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A MODEL-BASED APPROACH TO DENSITY
ESTIMATION IN SUP-NORM

GUILLAUME MAILLARD

ABSTRACT. Building on the ¢—estimators of Baraud [3], we define a
general method for finding a quasi-best approximant in sup-norm to a
target density p* belonging to a given model m, based on independent
samples drawn from distributions p; which average to p* (which does
not necessarily belong to m). We also provide a general method for
selecting among a countable family of such models. Both of these esti-
mators satisfy oracle inequalities in the general setting. The quality of
the bounds depends on the volume of sets C on which |f]| is close to its
maximum, where f = p — g for some p,q € m (or p € m and g € m/, in
the case of model selection). In particular, using piecewise polynomials
on dyadic partitions of R?, we recover optimal rates of convergence for
classes of functions with anisotropic smoothness, with optimal depen-
dence on semi-norms measuring the smoothness of p* in the coordinate
directions. Moreover, our method adapts to the anisotropic smoothness,
as long as it is smaller than 1 plus the degree of the polynomials.

1. INTRODUCTION

In regression, classification and density estimation, the model-based ap-
proach to estimation [14] consists in specifying a collection of models, to-
gether with a standard method for performing estimation within each model
and a penalty or model selection criterion for selecting among the models.
In density estimation, this approach can for-example be based on maximum
likelihood or least-squares for estimating within a model [14, Example 1]
and cross-validation for selecting among models.

This leads to a number of desirable practical and theoretical properties.
First, the approach is very flexible and general since usually, a wide va-
riety of different model collections are compatible with the basic method.
Moreover, the analysis of the risk of model-based estimators naturally subdi-
vides into an "approximation-theoretic" part dealing with the approximation
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2 GUILLAUME MAILLARD

properties of the model m, and a "statistical part" dealing with the difficulty
of estimating within m, which can be solved separately [18]. Appropriate
penalties can be derived from concentration inequalities for (weighted) em-
pirical processes [13, Chapter 1]. The resulting model selection estimators
optimize the tradeoff between the approximation error and the penalty [4]
Section 3]. This naturally leads to minimax-adaptive estimators, provided
the model collection is well chosen [4, Section 1.4].

In density estimation, the model-based approach has mainly been used
together with least-squares and maximum likelihood methods which target
the minimizer of the squared L? and Kiillback-Leibler distance to the under-
lying density. However, if we are interested instead in some other distance,
the least-squares or maximum likelihood estimates may be arbitrarily far
from optimal, as remarked by Devroye and Lugosi in the case of the L'
loss [9, Chapter 6]. One is then left with the task of devising a data-driven
method to minimize the given distance d over a model m. The difficulty
here is that empirical risk minimization cannot be used in general, for lack
of a suitable contrast function. This problem was first solved by Devroye
and Lugosi [9, Chapter 6] in the case of the L' loss and by Baraud et al.
[1] in the case of the Hellinger distance. More recently, Baraud [3] devised
a general strategy called {—estimation, which applies to all LP losses for
p € [1,4+00) (among others), but not however to the L> distance in general.
He also did not address the problem of model selection.

In this article, we treat the case of the sup-norm loss, establishing a gen-
eral method for model-based density estimation in L. Our method results
from the application of a variant of Baraud’s /—estimation to a certain
parametrized family of semi-norms approximating the essential supremum.
The estimation error of this method depends mainly on the measure of sets
on which elements of the model m remain close to their extremal value. In
addition, we develop an entirely data-driven method for model selection,
using penalties derived from concentration inequalities.

As an application, we consider the class of piecewise polynomial functions
on dyadic partitions of R? and show that the resulting model-based estimator
is minimax-adaptive over classes of functions with anisotropic smoothness.
Our result improves on what was previously known in the literature for
non model-based estimators: not only does our estimator converge at the
optimal rate (a property already established by Lepski [11] for his adaptive
kernel method), it also depends optimally on the underlying density, up to a
constant depending only on the dimension and the degree of the polynomials.

This article is structured as follows. First, the setting is introduced and
main notation defined in section2. The model-based estimator is defined in
section 3| and a general oracle inequality is established. This general result
is applied to models of piecewise polynomials in section A minimax
lower bound establishes the optimality of our estimator up to logarithmic
factors. Section [4.1] addresses the model selection problem in the general
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setting, resulting in an estimator which satisfies an oracle inequality. In
section we consider the case of piecewise polynomials on reqular dyadic
partition, where one must select among such partitions, and show that our
assumptions hold in that case.

In section |5, the resulting estimator is shown to be minimax-adaptive
on classes of functions with anisotropic smoothness. A matching minimax
lower bound is established, based on a result of Lepski [I1] .

2. SETTING AND NOTATION

Let (E, &, ) be a measure space, with o—finite measure p. Let £ (F, p)
be the set of measurable functions f on (E, &, 1) such that

[fllo, =sup{r 20:p({z € E: f(z) > r}) >0} < +o0

and let Loo(F,u) denote the associated set of equivalent classes for the
relation of equality p—almost everywhere. The topic of this article is density
estimation on L>(E, pu) with respect to the norm |-, -

We assume that the observations X1, ..., X, are independent but not nec-
essarily i.i.d, which allows to consider possible outliers. Let Pj,..., Py de-
note their marginals. We assume that the marginals have densities pj, ..., p}
belonging to Lo (FE, ) - otherwise, estimation in Lo, norm is impossible.

Throughout this article, P* = @j-; P denotes the distribution of the ob-
servation X = (X1,...,X,), and p* = (p7,...,p}) denotes the correspond-
ing n—uplet of probability densities. Moreover, P* denotes the mixture
distribution, P* = % w1 Pr, and p* denotes the corresponding probability
density.

In case the data is not truly i.i.d, the estimators considered in this article
estimate p*: in particular, they are robust to small departures from the i.i.d
assumption (in the L sense).

2.1. Notations. Bold capitals P will be used to denote either the product
measure P = @i, P; or the n-uplet (Py,..., P,), depending on the context.
The notation E[g(X)] is to be interpreted under the assumption that X ~
P*, while Eg[f(X)] denotes the expectation of f(X) when X ~ S. The
same conventions apply to Var (g(X )) and Varg ( f(X )) The same letter
will always be used to denote a measurable function ¢ and the corresponding
(signed) measure Q) = qdu: lowercase letters refer to functions and uppercase
letters, to measures.

In addition, we shall use the following standard notation. For x € R,
r_ = max{0,—x}; for z € RY B(x,r) denotes the closed Euclidean ball
centered at x with radius r > 0. For a positive integer d, Loo(R?) means
Loo(E, ) when E = R? £ is the Borel o-algebra and ;= X is the Lebesgue
measure on RY.
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2.2. Models and losses. Denote by M a collection of models m, each of
which is a subset of & = Lo(F,u) N L1(E,p). For reasons of technical
convenience, we do not impose that the models m consist of densities.

In the following, we will always assume that M, the model collection,
as well as the models m € M, are at most countable in order to avoid
measurability issues. Let .# denote the union of all the models: .#Z =
Umemm. In particular, .# is countable. Since most of the models used by
statisticians are separable, this assumption is not restrictive in practice: one
can always replace an uncountable, separable model 7 by a dense countable
subset m, without changing the approximation error.

Given the observation X and a model m, we want to design an estimator
Dm = Pm(X) of p* with values in m which is as close as possible to p* in
norm |||, ,. Since p, € m by definition, ||p* — pm|,, is lower bounded
by

: * _ *
Inf g = p7llec,pu = doou(p”, m),

the approzimation error of the model m in L*(FE, ). The best that can
be expected of py, is that [[p* — P, , be close to dog,u(p*, m). This term
cancels when p* € T, where

(1) m={pe Z|if llp - dl,. =0}

which generalizes the case of p* = (p,...,p) for some p € m (the "true
model" case).

3. ESTIMATOR ON A SINGLE MODEL

To achieve model-based estimation in the norm ||| o We adapt the
general method of /—estimation introduced by Baraud [3]. For a given
norm ||-|| and p,q € m C B (where B is a function space), this method relies
on finding suitable measurable functions g, , such that

o [(p = D)gp.gdp = [Ip = dll
e Forall fe B, [ fgpqdu < | f]
o LS 9pq(Xi) is close to its expectation (over p,q € m).

In the case of the norm |||, , and the space B = L*(E,pu), the first
two requirements cannot be simultaneously satisfied in general, so we shall
instead seek a suitable approximation of ||p — qHOOM by [(p — q)gp,qdp, for
some gp 4 such that [ |gp4|/dp < 1. To that end, fix a VC class of measurable
sets C, with VC-dimension V. For any f € L1(FE, u) and any h > 0, let

|fln = sup ———r

1
cec 1(C) +h /CfdM’ '

This semi-norm is a norm whenever the sets of C have finite measure and
generate the Borel sigma-algebra: this will be the case with all the examples
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which we will consider. Fix some ¢ € (0,1) and for any (p, ¢) € £? and any

h > 0, choose some set Cj(p, q) such that

@ ey (P — Ddp
1(Ch(p,q)) + h

Let then e, (p, q) € {—1,1} be the sign of [, ., (p — q)dp and define

P(Cn(p,q) — e, pa)
1 (Cn(p,q)) +h

> (1—¢)lp—qln

t) = en(p, q)

as well as the associated T-test

1 n
TM(X,p,q) = = >t
=1

p,q

3

Note that this construction can be carried out uniformly over all p,q € 2.
Let now

T\V(X,p) = sup T (X, p, q).
gem
An /—estimator associated with the class C, the model m, the parameter
h > 0 and the tolerances ¢, is, by definition, a random element ﬂn}f) such
that

Télh) (X,ﬁ(ng)) < mf{ T Xp}+5

Since m is countable and § > 0, such random elements exist. Note that T( )

and f)(n}i) only depend on Cp(p,q) for p,q belonging to the model m. The

~(h)

notation py,” ignores the dependence on €, which may be arbitrarily small.
For f)(nil) to be a valid estimator in L* norm, it is necessary that | - |
provide an adequate approximation to ||-[|,, , on the model. Clearly, |- [,

does not uniformly approximate ||| oo, O P, so this property is model-
dependent: this motivates the following definition.

Definition 1. For any model m C & and any h > 0, let

lp — qln
p.gem Hp q”oo,,u

This defines a function ky, : (0,4+00) — [0, 1] which can be seen to have
the following properties.

Lemma 1. For any model m C &,
® K., 1S Mon-increasing
o If km(ho) > 0 for some hg > 0, then rm,(h) > 0 for all h > 0.
® K., 1S continuous, more precisely

hi A ho

1—
hiV ho

[Km(h1) = Em(h2)| <

/im(hl A hg)
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Proof. The first property is obvious from the definition, the second is a
consequence of the third. To prove the last inequality, note that

1
|Km(h1) = Km(h2)] < sup §————|Ip = qln, — P — alns] ¢ -
paem | P — quo,,u,

Moreover, for any f € L™,

1 1
-1l <z {| L1 lvemm ~ w Tl
Vs =1bal < 8227 | o | @+~ @)+
gsup{ |h1 = ha|[Jc f] }
cec L((C) + h1)(u(C) + ha)
|h1 — ha|
< —_—
~ ‘f|h1/\h2 hl V h2
Together with the previous equation, this yields the result. O

Moreover, if C generates the Borel o—algebra and m is a subset of a finite
dimensional vector space, then by equivalence of norms, k,,(h) > 0 for all
h > 0.

To bound the stochastic error of the /—estimator, we introduce the fol-
lowing empirical process:

Definition 2. For any h > 0, let

1 n
n cec {M(C)Jrh ;no(Xi) - Pi*(C)|} :

Note that this definition does not depend on the model m. The risk of

the /—estimator ﬁgf) may be related to the constant x,,(h) and the process

Z(h) as follows.

Proposition 1. For any model m C & and any h > 0,

(1—&)km(h)x

P =0 <24 (1= ra(h)] inf 5 - pllu, +2Z (h)+0.
o0, 14 peEmM )

Proof. Let p* = %Zf‘:l prand P* = 13" P* For any p,q € 2, let

(P — P*)(Ch(p,q))
(Ch(p,q)) +h

An(p,q) = E [T (X,p,q)] = en(p,q)
On the one hand,

(3) A, @) <P =20 <1IP =P oo -



On the other hand,

(P —Q)(Ch(p,q))
w(Ch(p,q)) +h
(L=8)lp—daln—llg =Pl
km(h) (L —e)llp—dlloo =l =Pl
> k(D) (1 =€) (Ip = P llooye = 12" = @lloap) = g = P*lloo
from which it follows that
(4) An(p,q) = m(h) (1 =€) Ip = p*lloo . — (1 + Em(R) (X =€) 1 = P |l oo -

Moreover, by definition,

(Q = P*)(Ch(p,9))
1(Cr(p,q)) +h

An(p,q) = en(p,q) +en(p, q)

>
>

T(h) Xa ; = Eh(p, q) C 5 - 1 )
X0 = gty PO = 3 T

which implies that for any p,q € &,
(5) TO(X,p,q) ~ Anlp,a)| < Z(h).
Let now p € m. On the one hand, by definition of T&h)(X, ),
T (X, 50)) > T (X, 5, p)
= 8n (B, p) + T™ (X, 50, p) — A6, p)

> Ah(pﬂf),p) Z(h) by equation
(6)

> mm(h)(1 - ) ||l — p*
SSNY

by equation . On the other hand, for all ¢ € m, by equations and ,
TW(X,p,q) = Au(p.a) + T (X, p.q) = Au(p,q)
<|lp =Pl + Z(h),
hence T (X, p) < |Ip — P*lloo + Z(h). Finally, by equation (6) and defini-
tion of ;a;’;),
0+ (I = PNl + Z(h) = 6+ TV (X, p)
1 (x.0)

> km(h)(1 —¢) Hﬁﬁﬁ)—p*

00,14
which yields

rm(B)(1—2) ) —p*|| <
00,

As this is valid for any p € m, the proposition is proved. ([l

2+ mm(h)(L=&)llp = p*llec +22(h) + 6.

- (1 + ’%m(h)(l - 8)) Hp _p*Hoo,,u -

Z(h)

— (1 +Em(h)(L =) llp = p™llco —

Z(h),
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To handle the stochastic process Z(h), we state and prove a uniform
Bernstein inequality. First, define the following family of events.

Definition 3. Let P* = 15" | P* and

VAn
(7) I = log([logy n]) + log (2 3 (")) .
j=0

For any x > 0, let , denote the event on which

1] ) I'+x I'+x
® - ;]IC(Xi)_Pi (C)] < max (29\/%\/7’20 n )’
for all C € C.

This class of events will govern the statistical behaviour of all procedures
analyzed in this article. First, we prove the following proposition.

Proposition 2. The event Q0 has probability P(Q;) > 1 — 2e™*.

A result similar to proposition 2] was estalished by Baraud [2, Theorem 3]
using similar methods. However, his result is stated for suprema of empirical
processes over VC-classes and in particular, the variance term in the upper
bound is the supremum of the variance of the empirical process over the
class. What is novel about proposition [2] to the best of our knowledge, is
that it provides a pointwise bound of the empirical process at each C € C in
terms of the variance of the process at C, for independent and not necessarily
iid random variables.

Together with proposition [I proposition [2] yields the following oracle
inequality for the estimator ﬁn{f .

Theorem 1. Let p* = 2 3", p* and

VAn
I' = log([logyn]) + log (2 > <Z>> .
=0

With probability greater than 1 —2e™%, for all countable models m C & and
all h > 0,

(9)
(1 —¢e)km(h) x

P —p*

<2+ (1= rm(B)] it Ip =l + 0

OO, 1

+ max | 58 P ’h(r+x),4OF+$ .
hn hn



Proof. On Q,

\/P* 2 T
Z(h) <max<29\/ —HE 0+ )

su
cee u(C n  cecp(C)+ h)

/ *
< max | 294/ +x P 20F+$ .
Cec,u hn

For any C € C, by definition of |p* |h,

\/P* \/Ip |h C) + h) Ip In iy
+h ET A )

Hence, on Qx,

20
hn ’ hn

Z(h)SmaX<29 P (L' + ) F“”).

By proposition [1| equation @D of the theorem holds on €2,. The conclusion
follows from proposition U

The quality of the bound provided by Theorem 1 depends on the constant
Ko (h). If Ay, is such that Ky, (hp) > L (say), then Theorem 1 yields a "true

/ IIP*H
oracle inequality, with remainder term of order P |hm °°"

Clearly, this value of h,, depends strongly on the class C and the model
m. Later, we will show that m,C can be chosen such that equation @
yields the minimax convergence rate over classes of smooth functions. More
generally, one can ask when a constant h,, even exists. A sufficient condition
for this is to have k,,(h) — 1 as h — 0.

Existence of h,, provides an oracle inequality with a fixed constant (5, say)
in front of the approximation error and a remainder term of order O (ﬁ)
as n — +oo for a fixed model m. This is the expected rate of convergence
for finite-dimensional models.

We now show that, on R? with Lebesgue measure u, there are universal
classes of sets C such that r,,(h) — 1 holds for all finite-dimensional m over
which |||, , is a norm.

Proposition 3. Assume that C contains a sub-collection Cy satisfying the
following conditions:

e Foralld >0, Upec,, C = RY, where
C()’(s = {C €Cy: diam(C’) < (5}

olnf{d“(c) :C€C0}>0

where diam(C') denotes the diameter of C. Then for any f € &, limp_0 | f|n =
HfHOO’u. As a consequence, if m is a subset of a finite-dimensional vector
space, limp_y0 Ky (h) = 1.
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Proof. Fix some ¢ > 0. Assume without loss of generality that the set

Ac={z e R f(2) > (1= &) || flloo )
has positive Lebesgue measure. Hence, by the Lebesgue differentiation The-
orem, it contains a Lebesgue point z.
For each k € N, let C € CO% such that ¢ € Cj. In particular, C}, C

B(0,diam(C},)). The assumptions of proposition [3|imply that (Cy)x>1 shrinks
to x nicely in the sense of [16, section 7.9]. Hence, by [16, Theorem 7.10],

kgrfw 0 / fi = f@) 2 (1=) £l
Let k > 1 be such that fck | fldp = (1 —2¢) || fl,,- Then
1 > 1 >(1-2
m 1l > Jim s +h/ F2 (129l

Since this is true for any € > 0, limp—o [f|n = [|f]lo .-

Let now m C H, where H C & is a finite dimensional vector space.
Let K be the unit sphere of H in norm |||, ,- The family of continuous

functions
{ K —>R
gh -
J = 1fln

is monotone with respect to the parameter h and converges pointwise at 0
to the constant function 1. Since K is compact, the convergence is uniform
by Dini’s theorem. In particular,
1= lim inf < lim K (h) < 1.
h—>0x€th( 7)< h—0 m(h) <
O

Classes of sets C which satisfy the assumptions of proposition [3| while hav-
ing finite VC dimension include simplices, "box sets" (products of intervals),
dyadic cubes, euclidean balls, ellipsoids, and many more.

3.1. Piecewise polynomials. To obtain more quantitative results about
the constant k,,(h), it is necessary to look at specific classes of models.
Here, we restrict attention to classes of piecewise polynomial functions on
partitions of R%, because these classes are simple to define and have optimal
approximation properties. However, we are confident that similar results
could be proved for other classical function spaces, such as wavelet spaces
or trigonometric polynomials. In the rest of this section, we shall assume
that y is the Lebesgue measure on R

First, it is necessary to introduce some definitions and notations. A (mul-
tivariate) polynomial function on R? is a function of the form:

d
fiz— Z c(a) H:c?(i),

acA i=1
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where A is a finite set of functions a : {1,...,d} - Nandc: A — Ris a
function. Its degree (in the usual sense) is defined to be

d
degl() = ma 3 i)

It satisfies the usual relations, deg(fg) = deg(f) + deg(g) and deg(f +
g) < max(deg(f),deg(g)). We define also the directional degree in direction
i€{l,...,d} to be

deg, = max a(?
gi(f) = maxa(7),
which satisfies the same relations. Let Py, 4 be the space of all multivariate

polynomial functions on R%. We define the following two families of spaces
of polynomials with bounded degrees: first, given r € N, let

Pra={f € Poo,a:deg(f) <r}.
Secondly, for all vectors r € N9, let
Pl = {f € Poca: Vi€ {1,...,d},deg;(f) < i}

The two families of spaces are related by the following inclusions:

dir dir
Prd C Pirfl,d € Pjef, 1,00

where 1 is the "all-one" vector, 1 = (1,...,1).

We can now define models of piecewise polynomial functions.

Definition 4. Given a finite or countable and measurable partition T of R?
and r € N, let m(r,Z) denote the set of functions of the form

F=> fiy,

1eT

where for each I € I, fr € Ppq is a polynomial with rational coefficients
and the set {I € T : fr # 0} is finite. Let m(r,Z) = m(r,Z), the closure of
m(r,Z) in L> (R?).

Given v € N let mg;, (r,T), mar(r,d) be defined similarly, with Pfﬁ
instead of P q.

Let the model m = m(r,Z) for some partition Z. If Z is finite, then m
is finite dimensional and the previous proposition applies. In general, to
establish an explicit lower bound on k,,(h), we require the partition Z to
satisfy the following three conditions.

Assumption 1.

o C contains translated and scaled copies of the interior I ofany I € L,
i.e
{m+)\f:IGI,$ERd,/\>O} cC.
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o There is a lower bound on the volume of the elements of I:
ho := mi 1 .
o :=minu(l) >0
e The elements of T are bounded convex sets.

Under assumption for any f = p—q € m, an appropriate set Cp, n,(f) €
C can be constructed as follows. Since the collection (f1;)7c7 has finite sup-
port, the supremum supjez || f1s],, , is reached at some I.(f). Let L.(f)
denote the topological interior of I.(f). f coincides on I.(f) with a polyno-
mial fi, which reaches its maximum on L.(f) at some z.(f).

Let finally
(10) Crm(f) = (1= Om (M) (£) + Om (M) L),
where 0,,,(h) € (0,1) is a function given by equation below.

By assumption Ch.m(f) € C and by convexity of I.(f), Chm(f) C L.(f).
The following lower bound holds.

Proposition 4. For all v > 0, let
1 u_l :| 4 1 12
= A1l 7[1_ 22d+1 (i+1:| )
Yr.d(u) = max <2(d+ 0 {(27“2)51 (2r7)diy .
Assume that hypothesis (1] holds. Let then

zirme a(is) = 2@ @ M
(ZTQhO)dTI otherwise .

For all f € m =m(r,T),

Jey i Fn
J(ghmf{})) +’h 2 () Wl

In particular, since m is a Q—wvector space, Ky (h) > Vrq (h%)

(1) b =

Proof. The proof is carried out in appendix O

In particular, kp,(h) converges to 1 as h% — 0, and the rate of convergence

depends only on the dimension d (and not on the partition Z).

_1
chosen. For concreteness, consider the case of the collection C of cartesian
products of d intervals, with Z C C a partition of R¢. Then Theorem [1| and

Proposition [6] yield the following Corollary.

Thus, the estimation error behaves essentially like when h is well

Corollary 1. Let m = m(r,Z), T C C satisfying |1, C the collection of
cartesian products of d intervals. Let

d
h —7( ~ ) +1h
(12) s
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Let po™) be the (—estimator based on the sets Chpm(®—4q) (p,qg € m)

deﬁned above. Then

1
E[ plhm) } < 5min{|lp — p*ll.c .} +274(2d + 1) (32418 | o5
00, [4 peEmM hon
. log(en) log(en)
d 2d
+ 21524+ Lmin (<3r> VI T 5o (3 pa ) )
Proof. The proof can be found in appendix O

The remainder term in the oracle inequality above is equivalent to

. [ log(n)
Crd Hp*Hoo,u hon

for some constant ¢, 4 (depending on 7,d only), in the asymptotic regime
where hg — 0 and hgn — 4o0o. We show below that this is optimal for
sufficiently "regular" partitions. Though we do not believe that the constant
cr,q is optimal, exponential behaviour of the type r°d is expected since

. r+d (7" + d>d
d rd) = >
im (Pyq) ( p ) 2\
To assess the optimality of the remainder term 4 /|[p*(| 1/ loth# of Corol-

lary [1] and more generally of Theorem [1} we prove a minimax lower bound
on the class

mp(0,7) = {an[ ce[0, L7, eru(l) }

1eT IeT

of pdfs which are piecewise constant on the blocks of the partition Z and
uniformly bounded by L > 0.

Note that the set m(0,Z) may be empty (if Z does not contain blocks of
finite measure), or a singleton (if Z has exactly one block of finite measure).
If 7 has a finite number of blocks of finite measure, then mp,(0,Z) will also
be empty if L is too small. In such cases, estimation on mz(0,Z) is trivial.

In general, the following minimax lower bound holds.

Theorem 2. Let (X, B, u) be a o—finite measure space and I a countable,
measurable partition of X into blocks of positive measure. Let

= U{I €T :pl) < +oo}.
For any h > 0, let
M(h) = {T € T+ () < b}
For any L > 0 and n > 1, define ¥, (Z,L) > 0 by

(13) ¥n(Z,L)? = sup {% log (1 + min(M(h), L%J ))} .
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Then, for any 0 € (%, 1) and any L > m:

. R I

inf sup E[p—p'l,] = -~ min ((1 — )L, \/0(1 — 0)n (T, L)) ,
P premp(0,1) ’ 40

where the infimum runs over all estimators p of p*, based on an iid sample

of size n drawn from p*.

Proof. The proof is based on standard multiple testing arguments. It can
be found in appendix O

Though the class m(0,Z) is a simple one, and the proof of Theorem 2
uses standard "multiple testing" arguments, Theorem 2 is, to the best of our
knowledge, the first minimax lower bound for classes of piecewise constant
functions in density estimation in sup-norm.

The lower bound involves the parameters L, h,n and 0, as well as the
function M which depends on the partition Z.

The parameter 6 reflects the fact that if L is too small, then the model is

empty, and if L = ﬁ, then the model contains precisely one element (the

Xo
uniform distribution on Xp). As soon as L is greater than this minimum

value by constant factor %, the lower bound is of order
min(L, ¥, (Z,L)).

The minimum with L reflects the fact that we can always use any fixed
po € mr(0,7) as an estimator, which has risk bounded by L. As soon as n
is large enough, such that this trivial estimator is sub-optimal, the minimax
risk becomes proportional to 1, (Z, L).

This term, ¥, (Z, L), is somewhat complicated. For the purpose of this
discussion, fix a partition Z and let

ho = }Ielgﬂ(f)-

If L < ,710, then for any h € (ho, %], M(h) > 1 and ﬁ > 1, which implies

that ¢n(Z, L) > /%22, On the other hand, if L > 4, then since the
models (m¢(0,Z));~0 are nested, the minimax risk on mp(0,Z) is greater

than the minimax risk on m%(O,I) for any h > ho.

This yields the following corollary.

Corollary 2. Let T be a countable partition of X into blocks of finite, pos-

.. . S 2
itive measure. For any L > 2

Llog?2 \/logQ)

. -~ 1 i
inf  sup IE[Hp—pHoo,u} Z go Min (L’ hon  hoy/n

p pemr, (07I)

where hg = infrez p(I).
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Comparing corollary [2] to the minimax upper bound resulting from Corol-
lary |1} we see that Corollary [1|is optimal, possibly up to log n factors and the
remainder term h(%n’ which is negligible relative to the minimax lower bound

whenever ‘/WLn < L, i.e whenever a non-trivial estimator is required.
If we assume additionally that
M(Qho) ={Ie€Z:hy<u(l)<2hy}| >n”
and that hg < 2L = for some fixed o € (0, 1), then by equation ([13)),

/ [aL logn
log(1 o
hon og(l +[n 2h0n

in which case the upper bound of Corollary [I] is optimal up to a constant
depending only on a.

Moreover, if Z,, are regular partitions of R? into blocks of volume h,,,
where limsup,,_, | {n%h,} < 400, then

h,n
Llogn

lim inf {¢n (Z,,L) x

n——+o0o

}z\/&,

which proves the asymptotic optimality of Corollary [I]in this non-parametric
setting.

4. MODEL SELECTION AND ADAPTIVITY

4.1. General approach. Let M be a collection of models and let M =
Umemm. In principle, the tests tglq) for a fixed h could be used to select an
element of M. However, in order for this approach to work, it is necessary
that inf,,e pm km(h) > ki > 0: in particular, if the models are nested, the
value of h chosen corresponds to that required for estimation on the largest

model.

It would be desirable to instead use different values of h depending on the
models to which p, ¢ belong, so as to obtain an estimator which performs as
well as the best single-model estimator in the collection (p/)em.

To achieve this goal of model selection, some means of estimating the
statistical error Z(h) is needed. Theorem [1| provides an upper bound on
Z(h) which is almost fully explicit: it only depends on P* through [p*|.
We now show how this quantity can be estimated.

Definition 5. For any h > 0, let

|p[n = sup
cec

{ZL ﬂC(Xz')}
n(u(C)+h)J) -

The following proposition shows that |p|; is an adequate estimator of
[p*-
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Proposition 5. On Q,, for all 6 € (0,2),
1 Bl + 292 T+
1— P92 =0) n

29°T +
bl <
o< (143 il t o5 2,

where T and Q, are given by Definition 3

Ip*|n <

Proof. On Q, by definition [3] for any C € C,

?: 1o (X;) . 1 N l n -
TW@Hm—Mc+APWHn;M@»fmm]

)

1 " " 'tz I'+x
ZW[P (C’)—max<29\/P (C)y/ , 20 - )1

1 , 0\ . 292F+x . +x
2“(0)+hm1n<<12>P(C) 20 n  PP(C) =20 n )

- (1_9> PX(C) 29T +x
- 2) w(C)+h 20 hn
Taking a supremum on both sides with respect to C' € C yields
0 20T + o
ol > (1= 3) ol — o0 2
which yields the first equation. Similarly,

e = i PO+ et - r0)

1
)

(C;+ [P*( +max<29\/P*7\/F+x 20F+””)]
1
(©)

9) . 29T +z I‘—i—x)
C+hmax<<1+2 P(C)+29 p ,P*(C)+20
(1 Q) P*(C) [ 29°T+z

2) uw(C)+h 20 hn '’

which yields the second equation. O

\ /\

Based on Theorem [1| and the above proposition with 6 = %, let us define
the following universal penalty. Let log_ denote the negative part of the log
function, and let a > 0 be some parameter. Let then

4 [1p|n(I' + alog_(h)) \/Z o' +alog_(h)
14 =2 \/7 -29"— —~

where I' is defined by equation .
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Assume that for any model m € M, there is an associated parameter
hp, > 0, chosen such that 135,’;*”) satisfies an oracle inequality on model m
with fixed constant independent of m, i.e such that k,,(hy) > ko > 0 for

some constant K.

In order to perform model selection, we need to control the behaviour
of the tests T(") (X, p,q) when p, g belong to two different models. It may
be that comparing two models is much harder (i.e, requires a much smaller
value of h) than optimizing performance within a single model. For example,
while it is feasible to optimize among piecewise constant functions on a given
partition Z, selecting among partitions Z is impossible in general since the
set (1j4)) of indicator functions of intervals is non-separable in L.

To avoid such cases, we make the following assumption.
Assumption 2. There exists a constant

« = inf mum! (R A Ry 0.
K IHM{E um’ ( )} >

m,m’€

Qualitatively speaking, assumption [2]states that comparing p, ¢ belonging
to m,m’ is not significantly harder than comparing pi1,q; belonging to the
same model (m or m’). For example, this is always the case when models
are nested.

Remark. If M is totally ordered with respect to inclusion, then
= inf h > 0.
fix = If {Km(hm)} 2 Ko >
Proof. Let m,m’ € M and assume without loss of generality that m’' C m.
Since Ky, is a non-increasing function,
KmUm’(hm VAN hm/) = Km(hm VAN hm/) > I{m(hm)

This proves that . > inf e pq{fm(hm)}. On the other hand, taking m = m/
in assumption 2| yields ki < Ky (h). (]

Assuming now that M, (hy,)mem satisfy hypothesis 2, we construct a
model selection procedure as follows. For any p € M, let

hy =sup{hp, : m € M,p € m}.
For any p € M, let then

Tyi(X,p) = sup {7 (X, p,q) — pen, (h)} + pen (7).
qe

A model selection £—estimator is defined to be any random element g
such that

peEM

The model selection {—estimator satisfies the following oracle inequality.
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Theorem 3. For all y > e, on an event (Qqlogy) with probability greater
than 1 — y%,

(15)

A * . . *
(1wt~ 1oy < inf {24 (1= 2)n) inf (p— 17l ) + 4pen, ()}
2a 4 ay
20y\) =— 4+ 292 —= 2 + 6.
+ 2% 3en + V3en +
Proof. The proof is postponed to appendix O

An interesting aspect of Theorem [3]is that the penalty only depends on
h;, and on the fixed parameter a, but not on the number of models. In
particular, the theorem also applies to countably infinite collections M.

4.2. Piecewise polynomials on regular dyadic partitions. The key
question concerning applications of Theorem [3] is for which collections of
models assumption [2| holds. We have already seen that assumption [2| holds
for nested model collections, however the assumption that models are nested
is restrictive: it excludes classes of irregular partitions that one would like to
use in order to adapt to potentially inhomogeneous or anisotropic smooth-
ness of the target density.

Perhaps unexpectedly, assumption [2| turns out to be significantly weaker
than nestedness. If h,, is chosen according to lemma (for a value h < ff—g),
then assumption 2| holds over the class m(r,Z), where r € N and Z belongs
to the set of regular dyadic partitions, i.e, partitions

d
1() = {H[k:izji, (ki +1)277) :k = (K1, ..., kq) € Zd} ,

=1

for some j € Z?% For completeness, we prove in appendix that the
Z(j) are indeed partitions of RY, with the property that Z(j’) refines Z(j)
whenever j' > j.

Denote then
3, = {I(j) je Zd}
and
(16) My ={mgr(r,Z): T € 34}.
For any m = mg;-(r,Z) € My, let

(17) - min]EI{,U:(I)} _ 2*(j1+_,.+jd)
S CT N CT T
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Consider the class C,. of d—dimensional open rectangles with sides parallel
to the axes, i.e

d
Crec = {H(al,bz) : ai,bi S R,ai < bz}
=1

This class generates the Borel sigma-algebra, hence for any h > 0, | - | is
a norm on Lq N L.

The following Theorem shows that the model collection M, satisfies as-
sumption [2] for a constant . depending only on r and d.

Theorem 4. For all m,m' € M, and hy,, h,,y defined by equation ,
-1

Emums (han A ) >[4 1 1+ 44 [T](ri + 1)
=1

Proof. The proof can be found in appendix O

In light of Theorem [3], Theorem [4] implies that it is possible to perform
model selection on the model collection M., in the sense that the model-

selection estimator pq, defined in section performs as well as the best

estimator in the collection {]3%“”) :m € My}, up to a constant depending

only on d,r.

5. RATES UNDER ANISOTROPIC SMOOTHNESS

The oracle inequality satisfied by the {—estimator (Theorem [1)), together
with the lower bound on k., for polynomial models (proposition allow to
recover minimax optimal rates on anisotropic Lipschitz spaces. Moreover,
the model selection results in the previous section (Theorems |3|and {4)) imply
that this can be done in an adaptive manner, as we now show.

Let B8 € R? be a multi-index, and let C# denote the space of functions

f which admit partial derivatives gkikf at all orders k; < |5;], and are such

i

i

that the semi-norms

1 bl ¢ olBil f

i g, = Sup sSup —w———-— |——= (¢ +te;) — —=(x
| fli,5: xeﬂgd te]llg tBi— 8] axJLﬁiJ i) axiLBiJ (

are finite for all 4 € {1,...,d}, where e; denotes the standard basis of R
Note that this only requires regularity along the coordinate directions, and
in particular the cross-derivatives may fail to exist.

It is knoﬁwn that the minimax-optimal convergence rate on the class C?
is (10% 25+d where (3 is the harmonic mean of the 8;. This follows from
results of Lepski [11].
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Let C = C,ec be the class of products of d open intervals, and let p be the
model-selection {—estimator defined in section over the model collection
M, defined in section equation , with the values h,, specified by
equation .

To prove that p attains the optimal rate when p* € CP, an approximation
result is needed in order to bound the term inf ¢, . v 7(5)) IP — P*[l oo - Such
results have long been established in the approximation theory literature
when B € N?, along with bounds on the approximation error expressed in
terms of finite difference operators - the article [7] is particularly relevant.
However, these results usually involve a non-explicit constant. Rather than
adapt them to our setting, it is just as convenient to give a direct proof,
which also provides an explicit constant.

Proposition 6. Let f € CP(RY) N LY(RY). Let r > |B] be a vector of
integers, let h = (hj)i<j<a be non-negative real numbers and let I, denote
the rectangular partition

{ﬁ[kjhja (kj + 1)h;) : k € Zd} .

J=1

There exists fg € Mgy (v, Iy) such that

n
|f = fall o, < 2ba(r) max { 3,1 |fbﬁj}’

1<5<d
where
d J
(18) ba(r) =1+ Hellél {ZH[log 1+7 (z))+1}}
g d —1i—1
Proof. The proof can be found in appendix [C.I] 0

Optimizing the bias-variance tradeoff between approximation error (given
by proposition @ and estimation error (given by pen,(h,,) defined in equa-
tion ) yields the following Theorem.

Theorem 5. Let 8 € RL be such that | 3] <rj for all j. Let
11
A
Let p* = % ie1 0y . Assuming that p* € ol (Rd), let
d B

dg;
Lg(*) = ] Ip*l;4,-
j=1
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wla

For any n € N such that Lg(p*)? <

logn’

_B
log n) 26+d

E (16~ 1" lle,] < € IPIZF Lot (12

™
=

+d

d
when |p*[|o. . > Lp(p*) 7 (1252) 7 and

n

B
—
B (16~ #ll] < OLa) (227 ) 7

n

else, where C is a constant which depends only on r,d.
Proof. The proof is carried out in appendix [C.2] O

Assume to simplify the discussion that p* = (p*,...,p*)) and that p* €
CP(RY). Then, Theorem |5 yields the correct [I1, Theorem 2] minimax

convergence rate, (loﬁ) P+ with respect to the sample size n. Moreover,
the dependence of the upper bound on p* is explicit, through the term

|p* ||§gtd a(p* )23“ Note that the assumption p* € CP#(R?), together with
the fact that p* is a density, imply a bound on ||p*|| oot by a function of 8, d
and the semi-norms [p*|; s, .

Consider now the class of functions

cpy={pe CPRY : |Ipll, <b.Y5 € {1,....d} Ipls 5 < L},

as well as the class 775 , of probability density functions which belong to

Cf »- These function classes are non-decreasing as a function of b, moreover
by the previous remark there is a function

bmzn(Laﬁ) = Sup {”pHoo,,u RS P£,+oo}

such that b — ’Pf p 1s strictly increasing for b < by, (L, 8) and constant for
all b > bin(L, B).

Theorem [5] implies in particular the following minimax upper bound on
the classes 735 b

Corollary 3. Let 8 € R and § = J Lyd ﬁ% Let L € RY and

For all b < byin(L, B) and all large enough n,

B
log n) 26+d
n

inf sup E [Hﬁ — " |los H} < C’b26+dL2B+d (
P oxepB ’
p GPL’b
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where the infimum runs over all estimators computed from an n—sample
drawn from p*, and C is a constand depending only on B,d.

B

In addition to the rate (k’%) 2P+ “the optimality of which is known, a
natural further question concerns the way in which the minimax risk depends
on the parameters b, L. To the best of our knowledge, this question has not
yet been answered in the literature.

In fact, a careful reading of the proof of [IT, Theorem 2| allows to strengthen
Lepski’s result into an asymptotic lower bound matching the upper bound of
Corollary [3| proving the ¢-estimator’s optimality up to a constant depending
only on 3,d.

Theorem 6. Let 8 € RY and % = éz;lzl é

Let py denote the isotropic, centered Gaussian pdf with norm ||pb||oo7u =b.

For all L € Ri and all b > 0 such that py € C§,+oo and all large enough n,

1
d 5\ 2574 o
B o logn\ 26+4
inf sup E [Hﬁ_p*noo,u} = Cb2oe <H Lj'ﬂj> ( TgL ) ’
p p*epsb j=1

where the infimum runs over all estimators computed from an n—sample
drawn from p*, and C is a constand depending only on 3,d.

Proof. The proof is based on that of Lepski [11, Theorem 2]. It can be found
in appendix [C-3 O

Thus, the f—estimator p adapts not only to the smoothness 8 but also
to the size of the semi-norms (’p*|j’5j)1§j§d and of the norm [|p*||, ,. This
property has not, to the best of our knowledge, been established for any es-
timator for density estimation in sup-norm, though such a result was known
in the setting of white noise regression on [0,1)¢ under a Hélder regularity

assumption [5].

APPENDIX A. ESTIMATION ON A SINGLE MODEL: PROOFS

A.1. Proof of proposition [2| Let u = %, C, ={CecC:P(C)>
u?}. For any measurable ¢, let

. 1 &
Rn(t) = E ZEZ‘t(Xi),
i=1
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where €1, ..., &, are iid Rademacher random variables independent from the
sample. Let
Z1(C) = sup ——— 1o(X *(C
(€= g A3 >'
. R,(C
Z1(C) = sup 7| ()
cec. \/P*(C)
1 n
Z5(C) = — sup Io(Xs) — P(C)|.
N cec\Cy ;

First consider Z5(C). For any C' € C\Cy, P*(C) < u? by definition. Hence,
by [2, Theorem 3],

E[Z5(C)] < QU\/TJF 8% < % [\/2r(r + 1)+ 4r] .

By Bousquet’s inequality E with probability greater than 1 — e™%, for all
0 >0,

Z5(C) < ! 4;29 {2m+81“} +2u\/? (2+ 2) %
:(1+29) (57 +2¢/20( + ) +2\/m+x<2+2>}

:(1+20)(11F+x)+1“+3:z:+3:(2+3)}

Sl 3= 3=

:F(11(1+20)+1)+x<6+29+%>}.

Solving the quadratic equation 11(1+20)+1 = 6+29+% yields 6 = VB9=3
0.3217 and

+x

(19) Z5(C) < 90"

Consider now Z;(C). For any j € N, let
Cuj=1{CeC: 202 < P (C) < 2j+1u2}.

Note that C, ; is empty for any j > [—2log, u], in particular for any j >
[logyn]. Let also

fu,j(X) = {AC {1,...,77,} : HCGC%J‘,A: {ZXZ € C}}

Conditioning on the sample, we have that

261]10

E.[Z,(C)] = E
- [21(0)] EL ,I,I(llggm ICGCan P*

U

max ngl
oce{-1,1} j=0,.. ,f10g2n] 1A€fuj(x) n2i/2y €A i
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By Sauer’s lemma, |£,;(X)| < Y025 (1), hence

[logy n VAn
(20) log (2 > |£u,j1<x>|) < log [log, n]) + log (2 > ( )) <T.
Jj=1 k=0

Let
ﬂ
S sza{nzz» ZC }

For any j and A € &, ;(X), by deﬁmtlon, there is some C' € C, ; such that
A ={i:1c(X;) = 1}. By Hoeffding’s inequality [6l, Section 2.6], the random
variables —2-— 3", 4 &; are sub-Gaussian with variance factor

| Al
2uins = nQP* Z lo(X

<28.
It follows by [0, Section 2.5] and equation that

(21) E. [Z1(C)] < V4I'S,

hence E [Z1(C)] < 24/TE[S]. On the other hand, since P*(C') > u? for any
C €y,

S = sup {Tﬂ;((m ;ﬂC(Xi) - ‘F)’L*(C)} —|—%

CeCy

n

>_le(X;) - P(C)

i=1

1 1
< - -
= nu oee, {n,/P*(C)

It follows by the symmetrization inequality that

~ 2 _
E|5] < ~E[Z(C)] + .
Thus, by equation (21)),

E[Z(C)] < 2\/r (EE [Z:(0)] + l).

Together with symmetrization, solving this quadratic inequality yields

E[Z(C)] < 2E [Z1(C)] < 161 +4\/S _or +4\/E.

nu T+ 2z)n

By construction, for any C' € C,, XZ) (

) for all 7, moreover

3
/l
S

AV < Zimlii ) 2
2 (n P ) S n2PC) n
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Hence, by Bousquet’s inequality |7}, for any 8 > 0, with probability greater
than 1 —e™*,

a0z (Grimealy ) ol (00) o
= 7 (0 (60 a4 ) oy out )
1
VT +on
(201 +20) + )T + (T+40+ 3z
(T'+2)n

[\

“3)7]

4
(1+29)(20F+2x)+3x+r+(2+9)x}

Solving the quadratic equation 20(1 4+ 20) + 1 = 7 + 46 + % yields 0 =

% ~ 0.19146 and 20(1 + 260) + 1 < 29. Hence, with probability greater

than 1 —e™7,

(22) Z1(C) §29\/F:$.

To conclude, consider the event E, on which equations and both
hold. By the union bound, P(E,) > 1 —2¢~*. On E,, for any C € C,

o If C € Cy, then

n

> 1e(Xi) — B(C)

=1

< JPHOVZ1(C) < 29/ PH(C)y/ Z r

1
n

o If C ¢ C,, then

I'+x

< Z5(C) <20
n

1
n

S 16(X)) - PAC)
=1

Thus, in all cases, on F,,

n

> 1e(Xi) — B(C)

i=1

< max (29\/13*(0)\/ F+x,2or+x) .
n n

A.2. Proof of Proposition Fix f € m and h > 0. To simplify no-
tations, let 0 = 0,,(h), I. = L(f), 2« = x.(f) and C = Chpn(f) =
(1 —0)x, + 01,.

By assumption, C' € C, moreover by convexity of I,, C' C I, and M(I*/I*) =
0, hence

1
n

w(C) = 0%u(L) > 6%hy.

Let x € C. By definition, this means that there exists y € I, such that
x =0y + (1 —0)x, or in other words, y = x, + % € I,. f coincides on I,
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with a polynomial f, with total degree deg(f.) < r. For any u € (0; 1], let

g(u) = fu <x+“($;x)>

T—Ty)

For any u € (0;1), (1 — u)zs + uy = x4 + “(T € I;, hence
u(x — 4)
ol = |f (. + ") < Wl

Assume without loss of generality that || f||,, , = fi(z+) > 0. Hence, by
Markov’s inequality [8, Theorem 1.4],

f*(x) - f*<1'*) - g(H) —g(O)

<0 sup |¢'(u)]
u€l(0,1]

< 2r%0 sup |g(u)
u€l(0,1]

<2020 flloo, e -
By definition of x,, this yields
f@) = fu(x) > (1= 2r%0) || fll .
for all x € C. Thus,
UC fdul > w(C) (1 — 21”29) [¥l
p(C)+h = uC)+h oh

0%hg (1 — 2120
2 d( ) ||f”oo,u :
0%hg + h

First, consider the case 6 = where

_d_ 1

d+1 272>

0ho (1—2r%0) 1 0%y
0ehg + h _d—i-l@dh[)—i-h.

d \* ho
0%h :(7) Y _<p
07 \ag+1/ 2dp2d ="

If h > 19 then

which implies that
d _ 9,2 d
0 ho (1 2r 0) > 1 6 h()

0eho + h —d+1 2h
1 1 ho
>_- -
T d+12d+1p2d p

S (ﬁ)

= Vrd hO .

If h < hy = 5%, then

|Jo fdul _ | Jo fdul hay _ 1 h
W(C)+h = (C) + hy = e (%) = = W( >
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Assume now that we are in the second case: 6 = (ﬁ) 1 Then

d 0,2 L
0 hgd(; u 0) _ (1_ (2r?) 7 (:)*) 1 o
0+ 0 h+( h

A.3. Proof of Corollary [1} By proposition 6} the sets Cp,, ,, satisfy equa-
tion (| . ) with
ya(d2) 1

K (hm)  26m(Rm)”

T

By Theorem |1} with probability greater than 1 — e™%,

* r r
[Pl (T + @) 1+x>+25’

l—-e=

plm) — p*

.40

. *
S e G

OO,

where I'; =T + log 2. It follows that

2 [Jo-

The collection C has VC-dimension at most 2d, as can be easily proved by
considering a subset of 2d points with extremal coordinates. Hence, for all
n > 2d,

’p*‘h (Fl—l-l) Fl—l—l
<5 116 m 80 26.
] < smindle - ptl,0+ T

2d
['; +1<1+41log2+log([logyn]) + log (22 (n>)
j

j=0
<
<1+ 2log2+ log ([logy n]) + 2dlog <2d)
< (2d + 1) log(en).

Remark also that |p*|p,, < min (|| jaall ) which yields

ST .

logen \/W
J <5min{[lp = p*llc u} +116v2d + 1mm( 1P* o,

(2d +1)logen
hmn

E||pf -

+ 80 + 26.
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Using the definition of h,, (equation (12))) together with the inequalities
2 < 3, L(il < 215 and 80 <9274 yields the result.

1-L = _L =
1—\/§ /1_\/5 1 73

A.4. Proof of Theorem Any probability density p € m(0,Z) is nec-
essarily supported on Xy. We can therefore assume that X = Aj, or equiv-
alently that all blocks of Z have finite measure.

Fix some h € (0, %] Let
In={I€T:pu(l)<h}.
Let also

1
M= M(h) A {J .
(h) Lh
If M =0, the result is trivial. Assume now that M > 1, which implies that
h< 1.
Let Z° C Zj, a subset with cardinality M > 1, which exists since M (h) >
M. Let Jy = UZY. By the assumptions on L, h,

> ulI) = w(X) = u(Jo)

I/gzo
o7 — (o)
< oL HiJo
1
> -— — Mh
6L
1 l 0
— 6L L '
Let Z'! ¢ 7\Z° and J = UZ" such that
0 < = — u(Jo) < p(J) < +
o — (o) < p 00.

Let z € (O, % — 1) to be specificed later, and define finally, for any I € 7°

1—60Lu(Jo) — OLxp(I)

2 =1 L1y +6L1
( 3) pr ( +$)9 I+ Jo\I + /.L(J)

1,

1 —0Lu(Jo)
()

Since |Z°| = M < - and I° C 7,

(24) Po = GL]IJO + 1.

1—60Lu(Jo) —OLxp(I) >1— (1 +x)0Lu(Jo) >1—LMh > 0.
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This proves that the (pr)rezo are probability densities, and py a positive
probability density. Moreover,

(1+z)0L <L
1= 0Lp(Jo) _ 1= 0Lu(Jo)
T e 1CL)
<0L,

which implies that pp and the p; belong to mr(0,7).

The minimum distance between p; and pg in sup-norm is

(25) min |[pr — pollog,y = 20L.
The likelihood ratio between p; and pg is
prI

m:(l-l-x)]]]—l-ﬂJo\[-i-(l—

Hence, the chi-squared divergence is

xOLu(T)
1— HLM(J0)> L.

(P = (L 201l + 0L — (D] + (1 = T2 A0 ) 1= 0L ~1

1 —6Lu(Jo
= (1422 + 2®)0Lu(I) + OL[u(Jo) — u(I)] — 1

220 Ly(I) (z0Lp(1))*
n (1 Ty T 0Lu(Jo))2> [1— 0Lu(Jo)]
= 220Lu(I) (1 + %) :

Since Z° C Z;, and |Z°| = M,
OLu(I) < OLh
1—60Lu(Jy) — 1—60LMh
Since by assumption, Lh < 1 and M < ﬁ,
OLu(I) < OLh < 0
1—60Lu(Jy) — 1—60LMh — 1-6°
It follows that, for any I € 7y,

220 Lu(I)

1-6
The KL-divergence between the distributions of two iid samples of size n,
drawn respectively from Pr and Py, is

X2(P17P0) S

nx20Lh
1-6
Consider first the case M = 1. Let I be the single element of Zp, a > 0 and

(1 a(l—0)
l’—mln(e—l, m)

(26) KL (PP, P§™) = nKL (Pr, Py) < nx*(Pr, Py) <
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Then, by equation (26]), KL (P?",P(j@”) < a, moreover by equations (23)),

29,

1-60)L
lpr = polloo,, = 0L > min ((1 - 0)L, O‘Q(hne)> ——

By [I7, Theorem 2.2] and the following equation (2.9), for any density esti-
mator p based on an n—sample,

s e 1—,/%
max (Hp Pllooy = 2a> >m <4, 2\/5) .

PE{POaPI}

Choosing a = %, this yields

1-0)L

inf sup E [Hp pHOO/J > 0.075 x min | (1 —60)L,0.7 b1 —6)L
P pemp(0,7) hn
(1 —-06)L

> 0.075 x min | (1 —0)L, e log(M + 1)) :
n

Consider now the case M > 2. Let a € (0, %) and

— min 1_1 a(l —0)log M
e 6 6Lhn '

By equation (126 . for any I € Zy, KL P®" , P§") < alog M. Moreover, for
any distinct I, I’ € Zy, by equation (23]

lpr — p]/|]oou>x9L>m1n(1— \/ \/log )—t

Hence, by [I7, Theorem 2.5], for all density estimators p based on an
n—sample from P,

S la vM 2
sup P®”(Hp llo )><1—2a— a )

pemp (0,7) M -2 1+vVM log M
Let o = % Since M > 2, it follows that

_t 2 2
sup Po" (Hp Plloo > ‘“) > V2 () g, ) > 0.317,
pemr(0,7) ’ 2 1+ \/§ log 2

which implies that

sup E [Hp pHOOM] > 0.158 x min
pemr(0,7)

(1—0)L,0.21 W\Aog M>

> 0.158 x min
hn

/N /N

(1-6)L,0.166 o1 -6)L log(M + 1)) .
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This concludes the proof.

APPENDIX B. MODEL SELECTION AND ADAPTIVITY: PROOFS
B.1. Proof of Theorem Begin with the following proposition:

Proposition 7. On Q,, for any p,q € & and any h > 0,

4a €T 4aqa x
(h) _ \/7 z 2[ z
|T"(X, p,q)—An(p, q)| < Z(h) < pen,(h)+29 5,91 (a)+29 3,92 (a) :

where

)= s (Vi - o )}

u>0
g2(t) =sup {u (t —log, u)}.
u>0

Proof. The first inequality is true by definition of Z(h). On €, by Theorem
and proposition [5| with 8 = %,

(T r
Z(h) < max (29 Pnl+2) o HE)

hn hn
r \/|D T T
< max | 29 };l—a; ‘p|h9 + 029 5 \/ }j—x 7207;_%
n \/1*5 \/ (2_ ) n n

4 [1p|n(T + =) \/Z s +x  T+a
< 29\[ AR T2/ 929 20—~
= tax ( sV e V3T T T

/ F r
< 29\/7 ’p‘h + x \/7 92 + x'

By equation defining pen, it follows that on €,

Z(h) — pen,(h) < 29\/> Pln \/F—i—x /I +alog_ h) \/> (x —alog_h)
|P|h 42 92
<29 \/:E—w/alog h) :z:—alog h).

Note that for any h > 0,

. Yici lo(Xs) _ 1
=sup —————~ < —.
A TG RN
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o () B ;v )
it 2)

Now, let us control the expected value of the test T(» ) (X p, q).

It follows that

m

Z(h) — pen, (h) < 29 4a 1 (

4q
<929¢/22 (
< 3,91

ISHRS
~—

Lemma 2. Under assumption[3,

(=) P = Pl o= (A=) s 1] lg = Pl o s < Dtping (25 @) < Mlp = P o -

Proof. Fix p,q € M and let h = hy, A hy. Clearly,

P —P*)(Ch(p; g

(L PP ey < =
1(Cr(p,q)) + h ’

Fix ¢/ > 0. Let now m,m’ € M be such that p € m,q € m’ and h,, >

(1= 0")hp, hyns > (1 = &')hy. By lemma [I] and assumption

B A By
hy A g

Ah(pa Q) = €h(p, q)

> ke — 0.

Klmum/(hp A\ hq) Z I{mum/(hm A h;n) — ‘1 —

It follows that

(P = P*)(Cu(p,q))
1(Cr(p,q)) + h

(P = Q)(Chlp.9)

Ah(p> Q) = Eh(pa Q)
(Q — P*)(Ch(p.9))

=D E )+ TP G ) 1A

>(1=e)lp—aln— 1P —dlloo,

> (1= &)kmum' (M) 1P = all oo — 17 = Pl

> (L—e)(ke = )P = P"lloy = g = P lo ) — g — D"l

> (L=e)(ke =) P = P lloy = L+ (L =)k = )] g = Pl oo
Since ¢’ > 0 is arbitrary, this proves the result. O

We can now carry out the proof of the Theorem. First, note that since
h ~— |p|n is a non-increasing function of h, pen, (equation ((14)) is also a
non-increasing function of h for any a > 0. Hence, for any p,q € M,

(27) pen, (hy A hq) = max (pen,(hy), pen,(hq)) -
Let p € M. By definition of T, pen and lemma |2 for any p,q € M,
T(hp/\hq)(xvpu Q) - pel’la(hq) + pena(hp)

= Apyrny (P, @) + TUPM)(X p,q) — Apyan, (P, q) — peny, (hy) + pen, (hy)
> k(L =€) lp =Pl — A+ £l =€) lg = P |l n — Z(hp A hg) — Peng(hq) + peng (hyp).
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To simplify notation, let Kk = (1 — €)k, and

4a T da T
28 R(a,z) = 291/ == (f) 292\[ <7>
(25) (0,0) =20/ S (2 2o (2
By proposition m and equation , on (2, for all p,q € M,

7w (X p, ) — pen, (hg) + pen, (hy) + R(a, )
> Kllp =1 oo, — X+ 8) lg =P lloo = Z(hp A hg) — Peng(hg) + peny (hy) + R(a, x)
> KPP =P Moo, — (L+£) [l — Pl . — Peng(hp A hg) — peng(hg) + peng(hy)
> Klp =P Moo, — (L+£K) 1 ="l — 2Peng(he)

in light of equation . In particular, taking p = paq and ¢ = p yields
(29)
Tm(X;ppm) Z K lpm = PP lloe = L+ 8) [P = ¥l — 2 Pemy, (hp) — R(a, ).

On the other hand, by lemma [2| for any ¢ € M,
TU7"a)(X, B, q) — pen, (hg) + pen, ()

= AhBAhq (Tja Q) + T(hEAhq)(Xaﬁa Q) - AhE/\hq (pv Q) - pena(hq) + pena(hﬁ)
<P =P Mooy + Z(hg A hg) — Peny(hg) + pen, (hp).

It follows by proposition [7| and equation that on €, for all ¢ € M,
T(hﬁ/\hQ) (X, D, Q) - pena(hq) + pena(hﬁ)
<P = P"llo 0 + Peng (hp A hy) — peng (hy) + pen, (hp) + R(a, )

= ”ﬁ - p*Hoo”u + max(pena(hﬁ)a pena(hq)) - pena(hq) + pena(h‘ﬁ) + R(aa .1‘)
<P =P lloou + 2Pen, (hp) + R(a, 2).

Hence, by definition of Ty, on €2,
(30) Tm(X,p) <[P = Pl + 2Pen, (hp) + R(a, x).
Thus, by equations , and definition of P4,

1P = "Moo, + 2 PE0 (hp) + R(a, ) + 6
> Tm(X,p) +6
> Th(X, prm)
Z R ||]§M - p*”oqu - (1 + K‘) ”p - p*Hoo,p, - 2pena(hp) - R(G,l‘)-
This yields

o = Pl < 2+ R) [P = P7llo  + 4 Pe0g (hp) + 2R(a, 2) + 6.
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on {2,. Since p was arbitrary, it follows that on €2,

1Pt = D oy < 10f {24 ) D = " oo+ A D00 () } + 2R, 2) 46

= it {@ R Il 4 it fpeny ()} | + 2R(0,2) +3

= inf 2 —p* 4 hom, 2R(a, o
e e A@H R P =Pl + A peny ()} + 2R(a,2) +

= inf @+ 5) 0 {lp— e} + Apeny () | +2R(a,2) +6

meM

Setting x = alogy , the event 2, occurs Wlth probability greater than 1— =%
by proposition [2) I Moreover, by equation (|2 ,

4a 4a
(31) R(a,alogy) =29/ 5 g1(logy) + 292\/;ngz(10g y).

It remains to bound g;(t), g2(t), where t = logy > 0. First,

)= sup (Vi — o )}
= o {u(vi- yom )

1<u<et
= sup {100E(1—vT=0)}
0€[0,1]
< —— sup Ote 0t
2\fee[o,1]{ J
t 1 t
= Ii>1 + —1
2\[ t>1 5 i<l
ey vl1ogy

—1 —=1 .
2\/@ logy>1 + 9 logy<1
Using the inequality ve™ < e~! with v = 2logy yields v/logy f’ hence

1
g1(logy) < 5 \F
Similarly,
t) = t—1
ga(t) = i‘i‘g{“( og u)}

= sup {u(t—log+ )}
1<u<et

_ ot (1-0)t
=, {0

— t Ht —0t
o, e

< yefl.
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Substituting these bounds into equation yields the final result.

B.2. Properties of dyadic partitions.

Lemma 3. If I, J are two dyadic intervals, then one of the following alter-
natives hold:

e /] CJ
o JCI
e INJ=0.

Proof. Assume that I,.J intersect at x. Without loss of generality, as-
sume tha‘g z >0 and that I is the longer of the two intervals. Then
I = [k1279 (ky + )27 and J = [ke2772, (ko + 1)2772H1) where j1 < jo.
Sincex € INJ,

ki <2z <k +1

ko < 2723 < ko + 1,

which proves that k; = [2iz|. Let
+o0

T = Z 5i2*i,

i=—00

where ¢ € {0,1}” has finite support. Then for any j € Z,

—+00
279 |2z =277 { > £¢2jiJ
1=—0C
J
=277 ) 527
1=—00
j .
= Z €27
1=—00
In particular,
J2
0< 972 L2j2$J — 9N L2jl$J < Z 52'271. < 9—J1 _ 2*3’27
i=j1+1
which proves that J C I. O

The following lemma is easily deduced from the previous one.

Lemma 4. For any j € Z%, Z(j) partitions RL. Moreover, if j < j, then
Z(j') refines Z(j).

Proof. Let x € R%. Forany i € {1,...,d}, z; belongs to some dyadic interval
I; with length 2%, Then z € [[L,I; € Z(j). Moreover, if I,J € Z(j)
intersect at x, then for any i € {1,...,d}, z; € I; N J;, which implies by the
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previous lemma that I; C J; or J; C I;. Since |I;| = |J;| = 277, I, = J;.
Hence I = J, which proves that Z(j) is a partition.
Let now I' € J(j') and let z € I'. Let I € Z(j) contain z. For any

ie{l,.. .',d}, z; € I; N I, hence by the previous lemma and since 27Ji =
|Il| <279 = |L|, I C I,. Hence, I' C I, which proves that Z(j') refines
Z(3j)- U

B.3. Proof of Theorem [4. The class
recO {C N [0 1) :C ¢ Crec}

generates the Borel sigma-algebra on [0,1)%, hence the semi-norms | - |,
defined with C = Cyec0 are norms on Lo ([0, 1)d).

Let H4 denote the completion of Lo ([0,1)%) with respect to a norm | - |y,
with C = Crec,0. Since the norms | - |, are equivalent, this space does not
depend on the choice of h.

Forany 7 > 0,d € Nand r € R?, fix a linear projection Rg? t(Has | |7) =

(Pﬁij, | - \T) with operator norm less than

cq(r) == dlm(Pd")

The existence of such a projection is guaranteed by [§, Theorem 7.6]

For any € R?and any S C {1,...,d}, let 5 = (2;);cs. Given a function
f: X — R where X C R?, define the function fg : R4 151 x RISI — R by

fs(z,y) = f(z), where
Yi ifie S
Z; = .
€Ty if 1 Qé S

Given S C {1,...,d}, we can then define the operator R(ST) equal to ng‘) rs

"applied to the variables (x;);cs", i.e the operator defined by
RY) - L([0,1)?) — £=([0,1)9)
RY f(x) = R, (v fs(wse,v)) (zs) ace
Lemma 5. Define the function
‘f ]l[O,I)d
Flopya]|

Krd(h) = inf
? pdw

Let J C [0,1)4,

d
J = HJZ Ecrea

i=1
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S c{l,...,d} and vs = [l;eq p(Ji). For any 7 > vg,h > u(J) and any

fELOO ([07 1]d)7
/Rs ‘— Cis1(xs). | f |-

KRrg, \S\( )

Proof. Let Js = [licg Jis Jse = [li¢g Ji and hge = % Note that u(Js) =

vg and pu(Jge) < hge. Since R|(;|) re is a bounded linear operator, by Fubini’s
theorem,

L[ po / / RO
h/JRS f=— vs e Jyo Lo Tlistes [y = fs(zse,y)] (xs)dxsedrs
1

- (7) [ / ) )
’Us/ R|S| re |7 hse Jyge fs(wse,y)drse| (zs)dzs.

Let

fs(xge,y)dxge.

hge Jge
SlnCe R|S| fS € PI'S |S‘

1 R
% / ST, I'S HR|S| rSfSHoou
< ’R|S| rs ’
B KTS:‘S‘( )
as|(rs) -
< —=|f
e (1 51
cis)(rs)
< IV Ps
g 5| (7) j sl
Thus,
vs) cs/(rs)
/R ' |S|rSfS vy = ra s (7 )’fS’vs
Moreover, for any rectangle Iy C RS,
1 - 1
_ rg)drg| = / s(xge,xg)drgedrg
uls) +vs |Jis fs(@s) (n(ls) +vg)hse |J1g Jyse s )
1
P
< sy e
where K € C is the unique rectangle such that Kg = Ig and Kge = Jge. It
follows that |fglug < |f|n, which yields the result. O

For any K = [[%[as, b;), let
I :[0,1)? = K

U — (CLZ' + ’U,Z(bz — ai))lgigd.
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Define the corresponding composition operator,
Ag 1 L®°(K) — L™([0,1)%)
f — f o lK.
Finally, for any j,j’ € Z9, let j Aj' = (min(j;, 50)):, S = {i : j; < j!} and

@) . 7oo/md oo (o d
Rj’j,.L (R*) — L>=(R%)

_ [S]

e Y [ARRET Ak] (1) k.

KeI(ny')

For any 0 € (0,1), define the collection of sets
Ciy(0) = {1 =Nz + A : T €I(G)UI(F),z€T,0 <A< 0}

JAI)

and the corresponding semi-norm

N;5(0,h, f) = sup {7
i ) cec;(0) LW(C) +h

The operator RJg? satisfies the following properties.

Proposition 8. Let j,j’ € Z% and let 6 > 0.

. 6
o For any p € mair(r,Z(3)), R\ 3(p) = p.
o For any q € mai(r,Z(}')), Ri5(q) € mair(r,Z(G A §))
e For any f € L>®(R%),

cis/(rs)

Nio (0,0, RO F) < AS057 e

JsJ ( 3, f) — Hrs7‘s‘(9|8|) |f’h

Proof. o Let K € Z(jAj). Let x € K and let I € Z(j) contain x.

For any i € S, z; € I; N K;, hence by lemma[3] I; C K; or K; C I.
Moreover, for i € S,j; = min(j;,j;), so |K;| = |I;|, which implies
that L, = KZ

Hence, {z € K : zge = xge} C I, thus ps(xge,-) coincides on
K¢ with a polynomial from Pf;fd. Since [ acts coordinatewise, the

same is true of Ax (p|x), with K replaced by [0,1)?. Since R‘%ﬂrs is

a projection, it follows that
_ |S] _
(AR RS Ak | (0lx) = [AK Ak] (0lK) = plic-
This proves the first point.

o Let K € Z(jAJ). Let x € K and let I' € Z(j') contain x. For any
i ¢S, xz; € I!NK;, hence by lemma I C K; or K; C I}. Moreover,
for i € S, 5/ = min(j;, ji), so |K;| = |I}|, which implies that I = K.

Hence, {z € K : zg = xg} C I, thus ¢g(-,zg) coincides on Kge

with a polynomial from Plfléz 4- oSince lx acts coordinatewise, the
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same is true of Ag(q|lx) = ¢|k o lx, with K replaced by [0,1)%.
Hence, § = [Ax(q|k)]s can be written in the form

G(use,us) = Y calus)uge,
acA

where A = {a € N*~I9| . o < rge}. Hence, by definition of Rg), for
any 7 > 0,

(RS Ak (alx) (w) = Ry [y P> Ca(y)“%“C] (us)

acA

=3 RY, leal (us)uge,

acA
which proves that [R(ST)AK} (q|x) coincides on [0,1)% with an ele-
ment of Pﬁi}". It follows by definition of RJ(QJ), and linearity of [x that
R}?q belongs to my.(r,Z(jAj')).
o Let Cc(Cy(0),C=(1—-Nzx+ M for some I € Z(j) UZ(j'), some

2 € T and some A € (0,6]. By convexity of I, C c I. By lemma
there exists one K € Z(j Aj') such that C C I C K. It follows that

h/ Ak 1R - JAgf

/ R e (5 () s

1
+h/ 1(C) +
1
w(C)+h

(8'))
~ det(lx 1)( (C) + h) /7 %) s Axf

/R 9‘S| AKf’

where J = I1(C) = (1 — )\)x + M (I). Foralli € {1,...,d},
|J;] < A <6, which implies by lemma 3 that

[ ] <

Firg, |5 (019)

Now, for any B C [0,1)%

e

1
w(B) + (h K) det(lK) /lK(B) f(@")dx‘

1
~ ulik(B)) +h /ZK(B) e

[f1n-

IN
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This finally yields

1

WO +h /CRj?f’ < M\flm

Forg 15 (01])

which proves the result, since C € C; j(0) was arbitrary.
]

We can now complete the proof of Theorem 4. Let p,q € m Um/, where
m = ma;r(r,Z(§)) and m’ = mg;,(r,Z(j')). First, if p,q € m or p,q € m’,
then by proposition [4| and equation defining h,,,

lp— QIhm/\hm/ > min (K (A A hint), Ky (B A han?) ) [P — qHOO,p

> min (K (hm), o (he)) 1P = dll 0
9
> —.
— 16
Let now p € m = mgir(r,Z(j)), ¢ € m' = mg;(r,Z(j’)) and S = {i €
{1,...,d} : ji < ji}. If S = 0, then Z(j) refines Z(j’) by lemma [4] hence we
are in the case described above.
Assume therefore that k = |S| > 1. Let r = |r|;, # = gz and h =
hon A hpn. By proposition

Frg k(0%) = Yjrg )6 (6%)

V
—
|
—
)
=2
“n
o
N—
ol
I
+
VR
=
&)
v
ol
+
-

[V
N
—_
|

S
-
N~~~
Do

since k > 1. Remark also that 6 = 6,,,(hy) = 05 (hpy), hence Cp,, o (f) €
C;.y(0) for all f € m, and similarly for m’. It follows from propositionthat

172
Ny 0oy A ) [1 — (1)] 1Flle > 5 171
2 ? ’ T2d4d+1 o0, 1 2 00, [t ?

for any f e mum’ C m(r,Z(j)) Um(r,Z(j')).
Now, by point 2 of proposition |8 above,

R{%)q € maip (v, Z(G A ) C mair(r, Z(3)) = m,
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in particular p — R}ej),q € m. Hence, by proposition

o

6
'oo " S Nj,j'('ga h’p - R§’J2Q)

— Ny (6.0, R (p— 0))

_gallrs) P = dln
T Firg,5)(019)
< deq(r)|p — qln-
For the same reasons, ¢ — Rj(ej),q € m/, hence by the triangle inequality,
1 () ()
2 Hq — Ryya ‘oo y S Nig (050, a = By )

0
< Ny (0, h, R{)q — p) + Nyy(0,h,p — q)
< [1+4eq(r)] |p — qln-
It follows that

=i 5oy e (= B9l o 75 )
1
= A+ deg(r) {Hp - Bjja Lo,# + Hq - Rjja ‘oo,#]
1P = dlloo

T 4(144cq(r))’
which proves the theorem.

APPENDIX C. RATES UNDER ANISOTROPIC SMOOTHNESS: PROOFS

C.1. Proof of Proposition [l We begin by a simple lemma.

Lemma 6. Any f € C3(R?) is uniformly continuous, moreover
d

vy, |f(y) = F@)] < D0 1 fliginlys — i 7M.

=1

Proof. Let z,y € R% Let z; = x and for any i € {2,...,d + 1}, z =
(x1,...,Ti-1,Yi,---,Yd). By the triangle inequality,

d
1f(y) = F(@)] <D 1f(zigr) — f(20)].
i—1

Let e; denote the i—th basis vector. By assumption, the function g; defined
on [0,1] by

gi it = f(z+ 1ty — xi)es)
belongs to C% (R), hence

|f(zit1) = f(z)] = gi(1) — 9i(0) < |gilcoint = | Fligontlyi — il P
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This proves the lemma. U
For any § > 0, let
Ins(f) ={1 € In : [| /1]l = 6}
Then Ty, 5(f) is finite. Indeed, let (0;)1<i<q be such that

d a0
Z ’f’i,ﬁi/\lfsfl < 5
=1

For all I =[[%, I; € Tns(f), let ' € T be such that f(z') > § and define

() = («f, (sup I;) A (] + 6;)) if (sup I;) — =} > %
o (inf I; V (] — 6;), 2]) else.

»

Let J(I) = [I1%,J;(I). Then, by the above lemma, f(y) > g for any
y € J(I), hence

[uwiay= [ 1wl > Gurm) = 5 11 (50 2).

It follows that

£l = 35 [ 1@y > Tsf) [g I1 (5 1 f;)] ,

IeTy 5(f)
which implies the finiteness of Z, 5(f).

It follows that for any sequence (gr)ez, 5(f) of elements of Pﬁij,

> grly € Mgip(r, In).
I€Tn 5(f)

Moreover, since f is continuous,

f= Y gy

IeZy 5(f)

<4V max su — x)|.
< IeIh,a(f):BeI;‘(f gr)(@)]

OO, b

Therefore, and since § may be chosen arbitrarily small, it suffices to study
uniform polynomial approximation of f on I for a given I € Ty,, say H;lzl [0, hjl.
Up to permuting 3, r and the arguments of f, we can also assume that the
identity permutation achieves the minimum in equation ((18|) .

Let P,.(I) denote the space of univariate polynomial functions with degree
at most r on the interval I. For A > 0, let S; denote the scaling and
translation operator:

h h
Spg:xr g 54—5:10
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which maps C([0, h]) isometrically to C([—1,1]). For each r € N, polynomial
interpolation at the Chebyshev nodes yields a continuous linear projection
Qr : C([-1,1]) = Pr([-1,1]) with operator norm

2
1@rllooy, = —log(r +1) +1:= as(r)

(for a reference, see [I5, Theorem 1.2]).

Forany j € {1,...,d},letr; = (r1,...,7;) and a;(r;) = HLI aq(r;), with
the convention ag(rg) = 1. Define recursively functions (f;)o<j<q by fo = f
and

fj(xl, c. ,l‘d) = Sf;lerShj [t —> fjfl(l’l, .. .,l‘jfl,t, Tj41y--- ,l‘d)] (xj)

It follows by induction that f; is polynomial as a function of (x;)1<i<;, with
directional degree deg;(f;) < r;. In particular, f; € 'ng.

< a1(rj); 1fillo, < @1(r) 1fj-1ll o o

Since Sp, is an isometry and HQ”
hence | fjll, , < a;(rj) [[f oo -
Moreover, by linearity and continuity of S 1er Sy, forall i > j > 1,
E)%?ZJ fj(l') = S}:leerhj [t — 8xtlﬁd fj_l(l'l, ey Lj—1, t, Liyeon- ,.’L’d)] (1'])
It follows that
—1
‘fj’l,ﬁl S HShJ QT]'Shj

By induction, this proves that || f;l; 5 < a;(r;) [|f|; g,- Fixnowj € {1,...,d}
and x € [[%4[0, ;). For any P; € Pr; ([0, hjl), S,:leTjSh].Pj = P;, hence by
the Lebesgue lemma,

|fi(x) = fi—1(x)] < sup [(f5 — fi—)(@1, .- 251, 8,541, - - -, Ta)

| fi-1lig < ar(ri)|fi-1lip:-

te[0,h;]
< [1 + ‘S}:leerhj ] sup |fj_1(l‘1, ce ,xj_l,t,xj+1, e ,a?d) — Pj(t)‘ .
te[0,hy]
Choosing P; to be the Taylor expansion of f;_1 at (x1,...,2;-1,0,2j41,...,%q)
along the coordinate x; yields
Bj
[fi(x) = fi—i(x) < [1+ al(?“j)]ﬁlfj—l\jﬁj
]!
Bj
aj—-1(rj-1)h;
<[1+a(rj))——2—Iflis:
[ ( J)] I_B]J' | ]753
ni

< (aj(ry) +aj-1(rj-1)) 71 f

Lo 0
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It follows by the triangle inequality that

d
IF = il < 3215 = frmil

d hﬁj
(G i)

which proves the result.

C.2. Proof of Theorem Let C' be a constant depending on r,d only,
the value of which may change from line to line. Let ¢ denote a numerical
constant, which can also change from line to line.

By theorem [4 assumption [2] holds for some k. depending on r,d only.
Hence, we can apply Theorem [3| with a = 3. Let

logn \ 77
ogn) <1

wn,d:Lﬁ( )2ﬂ+d< n

8(8+d)
Let 6 € [0, 1], to be chosen later, such that ||p*|lees® > Wy

For any i € {1,...,d}, let

1 _

08 03 3.

. 2B+d @ ‘p ”L,ﬁZ By
zZi = |:wnde ||007# :| ( Lﬁ’LJ' )

Let j € Z? be such that 277 < z; < 277+ for any i € {1,...,d}. Let
m = mg;r(r,Z(j)) € My. By Theorem (3, for all y > 0, on Q31644

(32) 5= ey < C L 10" = Pl 4pens () +

By equation and proposition [5| with 6§ = %,

(r 1 4_ oI 1 hum,
pony(h _29\[wp|h +3og< >>+\/;292 + 3108 ()

4 *|p(I'+ 31 hm 292
<29 \/|p In(T+ og_( ))+ ) \/(F+3logy)(F+3log_hm)

3 hmn hpn
4_ T+ 3log_(hm)
33 \[292
(33) + 3 hmn
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By equation and definition of j,
d —Ji
h _ Hi:]. 277
o=
(2 e ]|7)dad+t
27 =
T (2]I]I7)d4d

d 1
1 03 Z - d
> & [omator1Z ]~ I (0

i=1

i\B; )

1 8.8 —d
S P il

1§ s
*\ 3 *
>l o) 7 101257

Moreover, by the assumption on 6,

g B 2

1
B
hm 2 awn,d nd o0,

S 1 7210g”wm
= nd n n,d

S logn
- Cn

since wy g < 1.
In particular, log_(hy,) < logC + logn. Moreover, the VC-dimension of
Cis 2d,so I' < Clogn. Since

d
lOg’Tl L ( )Blogn _a —0d 28+d _d
o <Cl pr i P8 o B g
it follows by equation that
1(1__6d —6d o
(34) peng(hn) < C 1A T w0+ € 1125 w2, [1 + loiéﬂ |

Moreover, by proposition [6] and definition of z;,
¢ C 2= Biji
ln P =Pl oo = &ag(d m’ W8

2P
< i p*|. s
< Clrggtgd md!lp |i.8;

08
< C'|lp*[I58%" wn -

28+d

Consider first the case |[p*|,, , > w,”7* . Set then 6 = 1, which yields

2/_3idd _ * 25‘% * _2(51_;) < 25ﬁ+d —1 < * Tid
™ 158" wh g = 1™ 1860" 10" lcid wi g < P 1585" wy gwh g < 1D™1365" wn,d-
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It follows from equations , that, on 2310g y,

. ! logy cy
16— 2"l o0 < C P15 wha ll + 10gn1 +

B

Let y = 25¢5. With probability greater than 1 —e™*

)

A~ * 2/3+d z + log4 1ce
16 = P"llco,p < Cllp*[I550" wh,a [1+ V?)logn} +23

Since this holds for any x > 0, it follows by [12, Lemma 21] that

w8

B

2[3+(i (&
E (15— [l < ClIPHIZE e,

which proves the result.

28+d
Consider now the case [[p*|,, , < wnﬁgd Let 6 € [0, 1) solve the equation
0(B+d)
|p*||o2i® = wy,a, which implies that
| A Fra
||p H Wp,d < Wy, g Wn,d < Wy, 4
N 2;?& 2 B2
Hp Hooaﬂ Wnd =Wy g Wpg=W,q -

Moreover, since

1< 9d> 1( d ) 8 053
1-— > 11— > >

2 28+d) = 2 28+d) = 28+d " 28+d
and [|p*|, , <1,

zl-za), 2% i
||p ||007M < ||p ||OO,;L Wn,d < wn,d

It follows from equations (32 . ) that, on Q316g4,

logn vn

24l logy cy
A “+d
1D = P*lloop < Cwyg [1+ ] I

[

Let y = 23¢ 3. With probability greater than 1 —e™7*,

268+d z
+ log 4 1ces
H — < (C B+d 1 137 23 — .

Since this holds for any x > 0, it follows by [12, Lemma 21] that

28+d

E ([ — 1"l < Cw,ly"

C
+ﬁ,

which proves the result.
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C.3. Proof of Theorem [6] Denote by C' a constant depending only on
B, d, the value of which may change from line to line.
The proof follows that of Lepski ([I1, Theorem 2]) in the case m = d,
1
pi = 4oo fori € {1,...,d}, 0 = ﬁ (2)7, until equation (4.24). Thus,
let fo = po,(f9));e3, belonging to Cg 400 De constructed as in [IT], with
2 b

m=d,I* ={1,...,d}. In particular,
|£9 = 5o, = etn = laO)]"4,

for all j € J,,, where A,, is a sequence converging to 0 . Moreover,

2
dP™

&, = E(n Z / f(J) —1
R

dd]P’
G?(y) "1
\Jn\g{ “), d[fo(y)]dy} Al

The G; are supported in Y, = ?:1[0, \/0in], where the d;,, converge to 0,
so that

lim inf fo(y) = fo(0) = prya(0) = 2.

n—+00 yeY, 2

Hence, for all large enough n, by definition of the G},

P 1+%A2ﬁ5 :
" ’JTL’ b nl:1 bn '

Let then Ay, d;, satisfy the following equations for all large enough n:

1
gl
4 d 1 d
ZnA? <z I
(36) bnAnl:r[lélm < log (ll_[l (517”)

Note that by construction, log (Hflzl 51_;) < log(|Jnl]), so that &, < 1.
Hence, by [10, Proposition 6] and the following [10, Corollary 2],

1 1
lim inf inf su OdA,ZlEN » [||p(X) — >(1—>.
a0 s 90 e 170 = Plloo,e] > 5 (1= 2
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Thus, the minimax convergence rate is at least A,. It remains to solve
equations , . To that end, let

S R B
L=][L*
k=1

_B_
An = ()\b) 2Bﬂ+di2ﬁid <1Ogn> 28+d

n

for some A > 0 to be chosen later. Let C = W Solving yields
00,1

1

n—-+4o0o ZQB—Fd
Moreover,

4 244 a4 _-a

2 _ B
gnA l_Hléln 3" nd, "CsL5
a4 24
:ngnAnﬂ Lﬁd

d

Thus, taking A < 16 3 5 g ensures that . holds for all n large enough.

APPENDIX D. PROOFS

Lemma 7. Let X;,...,X,, be independent random wvariables. Let F be a
countable class of bounded measurable functions and

Zf Xl

=1

= sup
feF

Then with probability greater than 1 —e™%, for any 6 > 0,

4
Z < (1+4+20)EZ + 20V2xn + <2 + 9> cx
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where
O' = sup Var
{2 |
c= sup{\lflloo}-
feF
Proof. Let
. Z =z 7
=== sup Zf(Xi) — E[f(X3)]
c felrli=1

Let also 6 = 2,

By [6, Theorem 12.2] with t = 2z + 24/ (n&2 + ¥2)z,
i (Z _EZ>2% +2/(nd? + 22)95) <eo.

Moreover, by [6, Theorem 11.8], 2 < 8 EZ+252, so with probability greater
than 1 —e™*, for any 6 > 0,

7 < EZ + 2\/x(8EZ + 2n6?) + 22
< EZ 42V 8xEZ + 26V 2xn + 2x
. 4
<(1+20)EZ + % + 26+/2am + 2.

In other words,

1Z< 1+29EZ+2 \/2:1: +(2+3>
c

which proves the result. O
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