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A: DERIVATION OF EQS. (10) AND (11)

To find temperatures T, ,, and T 4 in Eq. (8) in main text, we solve self-consistently the energy balance equations
at each Ohmic contact, namely Jeu = JSy, and Jea = J§,; 4- According to Egs. (8) and (9) from main text, the

out,u
heat currents on the left hand side of balance equations are given by quantum heat fluxes
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Now, using the scattering matrix, ¢ (w), from Eq. (6) and Egs. (8), (9) of main text, the outgoing fluxes are given by
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where S o (w) = w/(1—e~/Tie) is given by equilibrium spectral density in Eq. (8) from main text and Sp(w) = wh(w).
Next, using the property of scattering matrix, [A(w)[*+2|B(w)|*+|C(w)|* = 1 the above expressions take the following
forms
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Finally, using the balance equations, Jeu = Jgy¢,, and Jeqa = Jg, 4 mentioned above and introducing the dimensionless
variable of integration, z = w7, we arrive to systems of coupled equations given in Eq. (10) of main text,
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The functions on the right hand side of above equations are given by
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where ga(z,\) = iz + A2 — 12/|(z +4)% + N2|%, g5(2, \) = A\222/|(2 +i)? + A?|2. This is the Eq. (11) from main text.

B: HEATING EFFECTS

In the case of A = 1, from Eq. (11) of main text, we have g4(z,A = 1) = gg(z,A = 1) = 1/(2? + 4) and the
asymptotics of the integral in Eq. (11) of main text have the simple form
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Substituting these asymptotics into Eq. (10) from the main text, we further obtain the final results for the temperatures
T.w and T, q in Eq. (12) of the main text.

In the case of weak coupling, A < 1, one can substitute the expansion of amplitudes of scattering matrix g(z, A <
1)~ [1—4X222/(1 4+ 2%)?]/(1 + 22) and gg(z, A < 1) &~ A\?22/(1 + 22)? into Eq. (11) from main text and get
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where the asymptotics of integrals on the right hand side are given by
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Substituting the above asymptotics in the case of max{7.7} .} < 1 (a < 1) into Eq. (10) from the main text, one



obtains the following system of equations
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The solution of these equations for max{7.T; o} < 1 is given by Eq. (13) from the main text.

In the opposite regime, min{7.7; o} > 1, one can obtain the result which is non-perturbative in A. Namely, by
calculating the integrals in this regime (a > 1) we get the following asymptotic results
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After the substitution of Eq. (S-14) and (S-15) into Eq. (10) from the main text, the system of equations to find the
temperatures of Ohmic contacts takes the form
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As a first approximation, we choose the solution at A = 0, namely, we substitute Tt ,, = Tiny and T, g = Tin,q into

the right hand side. Therefore, only the first term on the right hand side survives, and we get the final solution at
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This result is provided in Eq. (14) of main text.

C: THERMAL DRAG CURRENT

In this section we provide the calculation of outgoing heat current in down passive circuit in case of A < 1 and
Tina = 0 and 7T, w < 1. Using the definition of heat current Eq. (9) in main text one has
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+ 5/5 [1B(@)*(Se.u(w) = So(w)) + |C(w)*(Se.a(w) = So(w))]
where Sp(w) = wh(w) ground state contribution, Siy.(w) = w/(1 — e @/Tma) S 4 = Sp(w), Seu(w) = w/(1 —
e~/ JenNTinu) - S (W) = w/(1 — e=@/feaMTinu) and according to Eq. (13) from main text fcu( ) = V1+3)\%

fea(A) = V2X2. Introducing the dimensionless integration variable y = w/ Tinu, we write the heat current as a sum
of four terms

J=J1+ Jo+ J3 + J4, (8-19)
where in the leading order with respect to 7,73, v < 1 they read
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Thus the sum of four terms gives the result presented in Eq. (16) of the main text
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D: NOISE OF THERMAL CURRENT FOR BALLISTIC CHANNEL

Using the definition (9) of the heat flux in the main text, we get the following expression for the noise power of
thermal current

Sa(©) = (Rq/2) / de =t [(2(6)72(0)) — GO A0)] - (5-25)

According to Wick’s theorem (52(t)52(0)) = (j2(¢))(52(0)) + 2(j(¢)7(0))(j(t)j(0)), since each current operator is the
combination of bosonic creation and annihilation operators. Subtracting the second term we get
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Next, using the FDT in Eq. (8) of the main text, we calculate the above expression explicitly
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By introducing the dimensionless variable = y — w/2T and performing the integral with respect to = we obtain
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It is worth mentioning that the non-symmetrized noise is given by Sq(w)/2+Sq(—w)/2. Because of the quadratic term
w? in square brackets the finite frequency noise at zero temperature 7' = 0 does not vanish: Sq(w) = w3sgn(w)/247.

Finally, taking the limit w — 0 in Eq. (S-28) we arrive to Eq. (18) from the main text.

E: NOISE OF THERMAL DRAG CURRENT

Similar calculations as in Sec. B can be done for the noise of heat current in the case of A — 1 and A < 1 at
Tina = 0 and 7.7,y < 1. Let demonstrate this for strong and weak coupling parameter A. In both cases the result
consists of 16 terms according to Eq. (19) and due to the fact that the incoming vector Ji, (w) in Eq. (6) of main text
consists of 4 elements.

In the case of A — 1, the spectral functions are given by Si,.(w) = w/(1 — e @/Tma) S 4(w) = wh(w) and
Seu(w) = Sealw) = w/(1 — e‘ﬁw/T‘"v“L since Teq = Ten = in’u/\/ﬁ. Now we calculate 16 terms at 7.Tiny < 1
regime. They are given by
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44) = 33). (S-44)
Summing up all above 16 terms we get the result for zero frequency noise given in Eq. (20) of mian text
Sout,a(0) = (3Z/27°)Sim,u(0), (S-45)

where Sin 4(0) = S and the dimensionless prefactor is given by

7= /Cligp( )P (—y) ~ 2.5782, (S-46)

where P(y) = y/(1 — e7¥) 4+ y0(y) + 2y/(1 — e~ V2¥) and 6(y) is the Heaviside step function. To remind, v/2 in the
integrand of 7 originates from Ohmic contact temperatures Tt = Te.a = Tin,u/ V2.
In the case of A\ < 1, the spectral functions are given by Si,.(w) = w/(1 — e @/Tma) S 4(w) = wh(w) and

Sealw) = w/(1 — e @/ feaWTnuy and S, ,(w) = w/(1 — e~@/feaMNTinu) Here the pre-factors are obtained from
Eq. (13) of main text at Tj,q =0

foaN) = V222, fou(N) = V1 -2)2 (S-47)

Introducing the dimensionless variable of integration y = w/Tiy . in Eq. (19) of main text we calculate all 16 terms
step by step and keep only the leading terms with respect to A < 1 and 7T}, < 1. Namely,
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43) = 34), this is the sub-leading correction, thus we ignore this term, (S-62)
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Summing up all the leading 4 terms we get the following equation
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Now approximating ((5) ~ 1.0369 and taking into account that Si, ,(0) = 773/6 we get Eq. (22) from main text,

namely Sout.a(0) = (3N\2K/2)(7eTinu)?Sin u(0).



