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Benchmarking quantum annealing dynamics: The spin-vector Langevin model
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The classical spin-vector Monte Carlo (SVMC) model is a reference benchmark for the performance of a
quantum annealer. Yet, as a Monte Carlo method, SVMC is unsuited for an accurate description of the annealing
dynamics in real-time. We introduce the spin-vector Langevin (SVL) model as an alternative benchmark in which
the time evolution is described by Langevin dynamics. The SVL model is shown to provide a more stringent test
than the SVMC model for the identification of quantum signatures in the performance of quantum annealing
devices, as we illustrate by describing the Kibble-Zurek scaling associated with the dynamics of symmetry
breaking in the transverse field Ising model, recently probed using D-Wave machines. Specifically, we show that
D-Wave data are reproduced by the SVL model.
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I. INTRODUCTION

Adiabatic quantum computing provides an approach to
solve optimization problems by utilizing the quantum dynam-
ics generated by a time-dependent Hamiltonian. The latter is
chosen to interpolate between an initial Hamiltonian with a
ground state that can be easily prepared (e.g., a paramagnet)
and a final noncommuting Hamiltonian, the ground state of
which encodes the solution to the optimization problem [1–4].
While the success of the computation relies intuitively on ful-
filling adiabaticity during the quantum annealing dynamics,
this condition is generally not fulfilled in real devices [5]. A
relevant example is that of D-Wave machines utilizing time-
dependent Hamiltonians of the Ising type with a transverse
field [6–10].

State-of-the-art quantum annealers are an example of noisy
intermediate-scale quantum (NISQ) devices [11] in which
various sources of noise can give rise to decoherence [12,13].
The latter results from the buildup of quantum correlations
between the degrees of freedom described by the interpo-
lating Hamiltonian and the surrounding environment, which
is generally inaccessible and hard to characterize. Using the
formalism of open quantum systems [14], a quantum master
equation prescribes in this scenario the evolution of the state
of the system, which is encoded in a density matrix.

Decoherence is broadly acknowledged as being respon-
sible for the emergence of classical behavior in quantum
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systems [15]. As such, it hampers the potential of quantum
computers to exhibit a quantum advantage over their classi-
cal counterpart. Benchmarking the performance of quantum
annealers against classical models has thus become a central
goal. Efforts to this end consider models of interacting clas-
sical rotors [16–23]. The spin-vector Monte Carlo (SVMC)
model constitutes a paradigmatic reference in which the dy-
namics is implemented via Monte Carlo steps. Due to the
difficulty to relate Monte Carlo steps to real-time evolution,
the SVMC model is limited as a benchmark for the annealing
dynamics. Circumventing this limitation requires a descrip-
tion of the annealing dynamics in continuous time. In this
context, dissipative Landau-Lifshitz-Gilbert equations resem-
bling those used in magnetism [24–26] have been put forward
[27–29]. Further progress has been achieved considering the
evolution of spin-coherent states [30].

Decoherence has also motivated the benchmarking of
quantum simulators and annealers with models of open quan-
tum systems [9,13,19,21–23,31–35]. Embedding the problem
Hamiltonian in a harmonic environment, the spin-boson
model has been utilized to assess the performance of D-Wave
machines. Once the evolution is no longer considered to be
unitary, the set of candidate quantum channels that can ac-
count for it is rich. Yet, dissipative classical systems are also
rich, and it appears that efforts to accommodate dissipative
effects in a quantum description of annealing devices have not
been accompanied by comparable efforts in the classical do-
main, which may provide stringent tests for the identification
of intrinsically quantum features in the annealing dynamics.

Classical Langevin dynamics provides a natural setting to
describe evolution in real time and accommodates the inter-
play between dissipation and thermal fluctuations [36]. In
this work, we introduce the spin-vector model evolving under
Langevin dynamics, which we shall refer to as the spin-vector
Langevin (SVL) model. We use it to describe the dynamics
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across the phase transition in the transverse-field Ising model,
recently used to probe the dynamics in quantum annealers in
D-Wave devices [22,37,38]. We characterize the scaling of
the mean number of kinks with the annealing time as well
as the kink number distribution, and we conclude that the
performance of the D-Wave machines is reproduced by the
SVL model.

II. THE SVL MODEL

Consider an ensemble of N qubits distributed on a graph
G(E ,V ) with edge and vertex sets denoted by E and V ,
respectively. Quantum annealing is based on the dynamics
generated by the time-dependent Hamiltonian

H (t ) = A(t )H0 + B(t )HP, (1)

where the initial Hamiltonian reads H0 = −∑
i∈V σ x

i and the
problem Hamiltonian is of the Ising type,

HP = −
∑

(i, j)∈E

Ji jσ
z
i σ z

j −
∑
i∈V

giσ
z
i , (2)

although more general forms can be considered. Here, σ z
i is

the Pauli operators acting on vertex i. The constant gi plays
the role of a local magnetic field, while the spin-spin couplings
Ji j can favor ferromagnetic (Ji j > 0) or antiferromagnetic or-
der (Ji j < 0). The real functions A(t ) and B(t ) satisfy the
boundary conditions A(0) = 1, B(0) = 0, A(ta) = 0, B(ta) =
1, where ta is the annealing time. The goal is to find the
ground state of the problem Hamiltonian upon completion of
the protocol at time t = ta. The spin-vector model is a classical
annealing Hamiltonian obtained by replacing Pauli operators
by real functions of a continuous angle θ , i.e., σ z

i → sin θi and
σ x

i → cos θi. Thus, each vertex is associated with a classical
planar rotor. The SVMC model unravels the classical dynam-
ics of the planar rotors via Monte Carlo steps. There is no
unique recipe to relate these steps to the flow of continuous
time in real dynamics.

As an improved benchmark to assess the classicality of
the performance of a quantum annealer, we propose the SVL
model, in which Monte Carlo steps are replaced by Langevin
dynamics. The configuration of the system is thus specified
by the set of angles θ = (θ1, . . . , θN ), and the dynamics is
described by the stochastic coupled equations of motion,

miθ̈i + γ θ̇i + ∂H (θ)

∂θi
+ ξi(t ) = 0, i = 1, . . . , N, (3)

where explicit computation yields

∂H (θ)

∂θi
= −B

N∑
j∈V

Ji j cos θi sin θ j − Bgi cos θi + A sin θi. (4)

Here, ξi(t ) is an iid Gaussian real process acting on the ith
rotor, mi is an effective mass that provides its inertia, and γ is
the damping constant. We consider the fluctuation-dissipation
relation 〈ξi(t )ξ j (t ′)〉 = 2γ kBT δi jδ(t − t ′), where T is the tem-
perature of the thermal reservoir [39,40]. In what follows,
we consider the case mi = m for all rotors and work in units
with kB = 1. Non-Markovian variants can be accommodated
for by replacing the δ(t − t ′) function by a memory function
χ (t − t ′). The numerical integration of the SVL equations of

motion is detailed in Appendices A and B, and imple-
mented by the FORTRAN code SVLdynamics.f available as
Supplemental Material.

III. SVL AND THE TRANSVERSE FIELD ISING MODEL

We next focus on the one-dimensional transverse field
Ising model (TFIM) as a case study, used to benchmark the
annealing dynamics in D-Wave systems [22,37]. The quantum
TFIM Hamiltonian reads

H (t ) = −J
N−1∑
i=1

σ z
i σ z

i+1 − h
N∑

i=1

σ x
i , (5)

with homogenous ferromagnetic coupling J > 0 and mag-
netic field h. In quantum annealing, this corresponds to
a toy-model scenario in which the problem Hamilto-
nian is a one-dimensional homogeneous ferromagnet HP =
−J

∑N−1
i=1 σ z

i σ z
i+1. The model is exactly solvable under pe-

riodic boundary conditions and exhibits a quantum phase
transition signaled by the closing of the energy gap be-
tween the ground state and the first excited state [41]. As a
result, the correlation length ξ and the relaxation time τ

exhibit the characteristic power-law divergence of critical
systems, ξ = ξ0/|ε|ν and τ = τ0/|ε|zν , where ξ0 and τ0 are
microscopic constants and ε ∝ h − h∗ is the distance to the
critical point, which equals h∗ = J for large N . The location of
the critical point is the same in the classical and the quantum
TFIM. For the quantum TFIM in isolation, the correlation
length critical exponent ν = 1 and the dynamic critical ex-
ponent z = 1.

By contrast, in the SVL description, the Mermin-Wagner
theorem precludes spontaneous symmetry breaking at finite
temperature. At zero temperature, a transfer-matrix analysis
shows that the critical point is located at h∗ = J + 1/3; see
Appendix C for a detailed derivation. This is illustrated in
Fig. 1 in which the averaged absolute value of the local lon-
gitudinal magnetization Mz = 1

N

∑N
i=1〈| sin θi|〉, which acts as

the order parameter, is shown as a function of ε = J − h. This
equilibrium behavior is captured by the long-time dynamics
of the SVL model in the low-temperature limit. By moni-
toring the equilibrium value of Mz, one can thus distinguish
the description in terms of planar rotors used in SV models
from binary spins in a given NISQ device, such as a D-Wave
machine. The growth of Mz is typical of a continuous phase
transition and is accompanied by the power-law scaling of the
correlation length observed as the zero-temperature limit is
approached, revealing the correlation-length critical exponent
ν = 1/2.

Further, by varying the strength of the damping constant
γ , Langevin dynamics interpolates between Hamiltonian and
diffusive dynamics. To identify the value of the dynamic crit-
ical exponent z, we consider the linearized system, setting
sin θ ≈ θ and cos θ ≈ 1 − θ2/2, H (θ) = −∑N−1

i=1 Jθiθi+1 +
h
2

∑N
i=1 θ2

i − hN . For the 1D homogeneous Ising chain with
nearest-neighbor interactions,

mθ̈i + γ θ̇i + hθi − J (θi−1 + θi+1) + ξi(t ) = 0 ∀i. (6)

In the overdamped regime, τ � |θ j/θ̇ j | � γ

h−2J , and thus
z = 2 and τ0 = γ . Similarly, in the underdamped regime,
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FIG. 1. Equilibrium properties of the SVL description of the TFIM. (a) Growth of the averaged absolute value of the local longitudinal
magnetization Mz (order parameter) as a function of the parameter ε = J − h in the SV model at zero temperature. The critical value is
ε∗ = −1/3, in contrast with the quantum TFIM for which ε∗ = 0. The behavior is reproduced by the SVL simulations at T = 10−3. The
shift in ε∗ can be used to distinguish whether the degrees of freedom in a given simulator are described by planar rotors or binary spins.
(b) Equilibrium correlation length ξ as a function of the parameter ε for different values of the inverse temperature β.

τ � |θ j/θ̈ j |1/2 � | m
h−2J |1/2, which implies z = 1 and τ0 =√

m. We note that these values of z are consistent with mean-
field values derived for the Ginzburg-Landau equation in
the corresponding overdamped and underdamped regimes
[42,43]. As we shall see, a continuous range of effective
intermediate values, z ∈ [1, 2], can be spanned by varying
the damping constant γ . For completeness, we note that the
model in [16] is time-continuous, with γ = 0 and fixed noise
strength. This is inconsistent with the fluctuation-dissipation
theorem, bringing the system to an infinite-temperature state,
and it fixes the value of z = 1, with no freedom, as in the
SVMC.

IV. BENCHMARKING CRITICAL DYNAMICS VIA THE
KIBBLE-ZUREK MECHANISM

According to the celebrated Kibble-Zurek mechanism
(KZM) [44–48], the crossing of a phase transition results
in topological defects. The KZM yields a universal power-
law scaling of the density of defects as a function of the
annealing time taE(N ) ∼ t−αKZM

a , where αKZM = dν
1+zν , in spa-

tial dimensions d and pointlike defects. This prediction is
a natural test for benchmarking the dynamics in a quantum
simulator [22,37,38]. In the TFIM, the transition between a
paramagnet and a ferromagnet results in the formation of Z2

kinks. The latter can be detected by the kink-number operator
[49] N = 1

2

∑N−1
i=1 (1 − σ z

i σ z
i+1). For the SVL, we consider

its analog N = 1
2

∑N−1
i=1 [1 − sgn(sin θi )sgn(sin θi+1)], where

the sign function is included for proper counting, establish-
ing a mapping from the continuous-variable description of
each spin to a binary configuration. As the values of z and
α are sensitive to the presence of dissipation [42,43], they
can be used to distinguish between unitary evolution and
open dynamics in quantum systems [50]. In the quantum
TFIM in isolation, αKZM = 1/2 [49,51,52]. Coupling to a
bath, can result in anti-KZM behavior associated with heating
[53], as observed in [38]. It can also preserve KZM behavior
while leading to a more subtle renormalization of the criti-
cal exponents [54,55]. Data collected in D-Wave machines
for the critical dynamics of the 1D TFIM are described by

α = 0.20 in the NASA machine and by α = 0.34 in the
Burnaby device [22], inconsistent with the unitary evolution
of the quantum 1D TFIM. The values are also inconsistent
with classical models including the SVMC model [22], sim-
ulated quantum annealing [56], and Glauber dynamics [57],
and they have been explained using a spin-boson model,
coupling the quantum TFIM to an Ohmic harmonic bath. In
this case, the theoretical value αKZM = 0.28, while a broader
range is found numerically at zero temperature varying the
spectral function [22]. The theoretical KZM exponents in
the SVL model cover the range αKZM ∈ [1/4, 1/3] by de-
creasing the damping constant from the overdamped to the
underdamped regime. As in the recent D-Wave tests, we
report the kink density upon completion of the annealing
schedule at T = ta. For long annealing times, SVL numerics
corroborates the KZM prediction taking into account the de-
pendence of the dynamic critical exponent z on γ , as shown in
Fig. 2. The range of scaling exponents reproduced by the SVL
model thus includes the values reported for the spin-boson
model and the Burnaby device. That of the NASA device
(0.20) is slightly lower than that in the overdamped limit
(0.25).

As a caveat, it should be taken into account that other ef-
fects can alter the KZM scaling. In either classical or quantum
systems, nonlinear modulations of the transverse field [58,59],
ubiquitous in D-Wave machines, as well as spatially inho-
mogeneous controls [43,60–62] and the presence of quench
disorder [63] can modify the scaling behavior. These effects
are negligible in our simulations, but they could be present
in simulators such as D-Wave devices. However, the choice
of the measurement time for the KZM to apply is not triv-
ial. It should exceed the freeze-out timescale t̂ ∼ (τ0t zν

a )
1

1+zν ,
although the choice of the prefactor remains open. The latter
cannot be too large, as other effects such as defect annihilation
and coarsening can compete and even hide the KZM, given
that the SVL description involves coupling to a thermal bath.
These conditions are not always guaranteed when probing the
state right after upon completion of the schedule, at ta, as done
in Fig. 2. Numerical simulations for the SVL model reveal that
the growth of the order parameter generally lags behind the
completion of the annealing schedules for fast and moderate
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FIG. 2. (a) Scaling of the average kink density in the SVL model
as a function of the annealing time ta for different values of the damp-
ing constant γ ∈ [0.01, 5]. Data are collected from 104 stochastic
trajectories. Inset (i) shows in detail the scaling regime spanning the
range between the power laws t−1/3

a and t−1/4
a . Inset (ii) shows the

time dependence of the coefficients A and B during the annealing
schedule. (b) Power-law exponent α as a function of the damping
constant γ . The dotted lines indicate the KZM prediction in the
underdamped and overdamped limits. The SVL model reproduces a
broad range of KZM exponents including reported values in D-Wave
devices and that of the spin-boson approach.

quenches, as shown in Appendix D. Only for slow quenches
is the scaling consistent with the KZM prediction.

V. KINK STATISTICS BEYOND THE KZM

For a deeper characterization of the annealing dynamics,
we consider the probability distribution to find n kinks in
the final nonequilibrium state prepared upon completion of
the annealing protocol, P(n) = E[δ(N − n)]. In the quantum
domain, for the TFQIM evolving under unitary dynamics, an
exact analytical computation shows that P(n) is a Poisson-
binomial distribution [64,65]. The Fourier transform of P(n) is
the characteristic function P̃(ϕ) = E[eiϕn], and its logarithm is
the cumulant-generating function, which admits the expansion
lnE[eiϕn] = ∑∞

p=1
κp

p! (iϕ)p, where κp is the cumulant of order
p. The key prediction of physics beyond the KZM [64,66]

FIG. 3. The cumulant ratios κ2/κ1 and κ3/κ1 upon completion of
the annealing schedule at t = ta for different values of the damping
constant as a function of the annealing time ta (using 104 stochas-
tic trajectories). The dashed lines indicate the expected theoretical
value for each cumulant ratio. Cumulant ratios predicted by the SVL
model reproduce values previously attributed to quantum models, in
isolation or open.

is that κq ∝ κ1 and thus κq/κ1 are constant and independent
of the annealing time. For the quantum TFIM in isolation it
was shown that κ2/κ1 = 2 − √

2 ≈ 0.578 and κ3/κ1 = 4 −
12/

√
2 + 8/

√
3 ≈ 0.134. Their study can be used to rule

out models of the underlying dynamics [22,56,57]. However,
cumulant ratios can be robust to decoherence, as shown by
simulations of the spin-boson quantum model with indepen-
dent oscillators being coupled to the z component of each spin
[22]. The cumulant ratios in the SVL are shown in Fig. 3.
While they exhibit a dependence on the annealing time for
fast schedules, their value soon saturates at the theoretical
prediction for the TFIM not only at long annealing times
but even before the KZM scaling regime sets in, for moder-
ate annealing times. Again, the SVL model reproduces the
observed values in D-Wave. This is consistent with the gener-
alized KZM [57,66], according to which the dynamics sets the
correlation length out of equilibrium ξ̂ , and defect formation
can be described as the result of a sequence of ∼N/ξ̂ iid dis-
crete random variables that yields a binomial distribution for
P(n). Cumulant ratios are then set by the success probability
for a kink formation, which can be expected to be weakly
dependent on the underlying dynamics. Indeed, the latter is
exclusively dictated by the structure of the vacuum mani-
fold and geometric arguments when invoking the geodesic
rule [44].

VI. DISCUSSION

The SVMC method constitutes an important benchmark
for the performance of a quantum annealer, in which each
quantum spin is replaced by a classical planar rotor. As a
Monte Carlo method is ill-suited to describe real-time dy-
namics, we have introduced the SVL model in which discrete
Monte Carlo updates are replaced by Langevin dynamics,
which is stochastic, continuous in time, and governed by the
fluctuation-dissipation theorem.
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We have shown that the SVL annealing dynamics yields
a power-law scaling for the average density of topological
defects as a function of the annealing time, using the 1D
TFIM as a case study. At variance with Monte Carlo methods,
the power-law exponent continuously interpolates between
the KZM prediction for the underdamped and overdamped
regimes. Remarkably, the SVL dynamics spans the power-law
exponents observed in D-Wave machines (away from the fast-
annealing limit) and the spin-boson approach, in the classical
realm. Beyond the Kibble-Zurek scaling, we have analyzed
the kink number statistics in which all cumulants share the
same power-law scaling with the annealing time. Cumulant
ratios are thus fixed, and those reported in D-Wave are further
reproduced by the SVL model. We expect the SVL model
to provide a test for classicality of quantum annealers and
programmable simulators based on Ising spin models, as it
can be extended to arbitrary graphs, inhomogeneous rotors,
and non-Markovian dynamics, e.g., accounting for the 1/ f
noise that is expected to be relevant for long annealing times
[67]. More generally, our results advance the use of Langevin
methods to benchmark NISQ devices in quantum computing
and quantum simulation.

Note added. After completion of this work, King et al.
[68] reported data collected in a D-Wave 2000Q lower noise
processor for the fast annealing dynamics of the TFIM, in
agreement with the theoretical analysis for the unitary evo-
lution of an isolated spin chain [64,65].
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APPENDIX A: SVL DYNAMICS

The dynamics of the rotors in contact with a Langevin
thermostat can be described by the 2N-dimensional stochastic
differential equations

dθi = pi

m
dt with (i = 1, . . . , N ),

d pi = −
(

∂H (θ)

∂θi
+ γ

m
pi

)
dt +

√
2D dWi, (A1)

where γ and D are the friction and diffusion coefficients asso-
ciated with the interaction with the thermal bath. According to
the fluctuation-dissipation theorem [39], both coefficients are
related according to

D = γ kBT, (A2)

where kB is the Boltzmann constant. The term dWi denotes a
Wiener process resulting from the Gaussian white noise force
ξi(t ) acting on the ith rotor and associated with the diffusion.

These Wiener processes satisfy

〈ξi(t )〉 = 0 (A3)

and

〈ξi(t ) ξ j (t
′)〉 = 2D δi jδ(t − t ′), (A4)

where 〈· · · 〉 denotes the statistical average.

APPENDIX B: NUMERICAL INTEGRATION OF THE
STOCHASTIC SVL EQUATIONS OF MOTION

The supplemental material includes the FORTRAN code
SVLdynamics.f for the numerical integration of the SVL
equations of motion, which we next describe. The 2N-
dimensional stochastic differential equations (A1) can be
expressed in the matrix form

dY = A(Y) dt + B · d�t , (B1)

where the components of the variable vector Y have been
ordered as

Y = (θ1, . . . , θN , p1, . . . pN ). (B2)

The components of the vector A containing the deterministic
terms in the equations of motion are

Ai =
{ pi

m , i = 1, . . . , N,

−(
∂H (θ)
∂θi−N

+ γ

m pi−N
)
, i = N + 1, . . . , 2N.

The matrix B contains the diffusion coefficients D. In our
model, it is given by a diagonal matrix with the elements

Bii =
{

0, i = 1, . . . , N,√
2D, i = N + 1, . . . , 2N.

(B3)

The vector d�t denotes the 2N-dimensional Wiener process,
with the elements

d�t,i =
{

0, i = 1, . . . , N,

dWi−N , i = N + 1, . . . , 2N.
(B4)

To integrate the stochastic differential equations (B1), we
consider the multidimensional explicit order 2.0 weak scheme
[69]. Since in our model the matrix B does not depend ex-
plicitly on the variable vector Y, such a scheme becomes
particularly simple. Specifically, given the variable YI at a
time step I , its value at the following time step I + 1 is given
by

YI+1 = YI + 1
2 [A(�I ) + A(YI )]�t + B · ��I , (B5)

where

�I = YI + A(YI )�t + B · ��I , (B6)

with �t = tI+1 − tI the constant time interval between two
consecutive time steps, and �I is a vector with elements

��I,i =
{

0, i = 1, . . . , N,√
�t GI,i−N , i = N + 1, . . . , 2N,

(B7)

where GI,n ∼ N (0, 1) is a normally distributed random vari-
able assigned for the n-rotor at time step I .
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APPENDIX C: EQUILIBRIUM PROPERTIES OF THE SV
MODEL

The SV model associated with the TFIM describes a linear
chain of planar rotors with homogeneous coupling between
nearest neighbors and a global magnetic field,

H (θ) = −J
N∑

i=1

sin θi sin θi+1 − h
N∑

i=1

cos θi, (C1)

with i ∈ {1, . . . , N}, θN+1 = θ1, and J, h � 0. This corre-
sponds to choosing the graph G(E ,V ) in the general problem
Hamiltonian as a path graph PN under open boundary con-
ditions, with an edge set restricted to nearest neighbors. By
construction, the system has a Z2 symmetry with respect to
the involution �(θ1, . . . , θN ) = (−θ1, . . . ,−θN ). To charac-
terize the thermal equilibrium properties of the SVL model,
we make use of the transfer-matrix technique [70], which
provides an alternative to study thermalization by long-time
Langevin dynamics, and allows for a deeper analytical treat-
ment. In our analysis, we have made use of both methods, and
we verify a good agreement between them. We rewrite the
Hamiltonian (C1) as

H =
N∑

i=1

H (θi, θi+1), (C2)

where H (θ, ψ ) = − J
2 ( cos(θ − ψ ) − cos(θ + ψ )) −

h
2 (cos θ + cos ψ ).

The key object to study the equilibrium properties is the
transfer operator defined as

T f (θ ) ≡
∫ π

−π

dθ e−βH (θ,ψ ) f (θ )

≡
∫ π

−π

dθ T (θ, ψ ) f (θ ), (C3)

where T (θ, ψ ) = T (ψ, θ ) and β = (kBT )−1, with kB the
Boltzmann constant.

This operator acts on square-integrable functions such
that the trace of its square is bounded, i.e., Tr T2 ≡∫

dθ dψ T2(θ, ψ ) < ∞. Associated with T there is an eigen-
value problem with the corresponding set of eigenvalues and
eigenfunctions {λn, fn(θ )}, where λn � λn+1. Knowledge of
the first two leading eigenvalues of T is enough to characterize
the main equilibrium properties. In particular, if λ0 is the
largest (in modulo) eigenvalue, then in the thermodynamic
limit the partition function is given by Z = λN

0 , up to correc-
tions of order O(e−N ln(λ0/λ1 ) )].

To determine the correlation length, we consider the two-
point correlation function relative to the observables s1(θ ) and
s2(θ ),

Cs1,s2 (l ) ≡ 〈s2(θi )s1(θi+l )〉, (C4)

where the function s(θ ) is associated with an operator S
and satisfies S f (θ ) ≡ s(θ ) f (θ ). In terms of T and S, the

correlation function reads

Cs1,s2 (l ) = lim
N→∞

Tr S1T lS2T N−l

Tr T N
with l � 0. (C5)

The decay of this function to its asymptotic value satisfies

Cs1,s2 (l ) − Cs1,s2 (∞) =
∑
m �=0

cme−l/ξm , (C6)

with ξ−1
m = ln λ0

λm
. For large values of l such decay is governed

by the largest ξm, which is given by the correlation length ξ ,
defined as

ξ−1 = ln
λ0

λ1
. (C7)

To study the phase transition between the paramagnetic
and the ferromagnetic phases, we introduce a single parameter
ε = J − h, such that J = (1 + ε)/2 and h = (1 − ε)/2. We
analyze the behavior of the system in the range of values ε ∈
[−1, 1]. The phase transition takes place as the temperature
decreases and ε reaches a critical value

ε∗ = − 1
3 → J = h + 1

3 , (C8)

in stark contrast with the value in the TFIM ε∗ = 0, with a
critical point at J = h.

1. Equilibrium correlation length

The phase transition occurs at the critical value ε∗, around
which the correlation length is expected to exhibit a universal
power-law scaling. To explore it, we first focus on the kernel
of the transfer operator T, given by exp ( − βH (θ, ψ )). Its
major contribution in the vicinity of the maximum of the
function g(θ, ψ ) = −H (θ, ψ ) occurs for large values of β.
An analysis of such a function shows that its maximum values
verify

2

(
1 + ε

1 − ε

)
sin θ = tan θ. (C9)

This equation has a single solution for ε < −1/3 with a single
maximum located at (θ0, ψ0) = (0, 0). When ε > −1/3, the
equation presents three possible solutions. In this case, (0,0)
ceases to be a maximum, and two new maxima appear. They
start at (0±, 0±) when ε is infinitesimally greater than −1/3,
and they move continuously along the direction θ = ψ un-
til reaching the value (θ0, ψ0) = ±(π/2, π/2) when ε = 1.
Close to the critical point ε∗ = −1/3, these two maxima are
given by

θ0 = ψ0 = ±3

√
|ε − ε∗|

2
+ O(|ε − ε∗|3/2) . (C10)

According to our previous discussion, at sufficiently low
temperatures the kernel of the transfer operator can be ap-
proximated by its contribution in the vicinity of the maximum
of the function g. More precisely, taking into account local
contributions of g up to second-order around the maximum,
the kernel can be approximated by a Gaussian function. In
this case, the eigenvalues and eigenfunctions can be analyti-
cally obtained. In the vicinity of a given maximum (θ0, ψ0),
the function g can be approximated by the second-order

023104-6
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FIG. 4. Schematic representation of the counting of kinks in a given configuration of planar rotors. (a) In the SVL model, each spin
is represented by a planar rotor. (b) All rotors are aligned in the paramagnetic phase, the initial state of the annealing schedule. (c) A
nonequilibrium state results upon completion of the schedule. (d) A sign function maps the angle of each rotor to a binary variable facilitating
the counting of kinks.

expansion

g0(θ, ψ ) = g(θ0, ψ0) + 1
2 [gθθ (θ0, ψ0)(θ − θ0)2

+ 2gθψ (θ0, ψ0)(θ − θ0)(ψ − ψ0)

+ gψψ (θ0, ψ0)(ψ − ψ0)2] + · · · . (C11)

Then, the eigenvalue problem of T can be written in terms of
the one corresponding to the operator T0, defined by

T0 f (θ + θ0) =
∫ ∞

−∞
dθ√

β
e

1
2 (θ,ψ )h(θ0,ψ0 )(θ,ψ )t

f (θ + θ0)

= λ′ f (ψ + ψ0). (C12)

This operator has a Gaussian kernel with known eigenvalues
and eigenfunctions, which lead to the following solutions to
the problem (C12):

λ0 = eβg(θ0,ψ0 )

√
2π

β

(√
g2

θθ − g2
θψ − gθθ

)−1/2
,

λn = λ0e−n/ξ (n = 1, 2, . . .), (C13)

with

ξ−1 = ln

(
1 +

−gθθ − gθψ +
√

g2
θθ − g2

θψ

gθψ

)
. (C14)

FIG. 5. Evolution of the number of topological defects and order parameter during the annealing protocol. (a) The average density of
kinks as a function of the annealing time in the underdamped and overdamped limits. The number of kinks saturates to a plateau value at
fast quenches. The subsequent dependence for slower ramps is unrelated to the KZM. Only in the limit of slow quenches is there a crossover
to a power-law behavior that is described by the KZM. The numerical results match the theoretical KZM prediction in this regime. Four
representative values of the annealing time ta are singled out (vertical lines) corresponding to the plateau, decay, crossover, and scaling regimes.
For these values of the annealing time, the growth of the order parameter is shown in real time during the course of the annealing schedule in
the underdamped (b) and overdamped (c) regimes. The corresponding time evolution of the average kink number is shown in panels (d) and
(e). The vertical red line in each panel represents the instant at which the critical point is crossed.
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The correlation length ξ diverges at the transition point and
encodes the transition at zero temperature. As shown in Fig. 1
in the main text, the sharp behavior around the critical point
observed at very low temperatures is smoothed out as the tem-
perature increases. The behavior of ξ in the zero-temperature
limit can be studied analytically. In the paramagnetic phase,
ε < −1/3, the correlation length in the vicinity of the critical
point is set by

ξ ≈
√

2

3
|ε − ε∗|− 1

2

(
1 − 9

8

√
|ε − ε∗|

2
+ · · ·

)
, (C15)

while in the ferromagnetic phase, ε > −1/3, it reads

ξ ≈ 1

3
|ε − ε∗|− 1

2

(
1 − 9

16
|ε − ε∗| + · · ·

)
. (C16)

Our analysis thus reveals the critical exponent

ν = 1/2. (C17)

This value further agrees with the one obtained from the
numerical integration of the transfer-matrix equation.

APPENDIX D: DEFECT COUNTING IN REAL TIME
DURING THE ANNEALING SCHEDULE

The counting of kinks in a single realization is performed
by evaluating the kink number operator

N = 1

2

N−1∑
i=1

[1 − sgn(sin θi )sgn(sin θi+1)], (D1)

which upon acting on a given configuration of planar rotors
θ yields an integer kink number n = 0, 1, 2 . . . as shown
schematically in Fig. 4. We also consider the order parameter,
which is given by the averaged absolute value of the local
magnetization,

Mz(t ) = 1

N

N∑
i=1

〈| sin θi(t )|〉, (D2)

which reaches unit value in the ideal (anti)ferromagnetic con-
figuration, i.e., when all spins are (anti)parallel to each other.
The growth of both of these quantities in real time is presented
in Fig. 5 for various choices of the annealing time, spanning
the different regimes in the dependence of the average kink
density as a function of the annealing time.
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