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ISOTROPIC RANDOM SPIN WEIGHTED FUNCTIONS ON $? VS
ISOTROPIC RANDOM FIELDS ON S3

MICHELE STECCONI

ABSTRACT. We show that an isotropic random field on SU(2) is not necessarily
isotropic as a random field on S3, although the two spaces can be identified. The
ambiguity is due to the fact that the notion of isotropy on a group and on a sphere
are different, the latter being much stronger. We show that any isotropic random
field on S® is necessarily a superposition of uncorrelated random harmonic homo-
geneous polynomials, such that the one of degree d is necessarily a superposition
of uncorrelated random spin weighted functions of every possible spin weight in the
range —%, e g}, each of which is isotropic in the sense of SU(2). Moreover, for a
random field of fixed degree, each spin weight appears with the same magnitude, in
a sense to be specified.

In addition we will give an overview of the theory of spin weighted functions and
Wigner D-matrices, with the purpose of gathering together many different points
of view and adding ours. As a byproduct of this survey we will prove some new
properties of the Wigner matrices and a formula relating the operators 88 and the
horizontal Laplacian of the Hopf fibration S — S2, in the sense of [4].

1. INTRODUCTION

In this paper we compare the theory of random spin weighted functions on the sphere
52, with that of random fields on the hypersphere S3. We will see the two theories in
the same light, but we will clarify the distinction between the corresponding notions of
isotropy.

A function with spin weight s € Z on S is a section of the spin s bundle (see [8,18]).
In the convention® of this paper this is defined to be the complex line bundle of degree
25 over the sphere S? and denoted by 7®* — 5?2 see Section 2.4. These objects have
received a lot of attention in the last years (see [1,2,15]), due to their application in the
statistical analysis of cosmological and astrophysical data (see [1]), in particular related
to the Cosmic Microwave Background (see [15]).

A convenient way to treat such objects is the so-called “pull-back approach” (this is
the point of view adopted in [2,8]), which consists in the identification of the vector
space of (smooth, continuous, square integrable, etc..) sections of T®* with a subspace
of complex valued functions on S3, or on SO(3) if s € Z, see Theorem 2.22 (Pull-back
Correspondence). The reason why this is possible is that under the natural maps S3 ~
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28U (2) — SO(3) — S2, the pull-back of T®* becomes a trivial bundle C := C x SU(2)
on SU(2). If s € Z, then the pull-back bundle is already trivial on SO(3)3:

cC—— s3

|

T2 or C —— SO(3)

|

T, with s € $Z ——— 2

Under this point of view, a random spin s function ox : 2 — 7 ®% is thought as a complex
random field X: S — C on the hypersphere S® ~ SU(2) C C?, with a prescribed
behavior under multiplication by a phase:

X(z-e") = X(z)e ™.

In this case, we say that X has right spin = —s. The minus sign is explained by the
fact that the function X represents the collection of all the coordinate expressions for
the section ox, thus it has to be interpreted as a dual object, see Remark 2.17.

As in most models, we don’t want the sphere S? to have special points or directions.
Consequently, the random fields that we care about are only those that reflect such
isotropy. In more rigorous terms, this means that we will study the random spin weighted
functions that are invariant under the automorphisms of the bundle 7®°% — S$2 induced
by orientation preserving rotations, i.e. elements of the group SO(3). We will explain
in Section 2.4 how this notion of change of variables, from the point of view of random
fields on SU(2) ~ S3, translates to invariance in law under the composition with left
multiplication by any element. This condition is usually called isotropy in the context
of random fields on groups (compare with [16]). On the other hand, a random field
X : 82 = C on a sphere is said to be isotropic if it is invariant in law under composition
with any orientation-preserving isometry of S3, i.e. any element of SO(4). This latter
notion is clearly stronger than the previous, indeed the round metric on S? is in fact a
bi-invariant metric on the group SU(2) and any orientation-preserving isometry of S is a
composition of a left and a right multiplication by two elements of the group (see [9,19]).

One of the purposes of this paper is to compare the two above notions of isotropy,
which we will call left-invariance and bi-invariance (we will give the precise definition
in Section 5). In addition we will consider also right-invariant random fields, so that X
is bi-invariant if and only if it is both left and right invariant. The significance of such
comparison is that the study of bi-invariant (isotropic for $®) random fields is strictly
related to the study of random waves on S2. Given a compact Riemannian manifold
M, we will say that a random field X: M — C is a monochromatic random wave of
frequency A € R if X satisfies, almost surely, the Helmholtz equation for the eigenvalue
-2

Ay X = —N2X,

2With this symbol we denote diffeomorphisms.
3fs € Z, then 7®9 is a true tensor power of the tangent bundle T'S? = T®! and SO(3) is isomorphic

1
to the frame orthonormal bundle of S2. When s € %Z is not an integer then 7®2 is just a notation for

1\ ®2
the bundle of degree 1, justified by the fact that <T®§> >~ 7L,
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with Aj; being the Laplace-Beltrami operator.* For reasons that we will explain later
(see Section 2) in this paper we will take on S? the round metric of a sphere of radius 2,
so that for each ¢ € %N, the eigenfunctions are all those complex valued functions whose
real and imaginary parts are the restriction of real homogeneous harmonic polynomials
on R*, where the ones of degree 2¢ are relative to the eigenvalue —¢(¢+1), for all £ € N°.

It is well known that any square integrable random field X : S® — C admits a spectral
representation as a sum

(1.1) X = ajef,
yx3

for some complex random variables af, where ¢¢ is an orthonormal basis of eigenfunctions
of degree 2¢. Then, X is bi-invariant (i.e. isotropic on S®) if and only if the fields X*
are jointly bi-invariant, meaning that the joint law of the whole family (X*), is invariant
under the transformations of the form: (X*), ~ (0*X*), for all & € SO(4), and in this
case they are automatically pairwise uncorrelated. From the point of view of the group
SU(2), a similar statement is known under the name of Stochastic Peter-Weyl theorem
(for which we refer to [16, Proposition 5.4] and [16, Theorem 5.5]. See also [16, Section
2.5] or [12, Section 4.7] for the standard Peter-Weyl theorem.). It says that there is a
decomposition

(1.2) X =3 b D

l,m,s

for a suitable collection of complex random variables bf;w, where Dfn’sz SU((2) — C
are the coefficients (indexed as in equation (1.3), below) of the (" Wigner matrix
D*: SU(2) — U(2¢ + 1). Again, the field X is left-invariant if and only if the collection
of fields X* = D bfnﬁsDﬁl’s are jointly left-invariant, meaning that the joint law of the
whole family (X*), is invariant under the transformations of the form: (X¢), ~ (L;X 6,
for all g € SU(2), and again in this case they are automatically uncorrelated.

A key observation is that the two decompositions above are essentially the same, due

to the fact that, when seen on S3 ~ SU(2), the functions

V2041 1
(1.3) ¢£®S=%Dfﬁ“, VL€ SN and m,s € {6, —(+1,....0},
: - :

are the hyperspherical harmonics of degree 2¢, thus they form an orthonormal® basis
of eigenfunctions of the Laplacian on S3. Although this is a well known fact (see [13],
for instance), we will report a simple proof for completeness, see Proposition 3.5. An
important feature of such basis is that ¢fn75 is a function with pure left spin —m and
pure right spin —s, see Definition 2.26.

Remark 1.1. With a different normalization, as L? sections of 7%, and via the pull-back
correspondence, one defines the so-called spin weighted spherical harmonics Yrﬁ’sz 52 =

T®s, see Remark 3.6. In particular the functions Yvﬁ,o : §2 — C are the standard spherical

harmonics”.

4Here7 we are using the term monochromatic random wave in a broad sense, whereas in the context
of Riemannian geometry (see [5,21]), the same terminology is often used to indicate that the random
field is of the form X = 7, a;¢;, for some family of i.i.d. complex Gaussian random variables a; € C,
and with ¢; being an orthonormal basis of the eigenspace relative to the eigenvalue —\2.

5We have Ags =40543.

6They are orthonormal with respect to the L? product of 253.

"The convention on the index m might differ from the usual one.
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The decompositions (1.1) and (1.2) imply that any “isotropic” random field is a sum
of uncorrelated “isotropic” random waves of frequency /(¢ + 1):
¢

X = Z XZ, Xe = Z afn,sdjfn,s’

LeLN m,s=—~

for all £ € §N. Here, the af, . := af are the complex random variables defined by
Equation (1.1), with respect to the basis given in (1.3) indexed by i = (m,s). This is
true for both notions of isotropy: in the sense of S* (bi-invariance) and in the sense of
SU(2) (left-invariance).

Theorem 1.2. The field X is left, right or bi invariant if and only if the fields X* are
jointly left, right or bi invariant, respectively. Moreover, in this case the fields X are
pairwise uncorrelated.

Proof. For left and right invariance, this is a direct application of [16, Proposition 5.4].
The statement for bi-invariance then follows from the fact that being bi-invariant is
equivalent to being at the same time left and right invariant, see Section 5. O

To see the true difference between these notions of invariance we have to consider a
further decomposition, into the spaces of functions spanned by the coefficients of each
column of the Wigner matrices.

Theorem 1.3. If X: S3 — C is an almost surely square integrable random field, then
it can be decomposed as a sum of random fields Xf’s, for all ¢ € %N and s € {—4,—0 +
., L}, such that the series

X ZZX.‘?? Zams m,s’

EE Ns=—£ s=—/4

converges almost surely in L?(S®). Each of the fields X s 18 a random harmonic poly-
nomial of degree 2¢, i.e. an eigenfunction of Asgs with ezgenvalue L+ 1) and, at the
same time, the pull-back of a section of T®%, i.e. a random spin weighted function on
S2, with spin weight s.

Proof. This is actually a deterministic statement about L?(SU(2)). The first part about
the decomposition into Xf,s follows from Proposition 3.2. The fact that the each X¢

is harmonic is proved by Theorem 3.5. Finally, the last sentence is due to the Pull-back
Correspondence: Theorem 2.22. O

To measure the relative magnitude of the component with spin s, in the decomposition
we introduce a probability ERS[X] on $Z, see Section 5:

2
ERS[X])({s}) == ) _ E{” |2| }
o UTHI
where || - || is the Hilbert norm of L?(S?). In particular, given s € 1Z, such probability
charges the singleton {s} if and only if 3, X! # 0. We stress the fact that ERS[X]
does not depend only on the marginal probabilities of the variables am o
account their joint probability due to the normalization factor || X||~2.
The first main result of this paper states that the random fields of type X?¢
true building blocks of left-invariant random fields.

but takes into

o are the

8The notation ERS[X] stands for the expectation of the right spin measure RS[X], defined by Equa-
tion (5.7).



ISOTROPY OF RANDOM SPIN WEIGHTED FUNCTIONS AND THEIR PULL-BACK 5

Theorem 1.4. The field X is left-invariant if and only if the fields Xf7s are jointly
left-invariant. The fields X¢ , and Xf:s, are uncorrelated whenever £ # ' or s’ ¢ {s, —s}

oS
and their correlation structure has to satisfy certain relations, stated in Theorem 5.7.
Moreover, for any probability u on {—£, ..., L}, there exists a left-invariant random field

X = X" of degree 2¢ such that p = ERS[X].

Proof. The first part of the theorem and the correlation structure is the content of The-
orem 5.7. The last statement on the possibility of realizing any probability u is proved
by Theorem 5.13. |

Remark 1.5. The field X realizing the probability p in the theorem above is not at all
unique. In fact, it can always be constructed in a such a way that || X||*> = C almost
surely, see the proof of Theorem 5.13. Non-uniqueness then follows from the fact that
there exist left-invariant random fields Y of degree 2¢, so that the latter construction
produces a field X # Y (in law) with ERS[X] = u = ERS[Y].

On the other hand, the condition of being bi-invariant is stronger and requires an
equal presence of all spin weights.

Theorem 1.6. Any bi-invariant square integrable random field X = X*: S® — C of
degree 20 € N is a superposition of random spin weighted functions Xf75 of every spin
weight s € {—4,—0+ 1,..., L}, whose correlation structure has to satisfy the relations
of Theorem 5.9. Moreover, each spin weight appears with the same magnitude, meaning

that ERS[X] has to be uniform.
Proof. Theorem 5.9 gives the first part and 5.15 shows that ERS[X] is uniform. O

Remark 1.7. In both the situations of Theorems 1.3 and 1.6 it is possible to have cor-
relation of the components with opposite spin weight X and X! _,. For instance,
it happens when X? is as in Example 5.5, because of Theorem 1.11. This reflects the
possible correlation of the real and imaginary part of X. In the bi-invariant case, such

correlation it is determined by the number
(14) E{<W7X€>L2(SU(2))} e C,

see Theorem 5.9. For instance, if X is circularly symmetric, then the number (1.4)
vanishes and thus all of the random spin weighted functions in the decomposition of X
given by Theorem 1.6 are uncorrelated.

In particular, a bi-invariant random field of fixed degree X*¢ cannot be further decom-
posed into simpler bi-invariant fields, contrary to what happens in the left-invariant case.
The explanation of this phenomenon is to be found in the decomposition of the space
L?(SU(2)) into irreducible components for the action of SO(4) in comparison to that of
SU(2), see Proposition 3.2.

Remark 1.8. From this we see that, if not constantly equal to the zero section, an isotropic
random spin function S — 7®% is never isotropic as a random field in the sense of S3,
because it has a fixed spin.

We will actually prove stronger statements than the above, see Theorem 5.11 and
Theorem 5.14. In particular, the latter implies that any bi-invariant monochromatic
random wave X = X’ of frequency //(¢+ 1) is necessarily supported on the whole
eigenspace of Aygs relative to the eigenvalue £(£41). More precisely, X* is a superposition
of monochromatic random waves with pure left and right spin, such that any two of them
are uncorrelated unless both their right and left spin are opposite. Moreover, each pair
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of right and left spin (m,s) € {—¢,—¢+ 1...¢}? appears with the same magnitude, see
Theorem 5.14.

~ o~

A second purpose of this paper is to give an overview of the theory of spin weighted
functions and of the special properties of the Wigner functions, trying to gather together
various different points of view. This is the content of Sections 2 and 3.

Traditionally, the Wigner functions Df, ,: 5% — C (see Section 3), are indexed by
(¢,m,s) € A,where

(1.5) A= {(e,m,s)e;z3;eim,eiseN}.

As mentioned above, the Wigner functions are an orthogonal basis of L?(S3) that enjoys
many special properties. The most important for us is that for any fixed ¢ they are, at the
same time, a basis of an eigenspace of A gy () (see equation (1.3)), and the coefficients of
an irreducible unitary matrix representation D = (Df, )m. s of SU(2), see [16, Theorem
3.14]. At the same time, Dfn,s is a function with pure left and right spin (see Definition
2.8) and an eigenfunctions of the spin Laplacian, i.e. the operator 80 constructed from
the spin raising and spin lowering operators (see [8]), thus by normalizing them in the
space L2(S?, T®%) one gets the so-called spin weighted spherical harmonics Y,fl’s. In fact,
we will show that the following formula holds when SU(2) is endowed with the metric
of the sphere of radius 2:
2

(1.6) Agy(z)y = 00 + ddT/JQ — z%

By Theorem 1.3, the law of a square integrable random field X : S3 — C is character-
ized by the family of random variables afms € C, called spectral or Fourier coefficients.
In Section 5 we will study the correlation structure of these random variables in the cases
of left, right and bi invariance, resulting in Theorems 5.7, 5.8 and 5.9. Theorems 1.3, 1.4
and 1.6 are proved as a consequence of this study. Moreover, we show the following by
combining the latter theorems with the results of [1].

Corollary 1.9. Assume that the coefficients af;w of a square integrable random field

X: 5% — C are independent and circularly symmetric. Then, X is bi-invariant if and
only if it is complex Gaussian and the variance of afms depends only on £.

Proof. See Section 5.2. |

The interest of Corollary 1.9 is in the fact that it characterizes the fields X that are a
superposition of independent isotropic Gaussian monochromatic random waves in terms
of conditions that, apparently, have nothing to do with Gaussianity. Notice that the
theorem implies the independence of the real and imaginary parts of afnys.

Many authors already devoted their attention to the study of isotropic random fields
(i.e. left-invariant in the language of the present paper) in terms of the collection of spec-
tral coefficients, see for instance [1-3,16] and proved equivalent statements to Theorem
5.7. The analogous result, Theorem 5.8, for right-invariance is obtained by the repeat-
ing the same arguments changing the roles of s and m and Theorem 5.9 for the case of
bi-invariance is obtained by combining the previous two. We will nevertheless show how
to obtain such characterization by studying the problem from the more abstract point of
view of collections of random vectors V; € C?*1 that are jointly invariant in law under
the action of the collection of matrices D. We call such notion D-invariance and study
it in details in Section 4. This is convenient in that it allows, essentially, to study left
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and right-invariance at the same time, thanks to Lemma 5.4. In this context, we observe
the following.

Theorem 1.10. A collection V = (V;)ic1 of random vectors V; € C2“+1 js (strongly)
D-invariant if and only if
law
(Vi)ier = (D ()Vaier,
where v € SU(2) is a uniformly distributed random element, independent of V.

Proof. See Theorem 4.5 in Section 4. ]

The above result holds also for a weaker notion of D-invariance, that will be specified
in Section 4. This allows to obtain a characterization of the correlation structure of any
D-invariant random vector, see Theorem 4.7. From this, we deduce Theorems 5.7, 5.8
and 5.9. In fact, thanks to Theorem 1.10, the problem is reduced to the computation of
the correlation structure of the collection of random matrices D*(7).

Theorem 1.11. The correlation structure of the collection of random matrices (DZ(V))ZELN
2

is described by the following identities.

0 7N\ 5(,[’68,5’6m,m’
(1.7) E{Dl.00) (Dl () } = eoemn,
4 5676/6—s,s/§—m,m’ -1 2-—m+s
(1.9 e {Df, () Dl ()} = =)
Proof. See Section 3.3. (]

We point out that the first set of identities (1.7) is a reformulation of Schur’s orthog-
onality relations and these identities are valid for any irreducible unitary matrix repre-
sentation DY, while the second set (1.8) derives from special properties of the Wigner
functions, thus they are due also to the choice of basis in which the representation is
written.

In the Section 2.4, we review the theory of spin weighted functions, starting from the
definition of the spin weight given by Newman and Penrose in their seminal paper [18].
We put a special focus on the Riemannian aspects of the pull-back correspondence,
showing that under the hypothesis that the SU(2) = 253 is considered as a sphere of
radius 2, there are Riemannian coverings

1 1
SU(2) — HS(T‘@S) = {v €T ||v|| = } ,
S S
for every s € %Z ~ {0}. Thanks to this, we can compare the spin Laplacian 80 with
the decomposition of the Laplace-Beltrami operator into a vertical and a horizontal
parts described in [4], finding that the horizontal Laplacian relative to the Riemannian
submersion 283 2 SU(2) — S? is the operator

- d
1.9 Ap =00 —i—;
(19) = 00— i
Notice that Ay preserves the spaces of spin weighted functions, indeed it was proved by
2
Kuwabara in [13] that the operator Ay = Agy(2) — ddﬁ is in fact the Bochner Laplacian

acting on smooth sections of 7®¢ and relative to the Chern connection.

Remark 1.12. In particular, 90 # Ay, is not the Bochner Laplacian of the Chern connec-
tion.
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With Proposition 2.3, we will show that taking the sphere of radius 2 is not really a
choice, in that the factor 2 is built in the structure of the Hopf fibration S® — S2, which
is a Riemannian submersion if and only if the radius of the first sphere is the double
of that of the second. This is not a novelty, but it explains why in the decomposition
of the Laplacians, given in (1.6), there are no factors, whereas in the literature, similar
equations are written with a factor i in front of Ags = 4Ayg3, see [13, equation (5.4)].

In Section 3 we turn our attention to Wigner functions, giving an overview of their
properties. In preparing this survey, we noticed a few results in this context, that we
weren’t able to find in the literature. One is Theorem 1.11 above and the other is a

description of the maps
(1.10) D} ,: SU(2) — §4+!

given by the columns of the Wigner matrices (analogous things can be said about the
rows). Let ¢ € %N and let us identify C**! with the complex vector space generated
by vectors e, indexed by s € {—¢,—¢ + 1,...,£}. Then the map Df)s parametrizes
the orbit of the element e, of the canonical basis of C?*1 under the unitary action
D*: SU(2) — U(2( + 1). By studying these maps we deduce properties of all the orbits
O%(v) = {D*(g)v: g € SU(2)} of the action. We prove the following facts.

Theorem 1.13. The following holds.

(1) The map (1.10) induces an embedding ﬁS(T@)S) ~ O%es) C S**! for all s €
{=4,...0} ~{0}.

(2) For s = 0 there are two cases: if £ € 2N, then O(eg) =~ S*; while O(eg) ~ S?
otherwise.

(8) For almost every v € C¥**L the orbit O%(v) is diffeomorphic to SU(2) when
£ ¢ N and to SO(3) when £ € N\ {0}.

(4) Let v € C***1 be any vector and let n be the dimension of its orbit O(v). If A C

O'(v) is a measurable subset of positive n-dimensional volume, then span(A) =
C2£+1.

Proof. The first three statements are the content of Theorem 3.13, while the fourth and
last one is Theorem 3.12. |

1.1. Acknowledgements. This paper originated from a discussion with Antonio Ler-
ario, Domenico Marinucci and Maurizia Rossi. The author would like to thank them
for many valuable suggestions, corrections and remarks. Moreover, the author wishes
to thank both anonymous reviewers for their careful reading and their helpful and con-
structive comments.

2. SPIN BUNDLES

2.1. Preliminary definitions and notations. We will make use of some basic notions

in Riemannian Geometry, for which we refer to the book [14]. Given two Riemannian

manifolds, we will use the symbol ~ for diffeomorphisms and the symbol = for isometries.
The space of quaternions H will be represented as the following space of matrices:

H= {h(a,/j) = (g _aIB> ‘a,B € C} ~C%~ {xo—i—yoj—l—xli—l—ylﬂxi,yi € R} ~R*,

so that its algebraic generators 4, j, k are defined by the following identity

x0+yol+xll+ylkz(x0+yol)+($l+yll)l:a+ﬂl
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For reasons that will become clear later (see Remark 2.1), we will need to put the enlarged
metric (-, Yy = 4(-,-)cz on H, i.e. the metric defined by the scalar product:

(hy, ho)p o= 2R tr (hTT : h2> = tr (hTT ho+ o - hl) .

With such representation, we obtain SU(2) = {g € C?>*2: g7g = 1,det(g) = 1} as the
subgroup of length 2 quaternions, i.e. the sphere of radius 2 in (H, (-, -)n):

SU(2) = {h(a,ﬁ) = <g :f) )a,ﬂ €Claf* + B> = 1}
= {heH: ||hllc: = 1} = {h € H: ||h|ly = 2}
>~ 263,

Remark 2.1. The reason for taking the sphere of radius 2 is that this is the only way to
make the Hopf fibration a Riemannian submersion onto the standard round sphere 52,
see Proposition 2.3.

As it is well known, the Lie group SU(2) is isomorphic to Spin(3), the universal
covering Lie group of SO(3):
SO(3)={R¢ R3*3: RTR = 1} = {R = (u,v, p) positive orthonormal basis of R3} ~

~ {(v,p) € TS?: |v| = 1} ~ RP?.

Of course, SO(3) is also identified with the group of all Riemannian isometries of the
round sphere S? & CP! = CU {cc}. Points in the Riemann sphere CP! will be denoted
as

1
[zozzl]:@:CZfECPl,
Al 77
where (29,21) € C2\ {0}, {,n € CU {oo}. In particular,
1 0
[1:0]:6200 and [0:1]:I:0.

As a Riemannian manifold, the Riemann sphere CP!, with the Fubini-Study metric
is isometric” to the standard round sphere S? = {p € R3: |p| = 1} via the bijection
® : S? — CP! defined by the stereographic projections from the north (e3 — o0o) pole,
to the equatorial plane:

(2.1)
0
x cos(ip) sin(9) ¢= xl—i;zty = (2)
S%23p(p,0) = |y | = | sin(e)sin@®) | — € CP.
t cos(0) n= T zy — (Z)

Notice that
De)=1; P(ex) =14; P(es) =o00; P(—ez) =0.

Remark 2.2. As usual, the orientation of S? is defined by considering ei,e; to be a
positive frame in T,, 52, i.e. taking the point of view of a polar bear who’s looking down
at the north pole below him. The stereographic projection defined in (2.1) defines the

9The Fubini-Study metric on CP! appears in the literature with various different normalizations,
which differ by a constant factor. We take the normalization such that the volume of CP! is 4.

L0We choose the letter ¢ instead of z for the vertical coordinate in order to stress the fact that ¢t € R
and not in C.
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opposite orientation, the one for which the same frame {ej, ez} is a positive basis of
T_.,S?. Indeed, for points ®(z,y,t) = ¢ near ®(—e3) = 0 € C we have

¢ =z +iy+O(¢]*).

In other words, S? is oriented from the point of view of a hamster who’s looking down
while running (or not) inside a hollow sphere. The hamster and the polar bear measure
the same angle between a given pair of tangent vectors, but with opposite sign. In this
paper we want S? to have the polar bear orientation and a coherent complex structure,
meaning that for any non-zero tangent vector v € TpSQ, the basis (v,iv) should be
positively oriented. At the same time we choose to use the stereographic projection in
the form defined in (2.1), because this is the most frequent form in the literature, see [8].
For this reason, we regard ® as an antiholomorphic map. In other words, we have a
biholomorpism:

D SQ%W,

where CP! is the complex manifold (CP!, —J), where J denotes the standard complex
structure on CP?.

2.2. Riemannian submersions. To have a clear view of the double covering map
SU(2) — SO(3), let us fix an isometric action of SU(2) on CP!. Since CP! is the
space of all complex lines £ C C? and H acts on C? via C—linear automorphisms, there
is an obvious action of h € H on CP!, defined by ¢ + h(f). In terms of our chosen
coordinates, the action of h = h(a, ) is expressed by a Méebius transformation:

zo  azo— Bz
%, @Zo — Bz

M(h) = M(a,B) : . B0 T

A standard exercise (left to the reader) is to prove that such diffeomorphism is an isometry
precisely when |a|? + |3|> = 1. Therefore, the above expression determines uniquely a
homomorphism M: SU(2) — SO(3). Since its kernel is {15} and SU(2) = S3 is
simply connected, the map M is the universal cover of SO(3), hence it is equivalent to
Spin(3) — SO(3).

The action of SO(3) on the sphere is transitive, so that, choosing to view the sphere
as the orbit of the point co € CP!, we get two compatible principal circle bundles over
52

281« SU(2) —=+ CPI

(2.2) Lz JM Lyl

St SO(3) —=2- 52

where SU(2) — S? is the map g — M(g)oo, corresponding, via ®, to the Hopf fibration
S3 ={(a,B) €C%: |a* + |8 =1} — CPL:

a
(2.3) h(e, B) = ¢ = 3
while SO(3) — S? is given by the action on the north pole e3 = ®~1(c0), i.e. the map
R — Res.

Let the space RY * be identified with the space RV*¥ of square matrices of order N.
Then it is easy to see that the Euclidean metric can be written as

ganz (A, B) == tr(ATB).
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This metric is invariant under left and right multiplication by any matrix g = ¢~ 7 €
SO(N), in that the trace is invariant under conjugation:

tr ((91492)" (91Bg2)) = tr (95 ' A" Bgs) = tr(A" B).

From this, it follows that its restriction to any subgroup G C SO(N) is a bi-invariant
metric. In particular, the metric induced by the inclusions SO(3) C R? and SU(2) C
SO(4) C R16 are bi-invariant. We also get an inclusion R® = C2*2 ¢ R**4 by identifying
C-linear endomorphisms of C? with the set of R-linear endomorphisms of R* that satisfy
the Cauchy-Riemann equations. Since this inclusion has a diagonal form, the induced
metric on R® is doubled: ggric = 2¢grs. The same happens with the inclusion R* ~ H C
C2%2 5o that

grie = 2gRs = 4gR4.

From this we see that the metric induced on SU(2) by the inclusion in SO(4) C R16
corresponds to the round metric of a sphere of radius 2. It turns out that such metric is
the only one for which the Hopf fibration -co: SU(2) — S? is a Riemannian submersion.

Proposition 2.3. Assume that CP! is given the round metric of radius r, namely CP! =
rS?%. There is a unique choice of bi-invariant Riemannian metrics on SU(2) and SO(3)
such that all the labeled maps (:2, M, -00,-e3,®~1) in the diagram (2.2) are Riemannian
submersions. Such choice is 2rS® = SU(2) C (C%,4r%gra) and SO(3) C (R3*3, %gRg).
In particular the lengths of the fibers are 4mwr and 27wr.

Proof. The metric on SO(3) defined by the inclusion SO(3) C R3*3 (with its standard
metric) is bi-invariant. Choosing an orthonormal basis of T1.50(3) we get an identi-
fication of the Lie algebra T1S0(3) = R3, such that the adjoint action of SO(3) on
T1SO(3) is isometric and, moreover, it is given by the identity: SO(3) — SO(R3). Any
bi-invariant metric on SO(3) is thus defined by a metric on R* which is invariant by the
action of SO(3), but there is only one such metric, up to a constant factor. The map
SU(2) — SO(3) is a Riemannian submersion if and only if it is a local isometry. This
implies that the metric on SO(3) defines uniquely the metric on SU(2) and vice versa.
Moreover, the lifted metric on SU(2) is bi-invariant and the same argument implies that
it is the only bi-invariant metric on SU(2), up to a constant factor. Since the round
metric, obtained from the inclusion SU(2) C R?* is bi-invariant, it follows that there is
a unique choice, corresponding to SU(2) = aS? for some a that can be determined by
a computation of the volumes. Indeed, since the map SU(2) — CP! is a Riemannian
submersion, by using the coarea formula we deduce that

212a® = vol(aS?) = (2ma) - (471?),

from which we obtain a = 2r. Here, we are also using the fact that the fibers of the Hopf
fibration SU(2) = aS® — CP! are geodesic circles and thus have length 27a. Finally,
we get the normalization of the metric on SO(3) by observing that the fibers of the
map -e3: SO(3) — S? must have length 277, given that the leftmost vertical map in the
diagram (2.2) is a Riemannian submersion. Thus the following tangent vector v must
have length r, being a generator with “period” 2 of the fiber over ez € S2:

0 -1 0
v=[1 0 0] eTiS0(3)CR.
0 0 0
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A similar reasoning can be applied to define the orientation of SU(2) and SO(3), by
observing that taking a point p € 52, the fiber of over p of both projections can be
canonically embedded as a small loop around p and thus defines an orientation for S2.

Proposition 2.4. There is a unique choice of orientations on SU(2) and SO(3) such
that all the vertical maps are, locally, orientation preserving and such that the horizontal
sequences define the standard polar bear orientation on S2.

In the following, we will always consider SU(2), SO(3) and S? with the orientation
provided by the above proposition, which we will keep referring to as the polar bear
orientation.

2.3. Euler angles. All the matrices h(«, 3) € SU(2) can be written in terms of Euler
angles, via the following surjective parametrization:

0 L L 0 i %
a=cos|=|e2e'2; PB=sin|=)e"2e'2
2 ’ 2 ’

with ¢ € [0,27], 8 € [0,7] and ¢ € [—27,27]. Notice that then ¢, 6 are precisely the
polar coordinates of the point p(¢p,0) = g(p,0,1¥)co = R(p,0,1)es (see the identities

(2.1)).

_ et% 0 cos(g) fsm(g) iy 0
w0 =0 ) (R ) (v
=: g3()g2(0)g3(1).

Remark 2.5. Such notation for the Euler angle in SU(2) is different to that of [16, Sec
3.2]. More precisely, one is obtained from the other after the transformation
B —B ie. 0 —0.

We made this change in order to have an elegant formula (2.3) for the Hopf fibration
SU(2) — CP!. Nevertheless, the convention Euler angles ¢, 6, for SO(3) is the same
as in the book [16], namely the so-called zyz convention.

The image of g3(¢) and g2(6) under the quotient SU(2) — SO(3) are the matrices of
the standard rotations around ez and es:

Proposition 2.6.

cos(yp) —sin(yp) 0 cos(f) 0 sin(6)
g93(¥) = R(¢) = | sin(y)  cos(yp) O f; ga(6) = Ra(0) = 0 L0
0 0 1 —sin(d) 0 cos(9)
Therefore
9(#,0,9) = R(p,0,¢) := Rs(p) Ra(0) R3 ().

Proof. 1t is sufficient to check that g»(5)oo = 1 and g2(0)i = i. Moreover, g3(1)oo = 00
and g3(5)1 = i. O

To get a surjective parametrization of SO(3), it is sufficient to take all matrices of the
form R(p,0,v), with ¢ € [0,27x], 6 € [0.71], ¢ € [0,27]. Indeed R(y,08,¢) = R(p,0,v +
271'), while g((P7 07 1/)) = —9(% 05 1;0 =+ 277)

Remark 2.7. The principal bundle structure in (2.2) is the one defined by the right

multiplication by matrices of the form g3(¢)) and R3(v). From this point of view, the
leftmost vertical map in the diagram corresponds to the double covering

R/47Z — R/27Z.
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2.4. Definition of the Spin-weighted functions. Newman and Penrose define the
spin weight as follows [18]: a quantity u defined on S? has spin weight s if, whenever
a tangent vector p at any point x on the sphere transforms under coordinate change by
p' = e p, then the quantity at this point x transforms by u' = e**%u.

In [8] the authors introduce the mathematical model for spin weighted functions,
viewing them as sections of complex line bundles on S2. Similar approaches have been
taken in [2,15]. From the statement of Newman and Penrose, it is immediately clear
that a function on S? with spin weight equal to 1 should be a section of the bundle
TO! .= TS5? endowed with its standard complex structure. Moreover, it is also clear
that a spin s function is a section of 7®% = T®! @c -+ @c T®! (s times), because the
transition functions of the latter bundle are, by definition, the s** power of those of 7®1.
This is true for all s > 0. When s < 0 we can argue in the same way, after noticing that
the transition functions for 7®~! are the inverse of those of 7®!, thus 7! = (T'S%)*
is the dual (i.e. the inverse in the group of all line bundles) of T'S%.

Definition 2.8. Let s > 0, we define the bundles:
TE .= (TS?)® =TS*®¢c - ®c TS?, s times;

TO% = (TS?)®~ = ((T5%)*)™" = (TS?)* @c --- @c (TS?)*, s times.
Remark 2.9. Complex line bundles on the sphere are classified by their Chern class ¢,
that is an element of the second cohomology group: ¢; € H?(S%,Z) = Z, or equivalently
by their Euler characteristic y, when thought as real oriented rank 2 vector bundles.
They are related by the cap product ¢; —~ [S?] = ¥, see [10,11]. In fact, it is well known
that in general the set of isomorphism classes of smooth complex line bundles form an
abelian group in which the opposite element of L is L*. In the case of the sphere (or any

compact oriented surface), the group is isomorphic to Z and the isomorphism is given
exactly by the Euler characteristic.

From Remark 2.9 we see that Definition 2.8 can be extended to all (and not more)
s€L1Z =41 +1,43 ..

Definition 2.10. For any s € %Z, we define the spin s bundle T®* to be the complex
line bundle on S? having Euler characteristic
X (T8 = 2.

In terms of the Riemann sphere CP!, we have that the holomorphic line bundle
O(2s) — CP! has Euler characteristic x(O(2s)) = 2s. Therefore the spin s bundle 7®¢
must be isomorphic to the smooth complex line bundle underlying ®*O(—2s) because
® reverses the orientation, or, equivalently, to ®*(O(2s). The latter carries a canonical
structure of holomorphic'! line bundle over the complex manifold S2. Moreover, since
there are no other holomorphic vector bundles over CP!, the Euler characteristic uniquely
determines also a holomorphic structure on 7%%.

Technically speaking, Definition 2.10 defines the spin s line bundle only up to iso-
morphisms, both in the category of smooth complex line bundle and in that of the
holomorphic ones. In the rest of the paper we will keep the same notation 7®* to denote
a very precise holomorphic line bundle.

Definition 2.11. We define the holomorphic line bundle 7®* — S? to the pull-back via
the stereographic projection ®: S? — CP! of the holomorphic line bundle O(2s) — CP1:

T :=®*0(2s), Vs¢€ %Z.

A complex vector bundle £ — S over a complex manifold S is holomorphic if and only if the total
space E is a complex manifold and the projection map E — S is holomorphic, see [11].
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Proposition 2.12. Let s € %N, then the spin s bundle is the 2s tensor power of the
spin % bundle.

T®s — (7‘@%)@23’

Tos = (fr@%)@“s) _ ((fr@%)*)@% _ (T®f%)®2s,
2.5. SU(2) is the radius 2 sphere bundle of T3,

Definition 2.13. Let L — M be a complex line bundle, endowed with an Hermitian
norm || - ||. Then its radius r > 0 sphere bundle is the circle bundle »S(L) — M

rS(L) :={veL:|v||=r}

Remark 2.14. If L is a holomorphic line bundle over a Kéhler Riemann surface, then the
total space rS(L) inherits a Riemannian metric, via the Chern connection of L, which
makes S(L) — M a Riemannian submersion.

The complex line bundle O(—1) — CP! is defined as
O(—1) = {(¢,h) € CP' x C*: h € 1} = CPL.

Since the fiber over £ € CP! is £ C C2, the bundle O(—1) is called the tautological bundle.
Notice also that by restricting to the complement of the zero section CP* x {0} € O(-1),
we get a tautological diffeomorphism

7 H~ {0} = O(=1) ~ CP! x {0}

(2.5) h = h(co, B) = 7, = <Z <g>> '

In particular, this map transports the metric gy into an Hermitian bundle metric on
O(—1), such that the restriction of 7 to SU(2) = 25% C H, is an isomorphism of principal
2S' bundles. Thus, we deduce that according to the polar bear orientation on SU(2),
the map 7 descends to an orientation preserving isometry of the total spaces:

7 SU(2) = 28(0(=1)) = {(£,h) € O(=1): |h| = 2}.

Forgetting about the holomorphic structure, we have that O(—1) = O(1) as smooth com-

plex hermitian line bundles over CP!, so that SU(2) = 25(O(—1)) and 25(O(1)) are iso-

morphic as oriented Riemannian manifolds, and the same for 25(O(1)) and 25(¢*O(-1)).
Remembering Definition 2.11, we proved the following fact.

Proposition 2.15. There is an isomorphism of oriented Riemannian circle bundles
SU(2) = 28 (T®%) 82

where the projection map SU(2) — S? is given by the action on the north pole ez =
®~1(c0) € 52, as in the diagram (2.2).

Remark 2.16. The total space of O(—1) is, by definition, the Kédhler manifold obtained
as the blow-up of C? at the point 0. It can be seen that then, in the category of smooth
manifolds, O(—1) is diffeomorphic to CP? \ {pt}.
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2.6. Spin weighted functions. Let p € CP! and v € 7;,®% ~ {0}, then the fiber over p
of T is

Nl=

T2 = {Zv{@-“@v;s, s.t. v§ 67},® } ={zv®---®v:ze€C}.
i
When v changes: v/ = wv, the vector v¥2* = v ® --- ® v changes accordingly to:

(v/)®2s _ w2sv®25.

When s < 0, the above description still makes sense, if v®(~2%) ¢ T®=2 is defined as
the linear form 7®* — C such that <v®(_1),v> = 1, with respect to the duality pairing
T8=s — TOs*,

Remark 2.17. Notice that the coordinates of an element 7 = 20925 = 2/(v/)®2% € T®
have spin weight = —s:

p _
2 =w"%z,

indeed “the coordinates of vectors are covectors, hence they belong to the dual bundle”.

Remark 2.18. In the book [16, p. 287] we see that the transition functions for the bundle
T are

(26) fRz (.’ﬂ) = exp(iszle)le (x)a

9 _ and =2, measured in the usual way, from the
PR, 0¥ Ry

outside of the sphere, see Remark 2.2.

where g, g, is the angle between

Therefore the rule (2.6) is equivalent to the transition rule for (7.92)®¢ = T®¢ for any

s € N:
o \%° o \%°
o) (55) =m0 ()

Definition 2.19. We define a Hermitian bundle metric on 7®* such that for any g €
SU(2) we have

1
16m)2 ] = o
O

for any s € $Z ~ {0}, where 7: SU(2) — T®7 is defined as in (2.5).

In this way, the map 7%2¢ is a 2|s|-fold covering of the radius ITI\ circle bundle of T®%.

S(T®°) = {u €T o]l = 1} .

|s

(2.7 7925 SU(2) — ﬁ

The above map is a principal bundle with respect to the right action of the cyclic subgroup
of order 2|s| generated by the element g3 (22) € SU(2), which is the finite group

V1:={heH:h* =1}

— {93 <2:> . g3 <2:2> 03 (2:(25 - 1)> .93 <257r2|s|>} = Zyjy)
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By declaring the map (2.7) to be a Riemannian covering (i.e. a covering that is also a
Riemannian submersion), we can define a metric on the total space of ﬁS (T®%). We
define the resulting Riemannian manifold as

, 1

SU(2)®% .= SU(2)/ V1 = WS(T®S).
s

Remark 2.20. As Riemannian manifolds, there is no difference between SU(2)®?* and
SU(2)®72% but they have opposite orientations, since they are the total spaces of a pair
of circle bundles over S? that are dual to each other.

Remark 2.21. By definition, SU(2)®2?* — CP! is a Riemannian circle bundle having
fibers of length 2Z. In particular SU(2)®2 = SO(3).

[s]

We can in fact extend the commutative diagram in (2.2) to every s € 3Z \ {0}:

1

< R— %

2681 —— SU(2) —=—

1§ s SU(2)%2 ——

nn
™)

Let o: 5?2 — T®% be a section. Then, obviously, for any point p € S% and v € T®%,
we have

J(p) = Zo‘(pa U)U®2sv

for some z,(p,v) € C. A convenient way to understand this z,(p,v) is to observe that for
any such p, v there exists a unique g € SU(2) such that g- oo = p and 75, = v. It follows
that the section o: S? — T®¢ is uniquely determined by a function F,: SU(2) — C such
that

(2.8) a(g - 00) = Fy(g) (1)

It is easy to see that a function F: SU(2) — C is associated with a section o of T®% if
and only if

(2.9) F(g-g3(¢)) = Flg)e ™",
for any ¥ € R. Thus, we have the following well known characterization of spin weighted
functions, see [2,7].

Theorem 2.22 (Pull-back Correspondence). Sections of T®* are in bijections with func-
tions F': SU(2) — C that satisfy the rule (2.9), via the identity (2.8).

Definition 2.23. We say that F, is the pull-back of o (see [2]) and that F has right
spin= —s.

Remark 2.24. This change of sign in the spin weight is explained by the fact that F,(g)
is actually a function that expresses the coordinates (see Remark 2.17) of ¢ in the trivi-
alization of the bundle 7®* determined by g.

Corollary 2.25. Sections of T®* are (particular) functions on SU(2)®25.

Definition 2.26. We denote the set of all smooth functions on SU(2) with right spin
=s€1Zas R(s).

R(s) = {F € C®(SU(2)): F(g - g3()) = F(g)e™*} .
Similarly, the set of functions with left spin =m € %Z is

L(m) = {F € C*(SU(2)): F(gs(¢) - 9) = €™ F(g)} .
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We say that a function F: SU(2) — C has pure left spin or pure right spin if it belongs
to some of the spaces L(m) or R(s), for some m, s. We say that F has pure spin if it has
both pure left spin and pure right spin.

Theorem 2.22 says that
R(—s) =C> (52‘ 7).

Remark 2.27. In terms of the coordinates «, 8, the left and right multiplication by g3(%))
are given by the following identities:

h(a, B) - g3(¥) = h(ae'® ,Be'%);  gs(v) - h(a, B) = h(ae’
3. WIGNER FUNCTIONS

For any ¢ € %N, consider the vector space Hy = C[z0, 21](2¢) as a subspace of L?(SU(2))
of complex dimension 2¢ + 1. The resulting Hilbert product on H, corresponds (up to
a constant factor) with the Bombieri-Weyl product, for which an orthonormal basis is
given by the rescaled monomials: for any z = h(zo, 21) € SU(2),

Ph(2) = 2 %z“mz‘—m m=—0+1,... lciz
m A g_‘_m 0 1 3 — 5 goeeey 2

Then we define the extended Wigner function ﬁfn’s : H — C on any matrix h = h(«, 8) €
H by

(3.1)
Z A

The (standard) Wigner function is the restriction to SU(2):
bfﬁ75‘SU(2) = Dfn,s: SU(2) — C7

D*: SU@2) »U@E+1);  D(9) = (D5s(9)_y conocy-

We will also be interested in the columns and rows of D¢, which we will denote as follows.

D ,,Df, : SU(2) — 5 c C***1

LR

Moreover, we define the spaces

:@ﬁs = spanC{Dfnys: m=—{(,...,0} CC*(SU(2),C);
@fn,- = spanC{Dfms: s=—L,...,0} CC>®(SU(2),C);

9" =9, _,+ -+ Dy CCP(SU(2),C).

3.1. Irreducible representations. Let us consider the pull-back action of © € SO(4)
on L*(SU(2)), defined by: F — O7*F = (0"Y)*F = Fo (07!). Since SO(4) =
{Lg, o Ryy: g1,92 € SU(2)}, we can lift it to an action of SU(2) x SU(2)'%. We will
use the convention of left actions: the pair (g1, ¢92) € SU(2) x SU(2) acts on a function
F e L*(SU(2)) as © = L,, o R}, that is:

g1 gz

(91,92) - F'= L, o R} F(z) = F(gy'2g2).

12The group SO(4) is not isomorphic to SU(2) x SU(2), but this will not be important for our
purpose.
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In particular, we have the two different actions of SU(2) x 1 and 1 x SU(2) on L?(SU(2))
corresponding to the pull-back of left and right multiplications. We will refer to them as
left and right pull-back actions. Moreover, by identifying the subgroup K := {g3(¢): ¢ €
[0,47]} € SU(2) with U(1), we see that the pull-back actions restrict to a unitary
action of U(1) x U(1). Clearly, the left and right spin are related to this action, indeed
L(m) N'R(s) are invariant subspaces.

The space H, C L?(SU(2)) is SU(2) x 1 invariant'®. By definition, the Wigner
matrices are the matrices that correspond to such unitary representation of SU(2).

Proposition 3.1. Any unitary irreducible representation of SU(2), is equivalent to one
and only one of the Wigner matrices D*: SU(2) — U(2( + 1) for some £ € IN. In the
sense of representation theory this means that the dual of SU(2) is the set

SU(2) = {(D,C* )} pein
Proof. See [16, Theorem 3.14]. O

By the Peter-Weyl theorem [16], the space L?(SU(2)) splits as an orthogonal sum of
the spaces of matrix coefficients 2¢, which are irreducible spaces for the whole pull-back
action, i.e. the action of SO(4). The Peter-Weyl theorem asserts that, in fact, each of the
spaces 2° splits again into the spaces of columns coefficients @ﬁs, which are irreducible
for the left pull-back action of SU(2) x 1 and give equivalent unitary representations.
Finally, the space 9{8 is U(1) x 1 invariant and thus it splits again into irreducible
subspaces for such circle action. Since U(1) is abelian, its irreducible representations are
forced to be 1-dimensional, thus we conclude that there exists an orthonormal basis of
@f s consisting of functions with pure left spin. Notice that the monomials are special
as a basis of Hy, in that 1!, € £(m). The consequence of this choice of basis is that the
coeflicients of the corresponding matrix representation have pure right spin, and precisely

€ R(—s):

> Wb (2)DL, (g:93(1) = ¥ (gs() g™ 2) = e Vwl(gT 2 Zwe (g)e "
Then, from unitarity D(g)5, , = D¢,,(g71), we deduce that DY, , € L(—m) N R(—s),
hence the orthonormal basis of pure spin functions for .@f,s is indeed given by the Wigner
functions Df;m. Moreover, by Schur’s orthogonality relations (see [16]), we deduce that,
with respect to the metric SU(2) = 253, we have

D2 ~ vol(SU(2)) 1672

|| m,s||L2(SU(2)) - 2€+ 1 - 2€+ 1

The first part of Theorem 1.3 follows from the next proposition.

Proposition 3.2. We have the following orthogonal decompositions of L*(SU(2)).

P - @@ @ A-® O @ e
CeIN LefNs=—L,....+¢ INs=—L,..,Hm=—L,...,+{

(1) The space 9° is irreducible for SO(4);

(2) The space D¢ s 18 drreducible for the action of SU(2) x U(1);

(8) The space .@/  is irreducible for the action of U(1) x SU(2);

L3Notice that H, is not invariant for the action of 1 x SU(2), because multiplication on the right
would mix the variables z; and Z;.

MifrGisa compact group, the notation @ stands for its dual, i.e. the collection of all isomorphism
classes of irreducible unitary representations of G.
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(4) Df, . € L(—m) NR(—s) has left spin = —m and right spin = —s.

Remark 3.3. In the literature, one might find different conventions for the definitions of
D!, .. Anyway, the above decomposition characterizes the functions Dm s up to multi-
phcatlon by a phase. The additional requirement that D}, ,(g2(6)) € R, which is true in
the case of this paper, determines them uniquely up to a sign.

We report an additional property of the functions Dfnys. The Proposition below is not
new, see [20, Equation (2)].

Proposition 3.4. For any m,s,{ and g € SU(2), we have
DL, (9) = Dy y(@) = DL () (124,

Proof. For the first identity, observe that ¥¢(z) = ¥(Z), so that by taking the conjugate
n (3.1) we have

Y vn(DDL (9 = vl ("= zw L(@e

To prove the second identity, we use the fact that for all z = h(zg, 21) € H, we have

Wilan(m) 9 = () (a0 () = 0o,

Thus, Dfn,s (92(7)) = 6—pm.s(—1)**™. From this, by using the representation of g € SU(2)
via Euler angles, as in (2.4), g = g3(¢)g2(0)gs(¥) and the fact that D, , have pure left
and right spin, we obtain

D;,4(@) = €™ Dy, ((g2(m+0-m))e’™” = €™y Dy, 1 (92(m)) D (92(0)) Dy s (g2(—m))e’™” = ..
a,b

= WZ& —1) DL (g2(0))0s,-(~1) e

:( 1)2€+m s zmqﬁDé (92(0))eisw ( 1)2€+m aDé (g)

—m,—Ss —m,—S§

O

3.2. Laplacians. The above decomposition of L?(SU(2)) can be also seen as a conse-
quence of the decomposition of the Laplacian into a vertical and a horizontal part, in the
sense of [4]. Indeed the map

00: SU(2) — S?

is a Riemannian submersion with totally geodesic fibers (its fibers are big circles in 2.5%)
and therefore the Laplace-Beltrami operator can be written as a sum of two commuting
self-adjoint operators:

(3.2) ASU(2) = A, + A,

Following [4], the vertical Laplacian A, is defined as the Laplace-Beltrami operator of
the fibers of -0o. In our conventions, it corresponds to second derivative with respect to
the Euler angle :

d2

A,F(g) == Twz ¥=0

F(g-g3(¥));
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while A, is defined by the identity (3.2). Clearly, functions with pure right spin are
eigenfunctions of A,, indeed
ker(A, + 5%) = R(s) + R(—s).

What’s most remarkable about the decomposition (3.2) is that A, and A, commute
(this is proved in [4, Theorem 1.5]). This implies that there exists an orthogonal decom-
position of L?(SU(2)) into common eigenspaces of Agy(ay, A, and Ay, (it is sufficient to
find a Hilbert basis of common eigenfunctions for Agy (o) and A, that is [4, Proposition
1.3)).

By the following observation, we conclude that such common eigenspaces are exactly
the spaces of column coefficients of the Wigner matrices.

Proposition 3.5. Both components of the function ﬁfn’sz H=R* = RZ = C are ho-
mogenous real harmonic polynomials'® of degree 2¢. Therefore, under the normalization
o V20 + lDZ
m,s * A m,s?
the collection ¢f;l’s, for all £,;m, s € %N with —¢ < m,s < ¥, form an orthonormal basis
of L?>(SU(2)) of spherical harmonics on SU(2) = 283, i.e. eigenfunctions of Asu(2),
with eigenvalue —50(2( + 2).
This, combined with Proposition 3.2, completes the proof of Theorem 1.3.

Remark 3.6. To obtain the so-called spin weighted spherical harmonics Y,f;)s one has to
normalize DY _ as a section of 7®%, in which case the L? norm is given by integrating

on the sphere 15'2. Thus they are obtained by multiplying ¢fn,s by the square root of the
length of the fiber of SU(2) — S2, which is 4m:

ve o _ [2E1
m,s A m,s"

Here, D!, | is interpreted as a spin s function on S?, i.e. a section of 7®% — S? via the

m,s

Pull-back Correspondence, see Theorem 2.22 .

Proof. Tt is clear by the definitions (3.1) that the Wigner function Dfn’S is a homogeneous
polynomials with complex coefficients of degree 2¢ in the variables «, @, 8, 8. It follows
that its real and imaginary parts are real homogeneous polynomials of degree 2¢ in the
real coordinates of H = R*. The Laplacian of H = C?, with the metric (-, )y = 4(-, -)ga
is the operator

1 10 0 10 0

- =~ — 4+ -—-—=:C>(H,C) = C>(H,C).16

18" = 1809a t1a5a3 ¢ O H,0)

By noticing that ¥ (z) is holomorphic, i.e. it can be written as a polynomial in zo and
21, where z = h(z1, 2z2), we can conclude by proving the following Lemma.

Lemma 3.7. If F(z) = f(z0,21) is holomorphic, then the function ¢,: H — C, such
that (o, B) — F(h(a, B)~12) € C, is harmonic for every z € H, that is Ap¢p, = 0.

Let z = h(z0,21) and h = h(a, 8) , so that
¢=(a, B) = F(h(ev, B) " h(z0,21)) =

-r((5 D) (3 ) = r@m— B+

15Meaning that they are polynomials p(za, Yo, *g,yg) in the 4 real coordinates of H = R4, satisfying
the equation Agap = 0.
16Here the smooth structure is that of H ~ R4, so C°°(H,C) = C°°(R%,R2).

Ay =
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Then

4AH¢Z(a7/6):
0 0 . o 0
dada ' 9B OB

= % (zo <<§z];> (aizg — Bz1, Bzo + OéZl)) + % <Zo (ng;) (@20 — Bz1, Bz + O‘Zl))

: ( ) 9 29 ( )=0
= 2021 azg— Pz1, Bz0+ az1) — 2021 0% azg— Bz, Bzg+azy) = 0.
([l

f(@zo — Bz1, Bzo + azy) =

Corollary 3.8. The spaces 9{5 are common eigenspaces of Agy (), Ay and Ay with
etgenvalue:

1
Asu)lae, = —55(25 +2),

2
AU|@fys = =5,

1
Anlgy, =52 +2) + 8 = —(( =)L +5+1) s,

In terms of the Laplacian defined in terms of the spin raising and spin lowering oper-
ators, it was proved in by Newman and Penrose [18] (see also [7,8,16]) that the Wigner
functions are eigenfunctions of the self-adjoint operator 89: R(—s) — R(—s):

90D}, .= —(L—s)(t+s+1)Df, ..
Notice also that R(—s) = ker(ﬁ +is). Thus, we obtain the formulas (1.6) and (1.9):

_ d? d - d
A =00+ —5 —i—; Ap=00—i—
SU(2) +d¢2 Zﬂw h Zd¢
3.3. Random Wigner matrices. In this section we will think the group SU(2) as a
probability space, with the volume measure x of 252 normalized to 1. Using the notation
of random elements, we will write  for a random element of SU(2) such that for every
measurable subset A C SU(2) and measurable function F: SU(2) — R,

vol(A) B 1

In other words, v is a random variable with values in SU(2) whose law is the Haar
probability measure of SU(2). This is just a convenient notation.

Let (v, w) = v w be the Hermitian product of C2*1 then the real part R(w,v) is the
standard Euclidean product, under the identification C2¢+1 = R2(2¢+1) The unitarity of
the representation D’ means that the matrices D(g) act on C**! as unitary operators.
Thus, in particular, they preserves all spheres rS4+1.

By means of the homomorphism map D’: SU(2) — U(2¢ + 1), we get a collection of
random matrices D“(v), for all £ € 1N such that

(D)) jesn = (D(@)D'() sy

and for each v € S**1 there is a collection of random vectors in S(C**+1) = §4+1 for
all £ € $N.

P{ye A} =

Definition 3.9. 1/ := D’(y)v for every v € S4+1.
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The random vector 7, is supported on the orbit of v under the action of SU(2), that
is the set

O'(v) :== {De(g)v e CHl. 4 ¢ SU(2)},

and its law is invariant by the unitary transformations of the form D(g), for every
g € SU(2). By the theory of smooth group actions (see [12]), Of(v) is a smooth embedded
submanifold of S**! and the canonical map

(3.3) DE(yv: SU(2) — SU(2)/H*(v) = O (v)

is a principal bundle, whose structure group H¢(v) := {g € SU(2): D*(g)v = v} is the
isotropy subgroup of v. Notice that this implies that the law of v, is equivalent to that
of D*(g)y, for any g € SU(2), therefore it coincides with the normalized Riemannian
volume measure of Of(v) C S4+1.

Proposition 3.10. The random vectors v, are centered: E{v,} = 0 for all £ # 0, while
Yo = v is constant if £ = 0. Their correlation is characterized by the following identities.
For every v,w € C***1 and v/, w' € C** 1, we have

(3.4) o' K (v,v")w:=E {W(%w w'>} =O0p %

Proof. Clearly, the vector e = E{7,} generates an invariant subspace of C%*!  thus
e = 0, because of the irreducibility of D’ except in the case £ = 0, where D°(g) = 1.
The identities (3.4) are just a reformulation of the Schur’s orthogonality relations, see [16].
We repeat the proof here, since this result will be of fundamental importance for the rest
of the paper. Let us define K (v,v'): C20'+1 _y C26+1 40 be the (complex) linear operator

E(v,v')(w) = E{y(T)" .

Then K (v,v’) intertwines the two unitary representations D’ and DY

K (v,0) (D" (g)w) = E {7 (5)7 D" (9)w) } = ...

- =E {% (wTDe' (Q)TW)} =E {%wTD” (g‘l)W} =...
and using the D-invariance of the collection -y, we have
o =E {De(g)%wTD” (g~1) D" (g)w} = D'(g)E {% (W)T} w = D'(9)K (v, )w.

By Schur’s lemma (see [16]), the operator K (v, v’) is certainly equal to 0 if £ # ¢, because
it intertwines two non equivalent irreducible representations. If £ = ¢/ and ¢ = 0, then
K (v,v') is an endomorphism of C2**1, thus it has an eigenvalue. By Schur’s lemma (or
rather, its proof) again, the relative eigenspace is invariant, hence it must be the whole
space, so that we conclude that there exists A € C such that

K(v,v") = A1

Now, A can be computed, by taking the trace.

AL+ 1) = (K (v,0)) = E {tr(0 (7))} = E {t((7) ™)} = E{ (3, 10)} = (0, 0).
O

We are now ready to give the proof of Theorem 1.11.
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Proof of Theorem 1.11. The first identities (1.7) follows directly from Theorem 3.10,
when w = e,,,v = €5 € C¥*t! and v’ = e, v = ey € C2Y+! are the vectors of the
canonical basis. The second identities (1.8) are deduced from the first, via Proposition
3.4

£{ Dt (D% o (1)} = E{ Dl () (D7, o)) } (-1t
O

Remark 3.11. Notice that each of the random functions Dfms(’y) is circularly symmetric,
for all (m,s) # (0,0), while Df 4(y) € R. However, this is not true for the law of the
whole collection of random variables (Df, ,(7))¢,m,s, otherwise the left hand side in the
second equation (1.8) would be always = 0.

3.4. Orbits. The irreducibility of the representation D’: SU(2) — U(2¢ + 1), can be
equivalently expressed by saying that for each v € S**! the orbit Of spans the whole
space (it is a consequence of Theorem 3.10):

span(0f) = C2*1,

In fact, a consequence of Proposition 3.5 is that the same property holds for any non
negligible subset of Of.

Theorem 3.12. Let A C O%(v) be a measurable subset such that vol(A) # 0, then
span(A) = C2+1,

Proof. Let w,v € C>**1 we will show that if span(A) is contained in w', then P{~, €
A} = 0. Let f: SU(2) — R be the function f: g — R (@’ D‘(g)v) € R. By Theorem 3.5,
[ is an eigenfunction of Agy(2), therefore its nodal set f~*(0) has Hausdorff dimension
n — 1 (see [6]). Thus we conclude:

P{’VU € A} < P{'Vv € wL} = VOl(f_l(O)) =0.
O

Despite Theorem 3.12, it could be that the homeomorphism type and even the di-
mension of the orbits O(v) are different for different choices of v € S4*1. This is what
happens for the columns of the matrix D?, which parametrize the orbits of the canonical
basis, i.e. the vectors ez, s = —(,...¢(:

Ve, = Df,s(’)/)'

These orbits are special, in that they correspond to the orbits of the monomial basis,
under the identification C2(+1 =2 .

Theorem 3.13. The following holds.

(1) The map (3.3) induces an embedding SU(2)%?* ~ O(e,) C S**! for all s €
{—¢,...£} ~{0}.

(2) For s = 0 there are two cases: if £ € 2N, then S* =~ O(eg); while S? ~ O*(eg)
otherwise.

(3) The above map descends to a smooth map of the sphere S? in CP?‘, which is an
embedding, except in the case £ € 2N and s = 0.

(4) For almost every v € S**1 the orbit O'(v) is diffeomorphic to SU(2) when
¢ N and to SO(3) when £ € N~ {0}.
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Proof. To prove (1) and (2) it is sufficient to compute the isotropy group of e;. Let us
take C2*1 = H,, with e, corresponding to the monomial 1¢. Then the isotropy group
of e, is the set of matrices h(a, 8) € SU(2) such that

(3.5) (@20 + B21) 8 (=B + azp )t = 2ot

By evaluating the above identity of polynomials at the points (2o, 21) = (1,0), (0,1), we
see that either & = 0 or 8 = 0. Now, observe that with o = 0 (and consequently, |3| = 1),
the equation (3.5) becomes

(DB A e =

This admits solutions only if s = 0 and ¢ € 2N. In the case 8 = 0, the equation to solve

is
a =1,

whose set of solution is, by definition, the subgroup %/1 C SU(2). In synthesis we just
proved that for all s € {—¢,...,¢} \ {0}, the istropy subgroup of e, is

Hz(es) = 2\5[1;
while, for s = 0, we have two cases:

H(ep) = {h(ei%’,o): b e [o,zm]}, if £ ¢ 2N

ety

T pe(0,27],p € [0,4m]}, if £ € 2N,

H(eo) = {h(ei#

Point (3) follows from the fact that D{ ,: SU(2) — S**! is a spin s function, hence
it maps the fibers of the circle bundle SU(2)®* — S? to fibers of the Hopf fibrations
S4€+1 N CP%.

Point (4) is a consequence of the so-called Principal Orbit Theorem. In one of its
stronger forms, proved in [17], it says that union of orbits that are not maximal, both in
the senses maximal dimension and minimal isotropy group, form a subset of codimension
2. Since being an embedding is an open condition, for any point v close enough to
er € S4+1 the orbit is Of(v) ~ SU(2), therefore it is has typical orbit type of the

action. In the case ¢ € N then s € N as well and thus every map Df,s descends to a

map SU(2)®% = SO(3) — S**1 so that we can repeat the previous argument, but for
e1. O

4. D-INVARIANCE

In this section we study collection of vectors in C2**! that are invariant under the
action of Wigner matrices, with the purpose of applying our results to the spectral
coeflicients af;m of the decomposition as in Theorem 1.3. To this end, let us introduce

some terminology.

Definition 4.1. We say that a collection of random vectors (v;);er with v; € C26i+1 jg
strongly D-invariant if their joint law is equivalent to that of the collection (D% (g)v;)ier
for any g € SU(2).

Definition 4.2. Two random vectors V, V' € CV are said to be 2-weakly equivalent if
they have the same expectation: E{V} = E{V’} and the same self-correlation matrices:

E{VV'} =E{VV7 } and E{VVT} = E{V'(V")T}. In this case, we will write
Vop V.
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Definition 4.3. We say that a collection (V;);cr of random vectors V; € C2it+l ig 2.
weakly D-invariant if for any 4, j and g € SU(2), we have

(Vi, V) ~aw (D% (9) Vi, D% (9)V;).

Given any collection V = (V;);er of random vectors V; € C2tit1 there is an easy
way to construct a strongly D-invariant one, simply by multiplying it by an independent
random matrix D*(7).

Remark 4.4. The collection V = (D*(¥)V;)ies obtained in such way is always strongly
D-invariant.

In fact, it is almost tautological that any D-invariant collections is essentially of this
form, since such operation can be seen as a projection on the space of strongly D-invariant
probability measures. We will not enter into the details of this point of view, but we will
give a concrete statement, to be precise.

Theorem 4.5. A collection V = (V;)ier of random vectors V; € C24+1 s strongly or
2-weakly D-invariant, respectively, if and only if

law
(Viier = (D (MVi)ier  or (Vi)ier ~2-w (D*(7)Vi)ier,
where v € SU(2) is a random element independent from V, in the sense of Section 3.3.

Proof. The if part of the statement simply follows from Remark 4.4, hence it is sufficient
to show the only if statement. Let us start from the case of strong D-invariance. Let
F;: C?6+1 4 R, for all i € I, be any collection of measurable functions. Then, the strong
D-invariance yields

(4.1) E{Fi(V;)} = E{Fi(D"(v)V;)}.

Therefore the joint distribution of the two collections (V;);er and (D!(y)V;);er are the
same. In the case of a 2-weak D-invariant collection, we observe that equation (4.1) holds
for all functions F; that are real polynomials of degree at most 2, which implies that the
expectations and the correlation matrices of the two collections (V;);er and (D*(Y)V;)ier
coincide. (]

Definition 4.6. For all £ € $N, we define the matrix e(¢) € CFDX24D) a5 follows

0

, ) 0 0
5(€)m,m’ = 5—m,m’(_1) —m7 that is g(é) =10 0 1 0 e
0 -1 0 0
1 0 0 O
where the coordinates are indexed by m = —¢,—¢ + 1,...,£, so that £ — m takes all

integer values between 0 and 2¢ + 1.

Theorem 4.7. Let V = (V;)ier be a 2-weakly invariant collection of random vectors
V; € C26+1. Then E{V;} =0, whenever ¢; # 0 and the correlation structure satisfies the
following identities, for all i,j5 € I.

6éi7Zj IY7 17\
Loy (BT}

T2 1

£
E{Vi(v))"} = %(4) ( > <1>fi+kE{<ek,vi><e_k,vj>}> .

k=—¢;

E{Vi(V))"}

(4.2)



26 MICHELE STECCONI

In particular, V; and V; are uncorrelated if { # ¢'. Moreover, the mt" component of V;

is correlated only with the m" and the (—m)!" components of V; and the correlation
depends only on the parity of £ — m. Finally, the variance of each components of V;
depends only on ¢;.

Proof. Let us denote V; =V and V; = V'. By Theorem 4.5 we have
E{Vi(V))"} = E{D' V(DT )V))" } = E{w ()"} = ...

The last expectation is with respect to the independent pair of random variables v and
(V,V'). By taking first the one in v (i.e. using Fubini’s theorem), Proposition 3.10 yields

A%
o= pE {KZ(V, VN =6 0E {wlmﬂ)} )

This proves the first of the identities (4.2). To prove the second identity, we use again
Theorem 4.5:

E {(em, Vi)(e—m, Vi)} = E{(D, s )T V(Dhy J () TV} = E{VT DL, L(1) (Dl o)V} = ..

Now, we use the same trick as before and apply the second formula of Theorem 1.11:

= E{VT (Dl Dl s )T ) V') = STE{ (e V) (Dl k(1) Dl () derr VI } =
b,k

) ’5fmm’67 ,(—1)2¢—m+k
(] (e el PR

k.’

- %:E{@k,‘/) (54,06m,m/ézi)i_m(—l)uk) <ek,V/>}.

5. RANDOM SPIN WEIGHTED FUNCTIONS

A random function between two topological space M, N is a measurable function
Qx M — N,

where (2, ., P) is a probability space and M, N are endowed with their Borel o-algebras.
If X is a random function, it is always possible to identify € with the set N of all
functions w: M — N, so that X(w,g) = w(g), and S with a o-algebra on N™ having
the property that the evaluation map N x M > (w,g) = w(g) € N is measurable
S ® B(M) — B(N). This enables us to use a shortened notation X: M — N. Given
a subset A C NM, we say that X € A almost surely, if there exists a measurable set
S C N™ such that A C S and P{X € S} = 1.

A random spin weighted function with spin weight s, here called also random spin s
function for short, X, is a random section of the 7®* bundle, i.e. a random function

Xy: 8% — 795,
that is almost surely a section of the bundle 7%* — S2. By Theorem 2.22, X, can be

equivalently defined as a (complex) random field, i.e. a random function with values in
C

Xs:8U(2) = C,
such that X € R(—s) almost surely.
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We will focus on random fields that are isotropic. This word can be misleading in the
case of SU(2), because it can have two different meanings in the common language:

- A random field X: G — C on a group G is said to be isotropic when it is invariant in
law under the left pull-back action:

(5.1) X(g7') T X(), Vged.

- A random function on the sphere X : S — C is said to be isotropic if it is invariant
in law under the pull-back action by elements of the group SO(4) of (orientation pre-
serving) isometries of the sphere: X (¢(+)) ~ X(-). In the case of SU(2) =2 253, this is
equivalent to invariance under both the left and the right pull-back actions:

(5.2) X(g7'()g) ' X(), Vg.g € SU(2).

We see that since SU(2) is both a group and a sphere, the word isotropic can be mis-
leading, therefore we will not use it.

Definition 5.1. Let X: SU(2) — C be any random function. We say that X is left
invariant if it satisfies condition (5.1) and right-invariant if it satisfies the analogous
condition for the right pull-back action. We say that X is bi-invariant if it satisfies
condition (5.2), i.e. if it is both left and right-invariant.

The analogous notions of n-weak invariance and invariance for a collection of random
fields are considered here as stated in [16, Definition 5.2]. In particular, we will be
interested in the weakest among those notions of invariance, which takes into account
just the correlation of pairs of variables. We recall it here, for the reader’s convenience.

Definition 5.2. A collection of random fields X¢: SU(2) — C, for £ € L is said to be
2-weakly (left, right or bi)-invariant if E|X*(g)|?> < oo for every £ € L and g € SU(2) and
if the fields X* and X’ o ¢ have the same joint moments of order up to 2:

E{X‘c¢(9)} =E{X’(9)} and

E{c (X oo(g1)) & (X2 0¢(g2))} =E{c (XU (1)) & (X*2(g0)))},
for every £1,0s € L, every i,j € {0,1}, every g1, g2 € SU(2) and for every ¢: SU(2) —
SU(2) isometry of type Ly, Ry or Ly o Ry. Here ¢: C — C is the complex conjugation
c(z) =Z.
By the Stochastic Peter-Weyl theorem [16, Theorem 5.5] and [16, Proposition 5.4],
any 2-weakly left-invariant field is automatically in L? almost surely:

30 C Qs.t. P{Qo} =1 and X (w,-) € L? for every w € Q.

In particular, it can be written in terms of the Hilbert basis (1.3) for some collection of
random variables afﬂms cC:

(5.3) X(g)=Y_ al, 65 .(9).
£,m,s

By Theorem 1.3, the series (5.3) converges almost surely in L?(SU(2)) and almost surely
pointwise in C, for every g € SU(2). Let

Xt.= Zafn,s fms: SU(2) — CRDx(26+1)

be the projections of X onto the subspaces 2¢ of matrix coefficients. It follows that if the
field X is (2-weakly) left, right or bi invariant, then the collection of fields X*, for s € %Z
is (2-weakly) left, right or bi invariant as well and viceversa, see [16, Proposition 5.4].
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Remarkably, again by [16, Proposition 5.4], the fields X* are uncorrelated for different
¢ € iN, therefore Theorem 1.2. A further decomposition gives

T : ams‘ ms; * : ams m,s*

The fields X ,, X}, ,: SU(2) — C?**! are, respectively, the projections of X onto the
subspaces 2} , and ], ,. It follows that if the field X is (2-weakly) left-invariant, then
the collection of fields X
fields X

®.5)

{s for s € $Z is (2-weakly) left-invariant as well. However, the
X f7 - need not to be uncorrelated.

Example 5.3. If X =) af

' ; ; _ o’ ‘ ‘
m.sPm, s 18 left-invariant, then X’ = s (Prms + P or)
is again left-invariant. In the second case, the corresponding ﬁelds X o

o and Xfys, are
clearly correlated.

The same discussion can be repeated for right-invariance. Notice that the law of X
can be thought as the law of the collections of random vectors

4 )4
a—i,s am,—i

V4 c 0254*1 or afn .= : c C2€+1’

a’g,s afn,f
with £ € N m,s = —{,..., £, corresponding respectively to the laws of X. . and XE
This observatlon allows us to adopt the point of view of the Section 4 above. The
following theorem is similar to [16, Lemma 6.3].

Lemma 5.4. Let v € SU(2) be a random element distributed with the Haar measure.
A square integrable random field X is, respectively, 2-weakly or strongly left-invariant,
if and only if the collection of random vectors af ,, with £ € 5 and s € {—(,... (} is
2-weakly or strongly D-invariant:

! —
(af’s) ~o OT = (Dé('y)af,s) )
l,s £,s

Similarly, if X s 2-weakly or strongly right-invariant, then the collection of random

vectors (afim,) om is 2-weakly or strongly D-invariant:

®,s”

(@ha)yp ~2w or 2 (D (Mafa),,, -

)

Proof. We have for any g,z € SU(2):

T
Xu(9712) = (ab )70 (9712) = (ab )T D (g7 )k (2) = (DT(g)ak ) ok
Similarly, from the point of view of the right pull back action:

X1.0(29) = (01,0(2)) a7y 0 (29) = (61,,0(2)) D (9)apy o (2),

because qu . is the m!" row of the matrix ¢*. We conclude the proof by an application

of Theorem 4.5. O

Example 5.5. We leave to the reader to check that, in particular, if af, . = D, (7) =
Dfﬁnys('yfl), then the field X! , is strongly left-invariant, X¢, o is strongly right-invariant
and X* is strongly bi—invariant.

We immediately get the following Corollary.
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Corollary 5.6. Let v € SU(2) be a random element distributed with the Haar measure.
A square integrable random field X is, respectively, 2-weakly or strongly left-invariant, if
and only if

law
X() ~ow o8 '@ X(()).
It is, respectively, 2-weakly or strongly right-invariant, if and only if
law
X() ~ow or = X(()7)-
Moreover, this proves the first part of Theorem 1.4.

Theorem 5.7. Let X: SU(2) — C be a 2-weakly left- invam’ant random field. Then
E{a <} = 0 whenever £ # 0. Moreover, the random variables a’, , have the following
correlatzon structure:

In particular, the variance of afms does not depend on m. Furthermore:

l
(5.4) E{az,s<aﬁ;,,s,>}=6m,m/<—1>f—m2§éf1<2< ) TE {af, afm})-

Xe o Xes)r2(su) ) -

Proof. A combination of Lemma 5.4 and Theorem 4.7 gives the thesis. O

By repeating the same arguments, we obtain an analogous statement for right-invariant
random fields.

Theorem 5.8. Let X: SU(2) — C be a 2-weakly right- invariant random field. Then
E{al, .} = 0 whenever £ # 0. Moreover, the random variables a’, , have the following
correlatwn structure:

- S0 o
E {(af )t o | = e g T E{ (X 00 X h1x(suan } -

; ; [ .
In particular, the variance of a,, ; does not depend on s. Furthermore:

, . uw ¢
(5:5)  E{aby(ah o)} = -su(-1)" zj_fl(Z<—1>“’“E{afn,k<a£n/,_k>}>.
k=—/¢

Theorem 5.9. Let X: SU(2) — C be a 2-weakly bi-invariant mndom field.  Then
E{a’, .} = 0 whenever £ # 0. Moreover, the random variables a’, , have the follow-
ing cowelatzon structure:

’ 5 ’

1 4,0 1
(56) E { (afn,s)am’,s'} = 5m,m’ (26 T 1)268,S'E {”X ||2L2(SU(2))} :
In particular, the variance of af;hs depends only £. Furthermore:

’ (5 ’ —_
4 V4 YN 0— 0— ¢ Y
E {a’m,s(am’,s’)} = 57m,m'm57s,s’(—1) "(=1)"°E {<X€7X >L2(SU(2))}22 :

Proof. Equation (5.6) follows by the fact that X is both left and right invariant, thus
both Theorem 5.7 and Theorem 5.8 hold. To prove the second equation, let us observe
that, because of (5.4) and (5.5), we have that there exists a constant C' € C such that:

E{d!, ., .} = C(-1)F (1),
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We find the value of C' with the following computation.

E{<F,Xf>}:E <Za1{w G D afn,7s,¢fn,7s,> =...

m/,s’

Using Proposition 3.4 this is

= Y E{(dt D b )} =

m,m/,s,s’

= Z(—l)%"'m_sE {afmsa{mﬁs} =...
m,s

- 2(71)2£+m750(71)lfm(71)E75 _ 0(28 + 1)21.2@'

m,s

O

5.1. Spectral probability. We use the Hilbert basis formed by the normalized Wigner
functions, i.e. the spherical harmonics qﬁﬁ%s, to define a notion of spin for every f €
L2(SU(2)).

Definition 5.10. Let F' € L?(SU(2)), and let || F|| denote its L?(SU(2)) norm. There
exist coefficients afnys € C such that

F= aybm
L,m,s
We define the spectral probability of F to be the probability measure 3[F] on the space
A ={(l,m,s)} (defined in (1.5)) such that

s

SFI{(E,m, s)}) = TFIE

Similarly, we define the left spin and the right spin of F' as the probability measures on
%Z such that for every singleton m, s € %Z, we have
Zé s a’fn,s|2 Z@m afn,s|2
(5.7) LS[F]({m}) := T and RS[F|({s}) := T
1El 1E|
Moreover, we call bi spin of F', the probability on %Z X %Z defined for every singleton
(m,s) as

[
BSIF)({(m. ) = 3 T
CeLN
In particular, a function F has pure right spin = —s, and thus it is section of 7®%, if

and only if RS[F] is the delta measure on s (and similarly in the case of pure left spin).
Let us consider a square integrable random field, i.e. a random function X : SU(2) —
C, such that X € L?(SU(2)) almost surely, so that

X=3 ap b
lm,s
Then we define another associated spectral probability on A:
E|ar, |
Efl x>

SE[X]({¢,m,s}) =
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This has to be compared with the expectation of the random probability X[X], that is
‘

EX[X]({¢,m,s}) = E ( i ) .

Similarly, we define LSE[X], RSE[X], and BSE[X]. Thus, we have 2 probability mea-
sures on A, that are associated to the random field X and that give a sense of the
distribution of the left and right spin of X and of its homogeneous components, i.e of
the relative magnitude of the random variables aﬁ%s

In general, the probabilities SE[X]| and EX[X] might be different, in that the first
takes into account only the correlation structure of the variables afnﬁs, i.e. it depends on
the field X up to 2-weak equivalence. In fact, even less, it just depends on the marginal
distributions of the coefficients. For this reason, we will call XE[X], the weak spectral
probability of X. On the other hand, the expected spectral probability EX[X] depends
on higher moments and on the joint distribution, thus it should be considered as a more
descriptive data, thus we call it strong spectral probability of X.

Theorem 5.11. Let X be 2-weakly left-invariant random field. Then, the weak spectral
measure SE[X] is uniform on the sets

(5.8) {0} x {—¢,...,¢} x {s},
foralll € %N. If X is strongly left-invariant, then the same is true for the strong spectral

measure EX[X]. The analogous statement is true when X is right-invariant, in which
case the measure is uniform on the sets of the form

{0} x {m} x {—¢,... ¢}

Proof. From Theorem 5.7 we see that the variance of afms does not depend on m, when
X is 2-weakly left-invariant, which means exactly that 3E[X](¢, m, s) is uniform on sets
of the form (5.8) In case X is strongly left-invariant, we have that the field
1

X1l
is again strongly left-invariant. Therefore we can apply the first part of the theorem to
it, but in this case

Y X

LSE[Y] = ELS[Y] = ELS[X].
O

Corollary 5.12. Let X = Ze,s Xf’s be 2-weakly left-invariant random field. Then for
all £ € 3N and s € {—(,...(}, the measure LSE[X{ ] is the uniform probability on
{—¢,....0}. If X is strongly left-invariant, then also ELS[X ] = LSE[X{ ] is uniform.
The analogous statement is true when X right-invariant.

Theorem 5.13. Any probability measure y on {—¢, ... ¢} can be realized as uy = ERS[X"],
with X* being a strongly left-invariant random field.

Proof. Let v_g,...,7 € SU(2) be independent uniform random elements of SU(2).
Define

X(g) =Y u{sh) 2ol (v-9) =D n{sh) 2 (DL()) 7oL (9).

Z =

X is strongly left-invariant by construction. Moreover, the coefficients are a;,

u({s})%Dﬁ)m('y), so that the random vectors af , are orthogonal almost surely and have

constant length, due to the unitarity of D’(g), for any g € SU(2). It follows that
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1 X113, (su(z)) = C is constant almost surely. Therefore, the strong and weak right spin
measures are equal to yu:

ERS[X]({s}) = ZE ({sHIDem (M) = n({s}).
O

This concludes the proof of Theorem 1.4. The following result implies Theorem 1.6.

Theorem 5.14. Let X be a 2-weakly bi-invariant random field. Then the weak spectral
probability YE[X] is uniform on all sets of the form

(0 x {—0,...,00 x {—0,...0}.

If X s strongly left-invariant, then the same is true for the strong spectral probability
EX[X].

Proof. Follows from Theorem 5.9 and the same argument used in the proof of the previous
theorem. 0

Corollary 5.15. Let X = ), X* be a 2-weakly bi-invariant random field. Then for
all ¢ € AN and m,s € {—(,...}%, the measure BSE[X"] is the uniform probability on
{—¢,....0}. If X is strongly left-invariant, then EBS[X! ] = BSE[X{ ,].

5.2. The Gaussian case. Let us turn our focus to everyone’s favorite random fields,
the Gaussian ones. We say that V € R is a real Gaussian random vector if all linear
combinations of its components are Gaussian random variables. For simplicity, we will
only consider the case of centered Gaussian. We say that a complex random variable
a € C is complex Gaussian if and only if, it is a circularly symmetric Gaussian random
vector in R?, i.e. there exists o € R and &;,&; ~ N(0,02) independent such that

a= &+

(f ﬁ&)’

in this case we write a ~ Nc(0,0). We say that V € CV is a complex Gaussian random
vector if all C-linear combinations of its components are complex Gaussian. The distri-
bution of a real Gaussian random vector V € CV = R is determined by the correlation
matrices

K = E{VVT} and C := E{VVT}.

A real Gaussian random vector is complex Gaussian if and only if C'= 0 and we write
V ~ N¢(0, K).

Definition 5.16. A random field X : SU(2) — C is Gaussian (complex or real) if for
every finite set of points g; € SU(2), the random vector is Gaussian (complex or real)

(X(g1),.--,X(gn)) € CN.
It is straightforward to see that an almost surely square integrable random field

X: SU(2) — C is Gaussian (complex or real) if and only if the coefficients af, , of

the decomposition
2 : A
X = am,s m,s

l,m,s

S
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are a family of jointly Gaussian (complex or real) random variables'”, i.e. any finite
subset of them form a (complex or real) Gaussian random vector. In particular, if X is
complex Gaussian, then

E{d! afn,,sl} =0,

m,s

/ ! / 1
for every m,m’, s, s’ £, 0" € 5Z.

Theorem 5.17. A complex Gaussian random field X : SU(2) — C is 2-weakly (left, right
or bi)-invariant if and only if it is strongly (left, right or bi)-invariant. In particular, it
is left-invariant if and only if the fields X* are independent, for all £ # 0 we have

(5.9) ay ~ N (0,0(0,5)L2011))
for some a(¢,s) € R and there are constants K(s,s') € C such that
E{az (G/E )T} = K(S, S/)1(2£+1).

o,5\"e, s’
The analogous statement holds if X is right-invariant. Moreover, X 1is bi-invariant if
and only if all the variables afms form an independent family and condition (5.9) holds

with o(¢,s) = o({).

Proof. The first statement follows from Lemma 5.4 and the fact that the distribution of a
Gaussian vector is uniquely determined by the correlation structure of the variables af;w.
By a further examination of the characterization given in Theorems 5.7 and Theorem
5.9 we complete the proof. O

Moreover, in [1,3] it is proved that the only left-invariant random fields for which the
variables a! . are independent are the Gaussian ones. This, combined with Theorem

m,s

5.17 and Theorem 1.3, proves Corollary 1.9.
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