0, is the Kronecker delta function. For f € H®™ which is not necessarily symmetric, we
simply define I,,(f) := I,(f). For a square integrable random variable F' which is measurable with
respect to the o-algebra generated by W, it has the following expansion (Wiener chaos expansion):

F =E[F] + 32, I,(f,) with f,, € H®" for n € N which is unique.

Now, let us collect some knowledge on Malliavin calculus that will be used in this paper. Let F
be a smooth cylindrical random variable, i.e., F' is of the form F = f(W(¢1), -+ ,W(¢y)), where
¢; € H and f is a smooth function of which all the derivatives are of polynomial growth. Then the
Malliavin derivative DF of F' is defined by

Z ax] < W (00))6;-

Noting that the operator D is closable from L?(€) into L?(;H), we can define the Sobolev space
D2 as the closure of the space S of all smooth cylindrical random variables under the norm

[Fll2 = (IE[Fz] + IE[HDFHQH])W

Similarly, one can define the kth Malliavin derivative D¥F as an H®*-valued variable for k > 2,
and for any p > 1 let D*P be the completion of S under the norm

i 1/p
1Ekp = (IE[IFIP] + ZIEHIDJFIIZ@]) :
j=1

Then we define D = ﬁZf’pzlle’p .
The divergence operator d (also called Skorohod integral) is defined by the duality
E[6(u)F] = E[(DF,u)y,]

for F € DY? and v € Dom 8, where Dom 4§ is the domain of the divergence operator which is the
set of u € L*(, H) such that [E[(DF,u])y, | < ¢,||F||2 for all F € D"“?. The second moment of
d(u) has the following upper bound:

E[|6 ()] < E[[|ullf,] + E[l| Dul|Fs2]- (2.14)
The following formula will be used in the proof
FW(¢) = 8(F¢) + (DF,¢)y , (2.15)
for ¢ € H and F € D2,
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3. STRATONOVICH SOLUTION

In this section, we will derive the Feynman-Kac formula (1.10) for the Stratonovich equation
(1.1).

3.1. Exponential integrability of Hamiltonian. In this subsection, we shall define the Hamil-
tonian

t
[ o, — pwids,dy)
0 JRR4

appearing in Feynman-Kac formulas (1.10) via approximation, and then prove that it is exponen-
tially integrable. We shall follow the approach used in [14, 24].

We use @;(t) and g-(x) to approximate the Dirac delta functions in space and in time, respectively,
where ¢s(t) = %I[O,g] (t) for t > 0 and ¢.(z) = (2me)~ e for z € R% Thus,
t
Ay = [ st = s = r)a.(XF —y)ds, (3.16)

is an approximation of 6(X} , —y) when € and § are small.

In the theorem below, we will show that A6 % € 4 almost surely for €, > 0, indicating that

Ve = / / A58 ()W (dr, dy) = W(ADD) (3.17)

is a well-defined Wiener integral (conditional on X), and we shall show the L2-convergence of thf
as (g,0) — 0 which defines the Hamiltonian.

Theorem 3.1. Assume Assumption (H) and condition (1.8). Then, A;’i belongs to H almost surely
for all £,0 > 0. Furthermore, Vti’f converges in L? as (¢,8) — 0, the limit Vi,z being denoted by

Vi = / [ XE )W dr dy) = WOXE ~ ) (3.18)

Conditional on X, V; . is a Gaussian random variable with mean 0 and variance

t ot
VarlVi ] = /0 /0 r — s| 7Py (XE — X%)drds. (3.19)

Proof. The proof essentially follows from that of [24, Theorem 4.1]. Firstly, in order to show
A€5 € H for €,6 > 0, we compute

A0 A0 / / s(t— s —u)qe (X% — y)|u — v| 750
(432 47 s Juae )a=(X5 —y)|u— o[ 520
X 7y

(y — 2)ps (t —r —v)qer (X} — 2)dydzdudvdsdr.

By Lemma 3.1, we have, for €,d,¢’,8’ > 0,
(afar?y, < [ ] X = yaa(XF = 2)ls = o170y - Ddydedsdr,  (321)
(0,42 JR
and then the Parseval-Plancherel identity implies that

s — r|~Podsdr /R G:(6)4er (E)pde).

t,x»

<A56 Ae 6> <C o
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The product of the integrals on the right-hand side is finite due to the condition Sy < 1 and the
fact

[ E©0Onde) < [ aene) < o0

where the second step follows from the fact that u(df ) is a tempered distribution while g.(£) decays
exponentially fast as |§] — oo. Thus, we have A}’ 6 H a.s.

Now we show that {At7’x}575>0 is a Cauchy sequence in L?(Q;H) as (¢,6) — 0. Taking expectation
for (3.20), we have

g0 € 5 o e ot — _1=Bo
E <Atx,A = /[0715}4 /]de o5t — s —u)py (t —r —v)|u —v|
X 4:(4)aur ()l (XE — X2 — (y — 2)ldydzdudvdsd.

Without loss of generality, we assume r < s. Then, by the Markov property of X and Assumption
(H), we have

Ey(X? - XF — (y — 2))] = E[E[y(X? - X7 — (y — 2))|X7]]
—IE/ (u— X7 — (y — 2))p) (w)du
< CE [ 9(u=XF = (y = 2) Py u— X7)du

<C [ em TV p(ag),
Rd

and thus
[ @I IER(XE = X7 = (y = 2ldydz < C [ e Opag),

Combining this fact with Lemma 3.1, by dominated convergence theorem we can get, as ¢, 4,¢’, 0’
go to zero,

66 £ (5 . _BO T x
E (470, A7, >H —E o s — r[7P0y(XT — X7)dsdr,

the right-hand side of which is finite due to [24, Proposition 3.2]. This implies that {Vfé =
W(A;’g)}a,bo is a Cauchy sequence in L?(2) as (g,0) — 0
Finally, the formula (3.19) holds true because

€,0 55 bt
Ay AL = / / r — 5| 7P~y (XT — XT)drds
0 Jo

lim (A;,

£,0—0 <
by Scheffé’s Lemma, where the limit is taken in L!(€). ]

Theorem 3.2. Assume Assumption (H) and condition (1.8). Then, for any B € R, we have

EyEx {exp< // (X7 — y)W (dr, dy)>}<oo.

Proof. Recalling (3.18), we have
EwEx [exp (Vi) = Ex [exp (B—2Var[‘/} x])}

=[Ex [exp( // Ir — 5| Poy(XZ — Xm)drdsﬂ.

Then the desired result follows from Theorem 3.3. O
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Theorem 3.3. Assume Assumption (H) and condition (1.8). Then, we have for all f € R,

E [exp (6 /Ot /Ot Ir — 5| Poy(XT — Xf)drds)] < 00.

Proof. In the proof we shall omit the superscript # in Xj*. By Taylor’s expansion, we have

E {exp (ﬁ / t / = s (X, — Xs)dsdrﬂ

m m
/Oth H |s2; — s2i-1| PE lH V(X — stil)] ds
3 =1

= Z /8 Z / H |57-(2z — S1(2i—1) I~ PR [H7 Sr(24) _XST(21'1))‘| ds,

! TESom 0t]< i=1

where [0, t]2<m ={0<s1 <...< 8o <t},ds=dsy...dson, and Say,, is the set of all permutations
on {1,2,...,2m}.

For each fixed 7 € S, we denote by t = max{s; (2, Sr(2i—1)} and t; = min{s (2, Sr(2i—1) }-

We have,
E [exp (ﬁ /t /t Ir— s (X, - Xs)dsdrﬂ

_Zﬂm 3 /thyﬁ—tMonz[ny ;=X ]ds

. TES2m < =1

(3.22)

Let ¢} be the unique s; that is closest to t;r from the left. Then we always have t;r >t; >t for
1 <¢ < m. Let k be such that t,j = Somm. Then,
E;H

[H (X ] [H (X -)E [’Y(Xﬁ - X,-)

k
i#k

By Assumption (H), we have

(Xx)
B[ - X,) ft;] = [P = X, )y

<C/ P )y + Xy — X, )dy
—C [ exp (—ealtf — W) 46 exp (i€ - (X — X)) de
<C [ exp (et} — ) V() nldo)

where the second equality follows from the Parseval-Plancherel identity. Hence, we have

E [ﬁ ’7(th - th)] < C/IRd exXp (_02(7511_ - t;;)\lj(é)) pw(dg) x E [H V(Xt;r - Xt; )‘| )
=1

i#k

and by repeating this procedure, we have

E lﬁ ’y(Xt+
=1

con [ Moo (-al —0we) ) (629
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Thus, we have

E [exp (ﬂ/[oﬂ

)

St enlly [ s [ wdees (<X - v Tl -

' TESom

|r — s\_BO’y(XT — Xs)drdsﬂ

To deal with the above integrals, we apply the change of variables r; = s; —s;_1 fori =1,...,2m
with the convention sg = 0 and then we have

[0,t]2<m = [0<81 < - <82m<t] = [0<T1+"'—|—7‘2m<t]ﬂR3_m = E?m
By the symmetry of the integrals, we have

E lexp <,8/[ 0 Ir — s|Poy(X, — Xs)drds>]

< i dE exp <_CQZT2 ) m ‘Ti’_go

m=0 Z2m ||

= m (2m)! - B | m .
_mEZO(C'ﬁ) ol /[Ot]Zm ds . du(dﬁ)exp< czz Si—1) (&)) Z-lzll‘sl i1

< (Cﬁ 2m e /()t dS/ Hn d£ exp <—CQZ Si_l)\I’(fi)> H |82' — Si_1|_ﬁ0
m! =1

:mZ::O(C'ﬁ i m /m dr /IRmd p(d§) exp <—62 Zrﬂll(@)) H 74| 0
= i(()ﬁ)m /mdr/ p(d€) exp (—@Zn (M + (&) ) ﬁ 75| o
m=0 ! 1

<Mt Z cpym ( </ dr/ (d€) exp (—cor(M + B (£))) |r| ﬂo)

tm 1-Bo m
<e2ME S (@ m (2m)! / ( 1 ) d 3.94
Z By m(w reE) M) (3.24)
of which the rlght—hand side is finite if we choose M sufficiently large, by Stirling’s formula and
Dalang’s condition (1.8). ]

Lemma 3.1. Suppose that o € (0,1). There exists a constant C' > 0 such that
t
sup/ / o5t —s—1)py(t —s —r)|r —r'|"drdr’ < C|s —s'|7¢
58 Jo Jo

Lemma 3.2. Assume Assumption (H) and condition (1.8). Then, we have

2
sup E (/ —Pon(xT )ds) < 0.
z,yeR4 0

E </0t sy (XT - y)d8>2

Proof. Note that
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t S
—2E [ [N(sr) P (X7 — gy (XF — y)drds.
0 JO

By Assumption (H) and the Markov property of X, we have for 0 < r < s < t,
E[(XE gy (XE =) =B |32 = 9) [ D (e - )]
< CE [y (X —y) [ exp (—eals — )W) ()|

<C? [ exp(-r¥(©) u(de) [ exp(~eals — )W) plde)
Rd Rd
Thus,

B [ [ lon) o306 pn(xE — gyards
= C/o /Os /]de(sr)_ﬁo exp (—car¥(&1)) /]Rd exp (—ca(s — 7)W(&2)) pu(dér)pu(déa)drds
B C/{ 120 }/de(“l(“l +u2) P exp (—eau ¥(61) [ exp (—coua () n(d€yuld) s

O0<ui+us<t
(/ /d ~P0 exp (—ca5W(£)) (d&)ds)
R
which is finite due to [24, Lemma 3.7] and condition (1.8). m]

3.2. Feynman-Kac formula. In this subsection, we prove that (1.10) is a mild Stratonovich
solution to (1.1). Let

Weo(t) = [ [ eslt— shaele — )W (ds,dy) = Wieslt = dacle =) (3:29)

be an approximation of W (t,z). As in [14], we define Stratonovich integral as follows.

Definition 3.1. Given a random field v = {v(t,z),t > 0,z € R?} such that

// v(t, z)|dxdt < oo,

almost surely for all T > 0, the Stratonovich integral fOT Jra v(t, )W (dt,dx) is defined as the
following limit in probability,

lim / / (t, )W (t, ) dxdt.
R4

(g,6)—0

Let 7}V be the o-algebra generated by {W(s,z),0 < s <t,x € R¢}. A mild solution to (1.1) is
defined below.

Definition 3.2. A random field {u(t,z),t > 0,z € R%} is a mild Stratonovich solution to (1.1) if
for allt >0 and x € R?, u(t,z) is FV -measurable and the following integral equation holds

att) = [ ooty + [ [ pO )l s, dy), (3.26)

where the stochastic integral is in the Stratonivich sense of Definition (3.1).
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Theorem 3.4. Assume Assumption (H) and condition (1.8), and suppose that up(x) is a bounded
measurable function. Then,

t
u(t,z) =Ex [uo(Xf) exp (/0 /}Rd XL, —y)W(dr, dy))} (3.27)
is a mild Stratonovich solution of (1.1).

Proof. Consider the approximation of (1.1)

ousO(t, )
ot
uf(0,2) =ug(z), =€ RY,

where W¢? is given in (3.25). Recall the definition of thf = W(Aig) by (3.17) and note that

)] . (3.29)

:ﬁus’é(t,x) + u€’5(t,$)W€’5(t,l‘), t>0,z¢€ Rd’ (328)

¢t
EwEx [exp ( WOt — s, XT)ds
0

We now show that for any p > 0,

)] = B [eso (i

Es7(1$1>p01E {exp (prf)} < 0. (3.30)

Indeed, by (3.21) and Taylor’s expansion, we have the following estimation parallel with (3.22)

2
E [exp (p‘/ffﬂ = 2E [exp (%HA?;SH?H)]
< Z Om /[0 {2 /Wmd H qe(Yi)ge (i H |s2i — S2i—1|_BO]E lH Xogi = Xsgy — (i — Zz))] dydzds

i=1

B Z Cm Z /0t277l A{de qu yl QE Zi H |t+ t | 6 [H t+ - - (yl - zl))

TES2m

dydzds,

where the symbols ti are defined in the proof of Theorem 3.3. By the same argument that yields
(3.23), we can show

E [ﬁ V(X = Xy = (yi = 2)) ] som /Rmd Hexp( S t)0(&)) p(d),
1=1

the right-hand side of which is independent of (y;, z;)’s. Thus, use the same proof as in the rest
part of the proof of Theorem 3.3, we can prove (3.30). Therefore, we have

E [exp (p]‘/fm&])] < 2E [exp (p‘/ff)} < 0. (3.31)

Noting (3.29) and (3.31), we can apply the classical Feynman-Kac formula (see Appendix A)
and get that

¢
u$(t,z) = Ex [ug(Xf) exp (/ Weo(t — S,Xg)ds)] =Ex [uo(Xf) exp (W(Aig))} . (3.32)
0
is a mild solution to (3.28), that is

uS(t, ) :/deﬁ y)up(y dy—l—/ / pt s u=? (s, )W (s,y)dyds. (3.33)

To prove u(t, x) given in (3.27) is a mild solution to (1.1), it suffices to show that both sides of
(3.33) converge to those of (3.26) in probability as (,d) — 0, respectively .
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Step 1. Firstly, we shall prove that for any (¢,z) € Ry X R? and all p > 1,

lim IE[|u®° —u(t,z)|P] = 0.
R [lu™?(t, x) = u(t, z)["] = 0

By Theorem 3.1, fo converges to V; ; in probability as (g, ) — 0. Hence, to get the LP-convergence
of us%(t, ) to u(t,z), noting that ug(z) bounded, we only need to show

sup sup E[[u®’(t,z)|P] < oo, (3.34)
z€R4 (€,0)>0

which is a direct consequence of (3.30). Moreover, we can show u®°(t,z) — u(t,z) in D2, for
which it suffices to show noting that the Malliavin derivative D is closable,

I E[|| Du (t, ) — Dus' (¢, 2)|[3,] = .
(e.8), (&850 ([1Du=(t, 2) u (¢, 23] =0, (3.35)

where the Malliavin derivative is taken with respect to W. For simplicity of expressions, we assume
ug(z) = 1 throughout the rest of the proof. Noting that

Du(t,z) = Ex [exp (W(A7))) A7), (3.36)

we have
YAV ’5 ~ /76/ 76 ~ /’5/
E(Du™(t,x), Du” " (t,2)), = E [exp (W(A7 + A7) (452, A7), .
where we recall that Ai’g (r,y) given in (3.16) is an approximation of §(X} , — y) and fli,f is
obtained from replacing X by its independent copy X in Ai;’f{. Thus,
£,0 e
IE<Du (t,x), Du (t,a:)>H

—E |oxp (W51 + A7) | A3 (r1,y1) A7 (o, y) = 7o (g — yo)dydr
’ ’ (0,42 JR2d 7 ’

. £,0 el 6 B o ! o _
_E[exp(W(At7x+At7x ) /W /R oalt = 51— )@t — 52— 1)

X q=(X3, = y1)aer (X3, — y2)lrn — 72| 7P (y1 — yz)dydrdS] :

By a similar argument used in the proof of Theorem 3.2, one can show that as ¢, 4,¢’,’ go to zero,
the above term converges to

1 t t ~ - ~
lElexp (5/0 /0 |s — r\_ﬁo (’y(X;” — X))+ 9(XT = X7P) 4 2v9(X7 — Xf)) dsdr)

t ot ~
x/ / |s — 7| 7Py (XT — XT)dsdr| < occ.
0 Jo

This proves (3.35), and consequently we have

Du(t,z) = Ex [exp (W(d(X{. — ) &(XE. —1)]. (3.37)

Step 2. In this step, we prove the convergence of the right-hand side. Noting Definition 3.1, it
suffices to prove

t .
I = /0 /R dpﬁf)s(y)vinge"s(s,y)dyds



SPDES ASSOCIATED WITH FELLER PROCESSES 13

converges to 0 in L'(Q) as (e, 6) tends to zero, where v<7) 0 = u(s,y) —u(s,y). Applying (2.15) to
€5VV€ 9(s,y) = v5 5W(¢ ) where

$eig(r,2) = pals — 1)a:(y — 2),

we have
£,0 e,0 1e,0
/ ‘/det s (b ( )) <Dvsy7¢ > }dydé’
_6(/ / pt S dyds> / / pt 8 Dv§§,¢:§>ﬂdyds (3.38)
Denote
<I>€5rz = // pt S (7‘ z)dyds.

To deal with the first term I3’ = 5((132;5) of 199, by (2.14) it suffices to show
) 5 5
lim E[| @7 |3,] + E[[ D3 Fe2] = 0.

(£,6)—=0
Note that
BIOLIRI= [, for P 00p B [0, 050, (6570020, avis (339
By Step 1, we know that E [ vg; ylvgjyz} is uniformly bounded and converges to 0 as €, go to zero.

For the integral without E [ Ve } noting that

51 »Y1 782,42

<¢51,yl’ sz,yz /[0 Y G50y, (11, 21)05), (r2, 22)[r1 — 1| ~Py(21 — 22)dzdr

- /[0 2 /]Rd ©s(s1—11)ps(s2 — 12)|Ge () [2e W =¥2) |1 — po | 750 1y (dny)dr,

we have

(z
/Ot /Wpt o, (Y1) 52(y2)<¢51,y1,¢82 y2> dyds
< C/[O’t]2 /W P, (y1 — ) Pi—sy (y2 — @) <¢51 i D55 y2> dyds

<C o0 Jra 0s(s1 — 1) s (59 — )] (1) [Pec Lm0+ =W 1 41 =Bo (i) dirds

< C/ / |51 — 32|—506—62(81+s2)‘1’(ﬁ)u(dn)ds
[0,t]2 /R

which is finite due to [24, Proposition 3.2]. Then, by dominated convergence theorem, we have
lim, 50 E[[|®} 5”7—[] = 0. Similar to (3.39), we have

0012 _ (z) (z) 5 5
IE[”D(I)i:C”’H@z] - w/[O,t]2 ~/1R2d pt—81 (yl)pt—sz (yQ)IE [<DU§1 Y1’ DU;:Q y2> } <¢s1,y17 ¢82 y2> dyds,

which converges to 0 as ¢, tend to zero, noting that [E KDUE 0 Dyed > } is uniformly bounded

S$1,Y17 52,Y2 H

and tends to 0 as (g,d) — 0 by Step 1. This implies that the first term 11’6 in (3.38) converges to
0in L2
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To prove the second term I;’é in (3.38) converges to 0 in L', it suffices to show that both
J§ Jra piZa(y) (Dus®(s, ), 655 ), dyds and f§ fra piZ,(y) (Du(s,y), 65 ), dyds converge to the same
limit in L' (note that Hqﬁii” — 00 as (g,0) — 0). Note that by (3.36) we have

(Du(s,m),6%)

:/[0 " /1R2d ws(s — 17 —1r1)Ex [exp (Ai:g) g (XF — 2’1)}

X ps(s — 19)qe(y — 29)|r1 — 12| 7P0y(21 — 29)dzdrdr.

By a similar argument used in the proof of Theorem 3.2, one can show that the above term converges
in L' to

7 fexp (02 = ) 7(Xz ~y)] dr,

of which the L'-norm is bounded in (s, y) noting Lemma 3.2 and sup,cgra E[Ju(s,y)[] < oo for all
p > 1 by (3.34). This shows that fg Jra p,@s(y) <Du575(8,y), ¢§:§>H dyds converges in L' to

t S
]EX/O /]deﬁ‘f)s(y) exp (O(XY_. — .))/0 B0 (XY — y)drdyds.

x)

The convergence of fg Jra pg_ (V) <Du(8, Y), ¢§:2>H dyds to the same limit can be proven in a similar

way. This justifies the L'-convergence of I§’5 to zero.

Combining the convergences of I} % and I3 ’6, we get that 159 converges to 0 in L'. The proof is
concluded. m|

3.3. Regularity of the law. In this subsection, we shall prove the existence of the probability
density of the Stratonovich solution u(¢,z) of (1.1) given by (1.10), and show that the density is
smooth under proper conditions.

Our tool of studying the probability law is Malliavin calculus. By Bouleau—Hirsch’s criterion
(see [3] or [20, Theorem 2.1.2]), for a random variable F' € D42 if | DF|j3 > 0 a.s., the law of F
is absolutely continuous with respect to the Lebesgue measure, i.e., the law of F' has a probability
density. Moreover, if F' € D and E|DF||,” < oo for all p > 0, then the law of F' has an infinitely
differentiable density (see [20, Theorem 2.1.4]).

Theorem 3.5. Assume Assumption (H) and condition (1.8). Furthermore, suppose that ug(z) > 0
almost everywhere and

E[ (X} - X7)] >0, (3.40)
where X is an independent copy of X. Then, the law of u(t,z) given by (1.10) has a probability
density.

Remark 3.1. The condition (3.40) is satisfied, if we assume y(x) is a strictly positive measurable

function, or if we assume y(x) = 6(x) and the density function pim) (y) >0 for all z,y € R.

Proof. By Theorem 3.4, we have u(t,z) = Ex [uo(X}{)exp (V;z)], where V; , = W(d(X[.. —+)) is
given by (3.18). By (3.37), The Malliavin derivative of u(t, z) is,

Dy yu(t, ) = Ex [uo(X}) exp (Via) (X5 = y)] | (3.41)
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and hence, denoting ‘7}1, = 6(Xt_. — -) where X is an independent copy of X,
| Dut, 2) 13 = Ex x |uo(X7)uo(X7) exp (Viw + Vi) (O =), 0(Xi. =), |
- 5 t ot B (3.42)
=Eyx {uo(Xf)uo(Xf) exp (le + Vm) /0 /0 r — s|7Poy(XT — Xf)drds] .

Noting that ug(X7)uo(X7)exp (Vm —1—17}90) > 0, by (3.40) and (3.42), we have ||Du(t,z)|3, is
positive a.s. The proof is concluded. m|

Theorem 3.6. Assume Assumption (H) and condition (1.8). Furthermore, suppose that for all
p > 0, we have E|ug(X[F)|™P < 0o and

E (/Ot /Oty(Xf _ Xg)drds> AN, (3.43)

where X is an independent copy of X. Then, the law of u(t,z) given by (1.10) has a smooth
probability density.

Proof. Using a similar argument leading to (3.37), we can show u(¢,x) € D*. Then, to prove that
u(t,z) has a smooth density, it suffices to show (see [20, Theorem 2.1.4]) lE[HDu(t,:E)H;fp] < 0.
Applying Jensen’s inequality to (3.42) yields

- x oy | P 7 T T P
| Dult, 2)[l5* <Ex [yu()(Xt Juo(X7)| " exp (=plViw + Vhal ) [(SXE. =), 8(XE. =), | ] ,
and then Hélder’s inequality implies
E||Du(t, )| < L 513 (3.44)

1/p2

-~ |—pp 1/p1 B
where I = <]E ’ug(Xf)uo(Xf) 1) o = (]E exp (—ppg[Vm + Vt,m])) and

1= (B (ot — 005 ), [ ™)

with p% + p% + p% = 1. By the assumption on ug(z) and Theorem 3.2, it is clear that both I3 and
I, are finite. For the term I3, by (2.12) we have

t t ~ —Pp3 t t ~ —pp3
B =k ([ [ sl = Kndras) < ([0 - xoas)

where we use the fact that |r —s| < ¢. The right-hand side is finite due to the assumption (3.43). O

H

Condition (3.43) relates to the small ball probability of 1 [ v(XZ —X®)drds, i.e. the asymptotic
behavior of P(fot fot Y(XF—XZ)drds < €) as € goes to zero. Usually it is not an easy task to estimate
small ball probabilities. In particular, when the spatial covariance function «(z) is the Dirac delta
function 6(x), Condition (3.43) concerns the small ball probabilities of mutual intersection local
time of X, which is still open even for Brownian motion.

If v(x) is a classical measurable function rather than a distribution, by Jensen’s inequality, a
sufficient condition for (3.43) which is easier to justify is the following
sup B [y(X7 - X9)| 77| < oo. (3.45)
r,s€[0,t]
Corollary 3.1. Assume Assumption (H) and condition (1.8). Suppose that E|ug(X})|™P < oo and

that the covariance function 7 is a measurable function such that (3.45) is satisfied for all p > 0.
Then, the law of u(t,x) given by (1.10) has a smooth probability density.
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Remark 3.2. By Assumption (H),
E (X - £017] =E [ s @ty - X Tdy <€ [ RWhI Ty (3.46)
The right-hand side of (3.46) is uniformly bounded for r,s € [0,t], if we assume, for instance,
the Feller process X is a diffusion process given by (1.5) whose density function satisfies (1.7) and
(v(x))™t < CeCl* for some a € (0,2). (3.47)

The spatial covariance satisfying (3.47) includes the kernels mentioned in the Introduction such as
the Riesz kernel, Poisson kernel, Cauchy Kernel, and Ornstein-Uhlenbeck kernel with o € (0,2).
This result is stated as a corollary below.

Another typical situation in which (3.46) is uniformly bounded for all p > 0 is the following:
P.(y) is a rapidly decreasing function and (y(x))~! is at polynomial growth.

3.4. Holder continuity of Stratonovich solution. In this subsection, we will obtain Holder
continuity in space for the Stratonovich solution u(¢,z) of (1.1).

Assumption (H1). Assume Assumption (H) and pﬁx)(y) = pi(y — z). Furthermore, we assume
there exists 0 € (0,1] and C > 0 such that,

LI = s, ) )~ + 2] dydras < 12 (3.48)

Note that if we assume p(€) ~ e "Y€ then condition (3.48) is equivalent to the condition in
[24, Hypothesis S1 ]

/ / /]Rd r—s| 7% exp (=|r — s|U()) (1 — cos(€ - 2))u(d€)drds < Cz|*,

for which a sufficient condition is (see[24, Remark 4.10])

/ e < oo
Re 1+ (U(E))—R "

Theorem 3.7. Assume Assumption (H1). Then the solution u(t,z) given by the Feynman-Kac
formula (1.10) is k-Hoélder continuous in x with x € (0,6) on any compact set of [0,00) x R?.

Remark 3.3. Note that if we assume Ee'$ Xt = e=t¥(©€)  then [24, Theorem 4.11] also holds in our
setting.

Proof. The proof essentially follows the proofs of [14, Theorem 5.1] and [24, Theorem 4.11]. Recall-
ing (3.18): Vip = J3 fra O(XF_y — y)W (ds,dy) and using the inequality |e® — e’| < (e 4 €®)|a — ],
we have for all p > 2,

E[lu(t,z1) — u(t,22)["] = Ew [[Ex [exp(Vi2,) — exp (Via,)]|"]
/2
< Ew | (Bx [exp(2Vi) + exp(@Vaa )2 (Ex[Via — Virs)"
1/2
< CE[exp(pViz) + exp(0Vi,)] (Bw [(Ex[Vie, — Viwal)'])

< € (Bw [(Ex[Viu, — Viw?)']) "
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where the last step follows from Theorem 3.2. Applying Minkowski’s inequality and noting the
equivalence between the LP-norm and L?-norm of Gaussian random variables, we have

(B (e, i) )" = (B (B ) ]

Cp (ElVia, — Vi)
Thus, we have
p/2
E[lu(t,z1) — u(t, z2)["] < C (IE"/t,:cl Vi | ) (3.49)
Note that
BlVi — Vil = [ [ = s B G X3 4 (X7 = X32) = 29(X7 — X7 drds

t t
= 2/ / r—s|PEx [v(X, — Xs) — (X, — Xo + 21 — 22)] drds,
0 JO

where the second equality holds since (XZ),>o has the same distribution of (X, + 2 = X? + z),>0
due to the condition pf‘”’ (y) = pt(y — z). Hence,

t gt
BlViie, — Vi =2 [ [ [ = sl pp ) [20) = 3w + @1 = w0)|dydrds. (350
Thus, by (3.49), (3.50) and (3.48), we have
E|u(t, z1) — u(t, z2)|P < Clzy — x2|%P

for all p > 0. The desired result then follows from Kolmogorov’s continuity criterion. m|

4. SKOROHOD SOLUTION

In this section, we consider the equation (1.1) in the Skorohod sense.

Definition 4.3. A random field uw = {u(t,z) : t > 0,2 € R} is a mild Skorohod solution to (1.1)
if for allt > 0 and x € R, E|u(t,z)|> < oo, u(t,z) is F}¥ -measurable, and the following integral
equation holds

att.) = o) + [ [ A% = pyuts, )W (s, dy), (451)

where the stochastic integral is in the Skorohod sense.

Suppose u is a mild Skorohod solution to (1.1). Then repeating (4.51), we have the following
Wiener chaos expansion of u(t, z):

n=0
where
_(0) _ (0) _ (0) 1 4.53
fo(ti, @1, ooty o, t, @) = Pi—¢, (=) .. “Pry—ty (z2 5El)pt1 * ug(21) {0<t1 <...<tn<t} (4.53)
and f, is the symmetrization of f,, i.e.,
fn(t17$17'- ytn, T, T, :E Z fn Lo(1)s - ta(n)7xa(n)7t7$)
‘ 0ESH

:afn(tT(l),l’T(l), < trm)y Trn)y b x),
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where S, is the set of all permutations of {1,2,...,n} and 7 € S, is the permutation such that
0 <tra) <...<trp <t Inview of the expansion (4.52), there exists a unique mild Skorohod
solution to (1.1) if and only if

Z 0| fu(oty2)|[3en < 00, forall (t,x) € [0,T] x R (4.54)
n=0

4.1. Existence and uniqueness of Skorohod solution.

Theorem 4.1. Assume assumption (H) and the Dalang’s condition (1.9). Suppose ug is a bounded
function. Then, (4.54) holds, and hence u(t,z) given by (4.52) is the unique mild Skorohod solution

o (1.1).

Proof. Without loss of generality, we assume that ug = 1. We define the following function:

Fo(ti,x1, ...ty xn, t,x) = Py (X — ) ... Py, (21 — $2)1{0<t1<...<tn<t} (4.55)

Then by assumption (H), we have
folti, 1, oty o, t,x) < CUFL(t1, 21, -« sty Ty T, ). (4.56)

Note that
n
]:Fn(tly Tyeee )tny ) t? x)(glv s agn) = e_lm7(51+m+§n) H ]:Ptj+1—tj (51 +...+ gj)1{0<t1<...<tn<t}'
j=1

(4.57)

with the convention that ¢,4; = ¢t. By the definition (2.12) of H-norm together with (4.56), we
have

| (ot 2) [30n < nlllfast,2)|3g0n

_n'/IRZ” i fa(t, 21, oy tn, Ty 6,2) fr(S1, Y1y - -+ 5 Sny Yny T, X) H\t —s5|” Bo y(x; — y;)dxdtds

7j=1
C2"n'/2 /2 ) (1, @1, oyt Ty 6 X)) F(S1,Y1s -+ 5 Sny Yny 6, @ H\t —s|” Pory (x xj — y;)dxdtds.
IR” R2™
j=1
Then, by (1.4) and (4.57) we have
d

¢t [ dtds T[ 1t — s [ p@@FFultree st t)(Ea o 60)

IRin =1 Rnd

XIF (317'7"' 3n7’7 ) )(gluagn)

:c%n!/([oﬂn}) dtdsHyt e ﬂo/ u(dE) prtm Ll A EGTFP (Gt &)

§C’2nn!/([0t}n}) dtdsH|t — 557 BO/ w(de) HeXp —co(tjp1 —tj+ 541 —5)V(& + ... +&5)),
) ] 1

where the right-hand side has been shown to be summable in the proof of [24, Theorem 5.3]. Thus,
(4.54) follows and the proof is concluded. O

Using the same argument as in the proof of [14, Theorem 7.2], we can show that the Feynman-Kac
representation (1.11) is a mild Skorohod solution under the condition (1.8).
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Theorem 4.2. Assume the Dalang’s condition (1.8). Then the unique Skorohod solution to (1.1)
can be represented by

u(t,x) = Ex {UO(X exp (/ - (XY, —y)W(dr,dy) — = / Ir — 5| Poy(XT — Xx)drdsﬂ .

Theorem 4.1 indicates that under the condition (1.9) (which is weaker than (1.8)), there is a
unique Skorohod solution. On the other hand, as shown in [14, Proposition 3.2], if the condition
(1.8) is violated, the sequence Vti’f may diverge and hence the term [j [ra 8(XF, — y)W (dr,dy)
given in (3.18) may not be well-defined. In this situation, Feynman-Kac representation of the form
(1.11) for the Skorohod solution is not available. However, we do have Feynman-Kac representation
for the moments of the Skorohod solution under (1.9).

Theorem 4.3. Assume assumption (H) and the Dalang’s condition (1.9). Suppose ug is a bounded
function. Then for any p € N, we have the following representation of the unique Skorohod
solution to (1.1):

IE [uft

Huo ' exp( Z //\7‘ s| Py X(] ())drds)]. (4.58)

1<j<k<p

Here, X1 ),...,X(p) are i.1.d. copies of X.

Proof. Without loss of generality, we assume ug(x) = 1. Similar to (3.28), we consider the following
approximation of (1.1):
ousO(t, x)
ot
u€75(07$) ZUO(:E)’ T € Rda

:ﬁua’é(t, ZL') + ua’(s(t, 33‘) <& We’é(t7 515)7 > 07 YIS Rd’ (459)

where the symbol o means Wick product and W9 is given in (3.25). The mid Skorohod solution
u5’5(t, x) is given by the following integral equation

wta) =t [ 0 = esls ety — 2 s, y) o W (dr, =)y,

where the integral on the right-hand side is in the Skorhod sense. Recall the notation A » given
by (3.16). By a similar argument used in Step 1 in the proof of [24, Theorem 5.6] (see also [12,
Proposition 5.2]), one can show that W(Aig) is well-defined and that the following Feynman-Kac

formula holds:
2
u®(t, ) = Ex [exp (W (Aig) ~3 } 0 H)} . (4.60)

As in Step 3 in the proof of [24, Theorem 5.6], we can prove u5’5(t, x) converges to u(t,z) in LP for
all p> 0 as (g,6) — 0. By (4.60), the pth moment of u*°(¢,2) can be calculated explicitly:

) ]

ZH A,

E [(ua"s(t, x))p} =E

1
=E _
X 2

e 5,J

T M“ TH'M“

H

=Ex exp( Z <A§26’j),14§26’k)>7{)], (4.61)

1<j<k<p




20 J. SONG, M. WANG, AND W. YUAN

where A( 93) s given by (3.16) with X® being replaced by XU) ii.d. copies of X%, and Ey is the

expectatlon with respect to the randomness of XV, ..., X®) Thus, by the same method used in
the proof of Theorem 3.1, we can prove the following L'-convergence:
] (6757j) (6757k) — _ _BO _

(AP = [ (e, = X dryny (462)

We claim that for any A > 0,

ES’;l>pO]E [eXp ()\ <A§26’j), Agff’k)>ﬂ)} < 0. (4.63)

Then the desired result (4.58) follows from (4.61), (4.62) and (4.63).
To conclude the proof, we prove the claim (4.63). By (3.16) and Lemma 3.1, we have

<A(€’5’j) A(€’5’k)>y <C s — r|_50dsd7“/ qs(Xs(j) - y)qe(Xﬁk) —2)v(y — 2)dydz
[0,4]2 R24

t,x Pk %

—C [ Js—rlhdsdr [ a.()a (20X~ X0~y + 2)dydz.
[O,t]z R2d

By Taylor expansion, we get

E [eXp (>\ <A§€f’j)’ Agff’k) >H)}

<1+ Z ¢ /[0 o 15 H s — rq| 0 o
/1112 . an (Y1)q=(21) [1:[ — X" — g+ z) | dydz.
To compute the expectation in (4.64), we apply Lemma 4.3 below to the conditional expectation
given X&) and get, for 0 = s < 81 < -+ , 8y < t,
[HV (x9 — —y+a)| <C" / HeXp —ca(s; — s1-1)W(&)) pl(d&a) - . p(déim).

(4.65)
Note that (4.65) is independent of y1,...,Ym, 21, ..., 2m and 71,...,7y. and hence

Thus, to estimate (4.64), we can integrate with respet to dyj ...dymdz ... dz, first, and then
to drq . ..dr,, using the fact

n t
/ H |s; —r;|7Podr < DY, with D; = 2/ |s|Pds < oo, (4.66)
(it 0

to obtain

lﬂmﬂwﬂﬁ”ﬁ”WJ]

e SO L i [ fcot o we e

[Ovt}Qm lzl

<14y D;nxmcmc’fb/ ds/ [T exp (—calsi — s1-1)®(&)) p(de).
m=1 [Ovt}7<n ]Rmd =1
to prove the convergence of the series.

Then we can use the same technique leading to (3.24)
l =1,...,m and recalling the notation X" =

Applying the change of variable 7, = s; — s;_1 for
0<7 4+ +7m <t]NRY, we have
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=l (427, 4129),)
=1+ i DA™ C™ /27” dr /IRmd p(d€) exp <—62 iﬁ‘ﬂfz))
m=1 i

<1 + ec2Mt i D" A" C™ et / dr | .o H(d€) exp <—62Zn M + W(&)))

m=0 i=1

<t oot S5 ppxrere ([ [ pag)esp (-erar + wi©)))

m=1

<t e S ppanone ([ e )

m=1

Thus, by the Dalang’s condition (1.9), we can find M sufficiently large such that the above series
converges. The proof is concluded. o

The following lemma has been used in the proof of Theorem 4.3.

Lemma 4.3. ForO=7rqg <11 < -+ <1y < 00, we have

lH’Y X, — a;)

<cme | Hexp — oy = 15— U() ) ().

(a1, ,am)EJRm

Proof. The proof essentially follows the argument leading to (3.23). By Markov property of Xwe
have

-1

3

[Hv —]IE

=E

lﬁ;:1

X — ) E [y (X, — ) mmlﬂ

3

==

(X — ) E [y (X, — ) \erlﬂ

(er )
=E | [] v(Xn —a) /R Vm = am)py, 7, 1(ym)dym]

3

@
Il
—

Applying assumption (H) and Parseval-Plancherel indentity to the integral, we have
(Xrp1)
oo V= am)Pr, 7 () g <C /R Y Ym = am) By (X1 = Ym)dym

=C e exp(—i(Xy,, , — am) - Em)F Py (—Em) (dEpm)

<Cer [ exp (= calrn = ) ¥(E)) (din).

Combining the above calculations, we get

m—1

[H ’Y ri az 1 < C'CllE [H Y (XTZ - az)‘| ~/]Rd €Xp ( - C2(Tm - Tm—l)\y(gm)):u'(dfm)

i=1

The proof is then concluded by repeating this procedure. o
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4.2. Regularity of the law. In this subsection, we study the regularity of the law of the Skorohod
solution to (1.1).

In light of Theorem 4.2, using a similar argument in the proof of Theorem 3.5 we can prove the
existence of probability density under the stronger condition (1.8).

Theorem 4.4. Assume Assumption (H) and condition (1.8). Furthermore, suppose that ug(z) > 0
almost everywhere and (3.40) is satisfied. Then, the law of u(t,x) given by (1.10) has a probability
density.

Still assuming (1.8), we can prove the smoothness of the density with the help of Feynman-Kac
formula given in Theorem 4.2 under some proper condition.

Theorem 4.5. Assume Assumption (H) and condition (1.8). Suppose that for all p > 0, we have

E [Juo(X7)|?] + E

/ H(XE — X®)drds
0.2

_p} < 00. (4.67)

Then the probability density of the mild Skorohod solution u(t,x) to (1.1) exists and is smooth.

Proof. The proof is similar to the proof of Theorem 3.6 and is sketched below. By Theorem 4.2,
we have

u(t, z) = Ex [uo(X{) exp (Vi — Ura)] s
where V; , = W(0(X}.. —-)) is given in (3.18) and we denote

Uie = 2/ / |r — 5| Poy — X¥)drds.

Then the Malliaven derivative is given by
Dsyu(t, z) = Ex [uo(X}) exp (Vi = Ua) Dsy Vil = Ex [uo(X) exp (Ve — Ura) 8(X( — y)]
and thus
| Du(t, 2|3 = E [uo(X7)uo(X7) exp (Viw = Unar + Viw = Uta) (S(XF. =) 8(XE. =), |,

where X is an i.i.d. copy of X, and ‘7}@, Ut,x are the corresponding quantities of V; ., U , with X
replaced by X. Then by Jensen’s inequality and Hoélder inequality, we have

-2

<E | (un(X7)uo(X7)
< (& [(uotxernes) ™))" (8 esp (o (v + 7))
1/p4

< (E [exp (pps (Uno + 01 )]) 77 (IE U<6(Xf_v — ), 8(XE — .)>H"””4D . (468)

for any positive numbers p1, pa, p3, p4 satisfying pl_l +p2_1 + pgl +pZ1 =1.

" exp (= (Vi = Ui+ Vo = 1)) (00X .05 =), | ]

By (4.67) and independence, we have

x oz PP 2y — 2/p
(IE [(uo(Xt Juo(X7)) D = (E[wo(x7) ™))" < . (4.69)
Since X and X has identical distribution, by Cauchy-Schwarz inequality and Theorem 3.2, we have

(]E {GXP (—ppz (‘/t:c + ‘z,x))})l/pQ < (E[exp (—2pp2%7x)])1/p2 < 0. (4.70)

1/p1
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By independence and Theorem 3.3, we have

(]E [eXp (pps (Ut,m + Ut,m))})l/pg = (E [exp (pp3Us.)))/7* < 0. (4.71)

y (4.67) together with the fact that |r — s|7%0 > ¢t~ we have

(TE U<6(XZ”—. — ), (X — ,)>H‘—pp4D

—ppa\ 1/Pa
—— 1/pa
<t~ Pop (]E D < 0. (4.72)

Substituting (4.69), (4.70), (4.71) and (4.72) to (4.68), we have for all p > 0,

—2
1Dy yult, @) ;2 < .

1/pa

/ |r — s\_fBO’y(Xf — X;C)drds
[0,2)2

/ Y(XE — X%)drds
[07t}2 T S

The proof is concluded. |

The proof of Theorem 4.5 involves the Feymann-Kac formula, which requires the Dalang’s con-
dition (1.8). However, the Skorohod solution exists under the weaker Dalang’s condition (1.9). The
following theorem study regularity of the density of Skorohod solution under weaker conditions.

Theorem 4.6. Assume that assumption (H) and the Dalang’s condition (1.9) hold. Suppose that
for all p > 0, we have

E [Juo (x7) 7] +/ sup E “’y(X;C _Xry a)‘_p] dsdr < . (4.73)
(0,12 aeR?

Then the probability density of the mild Skorohod solution u(t,z) to (1.1) exists and is smooth.

Proof. We approximate the solution to (1.1) using (4.59) as in the proof of Theorem 3.4. Note that

the solution u®d(t,z) to (4.59) is given by the Feynman-Kac formula (4.60). We will show that
Du€’5(t, x) converges in L? using the idea of Step 1 of the proof of Theorem 3.4. We have

2
Ds7yu€’6(t,aj) =Ex {UO(X ) exp <VV(A6 5 2 ’ A€ 9 > Dsy (W(Aig) - % HAig H)]
~Ey |:UO(th) exp (W(AE s \ A ) At,gf] . (4.74)
Thus,
E [<Du5’5(t, z), Du (¢, x)>H}
_ . > es | ges) 1 Ly ge)? o
=E [uo(Xt Juo (X} ) exp (W (At + A ) HA ‘ 5 H) /[O,t}‘l /]R2d ws(t —s1—11)

X g (t — 52— 12)qe(XE — y1)qer (XZ — yo)|r1 — ra| Pv(y1 — yo)dydrds| .

Computing Ey first, we can show that

E [<Du€’5(t, ), Duc ' (t, x)>H}
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~ t ot ~ t ot ~
— E [uo( X} )up(X}) exp (/ / |s — 7| 7Py (XT — Xf)dsdr) / / s — 7| 7Py (XT — XT)dsdr|.
0 Jo 0 Jo
as €,0,&',6' = 0. The limit is finite due to the boundedness of uy and (4.63). Thus, we have

lim [E
€,0,€/,0' =0+

HDuE’é(t, z) — Du ' (t, :E)Hjj = 0.

Hence, Du5’5(t,az) is a Cauchy sequence in L?, so it is convergent in L?. For any p > 2, we have
that both 4 and u belongs to LP. Thus, By Cauchy-Schwarz inequality, we have

E[[|out?(t,2) — Du (1 )
o 5 1N 1/2 . 2p—27 /2
(B[l -l ) (E[|oweten - 2u ) ])

which converges to 0 as €,d,¢,8 — 0. Therefore, Du?(t, ) converges in L? for all p > 2.
Next, we show that
€,0 P
sup E HDu ’ (t,x)H < 0. (4.75)
£,0 H
By Jensen’s inequality, we have

2
HDuE"S(t, az)H P
H

2 1e,0 1 7,0
U + W(At,:c) - 5 HAt,x

<E [(Uo(Xf)Uo(Xf)) ) A7)
ot a2,

T oy ~PPL 1/p £,0 1 €,0

< (IE [(UO(Xt Juo(X; )) }) (IE [GXP (—Pp2 (W(At:m) ) HAt:x

" (IE [KA::?C, A::£>H‘—pp3}>l/m ’

By (4.73) and (4.69), in order to show (4.75), we only need to prove for any A € R:

E {exp </\ (W(A;ﬁ) - % | i)ﬂ < o0, (4.76)

and for any p > 0,
E U<A§;§,A§;£>H‘_p} < 0. (4.77)

2
| )
=E |exp (A (% HA?}? + Ai,’g i))}

=IE :exp ()\ <Ai’£, A§£>H)} :

This quantity is bounded uniformly in €,d because of (4.63). For (4.77), by (3.20) and Jensen’s
inequality with respect to the measure ¢s5(t —s—u)ps(t —1r—v)qe(XZ? —y)qe(XF — 2)dydzdudvdrds,

p 1
exp (—p (W(Af,’ﬁ) -5 |

)
D)

2 1,0 1 1e,0
U + W(At,x) - 5 } At,m

£,0
At,:c

2 o5y L xes

For (4.76), compute the expectation with respect to W first, we have

E |exp (A (Wi - 5[4z} + widzd - 5[4

2
H

2

L, - 3
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we have
5 [KA? A2),

C(t,p)E [/[0 " /IRZd TPy — v|PPps(t — s — u)ps(t —r — v)ge(XE — y)qe (XT — z)dydzdudvdsdr]
<C(t,p)t™PE /[0 " /IRZd — )P st —s —u)ps(t —r —0)qe (X% — y)qe(XT — z)dydzdudvdsdr]
=C(t, p)t’PE o /Ide Yy — 2)| 7P qo(X? — y)qe(XT — z)dydzdsdr]
=C(t, p)tPPE oap /Ide Y(XT - X% —y+ z)’_p qs(y)qg(z)dydzdsdr]

T o -p
Ctp [ [ 50 E 5055 = X7+ o) | auty)ae()ayazasar
’ ac

—C(t, p)tPor / sup E Ufy(xg — X'y a)‘_p] dsdr.
[07t]2 CLEIRd
where we integrate dudv in the fourth line, change of variables in the fifth line, and integrate dydz

in the last line. Here, C(¢,p) is a positive constant that depends on ¢, p only. Thus, (4.77) follows
directly from (4.73).

Now we show that for any p,
E [|[Du(t, 2)|l;] < oo. (4.78)

We choose e,,, 6, — 0+, then we have the convergence of || Du(t, z)||3; to || Du(t, z)||3 in LP(Q).
The convergence is also in probability, and thus, there is a subsequence that converges almost surely.
Without loss of generality, we assume that || Du" (¢, z)||3; converges to || Du(t, z) | almost surely.
By Fatou’s lemma and (4.75), we have

B 19t 157) = [ty [t < et [ 7] < e
The proof is concluded. .

4.3. Holder continuity of Skorohod solution. Let u(t,z) be the unique mild solution to (1.1).
In this subsection, we study the Holder continuity of wu(t,z). For simplicity, we assume that
ug(z) = 1. In this case, the chaos decomposition (4.52) of u(t,x) still holds with

(0) (0)

falti, @, tp an, o) = py (@ —an) - Piy—t, (T2 — x1)1{0<t1<...<tn<t}7
and the Fourier transform on spatial variables is
n
i 0
]:fn(tb el st )(517 B agn) =e (G bn) H ]:pggll—tj (51 +.oo+ 5j)1{0<t1<...<tn<t}'
=1

We have the following theorem on the Hoélder continuity of spatial variable.

Theorem 4.7. Suppose that there exists oy € (0,1) and Cp > 0, such that for all x € R?, the

following holds:
T . 2 2
sup [ [ 1= e P70 )| pa)ar < Crfaf, (.79
neRd /0 JR4
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Under the assumption (H), then u(t,z) has a version that is «y-Hélder continuous in x on any
compact set of [0,00) x R.

Proof. By the chaos expansion (4.52) of u(¢, x), triangle inequality and hypercontractivity, we have

Jutt. ) —u(t. )l <3 [T (Faests)) = T Fuo )|

< Z D2 L Fat2) ~ LFaCo 1),

8||

S 0= 0202 |fulto) — Bt (480)

n=

—_

for any p > 2.

Note that the Fourier transform on spatial variables of fn(, t,x) — fn(, t,y) is

F (fn(tlv Ty ,tn, '7t73:) - fn(tlv Ty atnv 7t7y)) (617 cee agn)
1 —ix: —z J
Yl (e (St — gmiulertetn ) H ]:ptrml) —tr(j) (Z 6T(l)> |
=1

|
n. =1

where 7 € S, is the permutation such that 0 < t,;q) <... <) <t and we set {,(,41) =t By
definition of H-norm, we have

n'an(vt7x) fn t Y H’H®"

—n! - R ._60

n./[o’t]% 1;[1|8J tj|77dsy .. dspdty ... dty /IR"d w(d&y) ... u(déy)
Xf(fn(tlv'w"atnv')tvw)_fn(t17'7"'atn7'7t7y)) (517"'a£n)
Xf(fn(317'7"'78n7’7t7x)_fn(317'7"'73n7'7t7y)) (517"'7571)
1 n

= sj —t;|7Pdsy ... ds,dt ...dtn/ déy) ... p(dé,
1 Jyg Lo =617t [ ).

X ’e—z‘x-(§1+...+§n) _ e~ (Ettbn)

9 M J n J
(0) (0)
r[lfptf(jﬂ)—tr(j) (; 67(1)) 1_[1]:ps9(j+1)—39(j) (; 59(1))’
J= = Jj= =

where 0 € S, is the permutation such that 0 < sp) < ... < sg(,) < ¢ and we use the convention
89(n+1) = t. Using the inequality 2|ab| < a® + b? and symmetry, we have

n'ana v = Fu

HEn

<o /[Ot]%_]‘[\s]—ty Podsy ... dsndty .. dt/ pu(déy) .. . p(dén)

. 2
J
—iz-(&14...+én —iy-(1+...+&n)
X ‘e (@ J—ew® H ptf(ﬁl) tr(5) (Z&(l))
j=1 =1
1
_ 4|80
5 /OM 1;[ |s; —t;|7°dsy ... dspdty ... dt, /Wu(dgl) op(dEy)



SPDES ASSOCIATED WITH FELLER PROCESSES 27

(o)

We treat the two terms separately. For the first term, we integrate ds; ...ds, first. Substitute
(4.66) to the first term of (4.81), we have

2
% ‘e—ix~(§1+...+§n) BTN (SR N 530

(4.81)

o /Ot%l;“s]—ﬂ Bodsy ... dspdty ... dty /R uldg) . plde)

. 2
J

r<a+1) tr(j) (lz: 57(”)
=1

% ‘e—z’x~(£1+...+§n) _ e—iy~(£1+...+§n

DTL
<ot [, / p(der) ... p(dn)
[O,t}" ]Rnd

2n!

2
X‘ Ot T<J+1> br (i) (Z S )
DTL
—=L dty . dt, / pldga) - p(d)
0<t1<...<tp <t Rnd

. 2
J

% ‘1 Z(Z‘ y (51"1‘ +§7L H pt]+1 ¢ (Zé‘l) (482)
=1

For the second term of (4.81), we have similar result

1 n

— . _4.|=Bo

o /{071&]2”]_];[1 |5 — t;|7°dsy ... dspdty ... dt, /Rndu(dgl) o pu(d€y)

% ’e—2x~(§1+...+§n) o e—zyv(§1+...+§n H p89(3+1) o) Zé@(l)

7j=1 =1
Dn
<t dty.dty [ (). p(dSy)
0<t1<...<tn<t R7d

, 2
j

« ‘1 o ez( ) (§1+.+En) H ]:thJrl _t; (Z gl) (483)
=1

Hence, substitute (4.82) and (4.83) to (4.81), we have

) ~ 2
| futeti2) = )|,

SDZL/ dtl...dtn/ wu(déy) ... p(dén)

0<t1<...<tnp <t Rnd

2| J
70, (z gl)
j=1

i o)

2
% ’1 _ oile—y) (Ertotn)

<Dt//]Rd

1 — ef@—y)- (Gt +&n)

n(dén)d
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2

n—1 7
1170, ., (Z &)

J=1

X / dtl ...dtn_l/ u(dfl)...u(dfn_l)
0<t1<..<tp_1<t R(n—1)d

SDfCT\x—?J\Ml/ dtl---dtn—l/ﬂz(nil)d p(d€y) .. p(d§n—1)

0<t1<..<tp-1<t

2

)

n—1 i

0
1170, ., (Z &)
j=1 =1

(4.84)

where we use the assumption (4.79) in the third inequality.

To compute the integral, one option is to integrate the spatial variables in the order d§,,_1, ..., d&;
using the maximal principle (Lemma 4.4) and assumption (H). Then we will have

 |Fute) = Bt

SD?CT’x—yFal/ dty...dt,—1 H/ ptj+1 t; 6])‘ (dfj)

0<t1<..<tp-1<t

n o . 0 0
=D} Crle — | / dty ... dty— Hl /R P @t o, () (5 — ) dady
J:

o<1 <..<tp—1<t

n—
SDZLC2n—2CT’x_y‘2Oc1/ dt1...dtn,—1 H/ Pth_tj(—xj)]%j+1_tj(—yj)'y(xj—yj)da:jdyj
0<t1<..<tp—1<t j=1 R2d
n—1 9
DO 2Ol — 2‘11/ dty ... dtn_ / FPo oy ()| ulde;
; L L ey [ NP, ()] nagy)

<D?C2n 2. n 2CT’$ ’2011 /0<t ., <tdt1...dtn_1 H /]Rdexp(—QCQ(tj_H —tj)\I/(—fj))/L(dfj),
1 n—1 j:1

where we use definition (2.12) of the inner product in the third line and fifth line. The integral
coincides with the integral line 2 of page 66 of [24]. Thus, n!||fn(-,t,2) — fu(- ¢, y)||3{®n/|x — y|?
is finite and sumable in n. Therefore, the Holder continuity of u(¢,z) follows directly from (4.80)
and the Holder continuity of each fy,(z1,...,Tn,t,-). O

We have the following maximal principle.

Lemma 4.4. For any a € R?, t € Ry, we have
| 7€+ wag < [ 7@ niao).
Proof. By Parseval-Plancherel identity, we have
Lm0+ wag) = [ o0 @e =¥ e resa - y)dady
< [ " @pl” e - y)dady
= [ |7 @[ niao).
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APPENDIX A. FEYNMAN-KAC FORMULA

Consider the following partial differential equation
ou __ d
5t = Lu(t,z) + f(t,z)ult,z), t> 0,5 € RY, (1.85)
U(O,l‘) = UO(l‘), z € RY,

where £ is the infinitesimal generator of a Feller process X, ug(x) is a bounded measurable function,
and f(t,z) is a measurable function. The Feynman-Kac formula for (1.85) can be found in [17,
Theorem 3.47]. Nevertheless, we provide our version of Feynman-Kac formula which suits our

purpose.
t

Ex [exp ( / ft—s,X)ds
0

Then, the following Feynman-Kac representation

Assume

)] < oo, for all z € RY. (1.86)

t
u(t,z) = Ex [uo(xgc) exp (/0 £t - s,X;C)dsﬂ (1.87)
is a Duhamel’s solution to (1.85), i.e.,
t
ult,2) = [ o7 oty + [ [ o w)uts,v)f (s, v)dyds. (1.8

Proof. One can verify directly that u(t, z) given by (1.87) satisfies (1.88). For simplicity, we assume
ug(z) = 1. Plugging the expression (1.87) to (1.88), we have that the right-hand side of (1.88) is

t
1+ /0 Ex[u(s, X7 ,) f (s, X7, ]ds

14 /Ot Ex[u(t — s, X5)f(t — 5, X7)|ds (1.89)

:1+/0tIEX [IEX [exp( Ot_sf(t—s—r,Xf(:)drﬂ flt— s,Xf)] ds,

where X is an independent copy of X and E means the expectation with respect to X. Applying
Taylor’s expansion to the function e” and then taking expectation, one can show that the resulting
series of the right-hand side of (1.89) is absolute convergent under the condition (1.86) and coincides

with the series expansion of u(t,z) = Ex [eXp (fg ft—s, X;"”)ds)} on the left-hand side of (1.88).
O
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