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By methods of stochastic analysis on Riemannian manifolds, we develop an approach to determine
an explicit constant ¢(D) for an n-dimensional compact manifold D with smooth boundary such that
% ¢l < I HeSS plloc < c(D)A ||§]loc holds for any Dirichlet eigenfunction ¢ of —A on D with eigenvalue

. . . 3 . .
A. Our results provide the sharp Hessian estimate ||Hess ¢lloc < 2 ll¢ll;2. Corresponding Hessian

~

estimates for Neumann eigenfunctions are derived in the second part of the paper.

1 Introduction

Let D be an n-dimensional compact Riemannian manifold with smooth boundary 9aD. We write
(¢, 1) € Eig(A) if ¢ is a Dirichlet eigenfunction of —A on D with eigenvalue A > 0, thatis, —A¢ = A¢p. We
always assume eigenfunctions ¢ to be normalized in L?(D) such that [|¢|l;> = 1. According to [16], there
exist two positive constants c¢;(D) and c(D) such that

OV ldllse < IVhllee < 2DV NIl (6,2 € Eig(A), (1.2)

where we write Vo« = || IV9| |l for simplicity. An analogous statement for Neumann eigenfunctions
has been derived by Hu, Shi, and Xu [9]. Subsequently, by methods of stochastic analysis on Riemannian
manifolds, Arnaudon, Thalmaier, and Wang [2] determined explicit constants ¢1(D) and c,(D) in (1.1)
for Dirichlet and Neumann eigenfunctions. From this, together with the uniform estimate of ¢ (see [7,
8,12]),

Iplloe < 02T
for some positive constant cp, the optimal uniform bound of the gradient writes as

IVglloe S 275
Results of this type have been used to study gradient estimates for unit spectral projection operators
and to give a new proof of Hormander’s multiplier theorem; see [23-25].

Concerning higher order estimates of eigenfunctions, not much is known. Very recently, Steinerberger
[17] studied Laplacian eigenfunctions of —A with Dirichlet boundary conditions on bounded domains
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Q c R" with smooth boundary and proved a sharp Hessian estimate for the eigenfunctions which reads
as

n+3

[Hess¢llo S A7,

~

where
| Hess ¢l := sup {| Hess ¢ (U, v)|(x) : x e R", v € R", |v] =1}.

To the best of our knowledge, higher order estimates of eigenfunctions for Euclidean domains first
appeared in [6] (see Lemma C.1 in the Appendix there which is easily adapted to cover the Hessian
estimate in the Euclidean case).

Itis natural to ask under which geometric assumptions such estimates extend to compact manifolds
(with boundary). Following the lines of [2], for the Hessian of an eigenfunction ¢, one may consider the
question how to derive explicit numerical constants C1(D) and C,(D) such that

C1D ¢llse < 1Hess dlloe < C2DIX $llo, (¢, 1) € Eig(A). (1.2)

Note that for eigenfunctions of the Laplacian, one trivially has
1 A
H > — |Ap| = —
| ess¢|_n| @l n|¢\,

and thus there is always the obvious lower bound

| Hess ¢l A

l¢lls — 1
For this reason, we may concentrate in the sequel on upper bounds for || Hess ¢|loo/ 1Pl o

In [2] a derivative formula for Dirichlet eigenfunctions has been given from where an upper bound for
the gradient of the eigenfunction could be derived directly. Let us briefly describe this method. Assume
that X; is a Brownian motion on D\ 8D with generator %A, and write X:(x) to indicate the starting point
Xo = x. Then X.(x) is defined up to the first hitting time p = inf{t > 0: X;(x) € 9D} of the boundary.
For x € aD we use the convention that X.(x) is defined with lifetime tp = 0; in this case the subsequent
statements usually hold automatically.

Suppose that Q:: TxD — Tx,xD is defined by

DQ = —3RicQdt, Qo =id

where D = //td//{1 with //t == //or: TxD — Tx,xD parallel transport along X(x) and Ric*(v)(w) =
Ric(v,w) for v,w € TD. Suppose that (¢,1) € Eig(A). Then, for v € TyD and any k € C})([O,oo);]R), that
is, k bounded with bounded derivative, the process

t .
e/’ (k(t) (VoXp), Qi) — ¢(Xt)/0 (k(s)Qs (), //sst>) , t=wm

is a martingale. From this, by taking expectation, a formula involving V¢ can be obtained which allows
to derive an upper bound for |V¢| on D by estimating |[V¢| on the boundary dD and carefully choosing
the function k. Along this circle of ideas, our aim is to establish a similar strategy for the Hessian of an
eigenfunction ¢.

In view of the fact that Pi¢ = e */2 ¢ where P; is the semigroup generated by $A, we focus first on
martingales which are appropriate for attaining uniform Hessian estimates of eigenfunctions. Let us
start with some background on Bismut-type formulas for second-order derivatives of heat semigroups.
A second-order differential formula for the heat semigroup P; was first obtained by Elworthy and
Li [5, 13] for a non-compact manifold, however, with restrictions on the curvature of the manifold.
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An intrinsic formula for Hess Pif has been given by Stroock [18] for a compact Riemannian manifold,
and a localized version of such a formula was obtained in [1, 3] adopting martingale arguments. For the
Hessian of the Feynman-Kac semigroup of an operator A +V with a potential function V on manifolds,
we refer the reader to [14, 15, 19].

For a complete Riemannian manifold M without boundary, an appropriate version of a Bismut-type
Hessian formula gives the following estimate (see [3], Corollary 4.3, together with Lemma 2.2 below)

Kot 2
| Hess PifJlo < (KM+ 72 + 7) €X' If s,

t
where
Ko :=sup {-Ric(v,v): y e M, v e TyM, |v| =1};
Ky :=sup{[RI(y): y € M}; (1.3)
Ky :=sup {|(d*R + VRi0)*(U, w)|(y): y € M, v,w € TyM, || = [w| = 1}
and

[RI(y) := sup H > Reei,v,w,e)%(y) < vl < 1, [w| < 1]

ij=1

for an orthonormal base {e;}]; of TyM.
Thus, if f = ¢ and (¢, 1) € Eig(A), then

Kyt 2
| Hess ¢lloo < (Kl«/ﬂ 72 + ?) e®o/A ]|

foranyt> 0. Letting t = then yields the estimate

1
Kot+2/2

| Hess ¢l 2 K>
—— <|Ky | =——+ —— +2Kog+ X )e.
¢~ \ 'V2Ko+r  2Ko+a  C

To carry over such results to (compact) manifolds D with boundary, the influence of the boundary
has to be studied. In this paper, we shall adopt a martingale approach to the Hessian of Dirichlet
eigenfunctions. This approach is based on the construction of a suitable martingale which builds a
relation between Hess ¢ and d¢ and then to estimate C,(D) in (1.2) by searching for explicit constants
Cq, Cp and Cs such that

| Hess ¢lloo < C1l|Hess ¢llap,oc + C2llV ¢llspco + CllV @ lloo, (1.4)

where |Hessllape = SUPye,p | Hess¢|(x) and [V éllape = SUP,yp |V @I(X). The final estimate for
| Hess ¢| is then received by combining the last inequality with estimate (1.1) in [2].

Let us start with the general principle behind the construction of the relevant martingale. Let k €
C3([0, 00); R) and define an operator-valued process Wf: TyD® TxD — T, D as solution to the following
covariant Itd equation

1 . 1._.
DW¥ (U, w) = R(//+dBr, Q:(R(HU)) Qs (W) — 5 @R+ VRIO® Qi (k(DV), Qr(w)) dt — §R1c”(W?(v, w)) dt,
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with initial condition W¥&(u, w) = 0; see Section 2 in [4]. In explicit terms this gives

t
Wi, w) = Q: /O Qs 'R(//5dBs, Qs (k()v)) Qs (W)

- 2Q /O Q@R + VRICH Qe (R($)V), Qe(w)) ds, (1.9)
Here the operator d*R is defined by d*R(v1,Vy) := —tr V. R(+, 1)U, and thus satisfies
(d*R(v1, V), V3) = ((Vi, RicH)(U1), Ug) — ((V, RicH) (Us), U1)
for all vy, v,,vs € TxD and x € D. Then the process

M; = e*? Hess ¢ (Q:(R(DV), Q:(v)) + €*/2 dgp (WF (u, 1))

t .
e dp Q) /O (Qs (R(s)V), //5dBs) (1.6)

is a martingale on [0, 7p] in the sense that (Miaz)i=0 is @ globally defined martingale where p = inf{t >
0 : Xi(x) € aD} denotes the first hitting time of X.(x) of the boundary 8D. The martingale property of
(1.6) now allows to establish an inequality of the type (1.4) by equating the expectations at time 0 and
at time t A tp. This approach then requires to estimate the boundary values of |d¢| and | Hess ¢|, in order
to obtain the wanted upper bound for || Hess ¢||«. To this end, we establish the required estimates in
Lemmas 2.4-2.5 by using information on the second fundamental form II and the second derivative of
N, where for X,Y € TxdD and x € 9D, the second fundamental form is defined by

(X, Y) = —(VxN, Y).
Finally, let

cos vkt — < sin Vkt, k>0,
01 = b, () =1 1—ot, k=0, 1.7)
cosh v/ —kt — ﬁ sinh+/—kt, k<O.

We state now the first main result of the paper. To this end we denote by p,p the distance function to
the boundary 9D which is smooth in an open neighborhood of 9D if the boundary of D is smooth.

Theorem 1.1. Let D be a compact Riemannian manifold with smooth boundary aD. Let Ko, K1, Kz, o
be non-negative constants such that Ric > —Ky, |[R| < K; and |d*R + VRic| < K; on D, and
that |II] < o. Assume that the distance function p;p = dist(x,dD) is smooth on the tubular
neighborhood 9,,D := {x € D : pyp(x) < 11} of 3D. Let k, B, y be constants such that |Sect| < k on
9, D, and that

IV(Apap)l < B, 1A%pipl <y on d,D, (1.8)
where 1o = 11 A €71(1/2). Then for any non-trivial (¢, 1) € Eigy(A),

| Hess ¢l

o < A(D) + C(D)A (1.9)
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where
1
A(D):Z(n—l)oe(oz+ —)+2coe(K1— 9—0[ - éz —Bﬂ)
e To I
. (K1 +3P)ave + Kocov/e +y + LAWECEM | BB
7+ 2 4 (6/r0 + 2a)’
2
+ 2co e(e™"/? +1)(9a ron, % + 38+ 2Ko + 202 + 4 Moo+ (E + 2a) )
To I To
nroo/2 2, 0n 1 moo+1y2 {6
+ae(2e™? 1) (| 2Ko + 20 + e+ +4el —+2 (1.10)
0 0
and
a(ve+1)

CD) = (n— Do +a2e™/? +1))ee + +2(2e™? +1) e, (1.11)

6/70 + 2a

forany e > 0, @ = 2(n — 1) max{o, k} and ¢y = \/§+ 1/Z

Remark 1.2. (1) Let Aq be the first Dirichlet eigenvalue of —A. From inequality (1.9), we see that

| Hess ¢l (A(D) )
_— ——— 4+ CD) ) r.
6.\ T

(2) If the manifold has constant sectional curvature and mean curvature on 9,,D, thatis, H = 6,
Sect = k on 9,,D, then for p;p(x) < £71(0) A 1o,

Z/

0,0-Dk
Apap = 2D (o).
Lo, -1k

As a consequence, the upper bound of |V(Apsp)| and |A?psp| can be calculated explicitly, as
IV(Apap) (%) < 4((n— DR +067), |A%pyp|(x) < 8max {o,v/(n— Dk}((n— Dk +0?),

for pyp(x) < ig A £71(1/2). For the general case, from the second variation formula of p;p (see
(2.10) below) we see that further information about |VII|, |V2II|, |R|, |[VR|, and |V?R| on &,D is
needed to derive upper bounds for |V(Apsp)| and |A?pyp|.

Turning now to Hessian estimates for Neumann eigenfunctions, let us denote by Eigy(A) the set of
non-trivial (¢, A) for the Neumann eigenproblem, that is, ¢ is non-constant, A¢ = —i¢ and N¢|,p = O for
the unit inward normal vector field N of aD. Proceeding along the previous ideas, the main difference
is that we can no longer consider the process only up to the first hitting the boundary dD. When
constructing the suitable martingales, the boundary behaviour of the process must be included. We
shall use reflecting Brownian motion as base process to deal with this problem. Due to recent work on
Bismut-type Hessian formula for the Neumann semigroup [4], we have the following formula linking
Hess Pif and df intrinsically:

~ .t ~ . ~
HessPif(v,v) = E [—df(Qz(U))/O (Qs(k(s)V), //sdBs) + dAf (WE(v, U))} ,

where Q and W are defined in (3.1) and (3.2) in Section 3 below. By taking into account that P.¢ = e~ 7% ¢
and estimating Q. and W. carefully under suitable curvature conditions, we obtain the following theorem
which gives an upper estimate for Hess ¢ of the type (1.2) with an explicit constant C,(D).
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Theorem 1.3. Let D be an n-dimensional compact Riemannian manifold with boundary aD. Let
Ko, K1, Ky be non-negative constants such that Ric > —Kp, |R| < K; and |d*R + VRic| < K; on
D,and let o1, 07, 0 be non-negative constants such that —o; < II < o and |V2N — R(N)| < o, on
the boundary 9D. Assume the distance function pyp to the boundary 9D is smooth on 9,,D =
{x € D: pyp(x) < 11} and let k be constant such that Sect < k on 8,,D. Then for any non-trivial

(¢,2) € Eigy(A),

M < ANN) 4+ C(N)2,
l¢lloo
where
2 Ky 4+ 205(2 + 201)
AN) = [K1 voKo+ T g2y 2T T
T 2 /2Ko+20’1(%+201)

4 %2 (s (Ko L 2012) " }) ]egmoaﬁl

2 To &

and

C = (14 22 e

forrg =11 A€71(0) and any ¢ > 0.

Remark 1.4. Let A, be the first Neumann eigenvalue of —A. Then Theorem 1.3 gives

I Hess ¢l _ (A(N)

C(N) ) x.
ol -\ ())

The remainder of the paper is organized as follows. In Section 2 we first show for Dirichlet

eigenfunctions

[ Hess ¢lloo/lI¢llc < CD)A

by verifying that the process (1.6) is a martingale, in combination with boundary estimates for | Hess ¢|.
Section 3 then deals with Neumann eigenfunctions where we give a proof of Theorem 1.3 by using
Bismut-type Hessian formulae for the Neumann semigroup along with an estimate of the local time.

2 Hessian Estimates of Dirichlet Eigenfunctions

This section is dedicated to the approach described in the Introduction. The proof of Theorem 1.1 is
divided into two steps by first showing Theorem 2.11 with some auxiliary function h, which will be

constructed in Section 2.3.

2.1 Preliminary

We start by defining the fundamental martingale which will serve as basis for our method.

Theorem 2.1. On a compact Riemannian manifold D with boundary aD, let X.(x) be a Brownian
motion starting from x € D and denote by tp = inf{t > 0: X;(x) € dD} its first hitting time of dD.
Define Q; and W’f as above where k € C;([O,oo);R). Then, for (¢, 1) € Eig,(A) and v € TyD, the
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process

t .
M2 (Hess #(Q:R(®V), Qr(v)) + dp(WEV, v)) — d¢(Qt(U))/O (Qs(k(s)V), //sst>) (2.1)

is a martingale on [0, p].

Proof. Due to the compactness of D it is sufficient to check that (2.1) is a local martingale on [0, p).
Fixing a time T > O, for v € T«D, we let

Ni(v,v) = Hess Pr_¢(Q:(v), Q:(v)) + (dPr—t¢)(W:(V,V)), t=<TA1p,
where
t 1 t .
Ww,v) = Q /O QR B, QW)Q W)~ 5 /O Q;(d"R + VRicy (Q,(v), Q) dr.

Then N¢(v,v) is a local martingale; see for instance the proof of [19, Lemma 2.7] in case that potential
V = 0. Since (¢, ») € Eig(A), we know that Pr_1¢(Xy) = e *T9/2¢(X;) and thus

"'/ (Hess ¢(Q:(v), Q:(v)) + (d¢) (W (v, 1))
is also a local martingale. Furthermore, consider
NE(U, v) := e*'/? Hess ¢ (Q:(k(DV), Q:(v)) + (€72 dg) (W (v, V).

According to the definition of W¥(u,v), resp. W:(u,v), and in view of the fact that Ny(v,v) is a local
martingale, it is easy to see that

t .
e*2 Hess ¢ (Q: (k(D)V), Q:()) + (€2 dgp) (W (v, ) — / /2 Hess ¢(Qs (k(s)v), Qs (v)) ds
JO
is a local martingale as well. From the formula
t
e’ dg(Q:(v) = dp (V) + /O e’/2(Hess ¢)(//sdBs, Qs (V)
it follows that
t . t .
/O e"/2(Hess ¢)(Qs(k(s)V), Qs(v)) ds — e*/? dgp (Q:(v)) /O (Qs (k(s)v), //5dBs) (2.2)
is a local martingale. We conclude that
N t .
(e"/? Hess ¢)(Q:(k(HV), Q: () + (€*/? dg) (W (v, 1)) — /% dgp (Q: () /O (Qs(k(s)v), //5dBs)

is a local martingale. n

We shall use the following estimates to proceed with the Hessian formula for ¢.
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Lemma 2.2. Assume thatRic > —Ky, |R| < K; and |d*R+VRic| < K, on D for non-negative constants
Ko,K; and K,. Let k € C}([0, 00); R). For t > 0 and § > 0, it holds

Q| < %2 and (2.3)

t 172 t
E [\Wf(v, fe(t)u)|1(t§m)] < (K1 (/ k(s)? ds) + %/ |k(s)] ds) kot |]?<(t)\, (2.4)
0 0

where Ko, K; and K, are defined as in (1.3).

Proof. The first inequality follows from the lower Ricci curvature bound condition and the definition of
Q:. For 0 < s < t, the damped parallel transport Qs; = Q:Q;: Tx.D — Tx,D satisfies

DQt,s = *%Rict(Qt,s) dt, Qs,s = ld
Thus, the lower bound of Ricci curvature —Kj yields
Qs | < =972,
According to the definition of WF (see (1.5)), we have
t
E (W, 01z <E [Ltglet /o Q:'R(//sdBs, Qsde(s)u))Qs(u)}]
1 t .
+ §1E [1u5m)|Qt/O Q; ' (d"R + VRic)(Qs(k(s)v), Qs (V) dS|]
Kot Kot t 2 12
e B[ tremle ¥ Q [ QRusdE, Qom0 ]
K> 1Kot ! 1K
+ 7E Ltz | €% / e2%% [k(s)| ds] | . (2.5)
0

Moreover,
1 t 2
et Q, [ Q7 RU:dB, Qs k9020

= e Kot (R(//tdBt, Q: (kDY) Qs (V), Q /0 t Qs 'R(//sdBs, Qs(k(S)U))Qs(U))
+e 50 [RA Qi (R(BV), Qu(0)) [1g dt
_ Kot Ric (Qt /0 CQCIR(/sdBs, Qs (RS ), Qs /O " QCIR(sdBs, Qs(k(s)v»Qs(u)) dr
—Koe ot |Q; /O t Q- 'R(//5dBs, Qs (k(©)v)Qs(w)| dt

< e M RAQu(R(DV), Q: ()] dt < K e QR dt < K] 'Rt dt, t < .

Combining this with (2.5), we have

t 1/2 t
E (10 0,0/ Tezey) = Kr " (/ &5 k(s)? ds) 2 e [ ke ds
0 0

This completes the proof. n

By the results above, the following Hessian formula for eigenfunctions ¢ is obtained.
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Theorem 2.3. Let D be a compact Riemannian manifold with boundary aD. Let X.(x) be a Brownian
motion starting from x € D and tp be its first hitting time of 9D. Suppose that k is a non-negative
function in Ckl)([o, 00); R) such that k(0) = 1. Then for (¢, ) € Eig(A), t > 0 and v € TxD,

(Hess ¢)(v,v) = E* [/ (Hess $)(Qunr, (R(E A 0)V), Quney (V) + €2 (dg)(WE, , (v, 1))

tATp

X [emvwz d¢ (Qine, (V) /O <Qs(1?<(s>u>,//sst>]. (2.6)

Proof. The claim follows by taking expectation of the martingale (2.1) at time 0 and t A p. Recall that
|Q;| < e®/2 For x € 9D formula (2.6) is obviously tautological since p = 0. n

To derive Hessian estimates of ¢ from Theorem 2.3 requires estimates of Hess ¢ on the boundary
oD. To this end, we first note the following observation. Since ¢ = 0 on the boundary 9D, we have
V¢ = N(¢)N on dD. We extend the normal vector field N to a tubular neighborhood of 4D as N = Vp;p
where p,p(x) = dist(x, dD) denotes the smooth distance function close to the boundary (see Remark 2.5
below for the details).

Lemma 2.4. For x € 9D let H(x) be the mean curvature of the boundary. Then,

N?(¢)(x) = ~H@N(@)(x), x € aD.

Remark 2.5. Assuming that the boundary aD is smooth, let N be the unit inward normal vector
field N on aD. Furthermore, let

®: [0,10[ x 9D - D, (1,X) > exp,(IN), (2.7)

be the geodesic from x € 8D orthogonal to 9D and parametrized by its arc length r. As the
differential of @ at any point (0, x) has full rank, we find ey > 0 such that ® is a diffeomorphism
from [0, &o[x 8D onto the open neighborhood {x € D: pyp(X) < o} of dD in D. This allows to extend
N to a tubular (collar) neighborhood of 9D as @, . By construction then VyN = 0.If X is a vector
field on 9D tangential to aD, we extend it to the neighborhood of 9D as being independent of
the real variable in the product [0, &0 x D. By construction, close to the boundary, the distance

function p;p(x) = dist(x, dD) is smooth and satisfies N = Vp,p.
Proof of Lemma 2.4. On the boundary D we have

n

0=1p=A¢ =D (Vx Vo, X;) = (VwV¢,N) + D (Vx V¢, Xi)

=1 =2

= (VnVe,N) + D (Vi (N(@)N), X;)
i=2

=N(Ve,N) + D XiN@) (N, X;) + N(¢) D (Vx N, X))
i=2 i=2

=N?(¢) + N(¢) D" TI(X;, X;) = N*(¢) + N(¢) tr T,

=2

where for x € 8D, {Xi}1<i<n denotes an orthonormal basis of TyD with X; = N. As (tr [T)(x) = H(x), x € aD,
the proof is completed. |

The following lemma is taken from [2, Lemma 2.4 and Proposition 2.5] and allows to estimate the

values of |V¢| on the boundary. Here we use o™ + \/% as upper bound for the right-hand-side in [2, Eq.
(2.29)].
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Lemma 2.6. Let ap € R such that

Apyp < o (2.8)
outside Cut(dD). Then for any t > 0,
V2
IV llap,cc = IN@) D00 < llglloo €2 (a&# + 7))

In particular,

s
IV@lian,0o < Il €7 (oco+ + “/\/;)

Remark 2.7. With constants Ko, 6 > 0 such that Ric > —K, on D and H > —6 on the boundary aD,
where H(x) is the mean curvature of D at x € D, let

a0 =max {6,/01- DKo |
Then estimate (2.8) holds true for this «g.
Next, we introduce some results on local time estimate of reflecting Brownian motion, which is also

a tool in the boundary estimate of |Hess ¢|. Let us recall some basic notations on it. The reflecting
Brownian motion on D with generator ;A satisfies the SDE

dXe = //to dB} + %N(Xt) dl, Xo=x,
where Bf is a standard Brownian motion on the Euclidean space TyD = R" and [; is the local time
supported on 9D (see [22] for details). Now we turn to the problem of estimating E[e*"/?] for & > 0 by
exploiting a specific class of functions h.
Lemma 2.8. Suppose that h € C*(D) such thath > 1 and Nlogh > 1. Fora > 0 let
Kpe =sup{ — Alogh+a|Vlogh|*}.

Then,

E[e*/?] < ||h||% exp (%Kh,at) .

Proof. By It6’s formula we have
_ _ 1 .- 1.
dh™*(Xy) = (Vh™(Xy), /[t dBt) + EAh “(Xyp) dt + ENh “(Xp) dl
< (V17X 11 dB) = o) (= 3K de-+ 5 N1oghCK) ).
Hence,

o

t
M; :=h(X;) exp (—%Kh_at + 7 /o Nlogh(Xs) dls)
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is a local supermartingale. Therefore, by Fatou’s lemma and taking into account that h > 1, we get

o

E [h‘“ (X;) exp (— %Kh,at + 5

t
/ Nlogh(Xs) (ﬂs)] <he@ <1
0

Since Nlogh(x) > 1 we conclude that

E [exp (%lt)} <E [exp (% /OtNlogh(Xs) dls):| < |h|% exp (%Kh,at).

At the end of this subsection, we collect some Hessian comparison results for p,p. Let p be the
orthogonal projection of x on 9D, and let y(s) = exp,(sN),s € [0, psp(x)] be the geodesic from p to x. Let
J(5)}sefo,00 0] D€ the Jacobi field along y such that J(psp(x)) = v for v € TyD, and j(0) = —II*(J(0)) € TyaD,
where (II*(J(0)), w) = II(J(0), w) for w € T,aD. From the variation formula of psp, we know that

()I? = (R (5),J(5)7(5),)(s))) ds. (2.10)

Pap (X)
0

Hess pyp (v, v) = —11((0),J(0)) + /
The following result is essentially due to Kasue [10, 11] (see also Theorem A.1 in [20]).

Lemma 2.9 (Hessian Comparison). Let o and k be non-negative constants such that |II| < o and
|Sect| < k on d,,D, where p,p is smooth d,,D. Then,

, v
o,k —o,—

——=(pyp(x)) < Hess pyp(V,v) <= —

de 4

: (Pap (X)), pap < To A€, 3(0).
o
Moreover, for psp(X) < 1o A Z;}e(%),

|Hess pyp| < 2max{o, «/E}4

Proof. The proof of the first inequality can be found in [22, Theorem 1.2.2]. Based on this, we have for
k,o >0,

Hess psp(V, V) < max{o, Vk}.

On the other hand, for p;p(x) <19 A Zk”},(%),

2, (p;
ke (P20 CO) > 2, (pap (X)) > —2 max(o, Vk).

Hess u,U) > —— >
pin Ceo (a0 (X))

This completes the proof of the second inequality. |
2.2 Hessian estimate of Dirichlet eigenfunctions
Lemmas 2.4, 2.6, and 2.8 allow to derive an estimate of | Hess ¢| on the boundary aD.

Lemma 2.10. Let Ky, o be non-negative constants such that Ric > —Kj, [II| < o. Suppose that the

distance function p,p is smooth on 9,,D = {x : psp(X) < 1o} for some constant ro > 0. Then for
X € aD,

| Hess(@®) |, o = (1= Do IN@)llap,c

1
+ [|n)g, e KotoKiot (clﬁ +(Co+ Cmﬁ) 6110

; 1
+ [|h)g, e 2 Kotoko)t (—Jr Cs+4 JE) Vol
Ihll5 NG (C3+0)VE) IV

1
+ [IhlIg, ez ®o+oKia)t /tCy || Hess ¢ oo,

202 J9qWISAON 80 U0 1saNB Aq Z09E6.LL/EISE L/ L Z/720Z/aI01HE/UIWYWOO"dNo"olWapede//:Sdny WOy papeojumoq



13574 | L.-J.Chengetal.

where h € C*°(D) such thath > 1 and Nlogh > 1 and
Kno, = sup{—Alogh+o|Vlogh|?},
and the constants Cq, Cy, C3, C4 are defined as
Cr = |apunl, o
Co = | AW (ean)) Apan + 219 (pan) | - IV (Apan)] + 187 papl [, 1,
Cs = | [¥"(pap)| + 31¥" (pap) Apan| + 31V (Apap)| H%D,
Ca = |29 (oap)| + 2(n — 1) Hess pop| |, »,

where ¥ € C2(R*, [0, 1)) satisfies ¥(0) = 1, ¥'(0) = 0 and ¥(r) = O for r > rq.
Proof. Given x € 9D, let {Xj}1<i<, be an orthonormal basis of TyD with X; = N. Then,

| Hess(¢) (X, Xj)| = VAo (X, X))| = (Vx, Vo, X))
= 1Xi(Vg, Xj) — (Vo, Vx Xj)|.
By assumption we have [II| < ¢.If X;, X; € TxdD, thatis i,j # 1, then (Vé, Xj)|op = 0 and
| Hess(@)(X;, X))l = | = N(@)(N, Vx X))| < o[N(@)|. (217)
IfX; = Xj =N, thatis, i :j =1, then VyN|;p = 0 and
|Hess(¢)(N, N)| = [N?(¢)| < [HN($)| < (n — Do |N(¢)|. (2.12)
IfXj e TyaDand X; =N (i.e,j # 1 and i = 1), then
| Hess()(Xj, N)|(x) = INX;($)[(x). (213)
In order to get control on (2.13), we shall use a probabilistic argument based on the Brownian motion
on D reflected at the boundary. Before going into the details, we recall our conventions on the extension
of vector fields from 9D to a tubular neighborhood of the boundary; see Remark 2.5.
Let N be the extension of the normal vector field to a tubular neighborhood 9,,D := {x : psp(X) < 1o}
of 3D and define

0(0) = ¥ (psp())dIV@N), X € d,D, (2.14)

where ¥ € C>(R™, [0, 1)) satisfies ¥ (0) = 1, ¥/(0) = 0 and ¥ (r) = 0 for r > ro. Using the formula div(¢N) =
N(¢) + ¢ div(N), along with Lemma 2.4, we observe for x € aD,

N(p)(x) = ¥'(0)div(¢N) + N(div(¢N)) = 0.

Thus, ¢ satisfies the Neumann boundary conditions on D.
Let now X; be the reflecting Brownian motion on D and PNf(x) = EX[f(Xy)] for f € B,(D) the
corresponding Neumann semigroup. According to the Kolmogorov equation, we have

1 t
() =Pl (p)(x) — 5 /O PN (Ap)(x) ds.

Taking derivative on both sides of the equation yields

1 t
X060 = X)) - 3 /O XY Ap)(x) ds,
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where X; is tangential to aD. We first observe that for x € 9D,
Xi(@)(®) = Xi(¥ (pap)) () AIV(@N) (X) + ¥ (pap () Xi (dIV($N)) (X) = X;i(div(¢N)) (%)
= XiN(®)(X) + Xi(¢) ) div(N) (%) + ¢ () X (div(N)) (%)
= XiN@) ().

To deal with the upper bound, we use the Bismut formula established in [22, Theorem 3.2.1] for the
compact manifold D, which gives

VRl < — el e
where I, is the local time supported on 9D. By Lemma 2.8 of the previous subsection, we have
E*[e”"] < M]3 exp (0Kn2ot),
where h € C*(D) such thath > 1 and Nlogh > 1 and
Kp20 = sup{—Alogh+ 20|V1ogh?}.
We then conclude that
IXN@)I(x) < [y, eF Corkont [% lollzcer + v/t \|A¢||B(x,ro):| . (2.15)
According to the definition of ¢ in (2.14), we have
lelloo = IIVPllos + I1AIVIN) o, DIl Il
By commutation rules, we calculate
Ap = A((¥(pep))div(¢N))
= AW (pap))diV(PN) + 29" (03p)N(div(pN)) + ¥ (p3p)) A(div($N))
= AW (Pap) @IV + N(@)) + 29/ (pup) (N (i) + N(@)diviN) + N(9))

+ ¥ (psp)) A(div(¢N)) (2.16)

and
Adiv(¢N)) = div((O — Ric*)(¢N))

= div(A(¢)N) + div(¢ON) + 2div(Vy,N) — div(Ric*(N)) — Ric(N, V)

= —Adiv(pN) + ¢div((0 — Ric)N) + (ON, Vg) + 2div(VysN) — Ric(N, V¢), (2.17)
where g = tr v2 and Ric*: TD — TD such that (Ric* (v), w) = Ric(u, w) for v,w € TxD, x € D. Let {ei}1<i<n e
orthonormal basis of TD about x satisfying Ve;(x) = 0. We then have

VygN = i(ei(ﬁb))ve‘Ny
i=1

and as a consequence

div(VyeN) = > ((Vei(@), VeN) + ei(¢)div(V,, N))

i=1
= (Hess(¢), VN) + (V¢, Z div(Ve, N)e;)
i=1
= (Hess(¢), VN) + (V¢, V(div(N))).
Combining this with (2.17) yields
A(div(¢N)) = ¢ (—1div(N) + A(div(N))) — AN(¢) + 2(Hess(¢), VN) + 2(V¢, V(div(N)))

+ (ON, V¢) — Ric(N, V¢).
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From the fact that N = Vp,;p and the Weitzenbdck formula, we observe that
div(N) = Apyp, (V.N,-) =Hesspyp and (ON, Vg) — Ric(N, Vo) = (VApyp, V). (2.18)
Combining the equations (2.16), (2.17) and (2.18), we conclude
Ag = A (p9p))(Apsp)¢ + AW (pap))N(9) + 2W(paD)(¢N(A,OaD) + N(¢)Apyp + N2(¢))
+ ¥ (0s0)p (=2 Apap + A pap) — A (pap)N($) + 2 (pap) (Hess (@), VN) + 3y (pap) (Y Apap, Veb)
= (A (pap))(ApaD) + 29 (pap)N(ApaD) + ¥ (030) (A% psp — LAPD)) P

+ (AW (D)) + 29 (pap) Apap — A (pap))N(@) + 39 (pa0) (V Apap, Vb)

+ 29/ (pap)N?(§) + 29 (pp) (Hess(¢), VN),
which together with (2.15) implies that

IXiN@)[(x)

1 1
< ||h||Z, ez ®ot2oKnat (clﬁ +(Co+ cmxft) )1l

1
+ [|hg, e KotoKnt (ﬁ +(Cs + AM) IVlloo

1
+ [Ih|IZ, ez ®oroXit /1 Cy || Hess ¢lloo,

where
C1=1lApsplla, D,
Co = 1AW (pap)) Apap + 2% (03p)] - [V (Apap)| + 1A% paplla, b,
C3 = 11¥" (pan)| + 319" (pap) Apap | + 31V (Apsp)| llay, .
Ca = 1121¥"(pop)| + 2(n — 1)| Hess pyp| 3, p-
The proof is completed by combining the above estimate with (2.11) and (2.12). |

Combining the estimates in Lemmas 2.6 and 2.10 with Theorem 2.3, we are now in a position to prove
our main result.

Theorem 2.11. Let D be a compact Riemannian manifold with boundary aD. Let Ko, K1, K, and o be
non-negative constants such that Ric > —Ko, |R| < K; and |d*R+VRic| < K, onD,and that|Il| <o
on the boundary aD. Assume that the distance function pyp is smooth on the tubular neigh-
borhood 3,,D = {x: pyp(x) < 1o} of 3D for some constant rp > 0, and let o, 8, ¥ € R be such that

o
|Hess papl < ——,  [V(Apap)| < B, |a%psp <y ondy,D. (2.19)

Letting h € C*(D) with minp h = 1 and Nlogh|y;p > 1, then

[ Hess ¢| /22 Koo
——— <2m—Doela+, = )+ ———
¢l b ( w ) 162 +a)

2(K1+?—§+%+3ﬂ)aﬁ+choJé+%(a2+2ﬂ)+1f—%“+2y+2a(1+ﬁ)x
12
= t+4a
To

3
+2ae (2Ih]Z, + 1) max [‘/x + 2Ko + 0Kn2o, 4v/€lNNT (7 +a)]
0

J’_

6 2
+ 2cpe (thgo +1) max[)mL 2Ko + 0Knoo, 4€ ||m|§g (7 + 2ot) ]
0
% 6
+20e (K1 e (r—“ 3B+ x)) , (2.20)
0 0

for ¢o :\/g-i- 1/z
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Proof. According to formula (2.6) we have
| Hess ¢(v,v)| = E[ e/ Hess ¢ (Qune, (R(t A 1)V), Qiney () ]

I E[ e (tAm)/2 d¢ (W]IEATD (v, U))j|

tATD

—-E [e»\(mmw do (Qinr, (U))/O (Qs(k(s)v), //sst>:| .
Taking k(s) = (t —s)/t for s € [0, t] and v € TiD, |v| = 1, in the equation yields

2 t—1
|Hess ¢(v,v)| <E [LM elz o™ % I Hess<¢)||ap,x}

+1dol (K1ﬁ+ %t) ()

e(%A+Ko)t
dolloo—r-.
+ dall 7

By Lemma 2.10, we have

t—1p
t

|Hess ¢ (U, v)| < E[Lmﬁ, e+ (n — Do [IN¢llop,0

+ )%, e KooKz t=m) (61 +(Co + AC)VE— rD) ¢l

1
JE= D

1 1
+ 1h|° e;(KiH»rrKh,za)(t*TD)( +(C3+ A tfr) d
12 N Cs+ 1) p ) ldelle
+ [[h)1g, @2 ®otokize)t=m0) ST Cy ) Hess:puoo]]

+ 14l (K1ﬁ+ %t) (o)

+1dg] el
Plos ™

where Cq, Cy, C3 and Cy4 are defined as in Lemma 2.10. Combining this with the fact that

t—‘L’D 1 «/t—‘L’D 1

= < —
t «/t*tD t 7\&

and then substituting back into (2.21) and using (2.9) to estimate |[N@||sp,, We obtain
| Hess (v, v)| < (n — D)o e+t Jé(a + ,/m) b1l
g

% oK 20 C
+ Iy, e(5+kor =) (71E (Gt cmﬁ) Iblloe

2 7Kp20 1
+ Ihiig, e(5+ko+ = )t(—+ C +A«ﬁ) dé o
g, e NG Cs+M) Idell
7Kn.26

+ Callnlg, el5+50+ ) T | Hess gl

(2.21)

+ (% + KT+ %t) (Bt ag . (2.22)

Now let

1
=ty = .
*"" max (i + 2Ko + 0Ky o, 4 |N27C2)
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Then

Kp,20

d 1
Ca g, e+t 0 g || Hess glo < 5 || Hess bl

and inequality (2.22) implies

|Hess pllw < 2(n — Doe (a +4/ 2:) (2P

Cyr+ Cia
+2C I, Vemax [ i T 2K + oKz, 2vEIRILCs) gl + 2t 1)

o 19l
+27/a(INI, + 1y max {3+ 2K + 0Kz, 2vEIRIZCe ) 1461
2(Ks + IRl (Cs + 1) Ve

+
max {/% + 2Ko + 6Ky 20, 2+/€[h[|2,Ca}

" Kg«/é
max { + 2Ko + 0Kpn 2., 4 €025 C5}

4l

A lloc- (2.23)

As Apyp < « and Ric > —Kp, the constant A in [2, Eq. (1.7) in Theorem 1.1] is bounded by « + ,/ %()» + Kp).
Thus we conclude from [2, Eq. (1.7)] that

ldo < /e 2 A+ Ko
<velet+,/Z0+Kp+ —F120
1l ” 4(a+,/§(x+1<0))
=< e(ot-&-(\/?-%l\/?)\/k-i-Ko).
T 4V 2

Combining this with (2.23) implies that

| Hess ¢lloo < 2(n — 1)Ue(ot +4/ 2:) 9l
Co+C

A
+2C1 Mg vemax {/i + 2Ko + oKnze, 2velRIZCa) 191l + c 19l
+2ve(In, + Dy max {4+ 2Ko + 0Kizg, 2v@IRI%Ce | /e [l

n 2(K1 4 |[h]1Z,(C3 + M) e
max {/A + 2Ko + 0K 20, 2v/€[111%,Ca}

4 Ko e
max {1 + 2Ko + oKn 2., 4 €[] 2C

2 1
+ 2e(|Ihl|, + 1) max {\/A + 2Ko + 0Kn 6, 2«/E|\h||‘;oC4} (\/;—F 4\/f) VA +Koll ¢lleo

¢l

1lles
2

2(K1 + |[hIZ,(C5 + A))e \/7 1\/7
= S 2 2 Wr+Kolidle
" max{ A+2I<o+al<h,zr,,2¢é||h|goc4}( » T a7 JYrrKolel

Kye \/7 1\/7
—t gy g VAt Koligle. 2.24
* max {i + 2Ko + 6Kp 2., 4 €025 C3} ( p + 2V 2 Va+Ko ol (2.24)

4

Using condition (2.19), the constants C;, Cy, C3 and C4 then become
Ci=uqa,
Co =¥ lleo (@ +2B) + 1% lloct + ¥,
Cs = 311¥ lloc + ¥ llo + 38,
Ca = 21Ylloc + 20
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To simplify the upper bounds, we observe that

2(Ky + 1M)1%,(C3 + A))a e & +Cs+ Mae
max {\/A + 2Ko + 0Kn 2o, 2/€[NIILCa} ~ Cq '
Ko e KQ(X‘

< =
max {1 + 2Ko + 0Ky 00, 4€ [hII25C3} ~ 4C3’

2(K1 + 1IMlIZ(Cs + 1)e

VA +Ky <2(Ky + [|h),(Cs + 1))e;
max {\/i + 2Ko + 0Kna,, 24€lN1%.Ca) o= 2( Il (C+2)

K2e Kze KQ\/E
VA+Kp < < )
max {A + 2Ko + 0K 20, 4 € [h]12C5} = max {VA+2Ko + 0K o, 24/€1N11%,Cs} 2Cy

Letco = \E+ 1/Z. Then,

7” Hess gl <2n—-1Noefa+,/ Q—A
l$llo b4

+ 20 (I, (Ve + &) + &) max [/i + 2Ko + 0Knay, 2velNIZC:

2(K1 4+ C3 + Mav/e + Kyco/e +2(Co +ar) Ko
+ + =
2C, 4C?

+ 2coe(lIhll%, + 1) max {x + 2Ko + 0Ky 20, 4 € [M1|25C3}

+ 2co e(Kq + [[hlI%,(C3 + ). (2.25)

Now let
3
Tt 0<r<ry;
Y = ( o ) R (2.26)
0, r>To,
Then v’ < % and y” < % With these estimates, the constants C;, C,, Cs, and C,4 are explicit. ]
0

2.3 Proof of Theorem 1.1

In this subsection we describe Wang’s construction of functions h satisfying the requirements of
Lemma 2.8 (see [21,p. 1436] or [22, Theorem 3.2.9] for the details). His construction is performed under
the following condition.

Condition (A) There exist a non-negative constant ¢ such that II < ¢ and a positive constant r; such
that the distance function p,p to the boundary aD is smooth on 9,,D := {x € D : psp(x) < r1}. Moreover,
Sect < k on 9, D for some positive constant k.

Under Condition (A), based on the Hessian comparison theorem, one then constructs a function h
satisfying the necessary properties of Lemma 2.8 (see [21,p. 1436] or [22, Theorem 3.2.9] for the notation
and the precise result), along with explicit upper bounds for ||h|~ and the constant Kj ,. Modifying his
construction one may take

To

D (X)
logh(x) = Aio/op ((s) — £(ro)*™" ds/ () — £(ro)" ! du, (2.27)

SA
where ¢ = ¢, is defined in (1.7), 1o := 11 A £73(0) and
Noi= =t [ e - eroy s
0

Then from the proof of [20, Theorem 1.1], we get:

n
Kna <Kui= —+a and [kl < eimmo (2.28)
0

By means of h, as constructed above, we are now in position to complete the proof of Theorem 1.1.
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Proof of Theorem 1.1. By estimate (2.25), we know that

MS2(H*1)O’E o+ 27)"
l$lleo Vx

+ 2w e (2|2, + 1) max {\/A +2Ko +0Kn 2o, 2~/EIIhIIZoC4}

2(K1 + C3 4+ Va/e + Kocg/e+2(Co +ar) Ko
+ + =
2C, 4C3

+2co e(|Ih], + 1) max {1 + 2Ko + 0Ky 20, 4 € [|N]129C3}
+ 2co e (K1 + [1M1Z,(C3 + 1))

<2 - Do ea +4(/e)’Caa (2IN12 + [MIZ)

2(K1+C3)GI+K2C0«/>+2C2+K27G
2C, 4c3

+2co e(Ihllg, + 1)(2Ko + 0Ky 56 + 4 € 1132 CH)

+2coe (K1 + |”’l||goC3)
21 .
+2n—1oe - +2ae (2|hl + 1) VA + 2Ko + 0K 26

n (“‘f &+ 2o, + 1)) A
4

where Cy,Cs; and Cy4 are defined as in Lemma 2.10. By means of the Cauchy-Schwarz inequality, we
further obtain

| Hess ¢llo

T2l <20 - Do ea +4(ve)’Caa (2N + IMIIZ,)

2(K1+C3)Olf+K2C0x/7+2C2+K27a
2Cs ac?

+2co e(lIMlI%, + 1)(2Ko + oK o0 + 4 [M]22CH)
1
+2c0e (Ky + [1h%,Cs) + e (215 +1) <
2
+Mm—-1oeer+n—1oe—
TE
+ae(2(hl% + 1) e + 2Ko + 0Kp20)

+ (af + — +2coe@|hlg, + 1)) A
Cq Cq

for any ¢ > 0. Using the explicit estimates of C;,Cs and C4 obtained in the proof of Theorem 2.11 and
letting

Ap(D) =2(n — Do e(ax + i) + 2cpe (K1 — 9£ — % — 3,3)
e T,

To 0
112 th o
L 3B)ar/E + 5Kocov/e + y 4 2R 4 GO Koot
% + 2a 4(% + 2a)?

9 6 6
+2c0e(nf% + 1) (r—“ + 5 3B+ 2Ko + 0Kigo +4e€ ||hn§g<7 + 2a)2)
0 0 0

6
+ae (2% +1) (8(2K0 + 0Knao) + &7t +4/6|n|%, (7 + 2a))
0
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and

1
ChD)y=Mm—-1oee+ w + (2co + ae) e[, + 1),
a + 20{
we then obtain
H o
% < Ay(D) + Cr(D)A.

Using h defined in (2.27) and substituting the estimates (2.28), we replace K, 5, and|/h|l« by

n
— + 20 ande™/?,
To

respectively. Finally, by Lemma 2.9, the upper bound « in (2.19) can be chosen as 2(n — 1) max{as, vk}.
This completes the proof of Theorem 1.1. |

3 Hessian Estimates on Neumann Eigenfunctions of Laplacian

We use a stochastic approach as well to prove Theorem 1.3. Let us first recall the Hessian formulas
for the Neumann semigroups, established recently in [4]. The reflecting Brownian motion on D with
generator 3 A satisfies the SDE

1
dX¢ = //t o dBf + §N(Xt) dl;, Xo=x,
where Bf is a standard Brownian motion on the Euclidean space TyD = R". We write again X; = X;(X) to
indicate the starting point x € D (which may be on the boundary aD). Here //; : TxD — Tx,x)D denotes
the V-parallel transport along X;(x) and I; the local time of X;(x) supported on dD; see [22]. Note that

the reflecting Brownian motion X:(x) is defined for all t > 0.
Suppose that Q;: TxD — Tx, D satisfies

- 1.4 ~ 1 ~ ~ .
DQ: = —SRIic Q) dt + S (VNP (@) dl, Qo =1d. (3.1

For k e C}([0,00);R) define an operator-valued process W: T,D ® TyD — Tx,xD as solution to the
following covariant Itd equation:

DW (v, w) = R(//: 4B, Q:(R(H)1)) Qs (w)
- %(d*R + VRic)* (Q: (R(t)v), Qu(w)) dt
- %(vZN — RO Qe (R(tyv), Qs (w)) dly
- %Ric“(Wf(U,w)) dt + %(VN)j(Wf(U,w)) dlz, (3.2)
with initial condition W (v, w) = 0. Actually, W (v, w) can be written in explicit form as

t
JOo

Wi, w) = Q / Q5 IR(//s dBs, Qs (R(5)U)) Qs ()

1. fta o X
-5 / Q5 (AR + VRO Qs (k($)V), Qs (w)) ds
0

1~ t - -
“la /O 51 (V?N — ROD)Y* Qs (k()V), Qs (w)) dls.

N
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Theorem 3.1 ([4]). Let D be a compact Riemannian manifold with boundary aD. Let X(x) be the
reflecting Brownian motion on D with starting point x (possibly on the boundary) and denote
by Pif (x) = E[f(X¢(x))] the corresponding Neumann semigroup acting on f € B,(D). Then, for
veT,D, t>0andke CL([0,00);R),

~ t ~ . ~
HessPf(u,u) =E [_df(Qt(U))/o (Qs(R(s)v), //5dBs) + df (W (v, U))] :

By estimating W* and Q in explicit terms, pointwise bounds for the Hessian of Neumann eigenfunc-

tions can be obtained.

Corollary 3.2. We keep the assumptions of Theorem 3.1. Let Ko, K1, K> and o1, 0 be non-negative
constants such thatRic > —Ko, |R| < K; and |d*R+VRic| < K, on D, and Il > —oy, |[VZN+R(N)| < 07
on the boundary 9D. Then, for (¢, 1) € Eigy (D),

) 1 K
| Hess ¢|(x) < el gleak] (— + K+ —zt) dolloo
Jt 2
02 Ko+t Lot [ gdal
+7e ' E|ez g ez dls ”d¢Hf>0

Proof. By [4, Theorem 4.1] the Hessian of the semigroup can be estimated as

K2 1 o1l | Kot
|HessPtf\§(K1ﬁ+?t+$)]E[e ]e 1Vf oo

t
+ %E [e%”ﬂt/ ek dls] €5 [ Vflne.
0
We complete the proof by observing that Pip = e =72 ¢.
Combining Theorem 3.2 and Lemma 2.8, we are now in a position to prove Theorem 1.3.

Theorem 3.3. Let D be an n-dimensional compact Riemannian manifold with boundary aD. Let
Ko, K1, Ky, 01,09 be non-negative constants such that Ric > —Kp, |[R| < K; and |d*R + VRic| < K,
onD,and thatll > —o; and |[V2N—R(N)| < o, on the boundary dD. For h € C*(D) with minp h = 1
and Nlogh|s;p > 1, let Ky, 1= supp{—Alogh+ «|V logh\Q} with ¢ a non-negative constant. Then
for any non-trivial (¢, A) € Eig(a),

| Hess ¢l

Ap(N) + Ch(N)A
e <Ap(N) + Cp(N)A,

where
Ky 4+ 209Ky 4,

21 / ZKO + 20’1Kh’201

1
ozl bl [£<KO +01Kn20) + g:| JInz e

Ap(N) = (K1 + 2Ko + 201Ky 20, +

Cr(N) = (1 4 g0z In || o) 113" €
for any ¢ > 0.

Proof. By Lemma 2.8, we have
E[e”"] < E[e”"] < [|h|%" exp (01Kp20, 1) ,

and

Ele™"] < [’ exp (01K z0.)
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Moreover, we observe that

t (o1+e)li] _
E[e%mlt/ e%dlls dlsi| < Q(E[e 1 L] 1)
0 o1 +¢

2
= ()2 exp (01 + £)Knar1et) — 1)
2 o
< oite (thlié 9 exp ((o1 + &)Kn o 40t) — 1)
2 2
< h 2(o1+€) _ 1 h 2(o14¢€) e K ) —1
S o v (I )+ p——s Inlis [exp ((o1 + &)Kn2(0140t) — 1]

< 42 In Ml + 2[RI exp (01 + 8)Kno(os400t) Kn2w ot

Letting ¢ tend to O, we arrive at
Yoyl f 1 l 2 2
E [67”“ / e dlsi| < A1 I 1hlleo + 2115 €XP (01K, 20, t) Ki 20,
Jo

Therefore, combining this with Theorem 3.2, we obtain

| Hess @llo

1 K,
< e (L K VE+ 22t) 1% exp (01K o0t
ld¢le ~ N Wi 5 ) IR €xp (01K 0. 1)

+ 05 € 210 1l + Ko, t] 1112 €XP (01K, 20, 1)
Gtk 1 K 201
<els Wi + K+ < t) INIE exp (91K 20, )

+ oy e(FAHKO 21n [l + Kng, t] 11112 €xp (01K 26, ) -

Letting t = (A 4+ 2Ko + 201K 20, )71, we get

| Hess ¢l ( K
= + VA + 2Ko + 261K 20
||d¢||oo A+ 2Ky + leKhy%l 0 180,261

Ko + 209K 6,
2(}\ + 2Ko + QUlKh,QUl)

+2071n nhnm) % Ve.

On the other hand, it is already shown in [2] that

ldglle _ 1
I8l ~ Vi

o1l 1 A 1 o 1
E[e” t]1/2 er®otnt < %"h”og exp (E(A + 01Ky 26, + Ko)t) .
Lett = (A + Ko + 01Kp 20, )71‘ Then we get

d
199l _ /iR T 01Kz NI e.
18l

We then conclude that

Hess ¢l Ky + 209K
I1Hess gl (/\ + K1+ 2Ko + 201K 00, + 20 e
llé1l0o 2 /A + 2Ko + QalKthl

+ 207 In |l sov/A + Ko + olKh,zgl) Ihi2: e

K3 4+ 202Ky o,

2,/2K0 + 20’1Kh’2m
+ 205 In ||hllocy/2 + Ko + GlKh,Qal) M e.

< (A + K1+ 2Ko + 201K 20, +
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Using the Cauchy-Schwarz inequality, we further obtain

| Hess ¢l ( K + 209K 4,
——— < (r+K1+2Kp + 201K 09, + ————
I$lloc PTEROT SN2 T 2K + 201K e,

1
+ oy In||hlleo (A + Ko + 01Ky 26,) + 502 In ”h”oo) Ihi e,

for any ¢ > 0. Letting

K> + 202Ky 6,

2,/ 2K0 + 201Khy201

1
+o21n|hfl (E(Ko + 01K 20,) + ;))llhlligl e

Ap(N) = (K1 + 2Ko + 201Kp 26, +

and

Ch(N) := (1 + g0 In [|hllo) RIS €,
we then obtain
H 0
IHesS Bl _p, Ny + Chaipn.

ll¢lloo m

Proof of Theorem 1.3. From the conditions we see that Condition (A) is satisfied. Then, the Hessian
estimate of Neumann eigenfunctions in Theorem 3.3 remain valid by substituting the h defined in (2.27).
Then under replacing

Kne and [hfle
by
n nro/2
Ky:=— 4« and e™
To
respectively, the conclusion is just listed in Theorem 1.3. |
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