PHYSICAL REVIEW RESEARCH 4, 013133 (2022)

Super-Heisenberg scaling in Hamiltonian parameter estimation in the long-range Kitaev chain
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In quantum metrology, nonlinear many-body interactions can enhance the precision of Hamiltonian parameter
estimation to surpass the Heisenberg scaling. Here, we consider the the estimation of the interaction strength in
linear systems with long-range interactions and using the Kitaev chains as a case study, we establish a transition
from the Heisenberg to super-Heisenberg scaling in the quantum Fisher information by varying the interaction
range. We further show that quantum control can improve the prefactor of the quantum Fisher information. Our
results explore the advantage of optimal quantum control and long-range interactions in many-body quantum

metrology.
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I. INTRODUCTION

Quantum metrology is a paradigmatic example of an emer-
gent technology in which quantum resources can provide an
advantage over its classical counterpart [1-4]. The general
scheme for estimating the parameters in a Hamiltonian sys-
tem is depicted in Fig. 1. Quantum mechanics provides two
key ingredients improving the precision: (a) the coherence
in state py of the probe, which is controlled by the probe
time 7', and (b) entanglement, when N probes are allowed in
a single round, which can be introduced in the initial state
or generated via many-body interactions during the sensing
process. According to the quantum Cramer-Rao bound, the
uncertainty 80 in the estimation of the parameter 6 in Fig. 1
is governed by the quantum Fisher information 7(6) (QFI) as
80 >1 /A/vI(6), where v is the number of repetitions of the
process. The QFI plays a fundamental role in the geometry
of the space of quantum states and has manifold applications,
which include witnessing a quantum phase transition [5-8],
critical sensing [9-12], and detecting multipartite entangle-
ment [13-15].

Recently, optimal control has been shown to offer a new
arena for enhancing quantum parameter estimation [16—18].
The interplay between quantum control theory and quantum

*jing.yang @uni.lu
Tpangshsh@mail.sysu.edu.cn
*adolfo.delcampo @uni.lu
$jordan @chapman.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2022/4(1)/013133(15) 013133-1

many-body systems is yet to be undertaken, and it is cru-
cial to understand quantum parameter estimation of coupling
constants in realistic systems with long-range interactions. In
the Hamiltonian parameter estimation of noninteracting spin
systems, the maximum possible QFI scales linearly with the
number of probes for an uncorrelated initial state, known as
the shot-noise limit [19]. The scaling becomes quadratic if
the probes are initially prepared in the Greenberger-Horne-
Zeilinge (GHZ) state with maximum entanglement, known as
the Heisenberg scaling (HS) [19]. This naturally motivates the
idea of surpassing the HS, reaching the so-called super-HS
scaling by introducing nonlinear interactions in the sensing
Hamiltonian [20-22]. These works have led to the intuitive
belief that surpassing the HS requires nonlinear interactions.
However, one should note that all the previous analyses of
QFI in many-body quantum metrology is restricted to many-
body spin systems. Therefore, it is not a priori true that the
aforementioned belief would be still valid for fermions. In this
paper, we emphasize this belief needs careful examinations in

Po — ugﬁ’. *

FIG. 1. A typical round in quantum metrology consisting of four
steps (i) Preparing an initial quantum state py. (ii) Evolving the
initial-state py under a parameter 6-dependent unitary quantum chan-
nels Uy to obtain a parameter-dependent state py. (iii) Performing
a quantum measurement described by the positive operator-valued
measure operators {I1,} on state py to get data x,. (iv) Steps (i)—
(iii) can be run multiple times in parallel or a sequential scheme
[19,21], which generates a large number of measurement data
{x1, x2, ...}. Processing the data with the maximum likelihood es-
timator 6 (x;, x», . . .) saturates the classical-Cramér-Rao bound.

Published by the American Physical Society


https://orcid.org/0000-0002-3588-0832
https://orcid.org/0000-0002-6351-539X
https://orcid.org/0000-0003-2219-2851
https://orcid.org/0000-0002-9646-7013
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.4.013133&domain=pdf&date_stamp=2022-02-18
https://doi.org/10.1103/PhysRevResearch.4.013133
https://creativecommons.org/licenses/by/4.0/

YANG, PANG, DEL CAMPO, AND JORDAN

PHYSICAL REVIEW RESEARCH 4, 013133 (2022)

the sense that linear fermionic systems can lead to different
scaling of the QFI, comparing to the scaling for linear spin
systems. In particular, the latter can lead to the super-HS scal-
ing behavior with slowly decaying long-range interactions.
We explore the Hamiltonian parameter estimation in linear
systems with long-range interactions using a case study of the
generalization of the long-range Kitaev (LRK) chain [23-25]
to allow for general decay laws of the long-range interactions.
By focusing on the estimation of the long-range supercon-
ducting strength, we establish that super-HS can be achieved
in the case of slowly decaying linear long-range interactions.
Indeed, we observe a transition from HS to super-HS for a
specific value of the exponent governing the decay law of the
interactions. In all cases, quantum control may improve the
prefactor of the scaling of the QFI as a function of the the
number of lattice sites.

II. HAMILTONIAN ESTIMATION OF THE LRK MODEL

We consider parameter estimation with a general time-
dependent Hamiltonian Hy(z), where 6 is the estimation
parameter and the parametric dependence is general, i.e., not
necessarily multiplicative. The effective generator for the pa-
rameter estimation is defined as |1/y) = e %% |v) [21], where
[¥o) is the initial state and |yy) is the effective parameter-
dependent state which gives the same QFI as the true physical
state [26]. For a general Hamiltonian it is given by [17,21,27]

T
Gy = f U ()3 Hy (2 o ()T,
0

where Uy (7) is the evolution operator. Once the generator is
obtained, the quantum Fisher information is given by 1(6) =
4 Var[Gg]||y,)- Maximization over all the possible initial states
gives

1(0) = [Dmax(T) — Fmin(T)1%, (1

where |9min(T)) and |9max(T)) as the eigenvectors that cor-
responding to the minimum and maximum eigenvalues of Gy
and the corresponding initial state is prepared in an equal su-
perposition between |9, (7)) and |,in(T)). When coherent
optimal controls are possible, one can further optimize the
QFI over the unitary dynamics appear in the generator Gy.
We denote the eigenstates of dyHy(7) at the instant time ¢ as
[ xn(2)). It turns out the optimal unitary dynamics is the one
which steers the state always towards | x,(¢)), if one starts with
| x0(0)) [17]. With this intuition, it is easily found that the total
Hamiltonian after including the control is

Hou(t) = il d:Ueo (U (1), ©)
where
Uep (1) = Y 1xa(0)) (Xa(O)| 3)
is a unitary operator formed by the eigenvectors of dgHy(?).
Therefore, the optimal control Hamiltonian is [28,29]
Hc(1) = Hiot(t) — Hp (). “

When optimal control is applied, the generator is Gy =
> 0 1% (0)) (x,(0)] fOT Xn(T)dt. Thus, the upper bound of the

QFI after optimization over the initial states and unitary dy-
namics is

T 2
Ih(0) = (/0 [Xmax(7) — Xmin(f)]df) ; &)

where Ymax(t) and xmin(z) are the maximum and minimum
eigenvalues of dyHy(t). The optimal initial state is the equal
superposition between |xmin(0)) and |xmin(0)). For time-
independent Hamiltonians, (@) is simply proportional to
the square of the difference of the maximum and minimum
eigenvalues of dyHj,, with the prefactor 472

Now we consider Hy be the LRK Hamiltonian [23],

I« Y 1
Hy = —5 E (a;ajH —|—a;+1a_,~) —u E (a}a_,- - 5)
j=1 j=1

N—1N—j

A
+5 21 2 Kalaaji + aj,a), (6)

j=1 i=1

where considering a unit lattice spacing, J represents the
tunneling rate between nearest neighbors, u is the chemical
potential, A represents the strength of the superconducting
p-wave pairing, N is the number of Fermionic lattice sites, and
K1, o satisfies the symmetry property: k; o = kn—;, o for 1 <
I < N/2. Here, o« > 0 characterizes the decay property of the
long-range interaction. Without loss of generality, we choose
the normalization condition «; , = 1. The Kitaev chain has
recently attracted broad attention as it supports noise-resilient
Majorana zero modes at its two ends for open boundary
conditions [30,31]. Recent works [23-25] have generalized
the original model to the LRK chain, which contains long-
range superconducting p-wave pairing, i.e., the last term on
the right-hand side of Eq. (6). On the other hand, Eq. (6)
may be implemented by a quantum simulator. Benchmarking
such a quantum simulator would involve quantum parameter
estimation of the parameters J, u, and A, which naturally
motivates subsequent analysis.

Note that by contrast to the power-law decay law in
Ref. [23], we consider a general decay law k; , which only
requires the existence of a finite non-negative integer Q > 0
such that: (i) «, o and its derivatives with respect to x up
to 2Q order are bounded on [1, oc], and (ii) KD dx
is finite where the superscript (¢) denotes the gth derivative
with respect to x. Specifically, we consider power-law inter-
actions with k; , = [7% as in the original proposal of the LRK
model [23] and «; = (1 +Inl)™%(a = 0) [32]. Assuming
the antiperiodic boundary condition a; = —a;,n, the LRK
Hamiltonian (6) can be diagonalized via the Bogoliubov trans-
formation [15], yielding

Hy =" e(k)n) (K)o (k), @)
k
where k = 122 22 (N — 1),
co(k) = VIAfu(k)/2P + (J cos k + p)?, ®)
and
N/2—1
Jalk) =2 ) ko sin(kD) + ko, a. ©)

=1
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The factor of 2 in front of f,(k) accounts for the symmetry
property of x; . The generator Gy can be diagonalized via the
Bogoliubov transformation as (see Appendix A for details)

Gy = Y & (k) (k), (10)
k

where the Fermionic operators lpg (k) and Yy (k) are defined
in Eq. (A20) and the spectrum is

& (k) = (T?[pe (k)I* + L£3(k) sin®[2e9 (KT,

+ 185 (){1 — cos[2e9 ()T T2, an
with
&9 (k) = 3p cos ¢ (k)/ sin ¢y (k), (12)
sin gg (k) = —Af, (k) /[2€0 (k)] (13)
cos ¢g(k) = —(J cos k + n)/eqg(k). (14)

III. OPTIMAL CONTROL AND OPTIMAL INITIAL STATE

We next determine the optimal controls and optimal initial
states for parameter estimation by using the spectral proper-
ties of dyHy(t), for the different choices of the Hamiltonian
parameter 6. According to Eq. (A1) in Appendix A, the rep-
resentation of the LRK Hamiltonian in the momentum space,
it is readily calculated that

H = — Za*(k)a(k) cos k, (15)
k

9.H == a'(k)a(k). (16)
k

We note that ;H and 9, H commute with each other. Thus,
according to the preceding section, the optimal control for es-
timating J and p is to cancel the long-range superconducting
terms. The maximum and minimum eigenstates for d,H are

2= [] w10, (17
k,cos k<0
and
-1/2)= [] 4'®)0). (18)
k,cos k>0

respectively. We adopt this notation since in momentum space
both the maximum and the minimum eigenstates are half-
occupied. The optimal initial state for estimating J under
optimal control is

1
V2
Similarly, for 9, H, the maximum eigenstate is |0), the vacuum
state annihilated by a(k) or a;, and the minimum eigenstate is

the fully occupied state in the momentum space, which we
denote as

Vo) = —=(11/2) + [=1/2)). 19)

1) =[Ta"&)10). (20)
k

Therefore, the optimal initial state for estimating p under
optimal control is

1
V2

The optimal control for the estimation of A is to cancel
all the local interaction terms, including the tunneling and
kinetic terms. We note that the diagonalization of dpH is a
special case for the diagonalization of the LRK Hamiltonian,
corresponding toJ = p = 0 and A = 1. With this observation
one finds

[Vo) = —=(10) + |1)). 2y

1 +
daH = = Xk: |fa ()BT (K)b(K),

where b(k) = uga(k) + vea’ (=k), up = 1/2, vp = —i//2 if
fo(k) > 0 and v, = i/«/i if f,(k) < 0. We note that v; =
—v_y because f, (k) is an odd function of k. The minimum
eigenstate of dpH is the ground state annihilated by b(k).
According to the BCS ansatz, it is

GS) = [ lux — via" (k)a" (k)1 10) . (22)
k

The maximum eigenvalue of dpH corresponds to the fully
occupied state in the picture of b(k) and b'(k), which we
denote by |FO) and can be written as

IFO) = [Tl — viatka(=k)11). (23)
k

One can explicitly check that |FO) is normalized and satisfies
b' (k) [FO) = 0 for all k. We call Eq. (23) the BCS-like fully
occupied states since its construction is inspired by the BCS
ground state. Thus, the optimal initial state for estimating A is

¥o) = (IGS) + [FO))/v/2. (24)

A. HS for estimation of J and u

The difference between the maximum and the minimum
eigenvalues of d;H in the many-body Hilbert space is | cos k.
Thus, the QFI for estimating J according to Eq. (5) is Ip(J) =
(3" I cos k|)*T?. In the limit N — oo,

2
L)) = Tz[(N/Zn)Z/ dk|cos k| = 4N°T? /%, (25)
0

where we have replaced ), — N/2x [ dk taking the contin-
uum limit as the integrand is not singular in the integration
region. In fact, the error introduced does not scale with N
according to the analysis with the Euler-Maclaurin formula
in Appendix B. Similarly, the difference between the maxi-
mum and the minimum eigenvalues of 9,4 in the many-body
Hilbert space is 1 and, therefore, Io(i) = N*>T?. We see that
the scaling of the ultimate QFI for estimating J and u is the
HS. The plot of Iy(J) with the number of lattice sites is shown
in Fig. 2. We will show shortly that even in the case of imper-
fect control or without control, such scaling is not altered.

B. HS to super-HS transition for estimating A

The maximum and minimum eigenvalues of dpH in
the many-body Hilbert space are y,(N)/2 and 0, where
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FIG. 2. Quantum Fisher information /(J) for J estimation in the
case with no control or imperfect control as well as for optimal
control as a function of N for «; , = [~“. The blue solid line is the
maximum possible QFI plotted according to the analytical expres-
sion Eq. (25) when optimal controls are applied where the long-range
interaction terms are canceled (with probe time 7 = 1). All the dis-
crete points are numerically calculated from Eq. (30). The values of
the parameters are as follows: (i) red circle dots: / = u = 10A and
o =0, (ii) pink stars are / = u = A and o = 0.5, and (iii) purple
squares: J = 4 = Aand o = 0.

Ya(N) =Y, | fu(k)|. Thus, for estimating A, the QFI reads
I(A) = [ya(N)/2PPT>. (26)

Determining the scaling of Ij(A) boils down to computing
the scaling of y,(N) at large N. Let us first discuss a simple
case with k; o = 1. In this case, fy(k) = cot(k/2). According
to Appendix C, when applying the Euler-Maclaurin formula,
the upper bound of the scaling of the remainder, which
is the difference between yp(N) and the main integral
N/(Q2m) f:/N cot(k/2)dk, is N due to the singularity of
fo(k) around k = 0. Nevertheless, since the main integral
N/@m) [7y cot(k/2)dk ~ N In N, which is still much larger
than N in the asymptotic limit of larger N, we conclude that
the leading order yo(N) is N.

Let us next focus on the case of the power-law decay
for the long-range interaction in the original proposal of
LRK [23], ie., k.o« =17%. For a > 1, fy(k) has no sin-
gularity for all the values of the momentum k. This is
because | Zf:ll sin(kl)/1*| < ;\:11 1/1* and the latter series
is convergent for o > 1. With the Euler-Maclaurin formula
discussed in Appendix B, y,(N) scales as N. Thus, the QFI
Io(A) obeys the HS for o > 1. For 0 < o < 1, using the prop-
erties of the polylogarithmic function [33], one finds f, (k) ~
1/k'=* (see also Appendix D and Ref. [23]). According to
Appendix C, the upper bound of the scaling of the remainder
in the Euler-Maclaurin formula is strictly slower than N, and
the leading order of y, (V) is controlled by the main integral
N/2m f;’/N | £ (k)|dk. We note that f;’/Nn ful)| — 17k ~*1dk
should be constant as N — oo since the singularity has been
removed. So f;/zv | for (k)| dk ~ ff/N 1/k'~*dk is a constant,
which does not scale with N and, therefore, y,(N) ~ N. We,
thus, find that for x; , = 7%, super-HS scaling only occurs
fora = 0.

Now, let us explore more general long-range interactions
that satisfy the regularity condition at the beginning. As we

have seen above, the scaling y, (N) crucially depends on the
singularities of f, (k), which is caused by the slow-decaying
long-range interactions. We argue at the end of Appendix G
that L?N dkf, (k) ~ N [ (ko/x) < N In N. Then according
to Appendix C, we find the leading-order scaling of y, (V) is
controlled by N/2m [ dkfu(k) ~ N [ (ky.a/x)dx. We see
that the maximum possible scaling y,(N) is N In N, where
Ky, o 18 a constant that does not depend on x. Therefore, ac-
cording to Eq. (26),

N 2
IO(A)~N2[ / (:cx,a/xwx] , @7
1

and it is bounded by N?(In N)? rather than the HS. In par-
ticular, when the long-range interaction decays sufficiently
slow, f IN(KX, «/X) can diverge at large N and, therefore, super-
HS occurs for Iy(A). This is the case, e.g., when k, o =
[In(ex)]™ = (1 4+ In x)™* which satisfies the regularity con-
ditions with Q = 1. So we obtain y,(N) ~ Nf]N dx/[x(1+
In x)*]. The integral can be evaluated with the change of
variable s = 1 + In x, which leads to

N2(n NP?0-9 ¢ €0, 1),
I(A)~ {N?*(Inln N)>, a=1, (28)
N2, o> 1.

As a result, super-HS occurs for the very slow decay law
dictated by the power of logarithms when o < 1. As one can
see from Figs. 3(a) and 3(b), the analytical scalings of I(A)
for k0 =1 and ;02 = (14 1n 1)~"2 shown by the blue
solid lines, are in excellent agreement with their respective
numerical calculations, shown by the cyan and red triangles
in Figs. 3(a) and 3(b), respectively.

C. Resilience of the scaling under no or imperfect control

We have seen that the HS of Iy(J) and Ip(w) is due to
the fact that the spectrum of &;(k) and &), (k) is regular near
k = 0, whereas the possibility of super-HS scaling in Ip(A) is
due to the fast divergence of & (k) near k = 0. It is natural
to consider the fate of these scaling laws when control is
not optimally applied or is not available. To be more precise
when the optimal control for estimating J or u requires the
exact cancellation of the long-range superconducting pairing
term. The imperfect control for this case would be that this
long-range interaction is not perfectly canceled, resulting in

N N

J t 1

Hx+H:. = —3 Z(aj'aj-kl +aja) —p Z (a;a_,- - E)
j=1 j=1

N—IN—j

(A—A)
+ DD kralajajn +a),a)), (29)
j=1 I1=1

where A, # A. Similar concept also applies for the imperfect
control for estimating A.
In these cases, according to Eq. (1), we find

2
10) = [Z @%(k)} : (30)
k
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FIG. 3. Quantum Fisher information /(A) for A estimation in the
case with no control or imperfect control as well as for optimal con-
trol as function of N for (a) x;,, =17 and (b) ;o = (1 +1n [)™.
The probe time 7 = 1 in both figures. (a) All the discrete points are
numerically calculated from Eq. (30). The values of the parameters
for: (i) red circle dots: J/ = = 0.5A and o = 0, (ii) purple squares:
J =pu = Aand o =0, (iii) pink stars are / = 4 = A and o = 0.5.
(iv) Cyan triangles: J = u =0 and « = 0. The blue solid line is
the scaling N?(In N)?> where the prefactor is determined by the QFI
for / = u =0 and N = 1000. (b) The red triangles are numerical
calculations of I(A) for « = 0.2, and the blue line is the fitted to the
red triangles with A(In N)° + B, where A = 0.20, ¢ = 1.54 and B =
0.17. The values c is very close to the expected value 2(1 — ) = 1.6.
The slight deviation of the scaling exponent between theory and the
fitted results is because In N is a very slowly increasing function
compared to the power functions.

Let us first discuss the estimation of J. First, from Eqgs. (8) and
(12), one can readily obtain

dyes(k) = cos k(J cos k + u)/e;(k), 31

&1(k) = Afo(k)cos k/[2€2(0)]- (32)

Since we focus on the no-control or imperfect control case
A # 0, we see that the only possibility for 9;¢;(k) and
9,€, (k) to blow up is when their denominators vanish, i.e.,
J cos k + pn = 0and f, (k) = Onear k = 0. However, we note
that whenever f, (k) = 0, d;€;(k) = £ cos k. The same argu-
ment also applies to &;(k). Therefore, &;(k) does not blow
up. Thus, we conclude in the absence of controls or in the
presence of imperfect control, the HS is not affected. For the
estimation of A, it is readily found from Eqs. (8) and (12) that

dnen(k) = Afi(k)/[4enli)], (33)

Ealk) = —(J cos k + p) fu(k)/[2€3 (K)]. (34)

Since around k = 0, €5 (k) ~ f,(k), we know limy_, o € (k) =
0 and da€p (k) ~ fy(k). Therefore, the dominant divergence
in &5 (k) is controlled by dx€a (k) and is the same as the case
of the optimal estimation of A. The scaling of estimating A is
again unchanged.

Figures 2 and 3 show a comparison between the cases with
optimal controls and with no controls or imperfect controls,
respectively. As we can see from these figures, the slopes of
the lines for the cases with no or imperfect control match
the one for optimal control. The same conclusion holds for
the estimation of w. Therefore, the role of optimal quantum
controls here is to improve the prefactor of the leading-order
scaling of the ultimate QFI rather than the scaling exponent.

IV. HIDDEN NONLINEARITY AND CONNECTION
TO NONLINEAR METROLOGY

Super-HS scaling is well understood in parameter estima-
tion of coupling constants of multibody spin operators in a
Hamiltonian [20-22] describing multispin systems. Specifi-
cally, the upper bound of the scaling of the QFI in estimating
the coupling constant of a /-body operator in many-body
spin or qubit systems is N*/ [20-22]. One may, thus, wonder
whether the scaling reported here for the superconducting
strength A in the LRK model can be understood in view of
these results. Even if the LRK is a linear model described by
a quadratic Hamiltonian of Fermionic operators in {a;, a;},
one may argue that it exhibits a hidden nonlinearity in the
spin representation. The latter becomes apparent making use
of the Jordan-Wigner transformation [34], which is highly
nonlocal, in the sense that the transformation of two-body
operators in the fermionic representation involves a string
of Pauli operators in the spin representations. As shown in
Appendix I, the explicit form of the LRK Hamiltonian in the
spin representation reads

N N

J I
_ZZ(UO'_H—FO' J+1) EZG}

j=1 j=1

Hspin =

l>

a Yy
) ZKI o GJ /+1 —9; U;+1)

N1
y_y z
(1)/(,0,6 oy ajaj+,)®aj+k.

(35)

+
oo >

'MZ

11=2

~.
Il

This representation makes explicit the fact that the long-
range pairing term involves interaction among (/ + 1) spins
with 1 </ < N — 1. As aresult, the scaling reported here for
the LRK model agrees with the intuition that for spin sys-
tems, reaching the super-HS requires interactions involving
more than one single spin operator [21,22]. Note, however,
that in the spin representation the superconducting strength A
does not couple solely to a single /-body operator term as in
Refs. [21,22], it acts simultaneously as a coupling constant
for a set of operators of varying rank / and norm with the
latter being weighted by «; . As a result, the scaling reported
here does not readily follow from the super-HS known in
quantum metrology. Rather, it generalizes nonlinear quantum
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metrology for parameter estimation of a coupling constant that
couples simultaneously to multiple spin operators.

V. DISCUSSIONS AND CONCLUSIONS

We have established that the scaling of the QFI for estimat-
ing the superconducting strength A is bounded by N?(In N)?
rather than the HS due to the long-range interactions. As
in Eq. (6), long-range interactions contain N2 terms whose
strength is controlled by «; . Intuitively, if «; o decays
quickly, these N? terms effectively behave, such as a local
interaction containing only N terms, such as in the estimation
of J and p and lead to the HS in estimating A. However,
if K, o decays sufficiently slow, these N terms can collec-
tively give rise to the super-HS behavior. We have illustrated
this in two examples withk; o =" and k; o = (1 +1n [)™¢,
respectively. Interestingly, when N is not large enough, we
have shown in Appendix H that super-HS N?(In N)?> and
N2(In In N)? can also occur as long as

e < (nN)™! (36)

€

fork, ¢ =x7€ and

e<Inln N 37)

fork; 11e = (1 +1In [)~1F9 _respectively.

Note that the LRK model here is linear and, thus, different
from the super-HS in the nonlinear models [20-22]. However,
making use of the spin representation of the LRK model, we
have shown that these results can be understood in the context
of nonlinear quantum metrology regarding the parameter esti-
mation of a coupling constant that simultaneously couples to
a set of multispin operators of various ranks and norms.

Since the HS characterizes the many-body entanglement
of the probes if the generator only contains local operators
[13—15], our results may indicate there may be an intimate
connection between the HS and the super-HS transition and
the property of quantum entanglement. We have further shown
that the singularity is not altered by whether external control
is optimally applied or not. Therefore, we conclude that in
the LRK model, quantum controls can improve the ultimate
QFI by altering the prefactor whereas preserving the scaling
exponent.

Our results are of direct relevance to practical quantum
metrology with quantum dots [35], trapped ions [36,37], and
cold atoms [38]. Our findings should be applicable to the
relation between the HS/super-HS and the many-body en-
tanglement [13—-15], the physical preparations of the optimal
initial states (fermionic GHZ states) [39], optimal detection
associated with the HS, super-HS [4,40,41], and quantum
estimation of the LRK in the presence of decoherence and
dissipation [20].
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APPENDIX A: THE DIAGONALIZATION OF THE LRK
HAMILTONIAN AND THE GENERATOR FOR
PARAMETER ESTIMATION

We note that the LKR Hamiltonian in momentum space
reads [15]

Hy = —% Xk:[aT (k)a(k) + a' (—k)a(—k)] cos k

-£ [Z a" (katk) + Za*(_km(_k)}
k —k
+% Xk:[“(_")“(—k) —a' (—=k)a' (=1 fo (k). (Al)

The Fourier transformation that relates the original Hamilto-
nian (6) to above Hamiltonian does not depend on any esti-
mation parameters. Thus, the Fisher information is preserved
by the transformation. Equation (A1) can be diagonalized as
follows:

Hy= 23 el k). a(~RW; Ko h)| 1 .
3 a'(—k)
k

(A2)

through the Bogoliubov transformation Uy (k),

_ (coslge(k)/2]  isin[gy(k)/2]
Vo) = <,- sinlgs (k)/2]  cosly (k>/21>’ (A3)
sin o () = — 2 Jo®) (Ad)
2 €(k)’
. (J cos k+ )
cos gy(k) = ol (AS)
Denoting
no(k) ] _ a(k)
[n; (—k)} = Ue(k)[a"'(—k)]’ (A6)
the Hamiltonian can be rewritten as
. 1
Hy = Zée(k)[né(k)ne(k) — E] (A7)
k

The parameter-dependent constant ) _, €4(k)/2 does not con-
tribute the Fisher information and will be suppressed. The
generator for parameter estimation is [17,27]

T
Gy = / U (7)dg Holhp (T)d T, (A8)
0
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where the evolution operator is Uy (T) = e~ According to Eq. (A7), the generator contains two parts: The first part is due to

the dg€g(k), and the other is due to dy 77; and dgng (k). It is readily found that

B B O I R ) B e [ A Y
Therefore,
doHy =Y _ dpeg (k) (kymg (k) + % > E(k)eq (k) mg (—k)ng (k) — nj (kynj (—F)]. (A10)
Substituting Eq. (A10) into Eq. (kAS), we find k
Go =T Yt m ) + : > kst /0 "t exp [izpjée(p)ng(p)ne(p)f]
X [ (=Ko (k) — nf ey (—k)] exp [—i Zfa(lﬂ’)n;(ﬂ)ne(ﬂ)f}. (A11)
P,

Note that the product of two fermionic creation and annihilation operators behaves like a ¢ number when commuting with
fermionic operators in other modes. We further note that the negative modes are equivalent to the positive modes via the
identification —k ~ 27w — k. With these two observations, it is readily checked that

exp [i Y epn] (p)ne(p)r] [0 (k) (k) — ng (k)mg (—k)] exp [—i > e mipme (p’)r}

p p
= expliles (K)nj (k)ne (k) + €52 — k)n 2 — k)ng 2 — k)1 ne(—k)ne (k) — 0} (kK)nj(—k)]

s —leo g (g (k)+eo 2 —k )y (2 —kmg 2 —k)]e

_ eiee<k>r[nﬁ(k)ns<k>+n;<—k)ne<—k)1[,7 o (—k)me (k) — n;(k)ng(_k)]e—ies(k)f[n;(k)ne(k)+ng(—k)ns(—k)]' (A12)
Using the relation,

S — 1 4 nine® — 1) = e® — nyfEe® — 1) (A13)
for fermionic operators, Eq. (A12) becomes
i< T s (00 (~kma (K)o ey (g i€o VeI (mak)bmg (ko (ko))
= [1 + nf()me (o) (@ D™ = DT+ nf(—lme (=l O" — 1)Ing(—k g (k)
x [e ®T — g (kyng (k) (e D" — D[~ ®T — py (—km) (—k)(e O = 1)

= 7 W1 4 nf(ome (k) (€™ — 1)lng (—k)mg (k)e ™M™ — no(—kynf(—k) (e O" — 1)]

= —e O 4 nf (ke (k)€ DT — Dng (k)ng (=)™ T — ng(—kyng (—k) (e ®" — 1)]

= —e 2Oy (kg (—k)

= e O g (—kyno (k) (Al4)
where we have used ng(—k) = né (k) = 0. The generator now becomes
() —ie j 1
Go=)_ {Tam(k)n;<k)ne<k> L 7 (A= e O (—homg (k) + [1 = € 6"(")T)]779(k)772(—k)}}. (A15)
k
We rewrite Eq. (A15) in a more compact form
1 1o (k) ]
Gy = = 1K), )%y (k)| : Al6
. 2;[170() N (—k)1%5( )[%(_k) (A16)
where the matrix %, (k) is defined as
§o (k) §o (k)

gg(k) = Tagég(k)O'z +

{1 — cos[2es (k)T 1}o + sin[2¢y (k)T oy = & (k)ng(k) - . (A17)

2
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Furthermore, we note that
Vy ()lmg (k) - 01Va (k) = o, (A18)
where
Vo(k) = (IMnywr) s Nomgo))s

and |1y, )) and |, k) are the vectors aligned and antialigned
with vector ny (k) on the Bloch sphere, respectively. Introduc-

ing,
o) | _ 7o k)
[W—k)} = Vf’(")[n*(—m}

one can readily obtain Eqgs. (10) and (11) in the main text.

(A19)

(A20)

APPENDIX B: THE EULER-MACLAURIN FORMULA

Lemma 1. (Euler-Maclaurin formula) For arbitrary function
g(x) with continuous derivatives, the infinite series Zzza g(m)
can be converted to the corresponding integral plus remainder
terms via the Euler-Maclaurin formula [42],

n= b
> ) = / g(x)dx + R, (B1)
where the remainder is
2m m— m—
=—[g<b) g(@)] +Z(2 e 0) — @)
+ / G i 8 (B2)

Here, M can be arbitrarily chosen from the natural numbers
0-2, ..., by, is the Bernoulli number. Py(x) = 1 for M > 0,

1
Pu(x) = o5 Bu({x}). (B3)

where{x} = x — [x] and By, is the Bernoulli polynomial.
We can use the Euler-Maclaurin formula to approximate a
series,

Zf<(2” s 1)”) Z £, (B4)

n=a

where we have k = (2n 4 1)t /N. We assume f (k) is piece-
wise smooth on [k, k;] and does not blow up on [k, kp]. We
allow some discontinuities in the first derivatives if M = 1 so
that f(k) may contain an absolute value or a square root.
Without loss of generality, we can assume f(k) is smooth
on interval F;’s where U;F; = [k,, kp]. When denoting the
function in terms of the variable, these intervals are denoted
as I£;’s. Applying the Euler-Maclaurin formula for these inter-
vals, respectively, with M = 0, we find

N-1
@2n+ Dm 2x+ Dm
e e M e el !

j i
(B5)
where

2 2x+ 1
R; = i / P (x)sin [M]dx + boundary terms,
N, N (B6)

and P;(x) is defined in Eq. (B3). We note that the boundary
terms remain finite and do not scale with N. They will be
omitted subsequently. In the Fourier representation, we find

= /Rn+lx) N [FEN
() [ e
B7)
where
R; = / Py (N—k — l)f’(k)dk. (B8)
‘ F, 2r 2

Since f(k) is differentiable on Fj, f'(k) is regular on F;.
On the other hand, P;(x) € [—1/2, 1/2] is bounded. We find
that R; remains finite as long as the number of the F;’s
does not scale with N. So we conclude that when f(k) is
regular, k k" i f(k) ~ N. For example, in Eg. (25) of the
main text, We take fk) = | cos k|, which is differentiable on
=[n/N,n/2 — /N], =[r/2+7/N,3n/2 — /N],
and F=[3n/2+4+m/N, 27r — 1 /N1, respectively.
However, we note that if f(k) has a singularity in [0, 2],
the remainder may not necessarily stay as a constant as N —
oo. For example, if we take

f(k) = cot [g} (B9)

where k € [7 /N, ® — 7 /N], then we obtain

N2V ron+ Dl N TN [k
Z cot| ———— | = — cot| = |dk + R,
=0 2N T /N 2

e tfen(3-5) - ()]

/N Nk 1 1
—/ P1<— — —)Tdk, (B11)
/N 2 2 ) sin®(k/2)

with Py (t) given in Eq. (B3). The integrand in the remainder
has a singularity around k = 0, and there the main integral is
no longer a good approximation of the sum. Nevertheless, we
can upper bound the scaling of the integral in the remainder,

ie.,
TN Nk 1 1
/ Py (— - —> Tdk’
/N 2 2 /sin"(k/2)

m—n /N 1 T
7N sin“(k/2) 2N

We, thus, conclude the remainder will scale at most as N.
Since f:/;,”/N cot(k/2)dk ~ N In N, we obtain the scaling
of yp(N) in the main text. We see that in the current case
the remainder depends on N instead of being a constant as
indicated in Eq. (B12). We would like to emphasize that when
the summand of a sum has a singularity in the limit N — oo,
it is not rigorous to analyze the scaling of the sum only with
the main integral because the remainder may contribute to the
scaling.

(B10)
where
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APPENDIX C: THE SCALING OF y,(N) FOR f,(k) <
NEARk =0

01/k)

Theorem 1. We will assume the only possible singularity of
fa(k) is near k = 0, a fact which we will prove in Corollary 1.
Then the scaling of y,(N) is controlled by the main integral if
Ju(k) < O(1/k) near k = 0.

Proof. Let us first focus on the case f, (k) is strictly slower
than 1/k near k = 0. We denote E; as the intervals where
fo([2x 4+ 1] /N) is as smooth as function x. Similar as in
Appendix B, this denomination allows f, (k) to be piecewise
functions joined by smooth functions, as long as there are no
singularities at the joints. The intervals E;become F; when
the function is written in terms of the variable k. In particular,
one can easily show that f, (;r /N) is positive. Applying Euler-
Maclaurin formula (B1) to each of these intervals, we find

=23 [/E (—1>f—1fa<[2”%)dx +Ra,},
J J

(C1)
where the remainder is
. 2 1
Ryj = / PI(X)(_l)']_lf/<—[ nt bm)dx
E,. N
+ boundary terms. (C2)

Since the boundary terms do not scale with N, we will sup-
press them in subsequent analysis. Now we change x back to
k, and we find

N w—m /N
nt =2 3= [ ik YR | (©3)
4 j

/N

where

Rey = / PI(N—"J)( DRk ()

2

For the remainders, if F; does not contain the origin, then the
integral in R; is regular and does not scale with the constant.
For F; contams the origin, we use a common trick in asymp-
totic analysis [43]: The leading order of a singular integral
can be found by replacing the integrand with its leading-order
Laurent expansion near the singular point. In our current case,

since
Jalk) < 0(%) (C5)
we find
/P1<N—k—l>< Dy (k)dk‘
F; 27T
Nk 1 1 !
fﬁ(z")( 0 (i) o
< / (l> dk‘va (C6)
/N k

where we have used that Pj(x) € [—1/2, 1/2] is bounded.
That is, the remainder scale scales strictly slower than N,
which is subleading order compared to the first term on the
right-hand side of Eq. (C3).

When f,, (k) ~ O(1/k), one can go through the same argu-
ment and will find that the main integral will scale as N In N
whereas the upper bound of the scaling of the remainder is
N. Therefore, we conclude that the leading-order scaling of
Yo (N) is only given by the main integral if f,(k) < O(1/k)
near k = 0. We conclude this Appendix by noting that the
condition f,(k) < O(1/k) is nontrivial and essential: Had
fu(k) scaled as 1/k'*® near k = 0, where ¢ is an arbitrary
positive number, the above proof would yield that both the
main integral and the upper bound of the remainder R, j scales
N'*¢_ The analysis of the scaling of y,(N) would be subtle
because the leading-order scaling of the main integral and the
remainder R,; might cancel each other. Fortunately, we see
such a situation does not occur because we have shown in the
main text that f, (k) < O(1/k).

APPENDIX D: THE SINGULARITY OF f, (k)
FOR K, =17* WITH € (0, 1]

In this Appendix, we prove an analytic property of f, (k)
for the particular case where k; , = 7%,
1
fulk) ~ s @€ (O, 1), (1)
This result can be shown using the singularity of the poly-
logarithm functions [23,33]. However, this approach does not
allow to obtain the general property of f, (k) when k; , takes a
more general class of functions. Now we will explicitly show
the singularity of f,, (k) ~ 1/k'~ around k = 0 for « € (0, 1]
without resorting to the polylogarithm functions. Recall

N/2-1

fulk) =2 kg sin(kl) + knja.a-
=1

D2)

Note that due to the regularity condition (E1), we know that
Kn/2,« 18 finite as N — oo. Therefore, in what follows we will
omit k2 o in the definition of f, (k) because it does not affect
the analytic property of f, (k). Now we are in a position to
prove Eq. (D1):

Proof. Apparently fy(k) can be exactly calculated to be
cot(k/2) which scales as 1/k near k = 0. For the case of
a € (0, 1], after applying the Euler-Maclaurin formula (B1),
fo(k) becomes

fa(k) = 2F4 (k) + Ro(k), (D3)
where
N/2—1 o
Folk) = / ), (D4)
1 X

and the remainder is

To(k) = 2k / Pl({x}f"s( Y, f Pi({x })Sm(kx)

(D5)

where we have again ignored the finite boundary terms. Ap-
parently the second term in Eq. (D5) is finite and, therefore,
will not contribute to the singularity of f, (k) since

N sin(kx) N
2| [ a5 <[

< 0. (D6)
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Our goal now is to determine the asymptotic behavior of the
first term of Eq. (DS). Applying Fourier transform of P ({x})
[42],

> sin(2mmx)
P(fx) ==Y ———, (D7)
— mim
we obtain
N cos(kx) I 1 N (sin[(2mm + k)x]
ff«un mz__g}_/'+__fr__.
1 x¢ 2 —mm Jy X
in[2mm — k
4 sin[(2mm )x] }dx. DY)
xa
Integrating by parts, we find that
/N sin[(2mmr + k)x] _ 1 cos[(2mm + k)x] N
| x“ C 2mw +k x“ 1

N
—l—a/ cos[(2mm +k)x]dx}.
1

xotl
(D9)

Apparently, the integral on the right-hand side is bounded in
the limit N — oo as long as o > 0. So in the limit N — oo,
we find

/N sin[(2mm + k)x] < 1 . (DI10)
1 x“ 2mm + k
By similar argument, one can show
/N sin[(Qmm — k)x] < 1 _ DI1D)
1 X% 2mm — k

Note if k is resonant with 2msm then the original integral
vanishes, and there is no need to do the scaling analysis
for the second integral on the right-hand side of Eq. (DS).
Substituting the above results into Eq. (D8), we find

N cos(kx) o= 1
ﬁam»7—52ﬁ<w

m=1

(D12)

Up to now, we have shown that there is no singularity in
the remainder as long as @ > 0. To see the singularity in the
first term of Eq. (D3), we perform a change in variables kI = s
and obtain

1 nr+m/2 o
Fulk) = f SIS s (D13)
k

SO{

where we note Nk = (2n + 1), wheren =0, 1,..., N — 1.
In the limit N — oo, if finite n is finite, apparently the singu-
larity of f, (k) ~ 1/k'~%. On the other hand, if n — oo, the
integral in Eq. (D13) is still finite since

*®  gins Ta
ds— =T —a)cos | — for a € (0, 1],
0 s 2

(D14)
as we will now show. We note that
) n+7/2 gin s ®  sins 00 s
lim ds = ds— =1Im dss %e”.
n—>oo [o Kl 0 Kid 0
(D15)

One can evaluate Eq. (D15) by first replacing s — it and
obtain

00 ) j1e's)
/ dss %" = il_"‘/ dtt e’
0 0
ie 00
=i 1lim drt™%e™ + drt™%e™|.
e=0[ Jo ie

(D16)

The convergence of the first integral on the right-hand side of
Eq. (D16) requires that @ < 1. The convergence of the second
integral on the right-hand side of Eq. (D16) requires the inte-
grand vanishes att = ioco, which leads to « > 0. Now we take
advantage of the analyticity of the integrand for & € (0, 1] and
rotate the integral from the positive imaginary ¢ axis to the
positive real ¢ axis, which yields

100 o0
/ dtt e = / dtt e =T1 — a), (D17)
0 0

which concludes the proof of Eq. (D14) for « € (0, 1). In
fact Eq. (D14) also holds for « = 1 since fooo ds sins/s =3
which can be evaluated by the residue theorem is actually
limy 1 (1 — o) cos(%7).

Therefore, we have successfully shown that the singularity
of f,(k) only lies in the main term of the Euler-Maclaurin
formula, which is Eq. (D3).

APPENDIX E: AN INTEGRAL APPROXIMATION TO f,(k)

We show in Appendix D that the singularity of f, (k) when
k1, = {~% can be explicitly found with only elementary tech-
niques, without resorting to the polylogarithmic function as in
the original proposal of the LRK [23]. The advantage of this
approach is that it allows us to prove the following theorem
for general functions «;_, that satisfy the regularity conditions
(E1) and (E2):

Theorem 2. We consider a general piecewise smooth func-
tion k, o that satisfies the regularity conditions in the main
text, i.e., ky, o satisfies: (i)

9] <00, ¢=0,1,...,20, (E1)

which holds piecewisely on [1, oo], and

(i)
(o]
/ KfaQH)dx
1

where Q is a non-negative integer and the superscript (q)
denotes the gth derivative with respect to x.

Then the singularity of f, (k) near k = 0O is controlled by
the main integral in the Euler-Maclaurin formula, i.e., the first
term in

< 00, (E2)

Ja(k) =2F4 (k) + %o (k). (E3)

Before we start the proof, let us first note that for the
long-range decay function d, ,, we allow not only smooth
functions of x, but also piecewise functions consisting of
several smooth functions. This is because, as we have seen in
Appendices B and C, one can apply the Euler-Maclaurin in a
piecewise way. The condition (E1) indicates there can be only
discontinuities at the joints, but no singularities. Nevertheless,
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in what follows, we will prove for the case when d;, is
smooth [1, co], which can be easily generalized to the case
of piecewise smoothness without any difficulty.

Proof. We take M = Q in the Euler-Maclaurin formula
(B1), and obtain

Jau(k) = 2T, (k) + Zo(k), (E4)
where
N/2—1
Fok) = / sin(kx)K o dx, (E5)
20+1 1
Ko (k) =Y R g (k)
q=0

x=N/2—1
. (E6)

0
b2m . @2m—1)
+ mZ::l 1 ik o1

x=1

Prypi1(x) =

to Eq. (E7). For r even g > 0, we obtain
1

Z( 1ye- 1 2 sin(2mmx)

N/2—1
Fe,q(k) = Co 4 / Pag i1 (0)[sin(kx)] @k, o 1?2 T Vdx,
1

(E7)

_(20-1 1
CQ"1=< q )(2Q+1)!' (E8)

Apparently, the boundary term is finite due to the regularity
condition (E1). Thus, we will focus on the integral in the
remainder %, (k) subsequently. For ¢ = 0, we find

N/2—1
/ K;?OZQJ“])dx
1

where we have used the fact that Ppyi(x) is bounded,
[Pro+1(x)| < Cap41 and Eq. (E2). When g > 1, we apply the
Fourier transform of Pyg(x) [42],

Ko ,q(k) < <00, (E9)

CQ,qC2Q+1

GO (E10)

00 N/2—1
Hog(k) = Co gk (—1)271F4/2 3" e / {cos[(2mm — k)x] — cos[2mm + k)x]} 2T "Vdx,  (Ell)
m=1 1

1, we obtain

oo
1
=Cp qkq(_l)QflJr(qfl)/2 E >
: +1
A= 2m) Q0

and for odd g >

Hea,q(k)

N/2—1
/ {sin[2mm + k)x] + sin[2mm — K)x]}c 22" Pdx.  (E12)
1

Since the convergence of the series is determined by the behavior of the general term at large values of the index, we will focus
on the case of large m in the series in Egs. (E11) and (E12) subsequently. Similarly with Eqs. (D9)-(D12), one can perform
integration by parts until one gets an integrand that contains (k. ,)?2*!, which yields

N/2—1
f cos[(2mmr % k)x](ky.o)*¢T " Vdx = (
1

1
+ Qmr £+ k)[
(_1)(q—1)/2
Qmmr £ k)4

1
2mm £ k)

X=00

{ sin[2mm & k)x](/cx’a)@QH*q)

x=1

cos[(2mm & k)x](ky, o) TV RER] + - - }

Apparently the last integral is bounded, according to Eq. (E2). Therefore, for large m we know

where

Cole) = [(60) i | + [(2%0)

which is finite according to the regularity condition Eq. (E1).
With sa imilar argument, we obtain

C2Q+17q(a)
~ Qmm k)

(E16)

N/2—1
/ sin[(2mm + k)x]e T "D dx
1

N/2—1
/ cos[(2mm = k)x](ky.q ) *9T "D dx
1

N/2-1
/ cos[(2mm £ k)xk 2T Vdx, (E13)
1
CZQ+1 ¢(a) (E14)
~ Qmr £k)’
ool (E15)
[
for large m. So we conclude
[o.¢]
(E17)

| F.q (k)| S Co.4Ca011-q(@K Y " ——e
— (2mir )22+2

which is bounded for all finite values of k. Now we have
shown that the remainder Ry, (k) is regular with no singularity
in k, which completes the proof.
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APPENDIX F: THE POSSIBLE SINGULARITY OF .7, (k)
OR f, (k) FOR k;, , SATISFYING THE REGULARITY
CONDITIONS

Corollary 1. If k;  satisfies the regularity conditions (E1)
and (E2), then %, (k) is regular as long as k # 0. The proof
is straightforward: performing integration by part for the main
integral in Eq. (E3), we find

N/2—1
/ sin(kx)ky o dx
1

x=N/2—1 x=N/2-1
cos(kx) / sin(kx) ) /
= — k Kx.a ] T .o 1
X= Xx=
(—l)Q N/2—1
+ 750 / cos(kx)c22tD. (F1)
1

Since the integral is bounded according to Eq. (E2), we find

20
Co_
Fatho) < 32 . (F2)

m=1

Thus, f, (k) or .%#,(k) are bounded as long as k # 0. From this
proof, we immediately see that the only possible singularity
of Z, (k) is at k = 0. As we have mentioned in the main text,
we can introduce a trick to get a rough estimate about the
possible singularity of the main integral .%, (k) near k = 0.
We integrate over k from 1/N to A, where A is finite. This
yields

A Nj2—1 N/2—1 A
/ dkya(k)zf Kx*"dx_/ de,
1 1

1/N X

(F3)

where we have interchanged the order of integration. Accord-
ing to Appendix G, the second integral on the right-hand side
of Eq. (F3) is bounded and the exact scaling with respect
to N can be easily found by integrating by parts. Therefore,
the scaling of f{;N Fo(k)dk is totally controlled by the first
integral on the right-hand side of Eq. (F3). If the scaling of

1[/\1\, Fo(k)dk can be computed, it can reveal some partial
information about the singularity of .%#,(k) around k = 0.
For example, if /', .7, (k)dk ~ constant or [}, Zu(k)dk ~
In N, then we know the singularity of .%,(k) at k = 0 is at
most 1/k'~¢ or 1/k, respectively, where ¢ is an arbitrary small
positive number.

APPENDIX G: THE CONVERGENCE OF THE INTEGRAL
I, Ko cOS(AX) /x]dx

One can prove the integral f Ky, COS(AXx)/x]dx is bounded
via integration by parts. First, it is found checked that

o0
/ Ky, COS(AX)/x]dx
1
X=00
- X =1

Py,
—/ sm(Ax)———/ sin(Ax) xa. (G1)

According to regularity condition (E1) of «, ,, we know

o0 o 1
/ i X Cmax,a / | <99 (G2)
1 X
where
Cmaxa = mMaX Kyg- (G3)
xe[l,00]

The convergence of floo Ky, COS(Ax)/x]dx will depend on
the convergence [;™ sin(Ax)k()/x. Further integrating by
parts and applying the same argument, one can show
that the convergence of fl s1n(Ax)/<(1)/x, will depend on

f | cos(Ax);cf}t /x. We continue to apply integration by parts
until we obtain | sin(Ax)kc 22D /x, which yields,

/ Ky COS(AX)/x]dx
1

1 o0
4

A Jy
K(l) X=0Q

1 xX,a
+F cos(Ax) T

x=
1

= — sin(Ax)KX—'a|
A x|

%0 o
cos(Ax) X’za
X

1
Azl

x=1

1 o0
+---+—f cos(Ax)—=
A20+2 ||

Once again all the boundary terms in the above equations are
bounded thanks to the regularity condition (E1). Furthermore,
as with Eq. (G2), we note

K(2Q+l)

(G4)

[ K)Ezo?) 0 o q

: . q —
fl sin(Ax)—— 2 < Chak o /1 2 < 00, (G5)

o0 K(Zlﬁ-l) o
/ cos(Ax)—5—| < CHatD f —2‘ < o0, (G6)

1 X 1 X

whereg = 1,2, ..., 0 and

Chixa = max [ic]. (G7)

Thus, the convergence of fl Ky c0S(Ax)/x]dx depends on
I sin(Ax)k 2D /x. We use
‘/ (2Q+1)

(2Q+1)
/ cos(Ax)
1

according to the regularity condition (E2). We conclude that
the integral f loo Ky, cOS(AX)/x]dx is convergent.
According to Theorem 2, we find f,(k) ~ Zy(k) =

lN /21 sin(kx)ky odx. Furthermore, according to Corollary 1,
the only possible singularity of .%, (k) is near k = 0. Using the
trick in Eq. (F3), one can obtain some information about the
behavior of .%, (k) around k = 0 by investigating the scaling
of f 1[/\1\, Zo(k)dk with A being any finite number. As we
have shown above, the second term on the right-hand side

of Eq. (F3) is convergent, and the scaling of f lj/\N Gy (k)dk
with respect to N is the same as the one of f ]N Kyq/Xdx. An
immediate consequence is that the singularity of %, (k) is at
most O(1/k) since [ (iky o /x)dx < Conaxae [7 1/xdx ~1n N,
where Chax,¢ = MaXye[1,00] Kx,a-

< 00 (G8)
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APPENDIX H: FINITE-SIZE SCALING

We note that Eq. (27) in the main text gives the asymptotic
scaling of Ip(A) in the thermodynamics limit N — oco. For
Kyo = X~ %, super-HS transition only occurs atox = O for N —
oo. However, for large but finite N, small @ near zero may
also lead the super-HS, which we now discuss. Setting o = ¢,
where € is a small number, we obtain

N oy N
x 1
0 = dx—e~n e
poxlte 1 X

N & (=)™ (In x)"

n=0
1 n_ n 1 n
—Z( ye / ax I _ St NyIn N,
n=0 X
(HI)
where
oo
(_1)nan
S(a) = . H2
@ Xz(; (n+1)! (H2)
Therefore, we find when
elnN <1, (H3)
S(e In N) — 1 so that
N dx
/; Y ~In N. (H4)
Alternatively, S(a) may be evaluated exactly, which is
(-1ya 1
S =—(1—-¢€. H5
(a) = azn! “(l=e™. ()

n=1

From which one can clearly see that S(e In N) - 1 as
€ In N — 0. Therefore, according to Eq. (27) in the main text,
we see that for k, . = x™¢, we have

Ip(A) ~ N*(In N)*> fore < (In N)~". (H6)

By similar analysis, one can show analogously that for
Ko 14e = (1 +1In x)~0+9)

Ip(A) ~ N*(In In N)*> fore < (In In N)~ L. (H7)

APPENDIX I: THE LRK HAMILTONIAN IN THE SPIN
REPRESENTATION

With the Jordan-Wigner transformation [34],

al = (-1~ 1]‘[ : (I1)

j—1
- B
aj = (=)' []ofo;. (12)
k=1
where aj is the standard Pauli z matrix,

0 1
UJ-JFE|:O Oi|, (I3)

__ 10 0

o; = |:1 0i|, 14

it is readily checked that

+ - _ 1
aaj = oj*oj = 5(0’; + 1), 15)
+ _

a;,,a; = ]+1‘7 0 = jt_la. , I16)
where we have used the fact O’ a :|:0’ in the second

equation. Furthermore,

Jj—1+1

ajajy = (—1)~ lnoka (= 1)1 ]_[ 007

m=1
Jj—1+
IR B Y P 4 2=
= (~Dojoj [] ofoj
k=j+1
J—1+1

o ]—[ 00 a7

k=j+1

= (=1

where we have used the fact that o; ol = :FJ

; . Now using
the relation,

Q
Il

F=3(07 + io?), (18)
oj = 3(of —io?), 19)

where o7 and o]yf are standard Pauli x and y matrices, respec-
tively, we find

+

oo+ O-j_a;-_&-l = %(‘7; + i“jy)(afﬂ - ia;]+1)

+3(0f —io7) (07 + o},

= %(U;C(Tﬁ_l + o) j+l)’ (110)
O+Uj+l to;0,,= i(of + ic’\)( 1 o ]+1)
+ }‘(af — lO‘J}-)(O'J-H — lo}.H)
= 3(0f0fy —aja],). (I11)

Using Eqgs. (I1), (I2), and (I10), the tunneling and kinetic
terms become

N N
t + — + -
E (ajaj_H +aj+1aj) = E (aj 0/ +0o; crj+l)

=1 j=1

and

(113)

respectively. For the long-range superconducting terms with
the antiperiodic boundary condition, one can easily obtain the
following alternative form:

N—IN—j

g E Kla@jdji] =

j=1 =1

(114)

1 N N-1
—E E Kladjdjil,
2 ¢4

j=11=1
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and a similar equation for the term ZIJY;II Zf:l’ /q,o,a; Ha;. On the other hand, with Eqgs. (I1), (I12), and (I11), we find

N N-1

j=1 i=1

N N-1

1 .
. T Ty 1y X _x Yy Z .2
E E Kl,ct(a]aj+l+aj+laj)_2§ E ( 1)Kl,a(f’j‘7j+1 0j°'j+1)0j+1 Oivi-1-

j=1 i=1

{15)

Substituting Egs. (I12)—(I15) into Eq. (6) in the main text yields the LRK Hamiltonian in the spin representation, i.e., Eq. (35)

in the main text.
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