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We study two-dimensional noble metal chalcogenides, with composition {Cu, Ag, Au}2{S, Se, Te},
crystallizing in a snub-square lattice. This is a semi-regular two-dimensional tesselation formed by
triangles and squares that exhibits geometrical frustration. We use for comparison a square lattice,
from which the snub-square tiling can be derived by a simple rotation of the squares. The mono-layer
snub-square chalcogenides are very close to thermodynamic stability, with the most stable system
(Ag2Se) a mere 7 meV/atom above the convex hull of stability. All compounds studied in the
square and snub-square lattice are semiconductors, with band gaps ranging from 0.1 to more than
2.5 eV. Excitonic effects are strong, with an exciton binding energy of around 0.3 eV. We propose
the Cu (001) surface as a possible substrate to synthesize Cu2Se, although many other metal and
semiconducting surfaces can be found with very good lattice matching.

I. INTRODUCTION

In the two-dimensional (2D) world, the plane has
eleven different Euclidean tesselations using convex reg-
ular polygons. These symmetrical motifs have fascinated
mankind for centuries and have been used as decora-
tive elements since Roman and Islamic times or, more
recently, in the beautiful work of M. C. Escher. Of these
eleven, three are regular and are characterized by the
number of edges meeting at each vertex, which can be
either six (in the triangular lattice), three (in the hexag-
onal lattice), or four (in the square lattice). Some of
the most notable materials in the atomic 2D world, such
as graphene, the transition metal dichalcogenides, black
phosphorus, etc., belong to this family. The remaining 8
lattices are semi-regular and are constructed from more
than one regular polygon.

The trihexagonal tiling is perhaps the most studied
semi-regular tesselation, often called the Kagome lattice,
due to its use in traditional Japanese basketry. This mo-
tif can be found in the layers of some naturally occur-
ring minerals, and the presence of the equilateral trian-
gles leads to a geometrical frustration responsible for an
exotic behavior of the electronic and magnetic proper-
ties. For example, kagome compounds, such as Fe3Sn2,

1,2

FeSn,3 YMn6Sn6,
4 or CoSn5 can exhibit Dirac cones and

flat bands. Recently, a kagome material, KV3Sb5, was
found to have an unconventional chiral charge order,
with a topological band structure and a superconduct-
ing ground state.6

Here we are concerned by another, much less studied,
semi-regular lattice, specifically the snub-square tiling.
This tesselation consists of regular squares and triangles
of matching edges, arranged so that exactly five edges
meet at every vertex, and no edge is shared among two

squares. Examples of this lattice can be found at larger
length scales in two-dimensional metal–organic networks.
For example, in Ref. 7 the snub-square tiling could be
fabricated by performing the cerium-directed assembly
of linear polyphenyl molecular linkers with terminal car-
bonitrile groups on an Ag(111) surface and by tuning the
concentration and the stoichiometric ratio of rare-earth
metal centers to ligands. This tesselation is also created
by connecting a neutral rod-shaped secondary building
unit with a cationic dicarboxylate ligand8 or by the link-
ing of trans-LnI2

+ nodes (Ln = Gd, Dy) by both closed-
shell and anion radicals of 4,4’-bipyridine.9 Furthermore,
in this latter case, the occurrence of sizable magnetic ex-
change interactions and slow relaxation of magnetization
behavior was observed.9 We emphasize that triangles in
the snub-square lattice lead to a geometrical frustration
of the lattice (as in the Kagome lattice), so we can expect
unique electronic and magnetic properties.

The formation of these systems has also been inves-
tigated by computer simulations. Antlanger et al. suc-
ceeded, using a bottom-up strategy, to decorate patchy
particles so that they self-assemble in most Archimedean
tilings.10 Furthermore, they found that the snub square
was stable at intermediate or even elevated pressure val-
ues due to its compact structure, involving only triangles
and squares as building polygonal units. Reference 11 has
shown that the self-assembly of Archimedean networks
requires a combination of the geometry of the particles
and chemical selectivity. Finally, the Archimedean tiling
can be formed in mixtures of a pentavalent molecule and
a linear linker, the driving force being the mobility of the
linker.12

Recently, it was discovered that the snub-square
Archimedean lattice (as well as the undistorted
square lattice form) can also exist in some group-IB-
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(a) P4/nmm

(b) P4212

FIG. 1. Crystal structures of 2D–Ag2Se with top view and
side view. The silver and yellow spheres denote Ag and
Se atoms, respectively. The metallic framework forms ei-
ther (a) a square (P4/nmm) or a (b) a snub-square lattice
(P4212), with the chalcogen atoms alternating above and be-
low the squares.

chalcogenides13 with composition M2Ch (where M is Cu,
Ag, or Au and Ch is a chalcogen). The crystalline
structure of these 2D systems is illustrated in Fig. 1.
The metal atoms are arranged in a flat snub-square lat-
tice, while the chalcogen atoms are located at the center
of the squares alternating above and below the plane.
These systems are very close to thermodynamic stabil-
ity, only slightly higher in energy than their bulk crys-
tal phases. We also note that other 2D structures of
Group-IB chalcogenides with similar stability have been
predicted in Ref. 13. The focus of our current study
is the systematic comparison of the snub-square phases
with the undistorted square-lattice phases.

Related snub-square lattices were recently proposed for
BaO3 and TiO2.

14 In the former system, the Ba atoms
form a planar snub-square lattice with O2 units filling
both the triangular tiles (perpendicular to the plane) and
the square tiles (in the plane). In the latter, the Ti sub-
lattice is highly buckled, with the triangles decorated by
one O atom and the squares decorated by two O atoms.
However, in contrast with these two systems, 2D metal

chalcogenides do not involve unusual metallic oxidation
numbers (like in BaO3) and are very close to the con-
vex hull of thermodynamic stability (for comparison, the
TiO2 system is 138 meV from the hull). As such, one
can expect they should be much simpler to synthesize.

Here we will discuss in detail a series of group IB snub-
square chalcogenide properties. Specifically, we inves-
tigate the underlying bonding mechanism that in some
cases stabilizes the snub-square phase as compared to
the square one. We compare the electronic properties,
optical absorption, vibrational properties, and Raman
spectra between the two phases. We also propose suit-
able substrates with minimal mismatch to grow 2D snub-
square chalcogenides. Finally, we consider the possibility
of making quasi-crystalline lattices based on these sys-
tems.

II. METHODS

The density-functional theory (DFT) calculations of
optimized geometries and electronic band structures are
performed via the Vienna ab initio simulation package
VASP15,16 with the projector augmented wave method
(PAW).17 The plane-wave cutoff is set to 520 eV. A vac-
uum region of at least 15 Å is applied to the 2D slabs and
the geometries are optimized until the forces are smaller
than 0.005 eV/Å.

The Brillouin zones are sampled by Monkhorst-Pack k-
grids centered at Γ, while the densitiy of the 2D k-mesh
for structural optimization is 1200 k-points/Å−2. For
electron band structure and carrier effective mass, we
use a higher-density k-mesh (3000 k-points/Å−2), and
an interpolation of the eigenvalues is performed using
BoltzTraP2.18,19 The interpolated bands are further
used to calculate the carrier effective masses.

The phonon dispersions have been calculated using
density-functional perturbation theory (DFPT) as im-
plemented in Quantum Espresso.20,21 A Γ centered
k-point grid of 12 × 12 × 1 and a cut-off of 90 Ry were
used to converge the ground state charge density. We
have used a vacuum distance off 15 Å and a 2D Coulomb
cutoff (otherwise, a weak longitudinal optical/transverse
optical splitting would occur at the Γ point for some
of the phonon modes). We computed dynamical ma-
trices on a uniform 4 × 4 Γ-centered coarse grid and
performed a Fourier transform to obtain the interatomic
force constants. The interatomic force constants were
then used to obtain the phonon dispersions. All cal-
culations with the Quantum Espresso code were per-
formed using the norm-conserving pseudopotentials from
the PseudoDojo project.22,23 Total energy differences and
optimized structures are almost identical in calculations
with the VASP and Quantum Espresso codes.

For geometry optimization and phonon calculations,
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we use the Perdew-Burke-Ernzerhof24 (PBE) exchange-
correlation functional. We note that by using different
functionals for the geometry optimization (in particu-
lar the local density approximation, LDA, that tends
to slightly overbind), the energetic ordering of simple
square and snub-square phases (and also of the additional
phases calculated in Ref. 13) may change. The electronic
band structures are calculated with the Heyd-Scuseria-
Ernzerhof HSE0625 hybrid functional.

To obtain the optical absorption spectra, we start with
the energy eigenvalues and Kohn-Sham wave functions
obtained via DFT-PBE with the Quantum Espresso
code. We first perform G0W0 calculations to correct the
energy eigenvalues. We use 9 × 9 × 1 uniform Γ cen-
tered k-point grids and include 600 Kohn-Sham states to
converge the band structure for the materials. A cut-
off of 8 Ry is used to construct the dielectric tensor,
and a plasmon-pole scheme26 is employed to model the
frequency dependence of dielectric screening. Later, we
perform Bethe–Salpeter equation (BSE)27 calculations
to obtain the absorption spectrum, including electron-
hole interactions. We use a 24 × 24 × 1 uniform Γ cen-
tered k-point grid to converge the absorption spectra.
A total of 400 Kohn-Sham states and a cutoff of 8 Ry
(109 eV) is used to build the static dielectric tensor. We
include the top four conduction and bottom five valence
bands to construct the BSE Hamiltonian and employ the
Tamm–Dancoff approximation to decrease the compu-
tational cost.28 In both G0W0 and BSE calculation, a
Coulomb cutoff of 32 Bohr is set along the non-periodic
direction to remove the interactions with periodic im-
ages.29 Both BSE and G0W0 calculations are performed
using the YAMBO code.30,31

The calculation of 2D films on a substrate is calcu-
lated with a non-local van der Waals corrected functional
(optB86b-vdW),32 and a six-layer slab of Cu-(001) sur-
face is used as substrate. In this case, the three bottom
layers of Cu-atoms are held fixed for the geometry opti-
mizations while the remaining atoms can relax.

III. RESULTS AND DISCUSSION

A. Structure and Bonding

As a 3D crystal, Ag2Se is naturally found in the form
of naumannite, an orthorhombic system with P212121
space group symmetry.34 Two inequivalent metallic sites
are found in naumannite, namely a 3- and a 4-fold coor-
dination centers.33 Ag2S crystalizes in monoclinic anti-
PbCl2-like structure and transform to Ag2Se-like struc-
ture at high-pressure.35 The compound Ag2Te

36 forms
in a distorted ZrSi2-like structure with the monoclinic
space group P21/c. The structure consists of two in-
equivalent Ag sites acting as 10-fold and 8-fold coordina-

tion centers, respectively. The 3D Cu2S material crystal-
lizes in the tetragonal P43212 space group,37 where the
copper atoms are coordinated with three sulfur atoms
in a trigonal planar configuration. While Cu2Se is pre-
dicted from theory to form in the same structure as
Cu2S, experimental reports observe crystalization in cu-
bic phases.38,39 In contrast, Cu2Te can be found uniquely
in 2D hexagonal sheets with the space group P6/mmm.40

It turns out that Au2S is the only reported Au2Ch com-
pound, exhibiting a cuprite-like structure with the cubic
spacegroup Pn̄3m.41 The S ligands form 4-fold coordi-
nation centers with the Au cations in the cuprite-like
phase. From this short overview, it is clear that, in the
three-dimensional world, metal chalcogenides crystallize
in many structures with different coordination and bond-
ing patterns.

The 2D snub-square lattice belongs to the P4212 crys-
tal space group (here, we will use the three-dimensional
space group for convenience). It can be seen as the re-
sult of a rotation of the tetragonal pyramids of the square
lattice (Fig. 1a) belonging to the space group P4/nmm.
The rotation causes a distortion of the perfect squared
metallic network of the P4/nmm phase. Due to this close
relation between the P4212 and the P4/nmm phases, we
will often compare them in the following.

In Table I, we compare the structural parameters
among the M2Ch systems. For P4212 structures, the de-
grees of distortion are quantified by the relative difference
for Ch–M–Ch bond angles and M–M distances compared
to the P4/nmm counterparts. We also computed atom
bond orders42,43 between the nearest noble metal atoms
in these systems. Of note is that for Ag2S and Au2S,
the P4212 structures symmetrize to the P4/nmm lattice
during structural relaxation, indicating that for these two
systems, the P4212 structure is dynamically unstable.

From this table, we can conclude several things. First,
in the P4/nmm structures the Ch–M–Ch angles are al-
ways 180o (no distortion), M–M distances are above 3.5 Å
and BOMM shows negligible metal-metal bonding inter-
actions, which can also be verified by the electron lo-
calization function (ELF) and charge density difference
depicted in Fig. 2(a) and (c), respectively. On the con-
trary, in the P4212 geometry, the M–M bonding is no-
ticeable, as shown by the ELF and charge difference plots
in Fig. 2. More importantly, there is a clear correlation
between the degree of distortion and the increase of M–M
bonding. The distortions are more significant for the gold
compound and smaller for silver ones with fixed chalco-
gen and increase for heavier chalcogens for a given metal.
The BOMM reaches a maximum of 0.41 in the case of
Au2Te. The ELF in Fig. 2(a) and (b) also shows clearly
that there is a strong delocalization of the charge going
from the P4/nmm to the P4212 phase.

We also list the thermodynamic stability of the 2D-
M2Ch in both P4/nmm and P4212 symmetries (see



4

TABLE I. Summary of the structural and bond order of the calculated 2D-M2Ch structures. We present the in-plane cell
parameters (a, in both phases a = b, in Å), the distances between the metallic atoms (DM–M in Å), the Ch–M–Ch bond angles
(θ in degree), and the bond orders between adjacent metal atoms (BOMM). For P4212 structures the relative differences for
DM–M and θ to corresponding P4nmm structures are also shown in parentheses.

P4/nmm P4212
Formula BOMM a DM–M θ BOMM a DM–M θ

Cu2S 0.02 5.179 3.63 180.0 0.21 5.008 2.74 (-24.5%) 159.2 (-11.6%)
Cu2Se 0.02 5.042 3.56 180.0 0.29 4.933 2.60 (-27.0%) 158.2 (-12.1%)
Cu2Te 0.02 5.042 3.56 180.0 0.35 4.901 2.50 (-29.8%) 158.2 (-12.1%)
Ag2S 0.01 5.888 4.16 180.0 – – – –
Ag2Se 0.01 5.904 4.17 180.0 0.10 5.784 3.43 (-17.7%) 165.2 (-8.2%)
Ag2Te 0.01 5.947 4.20 180.0 0.27 5.719 3.06 (-27.1%) 159.3 (-11.5%)
Au2S 0.02 5.818 4.11 180.0 – – – –
Au2Se 0.02 5.788 4.09 180.0 0.34 5.579 2.95 (-27.9%) 157.6 (-12.4%)
Au2Te 0.02 5.820 4.11 180.0 0.41 5.598 2.88 (-30.0%) 157.1 (-12.7%)

TABLE II. Summary of 2D-M2Ch structures, distance to the convex hull (Ehull in meV/atom), band gap calculated with
the PBE functional (GapPBE in eV) and HSE06 hybrid functional (GapHSE in eV), effective electron mass (m∗

e in me), and
light/heavy hole masses (m∗

h, L/m∗
h, H in me) at the band edges. For comparison, we showed the space group (Spg.) and PBE

band gap (GapPBE, taken from the Materials Project database33) for the experimental 3D crystal structures.

P4/nmm P4212 3D Exp.
Formula Ehull GapPBE GapHSE m∗

e m∗
h, L m∗

h, H Ehull GapPBE GapHSE m∗
e m∗

h, L m∗
h, H Spg. GapPBE

Cu2S 24 0.60 1.64 0.14 0.16 1.15 13 0.16 1.07 0.12 0.14 1.11 P43212 0.13
Cu2Se 54 0.62 1.63 0.15 0.15 1.05 27 0.12 1.00 0.12 0.14 0.98 Fm3̄m 0.09
Cu2Te 118 0.50 1.38 0.14 0.14 0.64 65 0.00 0.67 0.11 0.11 0.81 P6/mmm 0.00
Ag2S 7 1.79 2.59 0.19 0.20 1.13 - - - - - - P21/n 0.93
Ag2Se 3 1.82 2.58 0.19 0.22 1.22 7 1.34 2.12 0.18 0.21 1.10 P212121 0.00
Ag2Te 28 1.69 2.35 0.18 0.18 1.38 21 0.95 1.56 0.15 0.19 1.08 P21/c 0.00
Au2S 85 1.00 1.59 0.10 0.10 0.70 - - - - - - Pn̄3m 1.91
Au2Se 42 1.02 1.61 0.12 0.10 0.71 57 0.00 0.42 0.07 0.07 0.74 – –
Au2Te 31 0.93 1.44 0.12 0.10 0.67 29 0.00 0.09 0.04 0.06 0.13 – –

Fig. II). The system that is furthest from the convex
hull is Cu2Te at 118 meV/atom in the P4/nmm ge-
ometry and at 65 meV/atom in the P4212 counterpart.
The most stable system is Ag2Se at a mere 7 meV/atom
in P4212 and 3 meV/atom in P4/nmm. As mentioned
above, only Cu2Ch systems stabilize in the P4212 for all
three chalcogenides. For both geometries (not applicable
for Ag2S and Au2S), Ehull increases for copper and silver
chalcogenides as the anions get heavier while this trend
is reversed among gold compounds.

Interestingly, the relative stability between the P4212
and P4/nmm analogs correlates with the degree of dis-
tortion and bond order for copper compounds, show-
ing that in copper analogs the M–M bonding interac-
tion caused by distortion crucially stabilizes the P4212
geometry. However, for silver and gold compounds, the
selenides are more stable in the P4/nmm geometry.

B. Electronic properties

In Fig. 3, we show the electronic band structure
and the projected density of states for the three se-

lenide P4212 systems computed using the screened hy-
brid density-functional HSE06.25

The systems exhibit a direct gap at the Γ point. The
highest valence states are doubly degenerate with a stark
difference in the dispersion behavior near the Γ point.
One of the states is characterized by a nearly flat disper-
sion curve, while the other shows a very pronounced cur-
vature. Consequently, these systems could accommodate
light holes as well as heavy ones. The lowest conducting
states show somewhat curved dispersion curves around
Γ compatible with particles of effective masses similar to
those of the aforementioned light holes. Table II lists the
band gap and the particle/hole effective masses for the
P4212 systems and their P4/nmm analogs.

It is well known that the PBE functional underesti-
mates considerably band gaps.44 In fact, three of the
P4212 systems were misidentified as metals at the PBE
level. The electronic band gaps at the HSE06 level show
that P4/nmm systems are moderate- to wide-band-gap
semiconductors with band gap values from 1.59 up to
2.59 eV. All the P4212 systems have smaller band gaps
than their previously mentioned counterparts, with val-
ues ranging from 90 meV to 2.12 eV, consistent with the
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(a) (b)

(c) (d)

FIG. 2. Electron localization function (ELF) of (a) the
P4/nmm and (b) the P4212 structures for Cu2S (Cu atoms
are denoted as bronze color). Iso-surface plot at a value of
±0.003 electron/Å−3 of charge density difference of (c) the
P4/nmm and (d) the P4212 structures for Cu2S, where de-
pletion and accumulation of charges compared to atomic den-
sity are represented as naval blue and teal colors, respectively.

larger degree of delocalization of the electronic states in
these systems.

As expected, moving down the chalcogen group for
a specific metal reduces the gap in both phases. We
also note that the heavier the chalcogen, the more sig-
nificant the HSE06 band gap difference (∆Gap) between
P4/nmm and P4212 phases, with ∆Gap largest in the
case of Au2Te. Clearly, there is also a strong positive cor-
relation between ∆Gap and the distortion/M–M bond-
ing order. The correlation is consistent with the ELF
and charge transfer shown above, as forming the M–M
bond effectively reduces the charge transfer from metal
to chalcogen, weakening the covalent M–Ch bonding and
consequently reducing the gap.

We can see that light and heavy holes appear in the
studied systems in both geometric configurations. The
transformation from one space group to the other has
limited impact on the particle/hole effective masses, ex-
cept in the case of Au2Te, where we find the heavy hole
effective mass to be reduced to less than a fifth of its
original value. The band masses of these systems show
considerable improvement in the m∗

e over commercialized
n-type TCOs45 to below 0.2 m0 across all compositions
and in both polymorphs. The light holes show similar

improvement, reducing m∗
h to below 0.2 m0. However,

the heavy holes remain a potentially limiting factor for
functional p-type mobility. Unfortunately, the maximum
band gap we find in our chalcogenides (2.59 eV for Ag2S)
is well within the visible spectrum, limiting the usability
of these materials as n- or p- type transparent conductors
for transparent electronic applications.46–48

C. Optical absorption

In this section, we examine the excitonic effects in
the optical absorption of P4/nmm and P4212 phases of
Ag2Se. The optical response of a typical two-dimensional
semiconductor is dominated by excitons due to reduced
environment screening.49 To describe the optical absorp-
tion spectrum, we calculate the imaginary part of the
dielectric tensor, which is given by50

ε2(ω) =
8π2e2

ω2

∑
S

∣∣∣∑
kcv

AS
kcve ·⟨vk|v|ck⟩

∣∣∣2δ(ω−ES) (1)

where e is the light polarization direction, v is the veloc-
ity operator, AS

kcv are the expansion coefficients of the
exciton eigenstates, calculated in the electron-hole basis
with the help of the Bethe-Salpeter-Equation, and ES

are exciton energies.
In Fig. 4, we show the absorption spectra computed

along the in-plane direction for the P4/nmm and P4212
phases of Ag2Se. The vertical solid and dashed lines de-
note the first exciton energy (Eexe) and the direct band
gap (Edirect) calculated with G0W0, respectively. The ab-
sorption on-sets shift by ∼0.3 eV when the electron-hole
interaction is included, indicating relatively strong exci-
tonic effects in both phases of Ag2Se. The first exciton
in both phases is optically bright. It is doubly degener-
ate with different effective masses (meaning that in the
exciton dispersion, for finite wave vector k, there are two
different branches). It mainly consists of transitions from
the top valence bands to the lowest conduction band at
the Brillouin zone center.
In Fig. 5, we plot the total probability density of the

first exciton for both phases of Ag2Se. We observe that
both excitonic wave functions are rather extended in real
space, showing that the exciton is of the Wannier-Mott
type. The extension is considerably higher for the P4212
phase, which is compatible with the lower band gap, the
increased screening, and, consequently, with the lower
excitonic binding energy.

D. Phonons

In Fig. 6 we present the phonon dispersion for Cu2Se
in the P4/nmm and in the P4212 phases. The main dif-
ference between the two dispersions is the soft mode at
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FIG. 3. Electronic band structures of the P4212 phases of (a) Cu2Se, (b) Ag2Se, and (c) Au2Se, calculated with the HSE06
hybrid functional.
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FIG. 4. Optical absorption spectra of (left) P4/nmm Ag2Se
and (right) P4212 Ag2Se with (solid lines) and without
(dashed lines) electron-hole interaction. Vertical solid and
dashed lines denote the first exciton energy (Eexe) and the
direct band gap (Edirect) respectively.

FIG. 5. The total probability density of the first bright exci-
ton of (a) P4/nmm and (b) P4212 phases of Ag2Se, the hole
is fixed on the Se atom denoted by a black circle. Green and
grey circles denote Se and Ag atoms, respectively.

Γ for the P4/nmm phase. The phonon eigenvector cor-
responding to this soft mode is displayed in panel (b) of
Fig. 7. This “snub-square rotation mode” drives the sym-
metry reduction from the P4/nmm to the P4212 phase.
The formation of Cu-Cu bonds in the snub-square ge-
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FIG. 6. Calculated phonon dispersion of Cu2Se (a) in the
P4/nmm phase and (b) in the P4212 phase. The soft mode of
the P4/nmm phase at Γ (marked by red circle) is responsible
for the transition to the P4212 phase and acquires there a
finite frequency of 114.5 cm−1. The blue triangles mark the
Raman active A1g (A1) mode in the P4/nmm (P4212) phase,
respectively. (The mode eigenvectors are displayed in panels
(b) and (c) of Fig. 7).

ometry (as demonstrated by the bond-order calculations
in Table I) is the reason why this mode has imaginary
frequency and thus describes the relaxation to the lower-
symmetry phase. In the P4212 phase, the same mode
exists, but it has a finite (positive) frequency, describ-
ing the snub-square rotation around the new equilibrium
position.

We note that the out-of-plane acoustic mode displays
a small negative overshoot around Γ (for both phases).
This is not a real instability but related to numerical in-
accuracies in the determination of the equilibrium lattice
constant and phonon calculations. Stretching the lattice
constant would render this branch entirely positive and
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TABLE III. Irreducible representation labels, Infrared (I) or
Raman (R) activity, and frequencies (in cm−1) of optical
phonon modes for Cu2Se (P4/nmm) and Cu2Se (P4212) at
Γ point. Note that the E modes are doubly degenerate at Γ.

P4/nmm
Label A1u Eu B1u Eu A2u B2u Eg A1g B1u Eu A2u

Activity - I - I I - R R - I I
Frequency -31 67 80 137 155 158 160 196 205 275 318

P4212
Label E B1 A1 E E A2 B1 B2 A1 E A2

Activity I/R R R I/R I/R I R R R I/R I
Frequency 73 77 115 141 154 156 191 197 201 262 307

give it a linear slope around Γ. Squeezing the lattice con-
stant increases the negative (imaginary) overshoot and
corresponds to long-wavelength wrinkles of the 2D layer.

In Table III, we list all modes of the two phases of
Cu2Se along with their infrared (IR) or Raman (R) ac-
tivity according to group theory. In Fig. 7, we show the
calculated non-resonant Raman spectra51,52 of the two
phases of Cu2Se. In the spectrum of the undeformed
square lattice (red-dashed line), the A1g mode at 196
cm−1 dominates the spectrum. The mode consists of ver-
tical (out-of-plane) vibrations of the sulfur atoms (panel
(c)) while the Cu atoms are not moving. This mode
is similar to the Raman active A1 mode in monolayer
MoS2

53 where the sulfur atoms are also vibrating in the
direction normal to the plane while the Mo atoms are
not moving. Contrary to MoS2, however, the spectrum
of P4/nmm Cu2Se is a quasi-one peak spectrum where
the doubly degenerate Eg mode at 160 cm−1 has vanish-
ing intensity and is not visible in the spectrum.

The spectrum changes to a quasi-two peak spectrum
in the P4212 phase (blue line): The “snub-square mode”
(panel (b)) which is responsible for the instability of
the P4/nmm phase acquires a finite frequency of 114.5
cm−1. It becomes Raman active and dominates the spec-
trum besides the high-frequency A1 mode that slightly
up-shifts in position. The other Raman active modes,
listed in Table III have comparatively low intensity.
The Raman spectrum thus gives a clear and easy way
to distinguish between the two phases of Cu2Se. For
iso-structural M2X monolayers that are stable in the
P4/nmm phase, the snub-square rotation mode has fi-
nite frequency, but is not Raman active due to its A1u

symmetry. We thus conclude that for the other elemental
combinations discussed in this manuscript, the same two-
peak structure serves as a clear signal for the presence of
the snub-square deformation.

(a) (b)

(c)

FIG. 7. (a) Calculated Raman spectrum of P4212 Cu2Se
(blue solid line) and of P4/nmm Cu2Se (red dashed line).
(b) Sketch of the vibrational mode responsible for the Ra-
man peak at 120 cm1 (and representing the soft mode in the
P4/nmm phase). (c) Sketch of the A1g mode.

E. Substrates

To investigate possible substrates suitable for synthe-
sizing the snub-square lattice, we first searched through
all simple elementary crystals and binary oxides for po-
tential substrates, and we found 76 substrates with a
lattice mismatch below 5%. We then looked at these,
searching for substrates that matched the symmetry of
the 2D layer. This led us to choose Cu (001), Ge (001),
Pt (001) for Ag2S, and Cu (001), Ge (100), Pd (001) for
Cu2Se. After geometry optimization only the Cu (001)
substrate preserved, to a large extent, the symmetry of
the snub-square lattice, as shown in Fig. 8. In the
other cases, the 2D layer deformed significantly due to
the strong interaction with the substrate.

Furthermore, for Cu2Se on Cu(001) substrate, the av-
erage Cu–Se bond length in the 2D film is stretched by
1.8% to 2.40 Å, and the average Cu–Se–Cu bond angle is
changed slightly to 157.6◦. The bottom Se layer is sep-
arated 2.25 Å from the substrate, and the distance from
Se to the substrate Cu atoms is 2.89 Å, much longer than
Cu–Se bond length in the 2D film, indicating very weak
bonding between the film and the substrate.

We then calculated the adhesion energies for Cu2S,
Ag2S, Au2S, and Cu2Se on Cu (001). The results are 55,
71, 90, and 19 meV/Å2, respectively. The adhesion en-
ergy for Cu2Se is within the range of physical adhesion,
and is comparable to the adhesion energy of graphite
(about 26 meV/Å2).54 Therefore, it might be possible to
obtain a free-standing Cu2Se layer via mechanical exfoli-
ation of deposited layers on the Cu-substrate. However,
for the sulfides, Cu(001) exhibits a stronger bond with
the films and is less ideal for applying mechanical exfoli-
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ation to obtain free-standing layers.

FIG. 8. Structures of 2D snub-square Cu2Se on Cu (001)
substrate. The silver, yellow, and brown spheres denote Cu
in Cu2Se, Se, and Cu of substrate atoms, respectively. In side
view only two out of the six layers of the substrate are shown.
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FIG. 9. The average local density of states (LDOS) for each
(00z) plane for 2D snub-square Cu2Se on Cu (001) substrate.
the Fermi level is shifted to 0 eV, and the 2D-Cu2Se layer is
located at z = 0 Å

In Fig. 9 we explore further the interaction between
film and substrate by plotting the plane averaged den-
sity of states as a function of the plane distance using
DensityTool.55 Clearly, a small part of 3d-states from
the Cu-substrate is located in the middle of the gap of the
film and there is only small mixing between the states of
the substrate and film, consistent with the small adhesion
energy.

F. Quasicrystals

Two-dimensional quasicrystals were discovered experi-
mentally in BaTiO3 on top of Pt and a few other related
systems.56,57 Changing the synthesis conditions, it was
also possible to create simpler approximant structures,
periodic 2D crystals that can be inflated by a recursive
approach to generate the quasi-crystalline system. The
stability of the M2Ch snub-square lattice, which can be
seen as a small approximant structure, raises, therefore,
the interesting question if noble metal chalcogenides qua-
sicrystals are possible.

It is straightforward to generate larger and larger ap-
proximants for our system. However, we are immediately
faced with two difficulties: (i) the ratio of squares and tri-
angles changes during the inflation process, and tends to
an irrational number in the quasicrystalline limit. This
poses the problem of charge neutrality, as the balance
of the positive metal charges is no longer compensated
by an equal number of negative chalcogenide charges.
A possible solution is electron transfer from a metal-
lic substrate to make up for the unbalanced charge, or
by forming defects (e.g., vacancies) in the 2D structure.
(ii) The chalcogenide atoms in our snub-square struc-
ture are out-of-plane and show an alternation that can
be seen from the lower panel of Fig. 8. Unfortunately,
the inflation structure disrupts this alternation resulting
in a frustrated system with two neighbor chalcogen atoms
placed either above or below the plane. We can expect
this to raise the energy of the system by an amount that
clearly depends on the specific chemistry. This situation
can also be alleviated by creating chalcogen vacancies in
the structure.

To test this hypothesis, we performed DFT calcula-
tion in the first inflation of the snub-square structure (of
composition Ag15Se6). As expected, the steric hindrance
of the neighboring Se leads to structural instability that
completely destroys the snub-square lattice. We tried to
remedy this by removing the Se atom from the central
square, but the structure was again highly unstable. As
such, it seems very unlikely that a quasicrystal can ever
be achieved in this system.

IV. CONCLUSION

In this paper, we discussed the snub-square tiling,
and its parent square lattice, for a series of noble-metal
chalcogenides. We showed that snub-square tiling is
closely related to regular square tiling, with a rotation of
squares forming the extra metal-metal bond in the for-
mer. The metal-metal bonding, leading to a substantial
delocalization of the charge, is the key to understanding
the structural distortion and the thermodynamic stabi-
lization of the snub-square concerning its square coun-
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terpart. It is also responsible for reducing the band gap
of the snub-square systems. The valence band edge at Γ
is doubly degenerate, and the curvature is different for
these two bands, leading to heavy and light holes. The
holes have comparable effective mass to CuI, the most
promising p-type transparent conductor. Combined with
the relatively large band gap of some of the chalcogenide
systems, the low electron effective mass could be helpful
to develop n- and p−type transparent semiconductors.

Due to the 2D geometry, the excitonic interaction plays
a crucial role in the optical absorption spectra, as ex-
pected. The first exciton is bright, and the absorption
on-set is largely red-shifted by around 0.3 eV due to the
strong exciton binding. The exciton is highly localized
at Γ.

The square geometry and the snub-square geometry
are related by a phonon mode in which the squares
formed by the metal atoms get tilted. This mode is soft
for the materials where the snub-square geometry is lower
in energy than the square one. Upon the snub-square de-
formation, it acquires finite frequency and its prominent
Raman peak is a clear fingerprint of the snub-square ge-
ometry.

Finally, we explored possible substrates that could be
used for the experimental synthesis of the snub-square
lattice. We find that Cu (001), with a 3% mismatch with
the Cu2Se 2D layer, is a good candidate, with a low ad-
hesion energy for mechanical exfoliation. We also tried
to construct quasicrystals derived from the snub-square
tiling through inflation. However, quasicrystal approxi-
mants turned out to be highly unstable due to deviations
from charge neutrality and steric hindrance due to frus-
tration.

All these results suggest that noble metal chalcogenide
snub-square lattices are very good candidates for exper-
imental synthesis, being very close to thermodynamical
stability and compatible with simple surfaces of common
metals. Moreover, they exhibit interesting properties and
can open a new playing ground for studying frustration
in two-dimensional systems.

V. DATA AVAILABILITY

The relevant data are available at Materials Cloud
(https://doi.org/10.24435/materialscloud:
sb-cy). The structures, distances to the hull,
and other basic properties, can be accessed at
https://tddft.org/bmg/physics/2D/ through a

simple web-based interface.

VI. SUPPORTING INFORMATION

Electronic band structures and phonon band struc-
tures for all studied systems.
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tini, B. Santra, M. Schlipf, A. P. Seitsonen, A. Smogunov,
I. Timrov, T. Thonhauser, P. Umari, N. Vast, X. Wu, and
S. Baroni, J. Phys.: Condens. Matter 29, 465901 (2017).

22 M. van Setten, M. Giantomassi, E. Bousquet, M. Ver-
straete, D. Hamann, X. Gonze, and G.-M. Rignanese,
Comput. Phys. Commun. 226, 39 (2018).

23 M. Schlipf and F. Gygi, Comput. Phys. Commun. 196, 36
(2015).

24 J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev.
Lett. 77, 3865 (1996).

25 A. V. Krukau, O. A. Vydrov, A. F. Izmaylov, and G. E.
Scuseria, J. Chem. Phys. 125, 224106 (2006).

26 R. W. Godby and R. J. Needs, Phys. Rev. Lett. 62, 1169
(1989).

27 G. Onida, L. Reining, and A. Rubio, Rev. Mod. Phys. 74,
601 (2002).

28 L. X. Benedict, E. L. Shirley, and R. B. Bohn, Phys. Rev.
B 57, R9385 (1998).

29 S. Ismail-Beigi, Phys. Rev. B 73, 233103 (2006).
30 A. Marini, C. Hogan, M. Grüning, and D. Varsano, Com-
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