UNIFIED TREATMENT OF ARTIN-TYPE PROBLEMS II

OLLI JARVINIEMI, ANTONELLA PERUCCA AND PIETRO SGOBBA

ABSTRACT. This work concerns Artin’s Conjecture on primitive roots and related problems
for number fields. Let K be a number field and let W, to W,, be finitely generated subgroups
of K* of positive rank. We consider the index map, which maps a prime p of K to the n-
tuple of the indices of (W; mod p). Conditionally under GRH, any preimage under the index
map admits a density, and the aim of this work is describing it. For example, we express the
density as a limit in various ways. We study in particular the preimages of sets of n-tuples that
are defined by prescribing valuations for their entries. Under some mild assumptions we can
express the density as a multiple of a (suitably defined) Artin-type constant.

1. INTRODUCTION

Let K be a number field, and let us work inside a fixed algebraic closure of K. Let « € K* be
not a root of unity, and consider the primes p of K such that the reduction (o mod p) is well-
defined and non-zero, so that we may consider its index Indy (c) in the multiplicative group of
the residue field at p. This sets the ground for Artin’s Conjecture on primitive roots and related
problems: for an extensive account on the conjecture and its generalizations we refer to the
survey by Moree [7].

Results on Artin’s Conjecture on primitive roots by Hooley [3] and by Cooke and Weinberger
[2]] (that are conditional on GRH) ensure that the set of primes p such that Ind, () = 1 has a
density, which can be expressed in terms of the degrees of cyclotomic—Kummer extensions:

(D) dens {p : Indy () = 1 .
{ V-2 e
More generally, we consider a sequence f,, of posmve integers and the formal expression
p(n)
2 :
2 RG 0/5) ]

Fixing some positive integer ¢, Ziegler [11] proved (conditionally under GRH) that the set of
primes p such that Ind,(a) = ¢ has a density given by (2)) setting f,, = nt. Moreover, Lenstra
[4] proved (conditionally under GRH) that the set of primes p such that Ind, () | ¢ has a

density given by @) setting f,, = n - [[,, 2ve®,

For k > 1 we say that an integer is k-free if it is not divisible by a k-th power greater than
1: square-free is the same as 2-free, and the number 1 is the only 1-free positive integer. As a
special case of the results in this paper we have (conditionally on GRH)

dens {p : Indy(a) is k-free} = Z

n>1

K(¢,r, al/”k) (K]
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More generally, we could fix a set P’ of prime numbers and for every £ € P’ some positive
integer k(¢): we may then require that the /-adic valuation of Ind, () is less than k(¢). Writing
P. for the set of positive integers whose prime divisors all lie in P/, under GRH we have

d . Ve P MOt nd = " ’
ens {p € tIn P(O‘)} nezP:go [K(Cfnaal/f") : K]

where f, =[] tn 20 This formula, including the special case of k-free index, is proven in
Example [25] where we also express it as the rational multiple of an absolute constant.

As an application, we may derive the special case K = Q, a € Q* \ {£1} and Indy(a)
being square-free. We write b for the least common multiple of 2 and the primes ¢ such that
vg(a) # 0 or such that +a is an ¢-th power in Q*, and we write C}, for the set of automorphisms
in Gal(Q((y2, a'/?”) /Q) which, for all £ | b, are not the identity on the field Q((z2, a'/%*). We
obtain the formula

1
dens{p : Ind,(a) square-free} = H (1 — = 1)€3> . 0 al/b H 64 — 83 —

4

Notice that for some conditions on the index (for example, k-free for £ > 2) one can get
unconditional results because the involved cyclotomic-Kummer extensions contain a ‘large’
cyclotomic extension (see the method by Pappalardi [9]). Notice that the results stated above
for «v can be straight-forwardly generalized to the case of a finitely generated subgroup of K*
of positive rank.

This paper should be seen as the follow-up of [[6] by the first two authors. Our results are
again conditional under GRH, and we work in the same generality, namely we consider groups

W1, ..., W, that are finitely generated subgroups of K * of positive rank. We consider any set
H C 7% and the density
3) dens {p : (Indy(W1),...,Indy(Wy)) € H},

which is known to exist by [6]].

We say that H is cut by valuations if we have H = NyH,, where Hy is the preimage under
vy of vg( H): this means that H consists of the integers that have suitable /-adic valuations for
every ¢, the conditions on the various ¢ being independent. Slightly more generally, we allow
finitely many valuation conditions not to be independent (we say that the set is almost cut by
valuations). More generally, we consider a set H which is determined by valuations, by which
we mean that H = NgHg, where Q > 1 is square-free and Hy is the preimage of the ()-adic
valuation of H.

Concerning the groups W1, ..., W,,, we occasionally require that they are separated, which
means that for every i the rank of (Wy,..., ¥, ..., W,) is strictly smaller than the rank of
(W1,...,W,). This condition plays a role for the Kummer extensions and consequently for
the index map

p — (Indy(Wh),...,Indy(W5,)),

see [6]. Notice that auxiliary results of Kummer theory of independent interest are proven in
Section

General results about expressing (3) as a limit (in various ways) are contained in Section [3}
Proposition [§] does not require additional assumptions, Theorem [9] only requires the groups to
be separated, and Theorem [T holds for all sets of tuples that are determined by valuations.
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Sectionf]is devoted to define Artin-type constants that represent heuristical densities. By Pro-
position [22] such constants are strictly positive if the groups are separated. Then for separated
groups and sets which are almost cut by valuations, we can express the density in (3) as a mul-
tiple of an Artin-type constant, see Theorem [24] and Corollary Finally, we can also handle
correction factors, see Remark 28]

2. CycLOTOMIC-KUMMER THEORY

Let K be a number field, and let W7 to W, be finitely generated subgroups of K * of positive
rank. We write [ = {1,...,n}, and for every J C I we write W for the smallest subgroup
of K* containing the groups W; for all i € J (we set Wy = {1}).

We make use of the letter £ only to denote a prime number. Consider an n-tuple e; € Z%,

denoting by e; its entries and by e its maximum. Calling VVI1 /7 the list I/Vl1 /e ey le/ e

we aim to describe the degree

2

1/¢¢1
4) (K (Geme, W7 1) 2 K (G
Up to reordering the groups, we will suppose that the tuple ey is non-increasing, namely that
€1 = ... 2 e,. Wealsoset e,1 = 0. Let C be a constant and consider the set of indices I

consisting of those ¢ € I such that e; — e;41 > C. For J C I, we call §; € Z%, the n-tuple
such that §; = 1 fori € J and 0; = 0 fori ¢ J.

Lemma 1. For every sufficiently large C (larger than a constant depending only on K and
Wi, ..., W,) the following holds: for all ¢ and for all intervals J = [1, M| such that M € I,
we have

0o (LK (G, W) L K (oo, W) = ramk(W).

Proof. We assume w.l.0.g. that T is torsion-free because we are working over K ((s). We
claim that the statement holds by fixing any single prime ¢ with a constant C; which may be
taken O for all but finitely many ¢. Then the statement holds by taking C' := maxy Cy. To prove
the claim we fix ¢, and we let C be such that the following holds:

(i) for every J C I, the Kummer degree for W; has maximal growth from C, onwards (see
[10, Lemma 4.3]), namely we have

Cyp+x C
vp([K (oo, W31 ) 2 K (oo, W31))) = wrank(W) 5
(it) for every J, J' C I such that WW; N W, has positive rank,
vg([W}/oo NWyp :WynWy]) < Cy,

which means that the divisibility of the elements in W is bounded with respect to W (this is
because only the finite torsion part of the quotient W/ /(W N W) matters for this divisibil-
ity).

Setting W; = W{™ ", we have to prove

e1+1 e e
vp([K (Gooo, WY W) 1 K (G, WE)]) = rank(W)

SetT' = K ((poo ) ¥, We have [WyT - WOT] = £4050V) by (i) and W;TNWp ;T € WOT
by (ii). So we get
W W T s WT] = 22K0V).
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We conclude because, by Kummer theory, we have

K (Crme, WHE) 2 K (Goo)] = [WAT < T

e1+1 e
[ (G WY W) 2 K (Gee)] = W W T < T O

Notice that with several applications of the previous Lemma we may reduce the computation
of the degree (4) for a general tuple e; to the analogous degree corresponding to a tuple ef
satisfying e; — e;41 < C foreveryi =1,...,n.

We may now compute the degree (4) for any £ large enough. Recall that W o = {1}.

Lemma 2. There is a constant c (depending only on K and W1, ..., W, ) such that for every
01 ¢ and for every non-increasing ey € 7%y we have

Ve ([K (Coe s le/m) s K (G )]) = Z ei(fank(W[l,i}) - rank(W[l,i—l]))'

1<i<n

Proof. We take ¢ so that for every ¢ 1 ¢ we may take Cy = 0 in the proof of Lemma
It then suffices to apply e; + --- + e, times Lemma (1| With e; — e applications, we get
the contribution (e; — e2)(rank(W/; ;7)) and we may replace e; by es. Then with ey — e3
applications we get the contribution (ez — e3)(rank(W[; 5))) and we may replace e; = eg by
e3. Continuing in this way, in n steps we obtain the zero n-tuple, the last contributions being
(en—1—en)(rank(W; ,_17)) and e, (rank(W[; 5] )). Collecting the various contributions gives
the formula in the statement. O

Fix £ and let Cy be as in the proof of Lemmall] If e is a non-increasing tuple and i € I, then
by Lemmawe can relate ey with the tuple obtained by replacing e; by e; — (e; — e;4+1 — Cy)
for every j < 4. We can do this procedure for every i € Ic,. In the end we obtain a tuple ¢;
such that t; — t;41 = e; — e;+1 holds for all ¢ ¢ Ic, and t; — ti41 = Cyforall i € Ig,. By
varying ey, the tuple ¢; varies in a finite set, which we call 7¢,. We also define the function
T : er — t;. The next result describes the degree (@) for all ¢:

Theorem 3. We keep the above notation. There exist polynomials Py r(x1) € Zlz;], T € Te,
such that the following holds: for every non-increasing ey € Z%, with T (er) = T we have

Per(er) = ve([K (Gese, W) K (G2)]) -
There exist constants cy T such that
Pg’T(xj) + G T = Z mi(rank(W[M-]) - rank(W[Li,H)) .
1<i<n

Moreover, for all but finitely many primes £ we have c; 7 = 0.

Proof. By Lemma(l| we must have
PK’T((B]) — Pg’T(T) = Z (61‘ - Ti)(rank(W[u]) - rank(W[u,l])) .
1<i<n
So we may set

cor = —vg([K (oo, WII/ZT) LK (Geo)]) + Y Ti(rank(Wiy ) — rank(Wig;_q))) -

1<i<n
Since in the proof of Lemma [I|we may take C; = 0 for all but finitely many ¢, we deduce the
last assertion by Lemma 2] O
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Remark 4. In Theorem [3| we have ¢, > 0 whenever rank(WW;) = >, rank(W;) because
rank (W;) = rank(W/ ;) — rank(W}; ;_y]) and

ve([K (oo, W)t K(Ge)]) € Y T (rank(W7)) .

1<i<n
3. LIMITS OF DENSITIES

3.1. Valuation conditions. Recall that we denote by ¢ only prime numbers. We consider the
(-adic valuation as a map vy : Z2, — Z%, and more generally for a square-free integer Q) > 1
we define the Q-adic valuation vq : ZZ, — ], Z%, as the product of the maps v, for £ | Q.
Let H C ZZ, and write H for the preimage under vg of vg(H ). For every ¢ large enough
we have 07 € Hy. For all square-free integers @), Qo > 1 with Q¢ | Q we have

(5) HCHyCHg,n () HeC()H.
z|QQ0 4Q

Definition 5. We say that H is cut by valuations it H = NyH,. We say that H is almost cut by
valuations if there is some square-free integer (Jo > 1 such that

H=Hg,N () He.
4Qo
We say that H is determined by valuations if H = NgHg by varying () > 1 square-free.

By (9) a set which is cut by valuations is almost cut by valuations, and a set which is almost
cut by valuations is determined by valuations.

Example 6. The set of positive square-free integers is cut by valuations. The set of positive
integers with an even number of prime divisors is not determined by valuations because we
have Hg = Z for every () > 1. A finite set or, more generally, a set with finite support (the set
of prime divisors of the entries is finite), is not necessarily cut by valuations, but it is almost
cut by valuations. An example of set that is determined by valuations but is not almost cut by
valuations is the set of prime numbers together with 1.

3.2. Notation. We keep the notation of [[6]]. In particular, ¢ is a prime number and Q) > 1 is
square-free. For hy € ZZ, we write h := lem(hy,...,hy). Moreover, hq s is the n-tuple
obtained by removing from the terms of h; the prime factors coprime to (), and we write
hg :=lem(hg 1, ..., hgn).

We fix some finite Galois extension F'/K and a union of conjugacy classes C' C Gal(F/K).
We write

1 e
Ko ar = | K (G W)

e=1
For H C Z%, we define
(6) Crq = | Chos = | Cho, C Gal(FKge g /K),
hreH hq,1

where U denotes a disjoint union and Chy,; 18 the conjugacy-stable set of those automorphisms
o that satisfy all of the following conditions:

e the restriction of o to F' lies in C';
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e the restriction of o to K ((p, VVI1 / hQ”) is the identity;
e forall ¢ | Q and for all i € I the restriction of o to K ((yn, ;s Wil/qhQ’i) is not the
identity.

Consider the Haar measure fif55, on Gal(F Kqe g2 /K). The set Chyg,; (respectively, Cy @)
is measurable and it has measure 0 if and only if it is empty. Moreover, we have

@) MHaar(CH,Q> = Z MHaaF(ChQA,I) :
hQ,I

Finally, if p is a prime of K unramified in F', then ( Fﬁ K) is the conjugacy class of the Frobenius
elements at the primes of F' above p.

3.3. Results. Consider the primes p of K unramified in F' for which the index map
®) U:p — (Indy(Wh),...,Indy(Wy))

is well-defined. Let the set S i consist of those p such that ( F}’K) C Cand ¥(p) € H.
Notice that we have

(9) MHaar(CH,Q) - denS(SC,HQ)~

Theorem 7 ([6, Remark 4.2]). Assume GRH. The set Sc, i admits a natural density, and we
have

(10) dens(Sc,m) = Z dens(Sc ¢n,}) -

hyeH

Moreover, we have dens(Sc i) = 0 if and only if Sc, i = 0.

The sum in the above statement might have infinitely many terms. Formally, it is defined as a
limit for x — oo of sums over the n-tuples h;y € H with entries bounded from above by x. In
the statements below the limit for ) — oo is the limit ¥ — oo for Q, := [],<, ¢, while the
limits @, B — oo and @), k — oo can be seen as double limits (where the order of the limits
does not matter) but also as a single limit, for example min(Q, B) — cc.

Proposition 8. Assume GRH. We have
(11 dens(Sc.g) = lim dens(S¢ g, p)n) -
B—oo ’ ’

If Q is a positive square-free number, calling Q> the subset of ZZ, consisting of the n-tuples
such that the prime divisors of each of the entries divide Q, we have

(12) dens(Sc. ) = Qlim dens(Sc, Hng=)
—00
and
(13) dens(Sc i) = Q%goo dens(SaHonom[LB]n) .

Calling ZZ—fre . the tuples consisting of k-free integers, we also have

(14) dens(Sc i) = lim dens(Sc gnze. ),
’ k—o00 ’ k-free
and
(15) dens(Sc,p) = lim dens(Sc mngenzn, ).

Q,k%oo k-free
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Proof. By Theorem[7]all densities exist. Since [1, B]" C [1, B']" for B < B’, the limit in (TT)
exists and the inequality > holds. Thus to prove (IT)) it suffices to show that the density of the
set {p : U(p) ¢ [1, B]"} goes to 0 for B — oo. This set is contained in the finite union of the
sets {p : Ind,(W;) > B} fori =1,...,n and we conclude because

Zdens {p:Indy(W;) =t} =1<00.

t>1
Equalities (I2) and (14) similarly follow from the identities H = (Jo(H N Q) and H =
Ug(H NZj 4. ), respectively. For consider that [1, B]"™ C Q> holds for some suitable ()
(namely, the square-free part of B!). Finally, we can deduce from because [1, B|" C
7} 4o holds for some suitable & (namely, 1 plus the largest valuation of the numbers in [1, B]).
Notice that we could also deduce from by expressing the double limit as an iterated
limit, as all limits are convergent. g

Theorem 9. Assume GRH, and suppose that the groups W; are separated. Then the following
are equivalent:

(i) dens(Sc,m) > 0;
(1) Cu,q # 0 holds for every square-free integer Q > 1;
(i) Cu,, # 0 holds for some sufficiently large integer x (which is computable and de-
pends on K and Wy, ..., W, but it does not depend on H).

Proof. The implications (i)=-(ii)=-(iii) are clear. The implication (iii)=-(i) holds for a singleton
by [6, Theorem 4.1]. In general, since the groups are separated, it suffices to investigate the
images of finitely many singletons by [6, Theorem 6.2 (iii)]. (|

The conditions in the above theorem are clearly necessary to have dens(Sc p7) > 0. They are
also sufficient if H is a singleton by [6] but in general they are not: the following example can
be generalized to any groups that are not separated, and it shows that we cannot have in general
(i)=@).

Example 10. Considern = 2, K = F = Q, Wy = Wy = (2) and H = {(q, ¢*)| ¢ prime}.
Clearly Sc.iz = (). However, for every @ the zero tuple is in vg(H ), hence Cr o # 0 (by
considering only v we are not excluding those primes p such that 2 mod p is a primitive root).

Theorem 11. Assume GRH and suppose that H is determined by valuations. Then we have

(16) dens(Sc.p) = lIm piHaar(CH,Q)
Q—o0
and
_ ) p
(17) dens(Sc ) = ngnoo dens {p :U(p) € Hg, (F/K) C C} .

Proof. Formula is a consequence of (17)). To prove it suffices to show that the density
of the set {p : W(p) € Hg \ H} goes to 0 for Q — oco. Call H' = Z", \ H. Then, since
H is determined by valuations, we have H' = (J,(Z%, \ Hg). Thus, to every t; € H' we
can associate the least positive integer z such that t; ¢ Hg, whenever > z. This function
provides a partition of H' into sets H_. Moreover, by Theorem we have

dens(U(H')) =) " dens(¥'(HY)).

z>1
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As this series converges, we conclude because the complement of Hy, is contained in U, >, H.
O

In the following statement we let (o be as in Definition [5] (notice that in the limit we could
restrict to those ¢ | @ such that £ 1 Qo).

Corollary 12. Assume GRH and suppose that H is almost cut by valuations. Then we have

dens(Sc. ) = ngl)o dens {p :W(p) € Hg, N ﬂHg, <F}JK> C C} .
0Q

If H is cut by valuations, then we have

dens(Sc. ) = ngnoo dens {p :¥(p) € ﬂHg, (FI/JK) C C’}.
0Q

Proof. This is a consequence of Theoremby writing H¢ suitably. U

Example 13. We cannot expect Theorem [T1] to hold for all sets H. For example, let n = 1,
consider a trivial Frobenius condition, and let H be the set of prime numbers. Then Ny Hy is
the set of all positive square-free integers and we have 1 € NgHg. So by considering Ny H,
or NgHg we may obtain a strictly larger density (provided that there is a positive density of
primes p such that Ind, (W7) = 1).

Remark 14. One may also consider the map p — Ind, (W) where W is a torsion subgroup
of K*. If the order of W is t > 1, then we consider those primes p that do not divide ¢. We
have Ind, (W) = (Np — 1)/t, and in particular the index map has finite preimages. However,
given a prime number ¢, we may study for example the condition v,(Ind,(W')) = «, which
is equivalent to saying that p splits completely in K ((=) and not in K ((ypw+1). Then the
density of primes satisfying this condition can be obtained by applying the Chebotarev density
theorem, and for all but finitely many £ it is given by 1/p(£%) — 1/p(£*F1).

4. ARTIN-TYPE CONSTANTS

To study the density of the preimage of a set H C ZZ, under the index map (), we define an
Artin-type constant, whose value depends on H and on the ranks of the groups W, J C I.

For every ¢ € I, let r; := rank(W;). Also let R be the tuple of integers R; := rank(WW;), J C
I. By assuming that all W; have positive rank, the following holds: R is a 2"-tuple of integers
satisfying Ry = 0 and Ry» > Ry > 0 whenever J' O J # (). If the groups are separated,
then we have the strict inequality R > R if J' strictly contains J. If the groups are multi-
plicatively independent, then for every J we have R; = > jeg Tj» and we write r instead of
R.

We define the inclusion—exclusion function on a tuple of real numbers xz; as follows (for the
empty tuple we have ZE(z) = 1):

TE(zy) ==Y (~U)* []a = [0 — ).
JcI jeJ el

Notice that, setting x; = d%-’ by the Chebotarev density theorem the function ZE provides the
density of the primes of a number field that do not split completely in any of finitely many
linearly disjoint Galois extensions of the number field having degree d;.
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For any ¢ we let V;, C Z%, and we write V' := (V;),. Given H, we may set V; := vy(H) and
moreover, every V such that O; € V} holds for every £ > 1 can be obtained in this way. We
define an Artin-type constant

Avr =[] Av.r(©)
[
as an infinite product (which converges) of suitably defined real numbers in [0, 1]. In turn, we

define
Ay r() ==Y Fyr(0)

v EVy
as a series (which converges) of suitably defined real numbers in [0, 1]. The numbers F,,, z ()
are the evaluation at £ of a rational function F,, z(x) with integer coefficients, corresponding
to a heuristical density of the primes p satisfying v,(Ind,(W;)) = v; forall i € I.
Let us define these heuristical densities F,,, z. We first note that the event v/(Ind,(W)) > 1
ought to happen with probability £~""%(W) agsuming that p splits completely in K (C¢). This
leads to the following formula in the simple case of the zero n-tuple O;.

Definition 15. For the zero n-tuple, we define

_ _1\#J _1\#J
For(t) = =24 1 Z( D& b > (i
cI

(-1 (-1 2 -1 2L
J 0£JCI
Now consider an n-tuple v; # 07. There is a permutation ¢ such that the tuple (vy,, ..., Vs, )
is non-increasing, that is we have v,, > --- > v,,. Then we define a function f : Z;‘O — 7
by setting

n

f(vf) = Zvai (R{Ul,...,o'i} - R{al,...,ai_l}) .

i=1
Notice that the choice of o does not affect the value of f at v; (to see this it suffices to make
swaps of neighboring indices o;,0;41 such that vy, = vy, ;). Setting v = max(vy), by

Theorem 3| the value f(vy) represents the theoretical value of the degree [K (o, W 1/ ¢ I) :
K (Cev)]. Indeed, in the theoretical case, in Theorem 3| we may take C' = 0 and ¢, = O, and
we may work over K ((g).

Definition 16. Given vy # 0y, wesetI' :={i € :v; = v}. We define

1 (-1 (1)
(18) Fm, ([) = Sp(fu)ff(w) ( Y Z gf(v1+§J) f(vr) g Z gf(vﬂréj v1)>
JcCI

JNI'=0

Let us motivate this definition. First, the factor 1/¢(¢") expresses the theoretical density of the
primes p of K splitting completely in K (Cpv). The factor 1/¢/ (v1) is obtained by requiring ad-
ditionally that p splits completely in K ((pv, W 1/ e ).
in

Conditionally on p splitting completely
K (Coo, WHE L W

there is a density of

that p splits completely in
K (Coo, WHET L WHET
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as well. We then consider the density of the primes p that do not split completely in any of

the extensions K ((pv;+1, VVZ-I/ et ), considering separately two cases depending on whether p
splits completely in K ((o+1). The first sum in (I8 corresponds to the case where it does not,
while the second sum corresponds to the case where it does, the formulas being obtained by
inclusion—exclusion and reasoning as above.

While it is not obvious from (I§), the values F),, z(¢) are non-negative and under a separ-
atedness condition strictly positive, see Proposition Formula (18) may also be rewritten
as

_ 1 (=n#/ 1 (=n#/
(19) Fo,r(0) = gv< ch:z ety YT > i |

JcI

JNI'=0

Example 17. For n = 1 (setting r = r1) we have

e =] forv=0
Fa)={ 70T

o {Wlﬂ)'(/l)(l—@il) forv > 0.
Example 18. For a constant n-tuple v; # 07 we have

1 1 (—1)#/
m'(1+e—1z R )

JCI

FUI,R(E) =

because we can write f(vr + d7) = vRr + Rj.

Example 19. For n = 2, supposing that R; = r; + 73, we have

1+ A (ZE( T, 07m2) — 1) forv; = vy =0
FUI,T](E) — m . K—Ll . (]_ + % . (Ig(f_'f’ljg—’w) _ 1)) for V1 = V2 > 0
g oy - ZE(ETTm, e et for vy # vy

where I = {m, M} is such that vy, = v.
Example 20. Suppose that for every J we have Ry = 5 jeg Tj- Then we have
-2 1

Fy, » =—— 4+ —TEWLTT).
011[(‘6) £_1+£_1 8(£ )
For v # 0 we have
1 1
- - . —Tna’ - —rr
Fyp iy (€) yES ST (IE(E )+ 5 TE( )>
1 4

TE(EY (1 (T - 1))

|

- 2 viri . /-1 .
because we can write f(v; +d7) — > ;e Vit = D i Ti-
Next, we prove that the heuristics for to be the density of the preimage is rigorous for all

but finitely many primes ¢. Moreover, for all ¢ such that (; ¢ K we may suppose that the
involved subgroups of K * are torsion-free.

Corollary 21. There exists a constant ¢ such that for every { t c the preimage of vr under
vg o W has density F,, g (¢).
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Proof. Let c be the integer of Lemma|2] and we also suppose that c is a multiple of the primes
¢ such that K N Q((,) # Q. Fix £ { c. The condition v (Ind,(W;)) = v; for all 7 is equivalent

to p splitting completely in K (v, 1/ ) and not in K ((pu;+1, Wl/ e ) for all . Hence,
setting m := max(vr + d), by 1nclu51on—exclu51on the density of these primes equals

(—=H*’
(20) — .
%[K(Cm,W}M K

For v; = 0y, the involved degrees have maximal value by the proof of Lemma|l] because for
¢t ¢ we may take Cy = 0 and for J # () we may work over K ({;). Hence, we obtain
1 ) iad
T — > S

f—1 (R
0£JCI

which equals Fyy, = (¢), as defined in Definition[16] Let vy # 0;. By Theorem 3} since for £ { ¢
we may work over K ((ym,) and ¢, 7 = 0, we have

v+
[ (G, W) K = ()l e,
Replacing the value of the degree in (20) and distinguishing the cases for J N I’ being empty
or not yields the value F},, = (¢) as expressed in (19). O

Corollary .holds unconditionally (without GRH) because we work inside the finite extension

K((po+1, Wl/ et ) /K, so that one needs to apply the Chebotarev density theorem only fi-
nitely many times. Finally, we note that if the groups W7, ..., W,, are separated, then F,,, z ()
is indeed strictly positive, as is the resulting Artin-type constant Ay .

Proposition 22. Suppose that Wi, ..., W, are separated. Then for every £ and for every
vy € 25, we have F, z(€) > 0. Moreover, if 01 € Vj holds for £ > 1, then the Artin-type
constant Ay is strictly positive.

Proof. The second claim follows from the first because for £ > 1, supposing w.l.o.g. that
= {07} holds, we have

2” 1

The product over ¢ of the terms 1 — 1/ 63/ 2 is shown to be strictly positive by first taking
logarithms and then proving that the obtained series is finite by means of Taylor approximation.

The claim on the positivity of F,,, z(¢) is proven via a probabilistic interpretation. Note that
the value of F},, = (¢) only depends on W} through the tuple R of ranks. Hence we may reduce
to the torsion-free case: if G is the torsion group of W;, we may replace W; by W; - G/G
without affecting the ranks of the product groups.

For1 < i< n,letb1,...,b;,, beabasis for W; and let B denote the multiset {b; ;|1 < i <
n,1 < j < r;}. Associate to each b; j a random variable X ;, for which
1 1 1
P(Xm:k):gk i for0<k<v+1, PX;j=v+1)= il

with the random variables X; ; independent of each other. Introduce a further random variable
X¢ with
1 1 1

P(X,=k)= — for0 < k 1, P(X,= 1) = —,
Ke=k) =S ~ gy Prosk<vtl Pc=vHl)=Zrm
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with X; ; and X all independent of each other. (Intuitively, X and X ; correspond to the
k

largest k such that a random prime p splits completely in K ((x) or K ((yr, b%ﬁ ).)

For each subset B’ C B and b; ; € B\ B’ for which we have b; ; € (B')'/>, we consider the

condition

(21) Xl,j >  min X’i/,j/

bi/’j/GB’

on our random variables. Let E denote the event corresponding to all of such conditions
holding. Note that P(E) > P(X;; = v+ 1foralli,j) > 0 hence, we may condition on E.

(The event E' accounts for the fact that the groups W; and fields K ((yx, VV;/ Zk) may interact
with each other.)

Consider then the conditional probability
P(fOI‘ alli € [1, TLLHliIl(XZ'J, ce 7Xi,ria XC) = ’Ul’E)

The probabilistic motivation given for (I8) shows that this probability equals F,, z(¢). This
already proves that I, & (¢) is non-negative. For strict positivity, note that by the assumption
on the separatedness of Wy, ..., W, there are ¢1,...,t, such that the basis elements b; ;, are
multiplicatively independent with B \ {b; 4, }. It follows that for any condition of the type (21)),
X+, only arises on the right hand side, and furthermore for any such condition there exists a
corresponding condition with b; ;, removed from B’. Hence there are effectively no conditions
on the variables X; ;,, and thus

P(fOI' allz € [l,n],min(Xm, .. 7Xi,ri; Xc) = ’Uz’E) =
P(X¢;=wv+1landforalli € [1,n],X;;, =v;and forall j # ¢;, X; ; = v+ 1|E) > 0.
O

5. EULER PRODUCTS AND MULTIPLICATIVE CORRECTION FACTORS

In this section we show how the densities dens(Sc pr) can be expressed as multiples of an
Artin-type constant. Correction factors arising in generalizations of Artin’s Conjecture were
studied by Lenstra, Moree and Stevenhagen in [5], where they have been expressed in terms of
character sums describing the nature of the entanglement. Moreover, this method was applied
in a recent paper [1] to compute constants in other Artin-type problems. Over number fields,
the correction factors arising in (1) and in the density for Ind, () | ¢ have been considered by
Palenstijn [8, Theorems 1.5 and 5.2].

For a positive integer (), we write H ) for the preimage under vg of vg(H ), and the conjugacy-
stable set C'y o of K -automorphisms is defined in (6)).

Proposition 23. Assume GRH. Suppose that H is almost cut by valuations, and let QQg > 1 be
a square-free integer such that H = Hg, N ﬂ@@o Hy. There is a square-free integer B > 1,
which depends only on K, Wy, ..., W,, and F, such that

dens(Sc,i) = pHaar(CH lem(B,Qo)) * H Paar (CH.e)-
Hem(B,Qo)

Proof. By [6, Proposition 3.1 (iii)] (see also [10, Theorem 1.1]) there is a square-free integer
B, which depends only on K, W; and F, such that for any prime number ¢ and any integer ¢
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with ¢ coprime to both B and ¢ we have:
¢
KW/ nFGw) =K.

This implies, in particular, that by varying ¢ 1 B, the conditions on the K -automorphisms being

the identity on K ((y, I/VI1 / Z) are pairwise independent, and they are also independent from the
Frobenius condition related to F'. Notice that B is divisible by the primes ¢ such that {; € K.
Hence, setting B’ := lem(B, Qo) for all square-free integers @ > 1 with B’ | @, we have

Chug =Chp X @ CHy-
YUB' L|Q
We then conclude by Theorem 1] U
Theorem 24. Assume GRH. There is an integer B > 1, which depends only on K, W1, ..., W,

and F, such that the following assertions hold. If H is almost cut by valuations, with Qg as in
Proposition[23] then we have

(22) dens(Sc,i) = pHaar(CHlem(B,Q0)) * H Ay, r(£).
éﬂcm(B,Qo)
If additionally we assume that Wy, ..., W, are separated, then we have

(23) dens(Sc,i) = Avr - <MHaar(CH,1cm(B,QO)) ' H Aw,n(€)1> 7
£lem(B,Qo)

and dens(Sc, ) is strictly positive if jiftaar (C'H 1em(B,Q0)) > 0-

Notice that, in case C'y p is the preimage of its projection to a finite Galois group, dens(Sc i)
is a rational multiple of the Artin-type constant Ay by (23).

Proof. Let B be as in Proposition and we may suppose that B is also a multiple of the
integer c of Corollary For ¢ 1 B, observing by (9) that

pttaar (Chy ;) = dens(SCM-l(W(he’I))) = dens ((Ug o \If)_l(vg(hg,])))

for every hy; with hy € H, by Corollary and we have paar(Crye) = Ay, r(0).
Therefore, since H is almost cut by valuations, by Proposition 23] we obtain (22)). For the
second assertion it suffices to apply Proposition 22} O

The following example illustrates how from our results we can obtain an expression for the
natural density both in the form of a series and of an Euler product.

Example 25. Fix a set P’ of prime numbers and for every ¢ € P’ some positive integer
k(¢). Then let H be the set of positive integers z such that vy(z) < k(¢) holds for every
e P. Letn =1,set W := Wy, C K*, and call S the set of primes p of K such that
Ind, (W) € H. Recall the notation P, for the set of positive integers whose prime divisors
all lie in P’, and Q° for the set of positive integers whose square-free kernel divides ). For
@ > 1 square-free, setting f,, := Hanﬁk(f), using the inclusion—exclusion principle (on the
conditions vy (Ind,(W)) < k(¢) for £ | Q) and Chebotarev’s density theorem we have

dens<\111<ﬂHe>>= > [K(Cfn,l;é@fn);m’

2)Q nePL NQ>®
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and hence, since H is cut by valuations, by Corollary [I2] we have

24 dens(S) = ) .
(24) ens(.5) nez% [K(Cr, WiTn) : K]

A side note: as a special case, if P’ is the set of all prime numbers and k(¢) = k for all ¢,
then we are requiring Ind, (W) to be k-free (square-free, if & = 2); another special case is
requiring Ind, (W) | ¢ which amounts to take for n > 1 square-free f, :=n - [],,, £** (®); with
a similar reasoning involving the exclusion—inclusion principle we can deal with the condition
Indy (W) = t, taking f, := nt.

Next we evaluate dens(.S) as an Euler product (the appropriate Artin-type constant) multiplied
by a correction factor. By Example (17} for £ € P’ we have

k(0)—1 .
Avyr(€) = Z Fop(l) =1~ (0 — 1)@ (r+1)-1
v=0

and Ay, = [Isepr Av,.r(¢) (notice that for £ ¢ P’ we have Ay, .(¢) = 1). By Theorem [24]
there is a square-free integer B (which depends only on K and W) such that

#Cb -
d _ A . ) y . A T g
ens(s) V, [K(CB/7W1/B ) M K] Z€7)HEB Vb ( )

where B’ := [[iep g 7% and Cjp is the subset of Gal(K ((gr, W/B")/K) consisting of

those automorphisms that, for every £ € P’ with ¢ | B, are not the identity on K (Cyce), W/ e ).
In particular, the density vanishes if and only if Cz = (). Recall that, if W is torsion-free, one
may take for B any positive integer maximizing the ratio (2)z" /[K ((,, W'/?) : K] by vary-
ing z > 1; see [10] for an explicit description.

Example 26. With the same setup of Example and fixing k > 2, we consider the primes p
such that the index Ind, (W) is a k-th power. If H is the set of k-th powers, then V; = kZ,

Hy is the set of positive integers with {-adic valuation divisible by k, hence H = (1), H; and H
is cut by valuations.

For B as in Theoremfor K and W, let K g peo be the union of all fields K (¢pe, Wl/Be)
for e > 1, and let C'p be the subset of Gal(K g~ pe/K) consisting of the automorphisms o
satisfying the following: for every ¢ | B there is an integer m > 0 such that o is the identity

on K (Cprm, W™, and it is not the identity on K (Cprmsr, WY/, By Theorem we
obtain

dens{p : Ind, (W) is a k-th power} = Ay, - fiHaar (CB) - H Ay, (0)71
B

where Ay, =[], Av,»(¢) and by Example 17| we have
pr(r+1) _ pr+1
(0 — 1)(£k(r+1) _ 1)'

Ay (@) = Frop(0) =1 -
v=0

Corollary 27. Assume GRH. There is a square-free integer B > 1, depending only on K, Wy, F,
such that for every hy € 72, we have

dens(SQ{hI}) = ,UHaar(ChB,j) ’ H F”Ue(hl)u'R(g) ’
%B
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Moreover, if W1, ..., W, are separated, then dens(SC,{hI}) is strictly positive if we have
MHaar(ChB,I) > 0.

In particular, for separated groups, altering h; with prime factors ¢ > 1 does not affect the
positivity of the density.

Proof. Recall the notation of Section This is a special case of Theorem [24]as the set {h}
is trivially cut by valuations with Hy = {(my£v¢(") . m, 2c(n)) - ¢ flem(my, ..., my)}
and V; = {wv¢(hr)} for every {. Therefore, it suffices to notice that C'y;,,3 p = Ch, ; and

Aoty R = Fyynpyr (0)-

Alternatively, we may prove the statement with a more direct approach. By Proposition 23| we
have
dens(S¢ (n,3) = #Haar(Chp,1) - H tHaar(Chy,1),
UB
where fiHaar (Ch,,1) is the proportion of automorphisms of

l
F(Cony Wy 1 (¢ WD,

L 1/lhy iy . . . L
whose restriction to K ((sp, ,, Wi/ “") is not the identity for any i, and whose restriction

to F' lies in C. In other words, this factor is the density of primes splitting completely in

K(Ch,, Wll/he’l), but not in any of the fields K ((rp, ,, Wil/ehe’i), and with Frobenius in C. By
Corollary assuming also that £ { ¢, this density is equal to F,,,;,) = (£). The last assertion

is a consequence of Proposition [22] O

The formula of Corollary 27| can be further manipulated. Since vy(hr) # O only for finitely
many primes ¢, we may take a positive integer D which is divisible by these finitely many
primes and by B. Then we have

denS(SC,{hI}) = :uHaar(ChD,[) : H Fo,r(0).
“D
If we know that Fyy, z(¢) > 0 for all primes ¢ (e.g. if the groups W; are separated), then we
can write

(25) dens(Se gn,y) = Avr - praar (Chp ) - [ [ Form (@),

0D
where Ay r is the Artin-type constant with V; = {07} for every £. This constant is the heurist-
ical density for the primes p satisfying W(p) = 4y, i.e. the indices Ind, (W;) being all 1. Thus
the factor multiplying Ay in is the correction factor, and we denote it by m(hy).

Remark 28. Suppose that the groups W; are separated. For general sets H, one method
for computing dens(Sc,x) is provided by (I0). Indeed, for every h; € ZZ, by the above
(see also [6} proof of Theorem 4.1]) we know that dens(S¢; (3,}) is a rational multiple of the
strictly positive Artin-type constant Ay g with V;, = {07} for every £. Hence, with m(hy) the
multiplicative correction factor defined above, we obtain the formula

dens(SC’H) = AV,’R . Z m(h[) .
hreH

Notice that the integer D involved in each m(h;) depends in particular on ;. For some ‘easy’
sets H the sum over correction factors may be simplified via other means.
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Example 29. Letn =1, W = Wy, rank(W) = 1, K = F = Q, and let H be the set of prime
numbers. Call A; the density of the primes p for which Ind, (W) = ¢. Suppose that A; > 0,
which implies that the generator of W is not a perfect square. Then for all but finitely many
primes ¢ we have by Corollary[27]and Example

Ay Fiag) 1 1 1 - 21
AT_F(l),i(CqJ) B <Q(q—1)<1_q2>> ' <1_q(q—1)> _qQ(qg—q—l)'

If the above formula holds for all ¢ and we have A; = A, where A =[], (1 — ﬁ) is the
Artin constant, then the requested density is

AZQQ—_l
(P —qg— 1)

In general, the density is of the form

Ar Ay 5 L1
12 S
~ (P —q-1)

where c is a rational number and here A; is also a rational multiple of A. For example, the
density of the primes p such that the index of (2 mod p) is prime is given by

A+A§ Bt S
2(~2 _ .
-~ PP -1

Notice that if A; = 0 (in this case the generator of W is a perfect square), then the index
Ind,(W') cannot be an odd prime, so it is prime if and only if it equals 2.
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