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An adaptive multiscale quasicontinuum approach for mechanical simulations of elastoplastic
periodic lattices
Li Chen,Péter Z. Berke,Thierry J. Massart,Stéphane P.A. Bordas,Lars A.A. Beex

• Elastoplastic periodic lattices are discretized using 3D beam finite elements.
• The generalized quasicontinuum method is applied for model reduction.
• A novel procedure for adaptive analysis is proposed to track evolving local plasticity.
• The method is validated by modeling scratching of a Kelvin lattice by a rigid sphere.
• The method is able to mechanically describe large scale lattices with accuracy and efficiency.
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ABSTRACT
The quasicontinuum method is a multiscale method that combines locally supported coarse-grained
domains, with small regions in which the microstructural model is fully resolved. This contribu-
tion proposes the first adaptive formulation of the method for microstructural elastoplasticity. The
microstructural model uses an elastoplastic beam description. The indicator for refinement is the
occurrence of plastic deformation, such that plasticity can only occur in fully resolved regions. An
illustrative numerical example of a scratch test of an elastoplastic Kelvin lattice demonstrates the
capabilities of the resulting framework.

1. Introduction
Metallic periodic lattices have attracted more and more

attention due to the progress in additive manufacturing and
their outstanding mechanical properties (e.g. high strength-
to-weight ratio, excellent energy absorption). Topologically,
a periodic lattice is organized by repeating a unit cell in
space. The unit cell consists of struts with a diameter that
may desirably and/or undesirably vary along the struts’
axial direction [12]. Experiments [5, 10] have attributed
the failure of metallic periodic lattices to local nonlinear
effects, such as elastic and plastic buckling of individual
struts, which progress in plasticity and failure observable at
the macroscale.

Particularly to study complex lattice mechanics of small
and moderate sizes beam finite elements are used because of
their computational efficiency, necessary for tackling multi
millions strut problems. The main challenge of applying full
beam descriptions to model lattice structures (referred to as
direct numerical simulation or DNS) remains the associated
prohibitive computational cost for engineering scale prob-
lems.

To simulate the nonlinear mechanical behavior of pe-
riodic lattices at the scale of products, model reduction is
unavoidable. Thanks to the periodicity of lattices and the
fact that localized straining/failure is often observed, con-
current multi-scale methods can be exploited. In particular,
the quasicontinuum method (QC) is a potential solution be-
cause QCmakes use of small fully-resolved domains (FRDs)
to track localized deformation/failure, and computationally
cheap coarse-grained domains (CGDs) in zones undergoing
more homogeneous deformation. The work of [2, 13, 3, 4]
extends the original QC (proposed for conservative atomic
lattices) to simulate truss lattices (i.e. structural lattices) with
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dissipative mechanisms (e.g. elastoplasticity, damage). Until
recently, the main bottleneck of this approach was that only
a single FE (beam, spring) could be used to represent a strut.
As a result, cross sections that fluctuate along the strut’s
axial direction could not be represented. This limitation was
mitigated in [6], which generalizedQC (the resultingmethod
is termed as GQC) with a multi-field interpolation feature.
Consequently, each strut can currently be more realistically
modeled using a string of beam FEs with varying diameters.

Adaptivity (i.e. the evolution of the spatial reduction of
the QC method based on the deformation) is crucial if the
(local) deformation spatially evolves during the course of a
simulation. In [7], Li et al. proposed an adaptive version of
GQC (termed as AGQC), which exploits a novel refinement
indicator to refine CGDs and transform CGDs into FRDs. It
was proposed and critically assessed for elastic beams with
geometrical nonlinearities. The capabilities and limitations
of the refinement indicator for elastoplastic (geometrically
nonlinear) beams have however not been investigated. In [15,
14], Rokoš et al. proposed an adaptive refinement strategy
for QC to predict crack propagation in 2D lattice networks,
in which each strut is represented using a truss element. Nev-
ertheless, adaptive coarsening is considered as well. Mike et
al. [9] applied QC with adaptive refinement for molecular
statics simulations, where local atomic lattice behavior is
confined to FRDs. Different refinement criteria were investi-
gated. However, the refinement criteria (e.g. the local atom’s
site energy) are specific for atomistics and not applicable to
beam lattices. Tembhekar et al. [16] proposed an adaptive
refinement strategy for QC based atomistic simulations. The
refinement indicator was chosen as the second principal in-
variant of the right Cauchy-Green tensor of CGDs. Phlipot et
al. [11] applied similar adaptive refinement criterion for QC
based beam lattice simulations. However, the adopted beams
remained elastic. Moreover, the refinement indicator was
chosen as the second principal invariants of the deformation
gradients of CGDs, which triggers unnecessary refinement
when CGDs are significantly but uniformly deformed.

L. Chen, P.Z. Berke, T.J. Massart, S.P.A. Bordas, L.A.A. Beex: Preprint submitted to Elsevier Page 1 of 9



Adaptive generalized QC for elastoplastic lattices

Themain focus of present work is therefore the extension
of the adaptive GQC (AGQC) framework of [7] towards
elastoplasticity. This extension significantly widens the ap-
plicability of AGQC. Note that the present work (similar
to [7]) only focuses on refinement and not on coarsening.
To the best of the authors’ knowledge, only [14] considered
coarsening in QC frameworks.

The structure of this contribution is as follows: in Sec-
tion 2, the key concepts of the AGQC are briefly revisited
as to make the present work self-contained, while Section 3
briefly outlines the elastoplastic framework used for beams.
In Section 4, the extension of the AGQC to elastoplastic
lattices is presented. In Section 5, a numerical example is
used to assess the proposed AGQC scheme. This is followed
by conclusions drawn in Section 6, together with an outlook
on future work.

2. Recap of the AGQC method
This section gives a brief recap of the generalized quasi-

continuum method (GQC). A periodic lattice structure, the
struts of which are discretized using beam FEs is considered
and it is subjected to external forces. Let u and f ext denotethe column matrices storing the kinematic variables of the
beam nodes and the corresponding external forces, respec-
tively. Let z denote the column matrix that stores the plastic
strain history variables of all beamFEs. The direct numerical
simulation (DNS) of the lattice is incrementally performed
byNewton’s method for which the following system of linear
equations must be solved for each iteration:

�uT (f int(u
∗, z∗) +K(u∗, z∗)du) = �uT f ext (1)

where �u denotes the kinetically permissible virtual kine-
matic variables. u∗ denotes the current estimate of u, du
denotes the iterative correction of u and z∗ denotes the
current estimate of z. Current estimate z∗ (associated with
current estimate u∗) is calculated using a return mapping
algorithm. f int(u, z) denotes the column of internal forces
and is obtained as:

f int(u, z) =
m
∑

i=1
∫Vi

f
i
(u, z)dV (2)

with m denoting the total number of beam FEs in the lattice
and f

i
the local force column of beam i. K denotes the

tangential stiffness matrix and is written as:

K(u, z) =
)f int(u, z)

)u
=

m
∑

i=1
∫Vi

)f
i

)u
dV (3)

The DNS is computationally too expensive to model
large periodic lattices because of (1) the large number of
DoFs involved; (2) the large number of beamFEswhich need
to be visited to construct Eq. (2) and Eq. (3) in Newton’s
incremental-iterative procedure. The GQC proposed in [6]
mitigates the computational cost andmaintains a satisfactory

accuracy if local fluctuations only occur in the fully resolved
domain. GQC performs model reduction in two steps, i.e.
interpolation and summation.

Interpolation divides the lattice into fully-resolved do-
mains (FRDs) and coarse-grained domains (CGDs). In the
FRDs, all the kinematic variables of the beam nodes (i.e. dis-
placements and rotations) are preserved. In the CGDs, a
mesh of interpolation elements (IPEs) is introduced so that
only a few representative kinematic variables are allocated
to the IPE nodes. The kinematic variables of all beam nodes
within an IPE are interpolated from their representative
counterparts at the IPE nodes using FE shape functions.
Moreover, the beam nodes are categorized into different
groups based on periodicity. The IPE nodes store a set of
representative kinematic variables for each type of beam
node so as to interpolate the kinematic variables of each
type of beam node independently. The only condition for this
categorization of nodes is that the unit cell discretization is
periodic. The reader is referred to [11] for details on how the
categorization is performed.

Fig. 1 represents a lattice with a × shaped unit cell
with a GQC spatial representation. After interpolation, the
preserved kinematic variables (i.e. the displacements and
rotations of the beam nodes in the FRDs and the representa-
tive displacements and rotations of all node types at the IPE
nodes) are stored in a columnmatrix ur, which can be relatedto u via the interpolation matrixN through

u = N ur. (4)
After interpolation, Eq. (1) is revised as
�uTr (N

T f int(N u∗r , z
∗)+NTK(N u∗r , z

∗)Ndur) = �u
T
r N

T f ext
(5)

with u∗r denoting an estimate of ur and dur the correction to
ur.

Figure 1: Illustration of key concepts of adaptive GQC
method.

In summation, rather than visiting all beam FEs in the
lattice according to Eqs. (2) and (3), only a selection of beam
FEs are sampled to approximate f int and K:

f̄ int(us, zs) =
∑

i∈S
!i ∫Vi

f
i
(us, zs)dV (6)
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K̄(us, zs) =
)f̄ int(us, zs)

)us
=
∑

i∈S
!i ∫Vi

)f
i

)us
dV (7)

where S denotes the set of sampling beams, !i denotes theweight of sampling beam i, and us the column matrix that
stores the kinematic variables of the nodes of the sampling
beams. zs represents the columnmatrix that stores the plastic
strain history variables of all sampling beam FEs. Note that
us can be interpolated from ur using the interpolation matrix
N s through,

us = N sur. (8)
The governing equations represented by Eq. (5) can then be
further revised as
�uTr (N

T
s f̄ int(N su

∗
r , z

∗
s )+N

T
s K̄(N su

∗
r , z

∗
s )N sdur) = �u

T
r N

T f ext.
(9)

The reader is referred to [6] for details on how the sampling
beams and their weights are selected.

In order to trace the evolution of localized deforma-
tion/failure, an adaptive GQC (AGQC) framework was pro-
posed in [7] for elastic periodic lattices. The elastic AGQC
monitors a sum of energy discrepancies, �, at IPE-IPE
interfaces and IPE-FRD interfaces using signalling unit cells
(see Fig. 1). The calculation of � is detailed in [7] and
is not repeated here for the sake of brevity and focus. In
short, a signalling unit cell is placed at the center of the
interface between neighbouring IPEs or between the IPE
and the FRD. The elastic strain energy of the signalling unit
cell is evaluated using the IPE or FRD of both sides. The
relative discrepancy of the elastic strain energy is defined as
the energy discrepancy �. Obviously, due to the presence of
dissipation in elastoplasticity, the adaptive scheme can not
apply to elastoplastic lattices in its original form. After each
increment has converged, � is evaluated for all signalling
unit cells and compared to a user defined threshold, �tol.If the value of � exceeds �tol, the associated IPEs are
refined into smaller IPEs. If the volumes of the refined IPEs
are smaller than a user defined volume threshold, Vtol, theassociated IPEs are transformed into FRDs instead.

Either the refinement of IPEs or the transformation of
IPEs into FRDs prompts the governing equations to be
solved again for the current increment with the new GQC
spatial representation in a so-called re-equilibration incre-
ment.

3. Elastoplastic beam description.
Each lattice strut is modeled using a string of elasto-

plastic 3D co-rotational beam FEs, for which plasticity is
implemented here through cross sectional discretization and
a multi-axial yield surface [1].

The 3D co-rotational framework elaborated in [6] decou-
ples the overall beam motion (i.e. the nodal displacements

and rotations at the beam ends in the global coordinate
frame) into a rigid body movement (i.e. the displacements
and rotations of the local coordinate frame) and a pure
deformation (i.e. the displacements and rotations at the beam
ends in the local coordinate frame).

The displacements and rotations at the beam ends in
the local coordinate frame are then used to interpolate the
normal and shear strains at each integration point of the
central cross section. Afterwards, a return mapping algo-
rithm is used to calculate the incremental plastic flow and the
consistency condition with a vonMises yield criterion. Once
the stress components and the tangential material stiffness of
each integration point are obtained from the return mapping
procedure, they are integrated to generate the internal forces
and the consistent stiffness relationship. For more details of
the formulation, readers are referred to [1].

The beam FE implementation [1] ensures a quadratic
convergence rate in the implicit Newton scheme used in this
work. A constant circular cross section is considered within
a given element. To avoid shear locking for the beam FE,
integration points are seeded in only one cross section (i.e.
the central cross section). 100 quadrature points are used
in the beam cross section at which the elastoplastic stress
update takes place (See Fig. 2). For more details about the
quadrature rules in a circular domain, readers are referred to
[8].

Figure 2: The integration scheme of the beam finite element.
X1, X2, X3 span the local coordinate frame. Along the beam
length direction, only the middle cross section is used for
integration. In the central cross section, 100 quadrature points
(∗) are adopted.

4. AGQC method for elastoplasticity
This section upgrades the adaptive generalized quasicon-

tinuum method of [7] so that elastoplastic lattice behaviour
can be considered. The adaptive scheme is based on the re-
finement indicator of [7], complemented by a plastic flag. It
is emphasized that in the new AGQCmethod, new sampling
beams emerge when the spatial representation of GQC is
adjusted in the refinement process. The newly introduced
sampling beams emerge from (1) the sampling unit cells of
the refined IPEs and (2) the IPEs that are transformed into
FRDs.

Evaluating the internal forces and the tangential stiff-
nesses for these new sampling beams is required to solve
the governing equations. In case of elastic behavior, the
evaluation of the internal forces and the tangential stiffnesses
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is independent of the deformation history. Consequently, in
the elastic AGQC of [7], retrieving the internal forces and
the tangential stiffnesses of new sampling beams is simple
and performed in two steps: (1) interpolating their kinematic
variables (i.e. the initial guess) and (2) re-equilibrating the
unbalanced structural system. In case of elastoplasticity, the
evaluation of the internal forces and the tangential stiffnesses
depends on the plastic strains, that do not exist yet for newly
introduced sampling beams.

This prompts two approaches to tackle plasticity in
AGQC. The first is to allow plasticity in CGDs, in which
case a carefully designed transfer of history variables is nec-
essary. The second is to restrict plasticity to FRDs only, for
which the transfer of history variables is circumvented and
new sampling beams emerging from CGDs are presumed to
be elastic before the re-equilibration step.

To assess the first approach, i.e. that allows plasticity in
CGDs, the uniaxial compression of an elastoplastic body-
centred cubic (BCC) lattice is considered first. Fig. 3 shows
both the DNS and GQC results of a 12 × 12 × 12 BCC
lattice (comprising a volume of 24 × 24 × 24 mm3) under
unconstrained uni-axial compression. Each of the 8 struts
of a BCC unit cell is represented by three beam elements
of equal length, among which diameters of 0.185 mm and
0.230 mm are chosen for beams in the center and at the ends.
The material parameters in all simulations in the present
work are: Young’s modulus of 97 GPa, Poisson’s ratio of
0.3, an initial yield stress of 325 MPa and a hardening
modulus of 9.7 GPa (linear hardening is assumed). In the
GQC simulation, the lattice is covered using 6 CGDs. The
applied compressive engineering strain amounts to 20%.

The compression example in Fig. 3 shows that GQC can
accurately capture the force–displacement curve, but fails to
capture the deformation localization (Fig. 3b). When aiming
at plastic CGD-to-FRD transformation involving the transfer
of plastic strain history variables (one per cross sectional
quadrature point) between sampling beams, significant con-
vergence issues were observed. The lack of convergence
is related to a failure of redistributing stresses from the
homogeneously deformed plastic CGD pattern to a richer
FRD representation. Such a redistribution is expected to
result in strain localization with a pattern similar to the pure
DNS, while respecting the requirement of the monotonous
increase of the accumulated plastic strain history variable at
each integration point.

The above could not be achieved without further de-
velopment in the present framework which explains why
we restrict plastic deformations to FRDs. An extension of
the framework in which plasticity can develop in CGDs is
planned as future work.

Plasticity is thus restricted in the present approach to
FRDs only. Because plasticity should more often than not
be treated as a localized phenomenon in metal lattices (see
strain localization in Fig. 3b), this assumption corresponds
well to the fundamental idea of classical QC utilizing FRDs
to trace localized deformation/failure while limiting CGDs

Symbol Description
tk The kth time step in a Newton’s scheme.


FRD
k The FRDs at tk.

)
FRD
k The boundary of the FRDs at tk.


CGD
k The CGDs at tk.

)
CGD
k The boundary of the CGDs at tk.

�k The IPE & FRD configuration at tk.

Sk The set of sampling beams at tk.

ukr The reduced DoFs after interpolation at tk.

f k
int

The internal force vector corresponding to ukr .

Φk-1

k
The interpolation matrix relating ukr to uk-1r .

�tol The threshold of the energy discrepancy.

Vtol The minimally acceptable area/volume of a IPE.

Table 1
Glossary of the notations.

to sufficiently homogeneous elastic deformation modes. Un-
der the assumption of restricting plasticity to FRDs, the
adaptive scheme proposed in [7] was revised as Alg. 1 to
account for elastoplasticity. The glossary of the symbols that
are involved in Alg. 1 and its subroutine (i.e. Alg. 2) is given
in Table 1.
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(b) (c)
Figure 3: Unconstrained compression of a BCC lattice mod-
eled using elastoplastic 3D co-rotational beam FEs. A non-
homogeneous pattern of plastic straining develops in (the
reference) DNS, which the CGD fails to capture. (a) Force–
displacement curve, (b) Contour plot of averaged plastic strain
in the beams in the DNS at a compression strain of 0.2, (c)
Contour plot of averaged plastic strain of sampling beams in
GQC at a compression strain of 0.2.
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Alg. 1 starts from an initial division of FRDs (i.e.ΩFRD
0 )

and CGDs (i.e. ΩCGD
0 ), the initial mesh of IPEs in the CGDs

(i.e. �0) and the initial selection of sampling beams (i.e. S0).
For a given increment, tk, the GQC model of the last

converged increment, tk−1, is preserved as the starting point(i.e. ΩFRD
k ⇐ ΩFRD

k−1 , ΩCGD
k ⇐ ΩCGD

k−1 , �k ⇐ �k−1 and
Sk ⇐ Sk−1). Moreover, the kinematic variables and internal
forces of the last converged increment (i.e. uk−1r and fk−1int )
serve as the initial guesses for their counterparts at tk. Theboundary conditions (BCs) at tk (i.e. )ΩFRD

k and )ΩCGD
k ) are

also imposed. The obtained GQC model is then solved for
the equilibrium equations.

Once the GQC model is in equilibrium, it goes through
three loops successively, i.e. Loop 1 (lines 6–10 in Alg. 1),
Loop 2 (lines 11–15 in Alg. 1) and Loop 3 (lines 16–20 in
Alg. 1). The three loops are identical, except for the different
criteria that are applied to determine the target IPEs for
refinement and for a difference in the refinement strategies.
Loop 1 checks the sampling beams of all IPEs and targets the
IPEs with plastified sampling beams for full resolution: IPEs
flagged for plasticity are not refined but always transformed
into FRDs. Loop 2 checks the energy discrepancy, � for
IPE-IPE interfaces and flags the IPEs with � > �tol forrefinement: IPEs are cut into smaller IPEs and the refined
IPEs with smaller volumes than Vtol are transformed into
FRDs. Loop 3 checks the energy discrepancy, �, for IPE-
FRD interfaces and flags the IPEs with � > �tol for fullresolution.

Either full resolution (Loop 1 & 3) or IPE refinement
(Loop 2) generates a refined GQCmodel with a new division
of FRDs (ΩFRD

k∗ ) and CGDs (ΩCGD
k∗ ), a new mesh of IPEs

in CGDs (�k∗ ) and a new selection of sampling beams
(Sk∗ ). This also creates new kinematic variables (uk∗r ) and
corresponding internal forces (fk∗int). Note that such a refinedbut not yet equilibrated GQC model at tk is characterized bysubscript/superscript k∗ in order to distinguish it from the
GQC model in equilibrium.

The just refined GQC model is generally no longer in
equilibrium, and structural equilibrium needs to be found.
First, the initial guesses of uk∗r and fk∗int are required. An
interpolation matrix Φk−1

k∗
between uk−1r and uk∗r is con-

structed (in the same manner as constructing N in Eq. (4))
so that the initial guess of uk∗r is set to Φk−1

k∗
uk−1r . To

determine fk∗int for this new initial guess, the history variables
of the plastic sampling beams in Sk−1 are transferred to
their counterparts in Sk∗ . It is worth noting that since only
refinement is considered and plasticity is restricted to FRDs,
FRDs can only grow in size and all sampling beams of
FRDs in Sk−1 are also sampling beams in Sk∗ . This enables
a straightforward transfer of history variables (see Fig. 4).
Afterwards, the transferred history variables and the initial
guess of uk∗r are put into Eq. (6) to generate an initial guess
for fk∗int.

Figure 4: Illustration of transforming IPEs with plastic sam-
pling beams into FRDs.

5. Numerical example
The elastoplastic AGQC is now illustrated by simulating

the scratching of a Kelvin lattice using a rigid sphere. Each
of the 36 struts in the Kelvin unit cell is discretized using
single beam element. The categorization of node types (for
the multi-field interpolation in the GQC approach)) and of
beam types (for the purpose of evaluating �) in the Kelvin
unit cell are shown in Fig. 5.

Figure 5: Beam representation of the Kelvin cell. Numbers in
black and red are beam node types and beam element types,
respectively.

Fig. 6 depicts the setup of the scratch simulation. The
scratch depth is set to 0.1 luc (luc denotes the length of a
unit cell, luc = 2 mm). Only half of the lattice is con-
sidered thanks to the mirror plane symmetry. The contact
between the rigid sphere and the beam FEs is frictionless
and enforced using the penalty approach. The (horizontal)
displacement increment of the rigid sphere is set to 1.5 lucand an automatic refinement of the increment is performed
in case of divergence of the Newton’s scheme. The DNS
includes 738,800 beam FEs and 2,272,800 DoFs and is not
computed due to computational limitations.

The initial setup of the AGQC model is shown in Fig. 7.
An FRD of 10 × 10 × 10 unit cells is located near the initial
position of the rigid sphere. The rest of the domain is a
CGD with a structured mesh of linear tetrahedral IPEs. 5
quadrature points (i.e. sampling unit cells) are adopted in
each IPE.
5.1. Choice of control parameters of AGQC

Two control parameters (�tol and Vtol) need to be chosenby the user for the AGQC simulation. �tol is the threshold for
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Algorithm 1: Adaptive scheme. The difference
with Alg. 2 of [7] is indicated in italic (steps 6-10).
1 Initialization prior to simulation: configure GQC

model ( ΩFRD
0 , ΩCGD

0 , �0, S0), u0r = 0, f 0int = 0.
2 for k = 1,2,. . . ,n do
3 Inherit GQC model (ΩFRD

k ⇐ ΩFRD
k−1 ,

ΩCGD
k ⇐ ΩCGD

k−1 , �k ⇐ �k−1, Sk ⇐ Sk−1), set
initial guesses ukr ⇐ uk−1r , fkint ⇐ fk−1int .

4 Apply boundary conditions at tk.
5 Equilibrate the GQC model.
6 Identify the IPEs with plastic sampling beams

and collect them in set �resolve.
7 while �resolve ≠ ∅ do
8 Fully resolve IPEs in �resolve.
9 Invoke subroutine in Alg. 2.

10 Identify the IPEs with plastic sampling
beams and collect them in set �resolve.

11 Evaluate energy discrepancy (�) for IPE-IPE
interfaces in �k, identify the IPEs with � > �tol
and collect them in set � refine.

12 while � refine ≠ ∅ do
13 Invoke refinement algorithm in Alg. 1 of [7].
14 Invoke subroutine in Alg. 2.
15 Evaluate energy discrepancy (�) for

IPE-IPE interfaces in �k, identify the IPEs
with � > �tol and collect them in set � refine.

16 Evaluate energy discrepancy � for IPE-FRD
interfaces in �k, identify the IPEs with � > �tol
and collect them in set � resolve.

17 while � resolve ≠ ∅ do
18 Fully resolve IPEs in �resolve.
19 Invoke subroutine in Alg. 2.
20 Evaluate energy discrepancy (�) for

IPE-FRD interfaces in �k, identify the
IPEs with � > �tol and collect them in set
� resolve.

21 Store output data of current time step: ΩFRD
k ,

ΩCGD
k , �k, Sk, ukr , fkint.

the energy discrepancy for IPE-IPE and IPE-FRD interfaces.
Vtol is the threshold below which an IPE is fully resolved.
Following the results of [7], Vtol is set to 10l3uc in this study.

Algorithm 2: Subroutine of structural re-
equilibration.

Input: Refined but not equilibrated GQC model
(ΩFRD

k∗ , ΩCGD
k∗ , �k∗ , Sk∗ , uk∗r , fk∗int).

Input: GQC model of the last converged
(equilibrated) increment (ΩFRD

k−1 , ΩCGD
k−1 ,

�k−1, Sk−1, uk−1r , fk−1int ).
Output: Equilibrated GQC model (ΩFRD

k , ΩCGD
k ,

�k, Sk, ukr , fkint).
1 Compute interpolation matrix Φk−1

k∗
between uk∗r

and uk−1r . Set the initial guess of uk∗r to be
Φk−1
k∗

uk−1r .
2 Transfer history variables of plastic sampling beams

in Sk−1 to their counterparts in Sk.
3 Set the initial guess for fk∗int by solving Eq. (6).
4 Equilibrate the GQC model.

(a) 2D view.

(b) 3D view.
Figure 6: Setup for scratching with a rigid sphere.

Figure 7: Initial AGQC model for the scratch test. Sampling
unit cells are shown in blue.

To choose �tol, the 1st increment (during which contact is
established) of the AGQC model of Fig. 7 is computed. The
resulting energy discrepancies of the IPE-IPE and IPE-FRD
interfaces at the beginning of the simulation are sorted, from
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which three different candidate values for �tol (0.15, 0.25 and0.35) are chosen heuristically.
The CGDs and FRDs after refinement in the first in-

crement are shown in Fig. 8. As expected, a smaller value
for �tol results in more refinement and takes more time to
complete. the first increment with �tol = 0.35 is approxi-
mately 2.7 times faster than that with �tol = 0.15 and the
first increment with �tol = 0.25 is approximately 1.5 times
faster than that with �tol = 0.15.

(a) �tol = 0.35.

(b) �tol = 0.25. (c) �tol = 0.15.
Figure 8: IPEs after the 1st increment for different values for
�tol. Voids represent FRDs.

Fig. 9 shows the evolution of the normal contact force
Fz as function of �tol for the 1st increment (relative to the
value for �tol = 0.15), together with the fractions of the
number of DoFs (relative to the DNS), of the number of
sampling beams (relative to the DNS) and of the CGD’s
volume (relative to the entire volume) . Fz is used as an
indicator of the overall structural response. Smaller values
for �tol yield more accurate simulations, but compromise the
model reduction as it (most notably) increases the sizes of
the FRDs.

As the vertical contact force hardly changes for the
considered values for �tol, 0.35 is chosen as the optimal value
to maximise the computational efficiency. However, since
the DNS result is not available as reference, �tol = 0.25 is
also computed for comparison purposes.

Figure 9: Fractions of: Fz (relative to Fz of �tol = 0.15), of
the number of DoFs (relative to the DNS), of the number
of sampling beams (relative to the DNS) and of the CGD’s
volume (relative to the entire volume) as functions of �tol after
refinement of the 1st increment.

5.2. Results
The evolution of the IPEs and FRDs, of the total de-

formation and of the plastic strains in the scratch test are
presented in Fig. 10. The images clearly show that the
scratching induces strain localization below the rigid sphere.
The plastic strain zone only reaches a depth of a few unit
cells, whereas the induced displacement fluctuation below
the sphere reaches much larger depth.

(a) IPE,
Uy = 15 mm

(b) ||U ||,
Uy = 15 mm

(c) < �eqp >,
Uy = 15 mm

(d) IPE,
Uy = 75 mm

(e) ||U ||,
Uy = 75 mm

(f) < �eqp >,
Uy = 75 mm

(g) IPE,
Uy = 135 mm

(h) ||U ||,
Uy = 135 mm

(i) < �eqp >,
Uy = 135 mm

Figure 10: AGQC results for �tol = 0.35 as a function of
the displacement of the rigid sphere (Uy). Left column: IPEs.
Central column: displacement magnitude of the nodes of the
sampling beams. The color ranges from 0 mm (blue) to 1.8
mm (red). Right column: average cumulative strains < �eqp >
in the sampling beams. The color ranges from 0 (blue) to 0.019
(red).

The evolving IPEs and FRDs in the left column of
Fig. 10 clearly show the capacity of the proposed AGQC to
adapt the model in the elastoplastic domain. The reasons for
refinement are analyzed in details later.
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Figure 11: The vertical contact force Fz and the number of
contact points as a function of the displacement of the rigid
sphere. Only a displacement of up to 81 mm is considered for
�tol = 0.25.

The vertical contact force versus the (horizontal) dis-
placement of the rigid sphere is presented in Fig. 11, together
with the number of active contact points. A comparison of
the vertical and horizontal contact forces is shown in Fig. 12.
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In Fig. 11, the number of active contact points fluctuates.
This is caused by the discrete nature of the lattice, as beams
establish and lose contact with the sphere during the sphere’s
horizontal movement. Note that the results for �tol = 0.35
and �tol = 0.25 are quite similar, showing that �tol = 0.35
leads to sufficiently accurate results. Synchronized periodic
spikes can be observed for both Fy and Fz in Fig. 12.
A logical explanation is that the periodicity of the force
response is caused by the periodicity of the lattice, coupled
to the mechanism of contact–no contact oscillations. Note
furthermore that Fx is not presented in Fig. 12 as it is zero
due to symmetry. The fact that Fy is non-zero is completely
due to plasticity; if an elastic lattice would be considered,
the value for Fy would only be non-zero at the start of the
scratch test.
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Figure 12: The vertical and horizontal contact forces as a
function of the displacement of the rigid sphere for �tol = 0.35.

Fig. 13 depicts the progressive refinement of AGQC us-
ing the percentages of the number of DoFs, of the number of
sampling beams and of the volume of the CGD. Throughout
the simulation, more than 70% of the lattice remains coarse
grained with �tol = 0.35. The number of sampling beams
remains less than 50% of the DNS and the number of DoFs
never exceeds 30% of the DNS. This constitutes a significant
computational saving and demonstrates the efficiency of the
proposed formulation. The AGQC model for �tol = 0.25
is more refined compared to that of �tol = 0.35 because
the percentages of the number of DoFs, of the number of
sampling beams and of the volume of the CGDs become
larger. Almost identical force–displacement curves are ob-
tained for �tol = 0.35 and �tol = 0.25, yet �tol = 0.25 leadsto a substantially larger FRD volume fraction and hence, less
computational saving.

Fig. 14 shows the number of refinement iterations during
the course of the simulation. The total number of refinement
iterations per increment is broken down into the refinement
iterations that occur in Loop 1 (refinement to forbid plasticity
occurring in IPEs, lines 6–10 in Alg. 1), Loop 2 (refinement
because �tol is exceeded at IPE-IPE interfaces, lines 11–15
in Alg. 1) and Loop 3 (refinement because �tol is exceededat IPE-FRD interfaces, lines 16–20 in Alg. 1). Fig. 14 shows
that Loop 1 is a necessary enhancement to the refinement
criterion of [7] if plasticity is to be restricted to FRDs.
Refinement because �tol is exceeded at IPE-IPE interfaces
occurs more often than refinement at IPE-FRD interfaces.

The latter, however, seems to occur more regularly. The
refinement triggered by plasticity occurring in IPEs starts
when the displacement of the rigid sphere reaches 20 mm
and occurs regularly afterwards.

0 50 100 150

0

10

20

30

40

50

60

70

80

90

100

Figure 13: The percentages of the number of DoFs (relative to
the DNS), of the number of sampling beams (relative to the
DNS) and of the CGD’s volume (relative to the entire volume)
as a function of the displacement of the rigid sphere. Only a
displacement of up to 81 mm is considered for �tol = 0.25.

Figure 14: Vertical contact force Fz and the refinement
iterations as functions of the scratch displacement for �tol =
0.35.

This computational example shows that the enhanced
AGQC method is a powerful numerical tool to study the
elastoplastic behavior of large structural lattices as it signifi-
cantly reduces themodel size in terms of the number of DoFs
and the number of sampling beams. More computational
savings are expected for models in which localization occurs
in smaller regions relative to the entire modelling domain.
Vice versa, if localization (e.g. long shear bands) appears
throughout larger parts of the domain, less computational
saving can be expected.

6. Conclusion and outlook
An extension of a previously proposed adaptive gener-

alized quasicontinuum method (AGQC) for elastic lattices
is presented to account for elastoplastic material behavior
in periodic lattices with plasticity restricted to the fully-
resolved domains. In the new scheme, all the sampling
beams of interpolation elements in an AGQC model are
monitored for plastic deformation. If any sampling beam
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of an interpolation element undergoes plastic deformation,
the interpolation element is transformed into a fully re-
solved domain. Such an arrangement simplifies the transfer
of history variables of sampling beams in the GQC models.
Because the history variables may only be non-zero in the
sampling beams of fully-resolved domains and the size of the
fully-resolved domains monotonically increases, a plastic
sampling beam of a fully-resolved domain in the unrefined
GQC model remains a sampling beam in the fully-resolved
domain in the refined GQC model, for which the history
variable can be directly inherited.

The enhanced AGQC was applied to study the behavior
of an elastoplastic Kelvin lattice scratched by a rigid sphere.
It was shown that the lattice behavior can be simulated at a
substantially lower computational effort than the direct nu-
merical simulation (DNS) thanks to the adaptive refinement.

In future work, rather than restricting plasticity to the
fully-resolved domains (FRDs), the possibility of incor-
porating plasticity in the coarse-grained domains (CGDs)
and the CGD-to-FRD transformation are planned to be fur-
ther investigated. The coarsening of the elastoplastic AGQC
model may also be investigated in order to further boost the
computational efficiency of the AGQC method.
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