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We consider a collision between a mov-
ing particle and a fixed system, each hav-
ing internal degrees of freedom. We iden-
tify the regime where the motion of the
particle acts as a work source for the joint
internal system, leading to energy changes
which preserve the entropy. This regime
arises when the particle has high kinetic
energy and its quantum state of motion is
broad in momentum and narrow in space,
whether pure or mixed. In this case, the
scattering map ruling the dynamics of the
internal degrees of freedom becomes uni-
tary and equivalent to that of a time-
dependent interaction between the inter-
nal degrees of freedom of the colliding sys-
tems. It follows that the kinetic energy
lost by the particle during the autonomous
quantum collision coincides with the work
performed by the time-dependent interac-
tion. Recently, collisions with particles
were shown to act as heat sources un-
der suitable conditions; here we show that
they can also act as work sources. This
opens interesting perspectives for quan-
tum thermodynamics formulations within
scattering theory.

1 Introduction
The dynamics of quantum systems interacting
with other systems is in general described by
completely positive and trace preserving (CPTP)
maps [1, 2]. However, there may be regimes in
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which this map acts approximately as a unitary
transformation and thus the system’s von Neu-
mann entropy remains constant. One example is
the semi-classical regime of light-matter interac-
tion, where the driving of an atom by the electro-
magnetic field is modelled by a time-dependent
interaction, leading to a unitary evolution for the
atom [3–6]. Another example is when a parti-
cle travelling semi-classically is used to measure
the time associated to a quantum process [7, 8].
Identifying these unitary regimes is crucial not
only from a dynamical point of view, but also for
quantum thermodynamics. Indeed, although the
thermodynamic notion of work for quantum sys-
tems is still debated [9, 10], the energy changes
induced by these unitary evolutions can often be
interpreted as work [11–15].

Scattering theory plays a central role in quan-
tum physics, from high energy physics to meso-
scopic physics [16–20] and open quantum system
theory [21–25, 25]. It also provides the most
direct connection between quantum theory and
experimental observables. The fundamental ob-
ject of the theory – the scattering operator – is
a unitary energy preserving transformation, sim-
ilar to those considered in the resource theory
of quantum thermodynamics [26]. Considering
maps generated by collision events may thus be
used to bring resource theory closer to experi-
ments.

In a recent work [27], we studied the collision
between a fixed system and a travelling particle,
and showed that the dynamics of the (joint) inter-
nal degrees of freedom is ruled by a CPTP map
which, under certain conditions, induces decoher-
ence and thermalization.

In the present paper, we move in the oppo-
site direction and show that the joint internal dy-
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namics becomes unitary when the particle has a
high kinetic energy and its motion is described
by a state that is squeezed in position and broad
in momentum. Our results extend the textbook
semi-classical treatment of a point particle scat-
tered by an external potential [28, 29] to situa-
tions where the particle has an internal structure.

We furthermore show that, in this regime, the
joint internal dynamics, as well as its thermo-
dynamics, is equivalent to that of a unitary dy-
namics generated by turning on and off a time-
dependent interaction between the system and
particle’s internal degrees of freedom. Such time-
dependent models of collisions have been used in
recent years to study thermodynamics of quan-
tum systems based on repeated interactions [30–
33]. The time-dependent work in these models
is here shown to arise more fundamentally within
scattering theory from the kinetic energy changes
of the colliding particle.

Our results are relevant for quantum thermo-
dynamics in general [14, 15] and for developing
autonomous work extraction devices in particu-
lar [34]. Together with the results in Ref. [27],
they form the basis for a comprehensive approach
towards the design of thermodynamic processes
using scattering.

The rest of the paper is organized as follows.
In section 2 we introduce the scattering map and
the time-dependent model, and state our results.
In section 3, we sketch the proof of the results
for the scattering map and prove it for the time-
dependent model. The technical parts, such as
the semi-classical treatment of the collision, are
detailed in the Appendices. Section 4 illustrates
our findings using an example and conclusions are
drawn in section 5.

2 The Setup and Results

We start by considering two quantum systems
A and B. The joint system Y has Hamiltonian
HY = HA ⊗ IB + IA ⊗ HB, where IA denotes
the identity operator on the Hilbert space of A
(equivalently for B). The spectrum HY |j〉 =
ej |j〉 of HY is finite, {|j〉}Nj=1 and ej increases
with j. We define ∆j′j ≡ ej′ − ej and the char-
acteristic energy scale ∆Y ≡ ∆N1.

2.1 Scattering map
We start by modelling the interaction between
A and B by a collision. In a reference frame
co-moving with the center of mass, only the re-
duced mass plays a role, but we simplify the treat-
ment by fixing system A and consider a colli-
sion with a particle of mass m moving in one
dimension with internal structure B. The ki-
netic degree of freedom of the particle is de-
noted by X (see Fig. 1). The Hamiltonian of
the full system reads H = H0 + V(x), where
H0 = HY ⊗ IX + IY ⊗ p2/2m. The kinetic energy
operator accounts for the motion of the particle.
The interaction between the particles is described
by the operator V(x) = ν ⊗ V (x), where V (x) is
a non-vanishing function only inside the interval
x ∈ (−a/2, a/2) and ν is the interaction on Y .
We take the full system to be initially in a factor-
ized state ρA⊗ρB⊗ρX with ρX the state describ-
ing the kinetic degree of freedom of the particle.
For example, for a pure state ρX = |φ〉 〈φ|, where
|φ〉 is a wave packet, we have the average mo-
mentum p0 = 〈φ| p |φ〉 and position x0 = 〈φ|x |φ〉
with corresponding variances σ2

p and σ2
x. Scatter-

ing theory allows us to compute the final state of
Y after the collision

ρ′ = TrX
[
S
(
ρA ⊗ ρB ⊗ ρX

)
S†
]
, (1)

where TrX denotes the partial trace over X and
S is the unitary scattering operator [17, 18]

S = lim
t→+∞

ei
t
~H0e−i

2t
~ Hei

t
~H0 . (2)

Eq. (1) defines the scattering map ruling the state
change of the internal system Y . The change pro-
duced by S reflects the full effect of the collision
on the system’s state without introducing an ad
hoc interaction time. Importantly, the scatter-
ing operator satisfies the commutation relation
[S,H0] = 0 expressing total energy conservation
(kinetic plus internal) in a collision between fixed
system and particle. The energy change in Y is
given by

∆E = TrY
[
HY (ρ′ − ρA ⊗ ρB)

]
= −∆Ep , (3)

where ∆Ep = TrX [(p2/2m)(ρ′X − ρX)] is the
change in kinetic energy and ρ′X is the final state
of the particle’s motion, obtained by tracing over
Y instead of X in Eq. (1). The second equality in
Eq. (3) follows from [S,H0] = 0. In general, the
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dynamics for the system Y described by Eq. (1)
is not unitary and thus the associated entropy
change for a collision ∆S = S(ρ′) − S(ρA ⊗ ρB)
is, in general, non-zero, preventing the identifica-
tion of the energy change in Eq. (3) with work.

2.2 Time-dependent model

Time-dependent models describe the interaction
of A and B for a time τ with Hamiltonian H(t) =
HY + V (t) (Fig. 1). The time-dependent inter-
action is given by V (t) = Ṽ (t)ν, where Ṽ (t)
is a non-vanishing function only in the interval
t ∈ (−τ/2, τ/2) and ν is a time-independent op-
erator. The evolution generated by the time-
dependent model is unitary and, in the interac-
tion picture, the density operator describing the
state Y after the interaction reads

ρτ = UI(τ)(ρA ⊗ ρB)U †I (τ) , (4)

where UI(τ) is the unitary evolution operator in
the interaction picture and the initial state is as-
sumed factorized. The energy change during the
interaction is

W = Tr[HY (ρτ − ρA ⊗ ρB)] , (5)

and vanishes if HY and V (t) commute for
all times. This energy change is interpreted
as work [11, 30, 31] since the system is iso-
lated and the von Neumann entropy S(ρ) =
−kBTr[ρ log ρ] ≥ 0 is constant for a unitary time
evolution ∆Sτ ≡ S(ρτ )− S(ρA ⊗ ρB) = 0.

2.3 Results

We now state our first result. Under conditions to
be specified below, the scattering map in Eq. (1)
becomes the unitary transformation

ρ′ = e−iτp0V/~ (ρA ⊗ ρB) eiτp0V/~ , (6)

where the interaction time is τp0 ≡ ma/p0 and
V ≡ 〈V 〉ν represents an effective interaction with

〈V 〉 ≡ 1
a

∫ a
2

−a2
V (x)dx . (7)

The time-dependent dynamics of Eq. (4) is also
equivalent to Eq. (6) after the substitution τ →
τp0 and ρτ → ρ′, with the effective interaction

being time-independent and given by V ≡ 〈Ṽ 〉ν
where

〈Ṽ 〉 ≡ 1
τ

∫ τ
2

− τ2
Ṽ (t)dt . (8)

When the effective potentials and the interaction
times are the same in the scattering map and in
the time-dependent model, i.e. 〈Ṽ 〉 = 〈V 〉 and
τ = τp0 , the change of state of system Y becomes
the same in both cases.

Our second result follows directly from Eq. (6)
applied to Eq. (3): The energy change in Y due
to the collision, given by minus the change in ki-
netic energy of the particle, is equivalent to work
since it occurs with a vanishing entropy change.
Moreover, when 〈Ṽ 〉 = 〈V 〉 and τ = τp0 it equals
to that of the time-dependent model in Eq. (5).

Conditions of validity

The conditions under which Eq. (6) holds are:

1) The interaction time is much smaller than
the time associated with the free evolution
of the internal system τ, τp0 � ~/∆Y .

2) The particle travels semi-classically over the
potential p2

0/2m � V (x) and p0amin � ~.
Here, amin is the minimal length over which
V (x) varies.

3) The particle’s state of motion ρX is fast, nar-
row in position and broad in momentum with
respect to the internal system, as expressed
by the inequalities p0 � σp ≥ ~/2σx �
m∆Y /p0.

Conditions 1 and 2 allows us to simplify the
scattering map in Eq. (1), while condition 3 is
essential to preserve the coherence of the colli-
sion. If the last is not satisfied, system Y de-
coheres [27]. Importantly, condition 3 is valid
for mixed states with arbitrary ρX , provided the
average momentum, position, and corresponding
variances are well defined. For a minimal un-
certainty state (pure Gaussian state), we have
σpσx = ~/2 and condition 3 simplifies to p0 �
σp � m∆Y /p0.

Together, these conditions define a regime of
high kinetic energies where the entanglement of
the internal system Y with the kinetic degree of
freedom X due to scattering is negligible. They
are sufficient to achieve the unitary dynamics of
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Figure 1: Scattering and time-dependent setups considered in this study. In the former, the interaction happens
autonomously in space through a potential V (x): system A is fixed while the incoming particle has kinetic degrees
of freedom X and internal degrees of freedom B. In the latter, the interaction between A and B happens in time
through a time-dependent interaction Ṽ (t). Note that the potentials V (x) and Ṽ (t) are generally not the same.

Y presented in Eq. (6), where the effective inter-
action time τp0 emerges from the scattering map
Eq. (1) at high kinetic energies.

3 Derivation
3.1 Scattering map
We first discuss how to derive our results starting
from Eq. (1). We recall that H0 = HY + p2/2m
with HY |j〉 = ej |j〉 and (p2/2m) |p〉 = Ep |p〉.
Here, {|p〉} are improper (non-normalizable)
eigenstates whose position representation are
plane waves 〈x|p〉 = exp(ipx/~)/

√
2π~ and Ep =

p2/2m ≥ 0 is the kinetic energy. Due to the con-
servation of energy, the scattering operator in the
eigenbasis of H0, denoted by |p, j〉 ≡ |p〉 ⊗ |j〉, is
given by [17, 18, 27]

〈p′, j′|S|p, j〉 =
√
|pp′|
m

δ(Ep − Ep′ −∆j′j)

× s(α′α)
j′j (E) , (9)

where s(α′α)
j′j (E) is the scattering matrix at to-

tal energy E = Ep + ej and α = sign(p) and
α′ = sign(p′) accounts for the initial and final di-
rection of the momenta, which can be positive or
negative. The pairs (++), (+−), (−+), (−−) cor-
respond to transmission from the left, reflection
from the left, reflection from the right and trans-
mission from the right probability amplitudes,
which can be obtained from the solutions of the

stationary Schrödinger equation [28, 29]. Using
expression (9) and taking the partial trace over
momentum, we write Eq. (1) in the eigenbasis of
HY as [27]

ρ′j′k′ =
∑
jk

Sjkj′k′(ρA ⊗ ρB)jk , (10)

where ρ′j′k′ ≡ 〈j′|ρ′|k′〉 and

Sjkj′k′ =
∑
α′=±

∫ ∞
pinf

dp ρX(p, π(p))
√

p

π(p)

× s(α′+)
j′j (Ep + ej)

[
s

(α′+)
k′k (Ep −∆j′j + ek′)

]∗
.

(11)

In the last expression, π(p) =√
p2 − 2m(∆j′j −∆k′k), and the lower

integration limit pinf is obtained from
p2

inf/2m = max{0,∆j′j ,∆j′j − ∆k′k}, which
guarantees that the channels are open in the
integration domain. As discussed in Ref. [27],
the scattering map shown in Eq. (1) or Eq. (10)
is completely positive and trace-preserving and
does not generally lead to unitary dynamics.
However, as we show next, it does so in the
regime considered in this study.

3.1.1 Scattering matrix

The scattering matrix simplifies under conditions
1 and 2. Indeed, as we show in appendix A, by
solving the stationary Schrödinger equation un-
der these conditions, we obtain that reflection is
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negligible and the effect of the collision is a shift
in the transmitted wave. Specifically, we show in
appendix A.3 that the scattering matrix simpli-
fies to

s
(α′+)
j′j (Ep) = δα′+ 〈j′|e−iτpV/~|j〉 , (12)

with τp ≡ ma/p and τpV = (m/p)
∫ a/2
−a/2 V (x)νdx.

In other words, we are justified in treating the
potential V (x) as an effective barrier of length a
and height 〈V 〉 = (1/a)

∫ a/2
−a/2 V (x)dx. A simi-

lar result has also been obtained for a potential
barrier via transfer matrix methods in the semi-
classical regime [35].

3.1.2 Particle’s state of motion

In Ref. [35] the semi-classical regime was used
together with narrow states in momentum, which
act as a heat source to the internal system when
mixed with the effusion distribution. Here, we
take the semi-classical regime with states which
are broad in momentum and narrow in position,
leading instead to internal unitary evolution.

Under condition 3 (see appendix B), we have
ρX(p, π(p)) ' ρX(p, p). Also, if p2

0 � m∆Y

(condition 3) we have s(α′+)
k′k (Ep − ∆j′j + ek′) '

s
(α′+)
k′k (Ep) and

√
p/π(p) ' 1. Under condition 2,

the lower integration limit in Eq. (11) can be ex-
tended to minus infinity and Eq. (12) be derived.

In this regime, Eq. (11) is greatly simplified.
Using ρA ⊗ ρB =

∑
ji(ρA ⊗ ρB)ji |j〉 〈i|, Eq. (10)

can be written in a basis-independent fashion as

ρ′ =
∫ ∞
−∞

dp ρX(p, p) e−iτpV/~ (ρA ⊗ ρB) eiτpV/~ ,

(13)

which is a completely positive and trace preserv-
ing random unitary map [36].

The last step to arrive at Eq. (6) involves per-
forming a saddle point approximation around p0
to perform the integral in Eq. (13), which is pos-
sible since p0 � σp is fulfilled (see appendix. C).
We thus obtain our first result in Eq. (6) and the
second result follows immediately. We note that
conditions 1-3 are sufficient conditions to obtain
Eq. (13) from Eq. (11) and imply that the en-
tanglement between the joint internal degrees of
freedom of A and B with the kinetic degree of
freedom X is negligible.

3.2 Time-dependent model
We now discuss how to derive the aforementioned
results for the time-dependent model. The uni-
tary operator UI(τ) in Eq. (4) is the solution to
the von Neumann equation

d

dt
UI(t) = − i

~
VI(t)UI(t) (14)

where VI(t) = eiHY t/~V (t)e−iHY t/~ is the inter-
action in the interaction picture. The solution
of Eq. (14) can be generally written as UI(τ) =
exp Ω(τ), where Ω(τ) =

∑∞
k=1 Ωk(τ) is the Mag-

nus expansion [37], whose first two terms read

Ω1(τ) = − i
~

∫ τ/2

−τ/2
dtVI(t) , (15)

Ω2(τ) = − 1
2~2

∫ τ/2

−τ/2
dt

∫ t

−τ/2
dt′[VI(t), VI(t′)] .

(16)

The higher-order terms consist of linear combina-
tions of nested commutators of [VI(t), VI(t′)]. For
instance, Ω3(τ) contains integrals of terms such
as [VI(t), [VI(t′), VI(t′′)]] and so on. When the in-
teraction time is very short compared to the inter-
nal dynamics (condition 1) we have VI(t) ' V (t).
In this case, [VI(t), VI(t′)] ' Ṽ (t)Ṽ (t′)[ν, ν] = 0,
due to the factorized form of the interaction. The
evolution operator is determined by the first or-
der term (15) of the expansion, with VI(t) ' V (t)
i.e., UI(τ) = exp (−iτV/~), using the definition
in Eq. (8) for 〈Ṽ 〉. We thus conclude that Eq. (4)
reduces to Eq. (6) under condition 1.

4 Applications
4.1 Collision of two spins
To illustrate our results, we consider a numer-
ical model where A and B are both 1/2-spins
with Hamiltonians HA = ∆Aσ

z
A where 2∆A is

the energy gap of A and σiA are Pauli matrices
i = x, y, z in the Hilbert space of A (equivalently
forB). The internal interaction between the spins
is given by ν = Jx σ

x
A ⊗ σxB + Jy σ

y
A ⊗ σ

y
B, where

Jx, Jy ∈ R.
For the scattering map, we take a sinusoidal

potential vanishing at the boundaries V (x) =
(π/2)V0 cos(πx/a) for |x| < a/2 and zero oth-
erwise. The minimal length scale characteriz-
ing this potential is amin ∼ a. The exact scat-
tering matrix s

(α′α)
j′j (E) is computed by solving
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the non-linear equations of multi-channel scat-
tering theory [16] summarized in appendix D.
In this first part of this section, we consider
the particle’s state of motion to be a pure state
ρX = |φ〉 〈φ|, so that ρX(p, π(p)) = φ(p)φ∗(π(p))
with φ(p) ≡ 〈p|φ〉; mixed states are analyzed at
the end of the section. We thus consider a Gaus-
sian state

φ(p) =
exp[−(p− p0)2/4σ2

p − ipx0/~]
(2πσ2

p)1/4 (17)

with average and variance in momentum given
respectively by p0 and σ2

p, while the average po-
sition and variance in position is x0 and σ2

x =

~2/(4σ2
p). The state is normalized according to∫

dp 〈p|ρX |p〉 =
∫
dp|φ(p)|2 = 1. All this infor-

mation is plugged into Eq. (11) which in turn is
used in the scattering map in Eq. (10).

Regarding the time-dependent model, we
choose a triangular function as potential: Ṽ (t) =
(4/τ)V0(τ/2−|t|) for |t| < τ/2 and zero otherwise
with V0 > 0. The exact dynamics is computed by
solving Eqs. (14) and (4). Note that, as required
by our theory, the time-dependent and space-
dependent potentials satisfy 〈Ṽ 〉 = 〈V 〉 = V0 and
the interaction times are such that τ = τp0 .

Regarding our result in Eq. (6), the unitary
transformation of our analytical model in the
eigenbasis ofHY (|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉) is the 4×4
matrix

e−iλν =


cosλ1 0 0 −i sinλ1

0 cosλ2 −i sinλ2 0
0 −i sinλ2 cosλ2 0

−i sinλ1 0 0 cosλ1



where we define the dimensionless parameter λ ≡
V0τ/~ quantifying the interaction strength, λ1 ≡
λ(Jx− Jy) and λ2 ≡ λ(Jx + Jy). The last matrix
can then be reordered and written as

e−iλν = e−iλ1σx1 ⊕ e−iλ2σx2 (18)

a direct sum on two two-dimensional subspaces
{|+〉1 ≡ |↑↑〉 , |−〉1 ≡ |↓↓〉} and {|+〉2 ≡
|↑↓〉 , |−〉2 ≡ |↓↑〉}. Similarly, with the same order
for the basis, the Hamiltonian

HY = {(∆A + ∆B)σz1} ⊕ {(∆A −∆B)σz2} (19)

is a direct sum. In Eqs. (18) and (19), σi1 are
the Pauli matrix in the basis {|+〉1 , |−〉1} and
similarly for σi2. In summary, the dynamics given
by Eq. (6) is here equivalent to the oscillatory
dynamics of two independent spins 1 and 2, os-
cillating with period π within two independent
sectors {|↑↑〉 , |↓↓〉} and {|↓↑〉 , |↑↓〉}, respectively.
In terms of λ, spin 1 completes n cycles at λ =
πn/(Jx − Jy) and spin 2 at λ = πn/(Jx + Jy),
with n = 0, 1, 2....

4.2 Numerical results

4.2.1 Pure states

In Fig. 2, we display the state of A and B in the
first sector {|↑↑〉 , |↓↓〉} (populations 〈↑↑| ρ′ |↑↑〉 in
panel A and coherences 〈↓↓| ρ′ |↑↑〉 in panel B), as
well as the energy and entropy changes after the
interaction (panels C and D), as a function of the
coupling parameter λ ≡ V0τ/~. We increase λ
by increasing V0 while keeping τ fixed, and since
we require τ = τp0 , we take p0 = ma/τ in the
scattering map. We display the results for τ =
2.5 × 10−3 and τ = 2.5 × 10−1, with condition 1
holding in the former case but not in the latter.
Condition 2 and 3 are here always fulfilled.

For τ = 2.5 × 10−3 (high Ep0), we observe a
very good matching between the time-dependent
model, the scattering map and our result in
Eq. (6), even when the coupling is strong. In-
deed, when λ = 10 we still have Ep0/V0 � 1 and
thus all conditions for our result to hold are ful-
filled. The pure state therefore excites both spins
without changing their entropy with Rabi-like os-
cillations [6, 38, 39] of period λ = 5π/3 ' 5.24
as expected (Jx = 0.8 and Jy = 0.2). For
τ = 2.5 × 10−1 (low Ep0), we see that our re-
sult immediately departs from the exact scatter-
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Figure 2: Upper panels: Populations (panel A) and real part of coherences (panel B) of a two spin-1/2 system after
one collision according to the exact scattering map (label SM) in Eq. (1) (squares), time-dependent model (label
TM) in Eq. (4) (circles) and our result in Eq. (6) (black dashed lines) as a function of coupling parameter λ ≡ V0τ/~.
We vary λ by varying V0 while keeping τ fixed at τ = 2.5 × 10−3 (plots with dark color markers, read on the left
axis) or τ = 2.5× 10−1 (plots with light markers, read on the right axis). Lower panel: Equivalent of upper panels
for energy (panel C) and entropy changes (panel D), respectively. The initial state of the both spins is pure: in the
eigenbasis of HY , the state of A is (ρA)↑↑ = 0.1, (ρA)↓↓ = 1 − (ρA)↑↑ and (ρA)↑↓ =

√
|(ρA)↑↑(ρA)↓↓| exp(iπ/4),

similarly for B with (ρB)↑↑ = 0.5 instead. The model parameters are ∆A = 3/4 and ∆B = 1/2 (non-degenerate
spins), Jx = 0.8, Jy = 0.2, ~ = m = 1, a = 3.5. Note that τp0 = τ ⇒ p0 = ma/τ and σp � 20m∆Y /p0 for
scattering map.

ing and time-dependent models at the level of co-
herences and entropy change. Remarkably, our
result still replicates the populations and energy
changes of scattering and time-dependent mod-
els provided the coupling is not too large (i.e.,
Ep0/V0 � 1 still holds), but they mismatch for
larger couplings (i.e., Ep0/V0 ∼ 1 and reflection
is no longer negligible).

We tested many other potentials Ṽ (t) and V (x)
with 〈Ṽ 〉 = 〈V 〉 and confirmed numerically that
they induce the same dynamics in the two spins,
provided the conditions for our theory hold.

4.2.2 Mixed states

Now we consider Gaussian mixed states with
Wigner functions

W (p, x) =
exp[−(p− p0)2/2σ2

p − (x− x0)2/2σ2
x]

2πσpσx
.

(20)

As discussed in appendix B, these states gener-
alize the pure state considered before, i.e. the
position and momentum are Gaussian with av-
erages x0 and p0 and variances σ2

p and σ2
x, re-

spectively. When σx = ~/(2σp), the state is
pure ρX(p, p′) = φ(p)φ∗(p′) with φ(p) given by
Eq. (17), but when σx > ~/(2σp) the state is
mixed (see Eq. (44)). We predict that, as long as
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Figure 3: Populations (panel A), imaginary part of coherences (panel B), energy and entropy changes (panels C
and D) of a two spin 1/2 system after one collision according to the exact scattering map (label SM) in Eq. (1),
as a function of coupling parameter λ ≡ V0τ/~. We show the results for fixed τ = 2.5 × 10−1 and different σx

thus changing the purity of the states of motion P = ~/(2σpσx). For σx = 0.5 we have P = 1 so the state is pure
(squares). For larger values σx = 50, 500, 5000 we have P = 10−2, 10−3, 10−4 so the state is mixed. The remaining
parameters are the same as in Fig. 2.

the state is narrow in position with respect to the
system, i.e. ~/σx � m∆Y /p0 in condition 3, the
scattering map should still be unitary, provided
that conditions 1-2 hold.

In Fig. 3, we start from the minimum value
σx = ~/(2σp) = 0.5 and increase σx while fixing
the value of m∆Y /p0. For σx = 0.5, the state is
pure and the data correspond to Fig. 2, where all
conditions, including the aforementioned inequal-
ity, are satisfied. When σx = 50, the quantities
m∆Y /p0 and ~/σx are of the same order, but still
the scattering map behaves unitarily. For larger
values σx ≥ 500, the aforementioned inequality is
violated and we observe significant changes in the
dynamics, which now induces energy and entropy
exchanges. The high value of entropy change sig-
nals the breakdown of unitary evolution, so the
mixed state no longer acts as a work source for

the internal system.

5 Conclusions
We have considered the effect of a collision be-
tween a fixed system and a fast particle described
by a state of motion squeezed in position and
broad in momentum, showing that the map de-
scribing the effect of the collision on the joint in-
ternal degrees of freedom becomes unitary.

The possibility of eliminating kinetic degrees of
freedom in favor of a time-dependent description,
valid in the semi-classical limit, has been dis-
cussed before [7]. Here, we extended such analy-
sis to the case of particles with internal structure.
By doing this, we deduced the semi-classical ex-
pression for the scattering matrix which we used
to prove our results. Together with an analysis of
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the quantum state of motion of the particle, this
lead us to conditions 1-3 which define the regime
where the scattering map behaves unitarily ac-
cording to Eq. (6). Since the energy transfers
within the internal system occur without entropy
change, such collisions can be used to model the
effect of a work source.

This finding nicely complements the results of
Refs. [27, 35] where we showed that collisions with
effusing mixtures of incoming narrow packets can
model heat sources. The width of the packet is
crucial to discriminate between these two cases.
In the narrow case, the states of motion associ-
ated with each transition in the scattering map
are distinguishable, so the particle’s state of mo-
tion carries away information about the transi-
tions in the internal system, acting as a measure-
ment apparatus. Instead, very fast and broad
states are indistinguishable and they do not re-
veal information about the internal transitions,
resulting in coherent evolution of the internal sys-
tem.

Most collisions do not behave either as heat
sources or work sources, but can probably be an-
alyzed as generic free energy sources. Pure en-
tropy collisions may also occur. This opens the
way for many further explorations that may even-
tually lead to a scattering-based formulation of
quantum thermodynamics.

Acknowledgments

SLJ is supported by the Doctoral Training
Unit on Materials for Sensing and Energy Har-
vesting (MASSENA) with the grant: FNR
PRIDE/15/10935404. ME is also funded by the
European Research Council (project NanoTh-
ermo, ERC-2015-CoG Agreement No. 681456)
and the Foundational Questions Institute Fund
(Grant number FQXi-IAF19-05). F. B. thanks
Fondecyt project 1191441 and ANID – Millen-
nium Science Initiative Program – NCN19_170.
Part of this work was conducted at the KITP,
a facility supported by the US National Science
Foundation under Grant No. NSF PHY-1748958.
JMRP acknowledges financial support from the
Spanish Government (Grant FLUID, PID2020-
113455GB-I00) and from the Foundational Ques-
tions Institute Fund, a donor advised fund of Sil-
icon Valley Community Foundation (Grant num-
ber FQXi-IAF19-01).

A Semi-classical regime

A.1 Introduction

Consider the time-independent Schrödinger equa-
tion in the absence of internal degrees of free-
dom, with the potential V (x) being effective over
the region x ∈ (−a/2, a/2). If we take a posi-
tion very far away to the left of this region, then
ψ(x) ∼ exp (ipx/~) is a solution to the equation,
representing a plane wave associated to a particle
which travels free from the potential. In general,
inside the region of the potential V (x) the solu-
tions are not plane waves. However, it is well
known that if the particle is fast Ep � V (x) and
if its de Broglie wave length is much shorter than
the scales over which the potential varies signifi-
cantly pamin � ~, where amin is this scale, then
the effect of the potential on the wave can be sim-
plified. The plane wave at position x inside the
potential is then multiplied by a phase propor-
tional to the integral of the interaction [28, 29].
More precisely, we have

ψ(x) ∼ exp
( ipx

~

)
exp

(
− im

~p

∫ x

−∞
V (x′) dx′

)
.

(21)

By taking x → +∞ the the total phase shift
due scattering with the potential, which is pro-
portional to the scattering amplitude is recovered
[28]. Since the potential is supported on the in-
terval x ∈ (−a/2, a/2), we have

∫ a/2
−a/2 V (x)dx =

〈V 〉a. In other words, the potential can be effec-
tively treated as a barrier of length a and height
〈V 〉. The purpose of this section is to show that
the same is true in the presence of internal degrees
of freedom, which then allows us to simplify the
scattering matrix appearing in Eq. (11).

A.2 Derivation

Let |ψ〉 be a solution to the time-independent
Schrödinger equation

H |ψ〉 =
[
p2

2m +HY + V(x)
]
|ψ〉 = E |ψ〉 (22)

with some energy E and |ψ0〉 the corresponding
free solution with the same energy, valid very far
away from the potential. Projecting Eq. (22),
onto the position eigenbasis 〈x|H|ψ〉 = E 〈x|ψ〉,
we obtain an operator equation for |ψ(x)〉 ≡
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〈x|ψ〉 in the Hilbert space of Y

(
~2 d

2

dx2 + P2
)
|ψ(x)〉 = 2mV(x) |ψ(x)〉 , (23)

where d/dx is a total derivative and the interac-
tion is V(x) ≡ V (x)ν. The momentum operator
is defined as

P ≡
√

2m(E −HY ) (24)

and we assume that E is larger than the max-
imum eigenvalue of HY , in which case P is a
positive operator and thus self-adjoint. To make
progress in solving Eq. (23), we look for solutions
of the form

|ψ(x)〉 = eiPx/~ |Ψ(x)〉 , (25)

where the exponential operator is unitary.
Substituting in Eq. (23) and noting that
[exp(iPx/~),P] = 0, we verify that |Ψ(x)〉 sat-
isfies

(~2

2 P
−1 d

2

dx2 + i~
d

dx

)
|Ψ(x)〉 = VP(x) |Ψ(x)〉 ,

(26)

where the operator VP(x′) ≡
e−iPx

′/~mP−1V(x′)eiPx′/~ has units of mo-
mentum. The last expression is completely
equivalent to Eq. (23). Since we are interested
in taking the semi-classical limit where ~ is very

small compared to some action, we ignore the
second derivative in the equation above. After
we obtain the solution, we derive exactly the
conditions under which this is valid. We thus get
the equation

i~
d

dx
|Ψ(x)〉 = VP(x) |Ψ(x)〉 , (27)

which formally has the same form of a
Schrödinger equation in the interaction picture,
where x plays the role of time, mP−1V(x) is the
interaction and −P the free Hamiltonian 1. This
Schrödinger equation is integrated with an “ini-
tial” position x0 and an “initial” state with the
same energy E appearing in Eq. (24). We take
the asymptotic state |ψ0〉 introduced above, and

through Eq. (25), the corresponding |Ψ0〉 to pick
the “initial” condition. The evolution operator
associated with this equation can be written in
terms of a Magnus series as we did in section 3.
In analogy to Eq. (15), we have the first order
term of the expansion

Ω1(x) = − i
~

∫ x

x0
VP(x′) dx′ . (28)

The higher order terms Ωn(x) contain
[VP(x),VP(x′)] and a sequence of nested
commutators of it. Now we show that one can
neglect the higher order terms in the Magnus
expansion when the kinetic energy is sufficiently
large. For large E we have

P =
√

2m(E −HY ) =
√

2mE −
√
m

2EHY

[
1−O

(HY

E

)2]
, (29)

allowing the replacement

VP(x′) ' ei
√

m
2EHY x

′/~ m√
2mE

[
1 + HY

E

]
V(x′)e−i

√
m
2EHY x

′/~ '
√
m

2EV(x′) (30)

where in the last approximation we used that
|x′| < a/2 and considered

√
2E/m � a∆Y /~,

1Note that it is also possible to define in P with a
negative sign in Eq. (24), and therefore one has two
Schrödinger equations, one for the “forward” time x and
another for the “backward”. For our purposes we need
only the former.

eliminating the exponentials of the expression at
the left. In this limit we have [VP(x),VP(x′)] =
m(V (x)V (x′)/2E)[ν, ν] = 0 and all higher or-
ders can be neglected. The above inequality√

2E/m� a∆Y /~ allows us to consider E ' Ep,
which is equivalent to τp∆Y /~ � 1 (see condi-
tion 1 of the main text). Thus, the Magnus series
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reads

Ω(x) = − i
~

√
m

2E

∫ x

x0
V(x′) dx′

= − im
~p

∫ x

x0
V(x′) dx′ , (31)

meaning that

|Ψ(x)〉 = exp
(
− im

~p

∫ x

x0
V (x′)νdx′

)
|Ψ0(x0)〉 .

(32)

The last expression applied to Eq. (25) is the gen-
eralization of Eq. (21) in the presence of internal
degrees of freedom. Now that we have a closed
expression, we can verify the conditions under for
the term proportional to ~2 in Eq. (26) to be neg-
ligible. Differentiating Eq. (32) twice with respect
to x and multiplying by ~2/p2, we obtain

~2

p2
d2

dx2 |Ψ(x)〉 =

−
( im~V ′(x)

p3 + m2V (x)2

p4

)
ν |Ψ(x)〉 .

(33)

For high momentum, the term proportional to
~2 is negligible in comparison to the other terms
in Eq. (26) if the potential varies very slowly
p3/(2m~)� V ′(x), a condition well known from
semi-classical approximations in quantum me-
chanics [28]. We simplify this condition by in-
tegrating over a minimum scale amin where the
potential varies significantly by an amplitude ∆V
obtaining (Ep/∆V )pamin/~ � 1. Since we are
interested in high kinetic energies, in the worst
case we have Ep/∆V ∼ 1 and thus pamin/~� 1
is a sufficient condition.

A.3 The scattering matrix

The expression for the scattering matrix can be
straightforwardly obtained. In terms of the orig-
inal wave function, Eq. (32) is

|ψ(x)〉 = eip0x/~ exp
( m
i~p

∫ x

x0
V (x′)νdx′

)
× e−ip0x0/~ |ψ0(x0)〉 . (34)

From this expression we can deduce the transmis-
sion coefficient. Taking x > a/2 and x0 < −a/2,
considering (m/p)

∫ x
x0
V (x′)dx′ = τp〈V 〉, recalling

the definition V ≡ 〈V 〉ν and projecting Eq. (34)
on the left with 〈j′| we have

〈j′|ψ(x)〉 = 〈j′|eip0x/~e−iτpV/~e−ip0x0/~|ψ0(x0)〉 .
(35)

Taking |ψ0(x0)〉 = eipjx0/~ |j〉 with pj =√
2m(E − ej) in Eq. (35) we obtain

〈j′|ψ(x)〉 = eipj′x/~ 〈j′|e−iτpV/~|j〉 = tj′je
ipj′x/~ ,

(36)

with pj′ =
√

2m(E − ej′). The elements of the
transmission matrix t are tj′j = 〈j′|e−iτpV/~|j〉.
Since t is unitary, the reflection coefficients vanish
in this limit. Thus, the scattering matrix under
the conditions stated above is

s
(α′+)
j′j (Ep) = δα′+ 〈j′|e−iτpV/~|j〉 , (37)

as presented in the main text. It is valid when
τp∆Y /~ � 1 (condition 1), Ep � V (x) and
pamin � ~ (condition 2) and Ep � ∆Y (inequal-
ity present in condition 3 of the main text).

B Mixed states
In this section, we want to generalize the notion
of narrow and broad states of motion, presented
in Ref. [27] for pure states, to mixed states. We
also show that ρX(p, π(p)) ' ρX(p, p) for fast and
broad mixed states of motion (condition 3).

B.1 Wigner function
To start, it is useful to consider the Wigner func-
tion, which is a quasi-probability distribution in
classical phase space associated to a quantum
state ρX

W (p, x) = 1
2π~

∫
ρX(p+ q/2, p− q/2)eiqx/~dq ,

(38)

where ρX(p, p′) ≡ 〈p|ρX |p′〉 and the integral runs
over all momentum space. Conversely, we can
compute a quantum state ρX starting from a
given Wigner function, corresponding to the in-
verse of Eq. (38)

ρX(p, p′) =
∫
dx W

(p+ p′

2 , x
)
e−i(p−p

′)x/~ .

(39)
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It is useful to consider

W̃ (u, v) ≡
∫
dx W (u, x)e−ivx/~ (40)

in terms of which we have ρX(p, p′) = W̃ (u, v)
with u = (p+ p′)/2 and v = p− p′. Importantly,
if W (p, x) ∈ R is supported in a region around
(p0, x0) with characteristic width in x given by σx
and in p by σp, then W̃ (u, v) ∈ C is supported in
a region around (p0, 0) with characteristic width
σp in u and at least ~/(2σx) in v, with the uncer-
tainty relation σpσx ≥ ~/2 holding for any admis-
sible quantum state. Furthermore, when p = p′

we have W̃ (p, 0) = ρX(p, p) ∈ R which is a clas-
sical momentum distribution, normalized over all
momentum.

Lastly, we can compute the purity of ρX from
the Wigner function as follows

P = Tr[ρ2
X ] = 2π~

∫
dx

∫
dp W (p, x) ≤ 1 ,

(41)

with the equality holding for pure states.

B.2 Narrow and broad states
We can now establish the narrow and broad
wave packet distinction for mixed states. The
crucial quantity to do this is ρX(p, π(p)) ap-
pearing in the scattering map of Eq. (11), re-
sulting from ρX(p, p′) after substituting p′ by
π(p) =

√
p2 − 2m(∆j′j −∆k′k). In other words,

each element of the scattering map Sjkj′k′ is de-
termined by the state ρX(p, p′) integrated along
the line p′ = π(p). In terms of Eq. (40), the
state is W̃ (u, v) integrated along the hyperbola
uv = m(∆j′j−∆k′k). Since the state is supported
in u in the region u = p0 ± σp, we substitute in
the equation for the hyperbola to get

v = m(∆j′j −∆k′k)
p0(1± σp/p0) '

m(∆j′j −∆k′k)
p0

, (42)

where we assume that p0 � σp. We can thus dis-
tinguish between those states which are narrow
in momentum ~/2σx ≤ v (hyperbola lies outside
the support) or broad in momentum ~/2σx > v
(hyperbola lies inside the support). As studied in
Ref. [27], narrow states always lead to decoher-
ence while broad ones generally preserve coher-
ences.

Thus, for broad states in momentum we can
approximate the integration line as p′ = π(p) ' p.

However, as we see in the following paragraph, a
further condition is needed to have ρX(p, π(p)) '
ρX(p, p).

B.3 Fast and broad states
For the very fast and broad states in momen-
tum used in this study, we thus have the in-
equality p0 � σp ≥ ~/2σx � m∆Y /p0 (condi-
tion 3), where we used the uncertainty relation;
the equality σp = ~/2σx holds for pure Gaus-
sian states as we confirm below. Although con-
dition 3 is essential to preserve the coherence of
the scattering process, it is not enough to achieve
ρX(p, π(p)) ' ρX(p, p), which we require to de-
rive Eq. (13). This is because ρX(p, π(p)) ∈ C can
still differ from ρX(p, p) ∈ R by a complex phase.
To see this, we go back to Eq. (40) and note that
if we translate the Wigner function in space to
the origin W (p, x)→ W (p, x− x0) then we have
W̃ (u, v)→ W̃ (u, v)eix0v/~ with real W̃ (u, v) for a
symmetricW (p, x−x0) with respect to the origin.
Such a phase is negligible when ~/x0 � m∆Y /p0,
so in this case ρX(p, π(p)) ' ρX(p, p). Note that
the last inequality corresponds to condition 1 if
x0 is outside the scattering region |x0| > a, which
is already fulfilled in this study.

B.4 Mixed Gaussian states
We now consider the following Wigner function

W (p, x) =
exp[−(p− p0)2/2σ2

p − (x− x0)2/2σ2
x]

2πσpσx
(43)

describing a Gaussian probability distribution in
phase space centered around (x0, p0) and with
variances σ2

x in position and σ2
p in momentum.

The quantum state associated to this distribu-
tion is obtained by inserting the last expression
into Eq. (39), yielding

ρX(p, p′) = (2πσ2
p)−1/2 exp

[
− ((p+ p′)/2− p0)2

2σ2
p

]
exp

[
− (p− p′)2σ2

x

2~2

]
exp

[
− i(p− p′)x0

~

]
,

(44)

and its purity in Eq. (41) is given by P =
~/(2σpσx) ≤ 1. When σx = ~/2σp, the state
is pure P = 1 and ρX(p, p′) = φ(p)φ∗(p′), where
φ(p) is given by Eq. (17). Conversely, when σx ≥
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~/2σp, the state is mixed P ≤ 1 and ρX(p, p′) is
generally given by Eq. (44). Thus, if we fix σp
and increase σx starting from σx = ~/(2σp), the
purity starts at P = 1 and decays as ∼ 1/σx.
In this way, we produced the numerical results
displayed in Fig. 3.

Note that the phase factor in Eq. (44) doesn’t
contribute when ~/x0 � m∆Y /p0, corresponding
to condition 1 when x0 is outside the scattering
region |x0| > a.

C Averaging the interaction
Starting from Eq. (13),

ρ′ =
∫ ∞
−∞

dp ρX(p, p) e−iτpV/~ (ρA ⊗ ρB) eiτpV/~ ,

(45)

where we extended the lower integration limit
from pinf to minus infinity since ρX(p, p) =
(2πσ2)−1/2 exp[−(p − p0)2/2σ2] is supported at
very high kinetic energies. Using the spectral de-
composition of the interaction V =

∑
α Vα |α〉 〈α|,

we can simplify the integral by studying the func-
tion in the exponent

Fαβ(p) ≡ −(p− p0)2

2σ2 − ima(Vα − Vβ)
~p

. (46)

Performing a saddle point approximation assum-
ing p0 � σp, a condition already fulfilled for the
states considered in this study, we seek the ex-
trema F ′αβ(p) = 0

( p
p0
− 1

) p2

σ2
p

= ipαβ
p0

, (47)

where pαβ ≡ ma(Vα−Vβ)/~ has units of momen-
tum. Thus, if p0 � σp then p = p0 is an approx-
imate solution corresponding to a maximum (as
can be confirmed by computing the second deriva-
tive). We expand Fαβ(p) to second-order around
p0 and perform the integral, obtaining our final
result

ρ′ = e−iτpV/~ (ρA ⊗ ρB) eiτpV/~ , (48)

with the interaction time τp0 ≡ ma/p0.

D Multi-channel scattering equations
We present the multi-channel scattering equations which allow us to compute numerically the exact
scattering matrix presented in Sec. 4. For a particle coming from the left, we have the following
relations

s
(−+)
j′j (E) =

√
|p′|
|p|
rj′j(E) and s

(++)
j′j (E) =

√
|p′|
|p|
tj′j(E) (49)

where p′ and p the final and initial momentum before and after the transition, while rj′j(E) and
tj′j(E) are the reflection and transmission coefficients. The latter can be found by solving the coupled
multi-channel scattering equations

drj′j(x)
dx

=
∑
n,m

imV (x)
~pn

[
δj′ne

ipnx/~ + rj′n(x)e−ipnx/~
]
νnm

[
δmje

ipmx/~ + rmj(x)e−ipmx/~
]
, (50)

dtj′j(x)
dx

=
∑
n,m

imV (x)
~pn

[
tj′n(x)e−ipnx/~

]
νnm

[
δmje

ipmx/~ + e−ipmx/~rmj(x)
]
,

where we omitted the dependence on energy E

and pj =
√

2m(E − ej) in the last expression.
These are a set of non-linear, coupled differen-
tial equations in space. They were derived by
Razavy in the context of quantum tunneling [16].
By using the boundary conditions rji(∞) = 0,

tji(∞) = δji, rji(−∞) = rji and tji(−∞) = tji
we recover the reflection and transmission coef-
ficients defined which then completely determine
scattering matrix.
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