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Abstract

Economic and financial crises are characterised by unusually large events. These tail
events co-move because of linear and/or nonlinear dependencies. We introduce TailCoR, a
metric that combines (and disentangles) these linear and non-linear dependencies. TailCoR
between two variables is based on the tail inter quantile range of a simple projection. It is
dimension-free, and, unlike competing metrics, it performs well in small samples and no
optimisations are needed. Indeed, TailCoR requires a few lines of coding and it is very fast.
A Monte Carlo analysis confirms the goodness of the metric, which is illustrated on a sample
of 21 daily financial market indexes across the globe and for 20 years. The estimated Tail-
CoRs are in line with the financial and economic events, such as the 2008 great financial cri-
sis and the 2020 pandemic.

1 Introduction

Two major global crises have stricken the economy and financial markets since 2000: The
2007-2008 Great Financial Crisis and the 2020 Great Lockdown due to COVID-19. These cri-
ses highlight the importance of tail—or rare—events that can have different natures: corporate
and Government defaults, stock market crashes, public health emergencies, or political deci-
sions, to name a few.

When they occur, their shock waves spread over the economic and financial systems
through large co-movements. These unfrequent and joint events locate on the tails of the
probability distributions. From a statistical point of view, joint tail events are caused by linear
and/or nonlinear correlations. Indeed, correlations on the tails may happen because variables
are linearly correlated (i.e., the Pearson correlations are different from zero) and/or nonli-
nearly correlated, in the sense that variables are dependent at the tails of their distributions
only. Other forms of nonlinearity may occur but we do not take them into account. They can
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however be considered within the theory of TailCoR. An illustrative example is a multivariate
Student-t distribution, where the dependence between the random variables is through the lin-
ear correlations and the tail index.

Several statistical measures have been proposed to assess the degree of association on the
tails. The tail dependence coefficients (also called extremal dependence structures and co-
exceedance probabilities) stemming from extreme value theory (EVT henceforth) are the
most used. These coefficients rely on two building blocks. The first is the assumption that tails
of the distribution (either the joint and/or the marginal distributions) asymptotically decay
according to a power law (see [1, 2] for references on the multivariate generalized Pareto
distribution).

The second building block is the extreme value copula (also called stable tail dependence
function or STDF), see e.g. [3-6]. Broadly speaking, estimation of the STDF is divided in two
approaches: parametric and semi-parametric. The former is based on parametric copula func-
tions, the logistic and f copulas are commonly used (see, for example, [7] for its use in invest-
ment diversification across major stock market indexes). The latter is based on higher order
statistics (see [4] for a theoretical treatment, and [8] for an application to asset market linkages
in crisis periods).

[9] exploit, in the bivariate case, the explicit and simple relation between the tail depen-
dence coefficient of the Gumbel copula and the linear correlation coefficient for extreme
events, also known as exceedance correlation. Their application is in international equity mar-
kets. In a similar vein, [10] introduce the quantile correlation, i.e. the sample correlation
between observations that are contained in a ball around a given joint quantile. The measures
of [9, 10] share that when applied to thresholds and quantiles that are far on the tails, the
number of observations is limited, and large sample sizes are needed to obtain precise estima-
tors. Moreover, these measures are not able to disentangle between the linear and nonlinear
contributions.

As pointed out in [11], estimation of the STDF has the weakness that it presupposes tail
dependence, besides that the parametric copula rests on parametric assumptions. An alterna-
tive proposed by [12] consists of testing for tail dependence through the tail index of an auxil-
iary variable (the cross-sectional minimum of the random vector). [13] uses it for studying the
banking system, [14] for estimating the tail dependence among risky asset returns, and [11] for
studying US sectoral stock indexes around 9/11, respectively.

The above mentioned work on EVT, though relevant and important, has shortcomings.
The main one is that the theory builds upon asymptotic results on the tails. Since in practice
we estimate using a finite cut-off point of the tail, the asymptotic results are an approximation.
Moreover, precise estimators require large sample sizes.

While EVT-based literature is semi-parametric (in the sense that only the asymptotic tail is
parametrized), another branch of the literature parametrises the whole distribution while
assuming heavy tails—see [15] for a survey. The scale mixtures of multinormal distributions
are particularly relevant since the elliptical and the normal mean-variance mixture distribu-
tions are used in this article. These distributions have the feature that the dependence between
two random variables is given by the dispersion matrix and a single tail index (and the vector
of skewness in the case of the normal mean-variance mixture). [16] proposes a new family of
distributions, coined multiple scaled distributions, with the main feature that there are as
many tail indexes as the dimension of the random vector. Another relevant fully parametric
class of distributions are copulas, where the meta-elliptical copula of [17] plays a dominant
role. Beyond ellipticity, [18] propose a multivariate conditional variance model that allows to
model conditional correlation and dependence separately and simultaneously with nonellipti-
cally distributed dependent errors. While fully parametrising the whole distribution oftentimes
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allows to disentangle between the linear and nonlinear correlations, the analytical form of
these correlations heavily depends on the distributional choice. Moreover, in large dimen-
sional problems only the Gaussian (which does not have tail dependence) and Student-f copu-
las are realistic and feasible, while in vast dimensional problems only the Gaussian is feasible.

TailCoR overcomes the shortcomings of EVT and fully parametric measures. TailCoR is
simple, it does not suffer form the curse of dimensionality, it performs well in small samples,
and it disentangles the above mentioned linear and nonlinear correlations under the very mild
assumption that the probability contours are elliptical. Moreover, it can be computed under
tails that are fatter, equal, or thinner than Gaussian.

In a nutshell, TailCoR between two random variables is based on the projection of the vari-
ables onto a line, and then a tail Inter Quantile Range (IQR) is computed. Since the projection
is computed as a sum of a cosine and a sine, and the IQR is straightforward, TailCoR does not
require optimizations and the coding merely consists of a dozen of lines.

We illustrate TailCoR on daily returns of 21 financial market indexes across the globe. Data
runs from January 2000 to July 2020, and hence it incorporates the two crises mentioned ear-
lier. For comparison purposes, we compute the upper and lower exceedance correlations of
[9], and the parametric and non-parametric tail dependence coefficients (the former with a ¢
copula, and the latter as in [11]). Full sample results show geographical clusters, especially in
North America and Europe. The clusters are driven by the linear correlations, which relate
to the investment freedom of the countries where the markets operate. We do not find cluster-
ing of the nonlinear correlations, meaning that during periods of extreme events, contagion
spreads, causing extreme co-movements.

To study the dynamic behaviour we use rolling windows of 3 years. The estimated TailCoRs
are in line with the financial and economic events that happened during the sample. TailCoR
increases in crises periods, when global dependence increases, as it happened in 2007-2008
(and the aftermath) as well as recently because of COVID-19. The evolution of the other met-
rics is heterogeneous. While the exceedance correlations could not be computed because of
lack of extreme observations in the windows, the tail dependence coefficients move along with
TailCoR though they show a greater deal of variability.

The remaining sections are laid out as follows. Section 2 introduces the notation, assump-
tions, definition, and representations of TailCoR. It also shows the asymptotic properties of
the estimators. Section 3 covers a brief Monte Carlo study. The illustration to the market
indexes is presented in Section 4, while Section 5 concludes, and proofs are relegated to the S1
Appendix. A separate S2 Appendix includes lengthy tables that is available for consultation.

2 TailCoR
2.1 Definition

Let X, t=1,..., T, be a random vector of size N at time f satisfying the following assumption

G1 (a) The random process {X,} is a strongly stationary sequence of random vectors, (b) the
unconditional distribution of X, is unimodal, and (c) X, is S-mixing.

Assumption G1(a) is standard in time series analysis and G1(b) is due to [19]. Both relate
to the unconditional distribution of X;. Assumption G1(c) relates to the conditional distribu-
tion and it specifies the time dependence of X,. The purpose of unimodality is twofold. First,
it rules out distributions with several modes (but not asymmetry). Second, we consider the
Gaussian and uncorrelated (hence independent) process as the benchmark. Regarding G1(c),
assuming a mixing condition instead of a particular type of dynamic model makes TailCoR
applicable to a wide array of processes. The conditions for S-mixing, introduced by [20], apply
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(a) Linear relation (b) nonlinear relation
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Fig 1. Diagrammatic representation of TailCoR. Scatter plots where X; and X} are positively related (the pairs are depicted with
circles). Projecting the observations onto the ¢- degree line produces the random variable ZU%, depicted with squares. Because of
representation purposes we show the projection only for the observations on the tails but the reader should keep in mind that the
projection is done for all the observations. Panel (a) shows the case of linear relation only. Panel (b) displays the case of nonlinear
relation only. Panel (c) shows the scenario of both linear and nonlinear relations.

https://doi.org/10.1371/journal.pone.0278599.9001

to a large number of processes often used in economics and finance, including GARCH mod-
els and its extensions, linear processes (like ARMA models), and stochastic volatility among
others.

TailCoR is based on the following simple idea, shown in Fig 1. If two random variables X;
and X (properly standardized) are positively related (either linear and/or nonlinearly), most
of the times the pairs of observations (depicted with circles) have the same sign, in the sense
that most of them concentrate in the north-east and south-west quadrants of the scatter plot.
Now, consider the ¢-degree line that crosses these quadrants (we illustrate the figure with ¢ =
71/4 or the 45-degree line) and project all the pairs on this line, producing a new random vari-
able ZUV, depicted with squares (because of representation purposes we show the projection
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only for the observations that are far from the origin, but the reader should keep in mind that
the projection is done for all the observations). Since the two random variables are positively
related, the squares—that are sitting on the ¢-degree line—are dispersed all over the line. In
the case of negative relation, the dots mostly concentrate in the north-west and south-east
quadrants, and the projection is on the corresponding ¢-degree line, as explained in detail
later. The extend of the dispersion depends on the strength of the relation between X; and X;.
If weak, the cloud of dots is concentrated around the origin without a well defined direction.
The dispersion of the squares is therefore small. By contrast, if the relation is strong, the cloud
of dots is stretched around the ¢-degree line, and hence the squares are very dispersed.

TailCoR is equal—up to a normalization—to the difference between the upper and lower
tail quantiles of Z9¥). This tail interquantile range can be large because of two reasons. First, if
Xj and X are highly linearly correlated (panel (a) of Fig 1). Second, if the correlation between
X; and X only happens on the tails, while the observations around the origin form a cloud
with undefined direction (panel b). These two situations are not mutually exclusive and both
may happen, which is actually the most likely case in practice (panel c). Either way, TailCoR is
large, in a sense to be precisely defined below. But first we formalize the intuition.

Let Xj, be the jth element of the random vector X,. Denote by Q; its 7th quantile for 0 < 7 <

1, and let IQR; = Q; — Q} “* be the 7th interquantile range. A typical value of 7is 0.75. Let Y}
be the standardized version of X

0.50
X, —Q

y = !
it IQR’

(1)
Likewise for Yy, In our context of potential heavy tails, the median and the interquantile range
are used for the standardization. The mean of Y}, is not necessarily zero and its variance is not
one, if they exist. This is not an issue since the aim of (1) is to have the pair (Y}, Yj,) centered
around the same number and with the same scale. As (1) is based on marginal quantiles, we
need the following technical assumption

G2 The random variable X, has F(x;) as camulative distribution function with density f(x;)
that is continuous and non-zero in a neighbourhood of Q; for 7 € [0, 1]. Likewise for Xj,.

Alternatively to (1), Xj; and X, could be standardized with the marginal camulative distri-
bution functions, i.e. Y;; and Y}, would be the probability integral transforms that are distrib-
uted uniformly on (0, 1). This is advantageous if there are marginal dependencies beyond the
location and the scale, or if we extend our method to copulas (as explained in the conclusions).

By standard trigonometric arguments, the projection of (Y}, Y;,) on the ¢-degree line is

Zﬁjk):thcosngrYk,singb, (2)

and the tail interquantile range of Z " is
IQR(J' k& _ Q(fk) & Q(jk) ]*57
where QUF% is the £th quantile of Z" and & is typically beyond 0.90. The larger & is, the further

we explore the tails. We define TailCoR as follows.
Definition 1 Under G1-G2, TailCoR between X, and X}, is

Tail CoRYY =, (&, 7)IQRUP ¢, (3)

where sy(¢, 7) is a normalization such that under independence TailCoRY¥* = 1, the reference
value.
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Four remarks are in order. First, the meaning of correlation in TailCoR is not the
traditional one, as TailCoR is not bounded between -1 and 1, nor centered at zero. Second,
so(&, 1) equals the inverse of the I QRYM* yunder independence. In the next sub-section, we
show that in the case of ellipticity, so(, 7) can be computed from a standard Gaussian
distribution.

Third, TailCoR is not an asymptotic (in the tail) dependence measure. Instead, the depen-
dence between X, and X}, can be computed precisely for any ¢, and, since TailCoR does not
rely on assumptions of the asymptotic behavior of the tail, it can be used for distributions with
tails that are Pareto, exponential, or even with finite end points.

Last, the angle ¢ has to be chosen. An optimality criterion would be to choose the angle
between 0 and 7 that maximizes the IQRV*, In practice this can be done with a grid search on
¢, computing the projection and the tail interquantile range for each angle of the grid. Since
no optimizations are involved, this grid search is computationally inexpensive.

2.2 Disentangling the linear and nonlinear components

Ellipticity and assumptions. Though definition (3) is simple and intuitive, it does not
allow to understand how much of TailCoR is due to the linear and nonlinear dependencies.
This is possible however if we assume ellipticity.

E1 The unconditional distribution of X, belongs to the elliptical family, given by the stochastic
representation X,=u + R, ,AU,.

The N x 1 random vector U, under E1 is uniformly distributed on the unit sphere. The scal-
ing matrix A produces the ellipticity and is such that ¥ = AA’, a positive definite symmetric
dispersion matrix—often called the shape matrix with generic (jk) element T, x0 and for con-

venience we denote the (jj) diagonal element by 6% . The non-negative and continuous random
J

variable R, generates the tail thickness through a so-called radial density depending on the
shape parameter ¢, and is stochastically independent of U,. From now on, we will denote o as
the tail index, in the sense that this parameter explains the decay of the tails (the smaller o the
thicker the tails), but not necessarily according to a power law. The random variable R, may
not only depend on the tail index but on a vector of shape parameters. We do not consider the
latter since most of the elliptical distributions used in practice only depend on & (see examples
after assumption E2). The extension is however straightforward. The vector p re-allocates the
center of the distribution. Let 6 = (4, Z, ) € O denote the vector of unknown parameters satis-
fying the following standard assumption.

NV
E2 (a) The parameter space @ is a non-empty and compact set on RN (b) The true

parameter value 6, belongs to the interior of ©.

Note that assumption E1 implies that the unconditional distribution of X, belongs to the
elliptical family, but no specific distributional assumption is made. The elliptical family nests,
among others, the Gaussian, Student-t, elliptical stable (ES henceforth), Cauchy, Laplace,
power exponential, and Kotz probability laws; see [21, 22] for tail theory within the elliptical
family. For a given vector of locations and a dispersion matrix, the difference between two
elliptical distributions is the random quantity R, with tail index o, which plays a central
role here. Another feature of the elliptical family is its closeness under location and scale shifts,

which implies that Z7" is elliptical with the same tail index c.
We need the existence of the mean and the variance-covariance matrix:

E3 The unconditional moments up to order 2 are finite, i.e. E(X?) < oo, for p < 2.
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Next, we substitute assumptions G1 and G2 for

E4 (a) The random process {X;} is a weakly stationary sequence of random vectors, and (b) X;
is S-mixing.

E5 The random variable R ,, has P(r) as cumulative distribution function with density p(r)
that is continuous and non-zero in a neighbourhood of Q; for T € [0, 1].

The optimal projection. Ellipticity allows to compute the optimal angle ¢ without the
grid search mentioned above. First, note that the interquantile range used in the standardiza-
tion (1) can be written as k(t, ) Tx» where k(7, ) is a non-random positive constant. Likewise

IQR; = k(x, oc)axk ([23] introduced this relation between the IQR and the scale parameter in

the context of stable distributions). Then, by E1 the bivariate random vector Y]* = (Y, Y,,)is
elliptically distributed with a 2 x 2 shape matrix k(t, ) °R. The matrix R has diagonal ele-
ments p;; = po, = 1 and off diagonal element p, = T, Xk/axjaxk (3.3.2 of [6]).

Therefore, the probability contours of Y are ellipsoids with axes that are in the direction of
the eigenvectors of k(z, @)*R ™", and their lengths are proportional to the reciprocals of the

square roots of the eigenvalues of k(r, a)*R™%. Since P11 = p2z = 1, the first eigenvalue is k(7,
@) *(1 + py,) with associated eigenvector (1/v/2,1/+/2), while the second eigenvalue is k(7,
@) %(1 - p1,) with associated eigenvector (1/v/2, —1//2).
If the relation between X, and X}, is positive, then py, is positive and k(z, a)2(1 + p12) is the
largest eigenvalue. Hence the projection on the 45-degree line is optimal:

- 1
Z[(Jk):ji(thqLth). (4)
If p1, is negative, then k(r, a)™(1 - p12) is the largest eigenvalue and the projection in the
135-degree line is optimal:

Z6% =%<Y,-t— Y,.). (5)

Either way, Z/' " is the first principal component of Y*. The choice between the 45- and the
135-degree lines depends on the sign of p;,. If wrongly chosen, conclusions may be misleading,
as exemplified in Fig 2. Panel (a) shows the projection on the 45-degree line when the relation
is negative. The projection Z% is concentrated around the origin and TailCoRY* can even be
smaller than one, leading to the false conclusion that tails are thinner than Gaussian. Project-
ing on the 135-degree line, as shown in panel (b), captures correctly the negative relation
between X, and Xj.

TailCoR under ellipticity. We are now ready to disentangle TailCo
and nonlinear components.

RY¥into the linear
Theorem 1 Let X, and X}, be two elements of the random vector X that fulfills assumptions

E1-E5. Let pj; be the linear correlation, and let s(&, 7, @) be a continuous and monotonically
decreasing function of . Then

TailCoR(jk)é = 5g(é7f)5(§,’570()“ 1+ |pjk|a

where s,(&, 7) is a normalization such that under independence TailCoRV¥* = 1, the reference
value.
Proof See S1 Appendix.
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(a) Projection in the 45-degree line

(b) Projection in the 135-degree line
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Fig 2. A diagrammatic representation of TailCoR for negative relation. Scatter plots where X; and X} are negatively related and the
projection is done with the wrong and right angles (panels (a) and (b) respectively).

https://doi.org/10.1371/journal.pone.0278599.9002

The rightmost element, | /1 + |p; |, captures the linear dependency of TailCoRY¥%, while s

(&, 7, @) captures the nonlinear dependency as it depends on the tail index . We denote these
dependencies as the linear and nonlinear components.
The normalization has become now s,(, 7) where the subindex g is for Gaussianity. Indeed,

under ellipticity, independence translates into Gaussianity and linear uncorrelation and hence
sg(i, 7) = i:g where @(-) is the cumulative distribution function of a standardized Gaussian
distribution. This can be shown using results of Theorem 1. Under Gaussianity and linear

N(0,1). Hence IQRY¥ < = %Ef;. Since sy(&, DIQRY¥* = 1, then

uncorrelation, Z7% ~ 5T ®

5,(&,7) = i: 118 Values of sy(&, 7) can be easily programmed, or one can look into the first table

of the separate 52 Appendix which shows values of s,(¢, 7) for a grid of reasonable values for 7
and &

Panel (a) of Fig 3 displays s,(, 7)s(&, 7, @) as a function of o and assuming a Student-¢ distri-
bution (and for £ = 0.95 and 7 = 0.75). The tail index varies from 2.5 to 30. The nonlinear com-
ponent decreases as & increases, and sy(&, 7)s(¢, 7, @) approaches 1 as a goes to 30, or when the
distribution is indistinguishable from the Gaussian. Panel (b) shows the sensitivity of s,(&, 7)s
(&, 7, a) to p (with a = 2.5). The nonlinear component is not affected by p, which confirms that

\/ 1+ |p; and s(§, 7, @) capture different aspects of TailCoRV¥*,

TailCoRY* has numerous properties. First, it captures nonlinear dependencies if tails devi-
ate from Gaussianity. That is s(&, 7, @)sy(&, 7) can be greater, equal, or smaller than 1, which
corresponds to tails fatter, equal, or thinner than the Gaussian distribution. Second, even if X;
and X are linearly uncorrelated, TailCoRU¥? is different from 1 if Xj and X are non-Gaussian.
This is akin to the coefficient of tail dependence stemming from copula theory. For instance,

the tail dependence coefficient of a bivariate Student-t copula is 2¢, (— W), where

tn+1(+) is a standardized Student-t cumulative distribution function with tail index a + 1. Even
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Fig 3. Sensitivity of s,(&, 7)s(&, 7, @) to o and p. Panel (a) shows the sensitivity of the nonlinear component to ¢. The tail
index varies from 2.5 to 30. Panel (b) shows the sensitivity to p (for & = 2.5). Both plots are for 7= 0.75 and & = 0.95.

https://doi.org/10.1371/journal.pone.0278599.9003

if p = 0 tail dependence is positive (unless & — oo). Third, if X, is Gaussian, s(&, 7, a)se(&, 7) = 1
and TailCoR'M* = | /1 + p;«l> i-e. the only source of dependence is linear.

This last property shows that under Gaussianity the upper bound is v/2. Otherwise, the
upper bound depends on ¢ and . Fig 4 displays similar curves to those in panel (a) of Fig 3 for
values of £ typically used in practice: 0.90 (solid line), 0.95 (thick dashes), 0.975 (thin dashes),
and 0.99 (thick and thin dashes). The further we explore the tails, the larger s,(&, 7)s(¢, 7, @) is,
and so TailCoR is. The range of values is 1 — 1.5 (except if £ is close to 1 and tails are very
heavy), which in turn translates into a range of values of TailCoR between 1 and 2.12 (e.g., if

p =1, TailCoR equals v/2 x 1.5 = 2.12).
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Fig 4. Sensitivity of s,(&, 7)s(&, 7, @) to o and &. Sensitivity of the nonlinear correlation to & for the Student-¢
distribution. The tail index varies from 2.5 to 30. Each line is for a value of & 0.90 (solid line), 0.95 (thick dashes), 0.975
(thin dashes) and 0.99 (thick and thin dashes).

https://doi.org/10.1371/journal.pone.0278599.9004
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2.3 Estimation

Estimation under G1-G2 is straightforward and divided in three simple steps.

Step 1 Standardize X;, with the sample median Q]Q“r’“ and the sample interquantile range IQRJ?.
Likewise for Xj,. Then compute the projection zZ0M,

Step 2 Estimate the IQR of the projection: IQRY" ©.

Step 3 Compute the normalization sy(§, 7) and
TailCoR¥ & ﬁ(Q?"r’o, QQ"”“, IQR}?, IQAR;) = 5,(&, T)IQR(% ¢ This somehow cumbersome

notation emphasises that TailCoR is a function of estimated quantiles (step 1).

Under E1-ES5 the linear correlation pj, is estimated with a robust method. [24] introduce a
robust estimator that is invariant in the class of elliptical distributions. Let K,  be the estima-

tor of Kendall’s correlation. Then
~ . (T,
Pirt = Sm(§ K; k,T) )

and /1 + |p; | follows. Given the IQRY"* obtained in step 2 above, the estimator of the

nonlinear component is
IQRy"*

VT 1Pl

We now see the computational advantages of TailCoORY, It can be estimated exactly for
any probability level £ and no optimizations are needed, as it is based on simple steps each

§(£,‘c,oc)T =

requiring a few lines of programming code. This makes TailCoR* fast to compute. More-
over, estimation of the tail index is not required.

The following theorem shows the consistency of TailCoRY " °.
Theorem 2 Let X;; and X}, be two elements of the random vector X that fulfills assumptions
G1-G2. Then,as T — oo

TailCoRY" ¢(Q"*, QI™, IQR!, IQR;) — TailCoR"¥ ¢ = o (1).

Proof See S1 Appendix.

Next, we prove asymptotic normality. Admittedly, the theorem ignores the effect of the esti-
mated median and the IQR in the standardization of X;; and Xy, (step 1). Monte Carlo results
shown below indicate that the effect of step 1 is negligible.

Theorem 3 Let X, and X}, be two elements of the random vector X that fulfills assumptions
E1-ES5. Let f(jx)(-) and Fjx(-) be the probability density and cumulative distribution functions
of 'V, and let I, be an indicator function that takes value 1 if its argument is true. Then, as
T— 0o

VT (TalCoRYY (Q . QU 1QR;. IQR;) — TailCoR™ ) — 70,45, (6,5 -2 ).
] ] ¢ f(jk)(F(;k)(i))
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where
+00
LQ9) = 3 E(W, QU)W (Q"%)),
t=—00
W,(QUY) = I{ijk)gQUkﬁ} — P(ZJV < Qe

and —; stands for convergence in distribution.

Proof See S1 Appendix.

We make the following remarks about the theorem. First, the univariate density fx(-) in
the denominator is symmetric, and therefore easy to compute. Second, I'(Q%) is the long-
run component of the variance that accounts for the time dependence. Third, the asymptotic
variance can be computed by bootstrap, as we do in the empirical application (we use block
bootstrap of length 50 and 500 replications). Last, it is possible to derive an equivalent asymp-
totic distribution under G1-G2, as shown in the following corollary.

Corollary 1 Let Xj, and Xj, be two elements of the random vector X, that fulfills assump-
tions G1-G2. Let fjx)(-) and F(jx(-) be the probability density and cumulative distribution
functions of Z/ ", and let I}, be an indicator function that takes value 1 if its argument is true.
Then, as T — oo

VT(TailCoR " “(Q'™, Q)™ IQR!, IQR}) — TailCoR"" ©)— N (0,5,(,7)Y),

where

@M | @ r(Q", @
f(fk)(F(,i)(é)) f(?k)(F(;}c)(l_é» f(,k( 0 (ENf(F Uk)(l_é))’

T(QUYE, QUII=¢) = ZE W, (QUH)W,(QUP')), and

t=—00

W(QUY) =T 00 _gue, — P(Z7Y < QU9F).

Proof If follows from the proof of Theorem 3 but with ng)s =+ —Q(jk)l_‘s.

3 A monte carlo simulation study

We analyze the finite sample properties of TailCoR with three bivariate elliptical distributions:
Gaussian, Student-t with & = 2.5, and ES with & = 1.5. The most heavy tailed distribution is the
Student-t, followed by the ES and the Gaussian. The location parameters are set to zero and
the dispersion matrix has unitary diagonal elements and off-diagonal elements 0.50. We con-
sider three sample sizes T'= {1000, 5000, 10000} and two replication sizes H = {1000, 10000}.
In the sequel we show results for T'= 10000 and H = 10000, unless otherwise stated. Results for
other configurations are alike and they are available upon request.

Fig 5 shows the finite sample distributions of the TailCoR estimates for £ = 0.95 and for the
three distributions (solid line for the Gaussian, dashed for the Student-¢, and dotted for the
ES). In all cases, TailCoR is larger than one. The estimated TailCoR is more precise under
Gaussianity than under heavy tails, as it only depends on the linear correlation. Moreover, the
median is around 1.22, very close to the true value v/1 + 0.50 = 1.225. Estimates under the
Student-t and the ES have higher medians (1.58 for the ES and 1.64 for the Student-¢), reflect-
ing the nonlinear dependencies.
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Fig 5. TailCoR for different distributions. Distribution of 10000 estimated TailCoR’s for £ = 0.95 and three
distributions: Gaussian (solid line), Student-t with & = 2.5 (dashed line), ES with o = 1.5 (dotted line).

https://doi.org/10.1371/journal.pone.0278599.9005

Fig 6 shows the sensitivity of TailCoR to & for the Gaussian (panel (a)), Student-t with a =
2.5 (panel (b)), and ES with a = 1.5 (panel (c)). Solid lines are for £ = 0.90, dashed for £ = 0.95,
and dotted for & = 0.99. The densities overlap for the Gaussian distribution since TailCoRY*

does not depend on ¢ (it equals 4 /1 + |p;|). The small differences are due to finite sample dis-

crepancies. Regarding the other distributions, results show that, as expected, TailCoR increases
with &

The precision and convergence in distribution of the estimator are shown in Fig 7 and in
Table 1 for £ = 0.95. Red lines in the figure are the kernel densities of the centered estimates for
different sample sizes and replications (indicated at the top of each plot), and the black lines
are the corresponding Gaussians. As expected, the kernel densities approach to the limiting
distribution as the sample size and the number of replications increase. The table shows the
effect of the estimation error of step 1. It compares TailCoR and its components when the pop-
ulation and the sample quantiles are used in step 1 (as shown in the row “Step 1”). Estimations
are done for the Gaussian and Student- distributions, two sample sizes (1000 and 10000),
1000 replications, and & = 0.95. Mean estimates are very close to the true values, indicating
unbiasedness. The standard errors are very small and, more importantly, using the sample
quantiles in step 1 does not affect significantly the accuracy of the estimates in step 2.

4 TailCoR of 21 financial market indexes around the globe

We illustrate TailCoR with an application to 20.5 years of daily stock log returns of 21 major
equity market indexes that represent three geographical regions: America (S&P,NASDAQ,
TSX, Merval, Bovespa and IPC), Europe (AEX, ATX, FTSE, DAX, CAC40, SMI and MIB), and
East Asia and Oceania (HgSg, Nikkei, Str'Tim, SSEC, BSE, KLSE, KOSPI and AllOrd). The
sample spans from 5 January 2000 to 9 July 2020 (each series contains 5369 observations).
Though it is of great interest to apply TailCoR to most recent data, mind that the end of the
sample considered here covers the first 6 months of COVID which were the most stressful for
global financial markets since the beginning of the pandemic. In March 2020, the VIX (the
main index of the risk in US equity markets) skyrocketed to 66%, one of the highest values on
record and only surpassed by the peak of the great financial crisis in autumn 2008. After July
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Fig 6. Sensitivity of TailCoR to &. Sensitivity of TailCoR to & for the Gaussian (panel a), Student-¢ with ¢ = 2.5 (panel
b), and ES with @ = 1.5 (panel c) distributions. Each line is the density of the 10000 estimates of TailCoR for different
values of & 0.90 (solid line), 0.95 (dashed) and 0.99 (dotted). (a) Gaussian, (b) Student-t, (c) ES.

https://doi.org/10.1371/journal.pone.0278599.g006

2020, VIX decreased to approximately 25% and, with ups and downs, it has remained on this
level ever since and till the time of writing these lines in mid-September 2022.

Table 2 shows the countries and descriptive statistics. All medians are approximately
zero, as expected. The IQRs are a measure of volatility. If annualised (i.e. multiplied by
v/252), the maximum is Merval with 35% and the minimum is KSLE with 12%. European
markets have annualised IQRs between 24% for MIB and 17.8% for SMI, while the IQR for
S&P is 16.5%, very close to 15%, the value that market participants consider as the average
annualized volatility. All skewness are negative (but one) albeit very close to zero which indi-
cates that the probability distribution is symmetric or very close to it. Finally, excess kurtosis
are all positive, denoting tails heavier than Gaussian. The open and international markets
have the highest excess kurtosis—the top 5 indices are in the US, South Korea, Netherlands
and Canada.

We first show full-sample results, followed by rolling window estimations to study the
dynamic behaviour. The window has a size of 3 years and it is rolled every year, i.e. we start
with January 2000—December 2002, followed by January 2001 —December 2003, and so forth.
There are between 780 and 800 observations per window (except the last one that ends in
July 2020). The choice of 3 years is motivated by having a relatively small sample size so we can
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Table 1. Estimation uncertainty step 1.
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Fig 7. Convergence in distribution. Kernel densities (red line) of the centered estimates against a corresponding Gaussian
distribution (black line) for all the combinations of the sample size and replications (indicated in the top of each plot).

https://doi.org/10.1371/journal.pone.0278599.9007

Step 1: Popul. Sample Popul. Sample
Gaussian Student-t
TailCoR
T = 1000 True 1.225 1.225 1.637 1.637
Mean 1.223 1.224 1.639 1.635
SD 0.034 0.037 0.082 0.077
T =10000 Mean 1.225 1.225 1.637 1.637
SD 0.011 0.011 0.024 0.024
s¢¢ 1, 0)
T = 1000 True 2.438 2.438 3.259 3.259
Mean 2.435 2.438 3.266 3.257
SD 0.059 0.072 0.152 0.147
T = 10000 Mean 2.439 2.438 3.260 3.259
SD 0.020 0.023 0.045 0.046
\/ 1+ |ij|
T =1000 True 1.225 1.225 1.225 1.225
Mean 1.225 1.224 1.224 1.224
SD 0.011 0.011 0.012 0.012
T = 10000 Mean 1.225 1.225 1.224 1.225
SD 0.003 0.003 0.004 0.004

Means and standard deviations of estimates of TailCoR and its components when using population (Popul. in top row) or sample marginal quantiles in step 1. All

results are for H = 1000 and & = 0.95

https://doi.org/10.1371/journal.pone.0278599.t001
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Table 2. Descriptive statistics.

Index Country Median IQRy 75 Kurtosis Skewness
S&P uUsS 0.0006 0.0104 1.8598 -0.0034
NASDAQ UsS 0.0009 0.0137 1.9299 -0.0036
TSX Canada 0.0007 0.0098 1.6225 -0.0042
Merval Argentina 0.0013 0.0221 1.4193 0.0008
Bovespa Brazil 0.0009 0.0200 0.5942 -0.0029
1PC Mexico 0.0006 0.0126 1.1945 -0.0020
AEX Netherlands 0.0006 0.0126 1.6462 -0.0036
ATX Austria 0.0007 0.0141 1.3296 -0.0053
FTSE UK 0.0005 0.0113 1.4377 -0.0028
DAX Germany 0.0008 0.0143 1.3958 -0.0055
CAC France 0.0004 0.0138 1.3717 -0.0038
SMI Spain 0.0006 0.0112 1.2319 -0.0035
MIB Italy 0.0007 0.0151 1.2464 -0.0038
HgSg Hong Kong 0.0006 0.0142 1.2157 -0.0025
Nikkei Japan 0.0006 0.0155 0.9529 -0.0030
StrTim Singapore 0.0002 0.0106 1.5006 -0.0036
SSEC China 0.0008 0.0144 1.5891 -0.0050
BSE India 0.0009 0.0140 1.4791 -0.0045
KLSE Malaysia 0.0004 0.0077 1.4068 -0.0012
KOSPI South Korea 0.0006 0.0134 1.8703 -0.0036
AllOrd Australia 0.0007 0.0096 1.1289 -0.0034

All the metrics are quantile-based. IQR;s is the interquartile range, kurtosis is in excess and computed as IQR™7*/IQR®7® - 2.91, and skewness is computed as (Q

Q50 (V50 — U025y,

0.975 _

https://doi.org/10.1371/journal.pone.0278599.t002

compare the performance with the much larger full sample, but not too small that would not
allow us to draw meaningful comparisons with competing measures.

Indeed, we compare TailCoR with the upper and lower exceedance correlations of [25]
(denoted 0" (> &) and 67 (< &), respectively), and the parametric and non-parametric tail
dependence coefficients (the former with a t-copula and the latter as in [11]). The non-
parametric tail dependence coefficient is also called the co-exceedance probability; see equa-
tion (10) in [11]. We denote them 7, and 7,,, respectively. Results are for & = 0.975 (£ = 0.025
for downside correlation). Since 7,,, depends on the Hill statistic, alternative methods for
choosing & are available. See [26] for a survey.

Full sample results for TailCoR and its components are summarized in Figs 8 and 9 in the
form of heat maps. Detailed and tabulated full sample results are available in a separate S2
Appendix. The market indexes are ordered as in Table 2: America on the top left, Europe in
the middle, and East Asia and Oceania in the bottom right. Note that the colour grading
depends on the scale, but in all cases the closer to dark blue the stronger the dependence, and
the closer to dark red the weaker the dependence.

Regarding TailCoR in heap map (a), all estimates are well above one—the minimum is
1.37—and with small standard deviations (between 0.04 and 0.13) reflecting the fact that
markets are dependent and with heavy tails. As expected, for every market the diagonal ele-
ments are the highest. These elements measure TailCoR of one market with itself, which can
be interpreted as a measure of tail risk. The markets with the highest tail risk are S&P and
Nasdagq, as well as AEX and Kospi. The two latter are the Dutch and South Korean markets,
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(a) TailCoR (b) Linear component

ALLORD-|

Fig 8. Full sample results—TailCoR and components. (a) TailCoR, (b) Linear component, (c) Nonlinear
component.

https://doi.org/10.1371/journal.pone.0278599.9008

that is two small and developed open economies. We address this point in more detail fur-
ther below.

The average TailCoR of an index with the rest of world varies from 1.57 for Bovespa to 1.87
for AEX. More interestingly, the heat map shows a clear geographical clustering. The most
dependent markets are in North America (S&P and NASDAQ), in dark blue and with TailCoRs
above 2.1. By contrast, the remaining American markets have TailCoR of about 1.7. Interestingly
enough, Latin American markets are less related between them than with North American mar-
kets. This is a sign of the leadership of US markets, that drives the overall performance of other
American markets. It is also a sign of the lack of financial integration in Latin America. [27]
finds that Latin America’s financial markets are less regionally integrated than in other regions of
the world. Two reasons are behind this fact. First, many Latin American countries imposed
restrictions in the movement of capital after the crises in the 80s and 90s. Second, as a conse-
quence of the great financial crisis, many global financial institutions retrenched from the region.

The next block is Europe that is mostly in the green & dark green range (TailCoR is in the
range 1.8-2.2). After North America, this is the second block with most dependent markets.
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Fig 9. Full sample results—Comparing measures. (a) 6~ (< 0.025), (b) 6" (> 0.975), (c) Ty, (d) Typ-
https://doi.org/10.1371/journal.pone.0278599.9009

Note that all markets but the UK belong to the European Union. In contrast with Latin Amer-
ica, European markets are relatively integrated as the free movement of capital is one of the
four fundamental freedoms of the European Union, though more integration might be forth-
coming if the Capital Markets Union regulation of the European Commission is approved.
Among these markets, the most related is AEX—Netherlands is a very open economy and a
European cross road—and the less is ATX—Austria is the furthest geographically.

The third block is Asia and Oceania with relatively low TailCoRs. The most dependent mar-
ket is KOSPI—South Korea is another small and open economy, and very export oriented.
Hence, there might be a relation between openness and TailCoR. A measure of openness in
financial markets is the investment freedom, or the capacity of investment capital of individuals
and firms to flow in a given market. The Heritage Foundation and the Wall Street Journal pub-
lish every year the investment freedom index that ranges from 0 (no freedom) to 100 (maximum
freedom)—see www.heritage.org. Its correlation with TailCoR is 66%. This is a high correlation
and confirms that markets with high openness entails high correlation of extreme events.

The heat map for the linear component reveals that the source of the geographical cluster
is linear. All components are above one, with a minimum of 1.03 and a maximum of 1.39
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(diagonal elements are excluded since, by definition, equal 1.41), and all standard deviations
are very small. Within the blocks, and on average, the European block shows the highest linear
dependence (1.22), followed by North America (1.18), Latin America (1.15), and Asia and
Oceania (1.13). The correlation between the index of investment freedom and the linear com-
ponent is 80%, i.e. the high correlation of 66% found earlier is driven by the linear component.

The heat map for the nonlinear component shows a different pattern. All nonlinear compo-
nents are above one, standard deviations are small, and values do not show the same clear-cut
cluster as for the linear components. That said, North American markets have the highest
nonlinear relations, not only between them but also with the rest of the world. Some Asian
indexes also show high nonlinear components, even higher than for European indexes, like
KOSPI, SSEC, and STRTIM.

In order to give an empirical explanation to the nonlinear component, we need to consider
two facts. First, the main diagonal measures the thickness of the tails for each market. In
fact, the correlation of the main diagonal with the kurtosis in Table 2 is 99.8%. Second, the cor-
relation between the index of investment freedom and the nonlinear component is just 12.5%.
Therefore, while investment freedom explains the relation of markets in normal times, the
nonlinear component captures the relation between markets during periods of global extreme
events when contagion spreads, causing extreme co-movements. This finding is corroborated
in the rolling window exercise.

Turning to the competing measures, 7, and 7,,, show the same geographical clustering as
TailCoR, though the contrast between and within regional blocks is sharper, in particular for
7, (as for TailCoR, detailed and tabulated full sample results are available in a separate S2
Appendix). This clustering is also visible in the heat map for 67(< 0.025), though more
blurred, and less visible for 87(> 0.975). Table 3 displays the matrix of sample correlations
between TailCoR*7%, 8*(> 0.975), 67 (< 0.025), 75, and 7,,,. The sample correlations are com-
puted by vectorizing the upper triangle of the heat maps, and calculating the Pearson correla-
tions between them. The correlations of TailCoR with the other measures vary between 0.39
and 0.89. TailCoR highly correlates with 7, and 7,,,, mildly correlates with 67(< 0.025), and
weakly correlates with 87(> 0.975) (as a matter of consistency, one can see that Tpand 7,
strongly or mildly correlate with all other measures). Overall, we conclude that for large sam-
ples TailCoR provides empirical results that are in line with tail dependence coefficients.

Next, we move to the rolling window exercise. Panels (a), (b) and (c) of Fig 10 display the
dynamic evolution of TailCoR, 7, and 7,,, respectively and for all pairs of market indexes. The
exceedance correlations could not be computed due to lack of extreme observations. All Tail-
CoRs are always larger than one, and they show a pattern in line with the financial and eco-
nomic events that happened during the sample period—as explained in detail below. The tail
dependence coefficients also show a recognisable pattern, though there is a larger variability

Table 3. Empirical correlations between all measures.

TailCoR*?” 67(< 0.025) 6*(> 0.975) T, Tp

TailCoR%®7® 1.00 0.51 0.39 0.84 0.80
67(< 0.025) 0.51 1.00 0.59 0.69 0.70
6*(> 0.975) 0.39 0.59 1.00 0.57 0.61
T, 0.84 0.69 0.57 1.00 0.96

Tup 0.80 0.70 0.61 0.96 1.00

Empirical correlations between TailCoR**7>, §*(> 0.975), 67(< 0.025), Tp, and 7,,,. The correlations are computed by vectorizing the upper triangle of the matrices of

estimates, and calculating the Pearson correlations between them.

https://doi.org/10.1371/journal.pone.0278599.t003
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Fig 10. TailCoR and tail dependence coefficients. Panel (a) shows the evolution of TailCoR for all pairs of market indexes,
while panels (b) and (c) show the non-parametric and parametric tail dependence coefficients.

https://doi.org/10.1371/journal.pone.0278599.9010

across coefficients, both cross-sectionally and across time. For instance, we do not observe
increased clustering in times of crisis.

Fig 11 focuses on TailCoR (panel a) and its nonlinear (panel b) and linear components
(panel c). For the sake of visibility and interpretation, each line is the cross-sectional average of
one index with respect to the others. For instance, the value of TailCoR for S&P in 2000-2002
is the average TailCoR of S&P with respect to all the other indexes on that period.

Also here we observe that all TailCoRs are larger than 1 for all windows. The ups and
downs show a pattern that is clearly identified with financial, economic and political events. In
general TailCoR increases in crises periods, when markets become more dependent. Related
with this, the variability of TailCoRs across the globe decreases in crises. During 2000-2004,
the range of TailCoRs is 1.2-1.7. In 2005, all TailCoRs decrease, concentrating around 1.4.
This a period characterised by tails nearly Gaussian. Since then, the heaviness and the tail co-
movements increase steadily. March 2007 has been identified as the beginning of the financial
crisis [28]. TailCoR decreases between 2007 and 2008, but picks up again in 2008, when further
troubles in the financial industry were made public. TailCoR then lowers for the next three
years, though there is a small peak around 2011-2012 due to the European sovereign debt cri-
sis. These are years of bonanza in financial markets and the economy overall. In 2016, there
were a number of corrections worldwide that are reflected in the increase of TailCoR. The last
increase, to levels comparable to the 2008 Great Financial Crisis, is due to COVID-19.

Panels (b) and (c) reveal that the pattern of TailCoR is driven by the nonlinear component.
The linear component evolves smoothly while the nonlinear component is more volatile and
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Fig 11. TailCoR and its components. Panel (a) shows the evolution of TailCoR for all market indexes. Each line is the cross-
sectional average of one market index with respect to the others. Panels (b) and (c) show the evolution of the nonlinear and linear
components respectively.
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reacts faster to the events that drive financial markets. COVID-19 is a case in point. Though
the linear component increases in the last window, the nonlinear component increases signifi-
cantly more. Also, note that the linear component has an upward trend, an indication of the
increasing integration of global financial markets. This trend is not observed in the nonlinear
component. Instead, the nonlinear component is much more concentrated, which relates to
the above-mentioned fact that in globally stressful periods, contagion spreads and we observe
extreme co-movements.

5 Conclusions

We have introduced TailCoR, a metric for tail correlations that is a function of linear and non-
linear components, the latter characterised by the heaviness of the tails. TailCoR is exact for
any probability level, it does not depend on any specific distributional assumption, and no
optimisations are needed. Monte Carlo simulations reveal its goodness in finite samples.

The empirical application shows the reliability of TailCoR and its many potential uses for
policy, namely as simple and quick tool for monitoring the propagation of large events in non-
linear systems. In our application to global equity market indexes, TailCoR brings light on the
nature of the dependencies between markets in periods of stress. While there are clear geo-
graphical clusters when the dependence is linear, the nonlinearities caused by the most
extreme dependencies are homogeneous, indicating that the extreme events evenly spread
throughout the markets.
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Several technical extensions are possible. One is conditional TailCoR, which would be
based on the conditional IQR of the projection (IQR? e — Q? Bi-c_ Qﬁj K<) where the time
varying quantiles are regressed on the financial and economic determinants of tail correla-
tions. Under ellipticity the dynamic linear correlation p;;, can be estimated with a robustified
version of the DCC model ([29]).

A second extension is assuming a meta-elliptical copula ([30, 31]), which allows for differ-
ent tail indexes for the marginal distributions and the copula. In this case, the first step should
be done with a monotonically increasing transformation that standardises not only for the
location and scale but also for the marginal heaviness of the tails.
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