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Abstract

In recent years, the foundations of homotopical algebraic geometry over the
ring D of differential operators have been extended, and the conjecture that
this geometry is an appropriate framework for studying the solution space of
a system of partial differential equations modulo symmetries has gained traction.
In the present work we define and describe étale coverings in homotopical D-
geometry. In particular, the full characterization of finitely presented morphisms
of D-algebras turns out to be quite interesting. We are not aiming for a standard
text that gives definitions, states results and proves them more or less rigorously,
but all too often offers little insight for the uninformed reader. Instead, we opted
for a smooth derivation of the used abstract definitions from more basic ones,
thereby emphasizing the reasons for the various choices and facilitating a deeper

understanding.
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1 Introduction

Building on ideas of Beilinson, Costello, Drinfeld, Gwilliam, Schreiber, Paugam, Toén,
Vezzosi, and Vinogradov [3},[7, 30}, 31, 37, 38| 42], Di Brino and two of the authors of this paper

have introduced homotopical algebraic geometry over the ring D of differential operators of

an underlying affine scheme, as a suitable framework for investigating the solution space of

a system of partial differential equations up to symmetries [8, [9, 32]. The implementation of

the associated research program requires in particular that the tuple
(DGDM, DGDM, DGDA, 7, P)

be a homotopical algebraic geometric context (HAGC) in the sense of [38], where DGDM is the

symmetric monoidal model category of differential graded D-modules, the subcategory DGDA
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is the model category of differential graded D-algebras, 7 is an appropriate model pre-topology

on the opposite category of DGDA and P is a compatible class of morphisms.

The (challenging) proof of this ‘HAGC theorem’ is based on a new simplified perspective

on the concept of homotopy fiber sequence [34] and a generalization of the long exact se-

quence of Puppe, which are themselves based on the notion of model of a homotopy pullback,
model square or homotopy fiber square in any model category [16], [15]. In contrast with
Quillen’s definition, this novel approach to model categorical homotopy fiber sequences [17]

does not rely on the additional structure of an action and is much easier to apply [18].

The proof of the ‘HAGC theorem’ involves proving in our homotopical D-geometric environ-
ment that flat morphisms are the same as strongly flat ones [I8]. The latter not only requires

a handy concept of homotopy fiber sequence, but in addition Quillen’s Tor spectral sequence

— which connects the graded Tor functors in homology with the homology of the derived ten-
sor product of two differential graded D-modules over a differential graded D-algebra — to be

valid in the derived D-geometric world.

In the present work we define and explicitly describe étale coverings in homotopical D-

geometry. Especially the complete characterization of finitely presented morphisms of D-
algebras turns out to be quite interesting. We are not aiming for a standard text which gives
definitions, states results and proves them more or less rigorously, but all too often offers
little insight to the uninformed reader. Instead, we opted for a smooth derivation of the used
abstract definitions from more basic ones, thereby emphasizing the reasons for the various
choices and facilitating a deeper understanding. We hope that the text will therefore also be
useful for doctoral students and researchers who want to acquire knowledge in homotopical

algebraic geometry.

We are convinced that we can combine all the above results to complete the proof of the
‘HAGC theorem’, to show that solid concepts of derived stack and geometric derived stack
do exist in homotopical D-geometry, and thus to make an important step towards the full

implementation of the mentioned ‘Partial Differential Equations and Symmetries Program’.

Conventions and notations. We assume that the reader is familiar with model categories.
We adopt the definition of a model category that is used in [2I]. More precisely, a model cate-
gory is a category M that is equipped with three classes of morphisms called weak equivalences,
fibrations and cofibrations. The category M has all small limits and colimits and the 2-out-of-3
axiom, the retract axiom and the lifting axiom are satisfied. Moreover M comes equipped with

a fixed functorial cofibration - trivial fibration factorization system (Cof - TrivFib factoriza-
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tion) and a fixed functorial trivial cofibration - fibration factorization system (TrivCof - Fib
factorization). Finally, we use the Quillen homotopy category Ho(M) of M which is the ‘on the
nose’ localization of M at its class W of weak equivalences. We denote the localization functor
M — Ho(M) by Ly .

2 Zooming in on spectra

2.1 Derived D-schemes

Let (X, Ox) be a smooth scheme, denote by D x the sheaf of rings of differential operators
over X, and set O := Ox(X) and D := Dx(X).

We refer to the opposite of the category DGqcCAlg(Dx) (resp., the category DGDA) of
sheaves of differential non-negatively graded O x-quasi-coherent commutative D x-algebras
(resp., differential non-negatively graded D-algebras), as the category D_Aff(Dx) (resp., the
category DAff(D)) of derived affine X-D x-schemes (resp., of derived affine D-schemes).
If X is a smooth affine algebraic variety, there is an equivalence of categories D_Aff(Dy) =
DAf£ (D).

In the following we assume that X is a smooth scheme and investigate the categories DGDA
and DAff (D). If an object A € DGDA is viewed as object in the opposite category, we denote
it by Spec(A) € DAf£(D). Moreover, we will consider the category DGDM of differential (non-
negatively) graded D-modules and the category Af£(D) := (DA)°P of affine D-schemes.

Let us recall that a differential graded D-algebra [§] is a differential graded-commutative
unital O-algebra, as well as a differential graded D-module (a (non-negatively graded) chain
complex in D-modules), such that vector fields act as derivations. Further, the morphisms of
DGDA are the morphisms of DGDM that respect the multiplications and units. The category
Af£(D) is a full subcategory of DAf£(D).

By definition of (derived) affine D-schemes, a morphism f : Spec(A) — Spec(B) in
(D)Af£(D) is exactly a morphism f : B — A in (DG)DA. We omit the symbol ‘tilde’, whenever

no confusion is possible.
We mention some useful properties of (derived) affine D-schemes.

Since a coproduct is a product in the opposite category, a coproduct [], Spec(Aq) in
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(D)Af£(D) is a product [], A in (DG)DA, i.e.,

H Spec(Aq) = SpeC(H Aa)

«

and a coproduct of maps

Hfa : HSpec(ﬂa) — Spec(A)

in (D)Af£(D) is a product of maps
(fa)a : A =[] Aa

in (DG)DA. Since DGDA is a model category, it has all small limits and colimits, and so does
(D)Af£(D).

Note further that a standard affine scheme Spec(R) € Aff is a locally ringed space
(I Spec(R)[, O} spec(r)|), Where | Spec(R)| is the prime spectrum of a commutative ring R € CR
and where O gpec(r)| I8 a specific structure sheaf over | Spec(R)| constructed from R. Usually
Spec(R) denotes both, the locally ringed space and the underlying topological space. There

is an equivalence of categories Aff = CR°P.

In our above setting, we do not define Spec(A) € (D)Aff(D) as a space, but we treat
(D)Af£(D) as the category (DG)DA®P.

2.2 Derived spectrum functor

Let M be a model category, let ¢®* : M — Fun(A,M) be the constant cosimplicial object
functor from M to the category Fun(A,M) of M-valued functors out of the simplicial category
A, and let Q°® be the cofibrant replacement functor of the Reedy model structure on Fun(A, M)
(recall that we systematically fix functorial factorizations that provide a cofibration - trivial
fibration and a trivial cofibration - fibration decomposition). This resolution functor comes
with a natural transformation ¢ : Q* — id that is objectwise a trivial fibration [2I]. The
wiskering ¢ ¢® is a natural transformation from @Q°® o ¢®* to ¢®, which is defined at m € M by
(£€®)m = teo(m)- This implies that Q® o c® together with ¢¢® is a cofibrant resolution functor
(T, i) in the sense of [37, Paragraph 4.2].

Following the same reference, we thus define the functor

h:M3>mw— h, :=Hom(—,m):= Hom(Q*(c*(—)),m) € Fun(M°P,SSet) ", (1)
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where superscript v means that the model structure on the target category is the left Bousfield
localization with respect to the weak equivalences in M of the objectwise model structure
induced by the model structure of simplicial sets. Since h preserves fibrant objects and weak
equivalences between them, it can be right derived. Writing M~ instead of Fun(M°P, SSet)~, we

thus get the functor
RA : Ho(M) > m = hp(y,) = Hom(—, R(m)) = Hom(Q*(c*(—)), R(m)) € Ho(M") ,
where R is the fibrant replacement functor in M.
Since the standard Yoneda functor, viewed as functor
h:M>m — hy,, = Hom(—,m) € Fun(M°?, SSet)",
preserves weak equivalences by definition of the model structure v, it induces a functor
Ho(h) : Ho(M) — Ho(M") ,
which is the factorization of Ly~ o h : M — Ho(M") . Hence
Ho(h)o Ly = Ly- o h,

so that
Ho(h) : Ho(M) > m + hy, = Hom(—, m) € Ho(M") .

The two functors Rh and Ho(h) are known to be isomorphic [37, Lemma 4.2.2] (i.e., for
every m € M their values at m are isomorphic) and fully faithful [37, Theorem 4.2.3].

The simplicial Hom functor h has a dual variant, the simplicial spectrum functor Spec,
which is used when M°P is a category of commutative algebras and M the corresponding category
of affine schemes. If we denote by ce : M°? — Fun(A°P M°P) the constant simplicial object

functor over M°P, this spectrum functor is the functor
Spec : (M°P)°P 5 @ +— Hom(a, —) := Hom(a, Re(ce(—))) € Fun(M°P, SSet)~,

where R, is the fibrant replacement functor of the Reedy model structure on Fun(A°P, M°P)
(see ) Since Spec preserves cofibrant objects and weak equivalences between them, it can
be right derived:

RSpec : (Ho(M?))*" 5 a — Hom(Q(a), —) = Hom(Q(a), Re(ce(—))) € Ho(M") ,
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where @ is the cofibrant replacement functor in M°P. If m = Spec(a), the value of the derived
spectrum functor RSpec at a is isomorphic to the values of Rh and Ho(h) at m [40} Section
5.1].

The mapping space of morphisms between two objects m and m’ of a model category M
is denoted by Mapy(m,m’) or just Map(m, m’) |21, Chapter 5]. This simplicial set depends
on the choice of cofibrant and fibrant resolution functors (if they have not been fixed), but
is well defined as an object in Ho(SSet) [38]. For any a,a’ € M°P, there is an equivalence of

simplicial sets
Mapyes (a, ) = RSpec(a)(a’) = Hom(Q(a), a') = Hom(Q(a), Ra(ca(a)) (2)

i)

3 Definitions of étale coverings in D-geometry

In this section - as in the rest of the work - our aim is not only to give definitions but also
to explain them. Indeed, there are often several possible generalizations of standard algebraic
concepts to a homotopical algebraic context (see below). All can be of interest for specific

problems.

3.1 Etale morphisms in a homotopical algebraic context

Remark 1. A homotopical algebraic context (HAC for short) is a triplet (C,Co,A) con-
sisting of a symmetric monoidal model category C, a full subcategory Co C C and a full
subcategory A C CMon(C) of the category of commutative monoids in C. This data has to
fulfill minimal assumptions that allow to do reasonable linear and commutative algebra in
the considered HAC [38, Section 1.2]. In particular, it is possible to define the notion étale
morphisms in CMon(C) [38, Definition 1.2.6.7].

Recall from the introduction that (DGDM, DGDM,DGDA) is a HAC [9]. Hence, we can consider

étale morphisms in DGDA .

In this paper we also consider the trivial HAC (DM, DM, DA) . This means that we consider
the complete and cocomplete category DM of D-modules as equipped with the trivial model
structure, i.e., the weak equivalences are the isomorphisms and all morphisms are fibrations

and cofibrations. The category DM is moreover closed symmetric monoidal for the Hom
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and tensor product functors over functions O [§]. This symmetric monoidal model category
obviously fulfills the HAC requirements in the sense of [38]. The category DA := CMon(DHM)
of D-algebras and the category Mod(A) := Modpy(A) of modules in DM over A € DA are also
endowed with the trivial model structure. Furthermore, in view of what we said in the first

paragraph, we can consider étale morphisms in DA.

3.2 Etale coverings of affine k-schemes

The category of schemes will be denoted Sch. An Sch-morphism f is just a morphism

f={(fl, f*) of locally ringed spaces.

Definition 1. A family (f; : U; — U)ier of Sch-morphisms is an étale covering of the
scheme U, if and only if

1. fi : U; = U is an étale morphism of schemes (in the standard sense), for alli € I, and
2. Uier | fil(IUi]) = U]

We denote Aff C Sch the full subcategory of affine schemes and CR°P the equivalent oppo-
site category of the category of commutative rings. In the case U;, U € Aff ,i.e., U; = Spec(R;)

and U = Spec(R) , the previous definition can be reformulated in terms of commutative rings.

Definition 2. A family (f; : Spec(R;) — Spec(R))ier of Aff-morphisms is an étale cover-
ing of the affine scheme Spec(R), if and only if

1’ fi : R — R; is an étale morphism of commutative rings (in the standard sense), for all
1 €1, and

27 there exists a finite subset J C I, such that the canonical arrow R — [[; R; is a faithfully

flat morphism of commutative rings.

Flat modules over a commutative ring R generalize projective and thus free modules over
R. A morphism f : R — S of commutative rings is flat if S is a flat module over R, or
equivalently, if the base change functor S ®p — : Mod(R) — Mod(S) is exact. If S ®p — is
exact and faithful, we say that the underlying ring morphism f : R — S is faithfully flat.
It is well-known that a flat morphism of commutative rings f : R — S is faithfully flat, if and
only if the morphism f : Spec(S) — Spec(R) of affine schemes is surjective on the underlying

topological spaces. This shows that faithful flatness is a covering property.
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Proposition 1. A family (f; : Spec(R;) — Spec(R));er of Aff-morphisms is an étale covering
of the affine scheme Spec(R) (Definition |2) if and only if it is an étale covering of the scheme
Spec(R) (Definition[1)).

Proof. The conditions 1 and 1’ are obviously equivalent. Hence it suffices to show that if 1

holds, then 2 and 2’ are equivalent. Since an étale Sch-map is open, the subsets | f;|(|U;|) C |U]|

are Zariski open. As affine schemes are quasi-compact, it follows that

Uier [ fil (I Spec(R;)|) = | Spec(R)| (3)

if and only if there exists a finite subset J C I, such that

Ujer | fjl(ISpec(R;)[) = | Spec(R)] (4)

so that it now suffices to prove that is equivalent to 2’ Because a coproduct [[, fa :
[[,Ua — U of Sch-maps f, : U, — U is étale, if the f, are, and because a finite coproduct
of affine schemes is the affine scheme
H Spec(Rj) = Spec(H Rj),
jeJ jeJ
1 implies that
H fi: Spec(H R;) — Spec(R) and H fi:R— H R;
jeJ jeJ jeJ jeJ
are étale and therefore flat. Hence [];c; f; is satisfies 27, if and only if
| TT /51 | T Spec(R;)| — | Spec(R)|
jeJ jedJ
is surjective, i.e., if and only if
(LT 1D (TT ISpec(R)I) = Ujer | £1(I Spec(R;)]) = | Spec(R)| ,
jeJ jeJ

i.e., if and only if holds. O

Since an affine k-scheme is an affine scheme Spec(A) — Spec(k), i.e., a ring morphism
k — A, its coordinate ring gets promoted from a commutative ring A € CR to a k-algebra
A € kA: the category Aff(k) of affine k-schemes is equivalent to the category opposite to
the category kA of k-algebras. In particular the category Aff(k) of standard affine k-schemes
coincides with the category Affy := kA°P = CMon(kM)°P of affine k-schemes in the trivial HAC
(kM, kM, kA). Furthermore, from the previous proof it follows that 1’ implies that R — Hj R;

is étale. This motivates
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Definition 3 ([38], Section 2.1.1). A family (f; : Spec(A;) — Spec(A))icr of Aff(k)-
morphisms is an étale covering of the affine k-scheme Spec(A), if and only if there
exists a finite subset J C I, such that the canonical arrow A — [[; A; is a faithfully flat

morphism of k-algebras and is étale as morphism of commutative rings.

Definition [3|is a variant that ignores the morphisms f; with ¢ € I'\ J and is more general
than Definition 2] The reason for this generalization is that it is better suited to the objectives
of [38, Chapter 2.1].

3.3 Etale coverings of affine D-schemes

We are now ready to define étale coverings of an affine D-scheme Spec(A) € Af£(D) =
DA°P (as mentioned above, we do not define Spec(A) as a space but just treat it as an object

A € DA viewed in the opposite category).

Definition 4. A family (f; : Spec(Ai) — Spec(A))icr of Af£(D)-morphisms is an étale
covering of the affine D-scheme Spec(A), if and only if there exists a finite subset J C I,
such that the canonical arrow [; fj : A — P =[], A; is faithfully flat and étale. This means
that the universal DA-morphism []; f; is étale in the sense of Subsection and that the base
change functor

P ®4 — : Modpy(A) = Modpy(P)

1s faithful and ezxact.

The tensor product over A was described in [9] and will be further explained in Subsection
Definition 4| makes sense as the categories Modpy(B) (B € DA) are abelian.

3.4 Etale coverings of derived affine k-schemes

The following notion of formal covering is valid in any HAC (C,Co, A) and is a homotopi-

cal and categorical version of the joint covering property encoded in the faithful flatness in

Definition and
Definition 5 ([38], Definition 1.2.5.1). A family (f; : A — Ai)ier of CMon(C)-morphisms is a

formal covering of the monoid A, if and only if the family of derived base change functors
(A; @5 — : Ho(Modg(A)) — Ho(Modce(A;)))ier

is conservative in the sense that a morphism ¢ of the source homotopy category is an isomor-

phism if and only if all the A; ®% ¢ are isomorphisms of the target homotopy category.
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If k£ is a commutative ring, we can consider the HAC (DGkM,DGkM,DGkA) (as elsewhere
in this paper, we work with non-negatively graded chain complexes of k-modules and the
corresponding commutative algebras) and define the category of derived affine k-schemes by
setting DAff(k) := DGkA°P. Recall that in view of Remark [I| we can speak of étale DGkA-

morphisms.

Definition 6 ([38], Definition 2.2.2.12). A family (f; : Spec(A;) — Spec(A))icr of DAfE(k)-
morphisms is an étale covering of the derived affine k-scheme Spec(A), if and only
if

1. fi : A — A; is an étale DGkA-morphism, for alli € I, and

2. there exists a finite subset J C I, such that the family (f; : A — Aj)jes of DGKA-

morphisms is a formal covering of A .

3.5 Etale coverings of derived affine D-schemes

We are now prepared to define étale coverings of a derived affine D-scheme Spec(A) €
DAf£(D) = DGDACP.

Definition 7. A family (f; : Spec(Ai) — Spec(A))icr of DALE(D)-morphisms is an étale
covering of the derived affine D-scheme Spec(A), if and only if

1. each DGDA-morphism f; : A — A; is étale (in the sense of Subsection , and

2. there is a finite subset J C I, such that the family (f; : A — Aj)jes of DGDA-morphisms
is a formal covering of A (in the sense of Definition @)

Remark 2. If (C,Co,A) is a HAC, the formal covering families in CMon(C) are stable under
equivalences, homotopy pushouts and compositions. They thus define a model topology on
(CMon(C))°P (see [38]). In particular, if the HAC is (DGDM,DGDM,DGDA), the formal cover-
ings used in Definition 7| define a model topology on DAff(D). This fact will be crucial in
the proof that étale coverings of derived affine D-schemes form a model pre-topology 7 on
DAf£(D) = DGDAP (see Section [1). Moreover, we have to show that they satisfy the condi-
tions [38, Assumption 1.3.2.2] needed to apply the general theory of stacks [38, Part 1] in our
homotopical D-geometric setting — which is an important step on our way to establish this
context as a suitable framework for a coordinate-independent study of solutions of partial dif-
ferential equations modulo symmetries and in particular the study of the Batalin-Vilkovisky

complex.
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4 Etale maps in D-geometry

4.1 Etale and strongly étale morphisms

However, this step requires a full understanding of Definition [4] and Definition [7] so that
we now describe étale morphisms in DA and in DGDA, which are particular cases of étale
morphisms in CMon(C), where (C,Co,A) (Co C C,A C CMon(C)) is a HAC.

The notion of étale morphism of schemes is the algebraic analogue of the notion of local
diffeomorphism of smooth manifolds. A morphism of schemes is étale if and only if it is
locally of finite presentation and formally étale. The definition of étale morphisms in CMon(C)

is similar:
Definition 8. [38, Definition 1.2.6.7] A CMon(C)-morphism is étale, if and only if it is
1. finitely presented (see Definition[11)), and
2. formally étale (see Definition [17).
As said before, Definition [8]is valid in particular in DA and DGDA.
Definition 9. A DGDA-morphism f : A — B is strongly étale, if and only if
1. f is strong (see Definition[1(]), and
2. Ho(f): Ho(A) — Ho(B) is an étale DA-morphism (see Definition[§).
Moreover:

Definition 10. 1. Let A € DGDA. A module M € Modpgpu(A) is strong, if the canonical
Modgpu(Ho(A))-morphism

bo, a0 He(A) @p(a) Ho(M) — He(M) (5)
is an isomorphism, i.e., if all Modpy(Ho(A))-morphisms ¢y, 4 are isomorphisms.
2. A DGDA-morphism f : A — B is strong, if B € Modpgpu(A) is strong.

Remark 3. Since we consider bounded-below differential graded D-algebras, we expect that
étale DGDA-morphisms are exactly the strongly étale DGDA-morphisms [38, Theorem 2.2.2.6].
In this case it suffices - if we want to understand étale DGDA-morphisms - to describe finitely

presented and formally étale DA-morphisms. This will be done in the following subsections.
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So the conjecture is that a DGDA-morphism f : A — B is étale exactly if its induced map in
degree zero homology is étale and the homology of B can be fully reconstructed from its zero

degree part by acting on it with the homology of A.

However, we must first properly understand the tensor product in the previous definition

and the morphism defined on it. We start with the following general definitions.

Let (C,®,I,Hom) be a closed symmetric monoidal category with all small limits and
colimits. Consider a commutative algebra in C, i.e., a commutative monoid (A, u,n). The
corresponding algebra morphisms are defined naturally and the category of commutative
algebras in C is denoted by Alge. A (left) A-module in C is a C-object M together with
a C-morphism v : A ® M — M, such that the usual associativity and unitality diagrams
commute. Morphisms of A-modules in C are also defined in the obvious way and the category
of A-modules in C is denoted by Mod¢(A). The category of right A-modules in C is defined
analogously. Since A is commutative, the categories of left and right modules are equivalent
(one passes from one type of action to the other by precomposing with the braiding ‘com’).
The tensor product ®, of two modules M’ M" € Mod¢(A) is defined as the coequalizer in C
of the maps

Y = (vpp @ idpyr) o (com @ id ), 9" = idpy Quagr

(M’@A)@M/,gM/®(.A®M//):;M/®M//£>M/®AM”.

Since A € Algc is commutative, the C-object M’ ®,4 M” inherits an A-module structure from
those of M’ and M".

The categories C = DM and C = DGDM satisfy the conditions above on C with ® = ®g.
In these cases, we have Algc = DA and Alge = DGDA, respectively. In order to define a
Modpy(A)-morphism (an A- and D-linear map) ¢ : M’ ®a M” — M (A € DA), one starts
defining an O-bilinear map ¢ : M’ x M"” — M, hence, an O-linear map ¢ : M’ @9 M" — M.
One then checks that ¢ is a DM-morphism, i.e., is D-linear, or, equivalently, is linear for the
action Vg of vector fields 6. Recall that, by definition,

Vo(m' @m") = (Vegm') @ m" + m’ @ (Vem") .

If, for a € A,
e((a-m') @m") = p(m' @ (a-m")),

it follows from the universal property of a coequalizer, that there is a unique D-linear map
¢: M @p M" — M, such that ¢ o kK = ¢. Finally, if ¢ is A-bilinear on M’ x M", then ¢ is
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A-linear on M’ @ M". Indeed,
p(m',m") = p(m' ®@m") = ¢(k(m’ @m")) = ¢p(m' @a m") .

We now come back to Definition The tensor product in ([5)) makes sense since Hy(A) €
DA and Hy(A), Hy(M) € Modpu(Ho(A)). In order to define the morphism ¢y 4 1 (we will
write ¢), we apply the just detailed method to the preceding D-algebra and modules in DM
over that algebra. Let ¢ be the map

@ Hk(.A) X H()(M) > ([ak], [mo]) — [y(ak ®mo)] € Hk(M) R

where the DGDM-morphism v : A ®9 M — M is the action of A on M. It is easy to check that

 is well-defined on homology classes. In view of the DA-morphism
03 f = f-[la]=1[f 1a] € Ho(A),

the function algebra O can be interpreted as sub-D-algebra of Hy(A). Hence, if ¢ is Ho(A)-
bilinear, it is in particular O-bilinear. As for H(A)-bilinearity, taking into account that the
action x of Hyp(A) on Hy(A) is induced by the multiplication * in A, and that the action v of
Hy(A) on Hi(M) is induced by the action v of A on M, we get

¢ ([ao] * [ar], [mo]) = ¢([ao * ak], [mo]) = [v((ao * ar) @ mo)] ,
v([ao] ® ¢([ax], [mo])) = v([ao] ® [v(ar ® mo)]) = [v(ao ® v(ak ® mo))] = [v((ao * ar) ® mo)]
and
([ax], v(lao] ® [ma])) = ([ak], [v(a0 ® mo)]) = [v(ar ® v(ao ® mo))] = [V((ax * ao) ® mo)] ,
so that ¢ is actually Hp(A)-bilinear and thus O-bilinear. We now check linearity of
¢ : Hp(A) ®9 Hy(M) — Hp(M)

with respect to the action Vg by vector fields 0. As the D-action in homology is induced by

the D-action on the underlying complex, we have
¢(Vo(lar] ® [mo])) = ¢((Velar]) ® [mo]) + [ar] @ (Vo[mo])) =
e([Voar] @ [mo]) + ¢([ar] ® [Vomo]) = [v((Vgar) @ mo)] + [v(ar ® (Vemo))] =

[v(Ve(ar ® mg))] = Vg[v(ar @ mo)] = Vg p(lar] @ [mo]) .

In view of what has been said above, it follows that ¢ induces a unique Modpy(Ho(A))-
morphism ¢ : Hi(A) @) Ho(M) — Hi(M).
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4.2 Finitely presented morphisms

In view of Definition [8] we now take an interest in finitely presented morphisms in DGDA
and DA. This means that we consider morphisms between commutative algebras over the

non-commutative ring of differential operators and their derived counterpart.

4.2.1 Finitely presented morphisms of differential graded D-algebras

The definition of finitely presented morphisms of commutative rings via a finite number
of generators and a finite number of relations, naturally leads to locally finitely presented
morphisms of schemes. The latter can be characterized as those Sch-morphisms X — S that
satisfy

Colim; Homgen s (73, X) = Homgen| s (Lim; T3, X) , (6)

for any direct system of affine schemes (7;);er over S [36, Proposition 32.6.1] (the category
Sch | S is the slice category of Sch over S). Finitely presented morphisms in the proper model
category DGDA [9 Theorem 3.2.3] are a particular case of the following ‘categorification’,

‘dualization’ and ‘homotopification’ of @:

Definition 11. [38, Definition 1.2.3.1] A morphism m — n in a proper model category M is
finitely presented, if and only if, for any filtered diagram of objects (p;)icr in m | M, the

canonical morphism
HoColim;er Map,,, | y(n, pi) — Map,, u(n, HoColim;e1 p;) (7)
is an isomorphism in Ho(SSet).

Indeed, since filtered categories categorize directed sets, filtered diagrams or functors out
of a filtered index category (the corresponding colimit is called a filtered colimit) categorize the
notion of direct system over a directed set (the corresponding colimit is referred to as direct
or inductive limit). Since we have the case M = DGDA = DAf£(D)°P in mind, it is natural to
work dually with respect to the Sch-situation considered in @ We use the mapping space
and the homotopy colimit, thereby incorporating the model structure of M and working in the
context of homotopical algebraic geometry. Also remember that the mapping space (resp.,
the homotopy colimit of a functor) is only well-defined in the homotopy category of simplicial

sets (resp., the homotopy category of the functor’s target category).

Recall further that for every small category S and every model category C the functor

category Fun(S,C) can be equipped with a projective model structure, if C is cofibrantly
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generated. If the projective model structure exists, the diagonal functor A : C — Fun(S,C)
— which sends each object to the corresponding constant diagram and each morphism to the
corresponding constant natural transformation — preserves fibrations and trivial fibrations and
the adjunction

Colim : Fun(S,C) =2 C: A

is thus a Quillen adjunction. From Brown’s Lemma [2I, Lemma 1.1.12] it follows that a left
Quillen functor sends weak equivalences between cofibrant objects to weak equivalences, so
that its (total) left derived functor exists. In the case of the colimit functor, the left derived

functor L pre; Colim is referred to as the homotopy colimit functor and denoted
HoColim : Ho(Funyyi(S,C)) — Ho(C) .

It is computed using a cofibrant replacement functor Q) po; of the projective model structure
on Fun(S,C). The case of the homotopy limit functor is dual, so that it can be computed with
a fibrant replacement functor Rjyj of the injective model structure on Fun(S,C), which exists

when C is combinatorial. So, for every S-diagram F' in C or functor F' € Fun(8,C), we have

HoColim(F) = Colim(Q proj(F')) (resp., HoLim(F') = Lim(Riyj(F))) . (8)

4.2.2 Finitely presented morphisms of algebras over differential operators

As already mentioned, Definition applies in particular to morphisms of the proper
model categories DGDA and DA . Indeed, every trivial model category is left and right proper,
because pushouts and pullbacks preserve isomorphisms. With regard to Remark |3, we focus
on the case M = DA = Af£(D)°P. It is to be expected that Definition [L1| reduces in this case

to the characterization:

Proposition 2. An object B in A | DA is finitely presented, if and only if, for any filtered

diagram (C;)ic1 of objects in A | DA, the canonical morphism
COlimieI(HOmAipA(B, Gl)) — HOmAifDA('B, COlimiel (32) (9)
is a bijection.

Homotopical geometric definitions are designed to reduce to the corresponding standard
definitions for Z-modules and commutative rings. Since modules and algebras over differential
operators have a richer and very special structure, it makes sense to carefully prove the

previous proposition.
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Proof. As DA is endowed with the trivial model structure, the same is true for the under-
category A | DA (since the three distinguished classes of morphisms of A | DA are defined
using the forgetful functor). It follows that the Reedy model structure on simplicial objects
Fun(A° A | DA) in A | DA is also trivial. Indeed, the Reedy weak equivalences are the
natural transformations that are object-wise weak equivalences in A | DA, i.e., they are the
natural isomorphisms. Since the Reedy fibrations (resp., cofibrations) are the natural trans-
formations such that certain object-wise induced universal morphisms are fibrations (resp.,
cofibrations) in A | DA, all natural transformations are Reedy fibrations (resp., Reedy cofi-
brations). In addition, the projective model structure on Fun(I, A | DA) is trivial for every
index category I. Finally, it follows from Equation that, for every B, D € A | DA, there

is an equivalence of simplicial sets

Map 4 ps(B, D) ~ Homyps(Q(B), Re(ce(D))) , (10)

where () is a cofibrant replacement functor in A | DA, where R, a fibrant replacement functor
in the Reedy model category Fun(A°P, A | DA) and where ¢, is the constant simplicial object

functor. Since we can take @) = id and R, = id, we get
MapAwDA(%, D) ~ Homy | pa(B, ce(D)) = co(Homy pa(B, D)) . (11)

With all that said, we return to applying Definition to DA. From Equation it
follows that a DA-morphism A — B is finitely presented if and only if, for every filtered
diagram €, € Fun(I, A | DA), the canonical morphism

HoColimer co(Hom g pa (B, €;)) — co(Homy pa (B, HoColimer €;)) (12)
is an isomorphism in Ho(SSet). Moreover, the homotopy colimit of €, is
HoColim(€,) = Colim (Qyproj(Cy))x = Colim;er €;

since the projective model structure on Fun(I, A | DA) is trivial. Hence the RHS of is
given by
ce(Hom 4 pa (B, Colim;er €;)) . (13)

On the other hand, the LHS homotopy colimit in ([12]) is equal to

Colim(Q proj(ce(Hom 4 0a(B, Cx))))ex (14)
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where ()proj denotes a cofibrant replacement functor of the projective model structure of
Fun(I,SSet). In view of , and , an object B € A | DA is finitely presented if and
only if, for every filtered diagram €, € Fun(I, A | DA), the canonical morphism

COlimieI(mej (C.(HOmA‘L@A('B, G*)))).yi — C.(HOH’IAJDA('B, COIimieI 61)) (15)

is an isomorphism in Ho(SSet).

Lemma 1. The universal map
Colim;er (Q proj(ce(Homg pa(B, Cu))))ei — co(Colimer (Hom g pa(B, €:))) . (16)

s a trivial fibration of simplicial sets.

Proof of Lemma[ll In the previous definition and paragraph, the symbols x and e are used
to denote the entries of the considered functors of Fun(I, SSet) = Fun(I,Fun(A°P,Set)). The
natural transformation 7 : Qproj = id between endofunctors of Fun(I, SSet) assigns to every

functor F, . € Fun(I,SSet) a natural trivial fibration

07 (Qproj(Fex))ox = Fox
of the projective model structure of Fun(I, SSet), whose components

NFi ¢ (Qproj(Fex))e,i S Foi
are therefore trivial fibrations of SSet. This holds in particular for

Fe . = ce(Homypa(B,Cy)) ,
i.e., the components

M (Qproj (Co(Homug s (B, €,))))ei — co(Hom g pa(B, C;))

are trivial fibrations in SSet, i.e., are trivial Kan fibrations. Since a filtered colimit of trivial
Kan fibrations is a trivial Kan fibration [36, Lemma 14.30.7], we get that

Colimyer 7; : Colimier (@ proj(ce(Homy pa(B, €4))))e; — Colimyer (ce(Homuypa(B, €;)))

is a trivial Kan fibration. The announced result now follows from the fact that colimits in

SSet are computed level-wise. O
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Proof of Proposition @ (Continuation). The canonical arrow is the composite of the

universal arrow and the universal arrow
Co (COlimiEI (HomAw)A ('B, GZ))) — Co (HomﬂiDA (B, COlimZ’GI Gz)) . (17)

Lemma (1| implies that is an isomorphism in Ho(SSet) if and only if[17|is an isomorphism
in Ho(SSet). Therefore it suffices to prove that if ¢ : S — T is a morphism in Set, then
Ce(p) : Ca(S) — co(T') is an isomorphism in Ho(SSet) if and only if ¢ : S — T is a bijection.

Lemma 2. (i) Two objects of a model category M are related by a zigzag of weak equiva-

lences of M if and only if they are isomorphic as objects of Ho(M) .

(ii) If ¥ : X — Y is an M-morphism, then v is a weak equivalence in M if and only if
Ly : X =Y is an isomorphism in Ho(M) .

Proof of Lemma[g. The direct implications of the statements (i) and (ii) are obvious.

We prove the converse implication of (7). Let X,Y € M and let
[¢] € Homgew) (X,Y) = Homy(RQX, RQY)/ =~

be an isomorphism with inverse [¢)], where R is a fibrant replacement functor, @ a cofibrant
replacement functor and [¢] the homotopy class [¢]~ of ¢. Since [¢p o ¢] = [idrgx] and
[p o] = [idrgy], we conclude that ¢ and v are inverse homotopy equivalences between
fibrant-cofibrant objects, i.e., that they are weak equivalences. Therefore we have a zigzag of
weak equivalences

RQX T;X QX ——~ X

nga

RQY «+2< QY —=» Y

rQy qy

As for the converse implication of (ii), observe that if ¢ : X — Y is a morphism in M
such that the homotopy class Lyt) = [RQ] is an isomorphism in Ho(M) , the previous diagram

becomes the commutative diagram

RQX o< QX —2» X
~lRQw iczw sz
RQY 5~ QY —> Y

The conclusion now follows from the 2-out-of-3 axiom. O
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Proof of Proposition[d (Continuation). From Lemma[2]it follows that ce(¢) is an isomorphism
in Ho(SSet), i.e.,

Lsset(ce(0)) = [Rsset@ssetCe ()] € Homyq(sser)(Co(S); co(T))

is an isomorphism, if and only if ce(p) is a weak homotopy equivalence between the simplicial
sets ce(S) and ce(T) , i.€., a SSet-morphism ce () : ce(S) — co(T') whose geometric realization
|ce(©)] : |ca(S)| = |ce(T)| is & weak homotopy equivalence of topological spaces in the standard

sense that |ce ()| induces isomorphisms

Tn(lce(@)l ) : mn(lce(S)], 2) = Tu(lea(T)], [ca(@)|(2)) (2 € [ce(S)[,n =1)  (18)

between all homotopy groups and a bijection

mo(lce(@)]) = mo([ce(S)]) = mo(ce(T))]) (19)

between the sets of path components.

Because the geometric realization |ce(.5)| is homeomorphic to the set S equipped with the
discrete topology Tqis [28] and because a discrete space is locally path connected so that its
path components coincide with its connected components i.e. with its singletons, we conclude
that

7o(lce(9)]) = mo(S, Tais) = 5 - (20)

On the other hand, the homotopy groups
Tn(|ce(9)], 2) = (S, Tais, ) = {1} (21)
are all trivial. Indeed, every element is the homotopy class of an n-loop
o e C%(S™,s), (S, Tais, x))

at x. However, since the image o(S™) is connected and o(s) = x, the loop o is necessarily

the constant loop at z.

The equations and imply that the necessary and sufficient conditions and
for ce(p) to be an isomorphism in Ho(SSet) reduce to the condition that ¢ : S — T is a
bijection. O

Remark 4. We have just shown that the derived version @ of finitely presented objects
boils down to the classical version @ even if we replace commutative rings with commutative
algebras over differential operators. The characterization [2] can be used as a definition of

finitely presented objects in any locally small category with filtered colimits [25].
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4.2.3 Explicit description of finitely presented morphisms

We will now work towards an explicit description of finitely presented objects in A | DA.

Let A € DA. We can exclude the case A = {04} without loss of generality, so that
14 # 04 . Since O is the initial object in DA, there exists a unique DA-morphism

1:0f—= falgeA, (22)

where -4 is the D-action on A. This morphism is injective and allows us to view O as a
D-subalgebra of A.

Denote now by A[D] := A ®¢ D the ring of linear differential operators with coefficients
in A [32]. It is well-known that

Modpy(A) = Mod(A[D]) =: A[D]M (23)

[3] and that
A[D]A := CMon(A[D]M) = CMon(Modpy(A)) = A | DA, (24)

where the last isomorphism results roughly speaking from the ‘equivalence’ of the A-action
on the left side and the morphism out of A on the right side and was described in detail in
[9]. In the following we work in A[D]A because this is the most economical setting for our

purpose.

Proposition 3. For any D-algebra A, an A[D]-algebra F is an A-algebra and a D-module,
such that vector fields act as derivations on the A-action <g and on the algebra multiplication
*g, and such that, for any f € O and any ¢ € F, the actions -5 and -4 by differential operators

on ¥F and A, respectively, and the action <y are compatible in the sense that

fao=(fala)gep. (25)

Indeed, in view of , there are two actions of O on JF, and the preceding proposition
asks that they coincide.

Proof. Starting for instance from the definition of a commutative monoid in A-modules in
DM, one gets that an A[D]-algebra F is a D-module with a D-linear A-action <5 defined on
A ®9 F, and endowed with A- and D-linear multiplication and unit maps x5 and ng defined
on F @4 F and A, respectively. One checks that this means exactly that an A[D]-algebra F is

a D-module and an A-algebra, whose A-action <5 and algebra multiplication x5 are bilinear
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for the actions by degree zero differential operators O, and are acted upon by vector fields
according to the derivation-rule. It is straightforwardly seen that the bilinearity conditions
are equivalent to the compatibility condition . ]

Corollary 1. For any D-algebra A, an A|[D]-module M (i.e., a module M € Modpy(A)) is a
D-module and an A-module, such that vector fields act as derivations on the A-action <y and
such that Property 1s satisfied.

This corollary can also be checked starting from the definition of an A-module in DM.

An A[D]-algebra morphism is an A- and D-linear map that respects the multiplications
and the units. The category of A[D]-algebras is an algebraic category in the sense of [I]. Due
to [I, Theorem 3.12.], the definition [2| simplifies and reads:

Definition 12. An object B € A[D]A is finitely presented if it is the coequalizer of a parallel
pair g, h : F1 = Fo of A[D]A-morphisms between two free A|D]-algebras over two finite sets.

Free objects over a set in a category C (or over an object of another category D) generalize
vector spaces V with their bases B. Since B is just a set, the inclusion B — V is just a
set-theoretic map. Therefore, in the general situation, we need a forgetful or faithful functor
® : C — Set, or, more generally, ® : C — D. A free C-object over a D-object d is then defined
in the natural way, i.e., is defined as a pair (c,i) where c is a C-object and i : d — ®(c) is a
D-morphism such that for any C-object ¢ and any D-morphism i’ : d — ®(¢’), there exists a
unique C-morphism f : ¢ — ¢ such that ®(f) oi = 4. If a forgetful functor D + C : For has
a left adjoint F, then, for any d € D, the image F(d) € C is a (the) free C-object over d. The
left adjoint F is the free functor. Conversely, if a free C-object exists over all d € D, the left

adjoint F is defined in the obvious way [27].

The free D-module over S € Set is the D-module P g D s. If S is finite of cardinality £,
we denote its elements by x1,...,xx, so that the free D-module is then 6512:1 D xp. We thus
get a free-forgetful adjunction

F:8et = DM: Fory . (26)

Moreover, for any A € DA, we have two other free-forgetful adjunctions [9],
A ®9 — : DM = Modpy(A) : Fory (27)

as well as
84 : Modpy(A) = A[D]A : Fory , (28)



Etale coverings in D-geometry 23

where 84 is the symmetric tensor product functor (tensor product over A). The composition

of adjunctions being an adjunction, we obtain a free-forgetful adjunction
840 (A®9—)oF:Set = A[D]A : Forp o Fory oFory .
Hence, the free A[D]-algebra over a set S is

Sa(A®o (P Ds)) .

seSs

Proposition 4. If A € DA and S € Set, the free A|D]-algebra Fg over S is

Fs = 84(A @0 (P Ds)) =A@ 80(EP D),
seS seS

~Y

where = are isomorphisms in A[D]A. In particular, the symmetric tensor algebra functor

commutes with the base change functor.
Proof. There are two free-forgetful adjunctions
8oy : DM = DA : For,
and, for any A € DA,
A®9 —: DA = A[D]A: Fory .

The second adjunction is just the free-forgetful adjunction C'II — : C 2 C' | C : For¢g between
any cocomplete category and any of its undercategories. Indeed, for C = DA, the coproduct

II is the tensor product ®¢, so that A Il — = A ®9y —. Hence, the free-forgetful adjunction
(A®9 —)0890F:Set = A[D]A : Forp o Fory oFory ,
which implies that the free A[D]-algebra over a set S is
A®o8o(EP Ds) .
seS
Since a free object is defined via a universal property, the announced A[D]A-isomorphism

exists and is unique. O

Let us mention that an A[D]-ideal J of an A[D]-algebra F is an A[D]-subalgebra that has
the standard ideal-property. A subset J C F is an A[D]-subalgebra (see Proposition , if it is
an A-subalgebra and a D-submodule, i.e., if it is closed under the addition 45, A-action <,

multiplication x5, and D-action - 4.
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Remark 5. The A[D]-ideal Jp of an A[D]-algebra F, generated by a family & = (¢;);cs of

elements of &, is given by

Jo = P F x5 (D5 0i)
el
where the RHS denotes the subset of F made of the finite sums of elements of the type

o*5 (D-59;) (p€F,DeD).

The subset Jg is actually an A[D]-ideal. Indeed, obviously, it has the ideal property and
is closed under %5, 4+, and < (since g is A-bilinear). To check stability under the action -5
by differential operators, it suffices to check it for the action by functions f and vector fields

. Closure under f is clear:

faY oxs(D-gi)=(fala)g Y exs (D-gei)=> ((f-ala)<ge)*s (D5 .
fin fin fin

Similarly for the closure under 6:

0.5 oxg(D-gpi) =Y (0-50) %5 (D -50:)+ > x5 ((00D)5¢) .
fin fin fin

We are now prepared to provide a more explicit description of finitely presented morphisms
A — B in DA. This characterization is part of the description of étale DA-morphisms (see
Definition [§). As shown above, a DA-morphism A — B or alternatively an object B € A[D]A
is finitely presented if it satisfies the requirement of Definition

Theorem 1. A DA-morphism A — B is finitely presented if and only if B is the coequalizer
of two parallel arrows g,h : Fy = Fx between two free A[D]-algebras over finite sets Y =
{y1,.- -y ym} and X = {x1,...,2,} (m,n € N). In other words, the morphism A — B
is finitely presented in DA if and only if there are two finite sets Y = {y1,...,ym} and
X ={x1,...,2n} and two A[D]A - arrows g, h : Fy = Fx such that

B ?X/jq) (29)

g,h,Y

as A[D]-algebra, where Jg,, ,, is the A[D]-ideal of Fx that is finitely generated by the family

Cony = (Pont) ey, my = (9Qa @) = h(1a @) pery oy -
Proof. 1t suffices to prove that the RHS of is a coequalizer of g and h in A[D]A. Recall
that

?X:.A®OS@(@®$5> and gy:A®oso(@Dyg),
k=1 (=1
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and that

jd)g,h,Y = @ StX *5}( (® Fx (ng,h,g) .
(=1

Let m: Fx — Tx/Js (we omit the subscripts of ¢) be the canonical A[D]-algebra morphism
v = el

We first explain that m o g = w o h. An arbitrary element of the common source Fy of
these morphisms is a finite sum of decomposable tensors T' = a®@ v; © ... O v, (a € A,v; €

Dye, €{1,...,m},p € N). Let ¢ be any of the morphisms g, h. We have
qT)=(a®1g) %5, ¢(1a @ V1) *5y ... %5, ¢(1a @ vp) ,
since a ® 1o = a <y, (14 ® 1g), so that its image by ¢ is a ® 19. As
ly®@v;=1,0 Dy =D 5, (14 @) ,

with self-explanatory notations, we get ¢(14 ® v;) = D -5, q(14 ® y¢), so that g(14 ® v;) —
h(ly ® v;) € Iy . However, if ¢; —1p; € J, for a finite number of j-s, then xj¢; — *;1; € Iy .
Indeed,

P1x P2 — 1 x Py = ¢1 x (2 — P2) + (1 — Y1) xh2 €Ty .
It follows that g(T") — h(T') € J4, so that w(g(T)) = w(h(T)).

It remains to show that the universal property holds. Hence, consider a second A[D]-
algebra morphism p : Fx — € such that po g = po h, and prove that there is a unique
A[D]-algebra map o : Fx/Js — C such that 0 om = p. If o exists, it is necessarily defined
by o[¢] = p(p), which ensures uniqueness. Define now o by the latter equality. That map is
well-defined, as p sends J, to 0. Since 7 and p are A[D]A-maps, it is straightforwardly checked
that o is an A[D]A-map, i.e., that it is A- and D-linear and respects the multiplications and

unities. This completes the proof. O

4.3 Formally étale DA-morphisms

To complete the description of étale DA-morphisms (and thus of étale DGDA-morphisms),
we must still describe formally étale maps in DA. However, this task is not as straightforward
as it may seem at first. Namely, the abstract notion of formally étale maps in an HA con-
text (Definition uses the notion of cotangent complex. As detailed below, in the trivial
HA context (DM, DM, DA) the latter is merely a D-variant of the module of Kéhler differen-

tials. As for algebras over a commutative ring, this is not sufficient to correctly characterize
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formal étaleness. Instead, one should first embed D-algebras into DGDA as complexes concen-
trated in degree zero, and then compute the cotangent complex in the non-trivial HA context
(DGDM, DGDM, DGDA).

Since the model structure of DA is trivial, the same holds for the model structure of
A[D]A = CMon(A[D]M) = CMon(Modpy(A)) = A | DA (A € DA)
(see Equation (24)) and the model structure of
ADA]B=(ALDA) LB (BeAlDa)

(for the definition of the induced model structure of a slice or coslice category, see [20]).

Further, since the model structure of DM is trivial, the same holds for the model structure of
A[D]M = Modpu(A) (A € DA)

(see Equation (23)); for the definition of this induced model structure, see [9, Theorem 2.2.3]).

Let ¢ : A — B be a DA-map and let M € B[D]M. To understand the derived derivations
Dery (B, M) (see Definition [15]), remark first that B & M is an object in A[D]A | B for the

following data:
1. (bym)+ (',m) = (b+b,m+m'),
2. D-(bym):=(D-b,D-m),
3. a<(b,m):= (p(a)*xb,p(a)am),
4. (bym)x(',m') = (bxt,b<am’ +V <m), and
5. w(b,m):=b,

where b,/ € B, m,m' e M, D € D, a € A and where the meaning of the right side operations

is obvious.

To prove that the previous claim is true, it suffices to apply Proposition [3| and to show
that 7 is an A- and D-linear map that respects the multiplications and the units. We will not

elaborate this proof in detail.
Since, as said above, the model structure of A[DJA | B is trivial, the RHS of Equation

in Definition [15]is just

MaDeyon (Modny(4))3 (B, B & M) = Homypa (B, B & M) € Set ,
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and we expect the derived derivations Der (B, M), i.e., the elements of the preceding set, to
be just the standard derivations Der 47 (B, M).

Proposition 5. For any DA-morphism ¢ : A — B and any M € B[D]M, we have
DeTA(‘B7 M) = Der‘A[D} (Bv M) )

where the right side is the set of A- and D-linear maps from B to M that satisfy the standard

derivation property.

Proof. A morphism v € Hom 4pjy 8(B, B © M) of the slice category A[D]A | B is an A- and
D-linear map 9 : B — B d M that respects the multiplications and the units, and satisfies
mo1 =idg. A map ¢ : B — B S M is the same as two maps y: B — B and § : B — M. The
condition 7ot = idg means that v = idg. The map v is A-linear (resp., D-linear) if and only
if the map 9 is A-linear (resp., D-linear). Similarly, the map 1 respects the multiplications if
and only if ¢ satisfies the Leibniz rule. Units do not lead to a new condition. This completes
the proof. O

In view of Proposition [§|and the triviality of the involved model structure (see above), for
¢+ A — B as usual, the cotangent complex Lg4 € B[D]M and the corresponding derivation
d € Der 4p)(B, Lg|4) (since here the simplicial set of derived derivations is just a set, the O-th
homotopy group 7y(—) can be omitted) are characterized by the fact that, for any M € B[D]M,
the map

Homg (g4, M) 3 ¢ = 9 od € Derygp)(B, M) (30)

isa 1:1 correspondence.

Since, due to Equation , the cotangent complex £, of a CR-map ¢ : R — S coincides,
in the absence of a model structure, with the module Qg r € Mod(S) of Kéhler differentials,
we expect the cotangent complex Lgj4 € B[DJM to be the module Qg4 € B[D]M of Kéhler
differentials, and we expect that {234 can be constructed in a similar way as {0 . Below we

clarify this idea.

First, remember that
(B®9 —)oF:Set = B[D]M: Forgp o Forg

is an adjunction (see Equations and (27))), so that the left functor is the free B[D]-module

functor.



Etale coverings in D-geometry 28

Definition 13. For any DA-morphism ¢ : A — B, we denote by Qpq € B[DIM the free
B[D]-module B @9 (PBpep D db) over the generating set {db: b € B}, modulo the relations

1. d(b+V)=db+db,
2. dbxb)=bdl +b ®@db,
3. dla<lg) =0,
4. d(0-b)=0-db,
where b,b' € B, a € A and 0 € ©, where © C D is the module of vector fields.
We refer to Qg4 as the B[D]-module of Kéhler differentials of .

The chosen presentation makes
d:B>brdbeQgy

an A- and D-linear derivation, i.e., a map d € Der4(p)(B, 2p|4) (the second and third relations

above are equivalent to A-linearity and the derivation property; the O-linearity follows from
the A-linearity due to Equation )

Proposition 6. The module Qg4 and the derivation d : B — Qg4 satisfy the characterizing
property (30), i.e., Qg4 is the cotangent complex of the underlying DA-map ¢ : A — B :

L= Qpq - (31)
Proof. Let M € B[DM. To show that the map
Hompp (214, M) 2 ¢+ ¢ od € Deryp)(B, M)
is bijective, we must prove that, for any § € Deryp) (B, M), there is a unique

Y € Homgpy (214, M)

such that

Yvod=4. (32)
In order to define a B[D]M-map 1 on Qgy, it suffices to define it on the generators db of
the free B[D]-module used in the construction of g4, and then check that the morphism
defined that way descends to the quotient. From this and Condition , it follows that if
1) does exist, it is unique. Define now the B[D]M-morphism ¢ : B ®¢ (Ppeg D db) — M by
setting ¥(db) = (b). The fact that this morphism 1) descends to the quotient {2g, is a direct

consequence of the properties of §. Hence, we defined a map ¢ € Homgp(25|4, M) such
that Y od = 4. O
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5 Appendix

The appendix renders natural some extensions of standard concepts of linear and commu-
tative algebra to a homotopical algebraic context. In the main text, we adapt these extensions

to our setting.

5.1 Cotangent complex of a morphism of commutative rings

Let CR be the category of commutative rings and let ¢ : R — S be a CR-map. The K&hler
differentials or Kéhler differential 1-forms of ¢ are defined as the universal pair (€,,d,)
or (Qg|r,d), where Qg p is an S-module and where d : S — Qg|r is an R-linear derivation.
The universal property reads as follows. For any S-module N and any R-linear derivation
§ € Derg(S, N), there is a unique S-module morphism s € Homg(€2g|g, V) such that § = sod.

In other words, we have an isomorphism of S-modules
Derg(S, N) = Homg(Qg|r, V) - (33)
Hence the functor Derg(S, —) is corepresentable with corepresenting object €.
Let
0L R5 S
be CR-morphisms. In view of the universal property, there is a sequence of S-modules,

Qy ®R S = Quy — Qy, — 0, (34)

where the base change is needed to get an S-module. It is easily seen that the sequence is

exact. We refer to it as the Jacobi-Zariski exact sequence associated to ¢ and .

Roughly speaking, the sequence evokes a sequence resulting from the application of
some right exact functor, say _jgp ®_ S. Hence the question whether there is a left derived
functor of the Kahler differentials functor 2z ®_ 5. The target category of Q_jp @_ S
is the category Mod(S) of S-modules and the source category is the category Alg(R) | S of
commutative associative unital R-algebras over S. However, since the source category is non-
abelian, the concepts of right exact functor _|zr ®_ S and left derived functor of Q_p®_ S

are meaningless.

To compute a left derived functor of a right exact covariant functor, in particular
Li(Q_jg ®- S)(S) (1 > 0) — in case it were possible, we would use a projective resolution
P, of S. Setting

Lo :=0pr®pP S5, (35)
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we would get
Li(Q_ g ®- S)(S) = Hi(Ly) , (36)

in particular,

Ho(Ly) = Q)R - (37)

What has just been said can be done rigorously. Indeed, derived functors can be computed,
not only in abelian categories, but also in model categories. The model categorical counterpart
of projective resolutions are cofibrant replacements. It turns out that the closed simplicial
model category SAlg(R) of simplicial R-algebras and the overcategory SAlg(R) | S are well-

suited for this purpose.

The underlying CR-map ¢ : R — S can be interpreted as an SAlg(R)-map, and a ‘cofibra-

tion — trivial fibration’ decomposition
R— Qu(S) > S

can be chosen, so that Q.(5) € SAlg(R) is a cofibrant replacement of S (we can actually choose
a replacement (QQ¢(S) = R[X] that is free over R). When applying the Kéhler differentials

functor, we obtain the cotangent complex:

Definition 14. Let ¢ : R — S be a CR-map and let Qo := Qo(S) be a cofibrant replacement
of S in SAlg(R). The cotangent complex of ¢ is the simplicial S-module

Ly =Qq. r ®0. S € SMod(S) ~ DG4 Mod(S) . (38)

Equation is the mathematically correct version of Equation .

If we view the Kéhler differentials functor as the functor
Q_|p®_S:8Alg(R) | S — DG4Mod(S)
between model categories, we can consider its derived functor
L(Q2_|gr ®_ S) : Ho(SAlg(R) | S) — Ho(DG4Mod(S)) ,

which we refer to as the cotangent complex functor of R — 5. Indeed, its value at S can
be computed via a cofibrant replacement Qo := Qo(S) in SAlg(R) (hence, in SAlg(R) | 5):

L(Q_z ®- 5)(S) = Qguir @0, S = £, € Ho(DG;Mod(S)) . (39)



Etale coverings in D-geometry 31

Equation is the correct variant of Equation . From here it follows that the cotangent
complex does not depend on the choice of the cofibrant replacement, if we view it as an object

of the homotopy category of the model category DGMod(S).
Recall that, for any M € Mod(S), the S-modules
D,(S|IR,M) := H,(L, ®s M) (neN)
(in particular, the S-modules
Du(SIR,S) i= Ha(L,) (neN))

are the André-Quillen homology modules of ¢ : R — S with coefficients in M (resp., in
S). It can be checked that, as expected,

Ho(L,) = Ho(L(Q- g - S)(S)) = Qi = D (40)

(see Equation (37)).

Remark 6. Equation shows that the concept of cotangent complex is the derived coun-

terpart of the notion of Kéhler differentials.

5.2 Cotangent complex in a Homotopical Algebraic Context

To extend the content of Subsection to any homotopical algebraic context (HAC)

(C,Co,A) (see above), we rely on an additional observation.

Let ¢ : R — S be a CR-map and let N € Mod(S). Equation characterizes derivations
Derg(S, N) as morphisms in Mod(.S). The next proposition characterizes these derivations as
morphisms in Alg(R) | S.

Proposition 7. Let o : R — S and N be as above. We denote by S®N the obvious R-module

endowed with the multiplication
(s,n)x(s',n') = (ss',s<n’ + s <n), (41)

where juxtaposition (resp., <) denotes the multiplication in S (resp., the S-action in N ). The
multiplication * allows one to encode the derivation property as algebra-morphism property:

there is a 1:1 correspondence

Derg(S, N) = Homy4(p),5(S,S @ N) . (42)
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The multiplication x is very natural from various perspectives. One of them consists in

thinking about the proof of Equation .

Proof. Notice first that a morphism « : S — S @ N in the slice category Alg(R) | S is a
morphism of the type a : s — (s,(s)), with 6 : S — N. Since a(ss’) = (ss',(ss’)) and
a(s) xa(s') = (s,0(s)) x (s/,0(s")), the algebra-morphism property of a and the derivation
property of § are equivalent if and only if x is defined by Equation . O

The definition of S @ N has a categorical-homotopical counterpart in an arbitrary HAC
(C,Co,A) (see [38], Section 1.2.1]). Proposition |7] serves then as definition for derivations (see
[38 Definition 1.2.1.1]):

Definition 15. Let ¢ : A — B be a morphism in CMon(C) and let N € Mod¢(B). Derived
A-derivations Der4(B, N) from B to N is the simplicial set

DGI"A(B, N) = MapCMon(Modc(A))iB (Bv B® N) € Ho(SSet) > (43)
where Map denotes the mapping space in the model category CMon(Mod¢(A)) | B.

We thus get a functor Ders(B,—) : Ho(Modc(B)) — Ho(SSet) that can be lifted to a
functor
Der (B, —) € Fun(Mod¢(B), SSet) . (44)

The symbol v means that we consider the functor category, which is naturally equipped with
the object-wise model structure induced by the model structure of SSet, as endowed with the
left Bousfield localization of the object-wise model structure by the weak equivalences of the
model structure of Mode(B)°P. Of course, we view these weak equivalences as morphisms in
Fun(Mod¢(B), SSet), using the simplicial Yoneda embedding

Spec : Modg(B)°? 5 M +— Hom(M, —) € Fun(Modc(B), SSet)” .

Here
Hom(M, —) = Hom(M, Re(ce(—)))

where ¢, is the constant simplicial object functor from Modc(B) to Fun(A°P,Modc(B)) and
where R, is a fibrant replacement functor in the Reedy model category Fun(A°P, Modc(B)) of
simplicial objects in Modc(B) (see [37, Section 4.2]. Since

RSpec : Ho(Modc¢(B))°P? — Ho(Fun(Modc¢(B), SSet)”)
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we find in view of Equation that
RSpec(M)(—) = Mapyeg,(p) (M, —) € Fun(Mode(B), SSet) , (45)

for every M € Modc(B) .

The next result generalizes Equation (see Equations and and see [38, Propo-
sition 1.2.1.2]).

Proposition 8. Let ¢ : A — B be a morphism in CMon(C). There is an object Lp|4 € Modc(B)
and an element d € mo(Dera(B,Lp|4)), such that the induced natural transformation

—od : Mapyeg,(p)(Lpja, —) — Dera(B, —)
has components
(= od)N : Mapyeayp)(Lpja, N) — Dera(B,N) (N € Mode(B))
that are isomorphisms in Ho(SSet).
In view of Equation and Remark @, it is natural to give the following

Definition 16. Let ¢ : A — B be a morphism in CMon(C). We refer to the corepresenting
object Lg|4 € Ho(Modc(B)) of the derivations functor Der4(B, —) as the cotangent complex
of ¢ (or of B over A). In the case A = 1, where 1 is the unit of the symmetric monoidal
category C, we set Lp :=Lp)y and refer to this module as the cotangent complex of B.

As the unit 1 of C is the initial object of CMon(C), Proposition 1.2.1.6 (1) in [38] implies
that, for any CMon(C)-morphism A — B, the sequence

Ls®5 B —Lp—Lga (46)
is a homotopy cokernel sequence in Modg(B) (this generalizes the Jacobi-Zariski right exact

sequence).

5.3 Formally étale morphisms in a Homotopical Algebraic
Context

The notion of étale morphism of schemes is the algebraic analogue of the notion of local

diffeomorphism of smooth manifolds. A morphism of schemes is étale if and only if it is
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locally of finite presentation and formally étale. The definition of a formally étale morphism
of schemes is dual to that of a formally étale morphism of commutative rings and consists of

a lifting property of a local diffeomorphism.

Let k be a commutative Q-algebra. A morphism ¢ : R — S of discrete commutative k-
algebras is formally étale, if 7<1Lg/r = 0, where 7 stands for truncation. It can be shown that
this definition coincides with the usual definition via the lifting property mentioned in the
previous paragraph. That motivates the definition saying that a DGkA-morphism ¢ : A — B

is (derived) formally étale, if L 4 = 0 [29]. In view of the homotopy cokernel sequence
La®%B—Lg— Lpa
(see Equation ), it is now natural to give the

Definition 17. In a homotopical algebraic context (C,Co,A), a CMon(C)-morphism ¢ : A — B

is formally étale, if the morphism
Ls®4% B — Ly
is an isomorphism in Ho(Modg(DB)).

This definition holds in particular in DGDA, i.e., for C = DGDM, and in DA, i.e., for C = DM.
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