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> PDEs on manifolds (Rognes et al. 2013, [1], no structures)
> fenics-shells (Hale et al. 2018, [2], requires explicit geometry map)
» comet-fenics (Bleyer 2018, [3], tangent triad by projection)

Straightforward formulation of thin-walled structures: demos in do1finy
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Tangential differential calculus (TDC) | brief introduction

Geometry

» manifold I of codimension 1 (or 2) embedded in physical space R?
> manifold representation: explicitly (surface atlas) or implicitly
» normal vector np(x) € R?; tangent space projector P(x) = I - np(x) ® np(x)
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Tangential differential calculus (TDC) | brief introduction

Geometry

» manifold I of codimension 1 (or 2) embedded in physical space R?
> manifold representation: explicitly (surface atlas) or implicitly

» normal vector np(x) € R?; tangent space projector P(x) = I - np(x) ® np(x)

Surface gradients

» surface gradient of scalar function in UFL

U=
u =

dolfinx.FunctionSpace(mesh, ...) # mesh with gdim=3, tdim=1 or 2
dolfinx.Function(U)

du_dx = ufl.grad(u) # (3x1), directional gradient
du_dt = P * du_dx # (3x1), tangential gradient

> surface gradient of vector function in UFL

u
u

dolfinx.VectorFunctionSpace(mesh, ...) # mesh with gdim=3, tdim=1 or 2
dolfinx.Function(U)

du_dx = ufl.grad(u) # (3x3), directional gradient
du_dt = P % du_dx # (3x3), tangential gradient / covariant gradient

> restriction to tangent space: uy,,, = Pu, A

tang = PAP .
4 [11]]



Tangential differential calculus (TDC) | configurations
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TDC for structures:
beams [4], membranes [5, 6], plates and shells (Kirchhoff [7, 8], Reissner [9])
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TDC in FEniCSx/UFL | truss/cable structures

mesh = ... # mesh of gdim=3, tdim=1, q = geometry order
Uf = dolfinx.fem.FunctionSpace(mesh, ("CG", p)) # p = physics order
u, du = dolfinx.fem.Function(Uf, name='u'), ufl.TestFunction(Uf) # displacement in RA{gdim}

# Geometry

x0 = ufl.SpatialCoordinate(mesh) # x0 = coordinates in undeformed configuration (mesh)
t0 = ufl.geometry.Jacobian(mesh)[:, 0] # t0 = tangent in undeformed configuration (mesh)
P = ufl.outer(t0, t0) / ufl.dot(tO, tO)

# Kinematics
b® = x0 # placement in undeformed configuration
b = x0 + u # placement in the deformed configuration

JO = ufl.grad(b®) # configuration gradient, undeformed configuration
J = ufl.grad(b) # configuration gradient, deformed configuration

# Green-Lagrange strain tensor (gdim x gdim)

E=((J.T xJ - J0.T % JO) / 2 # directional

Em = P * E x P # tangential (in-plane = membrane)

6Em = ufl.derivative(Em, u, 6u) # 1st variation of Em

# PK2 stress tensor (gdim x gdim)

S=2x%p*xE+A*ufl.tr(E) x I # directional (SVK with Lamé constants)
Sm =P %S *x P # tangential (in-plane = membrane)

Sm x= A®@ # tangential stress resultant, A0 = section area

# Weak form
f = - ufl.inner(8Em, Sm) * dx # + external virtual work

# Define and solve the nonlinear problem

F = dolfiny.function.extract_blocks(f, [b6u]) # list of forms

problem = dolfiny.snesblockproblem.SNESBlockProblem(F, [u], bcs) # nonlinear problem
problem.solve()
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TDC in FEniCSx/UFL | membrane structures

mesh = ... # mesh of gdim=3, tdim=2, q = geometry order
Uf = dolfinx.fem.FunctionSpace(mesh, ("CG", p)) # p = physics order
u, du = dolfinx.fem.Function(Uf, name='u'), ufl.TestFunction(Uf) # displacement in RA{gdim}

# Geometry

x0 = ufl.SpatialCoordinate(mesh) # x0 = coordinates in undeformed configuration (mesh)
n® = ufl.CellNormal(mesh) # n@ = unit normal in undeformed configuration (mesh)

P =1 - ufl.outer(n®, n@) # I = ufl.Identity(gdim)

# Kinematics
b® = x0 # placement in undeformed configuration
b = x0 + u # placement in the deformed configuration

JO = ufl.grad(b®) # configuration gradient, undeformed configuration
J = ufl.grad(b) # configuration gradient, deformed configuration

# Green-Lagrange strain tensor (gdim x gdim)

E=((J.T xJ - J0.T % JO) / 2 # directional

Em = P x E * P # tangential (in-plane = membrane)

6Em = ufl.derivative(Em, u, 6u) # 1st variation of Em

# PK2 stress tensor (gdim x gdim)

S=2% uxE+ A xufl.tr(E) *x I # directional (SVK with Lamé constants, plane stress)
Sm =P %S *x P # tangential (in-plane = membrane)

Sm x= h® # tangential stress resultant, h0@ = membrane thickness

# Weak form
f = - ufl.inner(8Em, Sm) * dx # + external virtual work

# Define and solve the nonlinear problem

F = dolfiny.function.extract_blocks(f, [b6u]) # list of forms

problem = dolfiny.snesblockproblem.SNESBlockProblem(F, [u], bcs) # nonlinear problem
problem.solve()
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TDC in FEniCSx/UFL | shell structures (Reissner/Naghdi)

mesh = ... # mesh of gdim=3, tdim=2, q = geometry order
Uf = dolfinx.fem.FunctionSpace(mesh, ("CG", p)) # p = physics order

Rf = dolfinx.fem.FunctionSpace(mesh, ("CG", p)) # p = physics order

u, du = dolfinx.fem.Function(Uf, name='u'), ufl.TestFunction(Uf) # displacement in RA{gdim}
r, &r = dolfinx.fem.Function(Rf, name='r'), ufl.TestFunction(Rf) # rotation in RA{gdim}

# Geometry

x0 = ufl.SpatialCoordinate(mesh) # x0 = coordinates in undeformed configuration (mesh)

n® = ufl.CellNormal(mesh) # n@ = unit normal in undeformed configuration (mesh)

P = I - ufl.outer(n®, n@) # I = ufl.Identity(gdim)

# Through-tickness variable

= = dolfinx.fem.FunctionSpace(mesh, ("DG", q))

€ = dolfinx.fem.Function(Z, name='%g')

Kinematics
O = x0 + § * n®@ # placement in undeformed configuration
= (x0 + u) + & * (R * n®) # placement in the deformed configuration

oo #

# Configuration gradient, un-deformed configuration

JO = ufl.grad(b®) - ufl.outer(n@, n®) # = P * ufl.grad(x0) + ufl.grad(& * n@)

JO = ufl.algorithms.apply_algebra_lowering.apply_algebra_lowering(JO)

JO = ufl.algorithms.apply_derivatives.apply_derivatives(J0)

Jo = ufl.replace(J0, {ufl.grad(§): n@})

# Configuration gradient, deformed configuration

J = ufl.grad(b) - ufl.outer(n®, n@) # = P x* ufl.grad(x0) + ufl.grad(u + & * (R * n@))
J = ufl.algorithms.apply_algebra_lowering.apply_algebra_lowering(J)

J = ufl.algorithms.apply_derivatives.apply_derivatives(J)

J = ufl.replace(Jd, {ufl.grad(g): n0})
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TDC in FEniCSx/UFL | shell structures (Reissner/Naghdi)

# Green-Lagrange strains (total): determined by deformation kinematics
E=(J.T *xJ-J0.T * J0) / 2 # directional GL strain

# Membrane strain

Em = P % ufl.replace(E, {€: 0.0}) *x P

# Bending strain

Eb = ufl.diff(E, )

Eb = ufl.algorithms.apply_algebra_lowering.apply_algebra_lowering(Eb)
Eb = ufl.algorithms.apply_derivatives.apply_derivatives(Eb)

Eb = P % ufl.replace(Eb, {¥: 0.0}) * P

# Shear strain

Es = ufl.replace(E, {&: 0.0}) - P * ufl.replace(E, {§: 0.0}) * P

# Variation of elastic Green-Lagrange strains

8Em = ufl.derivative(Em, u, 6u) + ufl.derivative(Em, r, &r)
SEs ufl.derivative(Es, u, du) + ufl.derivative(Es, r, &r)
6Eb = ufl.derivative(Eb, u, &u) + ufl.derivative(Eb, r, &r)

# PK2 stress
=2 % U *xE+ A % ufl.tr(E) * I # directional (SVK with Lamé constants, plane stress)
# Membrane stress
Sm = P % ufl.replace(S, {§: 0.0}) * P
# Bending stress
Sb = ufl.diff(S, E)
Sb = ufl.algorithms.apply_algebra_lowering.apply_algebra_lowering(Sb)
Sb = ufl.algorithms.apply_derivatives.apply_derivatives(Sb)
Sb = P * ufl.replace(Sb, {&: 0.0}) * P
# Shear strain
Ss = ufl.replace(S, {&: 0.0}) - P * ufl.replace(S, {&: 0.0}) *x P

# Stress resultant tensors
Sm *= h@; Ss *= h@; Sb *= hO*x3 / 12

# Weak form (shown without reduced integration, drill removal)
f = - ufl.inner(8Em, Sm) * dx - ufl.inner(8Eb, Sb) * dx - ufl.inner(8&Es, Ss) * dx # + ext. virtual work
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TDC Reissner beam | nonlinear analysis (load stepping)

» straight/curved beam subject to tip moment
» planar beam embedded in 3d space (x-z plane)

finite strain beam (1st order shear, displacement-based, on Bg) finite strain beam (1st order shear, displacement-based, on Bg)
—— undeformed —— undeformed
0.01 — deformed ] 0.04 —— deformed
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TDC Naghdi shell | nonlinear analysis (load stepping)

N Pinched cylinder (node load), , 40, D,
> cylinder subject to nodal load, [10]
> fenics-shells, [2] "o

n il



TDC Naghdi shell | nonlinear analysis (continuation)

12 Pinched cylinder (line load), , 40],
» cylinder subject to line load
> fenics-shells, [2] T w

2 1]



Continuation
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Continuation

toad.q

Loading parameter, A
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r(w,A) = —f,(u) + Af,(u) = 0

Riks arc-length method (1979) [11]

Solve foru;,; = u, + Au, A,y = A + Adin
an incremental procedure such that

0 =—f;(u,)+ Akae(ukﬂ) m
0 = Au"Au + Y(AAL,)T(AM,) — As®>  (2)

— augmented algebraic system (ndof + 1)



Continuation
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Loading parameter, A
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Duspiacemant, p

r(u, 1) = —f,(u) + Af,(u) = 0

Riks arc-length method (1979) [11]

Solve foru;,; = u, + Au, A,y = A + Adin
an incremental procedure such that

0 = —f;(upyy) + A fo(Ugyy) (1)
0 = Au"Au + Y(AAL,)T(AM,) — As®>  (2)

— augmented algebraic system (ndof + 1)

Crisfield’s approach (1981) [12]

» linearise (1) and isolate NR corrections
du; and du, through two linear solves

» solve (2) for correction dA
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Continuation | arc-length a la Crisfield in dolfiny

» SNESBlockProbleminterfaces to PETSc SNES
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Continuation | arc-length a la Crisfield in dolfiny

> SNESBlockProblem interfaces to PETSc SNES

# Define state as (ordered) list of functions
m, &m = [u, r], [6u, &r]

# Load factor
A = dolfinx.fem.Constant(mesh, 1.0)

# Define form involving the load factor
f=-fi+Axfe

# Overall form (as list of forms)
F = dolfiny.function.extract_blocks(f, &m)

import dolfiny.snesblockproblem

# Create nonlinear problem: SNES
problem = dolfiny.snesblockproblem.SNESBlockProblem(F, m, bcs)

# Load increment procedure
for factor in np.linspace(0.0, 1.0, 20):

A.value = factor # set/update load factor
problem.solve() # solve nonlinear problem

piched cylnder se

o factor A -]

aiplacemant o -]

+++ Processing load factor A = 6.4750

### SNES iteration 0
#'sub @ |x|=2.730e+01 [dx|=3.689e-08 |r|=2.500e+01
#sub 1 |x]=5.101e+01 |dx| 08 |r|=1.1230-11
# Ul |x|=5.785¢+01 [dx|=9.270e-08 |r|=2.500e+01

### SNES tteration 1
# su x|=2.889¢+01 [0 76400 |r|=7.078e+02
10+00 |r|=1.4930401
#all  |xI=6.072e+01 |dx|=3.952e+00 |r|=7.080e+62

### SNES iteration &
#sub O |x|=2.879+01
#sub 1 x|

I
Ir|=2.9860-08

@

@
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1)

Ui




Continuation | arc-length a la Crisfield in do1finy

> SNESBlockProblem interfaces to PETSc SNES
» Crisfield asthin wrapper around SNESBlockProblem
> custom update method to SNES solver realises Crisfield’s approach

Pinched cylinder (ne aad), dems={40, 41, —ratse

# Define state as (ordered) list of functions h
m, &m = [u, r], [6u, &r]

# Load factor
A = dolfinx.fem.Constant(mesh, 1.0)

# Define form involving the load factor
f=-f1+Ax%fe \

# Overall form (as list of forms) \
F = dolfiny.function.extract_blocks(f, &m) o = = i

aiplacemant o -]

import dolfiny.snesblockproblem +x Continuotion step 6

# Create nonlinear problem: SNES
problem = dolfiny.snesblockproblem.SNESBlockProblem(F, m, bcs)

import dolfiny.continuation ### SNES {teration 4
¥ sub e

# Create continuation problem context
continuation = dolfiny.continuation.Crisfield(problem, A)

# Initialise continuation problem
continuation.initialise(ds)

# Arc-length procedure with Crisfield update
for k in range(20):

continuation.solve_step(ds)
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Summary and outlook

https://github.com/michalhabera/dolfiny

Now

» TDC as re-formulation of existing models for thin-walled structures
» TDC demo for truss, membrane, beam and shell (nonlinear)

» supports higher-order triangle and quadrilateral meshes

» continuation method (Crisfield’s approach to arc-length procedure)
» equilibrium paths associated with snap-through and snap-back

Future

> explore robustness of various (mixed) formulations in TDC setting
» coupling domains of different topological dimension

» further improvement of continuation interface

= []1]]


https://github.com/michalhabera/dolfiny
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