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Abstract

We study the concept of heat and work in quantum thermodynamics. Our analysis fo-

cuses on overdamped quantum systems, specifically investigating the currents in two magnet-

ically coupled quantum RLC circuits. We derive an analytical expression for the heat current

between two damped quantum oscillators, which are in contact with local thermal baths at

different temperatures. By exploiting the time scale separation inherent in the overdamped

regime, our analysis separates the total heat current into classical and quantum contributions,

without relying on conventional weak coupling and Markovian approximations. Interest-

ingly, our study reveals the persistence of non-trivial quantum corrections even when the

temperatures greatly exceed the frequency scale relevant to the system’s overdamped dy-

namics.

Building upon this, we extend our investigation to non-linear quantum circuits involving

superconducting qubits. We provide a detailed description of how the Josephson junction

can be manipulated to function as a qubit. Subsequently, we discuss the interaction between

these qubits and demonstrate that, in the regime of strong coupling, Feynman path integral

techniques are necessary when connecting the qubits to the environment.

In the context of quantum electronic circuits, we examine the dynamical Casimir ef-

fect, which involves cavities interrupted by a superconducting quantum interference device

(SQUID). By quantizing the degrees of freedom of the SQUID, we obtain a three-body inter-

action Hamiltonian. We show that this interaction can be reduced to a quantum autonomous

refrigerator.

Furthermore, we explore the statistics of work in closed quantum systems. By introduc-

ing a modified version of the Keldysh contour, we construct a consistent perturbation expan-

sion of the moment generating function (MGF) for work that satisfies fluctuation theorems

(FT) at all orders of the expansion. Additionally, we extend standard diagrammatic tech-

niques to compute work MGFs and demonstrate that these contributions can be combined to

obtain a general expression for work statistics, represented as a sum of independent rescaled

Poisson processes. In this context, the FT can be understood as a detailed balance condition

that connects each Feynman diagram with its time-reversed counterpart. In the second part
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of our study, we investigate path integral approaches for calculating the MGF and explore the

influence of the choice of contour on the final form of the path integral action. Our analysis

reveals that using a symmetrized contour allows for a straightforward generalization of the

Keldysh rotation, enabling a semiclassical expansion of the work MGF. Finally, we lever-

age our findings to discuss a generalization of the detailed balance conditions at the level of

quantum trajectories.
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Chapter 1

Introduction

Quantum thermodynamics has been the subject of extensive research for more than two

decades. Similar to the thermodynamics of classical systems, the concepts of exchanged

work and heat are central parameters that need to be extended to the quantum regime. In fact,

heat arises from the interaction of the system with its surrounding environment. One imme-

diately realizes that heat can be interpreted as a source of noise in the system. In quantum

information processing, one of the most undesirable but unavoidable issues is the presence of

environmental noise and dissipation [43]. Therefore, it is essential to understand and control

noise in quantum systems.

To analyze heat currents, one needs access to the dynamics of the dissipative system.

In classical non-equilibrium systems, this is achieved by using Langevin and Fokker-Planck

equations [93], which describe the time evolution of the probability distribution function of

a system subject to drag forces or dissipation. However, these equations are not applicable

in the quantum regime. Obtaining tractable descriptions for the reduced dynamics of open

quantum systems is generally only possible for weak coupling between the system and the

environment. This is accomplished by deriving quantum master equations, such as the well-

known Gorini-Kossakowski-Sudarshan-Lindblad equation [75].

In most quantum information tasks, the coupling between the system and the environment

is weak, making quantum master equations a fruitful tool to describe heat currents in such

systems. However, the regime of strong dissipation can still lead to the understanding of

interesting emergent processes in the dynamics of the system. Recent efforts in stochastic

and quantum thermodynamics have therefore focused on understanding the effects of strong

coupling in both equilibrium and non-equilibrium settings [31, 30, 32, 10, 14, 64, 98, 40, 85,

13, 28, 52, 104]. Interestingly, it has been shown that in the overdamped limit, where strong

friction induces a time scale separation, with the momentum degree of freedom relaxing

much faster than the position degree of freedom, one can obtain the quantum version of the
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Smoluchowski equation using path integral techniques [83, 6, 26]. Therefore, analyzing the

behavior of heat currents in this regime becomes a compelling task.

Work, on the other hand, is the result of an imposed external drive on the system of in-

terest. This can be translated into explicit time dependence in the Hamiltonian of the system,

which drives it out of equilibrium [108, 107]. This can indeed be interpreted as a useful form

of energy that can be utilized for specific quantum information tasks. For instance, one can

store work in quantum batteries and then use it later to create entanglement among atoms [3,

59, 18]. Therefore, understanding the behavior of work in closed and open quantum systems

will be essential for both theoretical and practical reasons.

In this thesis, we analyze both heat and work. We first study the heat currents in the

overdamped regime. We explore the overdamped limit of a quantum system in contact with

a non-equilibrium environment, where the system simultaneously interacts with two thermal

baths at different temperatures. Specifically, the system of interest is an electrical circuit

composed of two parallel RLC circuits coupled by a mutual inductance, where the resistors

represent the thermal baths into which energy can be dissipated. In this case, the nonequi-

librium stationary state reached by the system results in heat flowing from the hot to the

cold resistor. The properties of this heat current in the overdamped limit, where dissipation

dominates, are of interest and can be achieved. The heat current can be split into classical

and quantum contributions, and analytical expressions for both contributions can be obtained

for linear systems such as this one [78, 39]. Moreover, we provide a detailed analysis of

the behavior of the heat currents in different regimes, taking into account non-Markovian

effects. Interestingly, the quantum corrections to the heat current do not necessarily vanish

even when both temperatures are high with respect to the slow frequency scale, with the

surviving quantum corrections depending logarithmically on the temperatures.

Afterward, we also consider non-linear quantum systems where one needs to rely on path

integral techniques to find an analytical solution for the heat currents. We study supercon-

ducting qubits in contact with their environments as the non-linear system and outline the

approach one might take to analyze the interaction in detail. We comment on the fact that,

for a non-equilibrium situation where a single qubit is in contact with two thermal baths

at different temperatures, an analytical solution can be obtained. However, as the number

of qubits increases, along with internal interactions among them, the calculations become

significantly more challenging, and numerical solutions become necessary.

In the next chapter, we expand the analysis of the quantum RLC circuit to study systems

of cavities that are connected via a Superconducting Quantum Interference Device (SQID).
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This setup is similar to the study of the dynamical Casimir effect in [34, 116] and the usual

transmission lines interrupted by SQUIDs. However, in those studies, the degrees of freedom

of the SQUIDs are not quantized, and they typically act as an external drive in the system.

Nevertheless, we show that by quantizing the SQUID, one can obtain a three-body interac-

tion term within the Hamiltonian of the dynamical Casimir setup. We indicate that such a

form of interaction term can indeed be reduced to the Hamiltonian of a quantum absorption

refrigerator [54, 82, 80].

At the end, we shift our attention to the other main ingredient of quantum thermody-

namics, i.e., work. We investigate the work statistics of closed driven quantum systems by

calculating the moment generating functions (MGFs). In fact, by introducing a modification

of the Keldysh-Schwinger contour [66, 96, 60], we construct a perturbation of the MGF of

work that satisfies the fluctuation theorem (FT) [5, 4, 56, 29] at all perturbative orders. Addi-

tionally, the contour can be used to generalize the notion of Keldysh rotation [62] to the work

counting statistics case, introducing a new procedure to compute the semiclassical limit of

MGFs.

Moreover, we investigate the semiclassical limit of the work MGF. We generalize the

usual Feynman path integral technique [35] to the modified contour. A generalization of the

Keldysh rotation is considered, and it is proven that a convenient way to achieve this is to

introduce a symmetrization of the modified contour. After performing such a symmetrization,

procedures similar to those in [88, 86, 89, 27] are adapted to obtain a semiclassical expansion

of the MGF where we explicitly compute the zeroth (classical) order and the first quantum

correction to the work MGF.
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Chapter 2

Heat current in quantum RLC

circuits

2.1 Introduction

This chapter concerns itself with the work that has been done in the paper Heat transport

in overdamped quantum systems [61]. In this work, we explored the overdamped limit of

a quantum system in contact with a non-equilibrium environment, where the system inter-

acts with two thermal baths at different temperatures. To study the system of interest, we

first describe the elements of quantum RLC circuits. Next, we incorporate dissipation by

modeling it with the Caldeira-Leggett model of the bath. Using this model, we derive the

Heisenberg equations of motion for the system and solve them by employing Green’s func-

tion techniques. Afterwards, we introduce the overdamped limit and obtain an exact analyti-

cal expression for the heat currents, which consist of classical and quantum contributions in

the overdamped regime. Finally, we extend our analysis to non-linear quantum systems by

investigating superconducting qubits. We demonstrate how qubits can be constructed using

Josephson junctions and how they can be made to interact with each other. Subsequently, we

analyze heat currents in these systems using Feynman path integral techniques.

2.2 Quantization of LC circuit

The idea of a quantum electric circuit is based on the notion that certain variables of the

circuit can capture the collective behavior of its microscopic degrees of freedom. In order to

quantize these variables, two specific conditions must be satisfied:

1. The temperature of the system should be much smaller than the natural frequency of

the system, i.e., kT ≪ h̄ω0.
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FIGURE 2.1: A SQUID ring consists of a Josephson junction (JJ) and a
superconducting ring with inductance L. Φx represents the external applied

flux to the ring.

2. The width of the energy levels must be smaller than their separations.

One example that satisfies these conditions is a superconducting interference device (SQUID),

which consists of a superconducting ring interrupted by a Josephson junction. It has been

suggested that using this device, one can observe quantum tunneling from a metastable state

to a more stable state [17]. The collective macroscopic degree of freedom that describes the

system is the trapped flux Φ in the ring. The potential energy of the SQUID ring represented

in Fig 2.1 can be written as

U(Φ) =
(Φ − Φx)2

2L
− IcΦ0cos(2πΦ/Φ0), (2.1)

where L represents the self-inductance of the ring, Ic denotes the critical current of the

Josephson Junction, Φ0 represents the flux quantum, and Φx corresponds to the external flux

passing through the ring, which we have control over. If the parameters satisfy 2πLIC/Φ ≥

1, we can adjust Φx in a way that allows U(Φ) to possess at least one metastable state. There-

fore, there is a possibility of observing flux tunneling through the barrier at a temperature of

T = 0. To elaborate, if the system is initially located inside the metastable state ψin at time

t0, we can observe the system in the state outside the barrier ψout at a later time t1. However,

due to the strong interaction between the system and the environment, the superposition state

ψ = aψin + bψout may not be observable.

Having motivated our topic, we proceed to quantize a simple LC circuit. We begin by
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discussing the Hamiltonian formulation of a classical LC circuit. One approach to justify this

Hamiltonian is to utilize the Lagrangian of the system and perform a Legendre transformation

to derive the corresponding Hamiltonian. To begin, we consider an LC circuit (shown in

Fig. 2.2) comprising an inductance L and a capacitor C. By applying Kirchhoff’s circuit

laws, which govern voltages and currents, we obtain the following equations:

VL =VC (2.2)

iC + iL =0, (2.3)

where VL/C represents the voltages across the inductance and capacitance, respectively, while

iL/C denotes the currents flowing through these circuit elements. Using the relation between

the voltages we can write
q
C

= ϕ̇, (2.4)

where ϕ is the flux inside the inductance and q is the charge stored in the capacitor. Above

relation between charges and fluxes together with Kirchhoff’s current law will result in

ϕ̈ +
ϕ

LC
= 0, (2.5)

which is the equation of motion for the circuit. This can be shown that, the above equation

of motion is associated with the Euler-Lagrange equation of motion. In fact, if we use the

definition of the Lagrangian of the system we will have

L = T − U =
1
2

Cϕ̇2 − ϕ2

2L
. (2.6)

We can see

q =
∂L
∂ϕ̇

, (2.7)

which plays the role of the conjugate momentum. Now employing Legendre transformation

we will have

H = qϕ̇ −L =
1
2

Cϕ̇2 +
ϕ2

2L
. (2.8)

Replacing q = Cϕ̇ in the above Hamiltonian we have

H =
ϕ2

2L
+

q2

2C
. (2.9)
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FIGURE 2.2: The LC circuit involves an inductance L, where the flux is de-
noted by ϕ. The voltage across the inductance and capacitance is represented
by VL and VC, respectively. The currents passing through the inductance and

capacitance are denoted as iL and iC.

Using the Hamilton equations of motions we obtain

q̇ =− ∂H
∂ϕ

(2.10)

ϕ̇ =
∂H
∂q

(2.11)

By solving the above equations, we can derive the equation of motion for the flux in the

circuit, which is analogous to that of a harmonic oscillator. To quantize the LC circuit, we

must replace the classical variables in the Hamiltonian (2.9) with their quantum counterparts.

In other words, the Poisson bracket of the flux and charge in the circuit will be replaced by

{ϕ, q} =
∂ϕ

∂ϕ

∂q
∂q

− ∂q
∂ϕ

∂ϕ

∂q
= 1. (2.12)

As shown by Dirac the value of a classical Poisson bracket imposes its corresponding quan-

tum commutator

{ϕ, q} → 1
ih̄
[ϕ̂, q̂]. (2.13)

Thus, we can observe that the transfer of the classical Hamiltonian into its quantum version is

supported by the uncertainty relation between flux and charge variables, as they correspond

to position and momentum, respectively.

After quantizing the LC circuit, we aim to take it one step further by introducing dissipa-

tion into the aforementioned quantum circuit. Specifically, we include a resistor R in parallel

to the existing circuit. However, the addition of a resistor leads to an irreversible time evo-

lution of the system, which cannot be described by Hamilton’s time-reversible equations of
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FIGURE 2.3: The Caldeira-Leggett model for Impedance.

motion. To address this issue, we employ the Caldeira-Leggett model of dissipation for sys-

tems interacting with the environment. In this model, the LC circuit acts as the system, while

the resistor functions as the environment.

2.3 Caldeira-Leggett model and dissipation

In this section, we employ the Caldeira-Leggett model of resistors[25] to elucidate the role of

dissipation in the quantum LC circuit. Essentially, the Caldeira-Leggett model replaces the

resistor (impedance) in an RLC circuit with an infinite series of harmonic oscillators arranged

in the form of an LC circuit in Fig. 2.3. If we write the electric impedance of each elements

of parallel LC circuits we have

ZLp =jωLp (2.14)

ZCp =
1

jωCp
. (2.15)

Despite the pure imaginary impedance of the capacitor and inductance, the series LC circuit

has a real part in impedance. In fact

Zp(ω) =

(
1

ZLp(ω)
+

1
ZCp(ω)

)−1

=− j
2Cp

(
1

ω − ωp
+

1
ω + ωp

)
, (2.16)

where ωp = 1√
LkCp

. Before we obtain the real part of the above result, we need to go back

to the definition of impedance which is responsible for the voltage response when a current
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FIGURE 2.4: The Caldeira-Leggett model for Admittance.

is applied to the system

V(t) =
∫ ∞

−∞
Z(t − τ)I(τ)dτ. (2.17)

Above relation must show the causality between the input (I(τ)) and the output (V(t)), thus,

we should have Z(t) = 0 for all t < 0. Going back to (2.16), we need to make sure that

Zp(ω) is analytic in the upper half plane so that its Fourier transformation Zp(t) remains

causal. That said, we shift the poles of the Zp(ω) slightly into the lower half plane by

introducing ω → ω + jϵ. Then we can use the identity 1
x+jϵ = PV( 1

x )− jπδ(x). Hence,

we have,

Zp(ω) = lim
ϵ→0

−j
2Cp

(
1

ω − ωp + jϵ
+

1
ω + ωp + jϵ

)
= −Z0P

{
π

2
ωp[δ(ω − ωp) + δ(ω + ωp)] +

j
2

[
PV(

ωp

ω − ωp
) + PV(

ωp

ω + ωp
)

]}
,

(2.18)

where Z0p = 1
Cpωp

, and we set it equal to the resistance of the corresponding RLC circuit.

The total resistance of this model will be the sum of all LC circuits.

Alternatively, one can also model the admittance in terms of an infinite series of LC

circuits (see Fig. 2.4). In fact, admittance Y represents the inverse of the impedance of an

electrical circuit, which governs the current response when a voltage is applied to the system

I(t) =
∫ ∞

−∞
Y(t − τ)V(τ)dτ, (2.19)

which is again causal in the sense that Y(t) = 0 for all t < 0. We can follow the same

procedure that we had for modelling the impedance, however, with a modified series of LC

circuit. Fig. 2.4 shows that, in contrast with the modelling of impedance, we need to use an
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infinite series of parallel LC circuits. Thus, we have

Ym(ω) =

(
1

YLm(ω)
+

1
YCm(ω)

)−1

(2.20)

where

YCm =jωCm (2.21)

YLm =
1

jωLm
. (2.22)

are the admittance of the capacitor and inductance of the m-th LC circuit, respectively. Since

each circuit is a parallel LC circuit, the impedance would be Zm = ZLm + ZCm , so that the

total admittance of each LC circuit would become 1/Ym = 1/YLm + 1/YCm . Hence, we

have

Ym(ω) = − j
2Lm

(
1

ω − ωm
+

1
ω + ωm

)
. (2.23)

Following the same arguments that we used to obtain (2.18), we have

Ym(ω) = lim
ϵ→0

−j
2Lm

(
1

ω − ωm + jϵ
+

1
ω + ωm + jϵ

)
= − 1

Z0P

{
π

2
ωm[δ(ω − ωm) + δ(ω + ωm)] +

j
2

[
PV(

ωm

ω − ωm
) + PV(

ωm

ω + ωm
)

]}
.

(2.24)

Therefore, we observed that both the impedance and admittance of a series of LC circuits

will exhibit dissipation through their real parts. This observation is helpful in understanding

the influence that such an element will have on the rest of the circuit. In that regard, the idea

of the Caldeira-Leggett model is to replace the resistor in a circuit with large number of LC

harmonic oscillators. Thus, we can express the Hamiltonian of the model by utilizing the La-

grangian of the system. To streamline the process, we derive the Lagrangian for the simplified

circuit illustrated in Fig. 2.5, making it straightforward to extend it to the Caldeira-Leggett

model. In Fig. 2.5, the flux variables Φ and ϕ1 represent the node variables. Specifically, the

node flux is defined as the integral of the voltage over the path connecting the node and the

ground. For instance, in our example shown in Fig. 2.5, integrating the total voltage between

the node ϕ1 and the ground would yield the following result:

ϕ̇1 = VC1 + Vg = VC1 . (2.25)
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FIGURE 2.5: A simplified circuit.

where VC1 is the voltage of the capacitance C1 and Vg = 0 is the earth voltage. Therefore, we

are relating the voltage of the capacitance to our node flux variable. Calculating the voltage

between the node Φ and the ground we will obtain

Φ =
∫

ϕ̇L1 dt +
∫

ϕ̇1dt. (2.26)

Hence,

ϕL1 = Φ − ϕ1. (2.27)

By the same method we find that ϕL = Φ and using Kirchhoff’s circuit laws we may write

VC = VL, (2.28)

where VC and VL are the voltages associated with the capacitance and inductance C and L,

respectively. Thus, we have

qC = CΦ̇. (2.29)

According to Kirchhoff’s current Law, the sum of all currents passing thorough the node Φ

is zero. Hence,

iL = iC + iL1 , (2.30)
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where iL, iC and iL1 are the currents passing through L, C and L1, respectively. Using (2.30)

and (2.29), we have

ϕ − Φ
L

+ CΦ̈ =
Φ
L

(2.31)

ϕ − Φ
L

=C1ϕ̈1, (2.32)

which they exhibit the equation of motion for this circuit. With that in hand, we can write the

corresponding Lagrangian as

L =
1
2

CΦ̇2 +
1
2

C1ϕ̇2
1 −

Φ2

2L
− (ϕ1 − Φ)2

2L1
. (2.33)

With the Lagrangian at our disposal, we can employ the Legendre transformation to compute

the Hamiltonian. By substituting q = CΦ̇ and q1 = C1ϕ̇1 into the Lagrangian, we can

express the Hamiltonian as follows:

H =
q2

2C
+

q2
1

2C1
+

Φ2

2L
+

(ϕ1 − Φ)2

2L1
. (2.34)

In this example, if we disregard the presence of inductance and capacitance on the left-hand

side and solely focus on their existence at the corresponding flux node Φ, our Lagrangian

and, consequently, the Hamiltonian will solely depend on C1 and L1. Thus, for the general

scenario involving a large number of LC circuits, the Hamiltonian can be expressed as

Hd = ∑
m

q2
m

2Cm
+

(ϕm − Φ)2

2Lm
, (2.35)

where Φ is the flux corresponds to the other terminal of the admittance. Indeed, we will see

that it plays the role of the interaction between the dissipative part and the LC circuit.

Having modelled the dissipation in the LC circuit in terms of impedance and admittance,

we are at the position to calculate the fluctuations in charge and flux variable of the circuit

which can be obtained using the Hamiltonian of the Caldeira-Leggett model.

2.4 Fluctuations and dissipation

In the presence of dissipation, considering a damped LC circuit as shown in Fig. 2.6, we

will employ equation (2.35) to calculate the fluctuations in the system variables. The total
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FIGURE 2.6: A damped LC circuit.

Hamiltonian of the circuit will be

H =
ϕ2

2L
+

q2

2C
+ ∑

m

q2
m

2Cm
+

(ϕm − ϕ)2

2Lm
. (2.36)

Prior to computing the fluctuation relations for the entire circuit, our initial focus is on the

dissipative component. If we were to exclude the dissipative part, we would be left with

an infinite series of LC circuits (Φ = 0 in (2.35)). In this context, we assume that all the

harmonic oscillators are in a thermal state with a temperature of 1/β = T. Consequently,

we can determine the correlation function of the overall flux and charge within the circuit.

First of all we write the Hamiltonian in terms of ladder operators

ϕm =

√
h̄Zm

2
(am + a†

m) (2.37)

qm =
1
i

√
h̄

2Zm
(am − a†

m) (2.38)

Hd =∑
m

h̄ωm(a†
mam +

1
2
). (2.39)

Since all the oscillators are independent, we can find the time evolution of the charge and

flux variables at time t.

dϕm

dt
=

i
h̄
[ϕm, Hd] =

qm

c
(2.40)

dqm

dt
=

i
h̄
[qm, Hd] = −ϕm

c
. (2.41)
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Hence, for the flux and charge variables we have

ϕm(t) =

√
h̄Zm

2
(a†eiωmt + ae−iωmt) (2.42)

qm(t) =

√
h̄

2Zm
(a†eiωmt + ae−iωmt). (2.43)

Writing Kirchhoff’s laws for Fig. 2.6 we can see that the the voltage across all series LC

circuits are equal while the total current i will be the sum of all currents im passing thorough

each LC circuit. In other words we have

i = ∑
m

im. (2.44)

Thus, for the charges we can write

q = ∑
m

qm. (2.45)

Now, we can calculate the correlation function for the total charge in the circuit as

⟨q(t)q(0)⟩ = ∑
m
⟨qm(t)qm(0)⟩

= ∑
m

h̄
2Zm

(
⟨ama†

m⟩e−iωmt + ⟨a†
mam⟩eiωmt

)
= ∑

m

h̄
2Zm

1
2

[
coth

(
βh̄ω

2

)
− 1
]

e−iωmt +
1
2

[
coth

(
βh̄ω

2

)
+ 1
]

eiωmt

= ∑
m

h̄
2Zm

∫ +∞

−∞
dω

ω

ωm
(δ (ω − ωm) + δ (ω + ωm))

[
coth

(
βh̄ω

2

)
+ 1
]

e−iωt

= ∑
m

h̄
2π

∫ +∞

−∞
dω

1
ω

[
coth

(
βh̄ω

2

)
+ 1
]

Re(Ym(ω))e−iωt

=
h̄

2π

∫ +∞

−∞
dω

1
ω

[
coth

(
βh̄ω

2

)
+ 1
]

Re(Y(ω))e−iωt, (2.46)

where in the forth line we used the real values of Ym (Re(Ym)) in (2.24). To obtain the

correlation functions for the flux variable, one needs to change the circuit for the dissipative

part to the one in Fig. 2.3 where we have a collection of parallel LC circuits. For that circuit,

all currents are equal while the total voltage is the sum over voltages in each LC circuit such

that

V = ∑
m

Vm. (2.47)
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Thus, for the fluxes (V = ϕ̇) we can write

ϕ = ∑
m

ϕm. (2.48)

Using the same steps we employed to calculate charge fluctuations, we can find the correla-

tion function for the total flux in the circuit as

⟨ϕ(t)ϕ(0)⟩ =∑
m
⟨ϕm(t)ϕm(0)⟩

=∑
m

h̄Zm

2

(
⟨ama†

m⟩e−iωmt + ⟨a†
mam⟩eiωmt

)
=

h̄
2π

∫ +∞

−∞
dω

1
ω

[
coth

(
βh̄ω

2

)
+ 1
]

Re(Z(ω))e−iωt, (2.49)

where we have used Re(Zm) as the real part of the impedance. As we can see, equations

(2.46) and (2.49) show the connection between fluctuations and the impedance or admittance

in the circuit, hence they are called fluctuation-dissipation relations.

Returning to the circuit depicted in Fig. 2.6, our goal is to derive the correlation functions

for the flux and charge variables. To achieve this, we must solve the Heisenberg equations

of motion for the flux and charge variables using the Hamiltonian given in (2.36). How-

ever, there exists an alternative method to determine the correlation functions by utilizing the

fluctuation-dissipation relation. In this approach, we treat the entire circuit shown in Fig. 2.6

as a dissipative element with an impedance Z(ω), which is defined as follows:

Z(ω) =
1

1
jLω + jCω + Y(ω)

. (2.50)

Conservation of flux would also tell us that the flux ϕ through the dissipative part is equal to

the flux Φ through the inductance of the system. Then using equation (2.49) we will replace

the real value of (2.50) with Y(ω) inside that equation. Thus, at time t = 0 we have

R(Z(ω)) =
Y(ω)

Y2(ω) + (Cω − 1
Lω )

2

=
ω4

0ω2L2

y2L2ω2ω4
0 + ω4 + ω4

0 − 2ω2ω2
0

=
Z2

0ω2ω2
0Y(ω)(

ω2 − ω2
0

)2
+ Z2

0ω2
0ω2Y(ω)2

, (2.51)
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where we have used the relation Z0 =
√

L
C and ω0 = 1√

LC
. Replacing (2.51) in (2.49) we

will eventually have

⟨Φ2⟩ = h̄Z0

2

∫ +∞

−∞

Z0ωω2
0Y(ω)(

ω2 − ω2
0

)2
+ Z2

0ω2
0ω2Y(ω)2

coth
(

βh̄ω

2

)
dω. (2.52)

The above result is valid with any choice of admittance Y(ω). Nevertheless, one should also

be able to obtain the same result by solving the Caldeira-Leggett Hamiltonian (2.36). In the

following subsection we will explicitly delineate this approach.

2.4.1 The Caldeira-Leggett model and fluctuations

The Hamiltonian (2.36) can be written in the alternative form as

H =
ϕ2

2L
+

q2

2C
+ ∑

m

ϕ2

2Lm
+ ∑

m

q2
m

2Cm
+

ϕ2
m

2Lm
− ∑

m

1
Lm

ϕmϕ. (2.53)

This Hamiltonian describes a harmonic oscillator interacting with a large number of harmonic

oscillators (denoted by m), which serve as the degrees of freedom for the bath. The final term

in the Hamiltonian explicitly represents the interaction between the system and the bath,

which takes a bilinear form in terms of the flux operators of the interacting quantum systems.

The coupling constant between the m-th oscillator of the bath and the system is given by 1
Lm

.

To solve this Hamiltonian, we utilize the Heisenberg equations of motion for both the

system and bath variables. By doing so, we obtain

dϕ(t)
dt

=
1
C

q(t),
dq(t)

dt
= ∑

m

1
Lm

ϕm(t)−
ϕ

L
− ∑

m

ϕ

Lm
, (2.54)

dϕm(t)
dt

=
1
C

qm(t),
dqm(t)

dt
= − 1

Lm
ϕm(t) +

1
Lm

ϕ(t) (2.55)

Taking the derivation of the above equations for ϕ and ϕm with respect to t and replacing the

reciprocal momenta q and qm we reach the equation of motion for ϕ as

C
d2ϕ

dt2 +
∫ t

0
γ(t − t

′
)

dϕ(t
′
)

dt′
dt

′
+

ϕ

L
= −γ(t)ϕ(0) +F , (2.56)

where

γ(t) = ∑
m

1
Lm

cos(ωmt), (2.57)

and

F(t) = ∑
m

1
Lm

ϕm(0) cos(ωmt) + ωmqm(0) sin(ωmt). (2.58)
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γ(t), known as the memory kernel, incorporates the influence of the system’s history on

its dynamics. In the case of Markovian dynamics, this memory kernel assumes the form

of the Dirac delta function, which effectively separates the initial information of the system

from its subsequent dynamics (yielding a memoryless kernel). Additionally, F represents a

fluctuating force arising from the interaction between the system and the bath. The behavior

of this force depends on the initial values of the bath variables.

Using the equation (2.56), we can find the flux variable at time t, which allows us to

calculate its correlation function. To solve the equation of motion, we perform a Laplace

transform on (2.56), yielding

∫ ∞

0
dte−st

(
C

d2ϕ

dt2 +
∫ t

0
γ(t − t

′
)

dϕ(t
′
)

dt′
dt

′
+

ϕ

L

)
=
∫ ∞

0
dte−st (−γ(t)ϕ(0) +F ) .

(2.59)

In order to address the assumption that the term γ(t)ϕ(0) vanishes in the long-time limit,

we can incorporate this term into the fluctuating force F . Consequently, we assume that all

oscillators of the bath are in equilibrium around the point ϕ(0)[15, 112]. This implies that

the initial state of the bath is a thermal state centered around ϕ0, such that

ρbath(0) = Z−1exp

(
∑
m

q2
m

2Cm
+

(ϕm − ϕ(0))2

2Lm

)
. (2.60)

Hence, we can still recover the fact that the average of the shifted fluctuating force, F(t) =

−γ(t)ϕ(0) +F (t), is still zero. With that in mind we have

(
Cs2 + Csγ(s) +

1
L

)
ϕ(s) = F(s), (2.61)

where we have used L[h(τ)g(t − τ)] = H(s)G(s) where H(s) and G(s) are the Laplace

transform of their reciprocal functions. Hence, we have

ϕ(t) =
1
C

∫ ∞

−∞

F(jω + σ)e−(jω+σ)t

(jω + σ)2 + (jω + σ)γ(jω + σ) + ω2
0

dω. (2.62)

We have replaced s → (jω + σ) in order to take the inverse Laplace transform. To solve

the above integral, we choose the real axes σ = 0 and the integration will be done along the
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imaginary axis jω. For t = 0 we can calculate the correlation function ⟨ϕ2⟩ such that

⟨ϕ2⟩ = 1
C2

∫ ∞

−∞

∫ ∞

−∞

⟨F(jω)F(jω′)⟩(
−ω2 + jωγ(jω) + ω2

0

) (
−ω′2 + jω′γ(jω′) + ω2

0

)dωdω′.

(2.63)

Thus, we need to calculate the fluctuation in the force term F(t). According to (2.58) we can

write

F(jω) =
1
2 ∑

m

{
1

Lm
ϕm(0) (δ(ωm − ω) + δ(ωm + ω))

− jωmqm(0) (δ(ωm + ω)− δ(ωm − ω))

}
. (2.64)

Since ⟨ϕm(0)qm(0)⟩ = 0, we will have

⟨F(jω)F(jω′)⟩

=
1
4 ∑

m

1
L2

m
⟨ϕ2

m(0)⟩ (δ(ωm − ω) + δ(ωm + ω))
(
δ(ωm − ω′) + δ(ωm + ω′)

)
−1

4 ∑
m

ω2
m⟨q2

m(0)⟩ (δ(ωm + ω)− δ(ωm − ω))
(
δ(ωm + ω′)− δ(ωm − ω′)

)
. (2.65)

Also, for the fluctuation in flux and charge variables of the bath we already obtained

⟨ϕ2
m(0)⟩ =

h̄Zm

2
coth

(
βh̄ωm

2

)
(2.66)

⟨q2
m(0)⟩ =

h̄
2Zm

coth
(

βh̄ωm

2

)
. (2.67)

Replacing the above equations into (2.63) we have

⟨ϕ2⟩ = 1
C2 ∑

m

h̄ω2
m

Zm

coth( βh̄ωm
2 )(

−ω2
m + jωmγ(jωm) + ω2

0

) (
−ω2

m − jωmγ(−jωm) + ω2
0

) . (2.68)

We can change the sum into integral such that

⟨ϕ2⟩ = 1
C2 ∑

m

∫ ∞

−∞

h̄ω2
m

Zm

ωm

ω

(δ(ωm − ω) + δ(ωm + ω)) coth
(

βh̄ωm
2

)
(
−ω2 + jωγ(jω) + ω2

0

) (
−ω2 − jωγ(−jω) + ω2

0

) .

(2.69)

Using (2.24) we have

⟨ϕ2⟩ = h̄
2C2

∫ ∞

−∞
dω

ωY(ω) coth
(

βh̄ω
2

)
(
−ω2 + jωγ(jω) + ω2

0

) (
−ω2 − jωγ(−jω) + ω2

0

) . (2.70)
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Replacing Z2
0ω2

0 = 1
C2 and γ(jω) = Z0ω0Y(jω) we will obtain

⟨ϕ2⟩ = h̄
2C2

∫ ∞

−∞
dω

ωY(ω) coth
(

βh̄ω
2

)
(
−ω2 + jωZ0ω0Y(jω) + ω2

0

) (
−ω2 − jωZ0ω0Y(jω) + ω2

0

) .

(2.71)

Therefore, by employing the Caldeira-Leggett model, we can successfully reproduce the re-

sult obtained in equation (2.52) using the fluctuation-dissipation theorem. In the subsequent

section, we will utilize the aforementioned discussions on quantum RLC circuits and dissi-

pation to investigate heat currents in a system composed of two magnetically coupled RLC

circuits.

2.5 Two magnetically coupled RLC circuits

In this section, our objective is to derive the Hamiltonian describing two magnetically in-

teracting RLC circuits. By utilizing this Hamiltonian, we will determine the fluctuations in

relevant coordinates.

Before delving into the case of two coupled RLC circuits, let us first examine two simple

coupled circuits as depicted in Fig. 2.7. The coupling between the two circuits arises when

the flux produced in one circuit passes through the other circuit, generating current. Specif-

ically, we can define ϕ1 and ϕ2 as the total fluxes passing through the left and right circuits,

respectively. ϕ11 and ϕ22 represent the fluxes produced in inductances L1 and L2, while ϕ12

and ϕ21 are the mutual fluxes passing through the circuits. Thus, we obtain the following

relations:

ϕ1 =ϕ11 + ϕ12 (2.72)

ϕ2 =ϕ22 + ϕ21. (2.73)

Kirchhoff’s law for voltages would be written as

v1 =ϕ̇1 = L1
di1
dt

+ ϕ̇12 (2.74)

v2 =ϕ̇2 = L2
di2
dt

+ ϕ̇21, (2.75)
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FIGURE 2.7: Two magnetically coupled circuits [61].

where v1 and v2 are the voltages associated with the two capacitances. For mutual flux ϕ12/21

we can write

ϕ̇12 =
dϕ12

di2
di2
dt

= M12
di2
dt

ϕ̇21 =
dϕ21

di1
di1
dt

= M21
di1
dt

, (2.76)

where M12/21 =
dϕ12/21

di2/1
is the mutual inductance between the two circuits and it can be

proved that M12 = M21 = M. To calculate the energy stored in the two coupled circuits, we

first assume that i2 = 0 and i1 is increased up to an arbitrary value I1. Then the power stored

in the left circuit is

p1 = v1i1 = i1L1
di
dt

. (2.77)

Next, we write the total energy as

E1 =
∫

p1dt =
∫ I1

0
i1di1 =

1
2

L1 I2
1 . (2.78)

Now, we assume that i1 = I1 is constant and we change i2 from zero to I2. Since i2 is

changing, the mutual voltage induced in the left circuit is Mdi2/dt and therefore the total

power would be

p2 = v2i2 + I1M
di2
dt

= i2L2
di
dt

+ I1M
di2
dt

. (2.79)

Thus, the energy stored in the circuit will be

E2 =
∫

p2dt =
∫ I2

0
i2di2 + I

∫ I2

0
Mdi2 =

1
2

L2 I2
2 + MI1 I2. (2.80)

The total energy of the inductance part of the circuit will be

E1 + E2 =
1
2

L1 I2
1 +

1
2

L2 I2
2 + MI1 I2. (2.81)
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ϕ1 ϕ2
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FIGURE 2.8: Two magnetically coupled RLC circuits.

Adding the energy with respect to the capacitances to this energy we can write the Hamilto-

nian as

H =
q2

1
2C1

+
q2

2
2C2

+
1
2

L1i2
1 +

1
2

L2i2
2 + Mi1i2, (2.82)

where we have replaced arbitrary currents I1 and I2 by i1 and i2. We can see that M is playing

the role of the coupling constant between the two circuits. Now we can find the Hamiltonian

for two RLC circuits which are coupled by their mutual inductance (Fig. 2.8). We replace the

resistors with the series of LC circuits, and using the Caldeira-Leggett Hamiltonian we can

write

H =
q2

1
2C1

+
q2

2
2C2

+
ϕ2

11
2L1

+
ϕ2

22
2L2

+
M

L1L2
ϕ11ϕ22 + ∑

m1,m2

q2
m1

2Cm1

+
q2

m2

2Cm2

+
(ϕm1 − ϕ1)

2

2Lm1

+
(ϕm2 − ϕ2)2

2Lm2

. (2.83)

ϕm1/m2 and qm1/m2 are the flux and charge variables of each LC circuit in the Caldeira-

Leggett representation of the resistors of the left and right circuits, respectively. Addition-

ally, Lm1/m2 represents the inductance and capacitance associated with the m-th LC circuit

in the model. To express the Hamiltonian in terms of the total fluxes passing through the

inductances (ϕ1 and ϕ2), we utilize equation (2.72). The fact that

ϕ12 =M12i2 =
M12

L2
ϕ2

ϕ21 =M21i1 =
M21

L1
ϕ1, (2.84)

enables us to write

ϕ11 =
L1L2

M2 − L1L2

(
M
L2

ϕ2 − ϕ1

)
ϕ22 =

L1L2

M2 − L1L2

(
M
L1

ϕ1 − ϕ2

)
. (2.85)



2.6. Heat currents and the Green’s function method 23

Replacing the above relations into the Hamiltonian of the coupled circuits will yield

H =
q2

1
2C1

+
q2

2
2C2

+
L1L2

L1L2−M2

(
ϕ2

1
2L1

+
ϕ2

2
2L2

− M
L1L2

ϕ1ϕ2

)
+∑

m1

(
q2

m1

2Cm1

+
(ϕm1−ϕ1)

2

2Lm1

)
+∑

m2

(
q2

m2

2Cm2

+
(ϕm2−ϕ2)2

2Lm2

)
. (2.86)

We can expand the terms inside the summations and write the Hamiltonian in terms of ma-

trices in the following closed form:

Hs =
1
2

qT(t)C−1q(t) +
1
2

ϕT(t)L−1ϕ(t) (2.87)

Hbath =∑
α

1
2

qT
α (t)C

−1
α qα(t) +

1
2

ϕT
α (t)L−1

α ϕα(t) (2.88)

Hint =− ∑
α

ϕT(t)L̄−1
α ϕα, (2.89)

Where, α = {1, 2}, ϕ =

ϕ1

ϕ2

, ϕα and qα are the vectors formed with the position and

momentum of the α-th bath. q =

q1

q2

. Lα and Cα are N × N matrices while L̄−1
α is a 2× Nα

matrix. In fact L̄−1
1 =

L11 L12 ... L1N

0 0 ... 0

 and L̄−1
2 =

 0 0 ... 0

L21 L22 ... L2N

. C =

C1 0

0 C2

, and L−1 =

 L1 −M

−M L2

−1

+∑m1,m2

Lm1 0

0 Lm2

−1

. Once we have obtained

the form of the Hamiltonian H = Hs + Hbath + Hint, we can analyze the fluctuations of the

variables in our system by solving the equations of motion. In the upcoming section, we will

delve into this topic extensively, discussing how these fluctuations can be associated with

heat currents.

2.6 Heat currents and the Green’s function method

Our main objective is to calculate the fluctuations in the system variables, which we have

achieved by solving the equation of motion for the flux variable (2.56) using Laplace trans-

form techniques. These fluctuations are crucial in determining the heat currents exchanged

between the system and the baths.

To illustrate this, we introduce the variance matrix that captures all possible fluctuations
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of the system variables. We will explicitly demonstrate the relationship between the covari-

ance matrix and the heat currents flowing to or from the baths. Finally, we will utilize the

Green’s function to compute the covariance matrix and, consequently, the heat currents.

2.6.1 Covariance matrix and heat currents

The elements of the covariance matrix σ contain all the correlation functions of the system

variables, i.e ϕ and q. For our system of interest, we first define the phase space variable

Z =

ϕ

q

, where ϕ and q are two vectors. The covariance matrix in terms of phase space

variable can be written as

σ(t) = Re
(〈

Z(t)Z(t)T
〉)

− ⟨Z(t)⟩
〈

Z(t)T
〉

, (2.90)

where expectation value of an operator A(t) is given by ⟨A(t)⟩ = Tr[A(t)ρ(0)], and ρ(0)

is the initial state of the total system. To justify the first term on r.h.s of (2.90) we calculate as

an example σx1 p1 component of the covariance matrix. To do so, we need to consider that q

and ϕ do not commute. Consequently, we have to account for the ordering of these operators,

which results in the following expression:

σx1 p1(t) =
〈

ϕ1(t)q1(t) + q1(t)ϕ1(t)
2

〉
− ⟨ϕ1(t)⟩ ⟨q1(t)⟩ . (2.91)

However, for the first term, we can use the commutation relation between the momentum

and position ϕ1(t)q1(t) − q1(t)ϕ1(t) = ih̄ and thus, we can write ϕ1(t)q1(t)+q1(t)ϕ1(t)
2 =

2ϕ1(t)q1(t)−ih̄
2 . Therefore, Re(⟨ϕ1(t)q1(t)⟩) =

〈
ϕ1(t)q1(t)+q1(t)ϕ1(t)

2

〉
which proves why we

can write (2.91) in terms of (2.90). To find the relation between the covariance matrix and

heat currents, we take the mean value of the Hamiltonian of the system Hs which gives

⟨Hs⟩ (t) =
1
2

〈
qT(t)C−1q(t)

〉
+

1
2

〈
ϕT(t)L−1ϕ(t)

〉
. (2.92)

Writing the above equation in terms of their matrices components we have

⟨Hs⟩ (t) =
1
2 ∑

i,j
C−1

ij

〈
qT

i (t)qj(t)
〉
+

1
2 ∑

ij
L−1

ij

〈
ϕT

i (t)ϕj(t)
〉

. (2.93)
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Using the definition of the covariance matrix (2.90) we have

⟨Hs⟩ (t) =
1
2 ∑

i,j
C−1

ij σ
pp
ij (t) +

1
2 ∑

i,j
L−1

ij σxx
ij (t). (2.94)

We can change the above sums over the matrix elements to the trace by inserting an identity

operator in the middle of each sum. In this way we obtain

⟨Hs⟩ (t) =
1
2

Tr
[
C−1σpp(t)

]
+

1
2

Tr
[

L−1σxx(t)
]

. (2.95)

Taking the derivative of the above relation we have

d
dt

⟨Hs⟩ (t) =
1
2

Tr
[

C−1 d
dt

σpp(t)
]
+

1
2

Tr
[

L−1 d
dt

σxx(t)
]

. (2.96)

Before delving into the concept of heat, it is important to highlight a few points. In our system

Hamiltonian, L plays the role of potential energy and, in general, it can be time-dependent.

By varying L with time, we effectively exchange external work with our system. However, in

our specific model of interest, we assume L to be constant. As a result, the change in the total

energy of the system (2.96) corresponds solely to the heat exchange between the system and

the baths, which is directly connected to the change in the covariance matrix of the system.

To calculate the heat exchange, we require the covariance matrix. In the next subsec-

tion, we will demonstrate how we can express the covariance matrix in terms of the Green’s

function of the system.

2.6.2 The Green’s function approach

In the preceding section, we employed the Heisenberg equations of motion to describe the

dynamics of the system variables. We expressed the Heisenberg equations of motion (2.54)

in terms of the phase space variable Z for the system and zα for the baths. This yields the

following equations:

Ż + asZ =∑
α

bαzα (2.97)

żα + aαzα =b̄αZ, (2.98)
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where

as =

 0 −C−1

L−1 0

 ,

bα =

 0 0

L̄−1
α 0

 ,

b̄α =

 0 0

(L̄−1
α )T 0

 ,

aα =

 0 −C−1
α

L−1
α 0

 .

To obtain the equation of motion for Z, one can solve equation (2.98) for zα and substitute it

back into equation (2.97) to obtain the desired result. In order to solve equation (2.98), we

utilize the Green’s function gα(t, t′), defined such that it satisfies:

ġα(t, t′) + aαgα(t, t′) = δ(t − t′). (2.99)

With the boundary condition gα(t, t′) = 0 for t < t′, gα(t, t′) encodes the response of the

α-th heat bath to a delta function impulse at time t′. Employing this, the solution for zα(t)

can be written as

zα(t) = gα(t, 0)zα(0) +
∫ t

0
gα(t, t′)bαZ(t′)dt′. (2.100)

For t > t′ and the aforementioned boundary condition that gα(t, t′) = 0 for t < t′ we can

find

gα(t, t′) = θ(t − t′)

 cos(ωα(t − t′)) (ωαCα)−1 sin(ωα(t − t′))

−(ωαLα)−1 sin(ωα(t − t′)) cos(ωα(t − t′))

 ,

(2.101)

where, ω2
α = L−1

α C−1
α and θ(t − t′) is the Heaviside step function. Substituting (2.100) into

(2.97) we can use G(t, t′) as the Green’s function for the system phase variable to find Z, so

that we have

Ż + asZ −
∫ t

0
∑
α

bαgα(t, t′)b̄αZ(t′)dt′ = ∑
α

bαgα(t, 0)zα(0). (2.102)
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Here we first find that

ηα(t, t′) := bαgα(t, t′)b̄α = θ(t − t′)

 0 0

L̄−1
α (ωαCα)−1 sin(ωα(t − t′))(L̄−1

α )T 0

 .

(2.103)

Next we can write the only component of this matrix as

ηxx
α (t − t′) = L̄−1

α (ωαCα)
−1 sin

(
ωα(t − t′)

)
(L̄−1

α )T. (2.104)

Finally we introduce the spectral density of the baths variables Iα(ω) such that

ηxx
α (t) =

∫ ∞

0
Iα(ω) sin(ωt)dω, (2.105)

where we have

Iα(ω) = L̄−1
α (ωCα)

−1(L̄−1
α )Tδ(ω − ωα). (2.106)

Having defined the spectral density of the baths we can write (2.102) such that

Ż + asZ −
∫ t

0
η(t, t′)Z(t′)dt′ = ∑

α

bαgα(t, 0)zα(0), (2.107)

where η(t, t′) = ∑α ηα(t, t′). Now we can find Z(t) by using the Green’s function method

that we employed to find zα(t). Hence,

Z(t) = G(t, 0)Z(0) +
∫ t

0
G(t, t′)∑

α

bαgα(t′, 0)zα(0)dt′, (2.108)

where G(t, t′) is the Green’s function associated with the previous equation and its given by

∂

∂t
G(t, t′) + asG(t, t′)−

∫ t

0
η(t, τ)G(τ, t′)dτ = δ(t − t′), (2.109)

where we assume again that G(t, t′) = 0 for t < t′. The above equations will give us the

exact solutions for the time evolution of the phase space variable of the system. The above

integro-differential equation contains the noise kernel η(t, t′), however, one can modify the

equation in such a way to write it in terms of damping factor γ(t, t′) which we define such

that η(t, t′) := ∂
∂t′ γ(t, t′). To do so, we integrate by part the integral in the above equation
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and we have

∂

∂t
G(t, t′) + asG(t, t′)− γ(t, τ)G(τ, t′)

∣∣∣∣t
0
+
∫ t

0
γ(t, τ)

∂

∂τ
G(τ, t′)dτ = δ(t − t′).

(2.110)

Since G(0, t′) = 0 and γ(t, t) = γ(0) we can write the above equation as

∂

∂t
G(t, t′) + aRG(t, t′) +

∫ t

0
γ(t, τ)

∂

∂τ
G(τ, t′)dτ = δ(t − t′), (2.111)

where aR = as − γ(0). We can also write the damping kernel in terms of the spectral

density of the baths. First we should notice that γ(t, t′) = ∑α γα(t, t′) where γα(t, t′) = 0 0

γxx
α (t − t′) 0

. Therefore, we have

γxx
α (t) =

∫ ∞

0

Iα(ω)

ω
cos(ωt)dω, (2.112)

which is reminiscent of the equation (2.57) yet in a matrix form.

Now we have all the requirements to calculate the covariance matrix σ in equation (2.90)

using the phase space Green’s function of the system and baths variables. Therefore, we

replace (2.108) in (2.90) and we will have

σ(t) = G(t, 0)Re
[〈

Z(0)Z(0)T
〉]

G(t, 0)T

+
∫ t

0
∑
α

G(t, 0)Re
[〈

Z(0)zα(0)T
〉]

gα(t′, 0)TbT
α (0)G(t, t′)Tdt′

+

(∫ t

0
∑
α

G(t, 0)Re
[〈

Z(0)zα(0)T
〉]

gα(t′, 0)TbT
α (0)G(t, t′)Tdt′

)T

+
∫ t

0

∫ t

0
G(t, t1)

[
∑
α,β

bαgα(t1, 0)Re
[〈

zα(0)zβ(0)T
〉]

gβ(t2, 0)TbT
β (0)

]
G(t, t2)

Tdt1dt2

+ ⟨Z(t)⟩
〈

Z(t)T
〉

. (2.113)

Here we need to impose a few conditions on our problem. First of all, we assume that

⟨Z(0)⟩ = ⟨zα(0)⟩ = 0. Thus, according to (2.108) we will have ⟨Z(t)⟩ = 0 so that the last

term in the previous equation will vanish. Furthermore, we assume that there are no initial

correlations between the system and the baths which means Re
[〈

Z(0)zα(0)T〉] = 0. Thus,

the second and third terms will also vanish.

We can calculate the fourth term in (2.6.2). Indeed, if we assume that the initial state of

each bath is a thermal state with an inverse temperature βα, such as ρα(0) = Z−1
α e−βα Hα ,
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where Zα is the partition function, we will be able to calculate the correlations between the

initial states of each bath. This can be expressed as

Re
[〈

zα(0)zβ(0)T
〉]

= δα,β
h̄
2

(Cαωα)−1 coth
(

h̄βαωα

2

)
0

0 (Lαωα)−1 coth
(

h̄βαωα

2

)
 .

(2.114)

Thus, we can write

ν(t1 − t2) :=

[
∑
α,β

bαgα(t1, 0)Re
[〈

zα(0)zβ(0)T
〉]

gβ(t2, 0)T b̄β(0)

]

=∑
α

0 0

0 L̄−1
α (Cαωα)−1 cos(ωα(t1 − t2)) coth

(
h̄βαωα

2

)
(L̄−1

α )T

 . (2.115)

The only component of the matrix in the r.h.s is related to the spectral density Iα(ω). We can

write ν(t) = ∑α

0 0

0 νxx
α (t)

 where we have

νxx
α (t) =

∫ ∞

0
Iα(ω) cos(ωt) coth

(
h̄βαω

2

)
dω. (2.116)

Therefore, we have

σ(t) = G(t, 0)σ(0)G(t, o)T +
h̄
2

∫ t

0

∫ t

0
G(t, t1)ν(t1 − t2)G(t, t2)

Tdt1dt2. (2.117)

Equation (2.117) explicitly illustrates the method for determining the time evolution of the

covariance matrix. In order to investigate the behavior of the system in the long time limit, we

make an additional assumption that the Green’s function decays exponentially with time t.

Consequently, the first term on the right-hand side of equation (2.117) will become negligible

in this limit, indicating that the evolution of our system will eventually become independent

of its initial state. Therefore, in the long time limit, we obtain

σ(t) =
h̄
2

∫ t

0

∫ t

0
G(t, t1)ν(t1 − t2)G(t, t2)

Tdt1dt2. (2.118)

We notice that G(t, t′) is the Green’s function for the system phase space variables. Neverthe-

less, we can express (2.118) in terms of the Green’s function for the configuration variables

of the system g(t, t′). Indeed, our goal is to find the relation between G(t, t′) and g(t, t′). If

we look at (2.107) we can expand it in terms of the momentum and position variables. We
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have

ϕ̇ − C−1q =0 (2.119)

q̇ + L−1ϕ −
∫ t

0
ηxx(t, t,′ )ϕ(t′)dt′ =∑

α

L̄−1
α g11

α (t, 0)ϕα(0) + L̄−1
α g12

α (t, 0)qα(0). (2.120)

Taking the time derivative of (2.119) and using (2.120) we will have

Cϕ̈ + L−1ϕ −
∫ t

0
ηxx(t, t,′ )ϕ(t′)dt′ = ∑

α

L̄−1
α g11

α (t, 0)ϕα(0) + L̄−1
α g12

α (t, 0)qα(0).

(2.121)

We can solve this equation using the Green’s function for the configuration variable g(t, t′)

given by

C
∂2

∂t2 g(t, t′) + L−1g(t, t′)−
∫ t

0
ηxx(t, τ)g(τ, t′)dτ = δ(t − t′). (2.122)

Again using the definition of damping kernel γ(t) we can rewrite the above equation such

that

C
∂2

∂t2 g(t, t′) + L−1
R g(t, t′) +

∫ t

0
γxx(t − τ)

∂

∂τ
g(τ, t′)dτ = δ(t − t′), (2.123)

where L−1
R = L−1 − γxx(0).

To find the relation between G(t, t′) and g(t, t′) we expand the equation (2.111) in a

matrix form by defining G =

Gxx Gxp

Gpx Gpp

, so that we have

∂

∂t
Gxx−C−1Gpx = δ(t − t′) (2.124)

∂

∂t
Gpx + L−1

R Gxx+
∫ t

0
γxx(t − τ)

∂

∂τ
Gxx(τ, t′)dτ = 0. (2.125)

One can easily solve these two coupled equations to see that Gxx(t, t′) = g(t, t′) and conse-

quently, Gpp(t, t′) = C ∂
∂t g(t, t′) and Gxp(t, t′) = g(t, t′). That being said, we can find the

components of the covariance matrix in a way that

σxx(t) =
h̄
2

∫ t

0

∫ t

0
g(t, t1)ν

xx(t1 − t2)g(t, t2)
Tdt1dt2 (2.126)

σxp(t) =
h̄
2

∫ t

0

∫ t

0
g(t, t1)ν

xx(t1 − t2)
∂

∂t
g(t, t2)

TCdt1dt2 (2.127)

σpp(t) =
h̄
2

∫ t

0

∫ t

0
C

∂

∂t
g(t, t1)ν

xx(t1 − t2)
∂

∂t
g(t, t2)

TCdt1dt2. (2.128)
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Having calculated the components of the covariance matrix in terms of the Green’s function

of the system, we are able to find the relation for the heat currents. Going back to equation

(2.96) we have

Q̇(t) =
1
ih̄
⟨[Hs, Hint]⟩ =

1
2

Tr
[

C−1 d
dt

σpp(t)
]
+

1
2

Tr
[

L−1 d
dt

σxx(t)
]

. (2.129)

The above equation will give us the total amount of heat current exchanged between the

system and the baths in terms of the covariance matrix of the system. One can also find

the local heat currents exchanged between each LC circuit and the bath it is in contact with.

Thus, we have

Q̇α =
1
ih̄
⟨[Hs, Hα

int]⟩ =− 1
2ih̄

⟨[qTC−1q, ϕT L̄−1
α ϕα]⟩

=⟨qTC−1 L̄−1
α ϕα⟩. (2.130)

To write the local heat current relation in terms of the system variables, we need to eliminate

qα using the Heisenberg equations of motion (2.54). However, this equation is a sum over all

the environments. To get rid of the sum, we define an operator Pα which is a projector over

the sites of the α-th bath. Indeed, its effect would be such that Pαq̇ = −PαL−1ϕ + L̄−1
α ϕα

assuming that PαPβ = δα,βPα which ensures that, each system is coupled only with one bath

directly. Applying this operator to (2.130) we will have

Q̇α = ⟨qTC−1PαL−1ϕ⟩+ ⟨qTC−1Pαq̇⟩. (2.131)

Again as we did for the mean value of the Hamiltonian of the system, we can write (2.131)

in terms of the covariance matrix. To do so we have

Q̇α = ∑
ijk

C−1
ij (PαL−1)jk⟨qiϕk⟩+ ∑

ijk
C−1

ij (Pα)jk⟨qi q̇k⟩. (2.132)

Therefore, we will obtain

Q̇α = Tr
[

Pα
d
dt

σpp(t)C−1
]
+ Tr

[
PαL−1σxp(t)C−1

]
. (2.133)
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For steady state limit of the covariance matrix at long time, the first term of (2.133) will

vanish. To calculate the local heat current, we first rewrite σxp(t) by using

νxx
α (t1 − t2) =

∫ ∞

0
νxx

α (ω) cos(ω(t1 − t2))dω = Re
∫ ∞

0
νxx

α (ω)e−jω(t1−t2)dω, (2.134)

where νxx
α (ω) = Iα(ω) coth

(
h̄βαω

2

)
. Replacing this into (2.126) we can see

σxp(t) =Re
∫ ∞

0

h̄
2

∫ t

0

∫ t

0
g(t, t1)e−jωt1 νxx(ω)e−jωt1

∂

∂t
g(t, t2)

TCdt1dt2dω. (2.135)

In the limit t → ∞ we can write

∫ ∞

0
g(t, t1)e−jωt1 dt1 = g(jω), (2.136)

Thus, we will have

σxp(t) =− Re
∫ ∞

0

h̄
2

g(jω)νxx(ω)jωg(−jω)TCdω. (2.137)

Replacing this equation into (2.133) the local heat current expression for steady state limit

can be obtained as

Q̇α =
h̄
2

Im ∑
α′

∫ ∞

0
ω coth

(
h̄βα′ω

2

)
Tr
[

PαL−1g(jω)Iα′(ω)g(−jω)T
]

dω, (2.138)

where we have used the fact that Re(−jX) = Im(X). Here we define the heat transfer

matrix fαα′ such that

fαα′ = ImTr
[

PαL−1g(jω)Iα′(ω)g(−jω)T
]

. (2.139)

In case PαL−1 = PαL−1
R + L−1

α , we can see that Tr
[
PαL−1

α g(jω)Iα′(ω)g(−jω)T] = 0

because L−1
α is a symmetric matrix and g(jω)Iα′(ω)g(−jω)T is anti-symmetric and the

trace of their product will be vanishing. To prove the anti-symmetry of this term we de-

fine B = Img(jω)Iα′(ω)g(−jω)T =
(

g(jω)Iα′(ω)g(jω)† − g(jω)∗ Iα′(ω)g(jω)T) /2.

Thus, we can see that BT = −B which shows this matrix is anti-symmetric. That said we

can rewrite the heat current matrix element as

fαα′ = ImTr
[

PαL−1
R g(jω)Iα′(ω)g(jω)†

]
. (2.140)
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To expand the above relation further, we first take the Laplace transform of (2.123) such that

g(s)−1 = Cs2 + γxx(s)s + L−1
R . (2.141)

Writing L−1
R in terms of g(s)−1 we have

L−1
R = g(s)−1 − Cs2 + γxx(s)s. (2.142)

Replacing the above equation into (2.140) with s = jω, we will have

fαα′ =ImTr
[

Pα Iα′(ω)g(jω)†
]

+Imω2Tr
[
CPαg(jω)Iα′(ω)g(jω)†

]
+ImjωTr

[
Pαγxx(jω)g(jω)Iα′(ω)g(jω)†

]
. (2.143)

The first term vanishes because Pα Iα′(ω) = 0 for α ̸= α′. The second will also be vanishing

because it is a product of two symmetric and anti-symmetric matrices. In the third term, the

matrix g(jω)Iα′(ω)g(jω)† is hermitian so that we only have to calculate Im(jωγxx(jω)) =

Re(ωγxx(jω)) = π
2 I(ω). Thus, we have

fαα′ =
π

2
Tr
[

Iα(ω)g(ω)Iα′(ω)g(jω)†
]

. (2.144)

Inserting this matrix back to the equation (2.138) we will have

Q̇α = h̄π ∑
α′

∫ ∞

0
ωdω coth

(
h̄βα′ω

2

)
Tr
[

Iα(ω)g(ω)Iα′(ω)g(jω)†
]

. (2.145)

Using ∑α fαα′ = 0, we have ∑α ̸=α′ fαα′ = − fαα. Thus, we can write the heat currents such

that

Q̇α =
h̄
2 ∑

α′ ̸=α

∫ ∞

0
ωdω fαα′(ω)

(
coth

(
h̄βαω

2

)
− coth

(
h̄βα′ω

2

))
. (2.146)

The linearity of the system implies that even if the model is fully quantum, its dynamics

are equivalent to the classical case [87]. Consequently, the Green’s function in Eq. (2.141),

appearing in the heat transfer matrix of Eq. (2.139), is the solution to the classical equations

of motion and does not depend on h̄. The dependence on h̄ only arises in the noise spectrum

2h̄ω coth(βαh̄ω/2). It is worth noting that the expression in Eq. (2.146) can be obtained by

computing the classical transfer function of the circuit connecting the two ports, treating the
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resistors as sources of Johnson-Nyquist noise [95, 106]. However, an important distinction

is that the exact equations of motion for the system, although classical, are non-local in time

due to the non-Markovian effects caused by the environment. This aspect is not captured in

a classical circuit treatment but is fully accounted for in our approach, as explained later.

We utilize the aforementioned result to calculate the heat exchanged between each bath

and the interacting system. Specifically, we assume that our baths are Ohmic with Lorentz-

Drude cutoff spectral densities given by Iα = 2
π γ0Pα

ωω2
c

ω2+ω2
c
, where ωc represents the cutoff

frequency of the bath and γ0 plays the role of the coupling to the bath, similar to 1/R in the

previous chapter when defining the frequency-dependent admittance Y(jω) = R−1

1− jω
ωC

. In this

case, the Laplace transform of the dissipation kernel is given by γ(s)xx = γ0
ωc

s+ωc
.

Using this information, we can evaluate the heat current matrix fα,α′ such that

Tr
[
Iα(ω)g(ω)Iα′(ω)g(jω)†]

=

(
2
π

γ0
ωω2

c
ω2 + ω2

c

)2

Tr

1 0

0 0

g11 g12

g21 g22

0 0

0 1

g∗11 g∗21

g∗12 g∗22


=

(
2
π

γ0
ωω2

c
ω2 + ω2

c

)2

(g12g∗12) . (2.147)

Thus, we only need to calculate the two off-diagonal elements of the Green’s function in

(2.141). Writing that equation in matrix form will result in

g(jω) =

−C1ω2 + L2
A + j ωγ0ωc

jω+ωc
M
A

M
A −C2ω2 + L1

A + j ωγ0ωc
jω+ωc

−1

, (2.148)

where A = L1L2 − M2. We need to find the inverse of the above matrix, however, we only

need the off-diagonal terms. Thus we can write

g12(jω) =
M
A

|g(jω)|

=
M
A

(
(−C1ω2 +

L2

A
+ j

ωγ0ωc

jω + ωc
)(−C2ω2 +

L1

A
+ j

ωγ0ωc

jω + ωc
)−

(
M
A

)2
)−1

(2.149)

Substituting this result into (2.6.2) we will have
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f1,2 = −π

2

(
2
π

γ0
ωω2

c
ω2 + ω2

c

)2 (M
A

)2

×
(
(−C1ω2 +

L2

A
+ j

ωγ0ωc

jω + ωc
)(−C2ω2 +

L1

A
+ j

ωγ0ωc

jω + ωc
)−

(
M
A

)2
)−1

×
(
(−C1ω2 +

L2

A
− j

ωγ0ωc

−jω + ωc
)(−C2ω2 +

L1

A
− j

ωγ0ωc

−jω + ωc
)−

(
M
A

)2
)−1

.

(2.150)

Employing this component of the heat current matrix, we can find the local heat current Q̇1

as

Q̇1 =
h̄
2

∫ ∞

0
ωdω f12(ω)

(
coth

(
h̄β1ω

2

)
− coth

(
h̄β2ω

2

))
. (2.151)

For the hyperbolic functions, we can write them in terms of digamma functions and the poles

are obtained straightforwardly. For the hyperbolas we have

π coth
(

h̄βlω

2

)
=

2π

h̄βlω
− jψ(1 − jh̄βlω

2π
) + jψ(1 +

jh̄βlω

2π
), (2.152)

where l = {1, 2}. In the high-temperature regime, the digamma functions become negligible.

Consequently, the heat current splits into two components: a classical contribution and a

quantum correction. This splitting is achieved through the following equation:

Q̇1 = Q̇cl
1 + Q̇q

1, (2.153)

where Q̇cl
1 and Q̇q

1 denote the classical and quantum contributions to the heat current, respec-

tively. The classical contribution is given by:

Q̇cl
1 =

(
1

β1
− 1

β2

) ∫ ∞

0
dω f12(ω), (2.154)

whereas the quantum contribution is expressed as:

Q̇q
1 =

ih̄
2π

∫ ∞

−∞
dωω f12(ω)

[
ψ

(
1 − iβ2h̄ω

2π

)
− ψ

(
1 − iβ1h̄ω

2π

)]
. (2.155)

The classical contribution is independent of h̄ and corresponds to the high-temperature

limit. On the other hand, the quantum contribution depends on h̄ and represents the low-

temperature correction.

To solve the integral in (2.155) we need to find the poles of f12 and also the digamma
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functions. In fact the poles of the function ψ(1 − ix) are all located on the lower-half of the

imaginary axis, i.e x = −i,−2i,−3i, ..... We write f12 in such a way that

f1,2(ω) =
2
π

ω2ω4
c

(
RM
A

)2 1
|u+(iω) u−(iω)|2 , (2.156)

with

u±(s) = (s3 + ωcs2)RC +

(
R

L ± M
+ ωc

)
s +

R
L ± M

ωc. (2.157)

provided that s = jω, C1 = C2 = C and L1 = L2 = L. Although exact evaluation of the

integrals is possible [39], we will utilize the overdamped limit approximation to simplify the

calculation. Additionally, we will discuss the frequency scales involved in this limit.

2.7 Overdamped limit of the heat currents

The equation of motion for a single parallel RLC circuit is given by a classical equation with

flux variable ϕ in the inductance,

ϕ̈ + γϕ̇ + ω2
0ϕ = 0. (2.158)

The damping rate γ = 1/RC and the natural frequency ω0 = 1/
√

LC are important fre-

quency scales. The roots of the corresponding characteristic equation are given by Γ± =

−(γ/2) ± (γ2/4 − ω2
0)

1/2. If γ ≫ ω0, the system is in the overdamped limit, which

can be achieved by reducing the capacitance so that C ≪ L/R2. In this regime, the damp-

ing rates of magnetic flux and charge are |Γ+| ≪ |Γ−|, where, Γ+ ≃ −ω2
0/γ and Γ− ≃

−γ + ω2
0/γ, indicating that charge relaxes much faster than flux. The flux damping rate

ωd ≃ ω2
0/γ = R/L becomes independent of C. For the two coupled RLC circuits, a sim-

ilar analysis can be performed by replacing L with L ± M for each normal mode. We can

express the functions u±(s) in Eq. (2.157) in terms of γ and ω± = ωd/(1 ± M/L),

u±(s) = (s3 + ωcs2)/γ + (ω± + ωc) s + ω±ωc. (2.159)

In the overdamped limit, we observe that the cubic and quadratic terms in the equation are

suppressed, although they still dominate at high frequencies. However, it is important to note

that in the frequency integral of Eq. (2.151), the factor remains unaffected. coth (βαh̄ω/2)−

coth (βα′ h̄ω/2) will cut off frequencies higher than ωth = kb maxα{Tα}/h̄. Therefore, we
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(a) High temperatures: ω± ≪ γ ≪ ωth
(b) Intermediate temperatures: ω± < ωth ≪ γ
(c) Low temperatures: ωth < ω± ≪ γ

TABLE 2.1: Different temperature ranges can be distinguished within the
overdamped regime, assuming that both baths have temperatures of the same
order characterized by the thermal frequency ωth. The first range, labeled
as (a), corresponds to the classical Smoluchowski equation or overdamped
Langevin equations. In the second range, labeled as (b), the bath tempera-
tures lie between the frequency gap associated with the overdamped regime.
The third range, labeled as (c), corresponds to low temperatures compared
to the lowest frequency scale of the system. Additionally, mixed conditions
can be considered, in which one bath has a low temperature and the other

has a high temperature, or situations where ωth is comparable to γ.

see that the cubic and quadratic terms can be ignored with respect to the other two when we

have

ωth ≪ γ, (γω±)
1/2, (γω±ωc)

1/3. (2.160)

Thus, we can rewrite

u±(s) ≃ (ω± + ωc) s + ω±ωc, (2.161)

The only relevant frequency scales in this case are ω± and ωc. It is worth noting that the

conditions described in Equation (2.160) can be met by increasing γ, and they do not impose

any constraints on the ratios between ωth, ω±, and ωc. However, they limit the maximum

temperature values, and Table 2.1 provides information on temperature ranges that are sig-

nificant in the overdamped regime. Later on, we will demonstrate the persistence of quantum

effects even when the temperatures are high relative to h̄ω±/kb.

Using the approximation of Eq. (2.161), the integrals in Eqs. (2.154) and (2.155) can be

readily evaluated. For the classical contribution to the heat current, we obtain:

Q̇cl
1 =

kb

2
(T1 − T2)

(
M
L

)2 ωc

ωc + ωd

λ+λ−
ωd

, (2.162)

where λ± is the only root of u±(s),

λ± = − ωc ω±
ωc + ω±

. (2.163)

To compute the quantum contribution to the heat currents, we need to consider the poles of

both the digamma function and f12(ω). The poles of ψ(1− ix) are located on the lower half

of the imaginary axis, at x = −i,−2i,−3i, . . . . On the other hand, the poles of the heat
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FIGURE 2.9: Upper-half plane contour. The dots are the poles of the
digamma function [61].

transfer matrix element in the overdamped limit, λ±, and their conjugates, λ∗
±, are on the

imaginary axis. To exclude the contribution from the digamma function poles, we choose

the integration contour to run on the upper half plane, covering only λ±. Therefore, we can

express the integral as:

Q̇q
1 =

ih̄
2π

∫
c
dω ω f12(ω)

[
ψ

(
1− iβ2h̄ω

2π

)
− ψ

(
1− iβ1h̄ω

2π

)]
+

ih̄
2π

∫
∞

dω ω f12(ω)

[
ψ

(
1− iβ2h̄ω

2π

)
− ψ

(
1− iβ1h̄ω

2π

)]
. (2.164)

The integral over the contour c in Fig. 2.9 is computed using the residue theorem. The second

integral is the contribution when ω tends to infinity. To evaluate this contribution, we need

to expand the digamma function using a series representation such that

ψ (1 ± ix) ≃ log (± ix)∓ i
x

, (2.165)

for x → ∞. Since the integrand is vanishing as 1/ω then we only need to keep the loga-

rithmic term in the asymptotic digamma functions. Replacing this expansion into the second

integral in Eq. (2.164) we will have

ih̄
2π

∫
∞

dω ω f12(ω)

[
ψ

(
1− iβ2h̄ω

2π

)
− ψ

(
1 − iβ1h̄ω

2π

)]
= − ih̄

π

(
M
L

)2 (λ+λ−
ωd

)2 ∫
dω

1
ω

log
(

β1

β2

)
. (2.166)

We change the variable ω = Λeiθ and we integrate over the semi-circle on the upper-half

plane for 0 ≤ θ ≤ π and Λ → ∞, thus we will have
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ih̄
2π

∫
∞

dω ω f12(ω)

[
ψ

(
1 − iβ2h̄ω

2π

)
− ψ

(
1 − iβ1h̄ω

2π

)]
=

h̄
π

(
M
L

)2 (λ+λ−
ωd

)2

log
(

T2

T1

)
. (2.167)

Hence, by adding the above result and the integral over the contour we will obtain

Q̇q
1 =

h̄
π

(
M
L

)2 (λ+λ−
ωd

)2

log
(

T2

T1

)
+

h̄
4π

ωc

ωc + ωd

M
L

×
{

λ2
+

[
ψ

(
1 − β1h̄λ+

2π

)
− ψ

(
1 − β2h̄λ+

2π

)]

−λ2
−

[
ψ

(
1 − β1h̄λ−

2π

)
− ψ

(
1 − β2h̄λ−

2π

)]}
. (2.168)

Equations (2.162) and (2.168) allow for the calculation of heat current in the overdamped

regime without relying on the weak coupling or Markovian approximations. This is an im-

portant development as previous results in similar systems have either been limited by these

approximations or have relied on numerical methods [45, 7, 81, 38]. By providing a way to

calculate heat current without these limitations, the approach presented can be used to gain

a better understanding of the behavior of such systems in the overdamped regime . The re-

sults show that the classical contribution to the heat current is proportional to the temperature

difference between the two reservoirs, while the quantum contribution depends on both reser-

voir temperatures in a non-linear way. In order to compare the exact heat current obtained

from numerical integration of Eqs.(2.162) and (2.168), we plot in Fig. 2.10 the heat current as

a function of γ/ωd for different values of T1 and T2, where ωc = 5ωd and M/L = 1/2. It

can be seen that the two results agree as γ/ωd increases. This analysis allows us to compute

the heat current in the overdamped regime without assuming weak coupling or Markovian

approximations, thus complementing previous studies that were either numerical or limited

by these approximations.

We will now consider some relevant limits to simplify the previous expressions. The

Markovian limit, where ωc → ∞, can be obtained by replacing the factors ωc/(ωc + ωd)

in Eqs. (2.162) and (2.168) with 1. We can then note that the roots λ± satisfy

lim
ωc→∞

λ± = −ω±. (2.169)

To examine the impact of a finite cutoff, we can use Eq. (2.163) to see that it is equivalent to

reducing the values of the frequencies ω± or ωd.



40 Chapter 2. Heat current in quantum RLC circuits
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FIGURE 2.10: Heat current with respect to γ/ωd. Solid lines show the exact
heat current in terms of the different values of baths temperatures T1 and T2.
The dashed lines are the heat current in the overdamped limit. This plot is

sketched for M = 1, L = 2, ωc = 5ωd, ωd = 1 [61].

To analyze the low-temperature regime, we can take the limit |λ±|/ωth ≫ 1 (which

implies ωth ≪ ω±, ωc). In this case, we can use the following expansion for the digamma

function when x is large

ψ(x) ≈ log x − 1
2x

− 1
12x2 +

1
120x4 +O(x5), (2.170)

The contribution of the first logarithmic term cancels the first term in (2.162), while those

coming from the third term vanish in the limit |λ±|/ωth ≫ 1. Thus, the only remaining

contributions originate from the term proportional to 1/x4, and the final result for the low-

temperature heat current is given by

Q̇low
1 =

2
15

(π

h̄

)3
(

M
L

)2 k4
b

ω2
d

(
T4

1 − T4
2

)
+O(T6

1/2). (2.171)

To analyze the low-temperature regime, we consider T1/2 = T ±∆T/2 and, to the first order

in ∆T, we can express the heat current as Q̇1low = T GQ∆T, where GQ = πk2
bT/3h̄ is the
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fundamental unit of thermal conductance [84, 51, 95], and T=(4π2/5)(M/L)2(kbT/h̄ωd)
2

is a temperature-dependent transmission coefficient. We note that Eq. (2.171) for the low-

temperature heat current is independent of the cutoff frequency. This behavior arises because,

at low temperatures, the heat current is predominantly influenced by low-frequency modes,

while the cutoff frequency governs the high-frequency portion of the spectral densities. It is

important to note that the same expression for the heat current in the low-temperature limit

can also be obtained in the weak coupling regime, where γ ≪ ω±. This is again attributed

to the fact that, at low temperatures, only the low-frequency response of the system is sig-

nificant. To further illustrate this point, let’s consider the case of Ohmic dissipation in the

Markovian limit (ωc → ∞). In this scenario, both the spectral density and the dissipation

kernel simplify to

Iα(ω) =
2
π

ω

Rα
Pα (2.172)

γ(s) =
1
R
(P1 + P2) . (2.173)

Replacing the above equations into the heat transfer matrix element fαα′(ω) we will have

f1,2(ω) =
2
π

(
M
L

)2 ω2

ω2
d
(ω+ω−)

2 1
|u+(iω) u−(iω)|2 , (2.174)

where in the weak coupling regime we have

u±(ω) = − 1
γ

(
ω − iγ

2
+
√

γω±

)(
ω − iγ

2
−√γω±

)
. (2.175)

By utilizing the heat transfer matrix element, we can compute the classical and quantum con-

tributions to the heat currents using the method described in the previous section. However,

our focus is on the low temperature limit of the heat currents. As a result, the classical con-

tribution becomes negligible, and the heat current, up to the first non-vanishing order of the

quantum correction, can be expressed as

Q̇low
1 =

512
15

(π

h̄

)3
(

M
L

)2 k4
b

ω2
d

(
ω+ω−

(γ + 4ω+) (γ + 4ω−)

)2(
T4

1 − T4
2

)
+O(T6

1/2),

(2.176)

where in the weak coupling limit of γ ≪ ω± the above expression will be the same as

(2.171). Figure 2.11 displays the behavior of the total heat current as a function of tem-

perature. As temperature is decreased, we observe that the heat current can be accurately
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FIGURE 2.11: We compare the total heat current (represented by the green
solid line) with the expression for the low-temperature regime (shown by the
blue dashed line) for different values of T1 [61]. In this comparison, we set
T2 = T1/2, which means we decrease both temperatures simultaneously
with a constant ratio. Interestingly, as the temperatures decrease, we observe
that the two expressions converge and become indistinguishable. The param-
eters used for this comparison are M = 1, L = 2, ωc = 5ωd, and ωd = 1.

described by Eq. (2.171) in the low-temperature limit. This confirms the validity of the ana-

lytical result we obtained for the heat current in this regime. In the intermediate temperatures

regime, where |λ±|/ωth ≪ 1, we employ the following expansion of the digamma function

for small values of x,

ψ (1 + x) = −η +
π2x

6
+O(x2), (2.177)

where η is the Euler–Mascheroni constant. We then find the following high-temperature

expansion of the quantum contribution

Q̇q
1 =

h̄
π

(
M
L

)2 (λ+λ−
ωd

)2

log
(

T2

T1

)
+

h̄2

48
ωc

ωc + ωd

M
L
(λ3

+ − λ3
−)

(
1
T2

− 1
T1

)
+O(T−2

1/2).

(2.178)

Remarkably, even under the constraints specified in Eq. (2.160), it is unexpected that the
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FIGURE 2.12: The quantum contribution to the heat currents for various
values of T1 is depicted as a function of T2. It is observed that for high
values of T1 and T2, the quantum correction does not vanish and aligns with
a non-trivial logarithmic expression (represented by the black dashed line).
This plot corresponds to the parameters M = 1, L = 2, ωc = 5ωd, and

ωd = 1 [61].

dominant term in the expression for the heat current does not necessarily vanish as |λ±|/ωth →

0. This occurrence can be attributed to the fact that the temperature is assumed to be high in

comparison to the slow frequency scale ωd, while it must still remain low in comparison to

the fast frequency scale γ. Essentially, the temperature lies within the intermediate region of

the time scale separation associated with the overdamped regime. Consequently, considering

the first non-trivial order, the total heat current for high temperatures can be represented as:

Q̇high
1 = Q̇cl

1 +
h̄
π

(
M
L

)2 (λ+λ−
ωd

)2

log
(

T2

T1

)
. (2.179)

Figure 2.12 shows the behavior of the quantum contribution with respect to the growth of

the temperature. When both bath temperatures are increased, we can still observe a non-zero

quantum correction to the heat currents.

So far, we have covered the fundamentals of linear quantum RLC circuits, considering
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the effects of dissipation. Expanding on this, we conducted an analysis of heat currents

within a system comprising two magnetically coupled RLC circuits. As a result, we obtained

analytical solutions for the overdamped heat currents in the steady state, which have been

documented in the article [61]. In the forthcoming sections, we will provide an overview of

the non-linear scenario in relation to the aforementioned study.

2.8 Non-linear quantum systems

Firstly, we will begin by revisiting some key aspects of superconductivity and the Joseph-

son junction. From there, we will delve into the exploration of utilizing Josephson junctions

to create qubits. This will involve studying different models for coupling these qubits and

understanding how to effectively model dissipation in quantum electrodynamics (QED) cir-

cuits.

2.9 Josephson junction

FIGURE 2.13: a- metal with superconducting gap 2∆. b- JJ [48]

The Josephson junction (JJ) is a structure composed of two superconducting metallic

electrodes brought into close proximity, separated only by a tunnel barrier [58, 24]. In con-

trast to normal metals, a superconducting electrode consists of paired electrons known as

Cooper pairs. In the ground state of the superconducting electrode with an even number of

electrons, there exists a unique non-degenerate state filled with Cooper pairs. This ground
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state is separated from other excited states by the superconducting gap 2∆, where ∆ rep-

resents the energy required to break a Cooper pair into two normal electrons. In the low-

temperature regime kBT ≪ 2∆, where kB is Boltzmann’s constant and T is the temperature,

all Cooper pairs are predominantly located in the ground state and separated from the excited

states.

We can represent the superconducting state of the electrode as |N⟩, where N denotes the

number of pairs in the metal. However, in the case of a Josephson junction, we have two

superconductors. Therefore, we need to describe the state by the number of pairs tunneling

between the two metals, denoted as m. Thus, the state of the Josephson junction can be

expressed as:

|m⟩ = |NL − m, NR + m⟩ , (2.180)

where NL and NR are the number of Cooper pairs on the left and right superconducting

metals (Fig. 2.13).

The bare tunnelling Hamiltonian, without considering the Coulomb force could be writ-

ten as

HT = −EJ

2 ∑
m
|m⟩⟨m + 1|+ |m + 1⟩⟨m| . (2.181)

The Josephson coupling energy, denoted as EJ , characterizes the strength of the pairs’ ability

to tunnel through the barrier. The Hamiltonian mentioned above describes the process of

annihilating one pair on the right side and creating another pair on the left side, while leaving

a hole in the right superconductor. As a result, since the value of m changes by unity, we

can represent the eigenfunctions of the tunneling Hamiltonian as wave functions with a phase

factor φ. This can be expressed as follows

|φ⟩ = ∑
m=−∞,∞

eimφ |m⟩ . (2.182)

This leads to the eigenvalue equation as

HT |φ⟩ = −EJ cos φ |φ⟩ . (2.183)

Using the above equation, we can find the tunnelling current I(φ). Indeed, we can use the

expression I(φ) = 2evg(φ) where vg(φ) = ∂ω
∂k is the group velocity of the pairs. We may

write this with respect to the eigenvalues of HT since HT = h̄ω and φ = k as the wave
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vector. Thus, it can be written as

vg(φ) =
1
h̄

∂

∂φ
HT =

Ej

h̄
sin φ. (2.184)

Therefore, the current will be

I = 2evg(φ) = Ic sin φ, (2.185)

where Ic =
2eEJ

h̄ is the critical current or the maximum tunnelling current. In fact, adding

more current will result in a voltage difference and breakage of the superconducting gap. One

can alternately define the current operator by introducing two conjugate variables. First, we

define the number operator n̂ as

n̂ = ∑
m

m |m⟩⟨m| , (2.186)

which indicates the number of tunnelling Cooper pairs. Furthermore, we can find ⟨φ|n̂|ψ⟩

such that

⟨φ|n̂|ψ⟩ = i
∂

∂φ
⟨φ|ψ⟩ . (2.187)

Thus, we can see that the number operator is

n̂ = i
∂

∂φ
. (2.188)

Indeed, the variables n̂ and φ̂ are conjugate variables that satisfy the commutation relation

[n̂, φ̂] = i. The phase variable φ̂ can be related to the node flux variable introduced earlier

in the RLC circuits, which represents the time integral of the voltage between a node and the

ground. To establish this connection, we need to consider the influence of the Coulomb force

in the junction.

The Josephson junction can be conceptualized as an LC circuit comprising a non-linear

inductance and a capacitance CJ formed by the two superconducting plates. Therefore, the

Hamiltonian of the junction can be expressed as follows

H = EC

(
n̂ − Qr

2e

)2

− EJ ˆcos φ, (2.189)

where EC = (2e)2 /2CJ is the Coulomb charging energy corresponding to one Cooper pair

on the capacitance CJ . Qr takes into account the offset charge existing in the capacitor. This
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charge was also present when we wrote the Hamiltonian of a linear LC circuit. However,

since the Hamiltonian was quadratic in flux variable, this term can be neglected. Using

the Heisenberg equation of motion we can write (at this point, we drop the hats over the

operators)

I =2e
dn
dt

= −2e
ih̄
[H, n] = Ic sin φ (2.190)

dφ

dt
=− 1

ih̄
[H, φ] =

2e
h̄
(VCJ − Vr), (2.191)

where VCJ and Vr indicate the voltage with respect to the Cooper pairs and the offset charge

on the capacitor. Equation (2.191) is indeed indicating the dependence of the phase variable

on the node flux, such that ϕ =
∫ t

0

(
VcJ − Vr

)
dt or equivalently

(
VcJ − Vr

)
= ϕ̇. Thus

φ = 2π
ϕ

ϕ0
, (2.192)

where ϕ0 = 2e
h is the superconducting quantum flux. As a result, when the flux variable

changes by one quantum flux, the superconducting phase undergoes a winding of 2π.

Our objective is to explore how Josephson junctions can be utilized to create qubits.

However, before proceeding to that, it is important to address the fluctuations associated with

the presence of offset charge in the capacitor. One approach to mitigate these fluctuations

is to introduce a voltage source in series with a gate capacitor Cg, which gives rise to the

construction of a Cooper pair box.

2.10 Cooper pair box

To obtain the Hamiltonian of the Cooper pair box (CPB) in terms of the flux and charge

variables, we consider the CPB configuration shown in Figure 2.14. The CPB consists of a

Josephson junction (JJ) in series with the gate capacitor Cg and a voltage source created by

the capacitor CB.

In this setup, we introduce the node fluxes Φ1 and Φ2 as shown in the figure, and the

capacitor CB creates the voltage source VB. To derive the Hamiltonian, we treat the voltage

source as a capacitor with a large capacitance, allowing us to consider it as a constant voltage

term. According to the definition of the node flux we have

VJ =Φ̇1 (2.193)

VB =Φ̇2 (2.194)
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FIGURE 2.14: Circuit for the determining the electrostatic energy of a
Cooper pair box [48]

Vg =Φ̇1 − Φ̇2, (2.195)

where Vg and VJ are the voltages associated with capacitors Cg and CJ , respectively. Kirch-

hoff’s current law for the currents ig, iB and iJ which pass through the capacitors Cg, CB and

CJ implies that

iJ = iB = ig, (2.196)

Thus, we can find the equations of motion for the flux variables as

CBΦ̈2 =CJΦ̈1 (2.197)

CBΦ̈2 =Cg
(
Φ̈2 − Φ̈1

)
(2.198)

CJΦ̈1 =Cg
(
Φ̈2 − Φ̈1

)
. (2.199)

Based on the above equations we may construct the Lagrangian of the system such that

L =
1
2

CJΦ̇2
1 +

1
2

Cg
(
Φ̇1 − Φ̇2

)2
+

1
2

CBΦ̇2
2. (2.200)

Replacing the flux variable with their conjugate charge variable we can write the following

Hamiltonian of the system in a matrix form:

H =
1
2

qTC−1q, (2.201)
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where q =

q1

q2

 indicates the charge variables and the capacitance matrix defined as

C−1 =
1

CgCB + CgCJ + CJCB

CB + Cg Cg

Cg CJ + Cg

 . (2.202)

To simplify this matrix we define

C1Σ ≡Cg + C2s (2.203)

C2Σ ≡CB + C1s, (2.204)

with

1
C1s

=
1

Cg
+

1
CJ

(2.205)

1
C2s

=
1

Cg
+

1
CB

. (2.206)

Using the above relations the capacitance matrix can be written as

C−1 =

 1
C1Σ

κ
C2Σ

κ
C2Σ

1
C2Σ

 , (2.207)

with κ =
Cg

Cg+CJ
. Expanding the matrices in (2.201) together with including the tunnelling

term we have

H =
q2

1
2C1Σ

+ κVBq1 − EJ cos
(

2π
Φ1

Φ0

)
+

1
2

C2ΣV2
B . (2.208)

In the given equation, the last term is constant and can be disregarded. Firstly, we substitute

q1 = 2en − Qr into the equation and then utilize the fact that CB is greater than the other

two capacitances. In this scenario, where CB ≫ Cj, Cg, we obtain C1Σ = Cg + CJ , which

represents the total capacitance of the CPB. Therefore, we have

H = EC
(
n2 − 2nng

)
− EJ cos

(
2π

Φ1

Φ0

)
+

1
2

C2ΣV2
B +

Q2
r

2C1Σ
, (2.209)

where in the limit of CB ≫ Cj, Cg we defined

ng =
1
2e

(Qr − κC1ΣVB) ≃
1
2e
(
Qr − CgVB

)
. (2.210)
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On the other hand, unlike the integer value of n, the parameter ng depends on both the

voltage VB and the capacitance Cg. This dependency allows us to manipulate and reduce the

fluctuations in Qr. Finally, by disregarding the constants in the aforementioned Hamiltonian,

we can express the Hamiltonian of the CPB as follows:

H = EC
(
n − ng

)2 − EJ cos
(

2π
Φ1

Φ0

)
. (2.211)

After obtaining the Hamiltonian of the CPB, we will now explore how we can create a qubit

using this Hamiltonian. Let us begin by examining the regime where the charging energy

greatly exceeds the tunneling energy, denoted as EC ≫ EJ . In this regime, the dominant

term in equation (2.211) is the Coulomb charging term. The eigenvalues of the Coulomb

charging term EN = EC
(
n − ng

)
, expressed in terms of ng, exhibit a particular pattern for

the first few energies. Notably, when ng = 1/2, a degeneracy occurs at the states N = 0 and

N = 1. The energy of this state is EC/4, while the energy of the subsequent excited state is

9EC/4. This significant energy gap allows us to consider only the two degenerate states in

this limit.

The presence of a small Josephson tunneling term acts as a perturbation, breaking the

degeneracy and giving rise to a qubit. By utilizing equations (2.181) and (2.186), we can

rewrite equation (2.211) as

H = EC ∑
n

(
n − ng

)2 |n⟩⟨n| −
EJ

2 ∑
n
|n⟩⟨n + 1|+ |n + 1⟩⟨n| , (2.212)

To find the Hamiltonian of the qubit we limit ng to the vicinity of 1/2 or we set ng =

1/2 + ∆g with ∆g sufficiently small. Neglecting all the states except for N = 0, 1 in (2.212)

we have

H = EC

((
1
2
+ ∆g

)2

|0⟩⟨0|+
(

1
2
− ∆g

)2

|1⟩⟨1|
)
− EJ (|0⟩⟨1|+ |1⟩⟨0|) (2.213)

The above Hamiltonian can be written in terms of the Pauli matrices and the identity matrix

1 such that

H = EC

(
1
4
+ ∆2

g

)
1+ EC∆gσz −

EJ

2
σx. (2.214)

Since the first term is only an energy shift to the system, we can drop it from the Hamiltonian,

yet we will take into account its presence at the end. Therefore, the Hamiltonian of the qubit



2.11. Transmon qubit 51

can be written as

Hq = EC∆gσz −
EJ

2
σx. (2.215)

Applying a rotation to this Hamiltonian, it transforms into

Hq = EC∆gσx +
EJ

2
σz. (2.216)

The control parameter available in the system is still ∆g, given by ∆g = ng − 1/2. When

ng = 1/2, we observe that the Hamiltonian becomes independent of both ∆g and Qr. Con-

sequently, the fluctuations of the offset charge are eliminated at this particular point known

as the "sweet spot". Therefore, the Hamiltonian can be expressed as

Hq =
EJ

2
σz, (2.217)

with the eigenvalues E± = EC/4 ± EJ/2. For non-zero ng, one can find the eigenvalues of

the full Hamiltonian of the qubit such that

Eq = EC

(
1
4
+ ∆2

g

)
±
√

E2
C∆2

g + E2
J /4. (2.218)

For the higher order terms of the Hamiltonian (2.212), the energy gap between energy levels

will become smaller and smaller due to the condition EC ≫ EJ . As a result, only the first

two levels will remain well-separated and form a viable qubit. In the upcoming section, we

explore an alternative form of qubit that operates in the opposite regime compared to the

charge qubit.

2.11 Transmon qubit

So far, we have discussed how to create a charge qubit using a CPB in the regime where

EC ≫ EJ . However, we should note that the Hamiltonian of the charge qubit (2.216) is

directly influenced by the values of the gate charge ng. While we were able to mitigate

fluctuations caused by the offset charge Qr, noise associated with the gate charge ng remains

a concern, which can negatively affect the system. Although setting ng = 1/2 at the sweet

spot can help, fluctuations in ng still exist around this point.

To address the noise in the gate parameter, one approach is to increase the ratio EJ/EC

and enter the regime of a transmon qubit. This condition offers several advantages. First,

it relaxes the impact of noisy offset charges. Additionally, it provides anharmonicity in the
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FIGURE 2.15: Circuit representation of the transmon qubit [47].

energy levels similar to what we had in the charge qubit with a small EJ/EC ratio. By

satisfying these requirements, we can alleviate the noise issue associated with the gate charge

and enhance the performance of the qubit system.

The transmon qubit, as illustrated in Fig. 2.15, consists of a CPB and a large capacitor CB

connected in parallel to the junction. The purpose of adding CB as a control parameter is to

maintain EC smaller than EJ , as the charging energy is inversely proportional to the junction

capacitance. Consequently, the Hamiltonian of the transmon qubit retains the same form as

that of the charge qubit. In order to demonstrate the effectiveness of EJ ≫ EC in suppressing

charge noise, one needs to solve the eigenvalue problem for the transmon Hamiltonian. This

analysis will provide insight into the energy levels and behavior of the transmon qubit.

It has been demonstrated that the fluctuations in ng decrease exponentially with
√

EJ/EC

[68]. As shown in Fig. 2.16, increasing EJ/EC reduces the dependence of energy levels on

ng and leads to a more harmonic oscillator-like behavior.

This phenomenon can be understood by drawing an analogy between the qubit Hamilto-

nian and a charged rotor in an external magnetic field. The Hamiltonian of a charged rotor,

expressed in terms of its angular momentum Lz, can be written as follows:

Hr =
L2

z
2ml2 − mgl cos φ, (2.219)

where l is the length of the rotor. This Hamiltonian will be similar to the qubit if we turn the

magnetic field B0 on. Thus, the momentum of the rotor will change accordingly to

Lz → Lz − qA = Lz +
1
2

qB0l2, (2.220)

where q represents the rotor charge and 1
2 qB0l2 can be considered as the gate charge ng, the

limit of EJ ≫ EC corresponds to a strong gravitational field. This leads to small oscillations

around ϕ = 0 and breaks the periodicity in ϕ. By expanding the cos term up to the fourth
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FIGURE 2.16: Eigenenergies Em (first three levels) for the qubit Hamilto-
nian as a function of ng [68].

order, the rotor transforms into an anharmonic oscillator. Since the oscillator is no longer

periodic, we can apply a gauge transformation to eliminate the effect of the magnetic field,

which is equivalent to reducing the influence of ng in the problem.

The transmon qubit exhibits robust insensitivity to charge fluctuations, as we have ob-

served. However, it is important to confirm the presence of level anharmonicity in the trans-

mon qubit. To demonstrate this, we expand the cos term in the CPB Hamiltonian (2.211) up

to the fourth order, resulting in

H = EC
(
n − ng

)2 − EJ

(
1 − φ2

2
+

φ4

24

)
. (2.221)

As we said before, with this expansion, one can remove ng by gauge transformation due to

elimination of periodicity in ϕ. Therefore, the Hamiltonian is merely a perturbed harmonic

oscillator. Using the ladder operators a and a† and also the relation [n, ϕ] = i, we can write

the Hamiltonian such that

H =
√

8EjEC

(
a†a + 1/2

)
− EJ −

EC

12

(
a† + a

)4
. (2.222)

To write the above Hamiltonian we first obtained

n =i

√
h̄ω

8EC
(a − a†) (2.223)
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φ =

√
h̄ω

4EJ
(a + a†), (2.224)

and then the commutation relation [n, ϕ] = i gives us h̄ω =
√

8EJEC. Considering the

second term as a perturbation, we can find the eigenvalues of the above Hamiltonian. The

first non-zero order correction using the perturbation theory gives the energies as

E(1)
n =

EC

12
(
6n2 + 6n + 3

)
. (2.225)

Thus, we may write the total energy as

En = −EJ +
√

8EjEC (n + 1/2)− EC

12
(
6n2 + 6n + 3

)
. (2.226)

From the above relation, we can define the relative and absolute anharmonicity as

α ≡ E12 − E01 αr ≡
α

E01
. (2.227)

Therefore, for large EJ/EC we will have

α = −EC αr = −
(

EJ

EC

)− 1
2

. (2.228)

Indeed, the parameter αr plays a crucial role in determining the range of good anharmonicity

in the transmon regime. In practice, it is often tuned by adjusting the pulse duration applied to

the qubit [68]. For instance, if the transition frequency is approximately ω01/2π ≈ 10GHz,

the pulse duration can be estimated as τp = |ω01αr|−1. To ensure that the pulse duration is

shorter than the inverse of the transition frequency (τp < ω01), we can derive a lower limit

for αr as αmin
r ∼ 1/(200π).

With a pulse duration of τp ≈ 10ns, this lower limit for αr corresponds to a range of

20 ≲ EJ/EC ≪ 5 × 104. This range provides a significant span with reduced sensitivity

to charge fluctuations and sufficient anharmonicity, making it suitable for transmon qubit

operations.

The transmon qubit and the charge qubit share a similar structure. In both cases, the two

superconducting islands are not directly connected to each other, and only tunnelling current

is present. As a result, the superconducting phase ϕ is compact and restricted to the range

0 ≤ ϕ ≤ 2π. However, if we design a circuit where the islands are connected and can be

influenced by an external flux or current, we can create another type of qubit known as a flux



2.12. Flux qubit 55

FIGURE 2.17: Flux qubit circuit.

qubit which we will study in the next section.

2.12 Flux qubit

The corresponding circuit for the flux qubit is shown in Fig. (2.17), where a CPB is connected

to an inductance L and ϕ represents the node flux of the inductance.

Similar to the approach used for the CPB, we can derive the Hamiltonian that describes

the circuit. Specifically, we combine the Hamiltonian of the inductance in the circuit shown

in Fig. 2.17 with the Hamiltonian of the CPB in equation (2.211). In this case, the inductance

acts as the control parameter and also provides the voltage applied to the junction. Therefore,

the combined Hamiltonian can be expressed as follows

H = EC
(
n − ng

)2 − EJ cos φ +
1

2L
(
ϕ − ϕg

)2 , (2.229)

where ϕg is the and extremal flux which is a control parameter. In the above Hamiltonian, we

can observe that the distinction between the charge and flux qubits lies in the element they are

shunted by. In the case of the charge qubit, a capacitor couples to the charge variable, whereas

in the flux qubit, an inductance is utilized to achieve flux coupling. Additionally, similar to

the charge qubit, the dependence on ng can be eliminated through a gauge transformation,

rendering the flux qubit insensitive to charge fluctuations. By employing equation (2.192),

we can express the inductive energy in terms of the phase variable, leading to the following

expression

H = ECn2 − EJ cos φ + EL
(

φ − φg
)2 , (2.230)
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where EL =
ϕ2

0
4π2L is the inductive energy. The regime in which the flux qubit operates is

characterized by EJ ≫ EC, similar to the transmon qubit. However, in the case of the flux

qubit, we also need to consider another condition, namely λ = EJ/EL ∼ 1. This condition

ensures that the third term in the Hamiltonian cannot be neglected; otherwise, the phase

qubit would behave as a charge qubit. By satisfying these conditions, we can expand the

Josephson term up to the fourth order, similar to the expansion performed for the transmon

qubit. Choosing the external flux parameter as φe = φg − 1/2, while ϕg approaches 1/2,

we obtain the following:

H = ECn2 +
1
2
(EJ + 2EL) φ2 − EJ

φ4

24
− 2EL φφe −

(
EJ − EL φ2

e
)

. (2.231)

To find the eigenvalues and eigenvectors of the above Hamiltonian we use perturbation theory

once more. We first define

n =i

√
h̄ω

8EC
(a − a†) (2.232)

φ =

√
h̄ω

4(EJ + 2EL)
(a + a†), (2.233)

where h̄ω =
√

8(EJ + 2EL)EC. By substituting the expression above into the Hamiltonian,

we can calculate the energy eigenvalues up to the first order such that

E(1)
n = − EC

24 (1/2 + 1/λ)

(
6n2 + 6n + 3

)
−
(

EJ − EL φ2
g

)
. (2.234)

We can determine the corresponding eigenstates, but it is sufficient to consider only the first

two lowest states to form a qubit state. Therefore, we have the following expression for the

eigenstates:

˜|n⟩ = |n⟩ − EL φe

√
h̄ω

EJ + 2EL

( √
n

En−1 − En
|n − 1⟩+

√
n + 1

En+1 − En
|n + 1⟩

)
. (2.235)

Hence, the first two eigenvectors are

˜|0⟩ = |0⟩ − φe Ip |1⟩ (2.236)

˜|1⟩ = |1⟩+ φe Ip |0⟩ , (2.237)

where Ip/2 = EL ⟨0| φ |1⟩ /h̄ω = EL
2h̄ω

√
h̄ω

EJ+2EL
. We can utilize the above states to calculate
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the matrix elements of the Hamiltonian (2.231) up to the first order in ϕe. This allows us to

express the Hamiltonian as follows

H =
E0 + E1

2
1+

E0 − E1

2
σz +

1
2

φe Ip (E0 − E1 − h̄ω) σx, (2.238)

where E0 = ⟨0| H + 2EL φφe |0⟩ and E1 = ⟨1| H + 2EL φφe |1⟩. We can see that the above

Hamiltonian is very similar to the one we had for the charge qubit. Thus, neglecting the

Identity term, in the limit φe → 0 we have

H =
E0 − E1

2
σz. (2.239)

The next step after understanding the basic architecture of superconducting qubit will concern

how they can be operational. In the next section, we will investigate the coupling between

superconducting qubits, which is essential for understanding their heat transport behavior

and their operation in a quantum information processing setting. It is particularly important

when considering the construction of an array of these artificial atoms for various purposes.

By studying the different forms of qubit coupling, we can gain valuable insights into their

behavior and performance.

2.13 Qubit couplings

To couple multiple qubits together, there exist number of ways. Here we consider the cou-

pling structure named inductive coupling.

2.13.1 Inductive coupling

The inductive coupling between two circuits is analogous to the magnetic coupling between

two LC circuits, as illustrated in Fig. 2.7. When two flux qubit circuits are placed in close

proximity, they become coupled through their mutual inductance M. Fig. 2.18 represents

the circuit configuration for the coupling between two flux qubits. As we have previously

solved this circuit, we can express the Hamiltonian of the linearly coupled LC circuit by

incorporating the Josephson tunneling term. Therefore, we obtain the following expression

H =EC1 n2
1 + EC2 n2

2 − EJ1 cos φ1 − EL1

(
φ1 − φg1

)2
+ EJ2 cos φ2 + EL2

(
φ2 − φg2

)2

+EM
(

φ1 − φg1

) (
φ2 − φg2

)
, (2.240)
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FIGURE 2.18: Two coupled flux qubit circuits.

where EL1/2 =
L2/1

L1L2−M2 ϕ2
0 and EM = M

L1L2−M2 ϕ2
0. To derive the Hamiltonian of the qubit

in terms of the Pauli matrices, we will employ the same perturbation method as before. This

time, we treat the interaction term HI = EM
(

φ1 − φg1

) (
φ2 − φg2

)
as a perturbation for

small values of φe1/2 = 1/2 − φg1/2 . By expanding the Hamiltonian up to the first order in

φe1/2 , we obtain the following expressions

ˆ|00⟩ = |00⟩+ EM I2
M

|11⟩
E11 − E00

− EM IM

(
φe1

|10⟩
E10 − E00

+ φe2

|01⟩
E01 − E00

)
(2.241)

ˆ|01⟩ = |01⟩+ EM I2
M

|10⟩
E10 − E01

− EM IM

(
φe1

|11⟩
E11 − E01

+ φe2

|00⟩
E00 − E01

)
(2.242)

ˆ|10⟩ = |10⟩+ EM I2
M

|01⟩
E01 − E10

− EM IM

(
φe1

|00⟩
E00 − E10

+ φe2

|11⟩
E11 − E10

)
(2.243)

ˆ|11⟩ = |11⟩+ EM I2
M

|00⟩
E00 − E11

− EM IM

(
φe1

|01⟩
E01 − E11

+ φe2

|10⟩
E10 − E11

)
, (2.244)

where IM = ⟨nn| φ1/2 |nn⟩ and Enm = ⟨nm| H − HI |nm⟩ for n, m = {0, 1}. In case we

set φg = 1/2 we will have the Hamiltonian such that

H =

(
E00 − E01

2
+ EM

A11E11 − A10E10

2

)
σz1+

(
E10 − E11

2
− EM

A01E01 − A11E00

2

)
σz2

+E2
M I2

M

(
A11 + A10

2
1+

A11 − A10

2
σz1

)(
−A11 + A10

2
1+

A11 − A10

2
σz2

)
, (2.245)

where A11 =
I2
M

E11−E00
and A10 =

I2
M

E10−E01
. Above Hamiltonian describes the inductive cou-

pling between two qubits. In the next section, we will investigate the effect of dissipation

on the qubits by introducing resistors, which act as heat baths in a similar manner to our

previous discussions. This will allow us to study the heat transport behavior in the context

of the coupled qubits and gain insights into the dynamics and stability of the system in the

presence of dissipation.
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FIGURE 2.19: Spin-Boson model of the coupling between a flux qubit and
a resistor

2.14 Environment coupling

In this section, we will investigate the dissipation in a qubit system. Similar to our approach

with linear systems such as the harmonic oscillator, we can utilize the Caldeira-Leggett model

to describe the coupling between the qubit system and a bath. Specifically, we couple the flux

qubit circuit to a resistor and then represent it using the Caldeira-Leggett formalism (as shown

in Fig. 2.19). Since we are now dealing with a spin system coupled to a bath of harmonic

oscillators, this model is commonly referred to as the "spin-boson" model.

Let us examine Eq. (2.238). Neglecting the identity term, we define ϵ = E0 − E1 as the

energy splitting between the previously degenerate levels and ∆ = φe Ip (E1 − E0 − h̄ω) as

the tunneling energy. With these definitions, we can express the Hamiltonian of the two-level

system as follows

HTLS = −1
2

h̄∆σx +
1
2

h̄ϵσz. (2.246)

One more time we would mention that the condition for this Hamiltonian to be valid is that

Vb ≫ h̄∆, h̄ϵ, kbT, (2.247)

where Vb is the barrier height in the double well potential. The eigenstates of the Hamiltonian

are denoted as |L⟩ and |R⟩, which correspond to the eigenvectors of σz. Since we are dealing

with a double-well potential, the two minima are located at positions ±φ0. To truncate the

system, we express the phase operator in terms of σz, which represents the position of each

localized state |L⟩ and |R⟩. In other words, we truncate the position operator (phase in our

setup) into a 2 × 2 Hilbert space, which can be written as φ = 1
2 φ0σz.
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Using this operator, we can couple the two-level system (TLS) to a bath of harmonic os-

cillators. As we have seen in the Caldeira-Leggett model, the bath is coupled to the position

operator of the system. The same principle applies here, and the bath is coupled to φ, effec-

tively measuring the position of the localized states during the interaction. By employing the

Caldeira-Leggett representation, we can write the Hamiltonian of the damped TLS as

H = HTLS + ∑
m

(
q2

m
2Cm

+ ELm(φm − φ)2
)

. (2.248)

Here ELm = ϕ2
0/2Lm. Expanding the Hamiltonian we will have

H = HTLS + ∑
m

(
q2

m
2Cm

+ ELm φ2
m

)
− σz ∑

m
2ELm φ0φm + ∑

m
φ2

0ELm . (2.249)

The above Hamiltonian represents the spin-boson model, which describes the interaction

between a two-level system (TLS) and its surrounding environment. The last term in the

Hamiltonian is a constant term that represents the zero-point energy of the TLS and can be

disregarded in many cases since it only contributes a constant offset to the energy. Thus, it

does not affect the dynamics of the system and can be dropped when considering the system’s

behavior and dissipation.

2.15 Solving spin-boson model

Most studies on the spin-boson model focus on the regime of weak coupling between the sys-

tem and the bath. For example, in [74], the authors investigated the problem of two TLS and

two harmonic oscillators interacting with two thermal baths simultaneously. They derived

an analytical expression for the heat currents, showing that weak internal coupling between

the qubits can lead to a violation of the second law of thermodynamics. Similarly, in [111,

67], the authors studied the steady-state entanglement generation in a similar system using

Markovian master equations. These studies primarily consider weak system-bath couplings.

In the regime beyond weak coupling, numerical techniques have been employed to study

the dynamics of two interacting qubits [63]. However, analytical works on this subject mostly

focus on a single TLS interacting with a non-equilibrium environment [8, 97, 110], employ-

ing methods based on path integrals.

Given the challenges of obtaining exact analytical results, it is beneficial to explore the

path integral approach and approximate methods to analyze the behavior of the spin-boson

model in the regime of strong system-bath coupling.



2.15. Solving spin-boson model 61

To begin, we can apply the path integral method to solve the spin-boson model and find

the time evolution of the system state for arbitrary couplings. However, obtaining exact ana-

lytical results may still be challenging. To overcome this, we can employ the non-interacting

blip approximation (NIBA) technique, which is particularly effective in exploring the over-

damped limit of the system. In the overdamped regime, the system reaches an equilibrium

state without exhibiting oscillations [73, 16].

In our study, we will first explore the propagator technique to analyze the time evolu-

tion of the system state in the spin-boson model. This technique allows us to calculate the

transition probabilities between different states of the system. Next, we will employ the

Feynman-Vernon path integral method to find the time evolution of the density matrix of the

system. This technique incorporates the influence of the surrounding environment through a

path integral formalism.

Finally, we will utilize the NIBA technique to study the regime of strong coupling be-

tween the qubit and the environment. NIBA is particularly useful in exploring the over-

damped limit of the system, where the system reaches an equilibrium state without exhibiting

oscillatory behavior.

It is important to note that while NIBA can provide insights into the system’s dynamics in

the strong coupling regime, it may not be suitable for describing a system of two interacting

qubits and environments. However, the analytical solution using NIBA in such a scenario

could be a subject of interest for future research.

2.15.1 Propagator method

One approach to determining the evolution of a system’s state involves the utilization of a

propagator, and subsequently, the Feynman path integral technique.

Assuming a system-bath interaction described by the Hamiltonian H = HS + HB + HI,

let us consider the initial state of the system as a factorized state, denoted as ρ0 = ρS ⊗ ρB.

The temporal evolution of the entire state can be expressed as follows

ρ(t) = e−iHtρ0eiHt. (2.250)

We can write the above equation in terms of the system and bath coordinates by projecting

the density matrix using the state |x, R⟩, where x denotes the system coordinates and R does
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the bath. Thus, we have

ρ(x, R, y, Q, t) = ⟨x, R| e−iHtρ0eiHt |y, Q⟩ , (2.251)

where ρ(x, R, y, Q, t) = ⟨x, R| ρ(t) |y, Q⟩. Defining Identity operators of form

1 =
∫

dx |x⟩ ⟨x| , (2.252)

we may write Eq. (2.251) in terms of propagators. Thus, we will have

ρ(x, R, y, Q, t)=
∫

dx′dR′dy′dQ′K(x, R, t; x′, R′, 0)K∗(y, R, t; y′, Q′, 0)ρ0(x′, R′, y′, Q′).

(2.253)

K(x, R, t; x′, R′, 0) and K∗(y, Q, t; y′, Q′, 0) are the propagators written such that

K(x, R, t; x′, R′, 0) = ⟨x, R| e−iHt ∣∣x′, R′〉 (2.254)

K∗(y, Q, t; y′, Q′, 0) =
〈
y′, Q′∣∣ eiHt |y, Q⟩ . (2.255)

Writing the density matrix in this manner will help us find the time evolution of the system

state by taking the partial trace over the bath degrees of freedom. In fact, we should put

R = Q and integrate over R. We first take into account that the initial state is factorized so

that ρ0(x′, R′, y′, Q′) = ρS(x′, y′, 0)ρB(R′, Q′, 0). Replacing this state into Eq. (2.253) we

will have

ρS(x, y, t) =
∫

dx′dy′J (x, y, t; x′, y′, 0)ρS(x′, y′, 0), (2.256)

for which we have

J (x, y, t; x′, y′, 0) =
∫

dRdR′dQ′K(x, R, t; x′, R′, 0)K∗(y, Q, t; y′, Q′, 0)ρB(R′, Q′, 0).

(2.257)

The aforementioned equations indicate that we can determine the temporal evolution of the

system’s state at any given time by obtaining the propagators. This process involves two

essential steps. Firstly, we need to establish a model that describes the bath and its interaction

with the system. Secondly, we employ the Feynman path integral approach to calculate the

propagators.
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2.15.2 Path integral

Considering the propagator K(x, t; x′, 0) = ⟨x| e−iHt/h̄ |x′⟩ where we assume the system is

described by the Hamiltonian H = P2/2M + V(q). We subdivide the time interval [0, t]

into small partitions such that [0, t] =
⋃i=N

k=1 [tk−1, tk] where t0 = 0 and tN = t. In this way

we can write the propagator such that

K(x, t; x′, 0) = ⟨x| e−iH(t−tN−1)/h̄...e−iH(tk−tk−1)/h̄....e−iHt/h̄ ∣∣x′〉 . (2.258)

Adding identity operators in between the expectation values, i.e 1 =
∫

dxk |xk⟩ ⟨xk|, we can

reduce the problem to finding K(xk, tk; xk−1, tk−1). Moreover, we assume that tk − tk−1 =

ϵ = t/N → 0 (N → ∞). Thus, we have

K(xk, tk; xk−1, tk−1) = ⟨xk| 1 − iϵ
h̄

H |xk−1⟩ . (2.259)

This time, we add the identity operator in terms of the momenta to simplify above equation.

Therefore, we will obtain

K(xk, tk; xk−1, tk−1) =
∫

dpk ⟨xk|pk⟩ ⟨pk| 1 − iϵ
h̄

H |xk−1⟩ . (2.260)

Utilizing the fact that the Hamiltonian is H = P2/2M + V(q) we will have

K(xk, tk; xk−1, tk−1) =
∫

dpk ⟨xk|pk⟩ ⟨pk|xk−1⟩
(

1 − iϵ
h̄

(
p2

k
2M

+ V(xk)

))
. (2.261)

Using ⟨xk|pk⟩ = 1/
√

2πh̄eipkxk/h̄, and writing the expression of the energy term in expo-

nential form we can write

K(xk, tk; xk−1, tk−1) =
1√
2πh̄

∫
dpkexp

ipk

h̄
(xk − xk−1) exp

−iϵ
h̄

(
p2

k
2M

+ V(xk)

)
.

(2.262)

After calculating the integral over pk one obtains

K(xk, tk; xk−1, tk−1) =

√
M

2πih̄ϵ
exp

iϵ
h̄

(
M
2
(xk − xk−1)

2)

ϵ2 − V(xk)

)
. (2.263)
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Now, we can write the propagator in terms of the above expression

K(x, t; x′, 0)=
N

∏
k=1

√
M

2πih̄ϵ

∫
dx1...dxk ...dxN−1 exp

N

∑
k=1

iϵ
h̄

(
M
2
(xk − xk−1)

2)

ϵ2 − V(xk)

)
.

(2.264)

Here, xk denotes the different paths that the system can follow and we are summing over all

those paths. Changing the sum into integral we can write it in terms of the action so that we

will have

K(x, t; x′, 0)=
t

∏
t′=0

∫ dx(t′)
N exp

i
h̄

S[x(t′)], (2.265)

where

S[x(t′)] =
∫ t

0
dt′
(

1
2

Mẋ2 − V(x)
)

. (2.266)

We may write (2.265) in simpler from such that

K(x, t; x′, 0) =
∫ x

x′
Dx
(
t′
)

exp
i
h̄

S[x(t′)]. (2.267)

Going back to the calculation of J (x, y, t; x′, y′, 0), we first write

K(x, R, t; x′, R′, 0) =
∫ x

x′

∫ R

R′
Dx
(
t′
)
DR

(
t′
)

exp
i
h̄

S[x(t′), R(t′)]. (2.268)

The definition of the action S[x, R] =
∫ t

0 dt′L(x, ẋ; R, Ṙ, t′) enables us to write the total

action in terms of the action of the system, reservoir and interaction terms using their corre-

sponding Lagrangian in a way that

S[x, R] = S0[x] + SB[R] + SI [x, R]. (2.269)

By combining the previous equation with equation (2.268), we can rephrase the expression

for J (x, y, t; x′, y′, 0) in equation (2.257) in a more comprehensible manner using the ac-

tions. Therefore, we will have

J (x, y, t; x′, y′, 0) =
∫ x

x′

∫ y

y′
Dx
(
t′
)
Dy
(
t′
)

e
i
h̄ S0[x(t′)]e−

i
h̄ S0[y(t′)]F [x

(
t′
)

, y
(
t′
)
].

(2.270)

Here we have
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F [x
(
t′
)

, y
(
t′
)
] =

∫ ∫ ∫
dRdR′dQ′ρB(R′, Q′, 0)

∫ R

R′

∫ R

Q′
DR

(
t′
)
DQ

(
t′
)

× exp
{

i
h̄
[
SI [x(t′), R(t′)]− SI [y(t′), Q(t′)] + SB[R(t′)]− SB[Q(t′)]

]}
, (2.271)

which is the so-called influence functional. This carries essential information regarding the

time evolution of the initial state of the environment when it interacts with the system and its

time-reversed counterpart.

To compute the influence functional, we make the assumption that the initial state of the

environment is thermal and that all degrees of freedom in the bath are independent of one

another. We begin by expressing the total Hamiltonian using the Caldeira-Leggett model of

environment interaction. This allows us to write the Hamiltonian as follows:

H =
1
2

Mẋ2 + V(x) + ∑
n

{
1
2

mnṙ2
n +

1
2

mnω2
nr2

n − cnxrn + x2 c2
n

2mnω2
n

}
. (2.272)

Above Hamiltonian describes the interaction between a system with potential energy V(x)

and an environment consisting of independent harmonic oscillators. Based on that we can

proceed to switch back to our system and express everything in terms of charge and flux

variables. By utilizing the aforementioned Hamiltonian, we can express SI + SB in terms of

the Lagrangian. Since the bath oscillators are independent, we can focus on the Lagrangian

of the n-th bath oscillator. By calculating its action and subsequently the propagator, we can

obtain the total bath propagator by multiplying them together. In other words, according to

equation (2.268), we can express the Lagrangian for the n-th oscillator of the bath as follows:

Kn
BI =

∫ R

R′
DR

(
t′
)

exp
[

i
h̄

∫ t

o
dt′
{

1
2

mnṙ2
n −

1
2

mnω2
nr2

n + cnxrn − x2 c2
n

2mnω2
n

}]
.

(2.273)

Above integral is the reminiscent of finding the propagator of a forced harmonic oscillator

[36]. We technically assume that rn = r̃n + χn where r̃n denotes the classical path and χn is

the quantum deviation from that. Based on this we can write the above integral such that

Kn
BI = exp

[
i
h̄

Scl

] ∫ R

R′
DR

(
t′
)

exp
[

i
h̄

∫ t

o
dt′
(

1
2

mn
(
χ̇n

2 − ω2
nχ2

n
))]

. (2.274)

The classical action can thus be calculate by taking advantage of the Euler-Lagrange equa-

tions. To solve the quantum deviation, we first write χn in terms of its Fourier series such

that

χn(t′) = ∑
α

χα
n sin

(
ναt′
)

; να = πα/t. (2.275)
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Replacing this back to (2.287) we can take the time integral and we will have

Kn
BI = exp

[
i
h̄

Scl

] ∫ R

R′
DR

(
t′
)

exp

[
i
mnt
4h̄ ∑

α

(
χα2

n
(
ν2

α − ω2
n
))]

. (2.276)

Having this in hand, we can calculate the integrals over the different paths by changing the

sum into a product. Then it will become a Gaussian integral which is already given for a free

particle when ωn → 0. We can calculate this for each path and we will obtain

∫ R

R′
DR

(
t′
)

exp

[
i
mnt
4h̄ ∑

α

(
χα2

n
(
ν2

α − ω2
n
))]

= C
∞

∏
α=1

(
1 − ω2

n/ν2
α

)−1/2
, (2.277)

where C = (mn/2πih̄t)1/2 is merely the free particle normalization constant. Using

∞

∏
α=1

(
1 − ω2

nt2

π2α2

)
=

sin(ωnt)
ωnt

, (2.278)

we finally have

Kn
BI =

√
mnωn

2πih̄ sin ωnt
exp

i
h̄

Sn
cl, (2.279)

where

Sn
cl =

mnωn

2 sin ωnt

[ (
R2

n + R′2
n

)
cos ωnt − 2RnR′

n

− 2cnRn

mnωn

∫ t

0
x(t′) sin ωnt′dt′ − 2cnR′

n
mnωn

∫ t

0
x(t′) sin ωn(t − t′)dt′

− 2c2
n

m2
nω2

n

∫ t

0
dt′
∫ t

0
dt′′x(t′)x(t′′) sin ωn(t − t′) sin ωnt′′

]
. (2.280)

The time reversed counterpart of the above propagator can be obtained by changing i → −i,

x(t′) → y(t′) and R′ → Q′. Next, we should multiply those two and then take the average

over the bath density matrix. We notice that, because all the bath degrees of freedom are

independently thermal with the temperature T, we may still decompose the bath density

matrix into the form

ρB(R′, Q′, 0) = ∏
i

ρi
B(R′

i, Q′
i, 0). (2.281)

In this way we can rewrite (2.271) such that

F [x
(
t′
)

, y
(
t′
)
]=∏

ijl

∫∫∫
dRdR′dQ′ρi

B(R′
i, Q′

i, 0)K j
BI(x(t′), Ri; R′

i, t)Kl∗
BI(y(t

′), Ri; Q′
i, t).

(2.282)

The integral mentioned above is Gaussian in nature and can be solved. However, before
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proceeding with its solution, we must first derive the expression for the density matrix of the

bath. To accomplish this, we employ the imaginary time path integral technique, wherein we

utilize the Euclidean action instead of the usual Minkowski action. The bath density matrix

ρi
B(R′

i, Q′
i, 0) can be written as

ρi
B(R′

i, Q′
i, 0) =

1
Z
〈

R′
i
∣∣ e−HBβ

∣∣Q′
i
〉

, (2.283)

with Z as the partition function. Comparing to (2.254) we can see that this can be similarly

written in terms of the action if we have t = −ih̄β. Thus, one can follow the procedure that

we had before to obtain

ρi
B(R′

i, Q′
i, 0) =

1
Z

∫ Q′
i

R′
i

DR′
i
(
t′
)

exp−1
h̄

SE[R′
i(t

′)], (2.284)

where SE denotes the Euclidean action written as

SE[R′
i(t

′)] =
∫ h̄β

0

(
1
2

MṘ′
i
2
+ V(R′

i(τ))

)
dτ. (2.285)

Indeed, in the expression above, we observe the insertion of the Euclidean Lagrangian LE,

which differs from the system Lagrangian due to the negative potential V. Utilizing the

aforementioned action, we can compute the density matrix of the bath, following a similar

approach to what was done to obtain equation (2.277). We can begin by writing

SE[R′
i(t

′)] =
∫ h̄β

0

(
1
2

mi
(
ṙi

2 + ω2
i r2

i
))

dτ. (2.286)

Once again, we divide the path ri into its classical and quantum deviations, as we did in the

previous case. This yields the expression

ρi
B(R′

i, Q′
i, 0) = exp

[
−1

h̄
Scl

E

] ∫ Q′
i

R′
i

DR′
i
(
t′
)

exp
[

i
h̄

∫ t

o
dt′
(

1
2

mi
(
χ̇i

2 + ω2
i χ2

i
))]

.

(2.287)

We have already solved this integral in (2.287) with the negative sign. by changing να → iνα

in (2.277) we will have

ρi
B(R′

i, Q′
i, 0) =

miωi

2πih̄ sinh ωit
exp

−1
h̄

Scl
E , (2.288)
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where we have

Scl
E = − miωi

2h̄ sinh
(

h̄ωi
KbT

) [(R′2
i + Q′2

i

)
cosh

(
h̄ωi

KbT

)
− 2Q′

iR
′
i

]
. (2.289)

Having obtained this, we can go back to the influence functional and write it in terms of noise

and dissipation kernel such that

F [x (τ) , y (τ)] = e
−1
πh̄

∫ t
0

∫ τ
0 dτdσ{−iη(τ−σ)[x(τ)−y(τ)][x(σ)+y(σ)]+ν(τ−σ)[x(τ)−y(τ)][x(σ)−y(σ)]},

(2.290)

where the noise kernel ν(τ − σ) =
∫ ∞

0 dω J(ω) cos ω(τ − σ) coth (βh̄ω/2) and the dis-

sipation kernel η(τ − σ) =
∫ ∞

0 dω J(ω) sin ω(τ − σ) are written in terms of the spectral

density of the bath J(ω) = ∑k
ck(ωk)
2mkωk

δ(ω − ωk).

To proceed, we can apply the expression for the influence functional to the spin-boson

Hamiltonian in order to determine the evolved state of the system at time t. Since we are

dealing with a two-level system, the paths (x(t), y(t)) it takes correspond to the states |↑⟩

and |↓⟩ exclusively. In other words, for instance, x(s) only takes on the values ±φ0 for |↑⟩

and |↓⟩, respectively. Consequently, the spin double path can be viewed as a single path that

jumps among four distinct states: |↑↑⟩, |↑↓⟩, |↓↑⟩, and |↓↓⟩. In this sense, we can construct

two functions of these paths, one symmetric and one antisymmetric, such that

χ(s) =
1
φ0

(x(s) + y(s)) (2.291)

ξ(s) =
1
φ0

(x(s)− y(s)) . (2.292)

For example, for the two states {|↑↑⟩ , |↓↓⟩} we will have χ = ±1 while ξ = 0. For

the other two paths we have the opposite situation that ξ = ±1 while χ = 0. Based on

this construction of these paths, we regard them as sojourns that refer to the diagonal states

a = |↑↑⟩ and d = |↓↓⟩, and blips that refer to the off-diagonal states b = |↑↓⟩ and c = |↓↑⟩.

As a final remark about the two paths, one may notice that χ describes the classical path that

the system would take because it refers to the diagonal elements of density matrix. ξ also

refers to the quantum paths taken due to it being related to the off-diagonal elements of the

density matrix.

Before solving the integral in (2.290), let us first consider the free paths in (2.270). To

calculate the action for the two-level system, we construct its kernel using the same procedure

that we had to obtain (2.265). Hence, the amplitude to stay in the state |↑⟩(|↓⟩) during time
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dt may be written as

K(xk(τ), dt; xk−1, 0) = ⟨xk−1| 1 − iHTLSdt/h̄ |xk⟩ . (2.293)

If the system remains in state |↑⟩ (|↓⟩), the amplitude will be exp
(
−i ϵdt

2h̄

)
(exp

(
i ϵdt

2h̄

)
).

In the case of a switch between the two states, the amplitude becomes ⟨↑ (↓)| 1 − i HTLSdt
h̄

|↓ (↑)⟩ = i ∆dt
2 . Applying this to the four states (a, b, c, d), we can find the amplitude for the

double path as follows

K(xk(τ), yk(τ), dt; xk−1, yk−1, 0)

= ⟨xk−1, yk−1| (1 − iHTLSdt/h̄) (1 + iHTLSdt/h̄) |xk, yk⟩ . (2.294)

Therefore, the amplitude to stay in the same state will be exp
(
−i ϵξ(t)dt

h̄

)
, and for the "blips"

or transitions between states, we will have iλ
(∆

2

)
dt, where λ = 0 for a ⇄ d and b ⇄ c,

−1 for a ⇄ b and d ⇄ c, and +1 for a ⇄ c and b ⇄ d. These amplitudes are chosen such

that, for example, the contribution to staying in state a is given by ⟨↑| 1 − iHTLS |↑⟩ ⟨↑| 1 +

iHTLS |↑⟩ = 1 when ignoring dt2.

To determine the total amplitude, we need to multiply the amplitude for each flip in the

path taken through the four states a, b, c, and d. Considering a path that starts from a at

time zero and returns to it at time t, consisting of 2n flips, the time it takes for the system to

undergo the k-th flip is denoted as tk. We subdivide this time interval into small partitions of

dt and use the same method as in equation (2.265) to calculate the propagator for the k-th flip.

By multiplying all the propagators (a total of 2n), we obtain the propagator for the 2n-flip

path. Summing over all possible values of n will yield the probability of finding the system

in state a when it started in state a.

Based on the amplitudes obtained during dt, we find that the total non-zero contribution

to the amplitude after 2n flips will have a factor of (−1)n (∆
2

)2n
. We then have 2n integrals

over all transitions that occur along the path. We will write this explicitly later. For now,

let us derive the influence functional from equation (2.290). We express the symmetric and

antisymmetric functions in equation (2.291) in the following form:

χ(s) =
n

∑
j=0

η j (θ(s − t2j)− θ(s − t2j+1)
)

(2.295)

ξ(s) =
n

∑
j=1

ζ j (θ(s − t2j−1)− θ(s − t2j)
)

. (2.296)
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From the above equations, we observe that when t2j ≤ t ≤ t2j+1, χ(t) takes the values η j =

±1 while ξ(t) = 0. This indicates that the system is in a diagonal state (a, d). Conversely,

when t2j−1 ≤ t ≤ t2j, ξ(t) takes the values ζ j = ±1 while χ(t) = 0. In this case, the system

is in a blip state transition (b, c). We substitute these two functions into equation (2.290) to

obtain

F [x (t) , y (t)] = exp
−φ2

0
πh̄

∫ t

0

∫ s

0
dsds′

{
−iη(s − s′)ξ(s)χ(s′) + ν(s − s′)ξ(s)ξ(s′)

}
.

(2.297)

Hence, we will have

F [χ(t), ξ(t)] = exp
iφ2

0
πh̄ ∑

j>0,k≥0
ζ jηk

∫ t2j

t2j−1

∫ t2k+1

t2k

dsds′η(s − s′)

× exp
−φ2

0
πh̄ ∑

j>0,k≥0
ζ jζk

∫ t2j

t2j−1

∫ t2k

t2k−1

dsds′ν(s − s′). (2.298)

Since we have the noise and dissipation kernels functions, we can proceed with solving the

time integrals. For the first one we have

∫ t2j

t2j−1

∫ t2k+1

t2k

dsds′η(s − s′) =
∫ ∞

0
dω J(ω)

∫ t2j

t2j−1

∫ t2k+1

t2k

dsds′ sin ω(s − s′). (2.299)

Solving the above integral results in defining a function such that

Q1(t) =
∫ ∞

0
dω

J(ω)

ω2 sin ωt (2.300)

We may follow the same procedure for the noise kernel ν(t) so that we have

∫ t2j

t2j−1

∫ t2k

t2k−1

dsds′ν(s − s′) =
∫ ∞

0
dω J(ω) coth (βh̄ω/2)

∫ t2j

t2j−1

∫ t2k

t2k−1

dsds′ cos ω(s − s′).

(2.301)

Similarly we define another function in a way that

Q2(t) =
∫ ∞

0
dω

J(ω)

ω2 (1 − cos ωt) coth (βh̄ω/2) . (2.302)

Replacing the above functions into (2.298) we will have

F [χ(t), ξ(t)] = e
iφ2

0
πh̄ {∑j>0,k≥0 ζ jηk(Q1(t2j−t2k+1)−Q1(t2j−1−t2k+1)−Q1(t2j−t2k)+Q1(t2j−1−t2k))}

×e
−φ2

0
πh̄ {∑n

j=1 Q2(t2j−t2j−1)+∑j>0,k≥0,j>k ζ jζk(Q2(t2j−t2k−1)−Q2(t2j−1−t2k−1)−Q2(t2j−t2k)+Q2(t2j−1−t2k))},

(2.303)
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where we have used the fact that ξ jξk = 1 for j = k. Moreover, the propagator for staying at

the blip ζ j during the interval t2j − t2j−1 is exp−iϵ
∫ t2j

t2j−1
ξ(s)ds. Thus, the contribution of

n blips is accumulated in the bias factor exp− iϵ
h̄ ∑j ζ j(t2j − t2j−1) that will be multiplied to

the influence functional.

Now we can find the probability of the system starting and ending in a which would be

p(t) = ⟨a| ρs(t) |a⟩. Using (2.256) we will have

p(t) = 1 + ∑
n
(−1)n (∆/2)2n Kn(t), (2.304)

where

Kn(t) = ∑
η,ζ

∫ t

0
dt2n

∫ t2n

0
dt2n−1....

∫ t2

0
dt1Fn (t1, t2, ..., t2n; ζ1, ζ2, ..., ζn; η1, η2, ..., ηn) .

(2.305)

We note that the time integrals in the above are time-ordered. One can simplify the influence

functional by first defining

Xjk = Q1(t2j − t2k+1)− Q1(t2j−1 − t2k+1)− Q1(t2j − t2k) + Q1(t2j−1 − t2k). (2.306)

Next, we will sum over all η = ±1. Since their values are limited to ±1, the first term in

(2.15.2) together with the blip amplitude can thus be written as

∑
ηk

exp
iφ2

0
πh̄

(
∑

j>0,k≥0
ηkζ jXjk

)
× exp− iϵ

h̄ ∑
j

ζ j(t2j − t2j−1)

=2n−1
n−1

∏
k=1

cos

[
φ2

0
πh̄ ∑

j=k+1
ζ jXjk

]
cos

[
∑

j
ζ j
(
(t2j − t2j−1)

ϵ

h̄
− φ2

0
πh̄

Xj0

)]
. (2.307)

With this in hand we may write

Fn (tm; ζm; ϵ) = F1 (tm) F2 (tm; ζm) F3 (tm; ζm) F4 (tm; ζm; ϵ) , (2.308)

where

F1 = exp

(
−φ2

0
πh̄ ∑

j
Sj

)
(2.309)

F2 = exp

(
−φ2

0
πh̄ ∑

j,k≥0
ζ jζkΛjk)

)
(2.310)
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F3 =2n−1
n−1

∏
k=1

cos

[
φ2

0
πh̄ ∑

j=k+1
ζ jXjk

]
(2.311)

F4 = cos

[
∑

j
ζ j
(
(t2j − t2j−1)

ϵ

h̄
− φ2

0
πh̄

Xj0

)]
, (2.312)

with

Sj =Q2(t2j − t2(j−1) (2.313)

Λjk =Q2(t2j − t2k−1)− Q2(t2j−1 − t2k−1)− Q1(t2j − t2k) + Q1(t2j−1 − t2k). (2.314)

It is worth noting a few remarks about the relations presented above. F1 represents intrablip

correlations since it arises from the term with k = j in ζ jζk. F2 denotes interblip correlations,

representing correlations between ζ j and ζk for j ̸= k. On the other hand, F3 and F4 capture

correlations between the entire blip sequence and the k-th sojourn.

The equations presented, including equation (2.304), provide essential insights into the

dynamics of the spin-boson model. However, obtaining an analytical solution for the prob-

ability function given by equation (2.304) is challenging without suitable approximations.

One successful approach is to employ the Noninteracting Blip Approximation (NIBA). This

approximation assumes that the time intervals associated with blips are much smaller than

the time interval for sojourns, implying that the system predominantly resides in diagonal

states. By making this assumption, the influence functional can be significantly simplified by

neglecting many interaction terms between blips and sojourns. In the following sections, we

will provide a detailed exposition of NIBA, focusing on its application to derive analytical

solutions for heat currents.

2.16 Heat currents

To calculate the heat transport between the system and the bath, we employ the functional

method and utilize the standard definition of heat. This definition involves measuring the

change in energy of the bath degrees of freedom at the initial and final times of the evolution

[44, 8]. In essence, we perform two projective energy measurements on the reservoir, one

at t = 0 and the other at the final time t. The difference between these measurements

corresponds to the heat exchanged between the system and the bath during the evolution.

By repeating this process multiple times, we can construct the probability density function

(PDF) for the exchanged heat.
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To investigate non-equilibrium heat currents, we consider a system interacting with two

heat baths at different temperatures. Additionally, we assume no initial correlations between

the system and the baths, leading to the following initial density matrix for the combined

system-bath configuration:

ρ(0) = ρS(0)⊗α ρth
α , (2.315)

where ρth
α denotes the thermal state of the two baths with temperature βα = (kbTα)−1 for

α = {1, 2}.

To construct the PDF for the heat current, we introduce two projection operators, Pα
1 and

Pα
2 , which correspond to measurements on the α-th bath degrees of freedom. Pα

1 measures

the α-th bath at the initial time (t = 0), while Pα
2 measures the same bath at time t. With

these projection operators, the PDF for the heat current can be expressed as follows

P(Qα, t) = ∑
eα

1 ,eα
2

δ(Qα + eα
1 − eα

2)p[eα
2 ; eα

1 ]p[e
α
1 ], (2.316)

where p[eα
1 ] is the probability of finding the energy eα

1 , and p[eα
2 ; eα

1 ] is the conditional prob-

ability of finding the energy eα
2 given that the α-th bath was initially in the state with energy

eα
1 . These probabilities can be expressed in terms of the density matrix and the unitary time

evolution operators U(t) generated by the total Hamiltonian H = HS + HBα + HIα as

[eα
2 ; eα

1 ]p[e
α
1 ] = Tr

[
Pα

2 U(t)Pα
1 ρ(0)Pα

1 U†(t)Pα
2

]
. (2.317)

To find the average heat current, we introduce the generating function (GF) Gα(ν, t) which

will generate all the moments of heat currents. It is defined such that

Gα(ν, t) =
∫ ∞

−∞
dQαP(Qα, t)eiQανα . (2.318)

Using the GF, we can find the average heat current ⟨Qα(t)⟩ such that

⟨Qα(t)⟩ = −i
dGα(ν, t)

dν

∣∣∣∣
ν=0

. (2.319)

To proceed further we first use Eq.(2.316) to write

G(να, t) = ∑
eα

1 ,eα
2

p[eα
2 ; eα

1 ]p[e
α
1 ]e

iνα(eα
2−eα

1). (2.320)
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Due to the initial state of the total system being a product state, the projection operators

commute with the initial state. Therefore, we can write the generating function as

G(να, t) = Tr
[
U†(t)eiνα HαUe−iνα Hα ρ(0)

]
, (2.321)

where we have used that ∑eα
j

Pα
j e±iναeα

j = e±iνα HBα . To determine the GF, we performed si-

multaneous measurements on the α-th bath. The final measurement result can be expressed as

Tr
[
P21P22U(t)P11P12ρ(0)P11P12U†(t)P21P22

]
, where Pij are the projection operators cor-

responding to the i-th energy of the j-th bath. Based on this, we can define the probability

density function (PDF) as follows

P(Q1, Q2, t) = ∑
e11,e12,e21,e22

δ(e11 − e12 + Q1)δ(e21 − e22 + Q2)

×Tr
[

P21P22U(t)P11P12ρ(0)P11P12U†(t)P21P22

]
. (2.322)

Thus, we will have

G(⃗α, t) = Tr
[
U†(t)ei(ν1 H1+ν2 H2)Ue−i(ν1 H1+ν2 H2)ρ(0)

]
, (2.323)

where ν⃗ = {ν1, ν2}. In this way the heat current would be

⟨Qα(t)⟩ = −i
dG(ν, t)

dνα

∣∣∣∣⃗
ν=0

, (2.324)

which would be similar to what we had in (2.319).

Finding the GF in (2.323) is the main purpose of this section because it will help us

calculate the heat currents at the end. Eq. (2.323) can be written in terms of the Feynman-

Vernon path integral. First, we define

ρ(0) = ρS1(0)⊗ ρS2(0)⊗ ρth
L ⊗ ρth

R , (2.325)

where R and L indicate the right and left baths. With this definition of the initial state of

the total system, we can find the Feynman-Vernon representation of the GF using the same

procedure of the previous sections. Indeed, the only difference is the counting terms coming

from the energy measurement. This term can still be dealt with using the Euclidean action

technique that we employed to find the density operator of the bath in (2.287). Moreover,

we need to take into account that we have now two qubits as our system. Therefore, one can
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write the GF as

G(⃗α, t) =
∫

dX1dX2dY1dY2E(X1, X2; Y1, Y2)F⃗ν(X1, X2, Y1, Y2), (2.326)

where

E(X1, X2; Y1, Y2) = e
i
h̄ (S0[X1]+S0[X2]+S0I [X1,X2])− i

h̄ (S0[Y1]+S0[Y2]+S0I [Y1,Y2]). (2.327)

X1,2 and Y1,2 denote the forward and backward paths of the qubits and Fν⃗(X1, X2, Y1, Y2) is

the influence functional. S0I is the interaction action between the two qubits. To write this

action we look at the interaction term in the Hamiltonian which is σ1z ⊗ σ2z. Using the same

method that we used to obtain the action for the free qubit in the previous section we can

write the action of the interacting part such that

S0I =
Em φ2

0
2

∫
ds [χ1(s)ξ2(s) + χ2(s)ξ1(s)] , (2.328)

where we have χ1,2 = ±1 for sojourns and 0 for blips and ξ1,2 = ±1 for blips and 0 for

sojourns. The influence functional can also be written as

Fν⃗(X1, X2, Y1, Y2) = e
i
h̄

(
SL

i,αL
[X1,Y1]+SR

i,αR
[X2,Y2]

)
e
−1
h̄ (SL

r,αL
[X1,Y1]+SR

r,αR
[X2,Y2]), (2.329)

where we have

SR/L
r,αR/L

[XR, YL] =
∫ t f

ti

dt
{ ∫ t

ti

ds
(

XR
t XR

s + YL
t YL

s

)
kR/L

r (t − s)

−XR
t YL

s kR/L
r (t − s + αR/L)− XR

s YL
t kR/L

r (t − s − αR/L)

}
, (2.330)

and for the imaginary part we obtain

SR/L
i,αR/L

[XR, YL] =
∫ t f

ti

dt
∫ t

ti

ds
{(

XR
t XR

s − YL
t YL

s

)
kR/L

i (t − s)

+XR
t YL

s kR/L
i (t − s + αR/L)− XR

s YL
t kR/L

i (t − s − αR/L)

}
, (2.331)

where the kernels are

kR/L
i (t − s) =

∫
dω JR/L(ω) sin (ωR/L(t − s)) (2.332)

kR/L
r (t − s) =

∫
dω JR/L(ω) coth

(
h̄ωR/LβR/L

2

)
cos (ωR/L(t − s)) . (2.333)
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To find the expression for the GF, we again use the same method of the previous sections.

First we define

χt =Xt + Yt

ξt =Xt − Yt. (2.334)

To calculate the real and imaginary parts of the actions as expressed in equations (2.16) and

(2.16), we need to perform double integrals over interacting paths at different times. As

mentioned earlier, these paths can be either blips or sojourns. Additionally, in order to obtain

analytical solutions, we will make use of the Noninteracting Blip Approximation (NIBA).

The assumptions underlying NIBA are as follows

1. The blips time interval ∆tB is much smaller than the sojourns ∆tS. In the other words

∆tB ≪ ∆tS.

2. Bath correlations decay over times much shorter than the sojourn interval.

Under these two assumptions the only non-zero contribution of paths interaction could be

listed as

1. t and s are in the same blip interval.

2. t and s are in the same sojourn interval.

3. t is in a sojourn and s is in an adjacent blip interval.

4. t and s are both in sojourn intervals separated by one blip.

Furthermore, we need to make an additional assumption regarding the system interaction

action (2.328). It is worth noting that the integral in (2.328) considers both qubit paths

simultaneously. However, each qubit can independently be in a blip interval or a sojourn. If

the two qubits are in the same state (blip or sojourn), the action will be unity, resulting in

no contribution. Therefore, the non-zero contributions arise from the interactions between

qubits in different states.

For example, if the first qubit is in a sojourn state during the time interval ∆tS, the second

qubit may have transition between m sojourns (∆t′S) and n blips (∆t′B) within this interval,

satisfying m∆t′S + n∆t′B = ∆tS. As mentioned before, we assume that the blip intervals are

much smaller than the sojourns.

In practice, we can separate the interaction between sojourns and blips into different

orders. In the first order, we consider only one blip in the path of the second qubit. The
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second order introduces an additional blip, and so on for subsequent orders. To establish a

more rigorous framework, we define the following relations:

χ1,2(t) = ∑
i=0

η1,2
i

[
θ(t1,2

2i+1 − t)− θ(t1,2
2i − t)

]
(2.335)

ξ1,2(t) = ∑
i=1

ζ1,2
i

[
θ(t1,2

2i − t)− θ(t1,2
2i−1 − t)

]
. (2.336)

Using the above relations we may write the integral in (2.328) such that

S0I =
Em φ2

0
2

∫
ds [χ1(s)ξ2(s) + χ2(s)ξ1(s)]=

Em φ2
0

2

(
∑
i,k

∆2
2iζ

2
i fikη1

k + ∑
i,k

∆1
2iζ

1
i fikη2

k

)
.

(2.337)

∆1,2
2i = t1,2

2i − t1,2
2i−1 is the blip interval in the first or the second qubit. fik takes care of the

number of existing blips on the first and second qubits. For the first order approximation

stating that there is only one blip interacting with the sojourn, fik = δik. Therefore, we can

write

S0I =
Em φ2

0
2 ∑

i

(
∆2

2iζ
2
i η1

i + ∆1
2iζ

1
i η2

i

)
. (2.338)

Now we may use the assumptions of NIBA and the four mentioned regimes of non-zero

contributions to find the the free particles action and the influence functional. This is pretty

much the same calculations that we did in previous sections. Therefore, one can write the GF

such that

G(⃗α, t) =
∞

∑
n

(
∆
2

)2n ∫
dt1

1...dt1
2n

∫
dt2

1...dt2
2n

× ∑
η1

1 ,...,η1
n=±1

η2
1 ,...,η2

n=±1
ζ1

1 ,...,ζ1
n=±1

ζ2
1 ,...,ζ2

n=±1

exp

(
−i
h̄

ϵ1

n

∑
i

ζ1
i ∆1

2i

)
exp

(
−i
h̄

ϵ2

n

∑
i

ζ2
i ∆2

2i

)

×e

i
h̄ ∑

j=
(R,1)
(L,2)

∑n−1
i=0 η

j
i ζ

j
i+1X j

+(αj,∆
j
2i+2)+∑n

i=1 η
j
i ζ

j
i X

j
−(αj,∆

j
2i)+∑n−1

i=0 η
j
i η

j
i+1Λj(αj,∆

j
2i+2)+Rj(αj,∆

j
2i)+Bj(αj,∆

j
2i)



×e(
−i
h̄ U ∑n

i=1(∆2
2iζ

2
i η1

i +∆1
2iζ

1
i η2

i ))

×e

−1
h̄ ∑

j=
(R,1)
(L,2)

∑n−1
i=0 η

j
i ζ

j
i+1Fj

+(αj,∆
j
2i+2)+∑n

i=1 η
j
i ζ

j
i Fj

−(αj,∆
j
2i)+∑n−1

i=0 η
j
i η

j
i+1Σj(αj,∆

j
2i+2)+Cj(αj,∆

j
2i)+Dj(αj,∆

j
2i)


,

(2.339)
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where U =
Em φ2

0
2 . Moreover, all the other functions are as follows

X j
±(αj, ∆j

B) =
1
2

∫ ∞

0
dω

J(ω)

ω2 sin
(

ω∆j
B

) (
1 ± cos

(
ωαj

))
Fj
±(αj, ∆j

B) =± 1
2

∫ ∞

0
dω

J(ω)

ω2 sin
(

ω∆j
B

)
sin
(
ωαj

)
coth

(
h̄ωβj

2

)
Λj(αj, ∆j

B) =− 1
2

∫ ∞

0
dω

J(ω)

ω2 cos
(

ω∆j
B

)
sin
(
ωαj

)
Σj(αj, ∆j

B) =
1
2

∫ ∞

0
dω

J(ω)

ω2 cos
(

ω∆j
B

) (
cos
(
ωαj

)
− 1
)

coth
(

h̄ωβj

2

)
(2.340)

Bj(αj, ∆j
B) =

1
2

∫ ∞

0
dω

J(ω)

ω2 sin
(
ωαj

)
Cj(αj, ∆j

B) =
1
2

∫ ∞

0
dω

J(ω)

ω2

(
cos
(
ωαj

)
+ 1
) (

1 − cos
(

ω∆j
B

))
coth

(
h̄ωβj

2

)
Dj(αj, ∆j

B) =
1
2

∫ ∞

0
dω

J(ω)

ω2

(
1 − cos

(
ωαj

))
coth

(
h̄ωβj

2

)
Rj(αj, ∆j

B) =− Λj(αj, ∆j
B).

The GF in (2.339) can be written in terms of the transport matrix. To that end, we first write

(2.339) in terms of cosh functions. Shifting the sum indices to start at i = 1 for all the

summations, we can sum over all ζ j so that we will have

G(⃗α, t) =
∞

∑
n

(
∆
2

)2n ∫
dt1

1...dt1
2n

∫
dt2

1...dt2
2n ∑

η1
1 ,...,η1

n=±1
η2

1 ,...,η2
n=±1

∏
j

n

∏
i=0

2 cosh
i
h̄

{
ϵj∆j

2i + η
j
i−1

[
X j
+(αj, ∆j

2i) + iFj
+(αj, ∆j

2i)
]

+η
j
i

[
X j
−(αj, ∆j

2i) + iFj
−(αj, ∆j

2i)
]
− Uη

j̄
i ∆

j̄
2i

}
×e

i
h̄

(
η

j
i−1η

j
i

[
Λj(αj,∆

j
2i)+iΣj(αj,∆

j
2i)
]
+Rj(αj,∆

j
2i)+Bj(αj,∆

j
2i)+i

(
Cj(αj,∆

j
2i)+Dj(αj,∆

j
2i)
))

, (2.341)

where j̄ ̸= j. To write the above relation in terms of the transfer matrix, we should first find

the 16 matrix elements by summing over all η j. Rewriting the expression we will have

G(⃗α, t) =
∞

∑
n=0

(
∆
2

)2n ∫
dt1

1...dt1
2n

∫
dt2

1...dt2
2n ∑

η1
1 ,...,η1

n=±1
η2

1 ,...,η2
n=±1

∏
j

n

∏
i=0

2 cosh
i
h̄

{
ϵj∆j

2i +

(
η

j
i−1 + η

j
i

2

) [
X j
+ + X j

− + i
(

Fj
+ + Fj

−

)]

+

(
η

j
i−1 − η

j
i

2

) [
X j
+ − X j

− + i
(

Fj
+ − Fj

−

)]
− Uη

j̄
i ∆

j̄
2i

}



2.16. Heat currents 79

×e
−i
h̄

(
η

j
i−1η

j
i

[
Λj(αj,∆

j
2i)+iΣj(αj,∆

j
2i)
]
+Rj(αj,∆

j
2i)+Bj(αj,∆

j
2i)+i

(
Cj(αj,∆

j
2i)+Dj(αj,∆

j
2i)
))

. (2.342)

To consider all possible transition states of the two qubits at each interval, we need to account

for all combinations of η
j
i values. For example, the first matrix element can be constructed

by assuming the transition (1, 1) → (1, 1). This means that both qubits start and end with a

sojourn, represented by η
j
i = 1. By substituting this transition into the expression, we observe

that the asymmetric term vanishes, resulting in the first element of the transfer matrix M as

follows

M(1,1,1,1) (∆2i) = cosh
i
h̄

(
ϵ1∆1

2i +
[

X1
+ + X1

− + i
(

F1
+ + F1

−

)]
− U∆2

2i

)
× cosh

i
h̄

(
ϵ2∆2

2i +
[
X2
+ + X2

− + i
(

F2
+ + F2

−
)]

− U∆1
2i

)
× e

i
h̄ ([Λ

1(α1,∆1
2i)+iΣ1(α1,∆1

2i)]+R1(α1,∆1
2i)+B1(α1,∆1

2i)+i(C1(α1,∆1
2i)+D1(α1,∆1

2i)))

× e
i
h̄ ([Λ

2(α2,∆2
2i)+iΣ2(α2,∆2

2i)]+R2(α2,∆2
2i)+B2(α2,∆2

2i)+i(C2(α2,∆2
2i)+D2(α2,∆2

2i))).

(2.343)

Proceeding with this approach, we may write all the other transport matrix elements which

would shape a 4 × 4 matrix. Next we assume that at the beginning, we start with a so-

journ state (1, 0, 0, 0) and at the end of the process, we sum over all possible states (trace)

(1, 1, 1, 1). Therefore, one may write the GF in a matrix form such that

G(⃗α, t) = ∏
j

(
1 1 1 1

) ∞

∑
n=0

(
∆
2

)2n ∫
dtj

1...dtj
2n

n

∏
i=0

M(αj, ∆j
2i)


1

0

0

0

 . (2.344)

To find the GF, we will Laplace transform the above equation. This could help us to do the

summation and write the transfer matrix in terms of its eigenvalues. Thus, we will have

G(⃗α, λ) = ∏
j

(
1 1 1 1

) ∞

∑
n=0

(
∆
2

)2n ∫ ∞

0
e−λtdt

∫
dtj

1...dtj
2n

n

∏
i=0

M(αj, ∆j
2i)


1

0

0

0

 .

(2.345)

At this point, we encounter a limitation in our approach. In equation (2.343), we observe

that the interaction term inside the coth function depends on the time interval of the second
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qubit. This arises due to the approximations we made regarding how the blips and sojourns

of one qubit interact with the other qubit (equation (2.338)). As a result, while it is possible to

perform the Laplace transformation, the resulting steady state and subsequent heat currents

become unphysical.

Specifically, the steady state density matrix should have a unit trace. However, after

performing the Laplace transformation and setting the counting fields to zero (αj = 0), the

generating function does not become equal to 1. This implies that the trace of the steady

state density matrix will not be unity. Furthermore, the steady state heat currents become

time-dependent. Therefore, we conclude that NIBA and the approximations made to derive

equation (2.338) fail to produce a physically valid result.

It is worth noting that it is possible to obtain analytical solutions by removing one of the

qubits [8]. However, for the case of two interacting qubits, finding analytical solutions using

NIBA remains a subject of interesting future research.

2.17 Conclusions

In this chapter, we began by discussing the quantization of LC circuits and introduced the

Caldeira-Leggett model to incorporate dissipation. This model replaces the resistor in the

circuit with a large number of series LC circuits, allowing us to study the heat current be-

tween two overdamped quantum harmonic oscillators coupled to local thermal baths. Im-

portantly, we derived closed analytical expressions for the heat current that account for both

quantum and classical contributions, without resorting to weak coupling or Markovian ap-

proximations.

Next, we explored the nonlinear dynamics of two interacting qubits coupled to baths at

different temperatures. We introduced superconducting qubits and discussed their imple-

mentation using Josephson junctions. To study the heat currents in this setup, we employed

Feynman path integrals and described the qubit dynamics in terms of blips and sojourns.

However, finding closed analytical solutions for the heat currents in this case remains a chal-

lenging task. While analytical expressions for heat currents in a reduced system of one qubit

are possible [8], the case of two or more interacting qubits fails to yields physical results and

can be a subject to the future study.

Overall, this chapter has provided a comprehensive exploration of heat transport in quan-

tum systems, ranging from harmonic oscillators to interacting qubits. While analytical solu-

tions have been obtained in certain cases, the study of heat currents in more complex systems
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remains an active area of research, often relying on numerical methods to gain insights into

the thermal behavior of these systems.
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Chapter 3

Dynamical Casimir effect and

refrigeration

3.1 Introduction

The objective of this chapter is to develop an autonomous quantum refrigerator, consisting

of two cavities connected by a SQUID (Superconducting Quantum Interference Device).

Similar to its classical counterpart, the quantum refrigerator is an engine that can cool down

the cold bath while heating up the hot bath by absorbing work. Our goal is to demonstrate

that our setup can exhibit this behavior in the appropriate regime.

This setup is similar to previous studies on the dynamical Casimir effect [34, 116] and

transmission lines interrupted by SQUIDs [117, 37, 76, 46, 109, 12]. As mentioned in the

previous chapter, a SQUID is a highly sensitive device used for measuring magnetic fields

[21]. It consists of two Josephson junctions, which are superconducting devices that allow

electrical current to flow without resistance. The two junctions are connected in a loop, with

a thin insulating barrier between two superconducting wires. When a magnetic field passes

through the loop, it induces a change in the superconducting current, which can be measured

as a voltage across the junctions, enabling precise detection of magnetic fields.

In our setup, the cavities are represented by a large number of parallel LC circuits. Each

cavity consists of identical inductances Lr/l
0 and capacitors Cr/l

0 . The primary variables used

to describe the cavities are the node flux variables Φr/l
n associated with each node in the

cavity. The SQUID is modeled by two parallel Josephson junctions with the same energy EJ

and capacitance CJ . The SQUID is characterized by the node flux at x = 0, denoted as Φ0,

and the phase drop 2 f related to the self-inductance L of the SQUID. This phase drop can

also be influenced by an external flux.

The resistors Rl/r located at each end of the setup play the role of heat baths connected
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FIGURE 3.1: The Schematic of the model.

to the cavities, to which we can assign temperatures later on. It is important to note that

the resistors can also be replaced by the Caldeira-Leggett representation of the bath, which

essentially corresponds to an infinite cavity with the same structure as described above.

3.2 Lagrangian of the system of cavities and the SQUID

To write the Lagrangian of the circuit of the cavities and SQUID, we use the node flux

representation. First we describe the Lagrangian of the two cavities.

Lc =

(
h̄
2e

)2 1
2 ∑

i

{
∆xCl

0

(
Φ̇l

i

)2
+

1
Ll

0∆x

(
Φl

i+1 − Φl
i

)2
}

+

(
h̄
2e

)2 1
2 ∑

i

{
∆xCr

0
(
Φ̇r

i
)2

+
1

Lr
0∆x

(
Φr

i+1 − Φr
i
)2
}

. (3.1)

In the continuum limit of ∆x → 0 it can be written as

Lc =

(
h̄
2e

)2 Cl
0

2

∫ 0

−L1

(Φ̇2 − v2
l Φ′2)dx +

(
h̄
2e

)2 Cr
0

2

∫ L2

0
(Φ̇2 − v2

r Φ′2)dx. (3.2)

where νl/r = 1/
√

Lr
0Cr

0. We notice that C0 and L0 have the units of [CJ ]/[x] and [L]/[x],

or in the other words they are capacitance and inductance per unit length. Next we consider

the Lagrangian of the SQUID that is written as

Ls =

(
h̄
2e

)2 CJ

2
(Φ̇0 − ḟ )2 +

(
h̄
2e

)2 CJ

2
(Φ̇0 + ḟ )2 + EJ cos(Φ0 − f ) + EJ cos(Φ0 + f )

−
(

h̄
2e

)2 1
2L

(
4 f 2 + 8

M
Lext

f fext

)
. (3.3)

The term M
Lext

represents the presence of an external circuit with an inductance Lext. This

external circuit is magnetically coupled to the SQUID through a mutual inductance M and it

introduces an external flux fext.

Let us write the equation of motion for the total Lagrangian L = Lc + Ls, assuming νl =
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νr = ν. We can redefine the following parameters: Cl
0 = Cr

0 =
(

h̄
2e

)2
C0, CJ =

(
h̄
2e

)2
CJ ,

and EL =
(

h̄
2e

)2
1

2L . Therefore, the equations of motion become:

Φ̈ − ν2Φ′′ = 0 (3.4)

2
(

h̄
2e

)2

CJΦ̈0 −
(

h̄
2e

)2

C0v2(Φ′
0+ − Φ′

0−) + 2EJ cos( f )Φ0 = 0 (3.5)(
h̄
2e

)2

CJ f̈ + EJ cos Φ0 sin f+EL

(
f +

M
Lext

fext

)
= 0. (3.6)

As we can observe, the above equations represent two coupled non-linear oscillators. To

simplify the analysis, we assume that Φ0 ≪ 1, which corresponds to the Transmon condition

EJ ≫ ECJ discussed in Chapter 2. Under this condition, the last two equations decouple, and

the effective Lagrangian for the SQUID and cavities can be written as follows

Lsys = Lc +

(
h̄
2e

)2

CJΦ̇2
0 − EJΦ2

0 cos f . (3.7)

In a more unified form this Lagrangian can be written as

Lsys =

(
h̄
2e

)2 C0

2

∫ L2

−L1

(1 + 2CJ

C0
δ(x))Φ̇2 − v2Φ′2 + 2

EJ(
h̄
2e

)2
C0

δ(x) cos(Φ) cos( f )

dx,

(3.8)

where the equation of motion for f reads

(
h̄
2e

)2

CJ f̈ + EJ sin f + EL

(
f +

M
Lext

fext

)
= 0. (3.9)

where for small values of f will describe a harmonic oscillator. We can solve equation of

motion (3.4) by separation of variables. This means that we can write

Φ(x, t) = ∑
n

ϕ(t)ψn(x, t) (3.10)

where ψn(x) is an instantaneous basis satisfying the bellow boundary conditions:

ψ′′
n + k2

n(t)ψn = 0 (3.11)

ψ′(−L1) = ψ′(L2) = 0 (3.12)

ψ′
n(0

+)− ψ′
n(0

−) =
2
ν2 (−

CJν
2k2

n

C0
+

EJ(
h̄
2e

)2
C0

cos f )ψn. (3.13)
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Therefore, plugging (3.10) into the equation (3.4) we will have

ϕ̈nψn(x)− ν2ϕn(t)ψ′′
n (x) = 0. (3.14)

To rewrite the Lagrangian in terms of the new variables, we first find the time and position

derivatives of Φ(x, t) such that

Φ̇(x, t) = ∑
n

ϕ̇nψn + ϕnψ̇ (3.15)

Φ′(x, t) = ∑
n

ϕnψ′
n (3.16)

Consequently, we can obtain

Φ̇2(x, t) = ∑
n,m

ϕ̇nϕ̇mψnψm + ∑
n,m

ϕnϕmψ̇nψ̇m + 2 ∑
n,m

ϕ̇nϕmψnψ̇m (3.17)

Φ′2(x, t) = ∑
mn

ϕnϕmψ′
nψ′

m (3.18)

We then replace these terms inside the Lagrangian and from the first term we will have

(
h̄
2e

)2

C0

∫ L2

−L1

(1 + 2CJ/C0δ(x))Φ̇2 =

(
h̄
2e

)2

C0 ∑
n,m

ϕ̇nϕ̇m

∫ L2

−L1

(1 + 2CJ/C0δ(x))ψnψm

+

(
h̄
2e

)2

C0 ∑
n,m

ϕnϕm

∫ L2

−L1

(1 + 2CJ/C0δ(x))ψ̇nψ̇m

+2
(

h̄
2e

)2

C0 ∑
n,m

ϕ̇nϕm

∫ L2

−L1

(1 + 2CJ/C0δ(x))ψnψ̇m. (3.19)

To simplify above equations further, we define the inner product as

1
d

∫ L2

−L1

(1 + 2CJ/C0δ(x))ψnψm = δmn, (3.20)

where d = L1 + L2 is length of the system (This is added to make δ function dimensionless).

Applying this to the first term in the Lagrangian we obtain

(
h̄
2e

)2

C0

∫ L2

−L1

(1 + 2CJ/C0δ(x))Φ̇2 =

(
h̄
2e

)2

C ∑
n

ϕ̇2
n + 2

(
h̄
2e

)2

C ∑
n,m

Amnϕ̇nϕm

+

(
h̄
2e

)2

C ∑
n,m

Bmnϕnϕm, (3.21)
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where we defined C0 = C/d and

Amn =
1
d

∫ L2

−L1

dx(1 + 2CJ/C0δ(x))ψnψ̇m (3.22)

Bmn =
1
d

∫ L2

−L1

dx(1 + 2CJ/C0δ(x))ψ̇nψ̇m = ∑
k

Amk Ank = ∑
k

Amk Ank. (3.23)

The next term in the Lagrangian will give rise to

−
∫ L2

−L1

dxv2Φ′2 = −ν2 ∑
mn

ϕn(t)ϕm(t)
∫ L2

−L1

dxψ′
n(x, t)ψ′

m(x, t) =

− ν2 ∑
mn

k2
nϕ2

n(t) + EJ cos f Φ0, (3.24)

where to obtain the last equality we have used the boundary condition (3.13) together with

the inner product. Therefore the Lagrangian will be written as

Lsys =
1
2

(
h̄
2e

)2

C ∑
n

(
ϕ̇n

2 − ω2
nϕ2

n

)
+

(
h̄
2e

)2

C ḟ ∑
n,m

Mnmϕ̇nϕm

+

(
h̄
2e

)2

C
ḟ 2

2 ∑
n,m,k

Mnk Mmkϕnϕm, (3.25)

with

Mnm =
1
d

∫ L2

−L1

dx(1 + 2CJ/C0δ(x))ψm
dψn

d f
. (3.26)

The time dependence of the ψn functions is related to the field f . This Lagrangian describes

the interaction among the fields inside the cavity. We notice that the source of this interaction

is the time dependence of f or, equivalently, the existence of the SQUID, which resembles

a moving mirror in the middle of the cavity [71]. Next, we will study the Lagrangian of the

SQUID.

3.3 The SQUID Lagrangian

The phase drop of the SQUID over its inductance L follows the equation of motion

(
h̄
2e

)2

CJ f̈ + EJ sin f +
(

h̄
2e

)2 2
L

(
f +

M
Lext

fext

)
= 0. (3.27)

Therefore its Lagrangian can be written as

L =

(
h̄
2e

)2 CJ

2
ḟ 2 − V( f ), (3.28)
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where

V( f ) = −EJ cos f +
(

h̄
2e

)2 1
L

(
f 2 +

M
Lext

f fext

)
, (3.29)

is the potential energy. This Lagrangian is exact up to the assumption that Φ0 ≪ 1. However,

we can also look at the limit of small displacement of f around f0 namely assuming

f = f0 + δ f (t)

fext = Fext + δ fext(t). (3.30)

where δ f ≪ 1 and δ fext ≪ 1. This limit will be useful once we write the full Hamiltonian

and we need to make the linear interaction approximation. Therefore the equation of motion

for f can be rewritten as

(
h̄
2e

)2

CJ δ̈ f + EJ cos f0+

(
h̄
2e

)2 2
L

δ f + EJ sin f0 +

(
h̄
2e

)2 2
L

f0

= −
(

h̄
2e

)2 2M
LLext

δ fext −
(

h̄
2e

)2 2M
LLext

Fext (3.31)

The stationary solution where we set δ f = 0 and δ fext = 0 gives

EJ sin f0 +

(
h̄
2e

)2 2
L

(
f0 +

M
Lext

Fext

)
= 0. (3.32)

This indicates the relation between f0 and Fext. Using it we obtain

(
h̄
2e

)2

CJ δ̈ f +

(
EJ cos f0 +

(
h̄
2e

)2 2
L

)
δ f = −

(
h̄
2e

)2 2M
LLext

δ fext, (3.33)

which is basically a forced oscillator. Furthermore, one can rewrite the Lagrangian of f

according to its equation of motion in (3.27). In this way we will obtain

L f =

(
h̄
2e

)2

CJ
δ̇ f 2

2
−
(

h̄
2e

)2 1
2

CJω
2
f δ f 2 −

(
h̄
2e

)2 2M
LLext

δ f δ fext, (3.34)

where

ω2
f =

1(
h̄
2e

)2
CJ

(
EJ cos f0 +

(
h̄
2e

)2 2
L

)
, (3.35)

is the frequency of the oscillation in δ f . The above discussion and approximations will

be essential when we will investigate the interaction between the SQUID and the cavities.

However, In the next section, we will use this Lagrangian and the Lagrangian of the cavities
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to study the total system.

3.4 Full Lagrangian and Hamiltonian

Previously we studied the Lagrangian of the Cavity and the SQUID part separately. To find

the Hamiltonian description of the system we will first find the Lagrangian of the total system

by combining the Lagrangian of the cavities and the SQUID. This allows to write

Lsys =
1
2

(
h̄
2e

)2

C ∑
n

(
ϕ̇n

2 − ω2
nϕ2

n

)
+

(
h̄
2e

)2

C ḟ ∑
n,m

Mnmϕ̇nϕm

+

(
h̄
2e

)2

C
ḟ 2

2 ∑
n,m,k

Mnk Mmkϕnϕm +

(
h̄
2e

)2

CJ
ḟ 2

2
− V( f ). (3.36)

The next step in our analysis is to derive the Hamiltonian for the system. Following a similar

approach to the previous chapter, we begin by obtaining the momentum variables for both the

cavity and the SQUID. This allows us to express the Lagrangian in terms of these momenta,

enabling a straightforward transformation to the corresponding Hamiltonian formalism. The

momentum variables for the cavity and SQUID are given by

qn =
1
h̄

∂L
∂ϕ̇n

= h̄
(

1
2e

)2

Cϕ̇n + h̄
(

1
2e

)2

C ḟ ∑
m

Mnmϕm (3.37)

p f = h̄
(

1
2e

)2

C ∑
n,m

Mnmϕ̇nϕm + h̄
(

1
2e

)2

C ḟ ∑
n,m,k

Mnk Mmkϕnϕm + h̄
(

1
2e

)2

CJ ḟ ,

(3.38)

Next, we proceed to write the Hamiltonian. Following the approach used in the previous

chapter, we introduce the momentum variables for both the cavity modes and the SQUID,

denoted by qn and p f , respectively. It is worth noting that the inclusion of the factor 1/h̄ en-

sures that the momenta are dimensionless. Consequently, the Hamiltonian can be expressed

as

H =
1
2

(
h̄
2e

)2

C ∑
n

(
ϕ̇n

2
+ ω2

nϕ2
n

)
+ h̄

(
1
2e

)2

C ḟ ∑
n,m

Mnmϕ̇nϕm

+

(
h̄
2e

)2

CJ
ḟ 2

2
+

(
h̄
2e

)2

C
ḟ 2

2 ∑
n,m,k

Mnk Mmkϕnϕm + V( f ). (3.39)

This Hamiltonian still does not contain the momenta. Therefore we first write

ϕ̇n =
1

h̄
( 1

2e

)2 C
qn − ḟ Mnmϕm, (3.40)



90 Chapter 3. Dynamical Casimir effect and refrigeration

where using this we can write

p f = ∑
n,m

Mnmqnϕm + h̄
(

1
2e

)2

CJ ḟ , (3.41)

and hence

ḟ =
1

h̄
( 1

2e

)2 CJ

p f −
1

h̄
( 1

2e

)2 CJ
∑
n,m

Mnmqnϕm. (3.42)

Replacing ϕ̇n inside the Hamiltonian (3.4) we will have

H = ∑
n

[
(2e)2

2C
q2

n +
1
2

(
h̄
2e

)2

Cω2
nϕ2

n

]
+

(
h̄
2e

)2

CJ
ḟ 2

2
+ V( f ). (3.43)

Therefore the final Hamiltonian after also replacing ḟ from (3.42) will take the following

form

H = ∑
n

[
(2e)2

2C
q2

n +
1
2

(
h̄
2e

)2

Cω2
nϕ2

n

]
+

(2e)2

2CJ

(
p f − ∑

n,m
Mnmqnϕm

)2

+ V( f ).

(3.44)

Eq. (3.47) represents the total Hamiltonian of the system. We notice that the interaction

between the SQUID and cavities are contained in the second term. To study the nature of

interaction we rewrite the above Hamiltonian in terms of Ladder operators by first defining

ϕn =

√
h̄ωn

2EC

[
an + a†

n

]
(3.45)

qn = −i
√

EC

2h̄ωn

[
an − a†

n

]
. (3.46)

Thus, the Hamiltonian will become

H = ∑
n

h̄ωna†
nan +

(2e)2

2CJ

(
p f + Γ( f )

)2
+ V( f ), (3.47)

where the operator Γ( f ) is defined as

Γ( f ) =
i
2 ∑

n,m
Mnm

[
an − a†

n

] [
an + a†

n

]
. (3.48)

We observe that the operators an and a†
n exhibit a dependence on f through ωn. This implies

the presence of an interaction between the cavity fields and the SQUID degrees of freedom,

f . Thus, we can proceed with the first linear approximation of the Hamiltonian. This approx-

imation assumes that the position of the SQUID, denoted as f , undergoes small oscillations
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around its equilibrium position, f0.

Concretely, we employ the same approximation as in equation (3.3), expressing f (t) as

f (t) ≈ f0 + δ f (t), where δ f (t) is a small deviation satisfying δ f (t) ≪ 1. Consequently,

up to first order in δ f , the frequency ωn can be approximated as

ωn( f ) ≈ ωn( f0) + δ f ω′
n( f0). (3.49)

For the ladder operators we can also write

an ≈
√

EC

2h̄ωn( f0)
ϕn + i

√
h̄ωn( f0)

2EC
qn −

1
2

δ f
ω′

n( f0)

ωn( f0)

√ EC

2h̄ωn( f0)
ϕn − i

√
h̄ωn( f0)

2EC
qn

 ,

(3.50)

which can be written as

an ≈ an( f0)−
1
2

δ f
ω′

n( f0)

ωn( f0)
a†

n( f0). (3.51)

Moreover, we notice that in this limit using equation (3.26) we have

Mnm = Mnm0 + δ f M′
nm0. (3.52)

with M′
mn0 = ∑k Mnk0Mmk0 and

Mnm0 =
1
d

∫ L2

−L1

dx(1 + 2CJ/C0δ(x))ψm( f0)
dkn

d f0

dψn( f0)

dkn
. (3.53)

Now, we need to substitute these terms back into the bare Hamiltonian and Γ( f ) in equation

(3.47). These terms contribute non-linearly to the interaction Hamiltonian. However, since

we have δ f ≪ 1, we can make a linear approximation. We express Γ( f ) as Γ( f ) ≈ Γ( f0) +

δ f Γ′( f0), where Γ′ is determined by substituting the aforementioned expansions of creation

and annihilation operators and Mnm into Γ( f ), while keeping only the terms linear in δ f .

Therefore, we will have

Γ′( f0) =

√
ωm( f0)

ωn( f0)

[
M′

nm + Mnm
ω′

n( f0)

ωn( f0)

] (
am( f0) + a†

m( f0)
) (

an( f0)− a†
n( f0)

)
.

(3.54)

Replacing this into the Hamiltonian we will obtain
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H = h̄ ∑
n

(
ωn + ω′

nδ f
) (

a†
n − δ f

ω′
n

2ωn
an

)(
an − δ f

ω′
n

2ωn
a†

n

)
+
(2e)2

2CJ

(
p f + Γ0 + δ f Γ′

0
)2

+ V(δ f ). (3.55)

where, for simplicity, we have replaced Γ( f0) with Γ0, and similarly for Γ′. Moreover

V(δ f ) =
(

h̄
2e

)2 1
2

CJω
2
f δ f 2 +

(
h̄
2e

)2 2M
LLext

δ f fext. (3.56)

In the Hamiltonian (3.55), the ladder operators are independent of δ f . To find the form of

interaction, we perform a unitary transformation H′ = T†HT where

T = exp
{

iδ f (Γ0 +
1
2

δ f Γ′
0)

}
. (3.57)

We first apply this on the second term of the Hamiltonain and the result will be

T† (p f + Γ0 + δ f Γ′
0
)2 T = p2

f . (3.58)

Therefore we are shifting the momentum by Γ0 + δ f Γ′
0. Next we need to trasnfrom the first

term in the Hamiltonian;

T†h̄ ∑
n

(
ωn + ω′

nδ f
) (

a†
n − δ f

ω′
n

2ωn
an

)(
an − δ f

ω′
n

2ωn
a†

n

)
T ≈

h̄ ∑
n

ωn

(
a†

nan − δ f
ω′

n
2ωn

(a†2
n + a2

n) + δ f 2
(

ω′
n

2ωn

)2

ana†
n

)

+h̄ ∑
n

ω′
n

(
δ f a†

nan − δ f 2 ω′
n

2ωn
(a†2

n + a2
n)

)
−h̄
2

δ f ∑
n,m

Mnm

√
ωm

ωn

[
ωm

(
am − a†

m

) (
an − a†

n

)
+ ωn

(
am + a†

m

) (
an + a†

n

)]
− h̄

4
δ f 2 ∑

n,m
M̃nm

√
ωm

ωn

[
ωm

(
am − a†

m

) (
an − a†

n

)
+ ωn

(
am + a†

m

) (
an + a†

n

)]
− h̄

2
δ f 2 ∑

mn
Mnm

√
ωm

ωn

[
ωn

ω′
n

ωn

(
am + a†

m

) (
a†

n + an

)
+ ωm

ω′
m

ωm

(
a†

m − am

) (
an − a†

n

)]
− h̄

2
δ f 2 ∑

n,m
Mnm

√
ωm

ωn

[
ω′

m

(
am − a†

m

)(
an − a†

n

)
+ ω′

n

(
am + a†

m

)(
an + a†

n

)]
+O(δ f 3),

(3.59)

where M̃nm =
[

M′
nm + Mnm

ω′
n

ωn

]
. Now, these terms represent the interaction between the

cavities and the SQUID, expressed as powers of δ f . In our analysis, we have considered

terms up to second order in δ f . However, we can simplify the Hamiltonian by employing
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two approaches.

Firstly, since δ f is very small, we can neglect all the second-order terms in δ f . Notably,

there is a second-order term in V(δ f ) given by
(

h̄
2e

)2
1
2 CJω

2
f δ f 2. Nevertheless, the prefactor

of this term,
(

h̄
2e

)2
1
2 CJω

2
f =

h̄2ω2
f

4ECJ
∝ EJ , is large. Consequently, we can neglect this term in

comparison to other dominant terms in the Hamiltonian.

Secondly, we can utilize the rotating wave approximation (RWA). By applying the RWA,

we can show that all the second-order terms in δ f cancel out. This approximation helps

simplify the Hamiltonian further.

To outline the implementation of the RWA, let us first write

δ f =

√
ECJ

h̄ω f

[
a f + a†

f

]
(3.60)

p f = −i
1
2

√
h̄ω f

ECJ

[
a f − a†

f

]
. (3.61)

Replacing them in to the Hamiltonian will result in writing the bare Hamiltonian as

H0 = h̄ ∑
n

ωna†
nan + h̄ω f a†

f a f . (3.62)

Therefore we can use the above Hamiltonian and move to the rotating frame by applying the

unitary

U = exp it/h̄

[
∑
n

h̄ωna†
nan + h̄ω f a†

f a f

]
(3.63)

on the interaction Hamiltonian of equation (3.59). Therefore one can show that after doing

the RWA, applying the resonant condition ω f = ωn + ωm to any two modes when m ̸= n

and finally going back to the Schrödinger picture, we obtain

Hrwa = h̄ ∑
n

ωna†
nan + h̄ω f a†

f a f + h̄ ∑
n

ωn
ECJ

h̄ω f

(
ω′

n
2ωn

)2

ana†
na f a†

f

− h̄
2

√
ECJ

h̄ω f
∑
n,m

Mnm

√
ωm

ωn
(ωm + ωn)

(
a†

f aman + a f a†
ma†

n

)
. (3.64)

Moreover, we can neglect the third term of the first line by reasoning that, the constant

ECJ /h̄ω f ∝
√

ECJ /EJ ≪ 1. Therefore that term is negligible and we write the final Hamil-

tonian as
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Hrwa = h̄ ∑
n

ωna†
nan + h̄ω f a†

f a f

− h̄
2

√
ECJ

h̄ω f
∑
n,m

Mnm

√
ωm

ωn
(ωm + ωn)

(
a†

f aman + a f a†
ma†

n

)
. (3.65)

Considering that there are only two modes of the cavity which satisfy the resonant condition,

we can write from (3.65)

Hrwa = h̄ ∑
n

ωna†
nan + h̄ω f a†

f a f

− h̄
2

√
ECJ

h̄ω f

(
M12

√
ω2

ω1
+ M21

√
ω1

ω2

)
(ω2 + ω1)

(
a†

f a2a1 + a f a†
2a†

1

)
. (3.66)

The Hamiltonian presented here is commonly known as an "absorption refrigerator" [54, 82,

80]. In this setup, one can achieve autonomous cooling of one mode by utilizing the other

two modes. The concept of absorption refrigeration has attracted significant interest in the

field of quantum thermodynamics.

In the next section, we will delve further into this topic, exploring the principles and

dynamics of the absorption refrigerator.

3.5 Absorption refrigerator

As mentioned earlier, the Hamiltonian given by Eq. (3.66) can serve as a quantum refrigera-

tor. This is evident from the interaction term among the three modes, a†
f a2a1. This interaction

implies that one photon is created in the SQUID while two photons are simultaneously ab-

sorbed in the other two cavity modes. As a result, the energy of the SQUID is increase, while

the energy of the two other modes is decreased. It is important to note that the conjugate of

this Hamiltonian describes the reverse process.

To promote the refrigeration process, one can manipulate the energy levels of each oscil-

lator. One approach is to connect each mode to a heat bath, allowing them to reach a thermal

equilibrium state with temperatures Ti for i ∈ f , 1, 2. By adjusting the temperatures, the

occupation probabilities of the oscillators can be tuned. The initial occupation number ni of

the i-th oscillator can be expressed as

ni = Tr[ρTi a
†
i ai] (3.67)
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FIGURE 3.2: Averaged energies of each mode after time t, showing the in-
crease in energy of the SQUID and the decrease in energy of the other two
modes. The solid lines show the average energy of each oscillator at time t.

Dashed lines indicate the average energy at the initial time.

where

ρTi =
exp

(
− 1

KbTi
a†

i ai

)
Tr
[
exp

(
− 1

KbTi
a†

i ai

)] . (3.68)

is thermal initial state.

In the general scenario, the system can function as both a refrigerator and a heat engine.

By applying the resonant condition ω f = ω1 + ω2, one can adjust the temperatures of the

three modes (corresponding to the initial occupation probabilities) in a way that allows the

SQUID to cool down the other two cavities. This occurs when the temperature of the SQUID

is higher than that of the other two modes, i.e., T1 < T2 < Tf . This is because, in this tem-

perature regime, the state of SQUID will have a lower occupation probability comparing to

the other modes. Therefore, in this configuration, we observe that the final average energy of

the SQUID, denoted as E f (t) = Tr[ω f a†
f a f ρ(t)], exceeds its initial average energy obtained

from the thermal state E f (t) = Tr[ω f a†
f a f ρTf (0)]. To explore this case, there are two ap-

proaches. The first approach involves connecting each mode to separate heat baths initially,

allowing them to reach their respective temperatures. Subsequently, the modes interact with

each other while still being influenced by the baths. In this scenario, the dynamics at time t

can be obtained by solving the master equation, as demonstrated in [54].

Another simpler approach is to disconnect the modes from the heat baths once they have
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reached their respective temperatures. Subsequently, the modes interact with each other with-

out the influence of the baths. In this case, the dynamics are determined by the unitary time

evolution. This approach is considered in our analysis. In Figure 3.2, we observe the average

energy of each mode at time t. The comparison with their initial values clearly indicates that

the energy of the SQUID increases while the other two modes become colder. This confirms

that this configuration operates as a refrigerator, consistent with the findings in [82, 80].

3.6 Conclusions

In this chapter, we studied a setup that is used as a realization of the dynamical Casimir effect.

By quantizing the SQUID degrees of freedom, we obtained the Lagrangian of the quantized

system in terms of the modes inside the cavity. After switching to the Hamiltonian repre-

senttion, we obtained a three-body interaction term consisting of the cavity modes operators

and the SQUID. By assuming a weak coupling between the cavities and the SQUID and the

rotating wave approximation, we reduced the Hamiltonian into the form of the absorption

refrigerator interaction. In this way we showed that by heating up the SQUID one can cool

down the two modes of the cavity.

This result is significant as it demonstrates the versatility of the architecture depicted in

Figure 3.1. The system offers the flexibility to work with multiple cavity modes and their

interactions with the SQUID. In the refrigerator configuration, we focused on two of these

modes. However, to enhance the cooling process, we can explore the influence of the other

available modes. This will be the next step in advancing this research project, as we aim to

fully investigate the impact of these additional modes on the cooling dynamics.
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Chapter 4

Work statistics in quantum systems

4.1 Introduction

This chapter concerns itself with the work that has been done in the paper A convenient

Keldysh contour for thermodynamically consistent perturbative and semiclassical expan-

sions [20]. In this paper, we have introduced a modified version of the Keldysh contour

that is specifically tailored for studying work statistics in quantum thermodynamics. By em-

ploying this modified contour, we have developed a perturbation expansion of the moment

generating function (MGF), which allows us to investigate work fluctuations and their statis-

tical properties.

The perturbative approach we have presented exhibits a similar structure to conventional

perturbative expansions based on non-equilibrium Green’s functions (GFs) [90]. However,

the key difference lies in the building blocks, namely the GFs and the contour itself. By

employing the modified contour, we are able to derive a perturbative expansion that satisfies

the fluctuation theorem (FT) [5, 4, 56, 29] at all perturbative orders.

As an application of this method, we have computed the work statistics for a scenario

where a slight non-linear perturbation of a quadratic Hamiltonian is activated after an initial

measurement and deactivated prior to a final energy measurement. The resulting probabil-

ity distribution of work can be expressed as a combination of Poisson processes, providing

insights into the statistical behavior of work fluctuations in this specific scenario.

Furthermore, we have investigated the semiclassical limit of the work MGF. Building

upon the usual Feynman path integral technique [35], we have extended it to the modified

contour framework. To achieve this, we have considered a generalization of the Keldysh

rotation and demonstrated that a convenient way to achieve it is through the introduction

of a symmetrization of the modified contour. By performing this symmetrization, we have

adapted procedures similar to those in [88, 86, 89, 27] to obtain a semiclassical expansion of
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A B  C

FIGURE 4.1: There are three distinct time integration contours commonly
used in calculations: a) The Keldysh contour γK, which consists of two
branches denoted as γ− and γ+. The γ− branch corresponds to the for-
ward time evolution, while the γ+ branch represents the backward evolu-
tion. b) The contour γC, obtained by extending the Keldysh contour with
two additional vertical tracks, γ↑ and γ↓. These vertical tracks serve to en-
code specific initial conditions. c) The contour γ, constructed by further
augmenting the γC contour with an additional track, γM, that carries infor-
mation about the initial condition. These various time integration contours
provide a framework for handling calculations in different scenarios and en-

able the analysis of quantities of interest in a systematic manner. [20].

the MGF. Specifically, we have explicitly computed the classical order (zeroth order) and the

first quantum correction to the work MGF, shedding light on the interplay between classical

and quantum contributions to work fluctuations.

4.2 The Contour idea

The Schwinger-Keldysh contour is employed as a useful technique to streamline calculations

in open and many-body quantum systems. This concept can also be extended to the realm

of counting statistics within a double measurement setup. In this section, we provide a brief

overview of the Keldysh approach and its application to counting statistics, before delving

into more specific topics such as work generating functions. In many-body quantum theory,

a general quantity can be represented as a correlator of the following form

G = Tr

{[
T

M

∏
j=1

A(j,−)
H (t−j )

]
ρ0

[
T̄

K

∏
i=1

A(i,+)
H (t+i )

]}
, (4.1)

where ρ0 is the initial-state density matrix and A(i,±)
H (t) are a set of quantum operators in the

Heisenberg picture, with T and T̄ indicating, respectively, the time ordering and anti-time

ordering operators. An elegant way to simplify Eq. (4.1) is to introduce a generalized version

of the time-ordering operator: the contour ordering operator, which orders the operators

according to the position of their time arguments on a new domain, called the Schwinger-

Keldysh contour [90, 103, 62]. This contour is composed of two branches, which we call

lower (−) and upper (+) branch: the first one leads from time 0 to a final time t, while the
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second goes backward from t to time 0 (see Fig. 4.1 A). Equation (4.1) can be rewritten in

terms of the new ordering operator in the much simpler form

G = Tr

{[
TK ∏

i
A(i)

H (zi)ρ0

]}
, (4.2)

where the time arguments zi for i = 1, . . . , M+K are chosen on the Keldysh contour γK and

hence belong to the forward or backward branch. Writing the evolution operator explicitly

we can also cast the equation above as (setting h̄ = 1)

G = Tr

[{
TKe−i

∫
γK

H(z)dz ∏
i

A(i)(zi)ρ0

}]
, (4.3)

where the operators A(i) are in the Schrödinger picture and H(z) denotes the system Hamil-

tonian. Eq. (4.3) is written in terms of a single ordering operator instead of two different

operators T , T̄ like in eq. (4.1) and this represents a huge advantage [103, 90]. In a double

measurement process the simplification achieved with the contour idea is even greater. In

this framework a generic observable Λ is measured at time 0 and time t f , and in between the

system evolves under the action of a time dependent Hamiltonian H(t) [29]. The generat-

ing function for the statistics of the difference of the outcomes between the first and second

measurement is given by

MΛ(λ, t f ) = Tr
[
eλΛH(t f )e−λΛH(0)ρ0

]
. (4.4)

This representation holds under the assumption that the initial measurement operator com-

mutes with the initial state density matrix ρ0. Now let us write Eq. (4.4) in the form of

Eq. (4.3) by using the dummy integrals A(1) = eλΛ(t) = e−i
∫ iλ

0 Λ(t f )dz and A(0) = e−λΛ(0) =

e−i
∫ 0

iλ Λ(0)dz. Then, we find

MΛ(λ, t f ) =

Tr
{
TK

[
e−i

∫
γK

H(z)dze−i
∫ iλ

0 Λ(t f )dze−i
∫ 0

iλ Λ(0)dzρ0

]}
. (4.5)

By examining the sum of the three integrals, it becomes evident that it can be consolidated

into a single integration along an alternate contour called γC. This modified contour is de-

rived from the Schwinger-Keldysh contour but includes two additional vertical branches at
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times 0 and t (Fig. 4.1 B). As a result, the ordering operator must also be extended to accom-

modate this new contour. Consequently, we can express the given expression as

MΛ(λ, t f ) = Tr
{
TC

[
e−i

∫
γC

HC(z)dz
ρ0

]}
, (4.6)

where now the Hamiltonian HC is naturally extended as

HC(z) =


H(t) for z = t ∈ γK,

Λ(0), Λ(t f ) for z = τ ∈ γ↑,↓,
(4.7)

where we labelled the vertical tracks of the contour drawn in Fig. 4.1 B by γ↑. As a last step,

we point out that the dependence on the initial state ρ0 can also be cast as an integration on

an additional track of the contour. Indeed, if we define HM + log(Z)/β ≡ −(1/β) log ρ0

with Z = Tr[e−βHM ], we can always write ρ0 = exp
[
−i
∫ −iβ

0 HM(z)dz
]
/Z and express

Eq. (4.6) as [33]

M(λ, t f ) =
Tr
[
Tγ

{
e−i

∫
γ Hγ(z)dz}]

Tr
[
Tγ

{
e−i

∫
γ Hγ,0(z)dz}] , (4.8)

where γ is the contour defined in Fig. 4.1 C, built by adding an additional track γM, Tγ

denotes the time-ordering operator along this contour, and the extended Hamiltonian Hγ(z)

is defined as

Hγ(z) =


H(t) for z = t ∈ γK,

Λ(0), Λ(t f ) for z = τ ∈ γ↑,↓,

HM for z ∈ γM.

(4.9)

Moreover, we have used Hγ,0 := Hγ|Λ=0. If the initial state is a Gibbs state, we have

HM = H(0) and β assumes the role of the inverse physical temperature.

To write the work MGF, we will study the case in which the measurement operator Λ(t)

coincides with the system Hamiltonian. Therefore, the difference of the outcomes of mea-

surements will be the difference of the final and initial energies, i.e. work in a closed quantum

system. This corresponds to Eq. (4.4) with ΛH(0) = H(0) and ΛH(t) = HH(t)

M(λ, t f ) = Tr[eλHH(t f )e−λHH(0)ρ(0)]. (4.10)
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Indeed Eq. (4.10) can be written in terms of equation (4.8), where in eq. (4.9) we have

Λ(0), Λ(t f ) = H(0), H(t f ).

By employing the modified contour γ, it becomes feasible to construct perturbative ex-

pansions for work generating functions in weakly perturbed quantum systems. In the upcom-

ing section, we study the perturbation expansion of the MGF.

4.3 Perturbation theory

In order to apply the standard perturbation theory approach, the contour Hamiltonian can be

decomposed as Hγ(z) = H0(z) + χ(z)H1(z), where H0(z) and H1(z) correspond to the

unperturbed Hamiltonian and the perturbation, respectively. These Hamiltonians are defined

on the contour γ, while χ(z) represents a switching function. Two scenarios will be explored

for work extraction.

In the first scenario, the final Hamiltonian is identical to the initial Hamiltonian, which

implies χ(0) = χ(t f ) = 0. This protocol is called the switching on/off protocol because the

perturbation H1(z) is activated after the initial measurement and deactivated before the final

measurement. Bochkov and Kuzovlev derived the first integral fluctuation theorem ([11]) for

this setting, and the corresponding switching function is expressed as

χ(z) =


χ(t) for z = t ∈ γK,

0 for z ∈ γ↑,↓,

0 for z ∈ γM.

(4.11)

In the second scenario, the final Hamiltonian is arbitrary, i.e., χ(0) = 0 but χ(t f ) ̸= 0. This

is the general setting considered by Jarzynski [56] and the associated contour Hamiltonian is

χ(z) =


χ(t) for z = t ∈ γK,

χ(t f ) ̸= 0 for z ∈ γ↑,

0 for z ∈ γM,↓.

(4.12)

The customary approach to time-dependent perturbation theory is done in the interaction

picture [94]. To generalize this concept to the modified contour we use the following relation

Uγ(z, 0) ≡ Tγ{e−
i
h̄

∫ z
γ dzHγ(z)} = Uγ 0(z, 0)Ũγ,1(z, 0), (4.13)
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where we denoted with
∫ z

γ the integration between the initial point of the modified contour

and the point z and defined

Uγ 0 = T {e−
i
h̄

∫
γ dzH0(z)}; Ũγ,1 = T {e−

i
h̄

∫
γ dzχ(z)H̃1(z)}, (4.14)

with the contour interaction Hamiltonian defined as H̃1(z) = Uγ 0(0, z)H1(z)Uγ 0(z, 0). To

derive equation (4.13) we first take the derivative of Uγ(z, 0) with respect to z. Thus we will

have
d
dz

Uγ(z, 0) = − i
h̄

Hγ(z)Uγ(z, 0). (4.15)

Above equation can be obtained by an infinitesimal displacement of the generator. Expanding

to the first order we will have

Uγ(z + ϵ, 0) ≡ Tγ

{
e−

i
h̄

∫ z+ϵ
γ Hγ(z)dz} = (I − i

ϵ

h̄
Hγ(z))Tγ

{
e−

i
h̄

∫ z
γ Hγ(z)dz}+ O(ϵ2)

= (I − i
ϵ

h̄
Hγ(z))Uγ(z, 0) + O(ϵ2). (4.16)

Next we will show that the r.h.s of Eq. (4.13) coincides Eq. (4.16).

d
dz

Uγ 0(z, 0)Ũγ,1(z, 0) = −iH0(z)Uγ 0(z, 0)Ũγ,1(z, 0)− iχ(z)Uγ 0(z, 0)H̃1(z)Ũγ,1(z, 0)

= −iH0(z)Uγ 0(z, 0)Ũγ,1(z, 0)− iχ(z)Uγ 0(z, 0)H̃1(z)Uγ 0(0, z)Uγ 0(z, 0)Ũγ,1(z, 0)

= −iH0(z)Uγ 0(z, 0)Ũγ,1(z, 0)− iχ(z)H1(z)Uγ 0(z, 0)Ũγ,1(z, 0), (4.17)

and the last term is equal to the r.h.s. of (4.15) after regrouping H0(z) and χ(z)H1(z). Note

now that the numerator of Eq. (4.8) in terms of Uγ(z, 0) is simply given by

Tr
[
Tγ

{
e−

i
h̄

∫
γ Hγ(z)dz}] = Tr[Uγ(−ih̄β, 0)], (4.18)

and we can use Eq. (4.13) to write

Tr[Uγ(−ih̄β, 0)] = Tr[Uγ 0(−ih̄β, 0)Ũγ,1(−ih̄β, 0)] = Tr[e−βH0Ũγ,1(−ih̄β, 0)]. (4.19)

Expanding Ũγ,1 as a contour ordered exponential and dividing by the proper normalization,

we obtain

MW(λ, t f ) =
Tr[e−βHMTγ{e−

i
h̄

∫
γ dzχ(z)H̃1(z)}]

Tr[e−βHM ]
, (4.20)
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where we used that H0(z) = HM on the γM branch of the contour. Equation (4.20) can also

be written as an explicit function of H1(z)

MW(λ, t f ) =
Tr[Tγ{e−

i
h̄

∫
γ dzH0(z)e−

i
h̄

∫
γ dzχ(z)H1(z)}]

Tr[Tγ{e−
i
h̄

∫
γ dzH0(z)]

. (4.21)

The significance of the aforementioned equation lies in the fact that when H1(z) is a minor

perturbation of H0(z), we can expand the second exponential in the numerator and obtain a

series of perturbations for the generating function. However, before delving into this, let us

first concentrate on the crucial component of perturbation theory, which is known as Green’s

function.

4.4 The Green’s function on the modified contour

Consider a generic two-point correlation function on the contour in the Schrodinger picture.

This can be found as

GA1,A2(z1, z2) ≡ ⟨Tγ

{
A1(z1)A2(z2)

}
⟩

= θ(z1 − z2)⟨A1(z1)A2(z2)⟩+ θ(z2 − z1)⟨A1(z2)A2(z1)⟩

= θ(z1 − z2)Tr[Uγ(−ih̄β, z1)A1(z1)Uγ(z1, z2)A2(z2)Uγ(z2, 0)]

+θ(z2 − z1)Tr[Uγ(−ih̄β, z2)A2(z2)Uγ(z2, z1)A1(z1)Uγ(z1, 0)]. (4.22)

This can be rewritten the as

GA1,A2(z1, z2) =θ(z1 − z2)Tr[Uγ(−ih̄β, 0)Uγ(0, z1)A1(z1)Uγ(z1, z2)A2(z2)Uγ(z2, 0)]

+θ(z2 − z1)Tr[Uγ(−ih̄β, 0)Uγ(0, z2)A2(z2)Uγ(z2, z1)A1(z1)Uγ(z1, 0)].

(4.23)

To take the the derivatives with respect to z1 and z2, we use the equations bellow which come

from (4.16)

d
dz1

Uγ(z1, z2) = − i
h̄

Hγ(z1)Uγ(z1, z2)

d
dz1

Uγ(z2, z1) =
i
h̄

Uγ(z2, z1)Hγ(z1). (4.24)
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Using above equations we can take the derivative of (4.23) to obtain the equations of motion

for the two-point correlation function

∂

∂z1
GA1,A2(z1, z2) =

i
h̄

θ(z1 − z2)Tr[Uγ(−ih̄β, 0)Uγ(0, z1)[Hγ(z1), A1(z1)]Uγ(z1, z2)A2(z2)Uγ(z2, 0)]

+
i
h̄

θ(z2 − z1)Tr[Uγ(−ih̄β, 0)Uγ(0, z2)A2(z2)Uγ(z2, z1)[Hγ(z1), A1(z1)]Uγ(z1, 0)]

+δ(z1 − z2)Tr {Uγ(−ih̄β, 0)Uγ(0, z1)A1(z1)Uγ(z1, z2)A2(z2)Uγ(z2, 0)}

−δ(z1 − z2)Tr {Uγ(−ih̄β, 0)Uγ(0, z2)A2(z2)Uγ(z2, z1)A1(z1)Uγ(z1, 0)} ,

∂

∂z2
GA1,A2(z1, z2) =

i
h̄

θ(z1 − z2)Tr[Uγ(−ih̄β, 0)Uγ(0, z1)A1(z1)Uγ(z1, z2)[Hγ(z2), A2(z2)]Uγ(z2, 0)]

+
i
h̄

θ(z2 − z1)Tr[Uγ(−ih̄β, 0)Uγ(0, z2)[Hγ(z2), A2(z2)]Uγ(z2, z1)A1(z1)Uγ(z1, 0)]

−δ(z1 − z2)Tr {Uγ(−ih̄β, 0)Uγ(0, z1)A1(z1)Uγ(z1, z2)A2(z2)Uγ(z2, 0)}

+δ(z1 − z2)Tr {Uγ(−ih̄β, 0)Uγ(0, z2)A2(z2)Uγ(z2, z1)A1(z1)Uγ(z1, 0)} . (4.25)

More general correlation functions can be obtained by including more operators in the trace

(4.22). For instance, we introduce the n-operator correlation function as

GA1,..An(z1, ...zn) = Tr
[
Tγ

{
e−

i
h̄

∫
γ Hγ(z)dz A1(z1)...An(zn)

}]
. (4.26)

The primary focus of this chapter is on scenarios where the operators Ai are composed of

bosonic or fermionic creation and annihilation operators. However, the equations of motion

(4.25) can only be solved in certain instances, such as when Hγ is quadratic, and A1,2 are

single creation/annihilation operators. Conversely, when Hγ is non-quadratic, the equations

(4.25) are not self-contained in GA1,A2 and depend on higher-order correlation functions,

which leads to the Martin Schwinger hierarchy [103].

That said for systems consisting of coupled bosons and fermions, the two point correla-

tion function is given by the Green’s function defined as

G(z, z′) ≡− i⟨Tγ{c̃(z)c̃†(z′)}⟩ = −iTr[Tγ{e−
i
h̄

∫
γ dzH0(z)c(z)c†(z′)}], (4.27)

The expression in equation (4.27) involves a bosonic/fermionic annihilation operator c, and

the angular brackets denote averaging over the density matrix of the initial state. This equa-

tion is a straightforward extension of the Keldysh contour GFs [62], but it is important to
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note that z and z′ are defined on the contour shown in Fig. 4.1C, as opposed to the standard

Keldysh contour.

By utilizing the aforementioned derivatives of the two-point correlation function GA1,A2 ,

it is possible to derive expressions for a bosonic operator a that is governed by the Hamilto-

nian H0 = ωa†a. Specifically, we obtain:

−i
d

dz′
⟨Tγ

{
a(z)a†(z′)

}
⟩ = ⟨Tγ

{
a(z)[ωa†(z′)a(z′), a†(z′)]

}
⟩+ i[a(z), a†(z′)]δ(z − z′)

= ω⟨Tγ

{
a(z)a†(z′)

}
⟩+ iδ(z − z′), (4.28)

where the δ-term appears because, if z′ > z, the ordering operator switches the position of a

and a†. Substituting the definition of the Green’s function into the equation above, we have

for a bosonic Green’s function,

d
dz′

G(0)
b (z, z′) = iωG(0)

b (z, z′) + iδ(z − z′). (4.29)

We can derive the same equation for a fermionic operator c as follows,

−i
d

dz′
⟨Tγ

{
c(z)c†(z′)

}
⟩ = ⟨Tγ

{
c(z)[ωc†(z′)c(z′), c†(z′)]

}
⟩+ i[c(t′), c†(t′)]δ(z − z′)

= ω⟨Tγ

{
c(z)c†(z′)

}
⟩+ iδ(z − z′), (4.30)

which is formally identical to Eq. (4.29). The solution of Eq. (4.29) for a generic GF reads

G(0)
b, f (z, z′) = −ie−iω(z−z′) {A

[
Θ(z − z′) + Θ(z′ − z)

]
+ Θ(z − z′)

}
. (4.31)

The value of the constant A in the aforementioned equation can be calculated using bound-

ary conditions [103]. Specifically, if we substitute either of the contour arguments with the

earliest and latest time instances on the contour, the results should be identical for bosons or

differ by a sign for fermions. For a two-point GF, we can therefore derive:

G(0)
b, f (−ih̄β, t′) = ±G(0)

b, f (0, t′),

G(0)
b, f (t,−ih̄β) = ±G(0)

b, f (t, 0), (4.32)

which leads to obtaining

G(0)
b, f (z, z′) = −ie−iω(z−z′)[± nΘγ(z′ − z) + n̄Θγ(z − z′)

]
. (4.33)
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In the equation above, the upper (lower) sign corresponds to bosons (fermions), n̄ = 1 ± n,

and n = nb, f (ω) = (eh̄βω ∓ 1)−1 represents the Bose (Fermi) distribution function associ-

ated with frequency ω. Similar to standard Schwinger-Keldysh theory, the contour Green’s

function lacks a clear physical interpretation. However, its components can be obtained by

restricting the z and z′ variables to specific branches of the contour (denoted by ± subscripts)

such as

G(0)
b, f (t+, t′−) = G(0)>

b, f (t+, t′−) = −in̄eh̄ωλe−iω(t−t′),

G(0)
b, f (t−, t′+) = G(0)<

b, f (t−, t′+) = ∓ine−h̄ωλe−iω(t−t′), (4.34)

The components of the contour Green’s function GA1,A2(z, z′) have physical meaning only

when we restrict z and z′ to selected branches of the contour. The greater (>) and lesser

(<) components are obtained by restricting the domain of z and z′ to γ− and γ+ branches,

respectively, and are given by Eq.(4.34). The λ-dependent displacement between γ− and

γ+ tracks gives rise to the dependence of the components on λ. Other components can

be obtained by choosing different contour arguments, such as the time-ordered and anti-

time-ordered components, which are λ-independent and are defined as G(0)T
b, f (t−, t′−) ≡

G(0)
b, f (t−, t′−) and G(0)T̄

b, f (t+, t′+) ≡ G(0)
b, f (t+, t′+), respectively. When λ = 0 and t = t′, the

Eqs.(4.34) represent the components of the non-interacting density matrix [90]. Choosing

instead both time arguments on γ− or γ+ we obtain the time ordered and anti-time ordered

GF

G(0)T
b, f (t−, t′−) = −ie−iω(t−t′)[± nΘ(t′ − t) + n̄Θ(t − t′)

]
,

G(0)T̄
b, f (t+, t′+) = −ie−iω(t−t′)[± nΘ(t − t′) + n̄Θ(t′ − t)

]
, (4.35)

where Θ is the Heaviside step function on the real axis. These functions coincide with the

conventional Green’s functions, and other components can be obtained by choosing different

arguments on the contour. For example, one can define mixed non-interacting Green’s func-

tions such as G(0)
b, f (t, iτ) for t ∈ γ± and iτ ∈ γ↑, which are relevant when considering the

more general assumption (4.12). However, these new Green’s functions do not play a role in

discussing the work statistics in the switching on/off scenario (4.11).

As a matter of fact, we can define a non-interacting GF with both arguments on the

vertical track, G(0)↑↑
b, f (r, r′) ≡ G(0)

b, f (ir, ir′) with ir, ir′ ∈ γ↑. As a consequence we have

G(0)↑↑
b, f (r, r′) = −ieω(r−r′)[± nΘ(r′ − r) + n̄Θ(r − r′)

]
. (4.36)
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Another possibility is represented by the case in which one argument is on the horizontal

branches and one on γ↑. We can identify four different cases G(0) ↑+
b, f (r, t) = G(0)

b, f (ir, t),

G(0) ↑−(r, t) = G(0)
b, f (ir, t), G(0) + ↑

b, f (t, r) = G(0)
b, f (t, ir), G(0)−↑

b, f (t, r) = G(0)
b, f (t, ir). We

explicitly write this four new components below

G(0)↑+
b, f (r, t′) = ∓ineω(r−λ)+iω(t f −t′); G(0)↑−

b, f (r, t′) = −in̄eωr+iω(t′−t f );

G(0)+ ↑
b, f (t, r′) = −in̄e−ω(r−λ)−iω(t f −t′); G(0)−↑

b, f (t, r′) = ∓ine−ωr−iω(t′−t f ). (4.37)

These definitions enable the extension of the theory to protocols that go beyond the switching

on/off paradigm, where the function χ(z) is defined as in Eq. (4.12). With the Green’s

functions now defined on the modified contour, we can proceed to explore the perturbation

theory of the work generating function.

4.5 Cumulant generating function of work for a weak perturba-

tion

Within the perturbative framework we can expand the second integral in the numerator of

Eq. (4.21) in terms of correlation functions of arbitrary order, and obtain an expression of the

form

MW(λ, t f ) =
∞

∑
n=0

1
n!

(
− i

h̄

)n ∫
γ

dz1 . . . dzn×

×Tr[Tγ{e−
i
h̄

∫
γ dzH0(z)χ(z1)H1(z1) . . . χ(zn)H1(zn)}]

Tr[Tγe−
i
h̄

∫
γ dzH0(z)]

. (4.38)

Each order n corresponds to an n-point correlation function of the Hamiltonian H1. As-

suming H1 to be a linear combination of fermionic and bosonic creation and annihilation

operators, Wick’s theorem can be used to decompose these correlation functions into non-

interacting Green’s functions [103, 90]. Importantly, the expansion of the correlation func-

tions in non-interacting Green’s functions is identical to standard perturbation theory because

Wick’s theorem follows from the commuting (or anti-commuting) algebra of the operators

c, c†, which holds regardless of the integration contour.

The diagrammatic representation of the discussion follows standard perturbation theory,

with the Feynman diagrams in Eq. (4.38) being identical except for the contour of integra-

tion for the vertex variables z1, . . . , zn and the non-interacting Green’s functions from Eq.

(4.33). For instance, let us consider the second-order perturbation theory of the Hamiltonian
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H1 = h̄ωχ(a + a†)c†c, where c and a are the annihilation operators for a fermionic and a

bosonic mode, respectively. The second-order contribution (n = 2) in Eq.(4.38) comprises

two connected Feynman diagrams, represented by the upper and lower panel diagrams in

Fig. 4.2a. Focusing on the former, denoted as M(2),1
W (λ, t), we find

M(2),1
W (λ, t f ) = −iω2

χ

∫∫
γ

dz1dz2χ(z1)χ(z2)G
(0)
b (z1, z2)G

(0)
f (z1, z2)G

(0)
f (z2, z1). (4.39)

For the switching on/off protocol of in Eq. (4.11), we divide the integration over γ into two

contributions of integration over γ− and γ+ (similar approach has been introduced before

by Langreth [70]), we rewrite the above integral in terms of the components of the GFs such

that

M(2),1
W (λ, t f ) = iω2

χ

∫∫ t f

0
dt1dt2χ(t1)χ(t2)×

×
{

G(0)T̄
b (t1, t2)G

(0)T̄
f (t1, t2)G

(0)T̄
f (t2, t1) + G(0)T

b (t1, t2)G
(0)T
f (t1, t2)G

(0)T
f (t2, t1)

−G(0)>
b (t1, t2)G

(0)>
f (t1, t2)G

(0)<
f (t2, t1)− G(0)<

b (t1, t2)G
(0)<
f (t1, t2)G

(0)>
f (t2, t1)

}
.

(4.40)

In a similar manner to the correspondence between Eq. (4.39) and Fig. 4.2a, we can establish

a relationship between the four terms in Eq. (4.40) and specific Feynman diagrams. These

diagrams incorporate a "charge" ± that reflects the position of the vertex variables on the

contour. An illustration of these diagrams can be seen in Fig. 4.2b.

Among these terms, the time-ordered and anti-time-ordered components remain indepen-

dent of the parameter λ. On the other hand, the G<,> functions include an exponential factor

of e±h̄ωλ that encodes the frequency h̄ω (as indicated in Eq. (4.34)). This factor captures the

energy transfer associated with the corresponding propagator.

The diagrammatic representation thus allows us to visually connect the mathematical ex-

pressions with the underlying physical processes, highlighting the role of the vertex variables

and the significance of the frequency-dependent terms in the Green’s functions.

The simplicity of this dependence allows us to introduce the concept of energy transferred

in a "charged" diagram d, denoted as Ed. This energy transfer is defined as Ed = h̄ ∑i sd
i ωi,

where the sum runs over all propagators in the diagram, and sd
i takes on values of 0, −1, or

1 depending on the nature of the propagator i in diagram d. Specifically, if the propagator

is a G< function, we set sd
i = −1; if it is a G> function, we set sd

i = 1; and if it is a GT,T̄

function, we set sd
i = 0.
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FIGURE 4.2: An example of how different Keldysh components appears in
the form of Feynman diagram. In both top and bottom figures, the diagram
on the left denotes the Fyenman diagram while the diagrams on the right
are the diagrams related to the components of the Green’s functions. The
solid and wiggly lines denote the fermionic and bosonic non-interacting GFs,

respectively [20].
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Each diagram contributes to the generating function with a factor of Γd(t)eλEd
, where

Γd(t) represents a prefactor associated with the contribution of the diagram. This prefactor

can be determined by evaluating the contribution of the diagram itself, typically through the

calculation of a corresponding double integral over the time variables. For example, in the

case of Eq. (4.40), one can obtain Γd(t) by computing the relevant double integral.

For convenience we introduce the cumulant generating function (CGF), given by the

logarithm of Eq. (4.8),

CW(λ, t f ) = log Tr[Tγ

{
e−

i
h̄

∫
γ dzHγ(z)}]− log Tr[Tγ

{
e−

i
h̄

∫
γ dzH0(z)}]. (4.41)

As a consequence of the linked cluster theorem, above diagrammatic expansion of each of

the two logarithms contains only connected diagrams (see for example [103], chapter 11).

Therefore we obtain the following general formula for the CGF

CW(λ, t f ) = ∑
d,conn.

Γd(t)(eλEd − 1). (4.42)

The index d in the sum in Eq.(4.42) runs over all the connected charged diagrams. The cu-

mulative generating function (CGF) in Eq.(4.42) can be understood as a sum of independent

Poisson processes that are rescaled with average rates Γd(t) and energy jumps given by Ed.

Each diagram represents a distinct channel that enables the exchange of quantized energy Ed

with a Poissonian rate Γd(t). The universality of Eq. (4.42) is a consequence of the Poisson

law of rare events since, within the perturbative framework, the rates of energy exchange

processes are small. In the next subsections, we study two examples that can be used as a

verification of this result.

4.5.1 Dispersive coupling

In the case of the dispersive coupling model H1 ≈ (a+ a†)c†c we can verify the result of Eq.

(4.42) by direct calculation of the CGF using the matrix form of the time evolution operator.

The total Hamiltonian is given by

H = h̄ωba†a + h̄ω f c†c + h̄χωχc†c(a† + a). (4.43)

The bosonic and fermionic annihilation operators are denoted by a and c, respectively. The

CGF can be obtained using Eq.4.42, with the Feynman diagram for the second-order expan-

sion of Eq.(4.38) shown in Fig. 4.2a. The diagrams in Fig. 4.2b on the top are labeled as
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d = 1, . . . , 4, while those on the bottom are labeled as d = 5, . . . , 8. The diagrams with

Ed = 0 for d = 1, 2, 5, 6 contribute nothing to the CGF (4.42).

The contribution to the cumulant generating function comes from the three propagators

in the third and fourth diagrams of Fig. 4.2:

C(2)
W (λ, t f )d=3,4 =

iχ2ω2
χ

∫ t f

0

∫ t f

0
dt1dt2G(0)<

f (t1, t2)G
(0)>
f (t2, t1)[G

(0)>
b (t1, t2)− G(0)>

b (t1, t2)|λ=0]

iχ2ω2
χ

∫ t f

0

∫ t f

0
dt1dt2G(0)<

f (t1, t2)G
(0)>
f (t2, t1)[G

(0)<
b (t1, t2)− G(0)<

b (t1, t2)|λ=0].

(4.44)

The prefactor − 1
2 × 2 × −1 × i3 × −1 = i arises due to various factors. The term − 1

2

appears in every second-order diagram, while the factor of 2 accounts for the two possible

ways of exchanging the two vertices in Fig. 4.2. The single + in Fig. 4.2b contributes a factor

of −1, and the factor of i3 comes from the definition of many-body Green’s function (refer

to Eqs. (4.27) and (4.39)). Lastly, the factor of −1 is prescribed by the Wick theorem (see,

for instance, [103]).

The energy jumps for these diagrams d = 3, 4 are E3 = −h̄ωb and E4 = h̄ωb, respec-

tively, where we can verify them directly by replacing the components in Eq. (4.44),

C(2)
W (λ, t f )d=3,4 =

2χ2ω2
χ

ω2
b

(1 − cos
(
ωbt f

)
)[n f (ω f )− n f (ω f )

2]

×[(1 + nb(ωb))(eh̄ωbλ − 1) + nb(e−h̄ωbλ − 1))]. (4.45)

By direct comparison with Eq. (4.42), we find

Γ3(t f ) = γωb(t f )[n f (ω f )− n2
f (ω f )][1 + nb(ωb)],

Γ4(t f ) = γωb(t f )[n f (ω f )− n2
f (ω f )]nb(ωb), (4.46)

with γωb(t f ) =
2χ2ω2

χ

ω2
b

[1 − cos
(
ωbt f

)
]. The diagrams d = 7, 8 represented in Fig. 4.2 give

the same contributions as the ones computed for d = 3, 4 with only change that the prefactor

(−n2
f + n f ) will be exchanged with n2

f . Summing all the contributions, we obtain

C(2)
W (λ, t f ) = ∑

±
γωb(t f )n f (ω f )nb(∓ωb)(e±h̄ωbλ − 1). (4.47)

To verify this result we calculate the CGF directly. In fact, the fermionic operators in the
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Hamiltonian (4.43) can be expressed as Pauli matrices acting over a two dimensional Hilbert

space, by defining σ+ = c†, σz = 2c†c − 1. The anticommutation relations {σ−, σ+} =

{c, c+} = 1 are preserved and we obtain

H = h̄ωba†a + h̄
(

σz

2
+

1
2

)
(ω f + χωχa† + χωχa). (4.48)

The Hamiltonian commutes with σz, so we can write the time evolution operator as

U(t, 0) = T {e−
i
h̄

∫ t
0 H(s)ds} =

 e−
i
h̄ (h̄ωba†a+h̄ω f +h̄χωχa†+h̄χωχa)t 0

0 e−iωba†at

 . (4.49)

The top-left element of the matrix (4.49) is the same as from a driven harmonic oscillator.

We can define Hb = h̄ωb(a†a + 1/2) and

⟨1|e− i
h̄ Ht|1⟩ = e−i(ω f −ωb)te−

i
h̄ Hbt−iχωχ(a+a†)t, (4.50)

the exponential above can be written in terms of displacement operators [19]

e−
i
h̄ Hbt−iχωχ(a+a†)t = e

i
h̄ θ(t)D[δ(t)]e−

i
h̄ Hbt, (4.51)

where θ(t) is a phase factor and

D[δ(t)] = exp
{
(δ(t)a† − δ∗(t)a)

}
, (4.52)

is the displacement operator of argument δ(t). The time dependent parameter δ(t) is con-

nected to the classical solution for the Hamilton equations for the variable α(t) = x(t)+ip(t)√
2

,

with α(0) = 0. This variable evolve as α(t) = αe−iωt + δ(t), where δ(t) = χωχ

ωb
(1− e−iωt).

For counting the work statistics in the sudden quench scenario we have the following gener-

ating function

MW(λ, t f ) =
1
Z

Tr[eλH0U(t f , 0)e−(λ+β)H0U†(t f , 0)], (4.53)

so that it is clear using Eq. (4.49) that we have to evaluate the tilted displacement operator

D[δ(t f ), λ] = eλH0 D[δ(t f )]e−λH0 . Since eλH0 e−λH0 = 1 we can bring the two matrices at

the exponent in the displacement operator and obtain
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D[δ(t f ), λ] = exp
[
δ(t f )eλH0 a†e−λH0 − δ∗(t f )eλH0 ae−λH0

]
= exp

[
δ(t f )eh̄λωb a† − δ∗(t f )e−h̄λωb a

]
. (4.54)

Using Eq. (4.53) we find

MW(λ, t f ) =
1
Z

Tr[U†(t f , 0)Uλ(t f , 0)

 e−h̄βωba†ae−h̄βω f 0

0 e−h̄βωba†a

]

=
1
Z

Tr[

 D[−δ(t f )]D[δ(t f ), λ] 0

0 1

 e−h̄βωba†ae−h̄βω f 0

0 e−h̄βωba†a

],

(4.55)

Our focus lies in obtaining a weak perturbation expansion for the equation mentioned above.

This entails considering the condition δ(t f ) ≪ ωb, allowing us to perform a Taylor expan-

sion of D[−δ(t f )]D[δ(t f ), λ]. In this expansion, we retain only the terms that contain an

equal number of a and a† operators. Meanwhile, terms with unequal numbers of these op-

erators average out to zero, thereby playing no significant role in the expansion. Thus, we

have

D[−δ(t f )]D[δ(t f ), λ] = 1 + |δ(t f )|2[(eh̄λωb − 1)aa† + (e−h̄ωbλ − 1)a†a] + O(χ3).

(4.56)

The final expression for M(λ, t) thus reads

MW(λ, t f ) =
1

Z f
(1 + e−h̄βω f {1 + |δ(t f )|2[(eh̄λωb − 1)(1 + nb) + (e−h̄ωbλ − 1)nb]})

=1 + 4
χ2ω2

χ

ω2
b

sin2 (ωbt f

2
)
n f [(eh̄λωb − 1)(1 + nb) + (e−h̄ωbλ − 1)nb], (4.57)

computing the logarithm to find the expansion for the CGF and noting that 2 sin2(
ωbt f

2 ) =

1 − cos
(
ωbt f

)
we obtain and confirm the result of the Eq. (4.47).

4.5.2 Anharmonic oscillator

Another example of the application of our result is the anharmonic oscillator with Hamilto-

nian

H = h̄ωba†a + h̄χωχ(a† 2 + a2). (4.58)
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The standard protocol involves preparing the system in a Gibbs state of the unperturbed

Hamiltonian, turning on the anharmonic term at time zero, measuring the system’s energy

at times 0 and t before and after the perturbation, respectively. The vertex in Eq. (4.58)

corresponds to two lines pointing inward or outward, which in the second order generates a

single diagram in the form of a loop with two bosonic propagators between times t1 and t2.

The contribution of this diagram yields the second-order cumulant generating function will

be

C(2)
W (λ, t f ) = 2γ2ωb(t f )[(e−2h̄λωb − 1)n2

b + (1 + nb)
2(e2h̄λωb − 1)]. (4.59)

Similar to Eq. (4.42), this cumulant generating function contains two rescaled Poissonian

energy jumps with energies Ed = ±2h̄ωb and rates given by γ2ωb(t f )n2
b and γ2ωb(t f )(1 +

nb)
2, respectively.

4.5.3 Beyond switching on/off protocols

As we mentioned before, the other components of the Green’s function (4.37) are useful

when we want to deal with a scenario other than switching on/off. Considering a generic

integral of a function in the modified contour we have

∫
γ

χ(z) f (z)dz =
∫

γ+

χ(z) f (z)dz +
∫

γ−
χ(z) f (z)dz +

∫
γ↑

χ(z) f (z)dz

=
∫ t f

0
χ(t) f−(t)dt −

∫ t f

0
χ(t) f+(t)dt + iχ(t f )

∫ h̄λ

0
f↑(r)dr, (4.60)

where f↑, f± are the components of the function f in the modified contour. Notice that the

contribution of the downward and Matsubara tracks is absent. This is because we are implic-

itly assuming that χ(z) = 0 on γM,↓ as prescribed by the protocols (4.11) and (4.12). The

same decomposition of the integral can be done for the equations arising from the perturba-

tive expansion, such as Eq. (4.39).

For the ease of calculations, let us do them in the case in which the switching function is

given by

χ(z) =


0 for z ∈ γK,

0 for z ∈ γM,↓,

χ for z ∈ γ↑.

(4.61)
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In this scenario, the system undergoes a quench of the Hamiltonian ωχH1, followed by an

immediate measurement without allowing the system to evolve over time. We can compute

the generating function for the Hamiltonian given in Eq. (4.43). The involved diagrams are

the same as shown in panels A of Fig. 4.2, but we integrate over the vertical branch, and only

the Green’s function G(0)↑↑
b, f appears in the calculations. The integrals in Eq.(4.39) are then

simplified to

C(2)
W (λ, t f )d=1 = iχ2ω2

χ

∫ λ

0

∫ λ

0
dr1dr2G(0)↑↑

b (r1, r2)G
(0)↑↑
f (r1, r2)G

(0)↑↑
f (r2, r1)

= −χ2ω2
χ

∫ λ

0

∫ λ

0
dr1dr2(−n f n̄ f )eωb(r1−r2)[nbΘ(r2 − r1) + n̄bΘ(r1 − r2)]

= χ2ω2
χn f n̄ f [nb

h̄λωb + e−h̄λωb − 1
ω2

b
+ n̄b

−h̄λωb + eh̄λωb − 1
ω2

b
]

= χ2ω2
χ

n f − n2
f

ω2
b

[nb(e−h̄λωb − 1) + (1 + nb)(eh̄λωb − 1)− h̄λωb]. (4.62)

d = 1 indicates that the contribution of the diagram in Fig. 4.2 assumes the value of the

vertex variables to be chosen in γ↑. The contribution of the dumbbell diagram is instead

given by

M(2)
W (λ, t f )d=2 = −iχ2ω2

χ

∫ λ

0

∫ λ

0
dr1dr2G(0)↑↑

b (r1, r2)G
(0)↑↑
f (r1, r+1 )G

(0)↑↑
f (r2, r+2 )

= χ2ω2
χ

∫ λ

0

∫ λ

0
dr1dr2n2

f eωb(r1−r2)[nbΘ(r2 − r1) + n̄bΘ(r1 − r2)]

= χ2ω2
χn2

f [nb
h̄λωb + e−h̄λωb − 1

ω2
a

+ n̄b
−h̄λωb + eh̄λωb − 1

ω2
b

]

=
χ2ω2

χn2
f

ω2
b

[nb(e−h̄λωb − 1) + (1 + nb)(eh̄λωb − 1)− h̄λωb]. (4.63)

The CGF at second order can be obtained by summing the two contributions in (4.62) and

(4.63).

We have examined the perturbation expansion for the work MGF in two distinct sce-

narios thus far. To establish the reliability of this perturbative expansion, we investigate the

symmetries of the modified contour as a means to demonstrate its consistency.

4.6 Fluctuation theorems

In this section, we will explore a fluctuation symmetry that connects the MGF of the work

extraction process, MW , with that of the time-reversed process, Mrev
W . We assume that the
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system is initially in the Gibbs state, so that the Hamiltonian at t = 0 is equal to the unper-

turbed Hamiltonian, HM = H(0) = H0. To compute Mrev
W , we introduce the time-reversed

process, where the system is initialized in the Gibbs state ρrev(0) = e−βH(t f )/Z(t f ) and

undergoes a time-reversed evolution. The time-reversed evolution consists of a time-reversal

operation Ξ, such that Ξ = Ξ−1 and Ξi = −iΞ, and a forward evolution in which the driv-

ing protocol is reversed, i.e., Hrev(s) = H(t f − s) (assuming that the Hamiltonian does not

depend on a magnetic field B)

Ξρrev(t f )Ξ = Urev(t f , 0)Ξρrev(0)ΞU†
rev(t f , 0), (4.64)

where Urev(t f , 0) = T [exp
(
−i
∫ t f

0 Hrev(s)ds
)
]. Using Eq. (4.64) and ΞUrev(t f , 0)Ξ =

U†(t f , 0) we can write the following chain of equalities

MW(λ, t f ) =
1

Z(0)
Tr[Ue−βH(0)e−λH(0)U†eλH(t f )]

=
1

Z(0)
Tr[Ue−βH(0)e−λH(0)U†e(λ+β)H(t f )e−βH(t f )]

=
1

Z(0)
Tr[U†e(λ+β)H(t f )e−βH(t f )Ue−(λ+β)H(0)]

=
Z(t)
Z(0)

Mrev
W (−β − λ, t f ). (4.65)

After introducing the free energy difference as Z(t f )/Z(0) = e−β∆F the above result leads

to the fluctuation symmetry

MW(λ, t f ) = e−β∆F Mrev
W (−β − λ, t f ). (4.66)

To express the symmetry in the contour framework, it is important to note that the dependence

of Eq. (4.8) on the counting field and final time is incorporated through the modified contour

γ shown in Fig. 4.1C. Thus, each step in the derivation of Eq. (4.65) can be viewed as

a transformation of the contour itself, as illustrated in Fig. 4.2. The geometric symmetry

can be expressed by explicitly showing the dependence on λ, i.e., γλ = γrev
−λ−β, and the

ratio between the weighted generating function of the forward and time-reversed processes

becomes

MW(λ, t f )Z(t f )

Mrev
W (−λ − β, t f )Z(0)

=
Tr[Tγ

{
e−i

∫
γλ

H(z)dz}
]

Tr[Tγrev
−λ−β

{
e
−i
∫

γrev
−λ−β

H(z)dz}
]

= 1, (4.67)
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Adding and subtracting
a new track

Cyclic property of trace

and conjugation

A

D

B

C

21

34

134

1 2

3

FIGURE 4.3: A visual representation illustrating the proof of Eq. (4.65) is
presented. The connection between exponentials of time-dependent Hamil-
tonians and contour tracks enables a convenient analogy. By multiplying and
dividing by the exponential of −βH(t), we can equivalently add and sub-
tract a new track (1 → 2) in the graphical depiction. The exchange of −λ
with β + λ corresponds to an inversion of the blue and green dots (2 → 3).
The cyclic property of the trace, employed in the last step of the equalities
(4.65), can be visualized as removing slices from the end of the contour and
attaching them at z = 0 (3 → 4). The final step demonstrates that contour
4 is indeed associated with the backward evolution of the original contour

(4 → 1) [20].
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that is equivalent to the result (4.66). The proof of the FT based on the contour γ depicted

in Fig. 4.1 C is a fundamental structural symmetry of any theory that relies on this contour,

and is essential to demonstrate the thermodynamic consistency of the perturbation theory ex-

plained in the subsequent sections. This symmetry guarantees that the FT holds for all orders

of the perturbation in equation (4.38), since the Green’s function (4.33) and the integrations

in (4.38) are all defined on the modified contour. Consequently, the fluctuation symmetry

implies that the perturbation expansion of the time-reversed MGF will coincide with that of

the forward MGF for the switching on/off scenario, thereby preserving this symmetry at all

orders of the expansion.

At this point we may also discuss fluctuation theorem at the level of the single Feynman

diagrams.We can introduce time-reversed diagrams by examining the time-reversed generat-

ing function. Suppose we have two points z and z′ on the contour used to calculate MW in

Fig. 4.1c or Fig. 4.3a. We can also choose the same two points on the contour used for Mrev
W ,

as shown in Fig. 4.3d. If we take z = t and z′ = t′ + iλ, then we obtain

G(0)
b, f (z, z′) = G(0)<

b, f (t, t′) = G(0)>
b, f rev(t, t′). (4.68)

Let us consider G(0)>
rev as the greater component of the Green’s function (GF) on the contour

of Mrev
W . The relationship in equation (4.68) is derived from the inversion of the forward and

backward branches in the two contours depicted on the left side of Fig. 4.3. However, the

time-ordered and anti-time-ordered components remain unaffected by the relative positions

of the branches. Thus, we have G(0)T
b, f (t, t′) = G(0)T

b, f rev(t, t′) and G(0)T̄
b, f (t, t′) = G(0)T̄

b, f rev(t, t′).

If we interpret z and z′ as vertex variables in a switching-on/off protocol, similar to

Eq.(4.11), then Eq.(4.68) implies that for every diagram involved in the calculation of MW ,

there exists a corresponding diagram in the calculation of Mrev
W with the time arguments

chosen in the same branches. However, the two diagrams have different weights due to the

exchange of the lesser and greater Green’s functions in Eq.(4.68). The ratio of the contri-

butions from these two diagrams can be computed using Eq.(4.34) and the properties of the

GFs.
G(0)<

b, f (t, t′)

G(0)>
b, f (t, t′)

= ±e−βh̄ωe−2λh̄ω. (4.69)

In summary, the ratio of the contribution of a “charged” diagram and its time-reversed

counterpart is multiplied by a factor of ±eβh̄ωe−2λh̄ω for every lesser GF, and a factor of

±e−βh̄ωe+2λh̄ω for every greater GF present in the original diagram, where ω represents the
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frequency of the corresponding fermionic/bosonic mode. In Section 4.5, we introduced Ed

and setting λ = 0, resulting in the relationship between the weights Γd(t f ) and Γrev
d (t f ) of a

given diagram and its time-reversed counterpart:

Γd(t f )

Γrev
d (t f )

= eβEd , (4.70)

where the sign contribution ± in Eq. (4.69) can be neglected by assuming that the interaction

Hamiltonian contains an even number of fermionic fields. The Crooks fluctuation relation

in Eq. (4.70) can be interpreted as a diagrammatic representation of the detailed balance

conditions [1, 69, 91, 101]. It is worth noting that the requirement in Eq. (4.70) is more

stringent than the FT for the CGF, CW(λ, t f ) = Crev
W (λ, t f ), since it applies to individual

transitions rather than the overall statistics. Furthermore, one can derive the FT for the CGF

from Eqs. (4.70) and (4.42) in a straightforward manner.

In conclusion, we have developed a perturbative expansion on the modified contour that

is consistent at all perturbative orders, satisfying the fluctuation theorem. However, as we

have also discussed in chapter 2 regarding heat generating functions, it is also possible to

study the Feynman path integral representation of the generating functions. Therefore, In the

upcoming sections, we will investigate the application of Feynman path integral techniques

to the modified contour framework.

4.7 Path integrals on the modified contour

To go beyond perturbation theory, one can express Eq. (4.8) in terms of path integrals [41,

42, 9]. which can be considered as an extension of the usual Feynman path integral approach

on the Keldysh contour [113, 100, 35]. Employing this approach, we will find out that the

modified contour is in fact particularly suitable for work statistics and for describing the

semiclassical limit of the MGF by performing an expansion for small values of h̄ of the

generating function [86]. Considering the Hamiltonian of a single particle in an external

potential we can write,

H(t) =
P2

2m
+ V[α(t), X], (4.71)

where P is the momentum operator, m is mass and V[α(t), X] is a single particle potential in

the particle position X, which depends parametrically on an external driving parameter α(t).

Inserting the Hamiltonian (4.71) into Eq. (4.8) and performing a Trotter decomposition of

the contour-ordered exponentials, we obtain the path integral form of the moment generating
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function,

MW(λ, t f ) =
1

Z(0)

∫
Dx(z)Dp(z)e

i
h̄ S[x(z),p(z)], (4.72)

where p(z) and x(z) are the momentum and position fields defined on the modified contour

γ, Z(0) is the partition function corresponding to the Hamiltonian at time 0 and S is the

classical action

S =
∫

γ
dz
{

dx(z)
dz

p(z)− Hγ[x(z), p(z)]
}

. (4.73)

In this presentation, we demonstrate the derivation of a measurement operator denoted as Λ,

which corresponds to the total energy. It is given by the equation Λ = P2

2m +V(X). However,

it should be noted that the formalism described can be applied to alternative measurement

operators as well.

To facilitate the analysis, we divide the fields on the contour by assigning components

to them, following a similar approach to that employed for the Green’s functions (GFs). By

defining the variable z as z = t + iτ, we can express the aforementioned division as

x(z) =



x−(t) for z = t ∈ γ−,

x+(t) for z = t + iλ ∈ γ+,

x↑(τ) for z = t f + iτ ∈ γ↑,

x↓(τ), xM(τ) for z = iτ ∈ γ↓,M,

(4.74)

and analogously for p(z). To write the path integral in terms of the position coordinates we

consider the quantity S = (i/h̄S) in the exponent of the Eq. (4.72). We have

S =
i
h̄

∫
γ

{
d
dz

x(z)p(z)− p(z)2

2m
− V[x(z)]

}
dz, (4.75)

where to simplify the notation, we omit the parameter α from the argument of V. The inte-

gration of the momentum variables yields different outcomes depending on the branch under

consideration. Using discrete notation, the exponent of the path integral can be expressed as

follows:

on γ− → − i
h̄

p2(t)
2m

∆t +
i
h̄

dx(t)
dt

p(t)∆t; on γ+ → i
h̄

p2(t)
2m

∆t − i
h̄

dx(t)
dt

p(t)∆t;

(4.76)

on γ↑ →
p2
↑(τ)

2m
∆τ− i

dx↑(τ)
dτ

p↑(τ)∆τ; on γ↓,M →−
p2
↓,M(τ)

2m
∆τ + i

dx↓,M(τ)

dτ
p(τ)∆τ,

(4.77)
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where we have assumed z = t + iτ. After eliminating the momentum variables from the ac-

tion of the path integral via gaussian integration, the new exponents on the different branches

of the contour read

on γ− → i
2h̄

m
[

dx(t)
dt

]2

∆t; on γ+ → − i
2h̄

m
[

dx(t)
dt

]2

∆t;

on γ↑ → 1
2

m
[

dx(τ)
dτ

]2

∆τ; on γ↓, γM → −1
2

m
[

dx(τ)
dτ

]2

∆τ.

(4.78)

The terms mentioned above contribute to the exponent in the path integral and can be ex-

pressed as iT, −iT, T, and −T, where T represents the kinetic energy. Upon reverting to the

contour variable z, this contribution from the kinetic term combines with the potential energy

and yields a modified expression:

on γ− → (iT − iV)∆t = (iT − iV)∆z = iLdz;

on γ+ → (−iT + iV)∆t = (−iT + iV)(−∆z) = iLdz;

on γ↑ → (T + V)∆τ = −i(T + V)∆z = iL↑dz;

on γ↓, γM → −(T + V)∆τ = i(T + V)(−∆z) = iL↓/Mdz.

(4.79)

In total we can write the exponent of the path integral as

S =
i
h̄

∫
γ
Lγ

[
x(z), x′(z)

]
dz, (4.80)

where L is defined on the contour as

Lγ(z) =


L[x(t), ẋ(t)] for z ∈ γK,

L↑,L↓,LM for z ∈ γ↑,↓,M.
(4.81)

Therefore we will write

MW(λ, t f ) =
1

Z(0)

∫
D′x(z)e

i
h̄ S[x(z)], (4.82)

where D′x(z) is the new measure of integration following the elimination of the momenta,

and the Lagrangian action reads

S =
∫

γ
dz Lγ [α(z), x(z)] , (4.83)
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where Lγ is the Lagrangian on the modified contour that according to the portion of the

contour of interest can assume different forms as

Lγ[α(z), x(z)] =



L[α(t), x−(t)] z = t ∈ γ−,

L[α(t), x+(t)] z = t + iλ ∈ γ+,

L↑[α(t f ), x↑(τ)] z = t f + iτ ∈ γ↑

L↓,M[α(0), x↓,M(τ)], z = iτ ∈ γ↓,M,

(4.84)

where we have

L[α(t), x(t)] =
1
2

m
[

dx(t)
dt

]2

− V[α(t), x(t)],

L↑[α(t f ), x↑(τ)] = −1
2

m
[

dx↑(τ)
dτ

]2

− V[α(t f ), x↑(τ)],

L↓,M[α(0), x↓,M(τ)] = −1
2

m
[

dx↓,M(τ)

dτ

]2

− V[α(0), x↓,M(τ)].

(4.85)

This observation suggests that the Lagrangian on the vertical branches corresponds to the

negation of the classical energy. By utilizing the action-based generating function mentioned

in Eq. (4.73), one can analyze the characteristics of work fluctuations at the path integral

level and explore its semi-classical limit.

4.7.1 Symmetrization of the contour and Keldysh rotation

As per the quantum-classical correspondence principle [57], the generating function’s semi-

classical limit should yield its classical analogue at the first non-zero order in h̄. Therefore,

the path integral representation of the generating function (4.82) on the contour γ must repli-

cate its stochastic path integral counterpart in an appropriate limit [105, 72, 53]. However,

there exists a disparity between the domains of integration of the stochastic path integral,

which is [0, t f ], and the Keldysh contour [22, 77, 2]. In the path integral formulation of dy-

namics, this obstacle is surmountable since the forward (γ−) and backward (γ+) branches

are identical. Consequently, integration on the Keldysh contour becomes integration on the

segment [0, t f ] of the forward and backward actions’ difference [62]. To apply this reasoning

to the contour depicted in Fig. 4.1c, we need to transform it to divide it equally into two

halves. To achieve this symmetrization, we assign half of the vertical lines of γ↑, γ↓ and

γM to an upper branch called γ⊕, while the other half of the lines goes to a lower branch,
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γ⊖ (refer to Fig. 4.4 for a detailed description of this process). Subsequently, for the sym-

metrized contour in Fig. 4.4c, an argument z ∈ γ⊕ maps to γ⊖ via complex conjugation,

which enables us to represent the action in Eq.(4.83) as

S =
∫

γ⊖
Lγ [x⊖(z), α(z)] dz +

∫
γ⊕

Lγ [x⊕(z), α(z)] dz

=
∫

γ⊖
Lγ [x⊖(z), α(z)] dz −

∫
γ⊖

Lγ[x⊕(z∗), α(z∗)]dz∗

=
∫

γ⊖
{Lγ[x⊖(z), α(z)]−Lγ[x⊕(z∗), α(z∗)]} d Re z

+ i
∫

γ⊖
{Lγ[x⊖(z), α(z)] + Lγ[x⊕(z∗), α(z∗)]}d Im z, (4.86)

In the last equation, we have split the differential dz into its real and imaginary parts. Fol-

lowing a similar procedure to the Keldysh rotation [89, 86, 88, 99], we can introduce the

classical and quantum fields as:

xcl(z) =
1
2
[x⊖(z) + x⊕(z∗)] , xq(z) =

1
2
[x⊖(z)− x⊕(z∗)] . (4.87)

By substituting the above expressions into the action in Eq. (4.86), we can rewrite the gener-

ating function as a path integral over γ⊖. It is worth noting that the integrand of the action

in Eq. (4.86) depends on the specific branch of the contour. For instance, Im : z vanishes

on γ(⊖,−), while Re z vanishes on γ(⊖,↑), γ(⊖,↓), and γ(⊖,M). Therefore, it is convenient to

separate the contributions of the horizontal and vertical branches, resulting in:

MW(λ, t f ) =
1

Z(0)

∫
D′xcl/q(z)e

1
h̄

∫
γ(⊖,↓),(⊖,M)

Σ[xcl(z),xq(z)]d Im z

× e
i
h̄

∫
γ(⊖,−)

M[xcl(z),xq(z)]d Re z
e

1
h̄

∫
γ(⊖,↑)

Σ[xcl(z),xq(z)]d Im z
, (4.88)

where D′xcl/q(z) = D′xcl(z)D′xq(z) and we introduced the functions

Σ = −m
(

ẋ2
cl + ẋ2

q

)
+ V(α, xcl + xq) + V(α, xcl − xq),

M = 2mẋcl ẋq − V(α, xcl + xq) + V(α, xcl − xq). (4.89)

Note that in equation (4.86), the field domain of the path integral is denoted as γ⊖, with

the starting and ending points represented by z = iβh̄/2 and z = t f , respectively. As the

forward and backward fields are equal at these points, the boundary conditions for Equation

(4.88) are given by xq(t f ) = xq(iβh̄/2) = 0.

Drawing inspiration from the classical case, where the fluctuating work can be defined
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A B C

FIGURE 4.4: The contour in Fig. 4.1c can be transformed into a new sym-
metric contour by: a) Detaching the interval [−i h̄β

2 + i h̄λ
2 ,−ih̄β] (labeled as

γ̄) and attaching it to the initial part using the cyclic property of the trace. b)
Shifting the contour along the imaginary axis by h̄λ

2 , utilizing the translation
invariance of the generating function. c) The resulting symmetric contour
has z0 = i h̄β

2 and z1 = t f + i h̄λ
2 . The branches γ↑,↓,M in Fig. 4.1c can be

divided into γ(⊖,↑) ,γ(⊕,↑), γ(⊖,↓), γ(⊕,↓), and γ(⊖,M), γ(⊕,M). The branch
γ(⊖,M) extends from z0 to z = 0, while the branch γ(⊖,↓) extends from

z = 0 to z = −i h̄λ
2 [20].

based on the endpoints of stochastic trajectories, it is natural to introduce a quantum energy

function at time t f . This function is defined as follows:

EQ(λ, t f ) =
1

h̄λ

∫
γ(⊖,↑)

Σ[xcl(z), xq(z)]d Im z, (4.90)

and its analogue at the initial time t = 0, where γ(⊖,↑) is replaced by γ(⊖,↓). The difference

between the initial and final energy functions gives a characterization of the fluctuating work

at the trajectory level, and we can write the MGF as

MW(λ, t f ) =
1

Z(0)

∫
D′xcl/q(z)e

1
h̄

∫
γ(⊖,M)

Σ(z)d Im z
e

i
h̄

∫
γ(⊖,−)

M(z)d Re z
eλW(λ,t f ), (4.91)

where M(z) and Σ(z) are given in Eq. (4.89) and

W(λ, t f ) = EQ(λ, t f )− EQ(λ, 0). (4.92)

The specific symmetrization depicted in Fig. 4.4 plays a crucial role in obtaining a repre-

sentation of the MGF (Moment Generating Function) where W(λ, t f ) depends solely on the

initial and final points of the trajectories.

If an alternative contour had been chosen instead of the contour shown in Fig. 4.4c and

its lower half γ⊖ as the integration domain in the final equation set (4.86), the functional

dependence of W(λ, t f ) on the fields would have been different. A particularly noteworthy

alternative is the one utilized by Funo and Quan [42], which will be summarized in the
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subsequent section.

4.7.2 Comparison with an asymmetric contour

To highlight the distinction in our approach using an asymmetric contour, we opted for the

contour presented in Reference [42]. In this paper, the authors have explored work statis-

tics using Feynman path integral techniques applied to an asymmetric modification of the

Keldysh contour. The key feature of this contour is that it does not have any vertical branches

except for the γM branch. This is because the counting fields λ are purely imaginary. As a

result, our modified contour can be transformed into the one introduced in [42] by replacing

λ with −iλ. This substitution effectively replaces the original contour γ with a flat contour,

as depicted in Fig. 4.5b.

With this chosen contour, it becomes possible to calculate the characteristic function of

work using path integrals. The expression for the characteristic function of work is given by:

MW(iλ, t f ) =
1

Z(0)

∫
D′xMD′xD′ye−

i
h̄ (S1[x]−S2[y])− 1

h̄ SM [xM ], (4.93)

where S1, S2 and SM are the the actions of the forward, backward and γM branches in the

contour of Fig. 4.5b, respectively,

S1 =
∫ h̄λ

0
dsL [α(0), x(s)] +

∫ h̄λ+t f

h̄λ
dsL [α(s − h̄λ), x(s)] ,

S2 =
∫ t f

0
dsL [α(s), y(s)] +

∫ h̄λ+t f

t f

dsL
[
α(t f ), y(s)

]
,

SM =
∫ −h̄β

0
dsLM [α(0), xM(s)] . (4.94)

The fields in the path integral equation (4.93) are subject to the following boundary condi-

tions: x(h̄λ + t f ) = y(h̄λ + t f ), xM(−h̄β) = x(0), and xM(0) = y(0). These boundary

conditions arise directly from the continuity requirement of the field x(z) along the modified

contour. In the context of Fig. 4.5b, where x, y, and xM represent the components of the field

on the contour, these boundary conditions differ from those specified by equation (4.74) in

the case of Fig. 4.5a.

It should be noted that, unlike the contour shown in Fig. 4.5b, the Lagrangian in the

forward and backward branches now exhibits differences. This is due to the definition of

the work functional as a difference between the forward and backward action in terms of the
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FIGURE 4.5: We can convert the modified contour into an asymmetric one
by substituting λ with −iλ. a) The modified contour in its original form.
b) The resulting asymmetric contour after the transformation. This contour
can be utilized to define the work functional based on the forward paths. By
employing this asymmetric contour, we can study the properties and charac-

teristics of the work functional [42, 20].

forward path x (for details we refer to Ref. [42])

iλWλ[x] =
i
h̄

(
Sλ

1 [x]− Sλ
2 [x]

)
, (4.95)

which after some manipulations makes it possible to express the work functional at the level

of quantum trajectories:

Wλ =
∫ t f

0
dt

1
h̄λ

∫ h̄λ

0
dsα̇(t)

∂V[α(t), x(t + s)]
∂α(t)

, (4.96)

In the first integral, the integrand serves as a quantum extension of the concept of instanta-

neous power. This outcome differs from the representation (4.92), where the work is solely

expressed as a function of the endpoints of the trajectories.

After highlighting the significance of contour symmetry, we can utilize the symmetrized

contour to investigate the semiclassical limit of the work moment generating function. This

semiclassical analysis allows us to derive classical and quantum corrections to the work MGF,

shedding light on the interplay between classical and quantum dynamics in thermodynamic

processes.

4.7.3 Semiclassical limit

For the analysis of the semiclassical limit, it is advantageous to express the path integral in

the Hamiltonian convention, keeping the integration over the momentum fields p until the

final stages of the calculation. In this scenario, we can replicate the procedure described in

Section 4.7.1 and obtain an equivalent result to the equation (4.88), but with the inclusion of

the momentum variables Dpx/cl in the path integral. To demonstrate this, we can write the
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following;

i
h̄

S =
i
h̄

∫
γ

dz
{

dx(z)
dz

p(z)− Hγ[x(z), p(z)]
}

=
i
h̄

∫
γ⊖

dz
{

dx⊖(z)
dz

p⊖(z)− Hγ[x⊖(z), p⊖(z)]
}

− i
h̄

∫
γ⊖

dz∗
{

dx⊕(z∗)
dz∗

p⊕(z∗)− Hγ[x⊕(z∗), p⊕(z∗)]
}

=
i
h̄

∫
γ⊖

d Re z
{

dx⊖(z)
dz

p⊖(z)−
dx⊕(z∗)

dz
p⊕(z∗)− H−

}
−1

h̄

∫
γ⊖

d Im z
{

dx⊖(z)
dz

p⊖(z)−
dx⊕(z∗)

dz
p⊕(z∗)− H+

}
, (4.97)

where we defined

H± = Hγ[x⊖(z), p⊖(z)]± Hγ[x⊕(z∗), p⊕(z∗)], (4.98)

and we used that in the vertical branches, in which d Im z ̸= 0, we have d
dz∗ = − d

dz , while

in the horizotontal branches, in which d Re z ̸= 0, we have d
dz∗ = d

dz . To write the action in

terms of the quantum and classical components of the fields we apply the linear transforma-

tion (4.87) and substitute xcl(z) = 1/2[x⊖(z) + x⊕(z∗)], xq(z) = 1/2[x⊖(z)− x⊕(z∗)],

pq(z) = 1/2[p⊖(z)− p⊕(z∗)] and pcl(z) = 1/2[p⊖(z) + p⊕(z∗)], therefore

dx⊖(z)
dz

p⊖(z)−
dx⊕(z∗)

dz
p⊕(z∗) =

dxcl(z)
dz

[p⊖(z)− p⊕(z∗)] +
dxq(z)

dz
[p⊖(z) + p⊕(z∗)]. (4.99)

From it, using again Eq. (4.87), we obtain an expression only in terms of the quantum and

classical components

dx⊖(z)
dz

p⊖(z)−
dx⊕(z∗)

dz
p⊕(z∗) = 2

dxcl(z)
dz

pq(z) + 2
dxq(z)

dz
pcl(z). (4.100)

If we replace the equation above in Eq. (4.97) we obtain the action in terms of the quantum

and classical variables

i
h̄

S =
i
h̄

∫
γ⊖

d Rez
{

2
dxcl(z)

dz
pq(z) + 2

dxq(z)
dz

pcl(z)
}

− i
h̄

∫
γ⊖

d Rez
{

Hγ[xcl(z) + xq(z), pcl(z) + pq(z)]−Hγ[xcl(z)− xq(z), pcl(z)− pq(z)]
}

−1
h̄

∫
γ⊖

d Im z
{

2
dxcl(z)

dz
pq(z) + 2

dxq(z)
dz

pcl(z)
}
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+
1
h̄

∫
γ⊖

d Im z
{

Hγ[xcl(z) + xq(z), pcl(z) + pq(z)]+Hγ[xcl(z)− xq(z), pcl(z)− pq(z)]
}

.

(4.101)

Therefore, the functions M and Σ are replaced by

Σh = K+ m
(

p2
cl + p2

q

)
+ V[α, xcl + xq] + V[α, xcl − xq],

Mh = K+
2
m

pcl pq − V[α, xcl + xq] + V[α, xcl − xq]. (4.102)

Here, K = 2pq

(
dxcl
dz

)
− 2xq

(
dpcl
dz

)
. In the classical limit, we anticipate that the final energy

will depend on xcl(t f ) and pcl(t f ). Consequently, we assume that the contribution of xq and

pq is negligible along the vertical branches. This assumption can be verified by considering

the nonlinear contributions in xq and pq and demonstrating that they scale with higher powers

of h̄ (refer to [86] for further details).

Expanding both integrals over the quantum variables xq and pq up to second order in

(4.101), we obtain the following expression for the horizontal track:

Hγ[xcl(z) + xq(z), pcl(z) + pq(z)]− Hγ[xcl(z)− xq(z), pcl(z)− pq(z)] =

2
pcl pq

m
+ V[xcl(z) + xq(z)]− V[xcl(z)− xq(z)] ≈ 2

pcl pq

m
+ 2xq

∂

∂xcl
V[xcl ],

(4.103)

and for the vertical branches

Hγ[xcl(z) + xq(z), pcl(z) + pq(z)] + Hγ[xcl(z)− xq(z), pcl(z)− pq(z)] =

2Hγ[xcl(z), pcl(z)] +
p2

q(z)
m

+ x2
q(z)

∂2

∂x2
cl

V[xcl ].

After integrating by parts Eq. (4.101) and replacing the expansions (4.103) and (4.104) we

obtain

i
h̄

S =
2i
h̄

∫
γ⊖

d Re z
{

dxcl(z)
dz

pq(z)−
dpcl(z)

dz
xq(z)−

[
pq pcl

m
+ xq

∂

∂xcl
V[xcl ]

]}
−2

h̄

∫
γ⊖

d Im z

{
dxcl(z)

dz
pq(z)−

dpcl(z)
dz

xq(z)

−
[

Hγ[xcl(z), pcl(z)] +
p2

q(z)
2m

+
1
2

x2
q(z)

∂2

∂x2
cl

V[xcl ]

]}
. (4.104)

It is worth noting that the boundary terms resulting from the integration by parts vanish due

to the boundary conditions xq(t f ) = xq(ih̄β/2) = 0.
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Next, we decompose the integral over the vertical lines (
∫

γ⊖
d Im z) into two distinct

contributions represented by the vertical tracks γ(⊖,↑) and γ(⊖,↓),(⊖,M). We express the com-

ponents of the quantum and classical fields as follows:

xcl/q(z) =


xcl/q↑(τ) for z = t f + iτ ∈ γ(⊖,↑),

xcl/q↓(τ) for z = iτ ∈ γ(⊖,↓),(⊖,M).
(4.105)

In equation (4.74), we denoted the components of the branches γM and γ↓ as xM(τ) and

x↓(τ), respectively. However, on the symmetrized contour, for the sake of simplicity in

calculations, we represent the fields on the branches γ(⊖,↓) and γ(⊖,M) as xcl/q↓(τ). In this

way we will have

−2
h̄

∫
γ⊖

d Im z

{
dxcl(z)

dz
pq(z)−

dpcl(z)
dz

xq(z)

−
[

Hγ[xcl(z), pcl(z)] +
p2

q(z)
2m

+
1
2

x2
q(z)

∂2

∂x2
cl

V[xcl ]

]}
=

−2
h̄

∫ 0

−λh̄/2
dτ

{
i
dpcl↑(τ)

dτ
xq↑(τ)− i

dxcl↑(τ)

dτ
pq↑(τ)

−
[

p2
cl↑(τ)

2m
+ V[xcl↑(τ)] +

p2
q↑(τ)

2m
+

1
2

x2
q↑(τ)V

′′
[xcl↑(τ)]

]}

+
2
h̄

∫ βh̄/2

−λh̄/2
dτ

{
i
dpcl↓(τ)

dτ
xq↓(τ)− i

dxcl↓(τ)

dτ
pq↓(τ)

−
[

p2
cl↓(τ)

2m
+ V[xcl↓(τ)] +

p2
q↓(τ)

2m
+

1
2

x2
q↓(τ)V

′′
[xcl↓(τ)]

]}
. (4.106)

By utilizing the equation mentioned above, we observe that to first order in pq and xq, euation

(4.102) yields Σh ≈ K + 2Ecl(z) = K +
p2

cl(z)
m + 2V[α(t f ), xcl(z)]. Consequently, at this

order, the path integrals over xq and pq become trivial. As the function K includes the first

order of the quantum fields, the path integral over γ(⊖,↑) can be expressed as

∫
DxqDpqe

∫
γ(⊖,↑)

K(xcl ,xq,pcl ,pq)dz
= ∏

ξ=p,q
δ[ξcl(z)− ξcl(t f )]. (4.107)

Consequently, in this limit, the only permissible classical paths are those in which xcl(z) and

pcl(z) on the vertical branches are consistently equal to xcl(t f ) and pcl(t f ). Keeping this in
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mind, the path integral over the classical fields can be straightforwardly evaluated as

∫
DxclDpcle

∫
γ(⊖,↑)

[ 1
m p2

cl+2V(α,xcl)]dz
∏

ξ

δ[ξcl(z)− ξcl(t f )] = e
λ

{
p2

cl (t f )
2m +V[α(t f ),xcl(t f )]

}
.

(4.108)

Combining this result with the one we obtain doing the analogous calculation on γ(⊖,↓) and

γ(⊖,M), we finally conclude that

W(λ, t f ) = Ecl(t f )− Ecl(0) + O(h̄). (4.109)

This expression corresponds to the classical counterpart of Equation (4.92). Notably, this

outcome remains unaffected by the presence of λ and aligns with the fluctuations of work in

classical driven isolated systems [65, 56].

To obtain the first quantum correction to this result, we retain the quadratic terms in xq

and pq from the expansion of Equation (4.106). This leads to a Gaussian integral over the

quantum fields. If we define i
h̄ S̃ as the exponent of the path integral following this Gaussian

integration, we obtain

iS̃
h̄

=
1
h̄

∫ 0

−h̄λ/2

dτ

V ′′ [xcl↑(τ)]

[
dpcl↑(τ)

dτ

]2

+
1
h̄

∫ 0

−h̄λ/2
dτm

[
dxcl↑(τ)

dτ

]2

+
2
h̄

∫ 0

−λh̄/2
dτ

{
p2

cl↑(τ)

2m
+ V[xcl↑(τ)]

}
− 1

h̄

∫ βh̄/2

−h̄λ/2

dτ

V ′′ [xcl↓(τ)]

[
dpcl↓(τ)

dτ

]2

−1
h̄

∫ βh̄/2

−h̄λ/2
dτm

[
dxcl↓(τ)

dτ

]2

− 2
h̄

∫ βh̄/2

−h̄λ/2
dτ

{
p2

cl↓(τ)

2m
+ V[xcl↓(τ)]

}
. (4.110)

It is important to note that a consequence of the path integration mentioned above is a change

in the normalization factor proportional to 1/
√

V ′′ [xcl↓(τ)] and 1/
√

V ′′ [xcl↑(τ)]. To fa-

cilitate further manipulations, we make the assumption that the quantities V
′′
[xcl↓(τ)] and

V
′′
[xcl↑(τ)] can be replaced with V

′′
[xcl(0)], V

′′
[xcl(0)], V

′′
[xcl(t f )], and V

′′
[xcl(t f )] re-

spectively, both in the kinetic terms of the action and in the normalization factor.

The rationale behind this replacement is that the vertical tracks are short in the semiclas-

sical limit, allowing us to substitute the values of the fields at the boundaries of γ↑ and γ↓

with the values of the fields at those boundaries.
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We now turn our attention to the integral involving the momentum variables. By defining

m̃(t f ) = 2/V
′′
[xcl↑(t f )] and ω(t f ) =

√
V ′′ [xcl↑(t f )]/m, we obtain:

∫
Dpcl↑ exp

{
1
h̄

∫ 0

−λh̄/2
dτ

m̃(t f )

2

[
dpcl↑(τ)

dτ

]2

+
m̃(t f )ω

2(t f )p2
cl↑(τ)

2

}
=√

m̃ω

2πh̄ sinh(h̄ωλ/2)
e
{

m̃ω
2h̄ sinh(h̄ωλ/2){[p2

cl(t f )+p2
cl↑(0)] cosh(h̄ωλ/2)−2pcl(t f )pcl↑(0)}

}
. (4.111)

Let us for now restrict our analysis to γ↑. The integral over pcl↑(0) will give

∫
Dpcl↑

√
m̃ω

2πh̄ sinh(h̄ωλ/2)
e
{

m̃ω
2h̄ sinh(h̄ωλ/2){[p2

cl(t f )+p2
cl↑(0)] cosh(h̄ωλ/2)−2pcl(t f )pcl↑(0)}

}

=

√
1

2 cosh(h̄ωλ/2)
exp

{
p2

cl(t f )m̃ω

2h̄ cosh(h̄ωλ/2)
sinh(h̄ωλ/2)

}
. (4.112)

Similar to this we will do the integration on the other vertical branch. This will result in

∫
Dpcl↓ exp

{
−1
h̄

∫ βh̄/2

−λh̄/2
dτ

m̃(t f )

2

[
dpcl↓(τ)

dτ

]2

+
m̃(t f )ω

2(t f )p2
cl↓(τ)

2

}
=√

m̃ω

2πh̄ sinh(h̄ω(λ + β)/2)
exp

{
− m̃ω cosh(h̄ω(λ + β)/2)

2h̄ sinh(h̄ω(λ + β)/2)

[
p2

cl(0) + p2
cl↓(βh̄/2)

]}
× exp

{
m̃ω

2h̄ sinh(h̄ω(λ + β)/2)
{

2pcl(0)pcl↓(βh̄/2)
}}

. (4.113)

We are still missing the integration over pcl↓(βh̄/2). This will be in line with the above

results and yields

∫
Dpcl↓ exp

{
−1
h̄

∫ βh̄/2

−λh̄/2
dτ

m̃(t f )

2

[
dpcl↓(τ)

dτ

]2

+
m̃(t f )ω

2(t f )p2
cl↓(τ)

2

}
=√

1
2 cosh(h̄ω(λ + β)/2)

exp

{
−p2

cl(0)m̃ω

2h̄ cosh(h̄ω(λ + β)/2)
sinh(h̄ω(λ + β)/2)

}
.

(4.114)

Above calculations will pave the way to write the total contribution of the vertical branches

to the path integral. One can write them such that

∫
DxqDpqDpcl e

1
h̄

∫
(γ⊖,↓),(⊖,M)

Σ[xcl ,xq]d Im z
e

1
h̄

∫
γ(⊖,↑)

Σ[xcl ,xq]d Im z
=

e
2
h̄

∫ 0
−h̄λ/2 dτ

{
m
2

[
dxcl↑(τ)

dτ

]2

+V[xcl↑(τ)]

}
e
−2
h̄

∫ βh̄/2
−h̄λ/2 dτ

{
m
2

[
dxcl↓(τ)

dτ

]2

+V[xcl↓(τ)]

}
e

{
p2

cl (t f )m̃ω

2h̄ tanh(h̄ωλ/2)

}
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×
√

1
4 cosh(h̄ωλ/2) cosh(h̄ω(λ + β)/2)

e

{
−p2

cl (0)m̃ω

2h̄ tanh(h̄ω(λ+β)/2)
}

.
(4.115)

This relation gives us the semi-classical definition of the work function up to the second

order in h̄. For a generic potential we write the fields in the vertical branch as xcl↑(τ) =

xcl(t f ) + δxcl↑(τ) and keep only the second order in δxcl↑(τ)

∫
Dxcl↑ exp

2
h̄

∫ 0

−h̄λ/2
dτ

{
m
2

[
dxcl↑(τ)

dτ

]2

+ V[xcl↑(τ)]

}
=

∫
Dδxcl↑e

2
h̄

∫ 0
−h̄λ/2 dτ

{
m
2

[
dδxcl↑(τ)

dτ

]2

+V[xcl(t f )]+V′[xcl(t f )]δxcl↑(τ)+
1
2 V′′[xcl(t f )]δxcl↑(τ)

2

}
=

exp λ

{
V[xcl(t f )]−

V ′[xcl(t f )]
2

2V ′′[xcl(t f )]

} ∫
Dδxcl↑e

1
h̄

∫ 0
−h̄λ/2 dτ

{
m
[

δxcl↑(τ)
dτ

]2

+V′′[xcl(t f )]δxcl↑(τ)
2

}
.

(4.116)

To derive the final line, we completed the square in the last two terms of the second line and

then redefined δxcl↑ +
V′[xcl ]
V′′[xcl ]

→ δxcl↑.

It is important to exercise caution when considering the integration domain of the path in-

tegral
∫

Dδxcl↑. Prior to the change of variable, the integration limit was
∫ δxcl↑(0)

δxcl↑(−h̄λ/2) Dδxcl↑.

By utilizing δxcl↑(τ) = xcl↑(τ) − xcl(t f ), the limit of integration becomes
∫

Dδxcl↑ =∫ xcl↑(0)−xcl(t f )

0 Dδxcl↑. As a result, the change of variable in the equation leads to a modifi-

cation in the integration domain

∫ xcl↑(0)−xcl(t f )

0
Dδxcl↑ →

∫ xcl↑(0)−xcl(t f )+
V′ [xcl (t f )]

V′′ [xcl (t f )]

V′ [xcl (t f )]

V′′ [xcl (t f )]

Dδxcl↑. (4.117)

With this in mind (4.116) can be written as

exp λ

{
V[xcl(t f )]−

V ′[xcl(t f )]
2

2V ′′[xcl(t f )]

} ∫
Dδxcl↑e

1
h̄

∫ 0
−h̄λ/2 dτ

{
m
(

dδxcl↑(τ)
dτ

)2

+V′′[xcl(t f )]δxcl↑(τ)
2

}

=

√
1

2 cosh
(
h̄ω(t f )λ/2

) e
λ

{
V[xcl(t f )]−

V′ [xcl (t f )]
2

2V′′ [xcl (t f )]

}
e

{
mω(t f )

h̄

(
V′ [xcl (t f )]

V′′ [xcl (t f )]

)2

tanh h̄ω(t f )λ/2

}
.

(4.118)

We need to do similar integration for other vertical branch. The result will be the same except

that we need to change λ → λ + β and ω(t f ) → ω(0).

At the end, calculating all the above equations, we can eventually obtain a solution for
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(4.115). This in fact will help us find the semi-classical expansion of work. First we write

(4.115) as

∫
Dxcl

∫
DxqDpqDpcle

1
h̄

∫
γ(⊖,↓),(⊖,M)

Σ[xcl ,xq]d Im z
e

1
h̄

∫
γ(⊖,↑)

Σ[xcl ,xq]d Im z
=

1
2 cosh

(
h̄ω(t f )λ/2

) e

{
p2

cl (t f )m̃ω(t f )
2h̄ tanh h̄ω(t f )λ/2

}
e

λ

[
V[xcl(t f )]−

V′ [xcl (t f )]
2

2V′′ [xcl (t f )]

]

× exp

{
mω(t f )

h̄

[
V ′[xcl(t f )]

V ′′[xcl(t f )]

]2

tanh
(
h̄ω(t f )λ/2

)}

× 1
2 cosh(h̄ω(0)(λ + β)/2)

exp

{
−p2

cl(0)m̃ω(0)
2h̄

tanh(h̄ω(0)(λ + β)/2)

}

× exp
{
− (λ + β)V[xcl(0)]−

V ′[xcl(0)]2

2V ′′[xcl(0)]

}
e

{
mω(0)

h̄

[
V′ [xcl (0)]
V′′ [xcl (0)]

]2

tanh(h̄ω(0)(λ+β)/2)

}
.

(4.119)

Expanding above equation in orders of h̄ will yeilds the semi-classical expression of the work.

If we introduce W(λ, t f ) = W0(t f ) + λW1(t f ) + λ2W2(t f ) + O(λ3, h̄2) with W0(t f ) =

Ecl(t f )− Ecl(0), we will therefore have

W1(t f ) = −
h̄2V ′′[α(t f ), xcl(t f )]

4m
+

h̄2V ′′[α(0), xcl(0)]
4m

(4.120)

W2(t f ) =
h̄2V ′′[α(t f ), xcl(t f )]

12m

[
p2

cl(t f )

2m
+

V ′2[α(t f ), xcl(t f )]

2V ′′[α(t f ), xcl(t f )]

]

− h̄2V ′′[α(0), xcl(0)]
12m

[
p2

cl(0)
2m

+
V ′2[α(0), xcl(0)]
2V ′′[α(0), xcl(0)]

]
,

where W1 contributes to the variance of work that can be obtained from the second derivative

of the generating function with respect to λ.

As a cross-check of the above result we will study the case of time-dependent harmonic

potentials. This will show that the semi-classical limit will become exact in that case.

4.7.4 Work MGF for a harmonic oscillator

In the case of a time-dependent harmonic oscillator with potential energy given by V[x, t] =
1
2 Mω(t)x2, the potential simplifies for the vertical lines to ω(0) = ω0 for the left vertical

branch and ω(t f ) = ω1 for the right vertical branch. In this case, both ω(t f ) and m(t f ) are

constant, so the approximation V
′′
[xcl↑(τ)] ≈ V

′′
[xcl(t f )] becomes exact. Therefore, using
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(4.115) and performing the path integral over xcl , we obtain

∫
Dxcl

∫
DxqDpqDpcl e

1
h̄

∫
γ(⊖,↓),(⊖,M)

Σ[xcl ,xq]d Im z
e

1
h̄

∫
γ(⊖,↑)

Σ[xcl ,xq]d Im z
=√

1
2 cosh(h̄ω1λ/2)

exp

{
x2

cl(t f )mω1

h̄ cosh(h̄ω1λ/2)
sinh(h̄ω1λ/2)

}

×
√

1
2 cosh(h̄ω0(λ + β)/2)

exp

{
−x2

cl(0)mω0

h̄ cosh(h̄ω0(λ + β)/2)
sinh(h̄ω0(λ + β)/2)

}
√

1
2 cosh h̄ω1λ/2

exp

{
p2

cl(t f )

mω1h̄ cosh(h̄ω1λ/2)
sinh(h̄ω1λ/2)

}

×
√

1
2 cosh(h̄ω0(λ + β)/2)

exp

{
−p2

cl(0)
mω0h̄ cosh(h̄ω0(λ + β)/2)

sinh(h̄ω0(λ + β)/2)

}
(4.121)

Next we need to integrate over p(t f ), x(t f ), pcl(0) and xcl(0). We notice that the relation

between them is given by the path integral over the horizontal line that results in the equation

of motion for a time dependent harmonic oscillator as x(t f ) = A(t f )x(0) + B(t f )p(0)/M

and p(t f ) = MȦ(t f )x(0) + Ḃ(t f )p(0). Therefore we can write the above relation as

MW(λ, t) =
sinh(βh̄/2)

2 cosh(h̄ω1λ/2) cosh(h̄ω0(λ + β)/2)

(4.122)

exp

−1
2

(
x(0) p(0)

)C11 C12

C21 C22

x(0)

p(0)

 , (4.123)

with

C11 =
2mω0

h̄
tanh (h̄ω0(λ + β)/2)− 2m

h̄ω1

[
A2ω2

1 + Ȧ2] tanh (h̄ω1λ/2)

C22 =
2

mω0h̄
tanh (h̄ω0(λ + β)/2)− 2

h̄mω1

[
ω2

1B2 + Ḃ2] tanh (h̄ω1λ/2)

C12 = C21 = −
[

2ω1

h̄
AB +

2
ω1h̄

ȦḂ
]

tanh (h̄ω1λ/2),

(4.124)

where the term sinh βh̄/2 comes form the normalization of the generating function. There-

fore the integration over p0 and x0 will result in 2π/
√

det(C) which can be written as

MW(λ, t f ) =
sinh(βh̄/2)

cosh(h̄ω1λ/2) cosh(h̄ω0(λ + β)/2)

× 1√
Y2

1 (λ, β)− 2Q∗Y2(λ)Y1(λ, β) +
[
ȦB − ḂA

]2 Y2(λ)
. (4.125)
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where Y1(λ, β) = tanh (h̄ω0(λ + β)/2) and Y2(λ) = tanh (h̄ω1λ/2). We notice that the

last term under the square root is the Wronskian and for our given boundary conditions is 1.

Also for Q∗ we have

Q∗ =
1

ω0ω1

{
ω2

0
[
ω2

1B2 + Ḃ2]+ [ω2
1 A2 + Ȧ2]} . (4.126)

Thus, setting the Wronskian to 1, (4.125) will coincide with the exact result in ref [23]. This

cross-check will serve to verify the semiclassical expansion of the work functional. As a final

step, we will examine the fluctuation relations within the path integral approach, similar to

what we previously did for the perturbative expansion of the moment generating function.

4.7.5 Fluctuations and the Wigner function

The representation of work given by equations (4.91) and (4.92), which arises from the con-

tour in Fig. 4.4c, offers a significant advantage. It allows for the isolation of the dynamics

information in the forward branch γ(⊖,−), while the λ dependence is confined to the vertical

branches.

This separation between the dynamical contribution to the action and the "thermodynam-

ical" contribution enables us to solve both aspects separately, at least in a formal sense. In

contrast, representing work as in Eq. (4.96) is problematic because the fields used to de-

fine Wλ are the same ones appearing in the dynamical action (i.e., the fields in the forward

branch).

Exploiting this advantage, we can explore a generalization of the concept of detailed

balance at the level of quantum trajectories, following a conceptual approach similar to the

one presented in Sec. 4.6 for the diagrammatic approach to perturbation theory.

To begin this analysis, we introduce the formal solution to the path integral over the

vertical branch γ(⊖,↑). This involves dividing the path integration in Eq. (4.88) into three

separate propagators, given by

Eλ,t f [y
f
q , y f

cl , α(t f )] =
1
λ

log
∫

B(y f )
D′xcl/qe

1
h̄

∫
γ(⊖,↑)

Σ[xcl(z),xq(z)]d Im z
, (4.127)

E−λ−β,0[yi
q, yi

cl , α(0)] =
1

−λ − β
log

∫
B′(yi)

D′xcl/qe
1
h̄

∫
γ(⊖,↓),(⊖,M)

Σ[xcl(z),xq(z)]d Im z
,

(4.128)

U [y f
q , y f

cl , t f ; yi
q, yi

cl , 0] =
∫

B′′(yi ,y f )
D′xcl/qe

i
h̄

∫
γ(⊖,−)

M[xcl(z),xq(z)]d Re z
, (4.129)
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where B(yi), B′(y f ), B′′(yi, y f ) are shortcuts to denote the boundary conditions of the path

integrals and we made the dependence on α(t f ) explicit for convenience.. For Eq. (4.127)

the boundary conditions are xq↑(−h̄λ/2) = y f
q , xq↑(0) = 0, xcl↑(−h̄λ/2) = y f

cl , for

Eq. (4.128) we have1 xq↓(h̄β/2) = 0, xq↓(−h̄λ/2) = yi
q, xcl↓(−h̄λ/2) = yi

cl while for

Eq. (4.129) we have xq(0), xcl(0) = yi
q, yi

cl , xq(t f ), xcl(t f ) = y f
q , y f

cl .

Eλ,t f [y
f
q , y f

cl , α(t f )] =
1
λ

log
∫

D′xcl/qe
1
h̄

∫
γ(⊖,↑)

Σ[xcl(z),xq(z)]d Im z
, (4.130)

We can write Eq. (4.88) as

MW(λ, t f ) =
1

Z(0)

∫
dy f

q dy f
cldyi

qdyi
cl

eλEλ[y
f
q ,y f

cl ,α(t f )]

e(β+λ)E−λ−β[yi
q,yi

cl ,α(0)]
U [y f

q , y f
cl , t f ; yi

q, yi
cl , 0],

(4.131)

With U denoting the propagator from the initial values of the fields (yi
q, yi

cl) to the final

values (y f
q , y f

cl), which can be obtained by integrating the contribution of the forward branch

in Eq.(4.88) with the appropriate boundary conditions mentioned below Eqs.(4.130), (4.128),

(4.129), we define the integrand of Eq. (4.88) for λ = 0 as

K(y f
q , y f

cl , yi
q, yi

cl) = Z(0)−1U [y f
q , y f

cl , t f ; yi
q, yi

cl , 0]e−βE−β[yi
q,yi

cl ,α(0)]. (4.132)

The expression in Eq. (4.132) exhibits a similar structure to the joint probability distribution

of a classical system with a two-dimensional configuration space spanned by (yq, ycl). In this

analogy, the system is initially prepared in a Gibbs state characterized by the Hamiltonian

E−β[yi
q, ycli, α(0)] and undergoes a stochastic evolution that brings it to the final configura-

tion (y f
q , y f

cl).

However, it should be noted that due to the general complex nature of U , the quantity K

lacks a direct probabilistic interpretation. Nevertheless, we can interpret Eq. (4.132) in terms

of Wigner functions [115, 114, 50, 86, 88]. It has been shown that by considering appropriate

phase space representations, the expression can be connected to Wigner functions, which

provide a phase space formulation of quantum mechanics.

Indeed, it is possible to establish a connection and prove the relationship between the

expression in Eq. (4.132) and Wigner functions. First we write

∫
dyi

qdy f
q K(y f

q , y f
cl , yi

q, yi
cl) = C

∫
dpidp f Π(p f , y f

cl , pi, yi
cl)Wβ(pi, yi

cl) (4.133)

1here we use the notation xq/cl↓(τ) for the fields on the branch γ(⊖,↓),(⊖,M) (see Eq 4.105).
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The variable Wβ corresponds to the Wigner representation of the initial state, while Π repre-

sents the Weyl transform of the propagator. The constant C serves as a normalization factor.

It is well-established that on the right-hand side of Eq. (4.133), Wβ and Π can be interpreted

as classical distributions in phase space. Specifically, Wβ corresponds to a classical Gibbs

state distribution, while Π represents a classical propagator that enforces the deterministic

equations of motion in the phase space [115].

By considering both the integrand on the left-hand side and the integrand on the right-

hand side of Eq. (4.133), we can introduce a generalization of the detailed balance conditions.

Utilizing the notion of time-reversed trajectories introduced in Section 4.6, it can be shown

that the propagators of the forward trajectory and the time-reversed trajectory coincide when

we reverse the initial and final positions.

To proceed, let us focus on the classical expansion of the quantity E−β, which corre-

sponds to the integral along the branch γ(⊖,M). The action in this case is denoted by Σ and

can be expanded in terms of small xq↓ [115] (see footnote 1). Therefore

Σ = m
(

ẋ2
cl↓ + ẋ2

q↓

)
+ 2V(α, xcl↓) + V ′′(α, xcl↓)x2

q↓ + O(h̄2). (4.134)

In comparison to Eq. (4.89), there is a sign change in the kinetic term in the present case due

to the use of xcl↓(τ) instead of γcl(z). This arises from the relationship d
dz = −i d

dτ in the

vertical branches. Considering that the branch γ(⊖,↓) is short for h̄ → 0, the value of xcl↓

will not vary significantly from the value at the boundary with γ(⊖,−), denoted as yi
cl . Hence,

we can define xcl↓(s) = yi
cl + δ(s) and derive the following expression

Σ =m
(

δ̇2(s) + ẋ2
q↓(s)

)
+ 2V(α(0), yi

cl) + 2V ′(α(0), yi
cl)δ(s)

+ V ′′(α(0), yi
cl)[x

2
q↓(s) + δ2(s)] + O(h̄2). (4.135)

Our primary focus lies in the scenario where the boundaries in the path integration described

by Eq. (4.128) with λ = 0 are specified as xq↓(h̄β/2) = xq↓(0) = 0. In this particular

case, the contribution from the integral over the quantum variables becomes negligible. Con-

sequently, the path integration involving xcl↓ simplifies to a path integration over δ(s) with

boundary conditions δ(0) = 0. While the initial value of δ remains arbitrary, we denote it as

δ̄.

∫
D′δe

1
h̄

∫ 0
−h̄ β

2
dτ
(

mδ̇2(s)+2V(α(0),yi
cl)+2V′(α(0),yi

cl)δ(s)+V′′(α(0),yi
cl)δ

2(s)
)
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=
∫

D′δe
1
h̄

∫ 0
−h̄ β

2
dτ
[

mδ̇2(s)+mΩ2
(

δ+∆
)2

−mΩ2∆2
]
, (4.136)

where we introduced Ω =

√
V′′(α(0),yi

cl)
m and ∆ =

V′(α(0),yi
cl)

V′′(α(0),yi
cl)

. After doing the change of

variable δ → δ + ∆ and solving the path integral we obtain as a result

(
mΩ

πh̄ sinh
( βh̄Ω

2

))
1
2

e−β[V(α(0),yi
cl)−

1
2 mΩ2∆2]e

−mΩ
h̄

cosh
(

h̄βΩ
2

)
[(δ̄+∆)2+∆2 ]−2∆(δ̄+∆)

sinh
(

h̄βΩ
2

) 

≈ e−β[V(α(0),yi
cl)−

1
2 mΩ2∆2]

(
2m

πh̄2β

) 1
2

exp

{
− 2m

h̄2β
δ̄2 − 2m

h̄2β

h̄2β2Ω2

8
[2∆2 + 2δ̄∆ + δ̄2]

}
,

(4.137)

In the last exponential, the two contributions arise from the zeroth and second order expan-

sions of the hyperbolic cosine with respect to h̄. It is important to observe that the terms

proportional to ∆2 cancel out, resulting in an integral over δ̄ as the remaining contribution.

Hence

∫ ∞

−∞
dδ̄e−βV(α(0),yi

cl)

(
2m

πh̄2β

) 1
2

exp

{
− 2m

h̄2β
δ̄2 − mβ2Ω2

4
[2δ̄∆ + δ̄2]

}

≈
∫ ∞

−∞
dδ̄e−βV(α(0),yi

cl)

(
2m

πh̄2β

) 1
2

exp

{
− 2m

h̄2β
δ̄2

}
= e−βV(α(0),yi

cl), (4.138)

where the second term in the integrand in the first line can be neglected since it is of the next

order in h̄. This proves that

K(y f
q , y f

cl , yi
q, yi

cl)

Krev(yi
q, yi

cl , y f
q , y f

cl)
=

e−βE−β[yi
q,yi

cl ,α(0)]

e−βE−β[y
f
q ,y f

cl ,α(t f )]
e−β∆F. (4.139)

The quantity e−β∆F = Z(t f )/Z(0) represents the ratio of partition functions between the

final time t f and the initial time t = 0. As mentioned earlier, K is not necessarily real and

does not have a direct operational interpretation in terms of measurements. However, if we

set yi
q = y f

q = 0, then K corresponds to the joint probability distribution P(y f
cl , yi

cl) in a

two-point measurement process of the position operator, where the initial and final measured

values are given by yi
cl and y f

cl . This can be inferred from Eq. (4.133) that
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∫∫
dyi

qdy f
q K(y f

q , y f
cl , yi

q, yi
cl)

=
∫∫

dyi
qdy f

q

∫∫
dpidp f

∫∫
dηidη f K(η f , y f

cl , ηi, yi
cl)e

ipi(yi
q−ηi)eip f (y f

q−η f ).

(4.140)

Let us focus on the dependence by ηi, yi
q, pi, after replacing the definition of K in the equation

above we have a contribution of the form

Z(0)−1
∫∫

dηidyi
qeipi(yi

q−ηi)U [η f , y f
cl , t f ; ηi, yi

cl , 0]e−βE−β[η
i ,yi

cl ,α(0)]. (4.141)

Remembering the definition of E−β we can also write

e−iηi pi
Z(0)−1e−βE−β[η

i ,yi
cl ,α(0)] = e−iηi pi

〈
yi

cl − ηi
∣∣∣ ρ0

∣∣∣yi
cl + ηi

〉
. (4.142)

After integrating over ηi, the expression above, disregarding irrelevant prefactors, becomes

proportional to the Wigner function associated with the initial state, denoted as Wβ. Similarly,

by integrating over yi
q and y f

q , the propagator U transforms into the quantum phase space

propagator. In the classical limit, this reduces to

P(y f
cl , yi

cl)

Prev(yi
cl , y f

cl)
= eβ[V(α(t f ),y

f
cl)−V(α(0),yi

cl)]−β∆F + O(h̄). (4.143)

This corresponds to a detailed balance condition for the exchanges of potential energy in

the system. This result is consistent with the fact that in the initial measurement, there is

no information about the initial momentum of the particle. To derive the classical form of

detailed balance in the phase space representation, we need to consider the right-hand side of

Eq. (4.133). In the classical limit, the Wigner function becomes non-positive, and we obtain

Π(p f , y f
cl , pi, yi

cl)Wβ(pi, yi
cl)

Πrev(−pi, yi
cl ,−p f , y f

cl)W
rev
β (−p f , y f

cl)
=

Wβ(pi, yi
cl)

Wrev
β (−p f , y f

cl)
≈ eβ(Wcl−∆F) + O(h̄),

(4.144)

The function Wcl is given by Eq. (4.109) following the classical results [65], while Wrev
β

represents the Wigner function associated with the initial state of the time-reversed trajectory.

The final equivalence can also be derived from the relationship between the Wigner function

and classical Gibbs state in the classical limit [115]. It should be noted that the inclusion

of minus signs in front of the final momentum is done for completeness, although in our

calculations, where the Hamiltonian is always quadratic in p, this change of sign becomes
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irrelevant.

4.8 Conclusions

In this chapter, our focus was on exploring the statistics of work using the concept of moment-

generating functions (MGFs). To achieve this, we introduced a modified Keldysh contour,

which proved to be a powerful tool for our analysis. The symmetry properties of this con-

tour played a crucial role in ensuring the consistency of our perturbative approach and the

emergence of fluctuation relations.

We demonstrated the versatility of the modified contour technique, particularly in the

context of diagrammatic methods. By utilizing this technique, we derived the work distri-

bution for a switch on/off scenario, revealing that the work can be represented as a linear

combination of rescaled Poisson processes. Each process corresponds to a distinct channel

through which energy is exchanged between the system and the experimental driving appa-

ratus, taking the form of discrete energy packages.

By employing Feynman path integral techniques and symmetrizing the contour, we ap-

plied a generalized version of the Keldysh rotation approach. This allowed us to express the

action in terms of classical and quantum fields, enabling us to extend the notion of detailed

balance to quantum trajectories and establish connections with the Wigner function.

Lastly, we obtained the semi-classical expansion of the work MGF, which provided valu-

able insights into the behavior of the system under different perturbations and approxima-

tions. This expansion allowed us to explore the semiclassical regime and extract meaningful

information about work statistics.
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Chapter 5

Discussion and perspectives

In this thesis, we focused on two main concepts of quantum thermodynamics: work and heat.

Specifically, we analyzed the behavior of heat currents in overdamped quantum systems by

studying two magnetically coupled RLC circuits. We established the role of dissipation by

employing the Caldeira-Leggett model, which replaces the resistor in the circuits with a large

number of series LC circuits. This paved the way to examine the heat current between two

quantum harmonic oscillators that are overdamped and coupled to local thermal baths. We

derived closed analytical expressions for the heat current, taking into account both quantum

and classical contributions, without resorting to weak coupling or Markovian approxima-

tions. These results can serve as a useful benchmark to test approximate methods, such as

Markovian embedding schemes or the method developed in [79]. Our findings indicate that

in the overdamped regime, there is an intermediate temperature range where significant quan-

tum corrections to the classical heat current exist, even if the temperatures are high compared

to the only relevant frequency scale of the system dynamics. This is a noteworthy observation

as it broadens the temperature range where quantum effects are relevant in thermal transport.

Although our results apply to general harmonic systems, we have specifically focused on

an electronic implementation as low-temperature electronic circuits are a promising platform

for investigating quantum energy transport. In this regard we studied a set-up which is used

in realization of dynamical Casimir effects [34, 116]. This set up was consisting of cavities

that are interrupted by SQUID. By quantizing the SQUID degrees of freedom we showed

that, one can find a three-body interaction Hamiltonian. The Hamiltonian can be reduced to a

form of quantum absorption refrigerator interaction in which the SQUID can autonomously

cool down the other two modes of the cavities.

In the last section, we discussed the statistics of work extraction for closed quantum

systems. We utilized the modified Keldysh contour to investigate the perturbative approach

to MGFs and their semi-classical limit, and demonstrated the consistency of the perturbative
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expansion through the symmetry property of the extended contour. Our study showed the

suitability of the modified contour technique for diagrammatic approaches, allowing us to

derive the work distribution in a switch on/off scenario. Expressing the MGF in terms of a

Feynman path integral and using the Keldysh rotation, we generalized the detailed balance

to quantum trajectories and made contact with the Wigner function and classical phase space

approaches to thermodynamics.

Interesting perspectives of this thesis may involve the study of non-linear RLC circuits.

As we discussed in the second chapter, it is indeed a burdensome task to find analytical

solution to the heat currents for interacting superconducting qubits. Therefore, developing a

new methodology to study those systems will be essential for understanding heat currents in

strong coupling regime.

In the concept of work statistics, a potential avenue for future research is to extend our

approach to many-body open quantum systems [103, 102] and evaluate the effectiveness of

our new contour in maintaining thermodynamic consistency while calculating work and heat

counting statistics using established approximation schemes like GW or random phase (RPA)

[92, 49, 55].
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