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General description of Finite Mixture models

We have a collection of individual trajectories.

We try to divide the population into a number of homogenous
sub-populations and to estimate, at the same time, a typical trajectory for
each sub-population. (Nagin 2005, Schiltz 2015)

This model can be interpreted as functional fuzzy cluster analysis.
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The basic model (Nagin 2005)

Consider a population of size N and a variable of interest Y .
Let Yi = yi1 , yi2 , ..., yiT be T measures of the variable, taken at times
t1, ...tT for subject number i and πk the probability of a given subject to
belong to group number k

For a given group Gk , we suppose conditional independence for the
sequential realizations of the elements yit over the T periods of
measurements.

The density f of Y is given by

f (yi ;ψ) =
K∑

k=1

πkg
k(yi ; Θk), (1)

where gk(·) denotes the distribution of yit conditional on membership in
group k and the role of the parameters Θk is to describe the shape of the
trajectories in group k.
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Possible data distributions

Poisson distribution

Binary logit distribution

(Censored) normal distribution

Beta distribution (Noel & S. 2023)
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Predictors of trajectory group membership
X : vector of variables potentially associated with group membership
(measured before t1).

Multinomial logit model:

πk(xi ) =
exiθk

K∑
k=1

exiθk

, (2)

where θk denotes the effect of xi on the probability of group membership
for group k .

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit), (3)

where pk(·) denotes the distribution of yit conditional on membership in
group k.
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Adding covariates to the trajectories

Let W be a vector of covariates potentially influencing Y .

The likelihood then becomes

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit |Ai ,Wi ,Θk).
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The Beta distribution
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Density of the Beta distribution

Let Y be a random variable following a Beta distribution with mean µ.

Consider the parameter φ defined by

var(Y ) =
µ(1− µ)

1 + φ
.

φ can be interpreted as a precision parameter, in the sense that a large
value of φ implies a small variance of Y .

The density f of Y can be written as

f (y ;µ;φ) =
Γ(φ)

Γ(µφ)Γ((1− µ)φ)
yµφ−1(1− y)(1−µ)φ−1,

where 0 < µ < 1 and φ > 0.
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Finite mixture models for an underlying Beta distribution

Density of yit conditional to membership in group Ck :

gk(yit ;µkit , φkit) =
Γ(φkit)

Γ(µkitφkit)Γ((1− µkit)φkit)
yµkitφkit−1
it (1−yit)(1−µkit)φkit−1,

with

µkit =
eβkAit+δkWit

1 + eβkAit+δkWit
and φkit = ζkAit . (4)

Likelihood of the data:

L = e
∏n

i=1

(∑K
k=1 πk

∏T
t=1

Γ(φkit )

Γ(µkitφkit )Γ((1−µkit )φkit )
y
µkitφkit−1

it (1−yit)
(1−µkit )φkit−1

)
. (5)
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Function signature

Jang SCHILTZ Multiple Trajectory Analysis June 2, 2023 14 / 28



Output of result
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Graphical illustration of result
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Data

Data from 190 countries from ”Our World In Data”.

Main variable of interest: contamination rate. We create a panel with
monthly data from January 2020 till April 2021.

Covariates: new cases, population size (in million inhabitants), total cases
per million people, median age of the population, population density,
number of inhabitants over 65 (in million inhabitants), government
response stringency index, GDP per capita, extreme poverty index,
cardiovascular death rate, diabetes prevalence rate, index of handwashing
facilities, rate of hospital beds per thousand inhabitants, life expectancy,
index of human development and stringency index.

The nine metrics used to calculate the stringency index are: school
closures; workplace closures; cancellation of public events; restrictions on
public gatherings; closures of public transport; stay-at-home requirements;
public information campaigns; restrictions on internal movements; and
international travel controls.
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Individual trajectories
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Model selection

Kass and Wasserman’s crierion: Let pk be the probability that a model
with k groups is the correct model. They show that pk can be
approximated by

pk ≈
eBICk−BICmax∑
k e

BICk−BICmax
.
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Typical trajectories

Jang SCHILTZ Multiple Trajectory Analysis June 2, 2023 21 / 28



Variability of the distribution in the different groups
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Explanation of the groups
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World Map with the five clusters
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Predictors of group membership
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Distribution of the median age
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Stringency index as time dependent covariate

Jang SCHILTZ Multiple Trajectory Analysis June 2, 2023 27 / 28



Bibliography

Nagin, D.S. 2005: Group-based Modeling of Development.
Cambridge, MA.: Harvard University Press.

Schiltz, J. 2015: A generalization of Nagin’s finite mixture model. In:
Dependent data in social sciences research: Forms, issues, and
methods of analysis’ Mark Stemmler, Alexander von Eye & Wolfgang
Wiedermann (Eds.). Springer 2015.

Nagin, D.S., Jones, B.L., Lima Passos, V. & Tremblay, R.E. 2018:
Group-based multi-trajectory modeling. Statistical Methods in
Medical Research, 27-7.

Noel, C & Schiltz, J. 2022: TrajeR - an R package for finite mixture
models. SSRN paper 4054519.

Noel, C & Schiltz, J. 2023: Finite Mixture Models for an underlying
Beta distribution with an application to COVID-19 data.

Jang SCHILTZ Multiple Trajectory Analysis June 2, 2023 28 / 28


	Finite Mixture Models
	Finite Mixture Models for underlying Beta distribution
	The R package trajeR
	Application to COVID-19 data

