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In two-dimensional superlattice materials, the nonlinear current response to a large applied electric
field can feature a strong angular dependence. This nonperturbative regime encodes information
about the band dispersion and Berry curvature of isolated electronic Bloch minibands. Within the
relaxation-time approximation, we obtain analytic expressions for the current in a band-projected
theory with time-reversal and trigonal symmetry, up to infinite order in the driving field. For a
fixed field strength, the dependence of the current on the direction of the applied field is given by
rose curves whose petal structure is symmetry constrained and is obtained from an expansion in
real-space translation vectors. We illustrate our theory with calculations on periodically-buckled
graphene and twisted double bilayer graphene, wherein the discussed physics can be accessed at

experimentally-relevant field strengths.

In two-dimensional (2D) crystals, rotation symmetries
about the axis perpendicular to the 2D plane require
that the DC current response J(E) to a constant uni-
form electric field F is isotropic to first order in the field
strength. Given a crystal symmetry S, the current obeys
J(SE) = SJ(E) and unless there are very few symme-
tries, anisotropies generally occur at higher order. Nev-
ertheless, the anisotropy in the current can be a valuable
tool for probing the energetic and geometric properties of
electron bands. In systems with atomic scale periodicity,
the strong-field regime is not readily accessible because
the required fields generally induce interband transitions,
i.e., electric breakdown [1]|, which mask the properties of
an otherwise isolated band. However, in moirés [2-4] and
other superlattice heterostructures [5], such as periodi-
cally gated [6] or strained [7] systems, the spatial period
of the lattice L can be made large, of the order 10 nm.
Hence, a nonperturbative regime, which we define as

wpT > 1, wp = eEL/h, (1)
with wp the Bloch frequency and 7 the momentum-
relaxation time, can be reached for realistic field
strengths [8]. Taking L = 10 nm and 7 = 1 ps [9],
we find E > 0.66 kV/cm, which is experimentally feasi-
ble. Importantly, the strong-field regime can be realized
well below the onset of electric breakdown, which we es-
timate as follows. We require eEAr < €gap with Az
the uncertainty in the position of the electron, and thus
eE < egaphAv/|0%c/0K?| [1]. Assuming the curvature is
largest near the band edge and that Av/v should be small
in the semiclassical theory, we find eEL < séapL/ h <
Eéap /€width where eyiqen is the bandwidth. Since moirés
and other superlattices can host spectrally isolated and
narrow minibands, as shown in Fig. 1(a) and (b) for
periodically-buckled graphene (PBG) and twisted double
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bilayer graphene (TDBGQG), respectively, the right-hand
side of this inequality can be made large. For example,
taking L = 10 nm and sgap/ewidth = 50 meV, which we
find can be realized in PBG, we obtain F < 50 kV/cm.

In this work, we investigate the current response in
a band-projected theory, to infinite order in the field
strength. We focus on trigonal systems with time-
reversal (7) symmetry for which Cs, rotation symme-
try is conserved but Cs, rotation symmetry and inver-
sion symmetry are broken, i.e., the point groups C3, Cs,,,
Csp, D3, and Dsp [11]. These are the relevant point
groups of many moirés and other 2D superlattices, such
as those based on graphene [2, 7] and transition-metal
dichalcogenides [4]. We first consider the weak-field limit
and determine the lowest-order anisotropy in the currents
from symmetry. There we find a nonlinear Hall response
from the Berry curvature hexapole, since the lower or-
der dipole response is forbidden by Cs, and odd powers
are forbidden by 7. In contrast, the current originat-
ing from the band dispersion becomes anisotropic in the
transverse response at fifth order while the longitudinal
response only depends weakly on the field direction. Fur-
thermore, by expanding in terms of coordination shells,
we obtain analytic expressions for the current in terms
of the real space Fourier components of the band disper-
sion and the Berry curvature. This differs from the usual
prescription where one expresses the current in terms of
multipole moments at successive orders in the response
[12, 13]. Our results amount to resumming the multipoles
to infinite order in the field strength, elucidating its de-
pendence on the field direction. We hence focus on cur-
rents instead of conductivities since the latter are harder
to interpret at arbitrary order. For a fixed field strength,
we find that the anisotropic current distributions take
the form of rose curves when plotted as a function of the
field direction, as illustrated in Fig. 1(c) and (d). While
the longitudinal response has no petals, the main petal
structure of the transverse response is determined from
symmetry. These petals can fracture into an odd num-
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FIG. 1. (left) Energy bands for (a) periodically-buckled
graphene and (b) AB-AB twisted double bilayer graphene,
along high-symmetry lines in the superlattice Brillouin zone.
Dark/light bands correspond to valley K4 /K_ and the high-
est valence [lowest conduction| band is shown in red in (a)
[(b)] with valley Chern number C. (right) Geometric cur-
rent of the highlighted bands at 0.4 filling and T' = 5 K for
PBG (c) and TDBG (d). Parameters for PBG are: L/ly = 6,
Vo &~ 26 meV, and 3¢/7 = —0.155 with £2,, /ewidatn = 48 meV;
and for TDBG: ¢ = 1.44° and U = 56.5 meV and others from
Ref. [10] with €2, /ewidatn = 4.1 meV.

ber of subpetals by breaking in-plane mirrors (or equiv-
alently, out-of-plane 7 rotations). In a recent work, two
of the authors demonstrated that the geometric current
plateaus in the strong-field limit [14]. Here, we obtain
the exact plateau values which are strongly anisotropic.
We finally apply our theory to graphene-based superlat-
tices that host spectrally isolated and narrow minibands:
periodically-buckled graphene and twisted double bilayer
graphene.

WEAK-FIELD RESPONSE

It is illustrative to first consider the weak-field limit
(wpT < 1) to investigate how symmetry constrains the
order at which anisotropy sets in. To this end, we
write current as J = J*) + J&) where JE)(E) =
1[J(E) £ J(—E)] are, respectively, even and odd un-
der field reversal (E +— —E). Note that J(*) vanishes if
inversion or Cs, symmetry is conserved. In the presence

of C3,, the currents can be expanded as
I 4 iJ(D = b(E)E? 4 cEL + O(ES),  (2)
IO +iJ() = a(B)Ey +dE® + O(ET),  (3)

where By = E, +iEy, a = ao + a1 E? + asE*, b =
by + b1 E?, and all other parameters are c-numbers. In
particular, ag = o, + iocy where o, (op) is the longi-
tudinal (Hall) conductivity. Both sides in (2) and (3)
transform as angular momentum L, = 1 objects which
are conserved mod 3 under Cs, symmetry. If mirror sym-
metry M, (xr — —z) is also conserved, one finds that
a and d are real while b and ¢ are imaginary. While
M, (y — —y) makes all parameters real. Time-reversal
symmetry further requires that a is real by Onsager reci-
procity. Similar expressions were obtained for the odd
current in the presence of Cy, or C4,, while Cg, results
again in (3). These are given in the Supporting Informa-
tion (SI, section I C).

The anisotropy in the current is most clearly ex-
pressed in terms of the longitudinal J; = E - J and
transverse J, = (F x 2) - J current components with
E = (cos#,sin @) the field direction. This is because J|
(J1) transforms as a scalar (pseudoscalar) under a crys-
tal symmetry. For example, for C3, = (C3,, M) (or D3)
and 7 symmetry,

I = 2iby E* cos(36), (4)
Ji) =B+ dE cos(60), J\) =2dE°sin(69), (5)

at leading order. Here we assumed that the even cur-
rent is purely transverse. Note that the projected cur-
rents gain an extra sign under field reversal. The lowest
nonzero Hall effect thus originates from the Berry cur-
vature hexapole in a system with C3, and T symmetry
[13].

EXPANSION IN COORDINATION SHELLS

To calculate the current response, we start from the
equations of motion for electrons in a 2D crystal [15, 16]:

Wi = Vier — ik x Q2,  hk=—eE,  (6)

where Q = —2Im ((Qug/Oky|0ur /Oky)cen) is the Berry
curvature with wug(r) the cell-periodic Bloch functions
in periodic gauge [17], and e is the band disper-
sion. TI;e steady-state current is given by J =
—2e [, %fki'k = Jploch + Jgeom With fi the non-
equilibrium distribution function, obtained from the
Boltzmann transport equation. In the relaxation-time
approximation, we find

2e in%€_R
J och — T+ o . 4 1 7
PR T Voh &~ 1—ierE - R/h @
2¢2 00
Jyeom = (2 x E) = TR-R

Vih &= 1—ierE- R/ ®)



where the sums run over lattice vectors, V, is the unit
cell area, and eg, f%, and Qg are Fourier components
with f2 = fO(eg) the Fermi function. The factor two
accounts for spin, as we assume spin-orbit coupling is
weak throughout this work.

We now consider a Chern trivial band, separated in
energy from other bands, with Cs, = (C3., M,) (or D)
and 7 symmetry. Expanding in coordination shells:

€k = Zsj cos(k-LY)), O = ZQj sin(k- L)), (9)
J.mn Jm

where j runs over shells and n = 1,2,3 runs over lat-

tice vectors Lgf) related by Cs., see Fig. 2(a). All shells
are regular hexagons obtained by scaling and rotating
the 1st shell. Since T is preserved, € (&) is an even
(odd) function of momentum. Crystal symmetries S act
as € = sk and Qp = det(S)Qsy and thus constrain ¢
and ;.

For example, the 2nd shell contains two lattice vectors
related by C3, and M, (or Cyy) symmetry which there-
fore contribute a term to Qi that is even under M,.
Hence Q5 is forbidden by M., but allowed by M, (or
Co.) which forbids €. Similarly, only antisymmetric su-
perpositions (24 = —€5) of the degenerate 4th and 5th
shells are allowed. Conversely, the dispersion conserves
M, for a symmetric superposition (g4 = e5). Plugging
the expansions of (9) into (7) and (8), we obtain

1 6eL E]fOLJ L (wpTL;
J]gl/och = 7@ IJ/ F]!l/och ( BL 79 + 0]) ) (10)
J

6eL ~— /0 L .

VT £2] ngcom( BL ]a9+aj>a (11)

c ; J
J

chom =

where f0 = f9 for R = LY. Note that 7 implies
JBloch (Jgeom) is even (odd) in E. For the first five shells,
the scaling factors L;/L = {1,v/3,2,+/7,/7} and angles
0; =10,%,0, 5 +p, §— @} with ¢ = arctan(@), see Fig.
2(a). We also defined

¢ [8+6¢% + ¢*cos?(30)]

Il _
FBloCh(C7 0) - 16 + 24C2 + 9<4 + CG 6082(39) ’ (12)
1 B ¢® sin(36) cos(30)
Fotoan(6:0) = T5 334 T ocT 1 coeo2@n)’ ()
4 2
Fuoom(C,0) = ¢* (44 ¢?) cos(36) 14)

16 + 24¢2 + 9¢4 + (6 cos2(30)’

which are nonperturbative in the field strength. All ma-
terial details are contained in the coeflicients ¢}, fJQ, and
;. For a fixed field strength E, the currents are roses as
a function of the field direction 6. The longitudinal rose,
shown in Fig. 2(b), only has one petal and depends rather
weakly on #. On the other hand, the transverse roses are
strongly anisotropic. Both Fgj, ., [Fig. 2(c)] and Fyeom
[Fig. 2(d)] have six petals due to M, symmetry, while
Fiioen has an extra six petals from M, 7. As a check, we
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FIG. 2. (a) First five coordination shells of the triangular lat-
tice. (b)—(d) First-shell roses for the longitudinal (b), trans-
verse Bloch (c¢), and geometric (d) current. The color scale
gives the value of wpT = erEL/h.

consider the weak-field limit (wgpT < 1) and recover the
results from the symmetry analysis. As the field strength
increases, F]!loch attains a maximum at (wpT)? € [4/3,2]
depending on 4, and decays as E~' for wgT > 1. This
decrease originates from electrons being Bragg reflected
before relaxing to equilibrium and manifests as a negative
differential conductance [18]. However, unlike the Bloch
current, the geometric current plateaus for strong fields
[14]. This is because the anomalous velocity grows lin-
early with the field, which cancels the E~! decay. Hence
the geometric current dominates the response at strong
field:

Ge ij060+0~ w/6+mn/3
lim  Jyeom = —— L ,
w317¥r>1>1 &eo VvCT zj: Lj COS[3(9 + 9])]

(15)

with m € Z. The plateau value is very singular near
3(0 + 6;) = m/2 + mm where contributions from ;
vanish. Terms with different 6; can thus be distin-
guished by their dependence on the field direction. Be-
cause the geometric current first increases in magnitude
and then plateaus, the geometric differential conduc-
tance attains an extremum. For the first shell, it lies
at wpT ~ 1.477 for § = mx /3 and shifts to larger fields
when 6 — 7/6 + mm /3.

Experimentally one can distinguish between the Bloch
and geometric currents since they are odd and even in
the electric field, respectively. Moreover, assuming the



first shell dominates, the ratios

TBioch ~ (wpT)*sin(36) cos(30) (16)
Jl!loch 8+ 6(0.)37’)2 + (OJBT)4 cos2 (39)

JBioen . €17L* wpTsin(36) an
Jgeom o th 4 + (WBT)Q 3

are independent of the chemical potential and yield 7 and
€1/, Measuring Jeeom at different fillings of the band
would then, in principle, yield ©; and €;.

MATERIAL SYSTEMS

We apply the nonperturbative response theory to PBG
(C5,) and TDBG (D3 and C3). In both systems the band
structure is tunable by applying an electric field normal
to the xy plane. We calculate séap /Ewidtn for the highest
valence band and the lowest conduction band of a given
valley, and find broad windows in the strong-field regime
where the band-projected theory is valid, i.e.,

0.66 ps 10 E g2 10
ps 10nm » < sap nm (18)
T L kV/cm EwidthmeV L
Other  potential = material  realizations  include

periodically-gated Bernal bilayer graphene [19] and
moirés based on transition-metal dichalcogenides [4].
Moreover, large nonlinear responses have already been
studied both theoretically and experimentally in twisted
bilayer graphene, where a second-order Hall effect is
possible when both Cs, and Cs3, are broken either due to
disorder [20] or strain [21-23].

For PBG and TDBG, we consider the case where
the superlattice modulation varies slowly with respect
to atomic lattice constant. Hence, the two valleys of
graphene (K ) are effectively decoupled. The total cur-
rent is then obtained by summing contributions from
both valleys, resulting in a small modification of the ex-
pressions in (7) and (8). Since the valleys are related by
T, the total current is obtained by letting f%e_ R —
2Re (fp'etr) in the Bloch current and fRpQ_p —

2Im ( f?{er R) in the geometric current where the su-
perscript corresponds to valley K. This modification
does not change (16) but gives an extra factor from the
phases of the Fourier components in (17). A shell expan-
sion for two decoupled bands, which individually break
T and carry valley Chern numbers, is given in the SI
(section II E).

Periodically-Buckled Graphene

When monolayer graphene is placed on top of NbSe,
or hBN [7, 24|, as well as artificial nanobubble [25] or
nanopillar [26, 27] substrates, it can undergo a buck-
ling transition. For the NbSe; substrate or an appro-
priate artificial substrate, the buckling transition gives
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FIG. 3. (a) €2ap/cwiaen for the highest valence band of PBG
in the (Vo, ¢) plane. The cross corresponds to the case shown
in Fig. 1(a). Some K4 valley Chern numbers of the two bands
near charge neutrality are shown. (b) Relative magnitude and
phase of ¢, and Qf for the cross in (a). (c) ngoch for field
direction § = 0° and |Jgeom| for & = 0° (solid) and 6§ = 20°
(dashed), as well as the differential conductance, for T'= 5 K.
The color scale gives the filling n/no of the band.

rise to a periodic height profile with C3, symmetry. In
the first-star approximation, the height profile is given
by h(r) = ho>.0_ cos(Gn -7+ T +¢) with G, =
C;}Z_l(()7 47 /+/3L) where ¢ controls the shape of the pro-
file |7, 27-29]. When h(r) varies slowly on the graphene
lattice scale (L > a = 0.246 nm) a valley-projected the-
ory can be used with Hamiltonian [27]

Hy = hop [k + 5o Ar)| - (voe,0,) + V(r)os, (19)

where v = =1 indicates the valleys K, and vp =
V3toa/2 is the Fermi velocity with ¢o = 2.7 eV [30].
Here the scalar field V = V), 22:1 cos (gn e (;5)
originates from applying an electric field (different from
the driving field) normal to the nominal graphene
plane [31] and B = V x A = 2B(r) with B(r) =
Bo Zi:l cos (G, - — 2¢) is the strain-induced pseudo-
magnetic field (PMF). The latter is obtained by tak-
ing into account in-plane relaxation [27] (see SI, section
IIT A). Up to a translation, the PMF is invariant un-
der ¢ — ¢ + m/3 while V changes sign. Hence we re-
strict ourselves to ¢ € (—m/6,7/6]. For concreteness, we
take L/lp = 6 with L = 14 nm where Iy = y/fi/eBy x



VaL?/h% is an effective magnetic length. These are the
experimental values of Ref. [7]. Furthermore, because
o, H,[V]o, = —H,[-V], we only consider the highest va-
lence band (of both valleys) for PBG.

In Fig. 3(a), we show &2, /ewiamn in the (Vo, @) plane
for the highest valence band. By varying the shape of the
height profile and the electric field normal to the nominal
graphene plane, this ratio is in the range 10 — 100 meV
which should be large enough to avoid electric breakdown
in the strong-field regime. As an example, we consider
the parameters indicated with a cross on Fig. 3(a). For
this case, the valley Chern number is given by +1 for
valley K+ and the bands along high-symmetry lines are
shown in Fig. 1(a). In Fig. 3(b), we show the relative
magnitude and phase of the Fourier components EE and
QE. We see that the first-shell dominates in this particu-
lar case. The longitudinal and geometric current, as well
as the corresponding differential conductance are shown
in Fig. 3(c) for different fillings of the band. We find that
the strong-field regime is reached for E ~ 1 kV/cm. The
longitudinal current does not depend strongly on the field
direction, hence we only show the case § = 0°. Here the
E~! decay for wpT > 1 manifests itself as a negative dif-
ferential conductance. On the other hand, the geometric
current is strongly anisotropic, as is clear from the cur-
rent rose shown in Fig. 1(c). We see that the plateau
in the geometric current shifts to larger fields as we in-
crease 6 from 0° to 20°, concomitant with a shift and
broadening of the peak in the differential conductance.

Twisted Double Bilayer Graphene

TDBG consists of a stack of two (AB or BA) Bernal
bilayer graphene layers that are twisted relative to each
other [10, 32]. A second-order Hall effect was recently
observed in TDBG for twist angles 8 ~ 1° where C3, was
broken by strain [33-35], making this system a promis-
ing platform for studying nonperturbative responses. For
such small twists one can again use a valley-projected
theory, see SI (section IV). The tunable parameters for
TDBG are now given by the twist angle ¥ and the bias
difference U between the topmost and bottommost layer
due to an applied electric field (different from the driv-
ing field) normal to the TDBG plane. The latter reduces
the point group of TDBG from D3 to C5. As such, the
current roses are less constrained and only show Cs, sym-
metry, see Fig. 1(d).

In Fig. 4(a), we show &2, /ewiam in the (U,9) plane
for the lowest conduction band. By varying the twist an-
gle and the bias, this ratio can be of the order of 5 meV
which limits the range of electric fields where the band-
projected theory is valid in the strong-field regime to a
couple of kV/cm. We note that this ratio can be larger
for smaller twist angles ¥ < 1°. However, for such small
twists lattice relaxation might become important. As an
example, we consider the parameters indicated with a
cross on Fig. 4(a). For this case, the valley Chern num-
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FIG. 4. (a) €l.p/ewiatn for the lowest conduction band of
AB-AB TDBG in the (U,9) plane. The cross gives the case
shown in Fig. 1(b) and the K valley Chern numbers of the
two bands near charge neutrality are shown. (b) Relative
magnitude and phase of ¢f;, and QF for the cross in (a) up to
the fifth shell. (c) ngoch for field direction 8 = 0° and Jgeom
for # = 0° (solid) and 6 = 20° (dashed), as well as dJ/dE, for
T = 5 K. The color scale gives the filling n/ng of the band.

ber is given by F2 for valley K4 and the bands along
high-symmetry lines are shown in Fig. 1(b). In Fig. 4(b),
we show the relative magnitude and phase of the Fourier
components 5}% and QE up to the fifth shell. Contrary to
the case chosen for PBG in Fig. 3, many shells contribute,
especially for the Berry curvature. The longitudinal and
geometric current, as well as the corresponding differ-
ential conductance are shown in Fig. 4(c) for different
fillings of the band. Because the moiré lattice constant
L, (9 = 1.44°) ~ 9.8 nm is of the same order as the
one chosen for PGB and the first shell is still the largest
contribution, the onset of the strong-field regime is again
given by E ~ 1 kV/cm. Generically, the longitudinal
current does not depend strongly on the field direction,
hence we only show the case § = 0°. On the other hand,
as already demonstrated in Fig. 1(d), the geometric cur-
rent is strongly anisotropic. The field strength for which
Jeeom plateaus, as well as the position and width of the
peak in dJgeom/dE is strongly dependent on the field
direction. Moreover, since the point group of interlayer-
biased TDBG is Cs5, such that there are no mirror axes
for which the transverse currents vanish, it becomes less
clear for which field direction the plateau is reached first
as a function of the field strength.



DISCUSSION

In this work, we have studied the anistropy in the cur-
rent response up to nonperturbative order in the field
strength within a semiclassical band-projected theory.
We have focused on two-dimensional superlattice sys-
tems with trigonal symmetry that feature spectrally iso-
lated and narrow minibands, for which interband transi-
tions are negligible even in the strong-field regime. We
have demonstrated that the Bloch (geometric) currents
can be written in terms of an expansion in coordination
shells where each term is given by a rose weighted by
the Fourier component of the group velocity (Berry cur-
vature). Here, each rose obeys the symmetries of the
given shell. While the longitudinal current rose has no
petals and hence a weak anisotropy, the transverse cur-
rents are strongly anisotropic. The latter can be under-
stood as roses that originate from shells with mirror sym-
metries necessarily have nodes and thus several petals.
Furthermore, for the longitudinal and Bloch transverse
response, the strong-field regime is characterized by a
negative differential conductance which is due to elec-
trons being Bragg reflected before relaxing to their ini-
tial momentum. For the geometric response, however,
the current plateaus in the strong-field regime, yielding a
peak in the differential conductance whose position and

width strongly depend on the field direction.

Finally, we have suggested two candidate systems:
periodically-buckled graphene and twisted double bilayer
graphene. For these systems, nonperturbative responses
are accessible at field strengths F ~ 1 kV/cm owing to a
superlattice lattice constant of the order of 10 nm. Im-
portantly, because these systems break Cy, symmetry but
conserve time-reversal symmetry, there is a nonlinear ge-
ometric response owing to the Berry curvature. We have
further shown that &2, /ewiatn ~ 50 meV for PBG and
eéap /Ewidth ~ 5 meV for AB-AB TDBG, such that espe-
cially for the case of PBG, the strong-field regime can be
reached before electric breakdown.
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I. CURRENT RESPONSE TO A UNIFORM ELECTRIC FIELD

We give an overview of the calculation of the steady-state current in a uniform static electric field. We start from
the semiclassical equations of motion and the Boltzmann transport equation in the band-projected theory. We then
proceed to evaluate this expression by expanding the band dispersion and the Berry curvature in coordination shells.

A. Semiclassical electron dynamics

The semiclassical equations of motion for an electron in a two-dimensional (2D) crystal, occupying an energy band
with dispersion £, subjected to a uniform and static electric field E are given by [1, 2]

hrpe = Vienke — hik x Qok, (1)
hk = —¢E, (2)



with n the band index and Q,, = Q,% the Berry curvature, defined as
. 8unk 8Unk aunk
Qnmk =1 -
Oky | Oky /[ .on Ok,
where unk(r) are cell-periodic Bloch functions in periodic gauge, up k+a(r) = e Unk(r) With G a reciprocal

lattice vector, and (Unk|Umk)cell = Onm. In the following, we omit the band index n since we consider a single band.
The current density is given by

5‘unk
akQJ >cell) , (3)

—iG-r

d’k .
J=—e T2 fk'r'k: = JBloch + Jgeom; (4)
Bz (27)
with e > 0 the elementary charge and [3]

e d*k
JIBloch = **/ — /kVkek, (5)

h Jez (2m)°

e? / d’k

Jgeom = (£ X E) — 7fk:Qk7 6
wn =B [ 2 (©

where fj is the out-of-equilibrium distribution function, obtained from the Boltzmann equation. Note that unlike
in the main text, we do not add the factor of 2 for spin in the Supplementary Information. In the relaxation-time
approximation, the Boltzmann equation is given by

af . af . of  f—f°

TR R P — (™)

where 7 is the momentum-relaxation time and fp = f°(¢g) is the Fermi function,

1
0 —
f (5) - e(S*M)/kBT + 17 (8)

with p the chemical potential and T' the temperature. We are interested in the steady-state response of a uniform
electric field, such that the first and third term on the left-hand side of Eq. (7) vanish. Hence, we obtain

g (’9 fk

fe — f . fk7 (9)
which is formally solved by
afk 02 fa
_ & ) EE, _— 1
fi= I+ G B +(h> T Okk, (10)

For a translational-invariant system, fp can be expanded as a Fourier series,

. Vv .
=) fre™™, fo=—"5 | &kfle ™ (11)
= (2m)” JBz
where R are lattice vectors and V. the area of the unit cell. This yields
f}% eik~R
= B — 12
Ji gl—ieTE-R/h (12)
Plugging this result for the distribution function back into the expression for the currents, we obtain
(& iRIfO ER/ ko : ’
JBloch(E) = —— R / etk (R+R) 13
(B) hRRllfzeTE'R/h Z(27T)2 (13)
ZRfRE R
= 14
V h 1—ierE-R/R (14)
90
Jgeom (E) = (5 x _ Jalr (15)

Vh 1—ietE-R/R



B. Symmetry properties of the current

We now discuss the constraints put on the currents by symmetry. We start with time-reversal (7)) symmetry. In the
presence of T, the band dispersion ¢, is an even function of momentum, while the Berry curvature i is odd. Hence
in real space, we have eg = ¢_g and f% = fER, while Qg = —Q_gr. We thus see that in a time-reversal-invariant
system, eg and f% are real while Qg is imaginary. This then implies

JBloch(E) l _JBIOCII(_E)v (16)
T
Jgeom(E) - Jgeom(_E)~ (17)

Hence, when 7 is preserved, the geometric (Bloch) current gives that part of the current that is even (odd) in the
electric field.
If the system conserves a crystalline symmetry S, the current obeys

J(SE) £ SJ(E). (18)

For example, we see that when Co, [(z,y) — (—x,—y)] is conserved, the total current is odd in the electric field. In
combination with time-reversal symmetry, this implies that the geometric current vanishes, consistent with the fact
that the Berry curvature vanishes in that case. Likewise, under a mirror symmetry M, (x — —x),

Jx(Evay) = _Jz(_E17Ey)7 (19)
Jy(EmvEy) = +Jy(7Eszy)a (20)

such that J, vanishes for F, = 0. Hence a transverse response is forbidden whenever the electric field lies along a
mirror axis. In general, the longitudinal and transverse components of the current transform as

Jy(E)=E-J(E)=SE J(SE) = J|(SE) (21)
JL(E)=(E x 2)- J(E) = det(S)J_(SE), (22)

where E = EE and J = J||E‘ + JE x 2. Here we used Eq. (18). Hence, the longitudinal component transforms as a
scalar field, while the transverse component transforms as a pseudoscalar field. Note that out-of-plane rotations, such
as Cay, act as improper rotations when restricted to the xy plane with detS = —1.

C. Weak-field expansion

Here we obtain a series expansion in powers of the electric field for the longitudinal and transverse components
from symmetry considerations. To this end, we first define the even and odd currents,

J(E)+ J(—E)

JHEN(E) = 5

(23)

In the presence of a rotation symmetry about the principal axis C,, (n = 2,3,4,6) of the 2D crystal, we see that the
even component is present only for n = 3.

In order to implement the symmetry, we need and object that transforms properly under the symmetry. For the
rotation symmetry, we consider the object J, +iJy = J e'? with £ = (cos 6, sin #). Hence this object transforms as an
L, =1 object under C,,,. We first consider the odd component and focus on Cs, symmetry. Up to fifth order in the
electric field as, we can write

I +id() = a(B?) (B, +iB,) + b(E, —iE,)” + O(E), (24)
where both sides transform as an L, = 1 object. Here we used that L, is only conserved mod 3 for a system with Cs,
symmetry. Incidentally, for a system with Cg., there are no extra terms and we obtain the same expression for the

odd current. Here we defined the functions

a=a0+a1E2+a2E4, b = by, (25)



TABLE S1. Expansions of the currents that are even (J*)) and odd (J(7)) in the electric field, up to leading order in the
anisotropy, in the presence of C,. symmetry (n = 2,3,4,6). There are additional constraints on the functions a(E?) and b if 7~
or other crystalline symmetries are conserved.

7 g T i)
Ca- only 0 a(Ey +1iEy) +b(E; —iEy)
Cs. a(E?) (Ey —iEy)> +b(Ey +iE,)" | a(E?) (Ex +iE,) +b(E, —iE,)®
Ca- 0 a(E?) (B, +iEy) + b (E, —iE,)?
Ce- 0 a(E?) (B, +iEy) + b (E, —iE,)°
M or Cay ia,ib € R a,beR

My or Coq a,beR a,beR

T a=—b"E? acR

with ag, a1, as, and by c-numbers. We note that ay = oy, + iog where o, (op) is the linear longitudinal (Hall)
conductivity. For a system with 7 symmetry, a is real because of Onsager reciprocity. Moreover, a mirror or in-
plane rotation axis in the y direction, imply that the functions a and b are real. Projecting in the directions parallel
E = (cosf,sinf) and perpendicular 2 x E = (—sin#, cos#) the electric field, yields

T =g ~ aB + bERe ", (26)

which, without taking into account any symmetry other than Cs,, gives
Jﬁ*) ~ Re(ag)E + Re(a1)E® + [Re(ay) + |bo| cos(60 — arg by)] E°, (27)
—J) ~ Im(ao)E + Im(ay) E* + [Im(ag) — |bo| sin(66 — arg by)] E°. (28)

Note that the projected even (odd) current is actually odd (even) in the electric field. We thus find that the anisotropy
in the odd current only emerges at fifth order in the electric field. When the system has a mirror axis (M, : z — —x)
or a rotation symmetry (Cay,) about the y axis, this reduces to

J\(l_) ~ agE + a1 E® + [ag + by cos(66)] E°, (29)
J) ~ by E sin(66), (30)

where all coefficients are real. One can perform the same analysis for a system with Cy, or C4, symmetry. For the
former, we find

) —iJ) =aE +bEe " + ;
Ji7 —iJ{7 = aB 4+ bEe™? + O(E® 31

and for the latter,
Ji7 —id{7 = aB 4+ bE% e~ + O(E?). (32)

Here we expanded up to the lowest order that shows anisotropy.
Similarly, we expand the even part of current up to fourth order in the electric field. Since the even part of the
current vanishes in the presence of Co, symmetry, we only need to consider C3, symmetry:

I +iJ(D = a(B?) (B, —iB,)” +b(E, +iB,)* + O(E°), (33)
with a = ag + a1 E? and b = by. The longitudinal and transverse components become
Jﬁ+) . iJi-‘r) ~ qFE2e~130 4 b0E4ei39. (34)
In the semiclassical theory, the presence of 7 symmetry requires that JI(\+) vanishes since the geometric current is
purely transversal. This implies that ap = 0 and a; = —bj. Moreover, a mirror axis along the y direction further
constrains a and b to be purely imaginary. Hence a; = by = —ic such that
JP ~ 2¢E* cos(36). (35)

An overview of the weak-field expansions of the even and odd current is given in Table S1.



II. EXPANSION IN COORDINATION SHELLS

In this section, we calculate the current with the semiclassical theory for a single isolated Chern trivial band. This
band is part of a larger band manifold but is well-separated from other bands. We further assume that time-reversal
(T) symmetry, C3, rotation symmetry, and M, (x — —z) mirror symmetry are preserved, but that Co, or spatial
inversion symmetry is broken. Hence, a finite Berry curvature is allowed even though the Chern number vanishes.

We write the dispersion € and the Berry curvature 2 in terms of an expansion in the coordination shells of the
triangular lattice:

3 3
€k = €o + &1 Z cos(k - Lg)) + e Z cos(k - L%Z)) +oy (36)
n=1 n=1
3 3
Q=M Z sin(k - LY + Q3 Z sin(k- L&) + ... (37)
n=1 n=1

where we set g = 0 from now on. The first coordination shell is given by a regular hexagon whose vertices lie at a
distance L from the origin, where L is the lattice constant. Here we choose

V=1, (38)
LYY = Ly, (39)
Ly = — (L1 + Ly), (40)

where Ly = L (1/2,v/3/2) and Ly = L(—1,0) are primitive lattice vectors. Here we define the lattice vectors such
that Cs,, i.e., Lgﬁl = CgZLgf) for j =1,2,3,.... The second shell is given by a regular hexagon that is rotated by 7/6

with respect to the first shell and scaled by a factor of v/3, as shown in Fig. 2(a) of the main text. The third shell is
given by the first shell scaled by a factor of 2. The corresponding lattice vectors can be chosen as

L =L, - L, (41)
L = Ly +2L,, (42)
LY = — (2L, + L), (43)
L =ar,, (44)
L = 2L,, (45)
LY = —2(Ly + L). (46)

The fourth and fifth shells are degenerate, i.e., they both lie at a distance v/7 L from the origin. These shells are given
by two regular hexagons that are rotated by an angle 7 /6 + arctan (\/g / 5) with respect to the first shell, respectively.

A. Symmetry constraints

Time-reversal symmetry requires an even band dispersion e, = £_g, while the Berry curvature is required to be
odd, Qx = —Q_g. Under a crystalline symmetry S, the band dispersion transforms as a scalar, while the Berry
curvature transforms as a pseudoscalar:

Ek = ESk, Qp = det(S)Qsk- (47)

Hence, the Berry curvature acquires a sign under M, symmetry. This constrains the coefficients €; and €; in the
expansion in coordination shells, given in Eq. (37). For instance, the second shell in 2 does not transform properly
under M, instead it transforms properly under M,. Hence we set 2o = 0 in Eq. (37). This can be understood
from the shell structure shown in Fig. 2(a) of the main text. For the 2nd shell, there are two lattice vectors that
are related by both Cs, and M, symmetry, such that the corresponding term of the Berry curvature will be even
under M, . The 3rd shell, however, is merely a rescaled version of the 1st shell and 3 can be therefore be finite.
Similarly, only antisymmetric superpositions of the fourth and fifth shells are allowed, i.e., Q4 = —§5. Conversely, the
band dispersion requires a symmetric superposition of the 4th and 5th shells to conserve M, symmetry, i.e., ¢4 = €5.



FIG. S1. Energy bands with C3. and 7 symmetry. (a) First-shell approximation, i.e., only &1 is finite such that M is conserved.
(b) Including higher shells that explicitly break M, symmetry, 4/e1 = —e5/e1 = 0.2.

Hence, we need to expand up to the 4th and 5th shells to break M, in the band dispersion, while we only need to
expand up to the 2nd shell to break M, in the Berry curvature. Similar relations hold for higher-order shells.

We show the energy band in the first-shell approximation in Fig. S1(a) and including the 4th and 5th shell with
opposite coeflicients such that M, is broken in Fig. S1(b). The Berry curvature for the first shell and up to the
second shell are shown in Fig. S2(a) and (b), respectively.

B. First-shell approximation

We start by calculating the currents for the first shell, i.e., we set €; = €101 and Q; = €,6;,. In this case, the
Bloch current can be written as

€ E1f1 Z LYY B iLY _ _es1f{] > %1)(67'E . L%l)/h)
Veh 2 1—ierE-LYY/h  1+ierE- LY /n Veh “= 1+ (erE- L'V /h)2’

JBloch

where f{ is the Fourier component of the Fermi function for R = :I:L(l) (n =1,2,3) which are all real and equal due
to T and Cs,, respectively. Next, we introduce the dimensionless quantity

wpT = eTEL/h, (49)

with wp the Bloch frequency and where E = |E|. If we parameterize the electric field by an angle 6 such that
E = E (cos#,sinf), the component parallel to the field becomes

eLerfO S~ wpr(E- LY /L)?

J” EE-JBI h — — N (50)
Bloch oc V.h 1+ (WBT)2(E . L7(11)/L)2
eLelfl wpT cos? b,
= 1
Z 14 (wpT)?cos?6,,’ (51)
where we defined the angles 6,, through

E- LY = Lcost,, (52)

with 81 = 0 — /3, 63 = 0 + 7, and 05 = 6 4+ w/3. This yields

I _ 36L€1f1 I I _ 8 + 6¢2 + (*cos?(30)

JBloch(E) - V FL FBloch(wBT? 0)’ FBloch(C’ 0) - C 16 + 24(2 + 9(4 + C6 0052(39)' (53)

Note that the filling of the band, as well as the effect of temperature, only enters via the overall factor f, which is
plotted in Fig. S3. The function Flgloch for fixed field strength as a function of 6 is called a rose curve. It is shown in
Fig. 2(b) of the main text. Because F]!bch(g ,0) has no zeroes for finite ¢, the rose only has a single petal. We further

find that max F]gloch ~ 0.3 where the critical field is determined by a fifth-order polynomial in (2. For § = mn/3
(m € Z) its real roots are (? = 2 while for § = 7/6 + mn/3 we find (? = 4/3. This is shown in Fig. S4(a). If we



FIG. S2. Berry curvature for Cs, and 7 symmetry, but broken Ca. or inversion symmetry. (a) First-shell approximation. Only
Q1 contributes and M, is conserved. (b) Including the second shell breaks M, symmetry, Q2/Q1 = 0.2.
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FIG. S3. Fourier components of the Fermi function for ¢; = £10;,1 and kT /e1 = 0.01 as a function of the filling v.

define the direction perpendicular to the electric field as E x 2 = (sinf, — cos 0), we find (E x 2) LY = Lsin6, such
that

L eLelf wpTsin b, cos b, 3eLey fY
Taiocn () = (E % 2) - Jploch = : Z 1+ (wpT)?cos? 0, TV = Faioan (w57, 6), (54)
with
¢? sin(360) cos(36)

FBloch(Ca ) 16 + 24C2 i 944 I Cﬁ 0082(39) (55)

A polar plot of |Fg;,4,(¢,0)| is shown in Fig. 2(c) of the main text for different values of (. The transverse Bloch rose
has twelve petals, since Fg;,, vanishes for § = mm/6 (m € Z). Three of these angles correspond to the three mirror
axes where the transverse response vanishes. The other three angles are a consequence of 7 in combination with
mirror symmetry. Consider, for example, the case E, = 0 (other axes are obtained by Cs.). In this case, time-reversal
symmetry dictates that the Bloch current is odd in E, while mirror symmetry requires that the transverse component
is even in F,, and therefore Jﬁloch vanishes for £, = 0. Summarized, we see that in the presence of time-reversal
symmetry, the transverse Bloch current vanishes when the electric field is either parallel or perpendicular to a mirror
axis. The extremal angles (tips of the petals) of Figj,,(¢,6) are shown as a function of ¢ in Fig. S4(b).

For the geometric current, we have E. Jgcom = 0 and in the first-shell approximation,

R 2E O f0 & i i
Tgeom(E) = (B X 2) - Jgeom = — - o6
seom () = (B 2) - Jg cho 2 ; 1—ierE-LY/h  1+ierE- LY /h 0
_ e?E Qy fY i 2erE- LY /h (57)
Veh 2 514 (erE - Ll)/ﬁ)
el O f (wpT)?cosb,  3eLQyf
- Feom 79 ) o8
Vor L2 Z 1+ (wpT)2cos26, V.r L2 "% (wpT,0) (58)
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FIG. S4. (a) Critical field where Fgloch(c ,0) attains a maximum as a function of the field direction. (b) Critical angles where

the absolute value of the transverse roses Fioep (¢, 0) and Fyeom(C,8) reaches a maximum as a function of the field strength.
Notice that the maxima both converge to § = 7/6 for ¢ > 1, for which the transverse roses vanish by M, or Cay symmetry.

with

_ C* (44 ¢?) cos(30)
16+ 24¢2 + 9¢* + (B cos?(30)’

Fgeom((a 0) (59)
whose absolute value is shown in Fig. 2(d) of the main text. The geometric rose has six petals, since mirror symmetry
precludes a transverse response when the electric field lies along a mirror axis. We find that minima of |Fgeom (¢, 6)]
always occur at § = mm/3 and extrema occur for

o (60)
such that the right-hand side has to be smaller or equal to one which yields ¢ > 3.355 approximately. For ¢ > 1,
the maxima converge to 8 = 7/6 + mn/3. However, exactly at these angles, which correspond to mirror axes, the
geometric current vanishes. The extremal angles of Fgeom((,8) are shown in Fig. S4(b) as a function of ¢.

a. Weak-field limit The weak-field (¢ < 1) expansions are given by

¢ 3¢  10+cos(66)

2
sin(66) = 0, cos?(30) = (4 + 3<2> ,

FEliloch(C’ 0) = 5 - ? + 32 C y (61)
F]?J;loch(Ca 0) = W C57 (62)
PG, 0) = 230 1 (63)

consistent with the symmetry analysis. The transverse Bloch current only appears at fifth order because the linear
and cubic terms are forbidden by Cs,. Indeed, for any in-plane vector R, the longitudinal and transverse components
of the Bloch current contain the sums

3
S (B-CLR) = IR (64
3
> (B x %) CL.R|(E-C}.R) =0, (65)

such that the linear term in the transverse Bloch current is forbidden. Otherwise it would result in a symmetric part
of the transverse linear conductivity. Similarly, for the cubic terms

3
S (B-cLR)' = |RI (66)
3
SI(E x 2) - CLR)(E - CLR) =0, (67)

n=1



TABLE S2. Angles and scaling factors of the coordination shells of the triangular lattice, which are regular hexagons with
radius L; rotated by an angle 0; relative to the first shell, shown here up to the seventh shell.

Shell 1 2 3 4 5 6 7
L;j/L 1 3 2 V7 VT 3 2V3
0; 0 /6 0 m/6+ arctan(v/3/5) m/6—arctan(v/3/5) 0 /6

while all high-order terms are generally nonzero and depend on E. We also note that the lowest-order geometric
current is quartic in the field. The quadratic term, correspodning to the Berry curvature dipole, which is allowed by
time-reversal symmetry, is proportional to

E-Y RfpQ g, (68)
R

where

Z Rf?{Q*R = Z ngngQ*CSZR = C?:zl Z nglnga (69)
R R R

such that the vector sum vanishes. The cubic term involving the Berry curvature quadrupole, is forbidden by time-
reversal symmetry. This is true for all odd powers:

ExE)Y (E-R™ 3. rxY (~E-R™ [* o0 L -3 (E-R)™ [%Q_g. (70)
R R R
b. Strong-field limit The strong-field (¢ > 1) expansions are given by

1
Flgloch(g7 9) = Z’ (71)
0
Foa6,8) = 2220, (72)
1
Fgcom((aa) =~ Ww)a (73)

where the last two lines hold only for 6 # 7/6 + mm/3. Precisely at these angles, the transverse currents vanish
because of mirror symmetry, which is conserved if we only include the first shell.

C. General case including all shells

To obtain the general expression including contributions from all shells, we first note that all higher-order shells are
obtained from the first shell by a rotation and a scaling. Hence, the results obtained for the first shell can be used to
find the contribution of any shell. For example, the result for the second shell is obtained by sending

L— V3L, (74)
¢ — V3¢, (75)
9H9+%, (76)

in the first-shell expressions for Jgjoch and Jgeom- In this way, we find

3eL < €} Lj

J]!loch(E) = V.h L F]‘?lﬂoch (wBTLj/L? 0 + 9]) ’ (77)
c 3
J
3eL — &} L;
Jéloch(E) = _Vh 4 i 4 FBLloch (wBTLj/L70+9j)’ (78)
Ty
3eL ~ U fY L
Jgeom (E) ¢ 2k — Fyeom (wpTLj;/L,0 +0;), (79)

TV & 12 I
J
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FIG. S5. Differential conductance roses for the first shell.

with wp = eEL/h and where the sums run over shells. Here ¢; and (2, are the coefficients in the shell expansion of

the band dispersion and the Berry curvature, respectively, and ij are the corresponding Fourier components of the

Fermi function. An overview of the angles and the scaling factors up to the seventh shell is shown in Table S2.

D. Differential conductance

We define the differential conductances as

d‘]ll?‘>loch _ e*r (E ‘R fRe R (80)
dE Veh? 4= (1 —ierE - R/h)*
dJé_loch — T Z [(E X 2) i R](E i R)f%E*R (81)
dE Veh? 4 (1 —ierE-R/h)*
ngeom e? fIO{Q_R
“JE ) 82
dE Veh ; (1 —ierE - R/h)® (82)
and thus
d‘]]gloch _ 3e*rL? i f{L; ch]!lOCh (CLj/L,0+6;)
dE (B)=~- V.h2 Z L dc _ ) (83)
d']]é_loch _ 3627"[’2 eijQLj dF]é_loch (<LJ/La 0+ Hj)
dE (B)=— V.h2 Z i3 dc (=WB7-7 (84)
272 Q. 0 ' .
dJgeom (E) = 3e“L il L dFgeom (CLj/L,0 + 6;) (85)
dE V.h . L2 L, d¢ -

We show the differential conductance roses for the first shell in Fig. S5.

E. Summing contributions from two valleys

Finally, we consider two decoupled energy bands that are isolated from other bands with band dispersion €}, and
Berry curvature €27, and that are related by time-reversal symmetry. Here, v = £1 is the valley index. Time-reversal
symmetry implies a relation between the energy bands and the Berry curvature of the two valleys:

€x =€_p Qp =-Q7}. (86)
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Similarly in real space,
ch=cr=(xr)" (87)
R=-0"k=—(%)" (88)

Let us consider the specific case where the symmetries of a single valley are given by the magnetic point group
3m’ = (C3,, M,T). As before, we expand the energy bands in terms of the coordination shells:

3
{:‘z:60+€1ZCOS(k~L,(11)+V¢)+"' , (89)
n=1
3
O =vQ+ 0 Y sin(k- LY +v8) + -+ . (90)
n=1

where ¢ and £ are phases that are allowed because 7T is broken within a single valley. Using the relations between the
real-space Fourier components of different valleys, the total current can be written solely in terms of quantities at a
single valley,

% — iRRe (fgctr)

= 1
JBloch chh — 1—i€TE'R/h7 (9 )
2¢2 ilm (f Q g)
J, eom — z E T . o 92
& (& )Vcth—zeTE-R/h (92)
In the first-shell approximation, we find

6eLey|fY| cos(x — . L

Totoen(B) = ~ LI D) [l 0) 4+ (B  2) Fifi57.0)] (99)
. 6eL Q1|9 cos(y —

Jgeom(E) = (E X Z) W 1|f1| L2(X 5) Fgeom(wBT7 9), (94)

where 0% = [f2le=¥X for R = L (n=1,2,3).

ITI. PERIODICALLY-BUCKLED GRAPHENE
A. Strain profile from height modulation

Given a height modulation of the monolayer graphene, induced by a buckling transition, we want to obtain the
corresponding strain tensor. The strain tensor u;; (i, j = x,y) is defined [4] by considering the change in length between
two points with initial (infinitesimal and in-plane) separation dr; after a deformation: [(dri + du;)? + th] —dr? =
2u;jdr;dr;. Up to lowest order in the displacements, the strain tensor is given by

with 9; = 0/9r; and where w;(r) and h(r) are the in-plane and out-of-plane displacements, respectively.
If the displacements are periodic, we can write them as a Fourier series:

ui(r) = Z ug €9, (96)
g

h(r) =Y hgeT, (97)
g

where G is a reciprocal lattice vector of the periodic modulation (not of the monolayer graphene) and u;o = ho = 0.
For later convenience, we also define

fiy(r) = [0h()] [05h(r)) = > fijg €9, (98)
g
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where
fiig == hghg_g'G}(G; - G}). (99)
g/

The strain tensor becomes

[y

uij(r D) Z i (Giujg + Gjuig) + fijgl €’ g (100)
g

A fixed height profile h(r) will give rise to in-plane displacements as the graphene lattice relaxes. The in-plane
displacements can be found by minimizing the elastic energy density [5, 6]:

elas: V/d2 |: Umw+uyy) +M( :ca:—"_u +2u ):| (101)

= V/d%- [(2 + H) (ufm —|—u ) + Mgy + 2/,L’U,zy:| , (102)

where A and p are the Lamé parameters for graphene. Plugging in the Fourier expansions, we obtain

1
V/dzr ul = — Z /d2 (zgluzg + flf) (zg'ulg + Jug: ) UG+ (103)
9 g’

=S [igig + L2 (104)

g

1 2 faca:g . * ;yg

7 [ Ty = P A 5 —idyuyg + =5 (105)

g
o 1 . f:z::rrg . * ;yg 106
= 5 § Zgzua:g + B —Zgyuyg + 9 + c.c. ) ( )
v /dzru (zgmuyg +iGytiag + fayg) (—iGatng — iGyusg + fayg) - (107)

Hence, the elastic energy density becomes

A .faca: T
5elas = <2 + /,[,) Z (ZguLUbLg + 29) <_7ngL Uypg + 2g> (108)

g
+ <; + u) > <z‘gyuyg 11 yf) (—igyu;jg + yzyg) (109)
g
+ AZ iGoting + Jzeg —iGut e + ;yg +ce (110)
2 & [\7T T e vWe T Ty -
+ BN (1Gauyg + iGyuag + fuyg) (—iGatilg — iGyuig + flyg) (111)
5 2 UyG yUxG zyG zUyg y%zg zyG) *
g

By extremizing the elastic energy with respect to ujg we obtain equations for the Fourier components u;g in terms
of fijg (and thus h;g). We find

s = =i, | (5 +0) (100 + 22 ) 3 (16,00 + 122 )| = 16,5 (16,1,6 + a6 + Fg). (122

o’ g 2 2
uez =19 | (5+0) (16 + 157 ) 45 (iG0mes + 52 )| 165 (Gurs +iGy15 + fug)- (113
Setting the above two equations equal to zero, yields solutions
Uag = m {7562 (92 O+ 2m) + G BA+4)] + (£,92 = 205,G,) [G2A - Gy 0+ 2]}, (119)
w8 = Forsa 00 195 0 20 + G2+ )] + (12,6, ~205,0,) [G3A - G2+ 2w] ). (115)
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1. Pseudomagnetic field

Shear strain breaks the microscopic Cs, symmetry and couples to the low-energy Dirac electrons of graphene through
a pseudo vector potential v A(r) with v = £1 the valley index and [7-11]

A:_\/Eiw (uuyy> (116)

2ea _2uzy

where e > 0 is the elementary charge, a ~ 0.246 nm is the lattice constant of graphene, and 8 ~ 1 is the electron
Griineisen parameter for graphene. By using the results given above, we find that

¢ g (\+n)(G2-G3) (G2fF — 206,15, + GifZ,)

Ay - , 117
e Y O+ 2 G -
2(A+ x 3 g —2 z xg + 12 ’I‘gT
(A +2u) (G|
such that
3h8 A Gafd —2G.G, 12, +Gofg (G2 — g2\
2ea A+ 24 5 G| -2G.G,
Likewise, the pseudomagnetic field B(r) = B(r)Z becomes
318 A iGy (G2 —3G2) (G218, — 2G.G, [, + G2f2,) .
B(r) = 0, A, — 0,A, = V3G A+ i > v (9 ) Gy wGyliy + 9,/ >ezg"‘. (120)
2ea A+ 2u 5 G4
Notice that G = 0 does not contribute (i.e., there is no net flux) since the nominator scales as |G|°.
2. Triangular height profile
We now consider a height profile that conserves C3, symmetry in the first-star approximation,
i ™
hr) = h ( N4 o ) , 121
(r) O;COS Gnort g +0 (121)

where ¢ is a parameter that controls the shape of the height profile. Note that while ¢ cannot be absorbed in
a coordinate shift, Eq. (121) is invariant under ¢ — ¢ + 27/3 up to an overall translation. The finite Fourier
components are hig, = hoet®+7/4) /2 (n =1,2,3) and where

o) oo ().

with G3 = —G; — G2 and L the lattice constant of the height modulation. These are the three shortest nonzero
reciprocal lattice vectors that are related by Cs, symmetry. We calculate all the Fourier components of f;;(r) with
Mathematica. We then find that

iGy (G2 — 3G2) (G2f9, — 2G.G, f5, + G215,)
gl (123)
(€7 (bg.6, + 6g.6. + 06.g,) + €*'? (6g.-g, + 06,—g, + 0g.—g,)] »

B 3G3h3
8
with G = 47T/\/§L and therefore

3
hB X+ p 8m3h}
B(r):BOZcos(gn~rf2¢), BO:£A+;L L3O

n=1

(124)

We find that the pseudomagnetic field is invariant under ¢ — ¢ + 7/3 up to an overall translation, which changes
the sign of the height profile. Hence we can restrict ourselves to ¢ € (—n/6,7/6]. The pseudomagnetic field has Cg,
symmetry for the special case ¢ = 7/12.
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3. Rectangular height profile

Let us also consider a height profile that conserves C4, symmetry in the first-star approximation,
2
h(r) = ho Z cos (G, - 7). (125)
n=1

In this case, a phase factor can always be absorbed in a coordinate shift since there are only two reciprocal lattice
vectors. The finite Fourier components are now given by hig, = ho/2 (n = 1,2) where

or (1 21 (0
g12<0); 92;(1>. (126)

We calculate all the Fourier components of f;;(r) with Mathematica and find

iGy (G2 — 3G2) (G2£8, — 2G.G, 5, + G2 15,)
gl (127)

il
T4

[(06.6,+6, +06.6.-6,) — (0g,-G,-¢, +06,-G,+6,)] s

with G = 27/L and

_ hB A+ p 2v/3m3h3

B(r) = By (sin[(Ga + G1) - 7] +sin [(G2 — G1) - 7)), By = carion IP (128)

Under Cs,, the pseudomagnetic field picks up an extra sign because the valleys are interchanged. Hence the pseu-
domagnetic field for a height profile with C4, symmetry always has Cs, symmetry, as expected. In this case, band
crossings between backfolded bands are protected locally in momentum space by Cs,7T symmetry.

B. Continuum model

When the height profile varies slowly compared to the graphene lattice constant, i.e., L > a, we can use the
valley-projected continuum theory [6, 12],

i, = / dr gl (r) {w [~ + - A()] - (o, y) + V(r)ao } b (), (129)

where o, and o, are Pauli matrices, o¢ is the 2 x 2 identity matrix, 1&1, = (1&,, A,z/;,, p)! are field operators satisfying

{05 (), 0 (7))} = 6, 0@ (r — ¢'), and we take hv ~ 575.2 meéV nm [13]. The pseudo vector potential and scalar
potential are given in terms of their Fourier series,

— iG-r _ _ igr
A(r)=>"AgedT, V(r)—Voh—szVge . (130)
g g
The Hamiltonian can be diagonalized by Fourier transformation,
N 1 .
by (r) = ——= k=9re 1 g, (131)
7

where the sum over k is restricted to the first superlattice Brillouin zone (SBZ) and {é, x—g, ¢, k'—g'} = Ok.kdg.c'-
Note that every wave vector has a unique decomposition as k — G. The Hamiltonian becomes

3 1 A —i(k'—G")-r ve i(k—G)r A
H, = v Z Z /d2r cl)k,_g,e (k'=G") {hv [kz -G+ m A(r)} (vog,0y) + V(r)} k= 9re 1 g (132)
k&' G,G'
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Next, we note that

1 ; ’ ! .
V/dQT e—l(k -G')r el(k—g)"l‘ — §kk’5gg’, (133)
1 : ’ ’ .
- /dgT e~ iK' =g')r A(’I”) eik=G)r _ §kk’Ag—g’7 (134)
1 : ’ ’ .
= /d2re—z(k -G')r V(’I“) ei(k=9)r _ ki Vo_g'- (135)
For example, for the triangular height profile, we have
3
1 . —2i . 2 7
Ag = YA, (e g g, —ie* g _g,) + Ag, (136)
n=1
Vo o /. .
Vg = 2 Z (61(¢+ﬂ/4)5g7gn + 671(¢+ﬂ/4)5g7_gn) , (137)
2 n=1

where Ag corresponds to higher harmonics that can be gauged away (i.e., they do not contribute to the curl of the
pseudo vector potential) and

By /1 B —1/2
A= <0> o A (i\/§//2> o e e

with G = 4m/ V3L and E. the electric field perpendicular to the nominal graphene plane. For computational conve-
nience, it can be preferable to use the gauge

3 .
R sin (G,, — 2¢)
A(r) = —iB _— 139
(r) = —ati 35S0 (139)
which preserves the symmetries of the system up to a gradient term. The Hamiltonian becomes
N . ve R
=3 > &, g {fw {(k ~9)dgg + 4 Ag—g'] (vog,0y) + Vg—g'}cu,k—@ (140)

k G.g’

which can be diagonalized numerically by taking a finite number of G vectors. The number of reciprocal lattice vectors
is then increased until the results are converged. The output of this calculation yields the energy bands ¥, with
eigenvectors Cj; x_g Where n is the band index. Leaving out the valley index, the Bloch wave function becomes

ik 1 _iG.
V(1) = e®Tupnp(r), Ung(T) = \/7‘70 Zg: Chk-ge o (141)
where w,k are the cell-periodic functions, obeying the periodic gauge condition: u, kt+g(r) = e 9 Uy (r) and

normalization (Upnk|Umk)cell = Onm. For the calculation of the Berry curvature, we need to evaluate overlaps between
the cell-periodic functions at neighboring k points,

1 * iW(G—G')r
(U |tnk )een = 3~ > (Cok-g) Cop—g | dre99) (142)
c G.g cell
= Z (Crk-) Crrpr—g- (143)
g

If we measure momentum and energy in units of kg = 47/3L and hvkg, respectively, the continuum model can be
written in terms of two dimensionless parameters,

L Vo
lo ’ hﬂ}ko ’

where lg = /hi/eBy x hy is an effective magnetic length. In the following, we take the experimental values of Ref. [14]
(L =14 nm and By = 120 T) which gives L/ly = 6 and fivkg = 172 meV, and regard Vy and ¢ as tunable parameters.

(144)

Because this model has a chiral symmetry under simultaneous reversal of the scalar potential, o, H,[V]o, = —H,[-V],
we only need to consider the valence bands. This model symmetry implies
Emkl—V] = _Ein,k[v]’ nk[=V] = l:n,k[v]a (145)

with n a nonzero integer such that n > 0 (n < 0) corresponds to conduction (valence) bands.
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C. Berry curvature and valley Chern number

We numerically calculate the Berry curvature and valley Chern numbers. To this end, we first consider a square
plaquette of area 62 centered at k with corners: k; = k + %(—1,—1), ko = k+ g(—l,l), ks = k+ g(l,l)7 and
ki=k—+ %(1, —1). For a given band, we then consider the gauge-invariant product

4
<uk1 |uk2><uk2 |U’k3><uk3 |U'k4> Uk, |u’<~'1 H Uk, ‘ukm+1 (146)
m=1

where k5 = k1. One can show that

4 4
Qp = gi_r% 672 arg £1<Ukm | Uk ys1 )5 Trgr = — }i_r% 52 1In £1<Ukm‘u’cm“> , (147)

where
gzj = Re ((O;ur|0jur)) + (ur|Oiur) (uk|0jur), (148)

is the Fubiny-Study quantum metric. For convenience, we use a Bravais grid (ki1, ko) with k = k1G1 + koGo where

. 1
F12 =1 ((61uk|82uk> — (62uk|31uk>), C= % Z F12. (149)

k1,k2

D. Phase diagrams

We focus on the highest valence band, taking into account both valleys. We numerically calculated the phase
diagram in the (Vy, ¢) plane for the smallest energy gap to the two neighboring bands 4., We also calculated the
bandwidth ewidtn, as well as the ratios €gap/ewidath and 6?5& /€width- These diagrams are shown in Fig. S6. Notice that
these diagrams are invariant under (Vy, ¢) — (—Vo, @ +7/3). On the phase diagram showing the energy gap, we have
indicated the valley Chern numbers of the highest valence band and the lowest conduction band. The energy bands
along high-symmetry lines of the SBZ for the parameters corresponding to the circle, disk, and cross in the phase
diagrams, are shown in Fig. S7. In the main text, we were mainly interested in showing that the ratio séap /Ewidth
can be made large enough such that electric breakdown is absent even in the strong-field limit, i.e., the regime

0.66 ps 10 nm E €2.p  10mm

150
T L kV /cm < EwidthmeV L (150)
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FIG. S6. (a) Phase diagram of PBG in the (Vo, ¢) plane. The density plot gives the smallest energy gap €gap of the highest
valence band to other bands and the valley Chern numbers of the highest valence and lowest conduction band for valley K
is shown as (Ch=—1,Cn=141). (b) Bandwidth ewiq¢n of the highest valence band. (c) Ratio €gap/ewiash for the highest valence
band. (d) Ratio €2,,/ewiden for the highest valence band.

(a) S ~eemev % (D) S ~r129mev O (€)  SE2Eal9 @

i \/-

100 \//_/ \ % ] \/ Ve 1

I % e U N ) AR PSS e e

2 Y EN |
QTS < €0 c=1

50} C=11 - 1 i ~ T

— —
-100/ \ \ // I / \\ _—
r KyMK. T r I_(i+]\7[[_(_ r I K.MK. T

FIG. S7. Energy bands of PBG for L/ly = 6 and fivkg ~ 172 meV along high-symmetry lines of the SBZ as indicated in (a).
The light /dark bands correspond to valley K| /K_ and the red band is the highest valence band. (a) Vo/hvko = 0.095 and
3¢/m = —0.06. (b) Vo/hvko = 0.52 and 3¢/m = 0.075. (c) Vo/hvko = 0.17 and 3¢/m = —0.25.
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AB stacking BA stacking
as a

Al

BI,

..

FIG. S8. Different stacking configurations of Bernal bilayer graphene and the first BZ of graphene with the two valleys
K4 = (4+47/3a,0) and the rotated zone corners of the two bilayers KL and Ki. On the left, we indicate the intralayer
nearest-neighbor hopping —to, and the skew interlayer hoppings ¢3 (intersublattice) and ¢4 (intrasublattice) with dashed lines.

IV. TWISTED DOUBLE BILAYER GRAPHENE

We give an overview of the continuum model for twisted double bilayer graphene, following Ref. [15]. Before we
proceed, we give a short review of the continuum theory of Bernal bilayer graphene.

A. Bernal bilayer graphene

We consider a Bernal-stacked bilayer graphene. The sublattices on the first layer are denoted as A; and Bi,
and those on the second layer as A and Bs. We define AB-stacked (BA-stacked) bilayer graphene as the stacking
configuration where the atoms of A; (B;) and By (A1) eclipse one another. This is illustrated in Fig. S8.

Following [16], we use a lattice model for Bernal bilayer graphene that takes into account intralayer nearest-neighbor
hopping with amplitude —%g, interlayer hopping between eclipsing atoms t1, as well as skew interlayer hopping t3
(intersublattice) and ¢4 (intrasublattice), and a sublattice staggering potential §. The latter is due to the different
environment of the eclipsing atoms. The point group of Bernal bilayer graphene is D3y = (ng,C2y7I> where 7 is
spatial inversion [(r,z) — (—7, —z)]. Applying an interlayer bias potential breaks inversion symmetry and reduces
the point group to D3 = (Cs., Cay).

The corresponding Bloch Hamiltonian of AB Bernal bilayer graphene is given by

U +6 —tof(k)" taf(k) i1

o= (0 B ) g0
i1 taf(k)* —tof(k) Uz+d
and thus
hpa(k) = (ha(;;-)(;_) U ho(igk;) U2> : (152)
where
f(k) =1+ ka4 etkaz, (153)

and a; /o = a(£1/2, V/3/2) with a =~ 0.246 nm, see Fig. S8. The sign difference between the intralayer and interlayer
hoppings comes from the relative sign of the overlap of p, orbitals within and between the layers. We take the following
values for the hopping constants tg = 2.7 €V (below we use an effective tg), t1 = 0.4 €V, t3 = 0.32 €V, t4 = 0.044 €V,
and ¢ = 0.05 eV [15]. Defining the two valleys as Ky = (+47/3a,0), we find

flk+Kyi)~ —?a (£ks + iky), (154)

up to first order in |k|. Hence, if we place the origin of the momentum at K,

4] hw (kg — iky) / 0 hw (kg — iky)

how (k) = hw (vky + tky) 0 ’ o (k) = ho (vky + iky) 5 ’ (155)
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where v = £1 corresponds to valley K, respectively, and hv = v/3tga/2. In our TDBG calculations, we follow Refs.
[17] and [15] and take a smaller value of hv ~ 525.308 meV nm, corresponding to an effective ¢ of 2.1354 eV, due to
longer-range intersublattice hopping within a single graphene layer in their model. We also have

|~y (Vky —iky) —hvs (Ve + iky)

9 (k) == t ~ g (vkg — iky)| (156)

with hvg = v/3tza/2 and hvy = \/§t4a/2.

B. Twisted double bilayer graphene

We now consider twisted double bilayer graphene (TDBG). Notice that in the absence (presence) of an interlayer
bias, the point group of Bernal TDBG is given by D3 (Cs) [15]. Rotating the Bernal bilayer graphene by an angle ¢
is equivalent to sending

f(k) — 14 eik-R(ﬂ)al T eik~R(19)a2 — f(R(—ig)k!), (157)

in the lattice model, with R(¢) the 2 x 2 rotation matrix. Hence the rotated Dirac points are located at R(9) K. We
construct TDBG by first stacking two Bernal bilayers directly on top of each other, and then rotating the first bilayer
by 4+1/2 and the second bilayer by —1/2. Only the second and third graphene layers are coupled by the interlayer
moiré potential

T,(r) = Tyo + T €9 4 T)pev92m, (158)
where Gy /2 = (47/v/3L)(£1/2,/3/2) are moiré reciprocal lattice vectors, and
2 2
T, = wooo + w1 [cos (?) oy + vsin (7;71) ay} , (159)

with wg = 79.7 meV and w; = 97.5 meV the AA and AB interlayer moiré amplitudes [15, 18].
For AB—AB stacked TDBG, we have

AP = [ gl ) MDA (i) ), (160)

with ¥, = (Y, a1, Vv, B1, Yo, A2, Vv, B2, Yo, A3, Yo, B3, Yo, A4, Yy, pa)t and

hov (k1) + Uy g5 (k1) TO 0
AB-AB, .o _ gv (k1) ho, (k1) + Uz T} (r) 0
S Tr)  ho(ke) £ Us  gl(ke) | ey
0 0 gu(k2)  h, (k) + Us

where ki /2 = R(F0/2) (—iV — vqy2) with qq/2 = ky(v/3/2,+1/2) and ky = 47 /3L with L = a/2sin(d/2) the moiré
lattice constant. Here we have placed the origin of momentum in the center of the moiré Brillouin zone (MBZ). We
further take Uy = U/2, Uy = U/6, U3 = —U/6, and Uy = —U/2, such that U is the bias between the topmost and
bottommost layer. Similarly, we have for AB-BA stacked TDBG,

FABBA / dr g} (r) HAP PA (=) 3, (r), (162)
with
hov (k1) + Uy g1 (k1) 0 0
AB-BA[ .o\ _ 9v (k1) hoy, (k1) + Us T}(r) 0
PPV =T ) T ) U ok e
0 0 gi(k2)  hou(ks) + Us

The Hamiltonian is diagonalized by Fourier transform,

Py (r) = % DY e® 9T, g, (164)
k G
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where the sum over k only runs over the MBZ and G is a reciprocal lattice vector of the moiré. Note that every wave
vector has a unique decomposition as k — G. We have

% / dPp e =90 ilk=G)T _ 5 Sggr, (165)
% /d2'r ¢TI K =G T (1) ik Ok Tg—gs (166)

with
T, = Tuodg,o0 +Tv10g,.vg, + 120,06, (167)

C. Phase diagrams

For TDBG we focus on the lowest conduction band. We find that the highest valence band lacks a global energy
gap to the remote bands for most of the parameter regime that we considered. We numerically calculated the phase
diagram in the (¢, U) plane for the smallest energy gap to the two neighboring bands ega,. We also calculated the
bandwidth eywiden, as well as the ratios €gap/ewiatn and Egap /€width. These diagrams are shown in Fig. S9 for AB-AB
TDBG and in Fig. S11 for AB-BA TDBG, for the lowest conduction band. On the phase diagram showing the
energy gap, we have indicated the valley Chern number of the lowest conduction band. The energy bands along
high-symmetry lines of the SBZ for the parameters corresponding to the cross in the phase diagrams are shown in

Fig. 510 for AB-AB TDBG and in Fig. S12 for AB-BA TDBG.
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FIG. S9. (a) Phase diagram of AB-AB TDBG in the (U,9) plane. The density plot gives the smallest energy gap egap 0f
the lowest conduction band to other bands and the valley Chern number for valley K. (b) Bandwidth ewiasn of the lowest
conduction band. (c) Ratio €gap/ewiasn for the lowest conduction band. (d) Ratio 5§ap /Ewidash for the lowest conduction band.
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FIG. S10. Energy bands of AB-AB TDBG for ¥ = 1.44° and U = 56.5 meV, i.e., the cross in Fig. S9 along high-symmetry
lines of the SBZ as indicated. Light/dark bands correspond to valley K1 /K_ and the red band is the lowest conduction band.
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FIG. S11. (a) Phase diagram of AB-BA TDBG in the (U,9) plane. The density plot gives the smallest energy gap egap of
the lowest conduction band to other bands and the valley Chern number for valley K. (b) Bandwidth ewiasn of the lowest
conduction band. (c) Ratio €gap/ewiasn for the lowest conduction band. (d) Ratio 5§ap /Ewiash for the lowest conduction band.
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FIG. S12. Energy bands of AB-BA TDBG for ¥ = 1.64° and U = 92.5 meV, i.e., the cross in Fig. S11, along high-symmetry
lines of the SBZ as indicated. Light/dark bands correspond to valley K1 /K_ and the red band is the lowest conduction band.



