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Motivation

Impact simulations

Airplane jet airflow Drug discovery Weather forecast 2



Real time

A4

Data driven

Uncertainty quantification

Airplane jet airflow Drug discovery Weather forecast 3
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Hypothesis driven approach

Observation -> intuition -> hypothesis -> theory/model

Inputs

Model

Based on first principles



Data driven approach

Underlying relationships through data directly

Inputs
Computer Model
(Data driven)
Outputs
Input*
Computer

predictions*
Model

(Data driven)



Model

Focus of *
the thesis

fix—oy

There is no a priori
knowledge about the
function f available.

A priori knowledge of fis
available: based on the
intuitions/logic

Data-Driven

Hypothesis-based

Models Models

Data

Conceptual shift from "model through data abstraction"to "data is the model".



Task T
Data driven methods « Linear regression
 Logistic regression @ M

Machine learning e Decision trees

« Random forests
 Support vector machine

e Artificial neural networks

v

C Experience E

Performance
measure P




e Model/constitutive law discovery

- Efficient Unsupervised Constitutive Law Identification & Discover (EUCLID) [Flaschel et al. 2021]

- Sparse identification of nonlinear dynamical systems (SINDY) [Brunton et al. 2016] Inverse problems

e Parameter identification

- Physics informed neural networks for inverse problems [Raissi et al. 2019]

- Online parameter estimation with Kalman filters [Chatzi et al. 2010]

» Surrogate modelling Forward problems

- Physics informed neural networks for forward problems [Raissi et al. 2019]

- Real time hyperelastic simulations of solids [Mendizabal et al. 2019]

- Unsupervised discovery of interpretable hyperelastic constitutive laws. Flaschel et al. CMAME 2021

- Discovering governing equations from data by sparse identification of nonlinear dynamical systems. Brunton et al. PNAS 2016

- Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. Raissi et al. JCP 2019.

- Experimental application of on-line parametric identification for nonlinear hysteretic systems with model uncertainty. Chatzi et al. Structural Safety 2010. 9

- Simulation of hyperelastic materials in real-time using deep learning. Mendizabal et al. Medical Image Analysis 2019.



» Model/constitutive law discovery
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e Parameter identification
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- Discovering governing equations from data by sparse identification of nonlinear dynamical systems. Brunton et al. PNAS 2016

- Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. Raissi et al. JCP 2019.

- Experimental application of on-line parametric identification for nonlinear hysteretic systems with model uncertainty. Chatzi et al. Structural Safety 2010. 10

- Simulation of hyperelastic materials in real-time using deep learning. Mendizabal et al. Medical Image Analysis 2019.



« Necessity of real time simulations in several applications

« Conventional solvers are computationally expensive

Goal: Deep learning surrogate model for simulating deformation of solids

11



Fast

Scalable for

Accurate arbitrary meshes

Provide uncertainty
estimates
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Input dimension = Output dimension = DOFs of the mesh

e Too many parameters :( » Local operations and parameters sharing

Fully connected Locally connected (Covolutional Neural Networks)

Animation by Prof. Maucher
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https://hannibunny.github.io/mlbook/neuralnetworks/convolutionDemos.html

Convolution layer

- Non-linear mappings between input-output

Pooing layers
- Dimensionality reduction

Kernel 1
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Input: Force array of mesh Output: Displacement array of mesh
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\—* 3 x 3 Convolution [ § Concatenate \ 2 x 2 Max pool / 2 x 2 Upsample — 1 x 1 Convolution

U-Net CNN architecture for 2D domains

[S. Deshpande and J. Lengiewicz and S. P. A. Bordas, Probabilistic deep learning for real-time large deformation simulations, 17
Computer Methods in Applied Mechanics and Engineering (2022) 115307, https://doi.org/10.1016/j.cma.2022.115307]



(2)

Discretisation

={>

1

Prediction (d)

o

J} (b) Neural network

(©) {F Training

FEM Data Generation : Input for training neural networks

[S. Deshpande and J. Lengiewicz and S. P. A. Bordas, Probabilistic deep learning for real-time large deformation simulations, 18
Computer Methods in Applied Mechanics and Engineering (2022) 115307, https://doi.org/10.1016/j.cma.2022.115307]



* Neo-Hookean hyper elasticity material law
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Data generation

Neo-hookean strain energy density ;
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AceGen - http://symech.fgg.uni-lj.si
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0.471e-2
0.383e-2
0.296e-2
0.208e-2
0.121e-2

0.558e-2

Max.
0.1452e-1
Min.
0.9372e-4

Only for structured meshes

26 [m], 1.6%

o

:
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0.6878e-2
0.3013e-4
AceFEM

Min.

(d)

Error contours

Deformed meshes



Conv fil

(a) Parametric transformation (b) Embed into hexahedron (c) Immersed boundary method
[Gao et al. 2021] gI'ld [Mendizabal et al. 2019] [Brunet et al. 2019]

- Associated preprocessing costs

- Inefficient for complex meshes

- PhyGeoNet: Physics-informed geometry-adaptive convolutional neural networks for solving parameterized steady-state PDEs on irregular domain. Gao et al. JCP 2021
- Simulation of hyperelastic materials in real-time using deep learning. Mendizabal et al. Medical Image Analysis 2020. 21
- Physics-based deep neural network for augmented reality during liver surgery. Brunet et al 2019.



MAgGNET: A graph U-Net architecture for mesh based simulations

[S. Deshpande, S. P. A. Bordas and J. Lengiewicz. MAGNET: A Graph U-Net Architecture for Mesh-Based Simulations (2023).
https://arxiv.org/abs/2211.00713 (under review at Engineering Applications of Al)]
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level 0

level 1

level 2

%) C3
N "
¥ Concatenation ¥ Pooling f Unpooling

[S. Deshpande, S. P. A. Bordas and J. Lengiewicz. MAgNET: A Graph U-Net Architecture for Mesh-Based Simulations (2023).
https://arxiv.org/abs/2211.00713 (under review at EAAI)]
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ﬁ \
Multichannel

Aggregation layer
(MAg)

* For supervised learning
on graph structured data.

» Extends the concepts of
convolution operations to
arbitrary graph inputs.

(( MAgNET : A graph U-Net )\

e Implemented in TensorFlow

=

K Compatible with exists NN layery

layers

@001ing/Unpoolin$

* For efficient learning
through reduced
representations.

e Perform pooling on
arbitrary graph inputs.




» Extends the concept of localised operations in CNNs

» Learnable weighted aggregation (parameters are not shared)

p=1jeN,

Convolution layer

cl
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Constant filter
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» Complex topology demands multiple MAg operations
» Possible workaround - bigger aggregation window

* Computationally expensive procedure

4 MAg local aggregation operations to propagate nodal feature information from B to C 26



» Generate pooled graphs for arbitrary input graphs

» Algorithm to generate non-overlapping cliques (subgraphs)

G; is composed
of node set §;

Parent graph

I+1 _ gl :
di,ﬂ _dj,ﬂ for zeSj

max/min/avg
/

[+1 X [
di,ﬂ = a.ggr dj’ﬂ
JES;

Pooled graph

27



« Efficient learning through pooled representation

MAg

1

MAg applications
in the pooled graph

Visualisation in the
original graph

28



Co

This thesis advances neural network architectures : first type of such graph U-net

29
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Testing Metric (Mean Absolute

Training Metric (Mean Squared Error) Error)

1 & o
e(U(,).u,) =— Y | %K, - u,
= i=1

1 N M
b — in — ) — U 2 > 1
6 = arg min NZ:,H%(f,) u [ e=— > e%(,).u,)
= i=1

N - No of training examples

M
o(e) = \lﬁ Z‘l [e((E,),u,,) - e]’

F - No of Dofs M - No testing examples

31



Max nodal

Example NN type N. tests e[m] o(e)[m] displacement [m] emax/m]
L CNN 0.7 e-3 0.6 e-4 1.8 e-2
- 2D L-shape 200 ‘ 2.7 ‘
MAgNET ‘ ‘ 0.5 e-3 0.2 e-4 ‘ ‘ 1.1 e-2 ‘
CNN 0.7 e-3 0.5e-3 5.4 e-1
3D beam 1782 1.5
MAgNET 0.8 e-3 0.7 e-3 7.7 e-1
S - 2d beam
O (hole) 240 0.7 e-3 0.4 e-3 1.4 1.4 e-2
MAgNET
3D breast 400 8.9 e-5 3.1e-5 0.7 e-1 5.1 e-3

Performance over test sets
32



Mean error, e [m]

* Errors are less sensitive to maximum nodal deformation

2D L-shape CNN

= = Line fit to CNN errors
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Line fit to CNN errors

3D beam MAgNET

Line fit to MAgNET errors

v
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== = Line fit to errors
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Mean errors sorted as per maximum nodal displacements

Maximum nodal displacement [m] (3D breast)
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» Max nodal displacement (green node) = 140.04 m

* 0.03%, 0.02% relative errors for MAGNET and perceiver 10 (a transformer model) respectively

MAgNET Perceiver 10

s A % Pat A
\! 7 - v, o2 AV \ \7 7 L e Y. I L
PR ‘ LR b} ' LRI
> 4 | < Ny ;~< = I < - -
= S W = / P17 9 < A
Y il 0.713e-1 A Y WA 0.713e-1
vl A 0.603e-1 % N7 R 0.603e-1
- 7 - 0.493e-1 - i — 0.493e-1
‘ 0.383e-1 » 0.383e~1
S 0.273e-1 ke 0.273e-1
= 0.163e-1 i 0.163e-1
e 0.541e-2 g Sl 0.541e-2
Q\"(‘géi N 7 5 Max. \ 7 T Max
PR NN 2a . a - .
\:\s}qé‘g""“\ 0.1325 ’ 0.9070e-1
N Min. - Min.
0.1812e-3 0.7182e-3
AceFEM AceFEM
Deformed meshes Nodal displacement error contours
S. Deshpande, R.I. Sosa, S.P.A. Bordas and J. Lengiewicz. Convolution, aggregation and attention based deep neural networks for 34

accelerating simulations in mechanics. Frontiers in Materials (2023). 10:1128954. doi: 10.3389/fmats.2023.1128954



0.187e-2
0.160e-2
0.134e-2
0.107e-2
0.806e-3
0.538e-3
0.271e-3

« Maximum nodal displacement = 0.082 m

AceFEM

Deformed mesh Nodal displacement error contours

0.115e-1
0.989%e-2
0.825e-2
0.662e-2

VNN
SASASNAN
AVA\\\V_A“‘?"’A\ ﬁ&w N\ 0570e-1
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0.498e-2
0.334e-2

Y /NN ! 0ge6e-2 M AN NINAIA 0.170e-2
Reaction force at - eV ey N PO i 1
AN \ Max.
the fixed bounda LA ERS) g
ry ‘shy%f;%@é:h Vs 5 A pitoze 2 AceFEM
e
« Easy extension to physics informed variant FEM Error in retrieving - 35

reaction force



N. Parameters Training time| Inference | FEM solver
2EE AN (x E6) (hrs) time (s) | time (s)

| CNN 4.8 18 0.021

2D domain MAgNET 4.5 132 0.040 0.6
Perceiver 10 1.9 521 0.006
MAgNET 33.9 161 0.217

3D elephant 2.5
Perceiver 10 4.4 312 0.006

36



Provide uncertainty
estimates

Scalable for
arbitrary meshes

v

37



General introduction

Deterministic deep learning approaches

Bayesian deep learning Approaches

Conclusions
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r Aleatoric uncertainty \

e Data uncertainty

e Can’t be reduced by adding
data

e Describes confidence in the
data

\_ J

r Epistemic uncertainty \

e Model uncertainty

» Can be reduced by adding
more data

e Describes confidence of the
prediction

\_ J

This thesis proposes two different Bayesian approaches

39



Probabilistic deep learning for real time large deformation simulations

[S. Deshpande and J. Lengiewicz and S. P. A. Bordas, Probabilistic deep learning for real-time large deformation simulations, 40
Computer Methods in Applied Mechanics and Engineering (2022) 115307, https://doi.org/10.1016/j.cma.2022.115307]
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p(u* |£*, D) = [p(U* |£%,w) - p(w | D)dw



True posteriors, p(W | D) Approximate posteriors, g(W | @)

Input

o 2 OEAER
- x%i % 8f<

Known family
of distributions

OO
4

i

VEN Y
VEM Y
VEN Y
VEM Y

5

%@

p(u* | %, D) ~ Jp(u* | £, w) W
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Replace all true with approximate ones

) Approximate posterior
True posterior PP P

N

Find parameters of best fit approximate
posteriors

0* = arg m;’n KL[g(w|0) || p(w|D)] Loss

o / Function
KLIg() || p()] = jq(xﬂog a9 I
p(x)

arg min KLigow10)1 1p(w)] - Jq(w 10)log p(D| wydw
\/_/ \/_/

Model uncertainty Data uncertainty

43
[Blundell et al.(2015) Weight Uncertainty in Neural Networks, ICML]



« Gaussian distributions over parameters
* Inability to choose proper priors => Use of Empirical Bayes

» Prior deviation is fixed but prior mean is not fixed (is included in training procedure)

arg min KL{g(w|p,p)||p(W|p,, p,)] — E wippllog p(D | W)]

Hapstt,
\ Updated loss

function

[S. Deshpande and J. Lengiewicz and S. P. A. Bordas, Probabilistic deep learning for real-time large deformation simulations,
Computer Methods in Applied Mechanics and Engineering (2022) 115307, https://doi.org/10.1016/j.cma.2022.115307] 44



« “T” stochastic forward passes for the same input (7" = 300 for our case)

Predictive
Distribution

pu*|f*, D) ~ Jp(u* £, W) - g(w|0)dw —

i _ Output: Mean
U, w) ~ T ZP(“* | £, w,) e and uncertainty
=1 of prediction

1 & _ —
UE, W)~ — Y Q) p (| £4,3) — %, (6%, W) U (%, w)

=1

45



0.401e-1
0.344e-1
0.287e-1
0.230e-1
0.173e-1
0.116e-1
0.598e-2

Single point

0.344e-1
0.297e-1
0.250e-1
0.203e-1
0.156e-1
0.109e-1

0.629e-2
0.449e-2
0.269e-2

Max.
0.1813e-1
Min.
0.7027e-3

AceFEM

Multiple point
loads

0.625e-2
Max.
0.8330e-1 loa d Max.
Min. 0.6002e-1
0.4618e-4 Min.
AceFEM 2153’32’,;
ce
0.129e-1
0.134e-1 0.112e-1
0.116e-1 0.965e-2
0.988e-2 0.802e-2
0.809e-2

0.640e-2
0.478e-2
0.315e-2

Max.
0.1670e-1
Min.
0.1495e-2

AceFEM

0.235

0.202
0.168
0.135
0.101
0.682e-1
0.347e-1

Max.
0.3136
Min.
0.7686e-3

AceFEM

Force outside
training range

0.213
0.182
0.152
0.122
0.922e-1
0.620e-1
0.318e-1

Max.
0.4132
Min.
0.1512e-2

AceFEM

Errors for Bayesian CNN U-Net

Uncertainties for Bayesian CNN U-Net
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Deformation [m]

X direction force

1 -
0 .
_1 .
_2 -
_3 .
] VB U-Net prediction
—4 - o e FEM test points in training range
o O FEM test points outside training range
o 0O Det U-Net outside training range
-6 -4 -2 0 2 4 6

Force [N]

Deformation amplitude of X-dof

Uncertainty [m]

0.00 -

—0.25 -

—0.50 -

—0.75 -

-1.00

| Firain| <1 [N]

rain

e VB U-Net error in training range
O VB U-Net error outside training range
O Det-U-Net error outside training range
95% confidence
[ 68% confidence

O o
o
o
o
-6 -4 -2 0 2 4

Force [N]

Uncertainty of prediction




* Maximum Likelihood Estimation (MLE) neural network

_
AL
%

{oner

NS/

VAR Y

10

L
*
HMLE

&

= arg maxlog p(D|0)
0

O

VXY
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uncertainty |[m]

o Artificial noise is added to the data while training

e MLE captures the data noise, fails to give uncertainties in extrapolated region

0.100 A

0.075 A

0.050 A

0.025 A

0.000 A

—0.025 A

—0.050 A

—0.075 A

—0.100 A

e Errorin training range
O Error outside training range
95% confidence
[ 68% confidence

0 1 2 3 4
Force [N]

0.100

0.075

0.050

0.025

0.000

Uncertainty [m]

n
S
o
N
w

—0.050

e Errorin training range
O Error outside training range
95% confidence
[ 68% confidence

—0.075

—0.100

Force [N]

Uncertainty predictions for noisy data 49



» We could capture both aleatoric and epistemic uncertainty

« Bayesian convolution neural network implementation => scalable

e Limited to structured meshes

Another Bayesian approach

50



A probabilistic reduced-order emulation framework for
nonlinear solid

[S. Deshpande, H. Rappel, S. P. A. Bordas and J. Lengiewicz. A probabilistic reduced-order emulation framework for nonlinear solid mechanics.] 51



Bayesian NN = distribution over parameters

u=°2l( +¢

OgNN ~ (1, 0)

GP = distribution over functions

o ~ N (u®),kE 0gp))

\ L= £
kRBF(fi /) = exp(-——5—)

52



p(u*|£%,D) ~ N (, E,)

Predictive
where, distribution
u, = KK +6°D7lu "
2, = K.. — KI(K + o°D~'K.
1= £117
K= k(i f). K =k(fufi) Kuo = k(funf) 5 kRpR(if) = exp(-—r—)
Train: Maximize
the log-likelihood
) 1 2y \—1 | 2 n [ [
p(YI|F,0gp,0°) = — Ey(K +0L)" 'y — % log[det(K + 6°1,)] — P log(2x) y = [u, -+, uy]

53



p(u | £%,D) ~ N (u, Z,)

where,

pp = KL(K + 02D
Issue: scales badly with the output

Y, =K.~ KI(K+o1) K. |dimension and number of data points

K =k(fi ), Ko = k(f; f;.)» Ko = k(fis )5 /"RBF(./}»./')Z&\‘P(_||./j2_/12/j|| )
F 0o 62) = — (K + 621 )1y — — loa[det(K + 621)] - loa(2 — [l - u!
p(y|F,0Gp,0°) = 2y( +0°1)7y > oglaet(K +o°1,)] 5 0g(2r) y = [u, -+, uy]

54



Full field space

Reduced space

N. data points

Gaussian process

Dimension of full
. , fieldoutput

ON*- 22

%S
SN e
‘AA'A»‘%FK"A‘A?%&MF RRER
RO N
ORI RS
i ez’

Dimensionality
reduction

Gaussian process

ON® - D?)
D, <<



» Powerful dimension reduction technique | ,
0% uto = 2rg min — D' [1%(w, Oauto) = Wil I3
e Enables non-linear compression =1
Encoder Decoder
1 + Latent. + ]
representation
- - + + l + + — -
+ +
U, Out0) = % (% (w))
el diEdiEs ->|]->|]->|]->:|H->|]->|]->|]-> e dihdiEdlIE ELIEE decoder’“encoder
512 512 512 512 l
u =% u, 0*
| 2048 2048 1024 1024 1024 1024 2048 2048 | encoder( autO)
4096 4096 4096 4096
L = Dense L
Dofs Dofs
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Encoder <= Training phase
[
Latent
Full field displacements Full field
displacements " displacements
GP
S
training

f u'

Full field solutions

+
Inference phase == predlcnon
*
f
displacements uncertainties
Latent displacement u*
distribution
Full field displacement
distribution 57

Note: Forces are always provided in the sparse representation



_
prediction

Full field solutions

displacements

I Decoder
u xl

Latent displacement
distribution
Full field displacement
distribution

Q

p' |£%) = H(uy, )

uncertainties

|8
EZ%decoder(“fv)’ where ul ~ p(u*'|f*)

s=1

1< .
S Z CZldecoder(“fv)TCZZdecoder(ui) - ug

s=1

58



e
e
[

SN
5

FEM solution

B
V]

GP+NN prediction

L

Max nodal disp = 1.16 m
0.05% relative error

GP+NN Nodal error

0.3344e-5
AceFEM

59



GP+NN prediction

Max.
0.5747e1
Min.
0.1047e-3

AceFEM

GP+NN Nodal error

Max.
0.1567e-1
Min.
0.1047e-3

AceFEM

5.74 m
0.2% relative error

Max nodal disp

FEM solution

Uncertainty

4.81
0.421e1
0.362e1
0.303e1
0.244e1
0.185e1
0.126e1
0.679

Max.
0.5746e1
Min.

0

AceFEM

0.673e-2

0.591e-2
0.510e-2
0.429e-2
0.347e-2
0.266e-2
0.185¢-2
0.104e-2

Max.
0.8121e-2
Min.
0.6408e-4

AceFEM
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Scalable for
arbitrary meshes V

Provide uncertainty
estimates
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Deterministic deep learning approaches
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General conclusions

Novel deep learning surrogate frameworks for solid mechanics simulations
- Accurate and fast simulations in solid mechanics.
- Robustness and efficient scaling with input dimensionality.

Versatility and Data Assimilation:
- Trained using synthetic data and adaptable to assimilate experimental data.

Advanced neural network architectures:
- Introduced MAgNET, a novel deep learning architecture for efficient supervised
learning on graph-structured data.

Uncertainty Quantification:
- Data and model uncertainties using Variational Bayes and Gaussian process formulations.

Summary:
- Significant advancements in both deep learning and surrogate modelling in mechanics.



Future work

Integration of Physics into Learning:
- Easy extension of proposed frameworks to PINNs variants e.g. Physics Informed MAgNET.

- Modify the learning objective to incorporate physical quantities.

Extension to Path-Dependent Processes:
- Processes like elastoplasticity, dynamic simulations.

Enhancing Bayesian Deep Learning Approach:
- Variation Bayes MAgNET for probabilistic predictions for large scale arbitrary inputs.

Interdisciplinary research
- Proposed frameworks applicable to wide engineering applications.
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