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Chapter 1

Introduction

The problems addressed in this thesis are closely related to Artin’s conjecture on primitive roots, which
is a classical conjecture in number theory. In 1927, Artin claimed that given a rational number g which
is neither 0,±1, nor a square, there are infinitely many prime numbers p such that g is a primitive root
modulo p. In 1967, under the assumption of the Generalized Riemann Hypothesis (GRH)1, Hooley
[16] proved the conjecture, as well as an asymptotic formula for the number of primes satisfying the
condition. He proved that the number of primes p ⩽ x such that g is a primitive root modulo p is
given by

x

log x

∑
n⩾1

µ(n)

[Q(ζn, g1/n) : Q]
+O

(
x log log x

log2 x

)
, (1.1)

where ζn is a primitive n-th root of unity and µ is the Möbius function. It is well-known that a prime
q divides the index of the subgroup of (Z/pZ)× generated by (g mod p) (assuming that the p-adic
valuation of g is zero) if and only if p splits completely in the cyclotomic-Kummer field Q(ζq, g

1/q).
Therefore, saying that g is a primitive root modulo p is equivalent to saying that there is no prime q
dividing (p − 1) such that p splits completely in Q(ζq, g

1/q). By Chebotarev’s density theorem, the
density of primes p splitting completely in a number field K is given by 1/[K : Q]. Hence, roughly
speaking, formula (1.1) is obtained by applying the inclusion-exclusion principle and by making use
of the (conditional) quantitative version of Chebotarev’s density theorem (e.g. [53, Théorème 4]). See
[31, Section 5] for a detailed summary of the proof.

Hooley also showed that the natural density of the above set of primes is equal to a rational number,
depending on g, times Artin’s constant

A :=
∏

p prime

(
1− 1

p(p− 1)

)
= 0.3739558...

An unconditional proof does not exist to date. However, in 1986 Heath-Brown [13] proved a result
implying that there are at most two prime numbers for which Artin’s conjecture fails (taking g to be
one of these prime numbers). Similarly, there are at most three positive squarefree integers for which
Artin’s conjecture fails.

Over the past decades, several variations of the conjecture have been considered, and we refer to
Moree’s survey [31] for an extensive account on this topic. Some of these variations are set in the
context of number fields. Let K be a number field, and for α ∈ K×, let us consider the multiplicative
order of its reduction modulo all but finitely many primes of K. We discard those primes that appear

1By (GRH) it is meant the extended Riemann hypothesis for the Dedekind zeta-function of a number field.
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in the prime factorization of the fractional ideal (α), so that for all considered primes p the reduction
(α mod p) is a well-defined element of k×p , where kp is the residue field at p. Thus, to each p as above
we may associate a positive integer, namely the order of (α mod p). One can then study properties of
this function and, more specifically, the number of primes p such that the order of (α mod p) satisfies
certain conditions.

In 1975, Cooke and Weinberger [9] considered the analogue of Artin’s conjecture over number
fields. For K a number field and α ∈ K× not a root of unity, they studied the primes p of K such that
(α mod p) (as above, we may suppose that this reduction is nonzero) generates k×p . Then, assuming
(GRH), an analogous asymptotic formula to (1.1) holds, with Q replaced by K and g by α.

Over Q, Wiertelak [58], and more recently, Pappalardi [36] and Moree [26], investigated the
primes p for which the order of (g mod p) is divisible by a given integer. More generally, Chinen and
Murata [5] and Moree [27] considered the primes p for which the order of (g mod p) lies in a given
arithmetic progression. Ziegler [59] generalized the latter work to number fields by considering the
same condition for the order of (α mod p), where α and p are as above.

The main goal of this thesis is studying primes of number fields satisfying conditions on the order
of the reductions of some given algebraic numbers. In the rest of the introduction we present our main
results. In Section 1.1 we set some general notation. In Section 1.2 we introduce our work on the
primes for which the order lies in a given arithmetic progression, and on how they distribute among
the residue classes modulo some fixed integer. These results are then developed in Chapters 3 and
4, which consist of the articles [44] (joint with Perucca) and [55], respectively. In Section 1.3 we
describe our achievements for primes satisfying some given divisibility properties on the order, such
as the order being divisible by a given integer. This is the content of Chapter 5, which consists of the
preprint [54].

Chapter 2 concerns Kummer theory for number fields. Indeed, as one can see from (1.1), the
degree of number fields of the form Q(ζn, g

1/n), for n ⩾ 1, play an important role in the computation
of the natural densities (i.e. the coefficients of x/ log x), and it will be the case also for our problems.
Therefore, Chapter 2, which summarizes the articles [47, 49] (joint with Perucca and Tronto), is an
essential part of this thesis, and it is devoted to the computation of the degrees of cyclotomic-Kummer
extensions of number fields for all parameters at once, e.g. for all integers n in the case above. We
refer to Section 2.1 for a complete overview of our methods and achievements.

In Section 1.4 I outline other projects that I have worked on during my Ph.D., but which are
not part of this thesis. Namely, some other results in Kummer theory for number fields (joint with
Hörmann, Perucca, Tronto), and some results concerning prime divisors of generalizations of the
Genocchi numbers (joint with Moree). Notice that these are independent topics on their own.

1.1 Notation

Throughout the thesis we will use the following notation. Let K be a number field, and let p be a prime
of K. We denote by vp the p-adic valuation over K, and if p is a rational prime, then vp is the p-adic
valuation over Q. For α ∈ K×, supposing that vp(α) = 0, we write ordp(α) for the multiplicative
order of (α mod p) in k×p , where kp is the residue field at p. Let G be a finitely generated subgroup
of K×. Similarly, supposing that vp(g) = 0 for all g ∈ G (it suffices to consider g varying in a
set of generators of G), we write ordp(G) for the multiplicative order of (G mod p) in k×p , where
(G mod p) is the subgroup generated by the reductions (g mod p) for g ∈ G. For m ⩾ 1, we denote
by ζm a primitive m-th root of unity in a fixed algebraic closure K̄ of K.

Let m,n ⩾ 1 be integers. We write (m,n) for gcd(m,n), and [m,n] for lcm(m,n) (unless this

6



simplified notation would lead to confusion), and similarly [n1, . . . , nr] is the least common multiple
of the integers n1, . . . , nr. We write rad(n) :=

∏
p|n prime p for the radical of n, and n∞ for the

supernatural number
∏

p|n prime p
∞. Also, τ(n) is the function counting the positive divisors of n, and

as customary, µ is the Möbius function and φ is Euler’s totient function (unless stated differently).

1.2 On the distribution of the order over residue classes

Let K be a number field, and let G be a finitely generated and torsion-free subgroup of K×. Let p
run through all primes of K such that vp(g) = 0 for all g ∈ G (it suffices to discard finitely many
primes), and consider ordp(G), namely the multiplicative order of (G mod p). We are interested in
the primes p such that the order lies in a fixed arithmetic progression, say ordp(G) ≡ a mod d for
some integers a and d ⩾ 2. For b a nonzero integer different from ±1, the density of rational primes
p for which the multiplicative order of (b mod p) satisfies this condition has been studied in various
papers by Chinen and Murata [5, 33, 6, 7], and by Moree [27, 28, 29] (for a survey of these papers
see Moree [30]). More precisely, Chinen and Murata considered the cases d = 4 in [5, 33], d a prime
power in [6], and general d in [7], whereas Moree considered the case d = 3 in [27], general d in [28],
and he showed some properties of the corresponding natural densities in [29]. For α ∈ OK nonzero
and not a root of unity, where OK is the ring of integers of K, Ziegler [59] considered the condition
ordp(α) ≡ a mod d. Jointly with Perucca, we proved the following result (as a generalization of [59,
Theorem 1]).

Theorem 1.1 ([43, Theorem 1.3]). Let K be a number field, and let G be a finitely generated and
torsion-free subgroup of K×. Let a and d ⩾ 2 be integers. Assuming (GRH), the number of primes p
of K, with norm up to x, such that ordp(G) ≡ a mod d (where vp(g) = 0 for all g ∈ G), is given by

x

log x

∑
n,t⩾1

µ(n)c(n, t)

[K(ζ[d,n]t, G1/nt) : K]
+O

(
x

log3/2 x

)
, (1.2)

where c(n, t) ∈ {0, 1}, and c(n, t) = 1 if and only if (1+at, d) = 1, (d, n) | a and the automorphism
of Q(ζdt) which sends ζdt to ζ1+at

dt is the identity on Q(ζdt) ∩K(ζnt, G
1/nt).

The proof of this result consists of several steps which follow Hooley’s method for Artin’s con-
jecture. One transforms the condition on the order into conditions on the index and on the Frobenius
automorphisms of cyclotomic extensions of K. In particular, the proof requires the assumption of
(GRH), in order to apply the stronger version of Chebotarev’s density theorem [53, Théorème 4].
Theorem 1.1 can be refined by introducing a condition on the Frobenius conjugacy class at p.

In Chapter 3, which contains the results of [44] (joint with Perucca), we investigate properties of
the natural density in (1.2), such as its rationality and positivity, and some equidistribution properties
over the residue classes modulo d, under certain conditions. For instance, writing δ(a, d) for the
considered density, for ℓ a prime number we prove that, if ℓ | a and e ⩾ 1, or 4 | a and e ⩾ 2 for
ℓ = 2, then δ(a, ℓe) is a strictly positive rational number, and that for distinct a’s with same ℓ-adic
valuation the value of the density is the same. If we assume that ζℓ ∈ K or ζ4 ∈ K for ℓ = 2, then the
same statement holds also for a coprime to ℓ or 2, respectively.

In Chapter 4, which contains the results of [55], we prove (under GRH) a multidimensional vari-
ation of Theorem 1.1 by fixing α1, . . . , αr ∈ K× generating a group of rank r, and considering the
primes p of K such that each order ordp(αi) lies in a given arithmetic progression depending on i.
The following is a special case of Theorem 4.1.
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Theorem 1.2. Let K be a number field and let α1, . . . , αr be elements of K× generating a group of
rank r. For 1 ⩽ i ⩽ r, let ai and di ⩾ 2 be integers. Assuming (GRH), the number of primes p of K
with norm up to x such that ordp(αi) ≡ ai mod di (where vp(αi) = 0) for all i is given by

x

log x

∑
t1,...,tr⩾1

∑
n1,...,nr⩾1

(
∏

i µ(ni))c(n1, t1, . . . , nr, tr)

[Kn1,t1,...,nr,tr : K]
+O

(
x

(log x)1+
1

r+1

)
,

where Kn1,t1,...,nr,tr is the compositum of the fields K(ζ[di,ni]ti , α
1/niti
i ) for 1 ⩽ i ⩽ r, and the

coefficient c(n1, t1, . . . , nr, tr) is either 0 or 1, and it is 1 if and only if there is a K-automorphism σ

of Kn1,t1,...,nr,tr such that, for all i, σ is the identity on K(ζniti , α
1/niti
i ) and σ(ζditi) = ζ1+aiti

diti
. In

particular, it is nonzero only if (1 + aiti, di) = 1 and (di, ni) | ai for all i.

The proof of the previous theorem is a variation of the proof of Theorem 1.1. An essential tool that
we need is a multidimensional variation of the estimate

∑
n>x

1
φ(n)n = O(1/x), see Theorem 4.5.

Moreover, as a question stemming from the proof, we study the primes p for which the multiplicative
index of (αi mod p) equals a given integer for each i. In particular, from our results we can deduce
the following, which is a multidimensional version of Artin’s conjecture over number fields. This is a
special case of Theorem 4.3.

Theorem 1.3. Let K be a number field and let α1, . . . , αr be elements of K× generating a group of
rank r. Assuming (GRH), the number of primes p of K with norm up to x such that αi is a primitive
root modulo p for all i is given by

x

log x

∑
n1,...,nr⩾1

∏
i µ(ni)

[K(ζ[n1,...,nr], α
1/n1

1 , . . . , α
1/nr
r ) : K]

+O

(
x log log x

log2 x

)
. (1.3)

Notice that this question was considered by Matthews [24] over the rationals. Thanks to the results
of Chapter 2 the density in (1.3) can be reduced to a closed formula, namely a rational multiple of a
certain absolute constant, see Proposition 4.21.

1.3 Divisibility conditions on the order

Let K be a number field, and let G be a finitely generated (without loss of generality torsion-free)
subgroup of K×. In Chapter 5, which consists of the results of [54], we prove unconditionally some
asymptotic formulas for the number of primes p of K satisfying certain divisibility conditions on
ordp(G) (supposing vp(g) = 0 for all g ∈ G), namely the order being divisible by a given integer, or
being k-free for a given k ⩾ 2 (for k = 2 this means squarefree, and in general it means that all p-adic
valuations are less than k), or having prescribed ℓ-adic valuations for finitely many primes ℓ. These
questions have been considered over Q by Pappalardi in [36] for ordp(a), with a a rational number,
and in [37] for ordp(G), with G ⊆ Q× of finite rank. The condition ordp(a) being divisible by an
integer was also studied by Moree in [29], and previously by Wiertelak [58]. Over number fields, the
case of the order being coprime with a given prime number, respectively with a given integer, was
considered by Debry and Perucca in [10], respectively by Perucca in [40]. These results also allow
to deal with the condition of prescribing finitely many ℓ-adic valuations, but the asymptotics were not
considered.

The following is a special case of Theorem 5.1, which is the main result of Chapter 5.
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Theorem 1.4. Let K be a number field, and let G be a finitely generated and torsion-free subgroup
of K× of positive rank r. Let m be a positive integer. For all 0 < ε < 1, the number of primes p of K
with norm up to x such that m | ordp(G) (and vp(g) = 0 for all g ∈ G) is given by

x

log x

∑
n|m∞

∑
d|m

µ(d)

[K(ζmn, G1/dn) : K]
+Oε

(
x

(
(log log x)2

log x

)1+ 1−ε
3(r+1)

)
.

Theorem 1.4 can also be refined by introducing a condition on the Frobenius conjugacy class at
p. The essential tool obtained and applied in the proof of Theorem 1.4 is an unconditional effective
version of Chebotarev’s density theorem for cyclotomic-Kummer extensions of number fields, see
Theorem 5.10, a result which is likely to have further applications for similar questions. Here we state
its special case for the primes splitting completely.

Theorem 1.5. Let K be a number field, and let G be a finitely generated and torsion-free subgroup
of K× of positive rank r. Let m,n ⩾ 1 be integers such that n | m. There exist constants c1 and c2
such that, uniformly for

m ⩽ c1

(
log x

(log log x)2

) 1
3(r+1)

,

the number of primes p of K with norm up to x which split completely in K(ζm, G1/n) is given by

1

[K(ζm, G1/n) : K]
Li(x) +O

(
xe−c2

3√log x·log log x
)
.

The constants c1 and c2 and the constant implied by the O-term only depend on K and G.

Thanks to our results in Kummer theory from Chapter 2, the density of Theorem 1.4 as well as
the densities of the other sets of primes mentioned above, can be reduced to some rational expression
(or to a rational multiple of certain constants for the case of k-free order). The following theorem
concerns the primes for which the order is coprime to a given integer. As an example of our results,
we also provide a rational formula for the density. This is a special case of Theorem 5.21 combined
with Theorem 5.24.

Theorem 1.6. Let K be a number field and let G be a finitely generated and torsion-free subgroup of
K× of positive rank r. Let k be a positive squarefree integer. For all 0 < ε < 1, the number of primes
p of K with norm up to x such that ordp(G) is coprime to k (and vp(g) = 0 for all g ∈ G) is given by

x

log x

∑
f |k

∑
n|f∞

∑
d|f

µ(f)µ(d)

[K(ζfn, G1/dn) : K]
+Oε

(
τ(k) · x

(
(log log x)2

log x

)1+ 1−ε
3(r+1)

)
.

Moreover, there is an integer z (depending only on K and G) such that the natural density is given by
the following rational expression:∏

q|k prime
q∤z

(
1− q(qr − 1)

(qr+1 − 1)(q − 1)

)
·
∑
g|z

rad(g)|k

∑
h|g

µ
(g
h

) p(g, h)

[K(ζg, G1/h) : K]
,

where, for h | g, we set

p(g, h) =
φ(g)

φ(g/h)h
·
∏

q|h prime
q∤(z/h)

qr+1

qr+1 − 1
·

∏
q|h prime

vq(h)=vq(g)<vq(z)

q

q − 1
.
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1.4 Related work

1.4.1 Kummer theory

The starting point of this work is my Master thesis Kummer theory for number fields and applications,
whose results have been published in [43] (joint with Perucca). This article provides on the one hand
some explicit results on the failure of maximality for the degrees of Kummer extensions of number
fields, on the other hand a result on the primes of number fields for which the order of the reductions
of algebraic numbers lies in a given arithmetic progression (see Theorem 1.1).

During my Ph.D., jointly Hörmann, Perucca and Tronto, I have worked on some further pro-
jects concerning Kummer theory for number fields. As we will mention in Chapter 2, in [46, 17]
we study the degrees of Kummer extensions over Q and over quadratic fields, respectively, and we
provide a procedure to compute them. In [18] we study the cyclic subextensions of Q(ζ3p)/Q(ζ3) and
Q(ζ4p)/Q(ζ4), where p is a prime number such that p ≡ 1 mod 3 and p ≡ 1 mod 4, respectively.

In [45], which is an addendum to [10], we study how the 2-divisibility properties of G, namely
of a finitely generated group of algebraic numbers in a number field K, change if we extend the base
field to K(ζ4). Notice that what we mean here by divisibility properties is formalized in Section 2.2
in terms of divisibility parameters. Taking α1, . . . , αr ∈ K× generating a group G of rank r, in [48]
we make use of the ℓ-divisibility parameters of G, where ℓ is a fixed prime number, to compute the
degree of the extensions

K(ζℓm , ℓn1
√
α1, . . . , ℓnr√αr)/K(ζℓm)

for all m,n1, . . . , nr ⩾ 1 such that m ⩾ maxi(ni). Notice that in this work we provide a different
method from the one described in Section 2.3.

1.4.2 Generalized Genocchi numbers

This short section is a brief introduction to the the recent preprint [32] (joint with Moree) about
generalizations of the classical Genocchi numbers.

Motivated by an application in the theory of modular forms concerning abundancy of Ramanujan-
style congruences of prime level ℓ, we investigate the prime divisors of the sequence of rational num-
bers Hn := (1 − ℓn)Bn/n for n ⩾ 1, where Bn is the n-th Bernoulli number. By prime divisor of a
sequence of rational numbers an we intend a prime number p such that vp(an) ⩾ 1 and an ̸= 0 for
some n ⩾ 1. The numbers Hn can be viewed as modified ℓ-Genocchi numbers Gn = ℓ(1 − ℓn)Bn,
which in turn are generalizations of the classical Genocchi numbers 2(1 − 2n)Bn, for n ⩾ 1. Re-
call that an odd prime p is B-irregular if p divides the numerator of at least one of the numbers
B2, B4, . . . , Bp−3 (Bn = 0 for all n > 1 odd), else it is called B-regular. Similarly, we say that an
odd prime p is irregular if p divides at least one of the numbers G2, G4, . . . , Gp−3, otherwise it is
called regular.

Prime divisors of the sequence Hn can be studied in terms of irregularity for the ℓ-Genocchi
numbers. Therefore we study the distribution of the irregular primes (also with the assumption that
they lie in a given arithmetic progressions) by expressing the irregularity in terms of B-irregularity
and conditions modulo p. Hence we can bound the density of irregular primes by taking advantage
of techniques used in the study of Artin’s primitive root conjecture, and, making use of Siegel’s
conjecture on the density of B-irregular primes, we can also obtain conjectures for these densities.
For ℓ = 2 this partially generalizes earlier work by Hu, Kim, Moree and Sha [19].
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Chapter 2

Kummer theory for number fields

2.1 The degree of Kummer extensions of number fields

Let K be a number field, and let us work in a fixed algebraic closure K̄. Let α1, . . . , αr be elements
of K× which generate a multiplicative subgroup G of K× of positive rank r. We are interested in the
cyclotomic-Kummer extensions

K
(
ζm,

n
√
G
)
/K ,

where m,n are integers such that n | m, and n
√
G is the group of all n-th roots of the elements of G

(in particular, it includes all n-th roots of unity). We also keep the notation introduced in Section 1.1.
More generally, we consider the extensions

K
(
ζm, n1

√
α1, . . . , nr

√
αr

)
/K ,

where m,n1, . . . , nr are nonnegative integers such that ni | m for all i ∈ {1, . . . , r}. More precisely,
fixing K and α1, . . . , αr, we want to compute the degree of these extensions for all m,n1, . . . , nr as
above. Equivalently, we may study the ratio

φ(m) · n1 · · ·nr[
K
(
ζm, n1

√
α1, . . . , nr

√
αr

)
: K
] ,

which we refer to as the failure of maximality for the degree. For all parameters m,n1, . . . , nr, this
ratio is bounded from above by a constant which only depends on K and the αi’s. This is a classical
result of Kummer theory, which also holds more generally (under some assumptions) for products of
abelian varieties and tori, see [2, Theorem 1] and [50] (see also [14, Lemme 14] and [3, Theorème
5.2]). Notice that Perucca and the author gave an explicit proof for the existence of this constant, see
[43, Theorem 3.1]. A classical consequence of this property is the following.

Theorem 2.1 ([47, Theorem 1.1]). Let K be a number field, and let α1, . . . , αr be elements of K×

which generate a subgroup of K× of rank r. There exists a positive integer x (which depends only on
K and α1, . . . , αr) such that we have[

K
(
ζm, n1

√
α1, . . . , nr

√
αr

)
: K
(
ζgcd(m,x),

gcd(n1,x)
√
α1, . . . , gcd(nr,x)

√
αr

)]
=

φ(m)

φ(gcd(m,x))
·

r∏
i=1

ni

gcd(ni, x)

for all nonnegative integers n1, . . . , nr and for all integers m such that ni | m for all i.

11



In particular, the above result reduces the computation of the cyclotomic-Kummer degree to fi-
nitely many cases and hence there exist parametric formulas for the degree (where the parameters are
m,n1, . . . , nr) which involve only a finite case distinction. Therefore, we want to describe explicitly
the integer x (Theorem 2.1 only guarantees the existence of x).

We assume that we know how to compute the cyclotomic failure of the number field K, namely
the ratio φ(m)/[K(ζm) : K] for m ⩾ 1. Hence we may study the Kummer degrees[

K
(
ζm, n1

√
α1, . . . , nr

√
αr

)
: K(ζm)

]
for all m,n1, . . . , nr ⩾ 1 such that ni | m for all i. There are essentially two reasons for which this
degree might not be maximal, i.e. for which the ratio

C(m,n1, . . . , nr) :=

∏r
i=1 ni[

K
(
ζm, n1

√
α1, . . . , nr

√
αr

)
: K(ζm)

] , (2.1)

which we call the Kummer failure at m,n1, . . . , nr, might be larger than the trivial value 1. If one of
the αi’s is an n-th power in K (with n | ni), then we lose a factor n from the maximal possible degree∏

i ni. Similarly, factors are lost also if, for some n ⩾ 1, there is a product of powers of the αi’s, with
exponents not all divisible by n, which is an n-th power in K. Another reason for the nontriviality of
the Kummer failure is that roots of the αi’s might be contained in K(ζm) for some m ⩾ 1, and this is
related to the abelian radical extensions of K.

In this chapter we are going to consider two ways of approaching the Kummer failure. The first
method consists in decomposing C(m,n1, . . . , nr) into factors of two types, according to the two
phenomena mentioned above. The second method consists in exploiting the theory of entanglement
groups, introduced by Lenstra, to study more generally the structure of radical extensions. Let us
discuss further both approaches in Sections 2.1.2 and 2.1.3, respectively. Section 2.2 concerns di-
visibility properties of algebraic numbers, which are preliminaries to our results. In Section 2.3 we
discuss in detail our results for the decomposition of the Kummer failure, whereas the results related
to entanglement groups are provided in Section 2.4. Finally, in Section 2.5 we provide some examples
for the computation of Kummer degrees using both methods.

2.1.1 Notation

Let us fix some notation to be used throughout this chapter, and recall the notation introduced in
Section 1.1. Let K be a number field. We denote by µK the group of roots of unity in K, and by ω
its order, i.e. ω = ♯µK , so that µK = µω. Moreover, for a prime number ℓ we set ωℓ := vℓ(ω). For
n ⩾ 1, µn is the group of n-th roots of unity, and we define µ∞ := ∪n⩾1µn and µℓ∞ := ∪n⩾1 µℓn . We
write both Q(ζn) and Q(µn) for the n-th cyclotomic field, and we will also use the notation Q(ζ∞)
for Q(µ∞), and Q(ζℓ∞) for Q(µℓ∞). The notation over K rather than Q is analogous.

2.1.2 The ℓ-adic and ℓ-adelic failure

Let K be a number field, and let α1, . . . , αr be elements of K× which generate a multiplicat-
ive subgroup of K× of positive rank r. Consider the ratio C(M,N1, . . . , Nr) from (2.1) for all
M,N1, . . . , Nr ⩾ 1 such that Ni | M for all i. In order to make formulas more legible, we write
Ni =

∏
ℓ ℓ

ni for the prime factorization of each Ni (each exponent ni depends on ℓ). Moreover,
setting n := maxi(ni), we define

Aℓ(ℓ
n1 , . . . , ℓnr) :=

ℓ
∑

i ni[
K
(
ζℓn , ℓn1

√
α1, . . . , ℓnr√αr

)
: K(ζℓn)

]
12



(notice that Aℓ(ℓ
n1 , . . . , ℓnr) = C(ℓn, ℓn1 , . . . , ℓnr)) and

Bℓ(M, ℓn1 , . . . , ℓnr) :=
[
K
(
ζℓn , ℓn1

√
α1, . . . , ℓnr√αr

)
∩K(ζM ) : K(ζℓn)

]
, (2.2)

which we call the ℓ-adic failure and the ℓ-adelic failure, respectively. Notice that the degree (2.2)
arises as the ratio of two degrees, namely

[K(ζℓn , ℓn1
√
α1, . . . , ℓnr√αr) : K(ζℓn)]

[K(ζM , ℓn1
√
α1, . . . , ℓnr√αr) : K(ζM )]

.

This is also illustrated in the diagram below:

K
(
ζM , ℓn1

√
α1, . . . , ℓnr√αr

)
K
(
ζℓn , ℓn1

√
α1, . . . , ℓnr√αr

)
K(ζM )

K
(
ζℓn , ℓn1

√
α1, . . . , ℓnr√αr

)
∩K(ζM )

K(ζℓn)

Thus, we can decompose (2.1) as

C(M,N1, . . . , Nr) =
∏
ℓ

C(M, ℓn1 , . . . , ℓn1)

=
∏
ℓ

Aℓ(ℓ
n1 , . . . , ℓnr) ·Bℓ(M, ℓn1 , . . . , ℓnr) . (2.3)

Therefore the study of the Kummer failure can be reduced to the study of the ℓ-adic and ℓ-adelic
failures, separately, where ℓ is a fixed prime number. Thanks to results from [10], the ℓ-adic failure
can be computed by making use of certain divisibility parameters, which we introduce in Section 2.2,
describing the ℓ-divisibility of the group G generated by the αi’s. In particular, the ℓ-adic failure is
bounded because the ℓ-divisibility of the elements of G does not affect the eventual ℓ-adic growth of
the degrees (for sufficiently large parameters, increasing a parameter by one corresponds to increasing
the degree by a factor ℓ). The ℓ-adelic failure, which concerns the intersections of the ℓ-adic Kummer
extensions with cyclotomic extensions of K, is bounded because these extensions are abelian over
K, and the roots of G which generate abelian extensions are related to the torsion group of K. We
describe how to reduce the computation of the ℓ-adelic failure to finitely many cases.

The main result for this part of the chapter is the following.

Theorem 2.2 ([47, Theorem 5.4]). Let K be a number field, and let α1, . . . , αr ∈ K× be such
that they generate a multiplicative group of rank r. There are computable integers M0 and N0 with
N0 | M0, depending only on K and α1, . . . , αr, such that for all integers M,N1, . . . , Nr with Ni | M
for all i ∈ {1, . . . , r} we have

C(M,N1, . . . , Nr) = C(gcd(M,M0), gcd(N1, N0), . . . , gcd(Nr, N0)) ,

where C(M,N1, . . . , Nr) is as in (2.1).

13



Throughout the chapter, whenever we talk about the computability of a certain object depending
only on K and α1, . . . , αr (or G), we mean that there exists an explicit finite procedure that, given
as input the field K and α1, . . . , αr (or G), produces as output the desired object. In order to work
with our theoretical algorithms in practice, one can assume that the field K is presented in the sense
of [11, Chapter 19], which implies that its elements are representable on a computer. Moreover, when
working with the group G, one should know a finite set of generators for it. We refer to Remark 2.32
for more details about the computations.

A direct consequence of Theorem 2.2 is the following statement.

Corollary 2.3 ([47, Corollary 5.5]). Let K be a number field, and let G be a finitely generated and
torsion-free subgroup of K× of rank r. There are computable integers M0 and N0, which depend only
on K and G (they may be taken as in Theorem 2.2), such that for all integers M,N with N | M , we
have

N r

[K(ζM , N
√
G) : K(ζM )]

=
(N,N0)

r

[K(ζ(M,M0),
(N,N0)

√
G) : K(ζ(M,M0))]

.

Perucca, Tronto and the author provided a procedure to compute explicitly all cyclotomic-Kummer
degrees [K(ζm, n

√
G) : K] for all m,n with n | m, and in particular the ℓ-adelic failure, for K = Q

in [46] (the computation of one single degree over Q was also achieved in [35, Theorem 4.2]), and
for K a quadratic field in [17] (jointly with Hörmann). The case of multiquadratic fields and quartic
cyclic fields was considered in [42].

In Section 2.3 we will summarize our achievements and provide proofs for the main results. The
content of this section is developed in the article [47].

2.1.3 Entanglement groups

Let K be a number field, and let G be a finitely generated subgroup of K×. Our goal is computing
the degree of the cyclotomic-Kummer extension

K
( n
√
G
)
/K

(recall that the group n
√
G includes all n-th roots of unity). As a tool to study the structure of such

extensions and to compute with radical expressions, Lenstra introduced the theory of entanglements in
[23]. This theory takes care, in particular, of the fact that radicals of elements of G can be contained in
cyclotomic extensions of K, and to study this phenomenon one may as well suppose that G is torsion-
free and of positive rank. Consider the group AutK×(Bn) consisting of the group automorphisms of
Bn := ⟨K×, n

√
G⟩ which are the identity on K×. The core of the theory is the so-called entanglement

group E(Bn), which is the quotient of AutK×(Bn) by the Galois group of K( n
√
G)/K (the latter

is a normal subgroup of the former by [35, Theorem 1.6]). The group E(Bn) should measure the
additive relations between the radicals in K( n

√
G) and the n-th roots of unity. Palenstijn proved in

[35, Theorem 1.6] that E(Bn) is an abelian group, and it is clearly finite.
In Section 2.4 we formalize the objects of the theory and we describe and prove our results in-

volving entanglement groups. All these results are published in the article [49], joint with Perucca and
Tronto. In particular, we prove the following statement (which has been proven over Q in a different
form by Palenstijn [35, Proposition 4.3]). Recall that ω is the order of the torsion part of K×.

Theorem 2.4 ([49, Theorem 1]). Let K be a number field, and let G be a finitely generated subgroup
of K×. For n ⩾ 1, setting Bn := ⟨K×, n

√
G⟩ and ∆n :=

∏
p|n prime, p∤ω

p−1
p , we have[

K
( n
√
G
)
: K
]
=

[Bn : K×]

♯E(Bn)
·∆n .

14



The index [Bn : K×] may be computed with a result by Debry and Perucca [10, Theorem 15],
so the computation of the degree is reduced to the computation of the size of the entanglement group.
The following result says in particular that ♯E(Bn) remains bounded as n varies, and that in order to
compute the entanglement group E(Bn) for all n it suffices to calculate E(Bd) for all divisors d of
some integer depending only on K and G. This result will be proven using Theorem 2.29, which is
an assertion about the eventual maximal growth of the degrees of cyclotomic-Kummer extensions.

Theorem 2.5 ([49, Theorem 2]). Let K be a number field, and let G be a finitely generated subgroup
of K×. For n ⩾ 1, set Bn := ⟨K×, n

√
G⟩. There is a computable integer n0 ⩾ 1, depending only on

K and G, such that for every n ⩾ 1 we have

E(Bn) = E(Bgcd(n,n0)) .

As a consequence of this result we recover the following assertion on the Kummer failure of the
degree [K( n

√
G) : K] (compare with Theorem 2.2).

Theorem 2.6 ([49, Theorem 39]). Let K be a number field, and let G be a finitely generated subgroup
of K× of rank r. There is a computable integer n0, which depends only on K and G, such that for
every n ⩾ 1 we have

φ(n)nr

[K( n
√
G) : K]

=
φ(gcd(n, n0)) gcd(n, n0)

r

[K( gcd(n,n0)
√
G) : K]

.

We focus on the subgroup Bn,ab of Bn which consists of abelian radicals, by which we mean
the elements x ∈ K̄× such that xm ∈ K× for some integer m ⩾ 1 and such that the extension
K(µn, x)/K is abelian. Palenstijn proved in [35, Theorem 1.10] that there is a quite explicit de-
scription of the entanglement group E(Bn) if Bn,ab = ⟨K×, µ,H⟩, where µ is a group of roots of
unity and H is a group of Kummer radicals, i.e. consisting of all those radicals x ∈ K̄× such that
xω ∈ K×. Thus we want to express Bn,ab in terms of Kummer radicals and roots of unity, under
certain assumptions. This will allow us to achieve the following result (where by ‘divisibility’ of an
element in a group – denoted multiplicatively – we mean the supremum of the natural numbers n such
that the element is an n-th power in the group).

Theorem 2.7 ([49, Theorem 3]). Let K be a number field, and let G be a finitely generated subgroup
of K×. Suppose that every element of G has the same divisibility in K× and in K×/µK . For every
n ⩾ 1, setting Bn := ⟨K×, n

√
G⟩, we have

Bn,ab = ⟨K×, µn, Hn⟩ ,

where Hn is a group of Kummer radicals. Moreover, we have

E(Bn) = Gal
(
K(Hn) ∩Q(µn)/Q(µgcd(n,ω))

)
.

Notice that Theorem 2.7 would not be true without the divisibility assumption, see Example 2.27.

2.2 Strong ℓ-independence and divisibility parameters

2.2.1 Strongly ℓ-independent elements

Let K be a number field, and let ℓ be a prime number. We call a ∈ K× strongly ℓ-indivisible if there
is no root of unity ζ in K (whose order we may suppose to be a power of ℓ) such that aζ ∈ K×ℓ. If
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ζℓ /∈ K, then strongly ℓ-indivisible means not being an ℓ-th power; in general, it means that the class
of the element in K×/µK is not an ℓ-th power.

If a ∈ K× is not strongly ℓ-indivisible, then we can decompose it as the product of an element of
µℓωℓ times the ℓ-th power of some element of K×; if this element is not strongly ℓ-indivisible, then
we can iterate the decomposition. So if a ∈ K× is not a root of unity, then we can write it as a = ζbℓ

d

for some strongly ℓ-indivisible element b ∈ K×, for some integer d ⩾ 0 and for some ζ ∈ µℓωℓ .
We refer to d as the d-parameter for the ℓ-divisibility of a (it is uniquely determined); we refer to
b as the strongly ℓ-indivisible part of a (in general, it is only determined up to a root of unity); if ζ
has order ℓh, then we refer to h as the h-parameter for the ℓ-divisibility of a (it may depend on the
decomposition, and clearly we have 0 ⩽ h ⩽ ωℓ).

We call a1, . . . , ar ∈ K× strongly ℓ-independent if ax1
1 · · · axr

r is strongly ℓ-indivisible whenever
x1, . . . , xr are integers not all divisible by ℓ. If ζℓ /∈ K, then strongly ℓ-independent means that the
classes of the elements in K×/K×ℓ are linearly independent in this Fℓ-vector space; in general, we
work instead with the Fℓ-vector space (K×/µK)/(K×/µK)ℓ.

Strongly ℓ-independent elements are each strongly ℓ-indivisible, and for a single element the two
notions coincide. Notice that if e1, . . . , er are integers coprime to ℓ and a1, . . . , ar ∈ K× are strongly
ℓ-independent, then also ae11 , . . . , aerr are strongly ℓ-independent.

2.2.2 Parameters describing the ℓ-divisibility

Let K be a number field, consider a finitely generated and torsion-free subgroup G of K× of positive
rank r, and fix some prime number ℓ. Given g1, . . . , gr a basis of G as a Z-module, we can write

gi = ζℓhi · b
ℓdi
i

for some strongly ℓ-indivisible element bi of K×, for some integer di ⩾ 0 and for some root of unity
ζℓhi in K of order ℓhi . We call g1, . . . , gr an ℓ-good basis of G if their strongly ℓ-indivisible parts
b1, . . . , br are strongly ℓ-independent or, equivalently, if

∑
i di is maximal among the possible bases

of G, see [10, Section 3.1]. In this case we call di and hi the d-parameters and the h-parameters for
the ℓ-divisibility of G in K, respectively. These parameters were introduced in [10, Section 3]. The
d-parameters are unique up to reordering, while the multiset of the h-parameters may depend on the
choice of the gi’s and the bi’s (but one could require additional conditions as to make the pairs (hi, di)
unique up to reordering, see [10, Appendix]).

From [10, Theorem 14] we know that an ℓ-good basis of G always exists. As proven there, if
g1, . . . , gr is not an ℓ-good basis, then there are integers xi, not all divisible by ℓ, such that a :=

∏
i b

xi
i

is not strongly ℓ-indivisible. Up to replacing a, we may suppose that all xi’s are either zero or coprime
to ℓ. Let J = {i : xi ̸= 0}, and without loss generality we may suppose that d1 = maxi∈J(di). Since
ℓ ∤ x1, there is an integer y such that x1y ≡ 1 mod ℓ. Hence, replacing a with ay divided by an ℓ-th
power of b1, we may suppose that a = b1

∏
j>1 b

zj
j for some integers zj . Then we replace g1 with

g′1 := g1
∏
i>1

gziℓ
(d1−di)

i = ζ
∏
i>1

bziℓ
d1

i = ζaℓ
d1
,

where ζ ∈ µK , which has d-parameter strictly larger than d1. Moreover, this is a change of basis
because g′1/g1 is generated by g2, . . . , gr, and hence g1 can be expressed in terms of g′1, g2, . . . , gr.
This procedure allows changing the basis of G in such a way that the sum

∑
i di increases strictly.

The fact that this sum is bounded from above over all possible bases of G is justified in [10, Section
3.1] and is due to the fact that the elements of G are not infinitely many times ℓ-divisible.
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Remark 2.8. As shown in [10, Section 6.1], the parameters for the ℓ-divisibility of G are computable.
They are zero for all ℓ outside of a finite computable set of primes which depends only on K and G
(for the d-parameters this is shown below in Proposition 2.9, while for the h-parameters it suffices
that ℓ ∤ ω). To apply some of our results, we need to verify that for some given ℓ (with ℓ | ω)
the h-parameters for the ℓ-divisibility can be taken to be zero: this amounts to testing whether the
computable h-parameters from [10, Proposition 31] are zero.

Proposition 2.9 ([47, Proposition 4.5]). The parameters for the ℓ-divisibility of G can be taken to be
equal to zero for all but finitely many prime numbers ℓ. Moreover, the finite set of primes ℓ for which
they might be nonzero can be computed.

Proof. By [43, Theorem 2.7] there is a basis of G as a Z-module consisting of strongly ℓ-independent
elements for all but finitely many primes ℓ, so that parameters for the ℓ-divisibility of G in K might
be not all zero only for finitely many primes ℓ.

The finite set S of these primes can be computed by [43, Proof of Theorem 2.7]. Following this
reference, the set S consists of the primes ℓ such that ζℓ ∈ K and those involved in the following
computations. Write G = F × H where F and H are subgroups of K× such that F ∩ O×

K = {1}
and H ⊆ O×

K (OK is the ring of integers of K), and consider a basis of G consisting of a basis
{gi} of F and a basis {ui} of H as Z-modules. We consider the prime ideal factorizations (gi) =∏

j p
eij
j where the pj’s are finitely many distinct primes of K, and without loss of generality we write

ui =
∏

j b
fij
j where the bj’s form a system of fundamental units in K. Then when applying [43,

Lemmas 2.4 and 2.5] we obtain that S contains the finitely many rational primes ℓ dividing a nonzero
minor corresponding to a maximal square submatrix of the matrices (eij) and (fij), respectively. The
considered basis of G consists of strongly ℓ-independent elements for all ℓ /∈ S.

2.3 Reducing the computation of the Kummer failure

Let K be a number field, and let α1, . . . , αr be elements of K× which generate a subgroup G of K×

of positive rank r. In this section we study the Kummer failure (2.1) through the ℓ-adic and ℓ-adelic
failures, where ℓ denotes a prime number, as explained in Section 2.1.2.

2.3.1 Kummer extensions of degree a prime power

We fix a prime number ℓ and consider Kummer extensions of the form

K(ζℓm , ℓn1
√
α1, . . . , ℓnr√αr)/K(ζℓm)

where m,n1, . . . , nr are nonnegative integers such that m ⩾ maxi(ni), whose degree is a power of
ℓ. Recall that for all nonnegative integers n, m with m ⩾ n we write K(ζℓm ,

ℓn
√
G), and K( ℓn

√
G) if

m = n, for the field K(ζℓm , ℓn
√
α1, . . . , ℓn

√
αr).

Theorem 2.10 ([10, Theorem 18]). Suppose that ℓ is odd or that ζ4 ∈ K. Let τ ⩾ 1 be the largest
integer satisfying K(ζℓ) = K(ζℓτ ). Let m and n be positive integers such that m ⩾ max(n, τ). Then
we have

vℓ[K
(
ζℓm ,

ℓn
√
G
)
: K(ζℓm)] = max

i∈{1,...,r}
(hi +min(n, di)−m, 0) +

r∑
i=1

max(n− di, 0) , (2.4)

where d1, . . . , dr, h1, . . . , hr are parameters for the ℓ-divisibility of G in K.
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Notice that Theorem 2.10 applies also when τ > m ⩾ n, since K(ζℓm ,
ℓn
√
G) = K(ζℓτ ,

ℓn
√
G)

for all 1 ⩽ m < τ , so that it is sufficient to replace m with τ in the formula (2.4).

Remark 2.11. If m ⩾ n, then the degree[
K
(
ζℓm ,

ℓn
√
G
)
: K(ζℓm)

]
is computable and it depends only on the integers m,n and on finitely many parameters describing
the ℓ-divisibility of G in the considered number field. Indeed, if ℓ is odd or ζ4 ∈ K, then it suffices
to take the formula provided by Theorem 2.10 (because m ⩾ τ without loss of generality, the case
m = 0 being trivial). Now, suppose that ℓ = 2 and ζ4 /∈ K. If m ⩾ 2, then we can extend the base
field to K(ζ4) and reduce to the previous case (notice that in [45] we proved that the 2-divisibility
parameters of G over K(ζ4) are determined by properties over K). We are left to compute the degree
[K(

√
G) : K], and this can be achieved with [10, Lemma 19].

Given ℓ, K and G, we set
s = max

i∈{1,...,r}
(ε, hi + di) , (2.5)

where ε = 2 if ℓ = 2 and ζ4 /∈ K, and ε = 0 otherwise, and where the integers di and hi are
parameters for the ℓ-divisibility of G in K (respectively, in K(ζ4) if ℓ = 2 and ζ4 /∈ K). Notice that
s is computable (see Remark 2.8) and it depends only on ℓ, K and G. Then it follows from (2.4) that
for every m ⩾ n ⩾ s we have (see [47, Lemma 4.3])[

K
(
ζℓm ,

ℓn
√
G
)
: K(ζℓm)

]
= ℓr(n−s)

[
K
(
ζℓm ,

ℓs
√
G
)
: K(ζℓm)

]
. (2.6)

For general parameters, we have that the integer s in (2.5) satisfies the identity

[
K
(
ζℓm , ℓn1

√
α1, . . . , ℓnr√αr

)
: K
(
ζℓm , ℓm1

√
α1, . . . , ℓmr√αr

)]
=

r∏
i=1

ℓmax(ni−s,0) , (2.7)

for all n1, . . . , nr,m with m ⩾ maxi(ni), and where we set mi := min(ni, s) for all i (see [47,
Proposition 4.8]). The proof of this statement is roughly achieved by first considering the case ni ⩾ s
for all i, and then by dealing with the general case through an argument on the size of the degrees.

Proposition 2.12. Fixing K and G, the integer s in (2.5) can be taken to be equal to zero for all but
finitely many prime numbers ℓ, and the finite set of primes ℓ for which s might be nonzero can be
computed.

Proof. It follows directly from Proposition 2.9.

Remark 2.13. Fix K and α1, . . . , αr. By (2.7) together with Proposition 2.12 one can deduce that for
all but finitely many prime numbers ℓ we have

[
K
(
ζℓm , ℓn1

√
α1, . . . , ℓnr√αr

)
: K
]
= φ(ℓm) ·

r∏
i=1

ℓni .

Notice that we have [K
(
ζℓm) : K] = φ(ℓm) for all but finitely many primes ℓ.

Remark 2.14. From the formula (2.7) we deduce that there is a computable integer A, which depends
only on ℓ, K and α1, . . . , αr, such that∏r

i=1 ℓ
ni[

K
(
ζℓm , ℓn1

√
α1, . . . , ℓnr√αr

)
: K(ζℓm)

] divides A (2.8)
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for all nonnegative integers n1, . . . , nr,m with m ⩾ maxi(ni). Indeed, setting mi := min(ni, s), the
ratio in (2.8) can be written as the product∏r

i=1 ℓ
ni−mi[

K
(
ζℓm , ℓn1

√
α1, . . . , ℓnr√αr

)
: K
(
ζℓm , ℓm1

√
α1, . . . , ℓmr√αr

)] ·
·

∏r
i=1 ℓ

mi[
K
(
ζℓm , ℓm1

√
α1, . . . , ℓmr√αr

)
: K(ζℓm)

] ,
where the former factor equals 1 by (2.7), and the latter factor is a divisor of ℓrs. Hence, we may take
A = ℓrs, and by Proposition 2.12 we have A = 1 for all but finitely many prime numbers ℓ.

The bound A = ℓrs is in general optimal. Indeed, for the case ℓ ̸= 2 or ζ4 ∈ K it suffices
to consider ℓs-th powers of strongly ℓ-independent elements of K, so that the parameters for the
ℓ-divisibility in (2.5) are hi = 0 and di = s for all i ∈ {1, . . . , r}.

Remark 2.14 says in particular that the ℓ-adic failure Aℓ(ℓ
n1 , . . . , ℓnr) is bounded by ℓrs. In fact,

a stronger property holds.

Lemma 2.15 ([47, Lemma 5.1]). Let ℓ be a prime number and let s be as in (2.5) for G. For all
integers n1, . . . , nr, we have

Aℓ(ℓ
n1 , . . . , ℓnr) = Aℓ(gcd(ℓ

n1 , ℓs), . . . , gcd(ℓnr , ℓs)) .

In order to justify this lemma, the only additional step with respect to the argument of Remark
2.14 consists in replacing n = maxi(ni) with maxi(mi) for the cyclotomic subfield K(ζℓn). This is
nontrivial only if nj > s for some j, in which case we have maxi(mi) = s. It is sufficient to consider
the equality

K
(
ζℓs , ℓm1

√
α1, . . . , ℓmr√αr

)
∩K(ζℓn) = K(ζℓs) ,

which holds because K(ζℓs , ℓm1
√
α1, . . . , ℓmr√αr) ⊆ K( ℓs

√
G) and the intersection of the latter field

with K(ζℓn) is equal to K(ζℓs). The last assertion holds because [K(ζℓm ,
ℓs
√
G) : K(ζℓm)] equals

[K(ζℓs ,
ℓs
√
G) : K(ζℓs)] by (2.4) (see also [47, Lemma 4.4]).

2.3.2 Intersection with cyclotomic extensions

Let ℓ be a prime number. We study the intersection of the fields K(ζℓn , ℓn1
√
α1, . . . , ℓnr√αr) with the

cyclotomic fields K(ζM ), where n1, . . . , nr are nonnegative integers, M ⩾ 1, n = maxi(ni) and
ℓn | M .

Remark 2.16. Let n1, . . . , nr, n be as above. Since we have

K
(
ζℓn , ℓn1

√
α1, . . . , ℓnr√αr

)
⊆ K

( ℓn
√
G
)
,

by [43, Lemma 3.5] the ℓ-adelic failure in (2.2) divides ℓrωℓ for all parameters n1, . . . , nr,M with
ℓn | M (recall the notation ωℓ from Section 2.1.1). In particular, the ℓ-adelic failure equals 1 if
ζℓ /∈ K. This is because K( ℓn

√
G) ∩K(ζM ) is an abelian extension of K containing K(ζℓn), and by

Schinzel’s theorem on abelian radical extensions [52, Theorem 2] any abelian extension of the form
K(ζn, n

√
a)/K with a ∈ K has relative degree over K(ζn) dividing ω.

Remark 2.17. Let τ ⩾ 1 be the largest integer such that K(ζℓ) = K(ζℓτ ) if ℓ is odd, and K(ζ4) =
K(ζ2τ ) if ℓ = 2 (in which case τ ⩾ 2). Clearly, if ℓ is odd and ζℓ ∈ K, or ℓ = 2 and ζ4 ∈ K,
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then we have τ = ωℓ. If ℓ = 2 and ζ4 /∈ K, then τ is the smallest integer ν ⩾ 2 such that
K ∩Q(ζ2∞) ⊆ Q(ζ2ν ).

Then for any m ⩾ τ the group Gal(K(ζℓm)/K(ζℓ)) is cyclic of order m − τ . This implies that
[K(ζℓm) : K] = ℓm−τ [K(ζℓm) : K(ζℓ)], so that K(ζℓm+1) ̸= K(ζℓm), and the largest integer n such
that ζℓn ∈ K(ζℓm) is equal to m.

Remark 2.18. There exists a computable positive integer M , depending only on K, such that we have
K ∩ Q(ζ∞) ⊆ Q(ζM ), and any multiple of M satisfies this inclusion too. Such an M is given by
the product of all primes p ramifying in K, with exponents according to the prime factorization of
[K : Q]. One can take for vp(M) the ramification index of p in K, which is at most [K : Q] and this
is not an optimal bound in general.

However, one can do better. Let k be the squarefree product of the odd primes ramifying in K.
The intersection K(ζ4k) ∩ Q(ζ∞) equals K(ζ4k) ∩ Q(ζ(2k)∞) where Q(ζ(2k)∞) is the compositum
of the fields Q(ζp∞) for all p | 2k (as a subextension of Q(ζ∞)/Q(ζ4k) of degree a power of p lies
inside Q(ζp∞4k)), and this is the compositum of the fields K(ζ4k) ∩ Q(ζp∞) for p | 2k. Each field
K(ζ4k) ∩Q(ζp∞) is of the form Q(ζpe) for some e ⩾ 1, and e ⩾ 2 for p = 2. Hence we may take M
such that vp(M) = vp([K(ζ4k) : Q]) ⩽ vp([K : Q]φ(4k)) for all p | 2k.

In view of Remark 2.16, in order to study the ℓ-adelic failure, we may suppose that ℓ | ω. The
following statement is part of [47, Proposition 3.2].

Lemma 2.19. Let ℓ be a prime number such that ζℓ ∈ K. Let t := ωℓ +maxi(di), where the di’s are
the d-parameters for the ℓ-divisibility of G in K. Then for all m ⩾ n ⩾ t we have

K
(
ζℓm ,

ℓn
√
G
)
∩K(ζ∞) = K

(
ζℓm ,

ℓt
√
G
)
∩K(ζ∞). (2.9)

Any t′ ⩾ t also satisfies this equality.

Proof. Set L := K(ζℓm). Both intersections of fields in (2.9) are abelian extensions of L of exponent
dividing ℓn, so by Kummer theory (see [21, Ch.VI, Theorem 8.2]) we have

L
( ℓn
√
G
)
∩K(ζ∞) = L

(
ℓn
√
H1

)
L
( ℓt
√
G
)
∩K(ζ∞) = L

( ℓn
√
Gℓn−t

)
∩K(ζ∞) = L

(
ℓn
√
H2

)
where H1, H2 are subgroups of L× such that H1L

×ℓn ⊆ GL×ℓn and H2L
×ℓn ⊆ Gℓn−t

L×ℓn . The
inclusion in (2.9) is clear. Suppose that there is n > t such that

L
( ℓn
√
G
)
∩K(ζ∞) ⊋ L

( ℓt
√
G
)
∩K(ζ∞) ,

which implies that H1L
×ℓn ⊋ H2L

×ℓn , again by Kummer theory. Then there is an element a ∈ H1

(we may suppose that a ∈ G) such that ℓn
√
a /∈ L( ℓn

√
H2). Since ℓn

√
a ∈ K(ζ∞), we deduce

ℓn
√
a /∈ ℓt

√
G, which yields a /∈ Gℓn−t

. Let d ⩾ 0 be the d-parameter for the ℓ-divisibility of a in K,
then by [47, Lemma 3.1] we obtain d < n − t +maxi(di) = n − ωℓ. On the other hand, since ℓn

√
a

lies in K(ζ∞), the extension K(ζℓn , ℓn
√
a) is abelian over K. Then by Schinzel’s theorem we have

aℓ
x
= cℓ

n
for some x ⩽ ωℓ and c ∈ K. This implies that a is at least an ℓn−ωℓ-th power in K times a

root of unity in K, which is a contradiction as d < n− ωℓ.

Lemma 2.20. Let ℓ be a prime number such that ζℓ ∈ K. Let t := ωℓ + maxi(di), where the di’s
are the d-parameters for the ℓ-divisibility of G in K. There exists a computable positive integer N ,
depending only on ℓ, K and G, such that

K
( ℓt
√
G
)
∩K(ζ∞) ⊆ K(ζN ). (2.10)
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Any positive multiple of N also satisfies this inclusion.

Proof. Since [K( ℓt
√
G) : K(ζℓt)] | ℓtr and [K(ζN ) : K] | φ(N), we may take for N a power of ℓ

times a squarefree product of primes congruent to 1 modulo ℓ. Let us first consider the ℓ-adic valuation
of N . Let n be the largest integer such that ζℓn ∈ K(ζℓt+ε), where ε = 1 if ℓ = 2 and t = 1, and
ε = 0 otherwise. Then by Remark 2.17 and since t ⩾ ωℓ, we have n = t if ℓ is odd or ζ4 ∈ K,
and n = max(t, τ) if ℓ = 2 and ζ4 /∈ K, with τ as in Remark 2.17 for ℓ = 2. Thus we may take
vℓ(N) = 2t if ℓ is odd or ζ4 ∈ K or t ⩾ τ , respectively v2(N) = t + τ otherwise, because the
intersection on the left-hand side of (2.10) is an abelian extension of K(ζℓt) (this equals K(ζ2τ ) in
the latter case) of exponent dividing ℓt, which leads to the inclusions

K(
ℓt
√
G) ∩Q(ζℓ∞) ⊆ Q(ζℓ2t), resp. K(

2t
√
G) ∩Q(ζ2∞) ⊆ Q(ζ2t+τ ).

Next we determine the other prime factors of N . By Kummer theory we have

K
( ℓt
√
G
)
∩K(ζ∞) = K

( ℓt
√
H
)

where H is a subgroup of K(ζℓt)
× which we may assume to be contained in G. In particular, there

is a basis {gi} of H as a Z-module with gi ∈ G. In order to find the other prime factors of N , by
[15, Lemma C.1.7] it is sufficient to consider the finitely many primes which ramify in K or which lie
below the primes p of K such that the p-adic valuation of gi is not divisible by ℓt for some i. Among
these primes we only need to take those which are congruent to 1 modulo ℓ. Recall that the rational
primes below the primes of K in the factorizations of the gi’s can be found by looking at the absolute
norm of each gi.

The following is a reformulation of [47, Lemma 3.3].

Proposition 2.21. Let ℓ be a prime number such that ζℓ ∈ K. There exists a computable positive
integer M0, depending only on ℓ, K and G, such that, setting t0 = vℓ(M0), we have K ∩ Q(ζ∞) ⊆
Q(ζM0), and t0 ⩾ ωℓ + maxi(di), where the di’s are the d-parameters for the ℓ-divisibility of G in
K, and

K
( ℓt0

√
G
)
∩K(ζ∞) ⊆ K(ζM0).

Moreover, the statement still holds if we replace M0 with any positive multiple M ′ of M0, and t0 with
vℓ(M

′).

Proof. Let us take M0 := [M,N ], with M as in Remark 2.18 and N as in Lemma 2.20 (in particular
t0 ⩾ t, where t = ωℓ + maxi(di)). By [47, Proposition 3.2] the intersection K( ℓt0

√
G) ∩K(ζ∞) is

given by the compositum of K( ℓt
√
G) ∩ K(ζ∞) and K(ζℓt0 ). Therefore it is contained in K(ζM0),

and the last assertion follows for the same reason.

Theorem 2.22 ([47, Theorem 5.3]). Let ℓ be a prime number such that ζℓ ∈ K. There is a computable
integer M0, depending only on ℓ, K and α1, . . . , αr, such that, setting t0 = vℓ(M0), for all integers
M,n1, . . . , nr with ℓni | M for all i we have

Bℓ(M, ℓn1 , . . . , ℓnr) = Bℓ(gcd(M,M0), gcd(ℓ
n1 , ℓt0), . . . , gcd(ℓnr , ℓt0)) .

In particular, this result reduces the computation of the ℓ-adelic failure to the computation of the
finitely many degrees Bℓ(M, ℓn1 , . . . , ℓnr) where M | M0 and ni ⩽ t0 for all i.
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Proof. Let M0 be the integer of Proposition 2.21. If ℓ = 2 and ζ4 /∈ K, then up to replacing M0 with
a multiple, we may suppose that t0 ⩾ s with s as in (2.5) for G and ℓ = 2. Notice that we have t0 ⩾ s
also if ℓ is odd or ζ4 ∈ K.

Case 1: Suppose that ni ⩽ t0 for all i. We only need to check that we may replace M with
gcd(M,M0) in the degree (2.2). The considered intersection of fields is contained in K( ℓt0

√
G) ∩

K(ζM0), by definition of M0. We may conclude because K(ζM ) ∩K(ζM0) = K(ζ(M,M0)) by [47,
Lemma 2.4].

Case 2: Suppose that nj > t0 for some j. Since t0 ⩾ s (recall that s ⩾ 2 if ℓ = 2 and ζ4 /∈ K),
setting n := maxi(ni), by (2.6) we have[

K
(
ζℓn ,

ℓt0+1√
G
)
: K
(
ζℓn ,

ℓt0
√
G
)]

= ℓr .

This says in particular that each element ℓt0
√
αi is strongly ℓ-indivisible in K(ζℓn ,

ℓt0
√
G). We prove

that, if nj > t0, then we may replace nj with t0 in the degree (2.2). More precisely, setting

Lj := K
(
ζℓn , ℓn1

√
α1, . . . , ℓt0

√
αj , . . . , ℓnr√αr

)
,

we prove that
Lj

(
ℓ
nj√αj

)
∩K(ζ∞) = Lj ∩K(ζ∞) .

We already know that since Lj( ℓ
nj√αj) ⊆ K( ℓn

√
G), in view of Proposition 2.21 we have

Lj

(
ℓ
nj√αj

)
∩K(ζ∞) = Lj

(
ℓ
nj√αj

)
∩K

(
ζℓn ,

ℓt0
√
G
)
∩K(ζ∞) ,

so that we may conclude by proving I := Lj( ℓ
nj√αj) ∩ K(ζℓn ,

ℓt0
√
G) ⊆ Lj . Since the extension

Lj( ℓ
nj√αj)/Lj is cyclic, by Kummer theory we have either I ⊆ Lj or I = Lj( ℓm

√
αj) for some m ∈

{t0 + 1, . . . , nj}. As mentioned above the element ℓt0
√
αj is strongly ℓ-indivisible in K(ζℓn ,

ℓt0
√
G),

so that ℓm
√
αj does not lie in I if m > t0. Thus we must have I ⊆ Lj .

Hence in (2.2) we may replace each ℓni with gcd(ℓni , ℓt0). We conclude by applying [47, Lemma
3.4] which allows us to replace n with t0, and M with gcd(M,M0).

Proof of Theorem 2.2. In view of the decomposition (2.3), it suffices to combine Theorem 2.22 (ap-
plied to all ℓ such that ζℓ ∈ K) with Lemma 2.15 and Remark 2.16. More precisely, for ℓ such that
ζℓ ∈ K let M0,ℓ and t0,ℓ be the integers of Theorem 2.22, and otherwise let t0,ℓ = sℓ, where sℓ is the
integer of (2.5). Notice that we have t0,ℓ ⩾ sℓ for all ℓ, see the proof of Theorem 2.22. Also, we have
t0,ℓ = 0 for all but finitely many primes ℓ (see Proposition 2.12). Then we may take N0 =

∏
ℓ ℓ

t0,ℓ

and M0 to be the least common multiple of the integers M0,ℓ and N0.

The following remark takes care of the case of groups with torsion.

Remark 2.23. Let G′ be finitely generated subgroup of K× with torsion, and write G′ = ⟨ζt⟩ × G,
where G is torsion-free and t > 1 with t | ω. Then, for N | M , we may decompose the Kummer
degree as follows:

[K(ζM ,
N
√
G′) : K(ζM )] = [K(ζ[M,Nt],

N
√
G) : K(ζ[M,Nt])] · [K(ζ[M,Nt]) : K(ζM )] .

The first degree on the right-hand side involves a torsion-free group, whereas the second degree is
cyclotomic.
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2.4 Kummer theory via entanglement groups

2.4.1 Galois radical groups

Let K be a number field. An element x ∈ K̄× is called a radical if xn ∈ K× for some integer n ⩾ 1,
i.e. if the class of x in K̄×/K× is torsion. We call a multiplicative subgroup B ⊆ K̄× a radical group
if K× ⊆ B and B/K× is torsion (the latter condition means that B consists of radicals). A radical
group B is called Galois if the exponent of B/K× divides the exponent of the torsion part of B (i.e.
for every x ∈ B there is n ⩾ 1 such that xn ∈ K× and µn ⊆ B), or equivalently if the extension
K(B)/K is Galois.

We denote by AutK×(B) the group of K×-automorphisms of B, i.e. the automorphisms of B that
are the identity on K×. By [35, Lemma 1.9] we have that if x is a radical such that xn ∈ K×, then
xω ∈ ⟨K×, µ∞⟩ holds if and only if the group AutK×(⟨K×, µn, x⟩) is abelian, and this is equivalent
to the extension K(µn, x)/K being abelian. Thus, we call a radical abelian if it satisfies any of these
conditions. The abelian radical group of B, denoted by Bab, consists of the abelian radicals contained
in B, and it is again a radical group. We call Kummer radical an abelian radical such that xω ∈ K×.

If B is a Galois radical group, then the Galois group Gal(K(B)/K) is a subgroup of AutK×(B).
In particular, by [35, Theorem 1.6] it is a normal subgroup and the quotient

E(B) := AutK×(B)/Gal(K(B)/K)

is an abelian group, which is called the entanglement group of B over K. By [35, Corollary 2.27] we
have that E(B) = E(Bab). The following theorem by Palenstijn provides a way to characterize the
entanglement group of B, when B consists of Kummer radicals and roots of unity.

Theorem 2.24 (Palenstijn, [35, Theorem 1.10]). Let B be a Galois radical group, and suppose that
Bab = ⟨µ,H⟩, where µ is a group of roots of unity and H is a radical group of Kummer radicals.
Then we have a group isomorphism

E(B) ∼= Gal
(
K(H) ∩Q(µ)/Q(H ∩ µ)

)
.

In the above result we can take as µ the torsion part of B; then it is possible to choose H such that
H ∩ µ = µK .

Notice that if B ⊆ B′ are two radical groups, then we have Bab ⊆ B′
ab, and the condition

B′ = B′
ab implies B = Bab.

2.4.2 Maximal abelian extensions

Let K be a number field, and let G be a finitely generated and torsion-free subgroup of K× of positive
rank r. The abelian radicals x such that xn ∈ G for some n ⩾ 1, together with K×, form a radical
group which we denote by B∞,ab. If ℓ is a prime number, then we consider the abelian radicals
x such that xℓ

n ∈ G for some n ⩾ 0: these, together with K×, form a radical group which we
denote by Bℓ∞,ab. In fact, the group B∞,ab is generated by the groups Bℓ∞,ab by varying ℓ. This is a
consequence of [49, Lemma 16], which states that, for n ⩾ 1, if a ∈ K× and B is a subgroup of K̄×

containing µn, then n
√
a ∈ B if and only if ℓvℓ(n)√

a ∈ B for every ℓ.
Let ℓ be a prime divisor of ω, and let b1, . . . , br be the strongly ℓ-indivisible parts associated to an

ℓ-good basis of G. We define the group of Kummer radicals

Sℓ :=
〈

ℓωℓ
√
b1, . . . ,

ℓωℓ
√
br
〉

and S := ⟨Sℓ : ℓ | ω⟩
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(for some fixed choice of the ℓωℓ-th roots). The group Sℓ is torsion-free because it has rank r (notice
that Sℓ contains Gω), and that the choice of the ℓωℓ-th roots will not matter for our results.

We can express B∞,ab and Bℓ∞,ab in terms of S and Sℓ in the following way (see [49, Lemma
20]): B∞,ab = ⟨K×, µ∞, S⟩, and

Bℓ∞,ab =

{
⟨K×, µℓ∞⟩ if ℓ ∤ ω
⟨K×, µℓ∞ , Sℓ⟩ if ℓ | ω ,

for every prime ℓ. This is a consequence of Schinzel’s theorem on abelian radical extensions for the
following reason. Let b ∈ K be strongly ℓ-independent. If ℓ ∤ ω, then the ℓ-th roots of b do not
generate an abelian extension of K, whereas if ℓ | ω, then the extension K(µℓn ,

ℓn
√
b)/K is abelian if

and only if n ⩽ ωℓ.

Remark 2.25. There is some computable integer n ⩾ 1 (depending only on K and G) such that
K(S) ∩ Q(µ∞) ⊆ Q(µn). Indeed, we can take n =

∏
p∈P pep , where P consists of the prime

numbers ramifying in K(S), and where ep is at least the ramification index of p in K(S) (we can take
ep = [K(S) : Q] ⩽ ωr[K : Q] because [K(S) : K] divides ωr). Since K(S)/K is the compositum
of cyclic Kummer extensions, by a classical result [15, Lemma C.1.7 and its proof] we can take P to
be the set of primes p that divide the discriminant of K or are such that for some prime p of K above
p and for some i ∈ {1, . . . , r} the p-adic valuation vp(bi) is not a multiple of ω (in particular, a prime
with the latter property appears in the prime factorization of the absolute norm of the fractional ideal
(bi)). See also Remark 2.32.

The following is a direct consequence of Remarks 2.8 and 2.25.

Proposition 2.26 ([49, Proposition 22]). There is a computable integer n0 ⩾ 1 (depending only on
K and G) such that K(S)∩Q(µ∞) ⊆ Q(µn0) and vℓ(n0) ⩾ ωℓ +maxi(di) for every prime number
ℓ with ℓ | ω, where the di’s are the d-parameters for the ℓ-divisibility of G in K.

Let us define for every integer n ⩾ 1 the radical group

Bn :=
〈
K×,

n
√
G
〉
.

The radical groups Bn and Bn,ab are Galois and contain µn. The entanglement group E(Bn) =
E(Bn,ab) is finite because Bn/K

× is finite. For ℓ a prime number, consider the group Bℓn =〈
K×, ℓn

√
G
〉
, with n ⩾ 1. Taking eℓ := ωℓ +maxi(di) for ℓ | ω, where the di’s are the d-parameters

for the ℓ-divisibility of G, we have (see [49, Lemma 23])

Bℓn,ab =

{
⟨K×, µℓn⟩ if ℓ ∤ ω
⟨K×, µℓn , Sℓ⟩ if ℓ | ω and n ⩾ eℓ .

For n > 1, writing n =
∏

ℓe for the prime factorization of n, we have that Bn,ab is generated by
the groups Bℓe,ab ([49, Lemma 28]). Hence, taking n1 =

∏
ℓ|ω ℓeℓ , we deduce that

Bn,ab = ⟨K×, µn, S⟩ for all n such that n1 | n.

By Remark 2.8 the integer n1 is computable and depends only on K and G. Since ⟨K×, S⟩ consists
of Kummer radicals, applying Theorem 2.24 and taking into account that by [49, Proposition 19] all
roots of unity in ⟨K×, S⟩ are contained in µK , we obtain

E(Bn) = Gal
(
K(S) ∩Q(µn)/Q(µK)

)
for all n such that n1 | n.
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Let n0 be as in Proposition 2.26, so that n1 | n0 and K(S) ∩Q(µ∞) ⊆ Q(µn0). We further obtain

E(Bn) = E(Bn0) = Gal
(
K(S) ∩Q(µn0)/Q(µK)

)
for all n such that n0 | n, (2.11)

This is a generalization of [35, Theorem 1.4].
Let ℓ be a prime divisor of ω, and consider the group Bℓn,ab for n ⩾ 1. If we suppose that

the h-parameters for the ℓ-divisibility of G can be taken to be zero, then we may express Bℓn,ab

in terms of Kummer radicals and roots of unity. More precisely, by [49, Proposition 25] we have
Bℓn,ab = ⟨K×, µℓn , Hℓn⟩, where Hℓn can be taken as

Hℓn =

{
ℓn
√
G if n ⩽ ωℓ

Sℓ ∩ ⟨Bℓn , µℓn+ωℓ ⟩ if n > ωℓ .
(2.12)

Notice that by [49, Proposition 24] we have

Sℓ ∩ ⟨Bℓn , µℓn+ωℓ ⟩ = ⟨ ℓmax(0,min(ωℓ,n−di))
√
bi : i = 1, . . . , r⟩,

where the di’s are as above. The following example shows that (2.12) does not hold with nonzero
h-parameters.

Example 2.27. Let K = Q and G = ⟨−4⟩. The radical group B4,ab = ⟨Q×, µ4,
4
√
−4⟩ contains only

abelian radicals, however 4
√
−4 is not a Kummer radical. We cannot write B4,ab = ⟨Q×, µ,H⟩ where

µ ⊆ µ∞ and H consists of Kummer radicals, because we would have µ ⊆ µ4 and hence B4,ab would
consist of Kummer radicals.

Proof of Theorem 2.7. The assumption that every element of G has the same divisibility in K and in
K×/µK is equivalent to saying that the h-parameters for the ℓ-divisibility of G can be taken to be
zero for every ℓ (see [49, Remark 11] for details).

Write n =
∏

ℓe. By the above, since Bn,ab is generated by the groups Bℓe,ab, we have that Bn,ab

is generated by the groups ⟨K×, µℓe⟩ for ℓ ∤ ω, and ⟨K×, µℓe , Hℓe⟩ for ℓ | ω, where ℓ runs through
the prime factors of n. Hence we obtain

Bn,ab = ⟨K×, µn, Hn⟩

where Hn = ⟨Hℓe : ℓ | (n, ω)⟩. Thus the statement follows from Theorem 2.24 as ⟨K×, Hn⟩ is
a group consisting of Kummer radicals. Moreover, we have ⟨K×, Hn⟩ ∩ µn = µ(n,ω) because the
assumption on G yields Hn ⊆ ⟨µω, S⟩, and by [49, Proposition 19] we have ⟨K×, S⟩∩µ∞ = µω.

2.4.3 The Kummer failure via entanglement groups

The formula given in [35, Proposition 4.3] extends to a general number field K.

Theorem 2.28 ([49, Theorem 33]). Let K be a number field. If B is a Galois radical group such that
B/K× is finite, then we have

[K(B) : K] =
[B : K×]

♯E(B)
·∆

where ∆ =
∏

p prime,ζp∈B\µK

p−1
p .
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Proof. The assumption on B implies that the quantities involved in the formula are well-defined and
finite. From the definition of entanglement group it is clear that

[K(B) : K] =
♯AutK×(B)

♯E(B)
,

and by [35, Theorem 2.19] we have ♯AutK×(B) = [B : K×] ·∆.

Proof of Theorem 2.4. It suffices to apply Theorem 2.28 with B = Bn, where ∆ = ∆n by [49,
Lemma 27].

Let K be a number field, and let G be a finitely generated and torsion-free subgroup of K× of
positive rank r. We define the cyclotomic-Kummer failure for K and G at n ⩾ 1 as the ratio

D(n) :=
φ(n)nr

[K( n
√
G) : K]

.

In this section we take n0 as in Proposition 2.26.

Theorem 2.29 ([49, Theorem 36]). If n,N are multiples of n0 with n | N , then we have D(N) =
D(n).

Proof. We are going to show the identity

[K( N
√
G) : K]

[K( n
√
G) : K]

=
N rφ(N)

nrφ(n)
,

and we may reduce to the case N = nℓ, where ℓ is a prime number. In view of our choice of n0 we
have E(Bn) = E(Bnℓ). We apply Theorem 2.4.

By [49, Proposition 34] for every m > 1 we have [Bm : K×] =
∏

ℓ prime[Bℓvℓ(m) : K×]. Thus, if
ℓ ∤ n, then we have [Bnℓ : K

×]/[Bn : K×] = [Bℓ : K
×]. This index equals ℓr+1 by [49, Proposition

35] because [G : G ∩K×ℓ] = ℓr by [10, Theorem 15] (all d-parameters for the ℓ-divisibility are 0).
We conclude that

[K( nℓ
√
G) : K]

[K( n
√
G) : K]

= [Bℓ : K
×]

(ℓ− 1)

ℓ
=

(nℓ)rφ(nℓ)

nrφ(n)
.

If ℓ | n, set e := vℓ(n). By [49, Propositions 34 and 35] we have

[Bnℓ : K
×]

[Bn : K×]
=

[Bℓe+1 : K×]

[Bℓe : K×]
= ℓ · [G : G ∩ (K×)ℓ

e+1
]

[G : G ∩ (K×)ℓe ]
.

The right-hand side equals ℓr+1 by [10, Theorem 15] and hence

[K( nℓ
√
G) : K]

[K( n
√
G) : K]

= ℓr+1 =
(nℓ)rφ(nℓ)

nrφ(n)
.

Corollary 2.30 ([49, Corollary 37]). If n,N are multiples of n0 with n | N , then the restriction to
BN gives a group isomorphism

Gal(K(BN )/K(Bn)) ∼= AutBn(BN ) .
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Proof. The restriction to BN of a K(Bn)-automorphism of K(BN ) gives an injective group homo-
morphism, so we prove that the two finite groups have the same size. By [35, Lemma 1.8] the re-
striction map AutK×(BN ) → AutK×(Bn) is surjective, and the kernel is AutBn(BN ). We conclude
because E(BN ) = E(Bn) by (2.11).

Proof of Theorem 2.5. Set g := gcd(n, n0) and l := [n, n0]. We first prove that for every n ⩾ 1 we
have K(Bn) ∩ K(Bn0) = K(Bgcd(n,n0)). This will follow from the fact that Gal(K(Bn)/K(Bg))
and Gal(K(Bl)/K(Bn0)) have the same size. Consider the bottom row of the following commut-
ative diagram given by restrictions (recall from [35, Lemma 1.8] that the restriction AutK×(B′) →
AutK×(B) is surjective if B ⊆ B′ are Galois radical groups):

Gal(K(Bn)/K(Bg)) //

��

Gal(K(Bn)/K)

��

// Gal(K(Bg)/K)

��

// 0

0 // AutBg(Bn) //

��

AutK×(Bn) //

��

AutK×(Bg) //

��

0

0 //
AutBg(Bn)

Gal(K(Bn)/K(Bg))
// E(Bn) // E(Bg) // 0

By Corollary 2.30 we have

♯AutBn0
(Bl) = ♯Gal(K(Bl)/K(Bn0)) ⩽ ♯Gal(K(Bn)/K(Bg)) ⩽ ♯AutBg(Bn),

so it suffices to prove ♯AutBn0
(Bl) ⩾ ♯AutBg(Bn). By [35, Theorem 2.19] we have (recall that

ω | n0)

♯AutBn0
(Bl) = ♯

Bl

Bn0

·
∏
p prime

p|l, p∤n0

p− 1

p
,

♯AutBg(Bn) = ♯
Bn

Bg
·
∏
p prime

p|n, p∤ωg

p− 1

p
.

Since the two products over p are the same, we conclude because we have

Bn

Bg
=

Bn

Bn0 ∩Bn

∼=
Bn ·Bn0

Bn0

⊆ Bl

Bn0

.

We are now ready to prove Theorem 2.6, which states that for every n ⩾ 1 we have D(n) =
D(gcd(n, n0)).

Proof of Theorem 2.6. Set g := gcd(n, n0). By Theorem 2.4, and in view of Theorem 2.5, it suffices
to prove that

[Bn : K×]∆n

φ(n)nr
=

[Bg : K×]∆g

φ(g)gr
.

The assertion is obvious for n = 1, so suppose that n > 1 and let n =
∏

ℓe be the prime factorization.
By [49, Proposition 34 and 35] we have

[Bn : K×]∆n

φ(n)nr
=
∏
ℓ|n

[
G : G ∩K×ℓe

]
ℓmax(0,e−ωℓ)∆ℓe/φ(ℓ

e)ℓer ,
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and a similar formula holds by replacing the pair (n, e) with (g, vℓ(g)). By the choice of n0 and by
[10, Theorem 15] the ratio [G : G ∩ K×ℓe ]/ℓer does not change if we replace e with vℓ(g), and the
same holds for ℓmax(0,e−ωℓ)∆ℓe/φ(ℓ

e).

We now consider Kummer extensions for groups which are not necessarily torsion-free.

Remark 2.31. Let G′ = G× ⟨ζm⟩, where m ⩾ 1 and where G is a finitely generated and torsion-free
subgroup of K× of positive rank r. Then there is some computable positive integer n′

0 (depending
only on K and G′) such that

[K(
n
√
G′) : K] =

φ(nm)nr

φ(gm)gr
[K(

g
√
G′) : K] (2.13)

where g := gcd(n, n′
0). Indeed, taking n0 as in Proposition 2.26 for Gm and setting n′

0 := n0/m (we
have m | n0 because the d-parameters for the ℓ-divisibility of Gm are at least vℓ(m)), then we get

[K(
nm
√
Gm) : K] =

φ(nm)(nm)r

φ(gm)(gm)r
[K(

gm
√
Gm) : K] .

Formula (2.13) precisely says that the degree of K( n
√
G′)/K( g

√
G′) is maximal. Indeed, setting

L := K( g
√
G′), we have

[K(
n
√
G′) : L] ⩽ [L( n

√
ζm) : L] · [L( n

√
G) : L]

and the former degree is at most [Q( n
√
ζm) : Q( g

√
ζm)] = φ(nm)/φ(gm) because g

√
ζm ∈ L while

the latter degree is at most nr/gr because L = L( g
√
G). In particular, for every n ⩾ 1 we have

K( n
√

ζm) ∩K(
n
√
G) ⊆ K(

g
√
G′) .

2.5 Examples

In this section, we present some examples from [47, Section 6] and [49, Section 9] to illustrate our
results.

In order to work with our theoretical algorithms in practice, we assume that the field K is presented
in the sense of [11, Chapter 19], which implies that its elements are representable on a computer.
Moreover, we assume that a list of generators for the group G is known explicitly.

Remark 2.32. Some more information on K is needed for the computations in Remark 2.8 and Remark
2.25. To compute the parameters for the ℓ-divisibility for G as in [10] we need to tell whether an
element a ∈ K× has some ℓ-th root in K× (we can factor the polynomial xℓ − a as in [22]). We
have to consider every prime number ℓ, but we may restrict to those dividing all exponents in the
factorization of the fractional ideal (a). To factor (a), we first compute its absolute norm N(a) and
factor the ideal (p) for every prime number p such that vp(N(a)) ̸= 0, as described in [8, §4.8];
we finally determine the correct exponent for each prime ideal using as bound the corresponding
exponent in the factorization of the ideal (N(a)). Moreover, we need to know µK , which can be
computed together with the whole unit group of the ring of integers of K, see the algorithm described
in [4].

Let us first give examples for the results of Section 2.3.
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Remark 2.33. Let K be a number field. Suppose that ℓ is odd or that ζ4 ∈ K. Consider elements
α1, . . . , αr of K× which generate a subgroup of K× of positive rank r. Suppose that αi = βℓdi

i where
β1, . . . , βr are strongly ℓ-independent elements of K. We have

K
(
ζℓm , ℓn1

√
α1, . . . , ℓnr√αr

)
= K

(
ζℓm ,

ℓmax(n1−d1,0)
√
β1, . . . ,

ℓmax(nr−dr,0)
√

βr
)
.

By (2.7) we conclude that

[
K
(
ζℓm , ℓn1

√
α1, . . . , ℓnr√αr

)
: K(ζℓm)

]
=

r∏
i=1

ℓmax(ni−di,0)

for all nonnegative integers m,n1, . . . , nr with m ⩾ maxi(ni).

Example 2.34. Consider cyclotomic-Kummer extensions of the form

Q
(
ζM ,

N1
√
2, N2

√
−9
)
/Q

for M,N1, N2 positive integers with N1, N2 | M . We can compute the degrees of these extensions
via ℓ-adic and ℓ-adelic failures.

Let G = ⟨2,−9⟩. The ℓ-divisibility parameters of G over Q are all zero for every odd prime ℓ. It
follows from Lemma 2.15 that the ℓ-adic failure is 1 for all odd primes ℓ. Moreover, since the only
nontrivial root of unity in Q is ζ2 = −1, by Remark 2.16 the ℓ-adelic failure is also 1 for every odd
prime ℓ.

For ℓ = 2 we need to compute the 2-divisibility parameters of G over Q(i) (see Remark 2.11 and
(2.6)). Over this field we have 2 = −i(1 + i)2, and 1 + i and 3 are strongly 2-independent, so the
divisibility parameters are

h1 = 2, d1 = 1, h2 = 1, d2 = 1.

It follows from Lemma 2.15 that we have

A2(2
n1 , 2n2) = A2

(
2min(n1,3), 2min(n2,3)

)
,

so we only need to compute

A2(2
n1 , 2n2) =

2n1+n2[
Q
(
ζ2max(n1,n2) ,

2n1
√
2, 2n2

√
−9
)
: Q(2max(n1,n2))

]
for n1, n2 ∈ {0, 1, 2, 3}. These computations are shown in the following table:

n2 = 0 n2 = 1 n2 = 2 n2 = 3

n1 = 0 1 1 2 2

n1 = 1 1 1 2 4

n1 = 2 1 2 2 4

n1 = 3 2 4 4 4

We now compute the 2-adelic failure

B2(M, 2n1 , 2n2) =
[
Q
(
ζ2n ,

2n1
√
2, 2n2

√
−9
)
∩Q (ζM ) : Q (ζ2n)

]
for any M,n1, n2 with n1, n2 ⩽ v2(M), and where n = max(n1, n2). By Theorem 2.22 we just need
to compute such values for n1, n2 ⩽ 3 and M | 24. We take into account that:
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• We have
√
2 ∈ Q(ζ8) and there is no M with 8 ∤ M such that

√
2 ∈ Q(ζM ); moreover

2n
√
2 ̸∈ Q(ζ∞) for n ⩾ 2. This implies that for M with 2m | M we have for n ⩾ 1

[
Q
(
ζ2m ,

2n
√
2
)
∩Q(ζM ) : Q(ζ2m)

]
=

{
1 if 8 ∤ M or m ⩾ 3,

2 if 8 | M and m ⩽ 2.

• We have
√
−9 = 3ζ4 ∈ Q(ζ4), while 4

√
−9 = ζ8

√
3 ∈ Q(ζ24) and there is no M with 24 ∤ M

such that 4
√
−9 ∈ Q(ζM ); moreover 2n

√
−9 ̸∈ Q(ζ∞) for n ⩾ 3. This implies that for M with

2m | M we have

[
Q
(
ζ2m ,

√
−9
)
∩Q(ζM ) : Q(ζ2m)

]
=

{
1 if m ⩾ 2 or 4 ∤ M,

2 if m = 1 and 4 | M ;

whereas for m ⩾ n ⩾ 2

[
Q
(
ζ2m ,

2n
√
−9
)
∩Q(ζM ) : Q(ζ2m)

]
=

{
1 if 24 ∤ M,

2 if 24 | M.

• We have Q(ζ4,
√
2) = Q(ζ8) and

[
Q(

√
2, ζ8

√
3) : Q(ζ4)

]
= 4.

These remarks are sufficient to compute the following table for the 2-adelic failure B2(M, 2n1 , 2n2):

(n1, n2) M = 6 M = 4 M = 12 M = 8 M = 24

(0, 1) 1 2 2 2 2

(0, 2) 1 1 1 2

(0, 3) 1 2

(1, 0) 1 1 1 2 2

(1, 1) 1 2 2 4 4

(1, 2) 1 2 2 4

(1, 3) 1 2

(2, 0) 1 1 2 2

(2, 1) 1 1 2 2

(2, 2) 1 2 2 4

(2, 3) 1 2

(3, 0) 1 1

(3, 1) 1 1

(3, 2) 1 2

(3, 3) 1 2

where we have omitted the case M = 2 because Q(ζ2) = Q and hence the 2-adelic failure equals 1.
Finally, we have

[
Q
(
ζM ,

N1
√
2, N2

√
−9
)
: Q
]
=

φ(M)N1N2

A2(2min(n1,3), 2min(n2,3))B2(gcd(M, 24), 2min(n1,3), 2min(n2,3))
,

where ni := v2(Ni) for i = 1, 2.

We now give an example for the results of Section 2.4.
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Example 2.35. Let K = Q(
√
3) and G = ⟨11, 75⟩. We compute the degree of K( n

√
G)/K for every

n ⩾ 1. The given basis of G is ℓ-good for every prime ℓ. Moreover, 11 is strongly ℓ-indivisible for
every ℓ, while 75 = (5

√
3)2 is a square and strongly ℓ-indivisible for every odd ℓ. By [10, Theorem

15] for every prime power ℓe we have

[G : G ∩K×ℓe ] =

{
22e−1 if ℓ = 2,

ℓ2e otherwise

so we deduce that [Bn : K×] = n3/ gcd(2, n)2. For the computation of the entanglement group, we
take into account the following facts:

• µK = µ2

• K ⊆ Q(µ12) = K(µ12), and K is linearly disjoint from Q(µn) over Q if 12 ∤ n

•
√
11 ∈ Q(µ44) and

√
33 ∈ Q(µ33)

• 2e
√
75 does not belong to K(µ∞) if e ⩾ 2 (because 4

√
3 /∈ Q(µ∞)).

From Theorem 2.7 we deduce that Bn,ab = ⟨K×, µn, Hn⟩, where

Hn =


⟨1⟩ if 2 ∤ n
⟨
√
11⟩ if gcd(4, n) = 2

⟨
√
11,
√
5
√
3⟩ if 4 | n ,

and for the computation of ♯E(Bn), setting Ln := K(Hn) ∩Q(µn), we have E(Bn) ∼= Gal(Ln/Q).
If 12 | n, then we have two cases: if 11 | n, then Ln = K(

√
11), else Ln = K. So ♯E(Bn) is

4 if 11 | n and it is 2 otherwise. If 12 ∤ n and n is even, then we have: Ln = Q(
√
11) if 44 | n,

Ln = Q(
√
33) if 33 | n, else Ln = Q. Thus ♯E(Bn) is 2 if 44 | n or 33 | n and it is 1 otherwise. If n

is odd, then we always have ♯E(Bn) = 1 because Ln = Q.
Noticing that ∏

p odd prime
p|n

p− 1

p
=

φ(n) gcd(2, n)

n
,

we conclude that

[K(
n
√
G) : K] =

n2φ(n)

gcd(2, n) · ♯E(Bn)
=


n2φ(n) if gcd(132, n) is odd,
n2φ(n)/2 if gcd(132, n) ∈ {2, 4, 6, 22},
n2φ(n)/4 if gcd(132, n) ∈ {12, 44, 66},
n2φ(n)/8 if gcd(132, n) = 132.

The failure of maximality of the above Kummer degree is due to the following facts: 75 is a square in
K; K ⊆ Q(µ12);

√
11 ∈ Q(µ44);

√
11 · 5

√
3 ∈ Q(µ66).
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Chapter 3

On the distribution of the order of the
reductions of algebraic numbers over
congruence classes

Let K be a number field, and let G be a finitely generated and torsion-free subgroup of K×. We
consider the order of the cyclic group (G mod p) for almost all primes p of K, and ask whether this
number lies in a given arithmetic progression. In this chapter we prove that the density of primes for
which the condition holds is, under some general assumptions, a computable rational number which
is strictly positive. We have also shown the following equidistribution property: if ℓe is a prime power
and a is a multiple of ℓ (and a is a multiple of 4 if ℓ = 2), then the density of primes p of K such that
the order of (G mod p) is congruent to a modulo ℓe only depends on a through its ℓ-adic valuation.
The results of this chapter are published in the article [44] by Perucca and Sgobba.

3.1 Main results

Consider a number field K and a multiplicative subgroup G of K× which is finitely generated. In this
chapter, for positive integers x, y with y | x we denote by Kx := K(ζx) the xth cyclotomic extension
of K, and by Kx,y := Kx(

y
√
G) the yth Kummer extension of G over Kx. We make use of the

notation introduced in Section 1.1. Recall that, if we assume (GRH) we mean the extended Riemann
hypothesis for the Dedekind zeta function of number fields.

In [43] Perucca and the author have generalised a result by Ziegler [59, Theorem 1] to higher rank
and have proven in particular Theorem 1.1, which we rephrase here for matters of notation.

Theorem 3.1 ([43, Theorem 1.3]). Let K be a number field, and let G be a finitely generated and
torsion-free subgroup of K× of positive rank. Fix an integer d ⩾ 2, fix an integer a, and consider the
following set of primes of K:

P := {p : ordp(G) ≡ a mod d} .

Let P(x) be the number of primes p in P with norm up to x.
Assuming (GRH), for every x ⩾ 1 we have

P(x) =
x

log x

∑
n,t⩾1

µ(n)c(n, a, d, t)

[K[d,n]t,nt : K]
+O

(
x

log3/2 x

)
, (3.1)
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where c(n, a, d, t) ∈ {0, 1}, and where c(n, a, d, t) = 1 if and only if the following conditions hold:

(i) (1 + at, d) = 1;

(ii) (d, n) | a;

(iii) the element of Gal(Q(ζdt)/Q) mapping ζdt to ζ1+at
dt is the identity on Q(ζdt) ∩Knt,nt.

From this result it is not clear whether the natural density densK(G, a mod d) of the set P is a
rational number, if it is strictly positive, or if it is possible to evaluate it. The main results of this
chapter are the following, where K, G, a, and d are as in Theorem 3.1:

Theorem 3.2. Assume (GRH). Let d = ℓe for some prime number ℓ and for some e ⩾ 1. Suppose
that K = Kℓ if ℓ is odd, or that K = K4 if ℓ = 2. Then the density densK(G, a mod ℓe) depends
on a only through its ℓ-adic valuation, and it is a computable strictly positive rational number. In
particular, it is the same for all a coprime to ℓ.

Although the previous result has an assumption on the base field, we do not need that assumption
in the following corollary.

Corollary 3.3 (Equidistribution property). Assume (GRH). Let K be any number field, and let d = ℓe

for a prime number ℓ and e ⩾ 1. Suppose that ℓ | a if ℓ is odd, or that 4 | a and e ⩾ 2 if ℓ = 2.
Then the density densK(G, a mod ℓe) depends on a only through its ℓ-adic valuation, and it is a
computable strictly positive rational number.

The following result concerns the case of composite modulus.

Theorem 3.4. Assume (GRH). Let d ⩾ 2 and set r := rad(d) for its radical. Suppose that K = Kr

if d is odd, or that K = K2r if d is even. Then, for a coprime to d, the density densK(G, a mod d) is
a computable strictly positive rational number which does not depend on a.

The following result generalizes the positivity assertion of Corollary 3.3.

Theorem 3.5. Assume (GRH). The density densK(G, a mod d) is strictly positive for any number
field K if d is a prime power or if a is coprime to d.

Theorem 3.2 is proven in Section 3.3.1 for ℓ odd, and in Section 3.3.2 for ℓ = 2, respectively. We
prove Corollary 3.3 in Section 3.3.3. Theorem 3.4 is proven in Section 3.3.4, while Theorem 3.5 is
proven in Section 3.3.5. Section 3.4 is devoted to removing from Theorem 3.1 the assumption that the
group G is torsion-free. Finally, Section 3.5 contains examples of applications of the above theorems
and some numerical data.

Notice that in this chapter we rely on Theorem 3.1 and hence most of our results assume (GRH):
if the density in Theorem 3.1 is known unconditionally, then our results would also be unconditional.

3.2 Preliminaries

Let K be a number field, and let G be a finitely generated and torsion-free subgroup of K×. In the
whole chapter we tacitly assume that the primes p of K that we consider are such that the reduction
of G modulo p is a well-defined subgroup of the multiplicative group of the residue field at p. Notice
that the results of this section are unconditional.
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3.2.1 Prescribing valuations for the order

Theorem 3.6. Let ℓ1, . . . , ℓn be distinct prime numbers and x1, . . . , xn nonnegative integers. Then
the density of primes p of K such that vℓi(ordp(G)) = xi for all i is a strictly positive computable
rational number.

Proof. The rationality of the density can be seen by neglecting the condition on the Frobenius in [41,
Theorem 18]. For the positivity, apply [38, Proposition 12] to a basis g1, . . . , gr of G consisting of
Z-independent points of the multiplicative group K×.

Corollary 3.7. Given an integer d ⩾ 2 and a positive divisor g of d, the sum of densities∑
0⩽a<d
(a,d)=g

densK(G, a mod d) (3.2)

is a strictly positive computable rational number.

Proof. We will express the sum (3.2) as a rational combination of densities as in Theorem 3.6. Write
g =

∏n
i=1 ℓ

fi
i , and partition the index set as {1, . . . , n} = I ⊔ J such that fi < vℓi(d) for i ∈ I , and

fi = vℓi(d) for i ∈ J . Then it is easy to check that

∑
0⩽a<d
(a,d)=g

densK(G, a mod d) = densK

({
p :

vℓi(ordp(G)) = fi ,∀i ∈ I
vℓi(ordp(G)) ⩾ fi , ∀i ∈ J

})
. (3.3)

From this expression and Theorem 3.6 we deduce that (3.2) is strictly positive. The density on the
right-hand side of (3.3) is given by (applying the inclusion-exclusion principle for the primes up to x
and then taking the limit to make the densities)

|J |∑
s=0

(−1)s
∑
S⊆J
|S|=s

densK

({
p :

vℓi(ordp(G)) = fi , ∀i ∈ I
vℓi(ordp(G)) ⩽ fi − 1 ,∀i ∈ S

})
, (3.4)

and each of the densities in (3.4) exists and equals

densK

({
p :

vℓi(ordp(G
h)) = fi ,∀i ∈ I

vℓi(ordp(G
h)) = 0 ,∀i ∈ S

})
,

where h =
∏

i∈S ℓfi−1
i . Such densities are computable rational numbers by Theorem 3.6. Hence the

statement is proven.

Remark 3.8. Corollary 3.7 implies that the density densK(G, 0 mod d) is known unconditionally to
be a strictly positive computable rational number.

3.2.2 Simplifications by changing the modulus

We keep the notation of Theorem 3.1. By Remark 3.8 we may suppose that 0 < a < d. The following
lemma allows us to reduce to residue classes coprime to d if d is a prime power.
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Lemma 3.9. Let d = ℓe, where ℓ is a prime number and e ⩾ 1. Suppose that a = ℓx · w, where w is
coprime to ℓ and 0 < x < e. Set wj := w + jℓe−x for 0 ⩽ j < ℓ (notice that wj is also coprime to
ℓ). Then the primes p of K such that ordp(G) ≡ a mod d are exactly those such that

ordp(G
ℓx) ≡ w mod ℓe−x (3.5)

minus those such that
ordp(G

ℓx−1
) ≡ wj mod ℓe−x+1 (3.6)

for some 0 ⩽ j < ℓ. In particular, we have

densK(G, a mod ℓe) =

densK(Gℓx , w mod ℓe−x)−
ℓ−1∑
j=0

densK(Gℓx−1
, wj mod ℓe−x+1) .

Proof. Notice that condition (3.6) for any j implies condition (3.5) because wj is coprime to ℓ and
hence we must have ordp(G

ℓx) = ordp(G
ℓx−1

).
Let p be a prime of K such that ordp(G) ≡ a mod d. In particular, ℓx divides ordp(G). Thus we

have

ordp(G
ℓx) =

ordp(G)

ℓx
and ordp(G

ℓx−1
) =

ordp(G)

ℓx−1
.

Dividing the congruence ordp(G) ≡ a mod ℓe by ℓx and ℓx−1, respectively, we obtain

ordp(G
ℓx) ≡ w mod ℓe−x and ordp(G

ℓx−1
) ≡ wℓ mod ℓe−x+1 .

We have proven one containment because wℓ is not congruent to any of the wj modulo ℓ.
Now suppose that (3.5) holds, and that (3.6) does not hold for any j. In particular we must have

ordp(G
ℓx−1

) ̸= ordp(G
ℓx). We deduce ordp(G

ℓx−1
) = ℓ · ordp(Gℓx), and therefore ordp(G) =

ℓx · ordp(Gℓx). We may conclude because multiplying (3.5) by ℓx gives

ℓx · ordp(Gℓx) ≡ a mod d .

Remark 3.10. Consider the condition ordp(G) ≡ a mod d. Decompose (a, d) = sh where s =∏
ℓ|(a,d) ℓ is its radical, and write a′ = a

h , d′ = d
h . Notice that (a′, d′) = s is squarefree. We claim that

the following equivalence holds:

ordp(G) ≡ a mod d ⇐⇒ ordp(G
h) ≡ a′ mod d′ .

If the first congruence is satisfied, then (a, d) divides ordp(G), so in particular we have

ordp(G)

h
≡ a′ mod d′ .

Since h divides ordp(G), we have ordp(G)
h = ordp(G

h) and the second congruence holds. Conversely,
if the second congruence is satisfied, then s = (a′, d′) divides ordp(Gh). Since h introduces no new
prime factors, we have

ordp(G
h) · h = ordp(G)

and hence the congruence ordp(G) ≡ a mod d holds.
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3.2.3 A general result

We keep the notation from Theorem 3.1, and we denote by DensK(G, d) the density of primes p of
K such that ordp(G) is coprime to d.

Remark 3.11. From the results in [10] and [40], under the assumptions of Theorems 3.2 and 3.4, the
density DensK(G, d) depends on G only through the d-parameters for the ℓ-divisibility of G for each
ℓ | d. As a consequence of the results of this chapter, the same holds for the density densK(G, a mod
d) considered in Theorems 3.2 and 3.4 and in Corollary 3.3.

Theorem 3.12. Let ℓ be a prime number. Suppose that for every G and for every e ⩾ 1 we have

densK(G,w mod ℓe) = densK(G,w′ mod ℓe)

as long as w,w′ are coprime to ℓ. Then for every G and for every e ⩾ 1 the density

densK(G, a mod ℓe)

depends on a only through its ℓ-adic valuation, and it is a computable rational number.

Proof. We know from [10, Theorem 3] that the quantity

DensK(G, ℓ) = 1− densK(G, 0 mod ℓ)

is a computable rational number. Then for every a coprime to ℓ, by the assumption on the equidistri-
bution, we have

densK(G, a mod ℓe) =
1

φ(ℓe)
·DensK(G, ℓ) ,

so that densK(G, a mod ℓn) is a computable rational number which does not depend on a.
For 0 < a < ℓe not coprime to ℓ we apply Lemma 3.9, which allows us to compute the density

densK(G, a mod ℓe) as the difference of densities which we know to be computable rational numbers.
More precisely, by the equidistribution condition the formula given in Lemma 3.9 becomes

densK(G, a mod ℓe) =

densK(Gℓx , w mod ℓe−x)− ℓ · densK(Gℓx−1
, w mod ℓe−x+1) ,

where a = wℓx and x = vℓ(a). In particular, this formula shows that what matters about a is only its
ℓ-adic valuation.

Finally the density for a = 0 is given as the complementary density of all the considered cases,
and hence it is also a computable rational number.

Remark 3.13. Notice that for 0 < a < ℓe with some fixed valuation vℓ(a) = x where 0 ⩽ x < e, the
previous theorem says that we have the following density:

densK(G, a mod ℓe) =
1

φ(ℓe−x)
· densK ({p : vℓ(ordp(G)) = x}) . (3.7)

Proposition 3.14. With the assumptions of Theorem 3.12, we have that the density densK(G, a mod
ℓe) is strictly positive for every a.

Proof. For a = 0 we know this unconditionally by Remark 3.8. For 0 < a < ℓe, by Theorem 3.6 the
densities (3.7) in Remark 3.13 are strictly positive.
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We say that a prime p of K is of degree 1 if both its ramification index and its residue class degree
over Q are equal to 1.

Lemma 3.15. Let K be a number field, and let G be a finitely generated and torsion-free subgroup
of K×. Let a, d be integers with d ⩾ 2 and let r :=

∏
ℓ|d ℓ be the radical of d. Let m = r if d is odd,

and m = 2r otherwise. Consider the following set of primes p of K:

S := {p : ordp(G) ≡ a mod d, N p ≡ 1 mod m} .

Then the density of the set S exists and it is equal to

1

[Km : K]
· densKm(G, a mod d) . (3.8)

Remark 3.16. Notice that, assuming (GRH), a formula for the density of the set S is given in [43,
Corollary 5.2]. By Theorems 3.2 and 3.4 it follows that the density (3.8) is a computable strictly
positive rational number if d is a prime power or if a is coprime to d. Moreover, if d = ℓe for a prime
ℓ, then the density of S depends on a only through its ℓ-adic valuation, while if d is composite and
(a, d) = 1, then it does not depend on a.

Proof of Lemma 3.15. We may assume that the primes p of S are of degree 1 and unramified in Km.
Hence for a prime p in S we have N p ≡ 1 mod m if and only if p splits completely in Km. Therefore,
the set of primes of Km lying above the primes of S is the set

{P ⊆ Km of degree 1 : ordP(G) ≡ a mod d} ,

which has density densKm(G, a mod d). Thus we obtain that the density of the set S exists and it is
equal to 1/[Km : K] times densKm(G, a mod d) (see for instance [40, Proposition 1]).

3.3 Proof of the main results

We keep the notation of Theorem 3.1.

3.3.1 Proof of Theorem 3.2 for ℓ odd

Lemma 3.17. Let ℓ be an odd prime number. Suppose that K = Kℓ. For every G and for every e ⩾ 1
we have

c(n, x, ℓe, t) = c(n, x′, ℓe, t)

as long as x, x′ are coprime to ℓ.

Proof. Let d = ℓe. Let a vary among the integers strictly between 0 and d and coprime to ℓ. Since a is
coprime to ℓ and d = ℓe, the condition (d, n) | a means ℓ ∤ n and it is independent of a. If c(n, a, d, t)
is non-zero, then the integer t must be divisible by ℓ because ζℓ ∈ K and hence it must be fixed if
raised to the power 1 + at (recall that a is coprime to ℓ). In particular, the condition (1 + at, d) = 1
holds independently of a.

We are left to check that Condition (iii) of Theorem 3.1 does not depend on a, provided that
Conditions (i) and (ii) hold. Write F := Knt,nt and define τ := vℓ(t). We thus have to show that
the following is independent of a: the Galois group of Fℓe+τ /F contains the automorphism σ1+at

satisfying ζℓe+τ 7→ ζ1+at
ℓe+τ . Since K = Kℓ, we have some largest integer x ⩾ τ ⩾ 1 such that
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F contains Qℓx , and this integer determines the Galois group of Fℓe+τ /F , which is a finite cyclic
ℓ-group.

If x ⩾ e + τ , then the field extension Fℓe+τ /F is trivial and the coefficient c(n, a, ℓe, t) is 0
independently of a. Now suppose that τ ⩽ x < e+ τ . The exponents for the action on ζℓe+τ are those
corresponding to the automorphisms of order dividing ℓe+τ−x. Since vℓ(at) does not depend on a, we
have that

vℓ((1 + at)ℓ
n − 1) = τ + n

independently of a and we conclude.

Proof of Theorem 3.2 for ℓ odd. Lemma 3.17 implies that the conditions of Theorem 3.12 are satisfied
if K = Kℓ (compare with formula (3.1)). Thus the density densK(G, a mod d) depends on a only
through its ℓ-adic valuation, and it is a computable rational number. By Proposition 3.14 this rational
number must be strictly positive.

3.3.2 Proof of Theorem 3.2 for ℓ = 2

Lemma 3.18. Suppose K = K4. For every G and for every e ⩾ 1 we have

c(n, x, 2e, t) = c(n, x′, 2e, t)

as long as x, x′ are odd.

Proof. Let d = 2e. Notice that the claim is clear for e = 1, so suppose e ⩾ 2. Let a vary in the
odd integers strictly between 0 and d. Similarly to the proof of Lemma 3.17, the condition (n, d) | a
means that 2 ∤ n and is independent of a. Moreover, t must be an even integer and hence the condition
(1 + at, d) = 1 is satisfied independently of a. Now suppose that the above conditions are satisfied,
and let us focus on Condition (iii) of Theorem 3.1.

Set τ := v2(t), and call F the field Knt,nt. Similarly to the proof of Lemma 3.17, we check that
the following condition is independent of a: the Galois group of F2e+τ /F contains the automorphism
σ1+ta satisfying ζ2e+τ 7→ ζ1+at

2e+τ .
Recall that K = K4, and call x ⩾ 2 the largest integer such that F contains Q2x (we clearly have

x ⩾ τ ). We then need to investigate the cyclic group Gal(Q2e+τ /Q2x).
If x ⩾ e + τ , then this field extension is trivial and we have c(n, a, 2e, t) = 0 independently of

a (where a is odd). If x = τ then Gal(Q2e+τ /Q2x) contains 2e automorphisms acting distinctly on
ζ2e+τ and fixing ζ2τ : we deduce that c(n, a, 2e, t) = 1 independently of a (where a is odd).

From now on, suppose τ < x < e + τ . We see Gal(Q2e+τ /Q2x) as a subgroup of the cyclic
Galois group Gal(Q2e+τ /Q4). That subgroup contains the elements of order dividing 2e+τ−x. The
Galois automorphisms are determined by the image of ζ2e+τ , and they are determined by the exponent
to which they raise this element.

If τ = 1, then we do not have the automorphism σ1+at in Gal(Q2e+τ /Q4) (independently of a)
because a is odd and hence ζ1+at

4 ̸= ζ4. This means that in this case c(n, a, 2e, t) = 0 independently
of a (for a odd).

Finally suppose 1 < τ < x < e+ τ . Since τ > 1, the automorphism σ1+at ∈ Gal(Q2e+τ /Q4) is
well-defined. We have to check whether σ1+at also belongs to Gal(Q2e+τ /Q2x) or not independently
of a. It is then sufficient to show that the order of σ1+at does not depend on a. This order is a power
of 2, namely the smallest power 2n such that v((1 + at)2

n − 1) ⩾ e + τ . Since v2(at) ⩾ 2, then
for every n ⩾ 1 we have v2((1 + at)2

n − 1) = τ + n independently of a and hence the order of the
automorphism σ1+at does not depend on a.
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Proof of Theorem 3.2 for ℓ = 2. Analogously to the proof for the odd case, it suffices to combine
Lemma 3.18 with Theorem 3.12 and Proposition 3.14.

3.3.3 Proof of Corollary 3.3

Proof of Corollary 3.3. Let m = ℓ if ℓ is odd, and m = 4 if ℓ = 2. Let p be a prime of K of degree
1, and which does not ramify in Km. In view of our hypothesis on a, we have that if p is such that
ordp(G) ≡ a mod ℓe, then N p ≡ 1 mod m. We deduce from Lemma 3.15 that

densK(G, a mod ℓe) =
1

[Km : K]
· densKm(G, a mod ℓe) .

By Theorem 3.2 we conclude that densK(G, a mod ℓe) depends on a only through its ℓ-adic valuation
and that it is a computable strictly positive rational number.

3.3.4 Proof of Theorem 3.4

Lemma 3.19. Let d ⩾ 2 be an integer and write d =
∏

ℓe for its prime decomposition. For the
coefficients of Theorem 3.1, with respect to any fixed group G, we have

c(n, a, d, t) =
∏
ℓ|d

c(n, a, ℓe, t) .

Proof. We prove that c(n, a, d, t) = 1 if and only if c(n, a, ℓe, t) = 1 for every prime divisor ℓ of
d. It is clear that (1 + at, d) = 1 and (d, n) | a if and only if (1 + at, ℓe) = 1 and (ℓe, n) | a for
every ℓ. Now suppose that these conditions hold. Let σ be the element of Gal(Q(ζdt)/Q) such that
σ(ζdt) = ζ1+at

dt , and let σℓ be the element of Gal(Q(ζℓet)/Q) such that σℓ(ζℓet) = ζ1+at
ℓet . We are left

to show that σ is the identity on Q(ζdt) ∩Knt,nt if and only if σℓ is the identity on Q(ζℓet) ∩Knt,nt

for every ℓ. This follows from the fact that Q(ζdt) is the compositum of the fields Q(ζℓet), and σℓ is
the restriction of σ to Q(ζℓet) for each ℓ.

Lemma 3.20. Let d ⩾ 2 be an integer and let r :=
∏

ℓ|d ℓ be its radical. Suppose that K = Kr if d is
odd, or that K = K2r if d is even. For the coefficients of Theorem 3.1, with respect to any fixed group
G, we then have

c(n, x, d, t) = c(n, x′, d, t)

as long as x, x′ are coprime to d.

Proof. We have to show that, whenever a is coprime to d, the coefficient c(n, a, d, t) is independent of
a. By Lemma 3.19 we may reduce to the case in which d is a prime power, and then we may conclude
by Lemma 3.17 if d is odd, and Lemma 3.18 if d is even.

Proof of Theorem 3.4. By [40, Corollary 12] and [10, Theorem 3] the density DensK(G, d) of primes
p of K such that ordp(G) is coprime to d is an explicitly computable rational number. This density
can be decomposed as the sum over a, with a coprime to d, of the densities densK(G, a mod d).
Since Kr = K if d is odd, and K2r = K if d is even, by Lemma 3.20 the above densities have equal
value, so that for every a coprime to d we have

densK(G, a mod d) =
1

φ(d)
·DensK(G, d) ,

which is then a computable rational number. Moreover, this density is also strictly positive because
by Theorem 3.6 the density DensK(G, d) is strictly positive.
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3.3.5 Proof of Theorem 3.5

Proof of Theorem 3.5. Let r be the radical of d, and let m = r if d is odd, and m = 2r otherwise.
Consider the following set of primes p of K of degree 1, and unramified in Km:

S := {p : ordp(G) ≡ a mod d, N p ≡ 1 mod m} .

By Lemma 3.15 the set S has density equal to

1

[Km : K]
· densKm(G, a mod d) .

By Theorems 3.2 and 3.4, the density densKm(G, a mod d) is strictly positive if d is a prime power or
if a is coprime to d, so the same holds for the density of S. Consequently, the density densK(G, a mod
d) is also strictly positive.

3.4 Multiplicative groups with torsion

Stating Theorem 3.1 for a finite group is trivial (the given density is either 0 or 1). However it is not
trivial to remove the assumption that the multiplicative group is torsion-free: this is what we achieve
in this section. As a side remark, notice that our strategy also applies to the density considered in [43,
Theorem 1.4], i.e. if we introduce a condition on the Frobenius conjugacy class with respect to a fixed
finite Galois extension of the base field.

Let K be a number field, and let G′ be a finitely generated (and not necessarily torsion-free)
multiplicative subgroup of K× of positive rank. Then we can write G′ as G′ = ⟨ζ⟩ × G, where ζ is
a root of unity of K generating the torsion part of G′ and G is torsion-free. Let us exclude finitely
many primes p of K so that the reduction of G′ is well-defined and we have ordp(ζ) = ord(ζ). The
order of G′ modulo p is then the least common multiple between the order of G modulo p and a fixed
integer:

ordp(G
′) = [ordp(G), ord(ζ)] .

We may then reformulate the given problem.

Remark 3.21. Let G be a finitely generated and torsion-free subgroup of K×, and fix some integer
n ⩾ 2. Given two integers a and d ⩾ 2, we investigate the density of primes p of K for which

[ordp(G), n] ≡ a mod d . (3.9)

Assuming (GRH), the case n = 1 is known, and our aim is reducing to this case. Notice that our
method also shows that the considered density exists. We denote this density by dens′K(G,n; a mod
d).

Let ℓ be a prime divisor of n. The aim is finding a way to replace n with n
ℓ (or to conclude

directly). We distinguish various cases.
Case (i): If ℓ | d and ℓ ∤ a, then we have dens′K(G,n; a mod d) = 0 because ℓ divides

[ordp(G), n] and (3.9) cannot hold.
Case (ii): If ℓ | d and ℓ | a, then the congruence [ordp(G), n] ≡ a mod d is equivalent to

[
ordp(G

ℓ),
n

ℓ

]
≡ a

ℓ
mod

d

ℓ
,
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so we have

dens′K(G,n; a mod d) = dens′K

(
Gℓ,

n

ℓ
;
a

ℓ
mod

d

ℓ

)
.

Case (iii): Suppose that ℓ ∤ d. Let ℓ̃ be a multiplicative inverse for ℓ modulo d, and set v := vℓ(n).
If ℓv | ordp(G), then we have

[ordp(G), n] ≡ a mod d ⇐⇒
[
ordp(G),

n

ℓ

]
≡ a mod d . (3.10)

If ℓv ∤ ordp(G), then we have

[ordp(G), n] ≡ a mod d ⇐⇒
[
ordp(G),

n

ℓ

]
≡ aℓ̃ mod d .

The condition ℓv | ordp(G) amounts to[
ordp(G),

n

ℓ

]
≡ 0 mod ℓv

and hence (recalling that ℓ and d are coprime) we can easily combine this congruence and the congru-
ence in (3.10) with the Chinese Remainder Theorem. The first subcase thus amounts to[

ordp(G),
n

ℓ

]
≡ aℓ̃vℓv mod dℓv .

Similarly, the second subcase amounts to letting
[
ordp(G), nℓ

]
be in the difference of congruence

classes
(aℓ̃ mod d) \ (aℓ̃v+1ℓv mod dℓv) .

Notice that the congruence classes for the first and second subcase are distinct. Thus if ℓ ∤ d we can
explicitly write

dens′K(G,n; a mod d) =dens′K

(
G,

n

ℓ
; a0 mod dℓv

)
+ dens′K

(
G,

n

ℓ
; aℓ̃ mod d

)
− dens′K

(
G,

n

ℓ
; a0ℓ̃ mod dℓv

)
,

where we have set a0 := aℓ̃vℓv mod dℓv.
We have thus proven the following result.

Theorem 3.22. Assume (GRH). Let K be a number field, and let G′ be a finitely generated subgroup
of K× of positive rank. Let n ⩾ 1 be the order of the torsion of G′, and let G be a torsion-free
subgroup of G′ such that G′ = G× ⟨ζn⟩. Let a and d ⩾ 2 be fixed integers. The density of the set of
primes p of K

{p : ordp(G
′) ≡ a mod d}

exists and can be expressed as a finite sum of terms of the type

±densK(Gm, a′ mod d′)

where m, a′, d′ are integers and m | n.
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3.5 Examples

In this last section we work out some examples and collect some numerical data to illustrate our
results.

Example 3.23. Let K = Q(ζ3) and consider the group G = ⟨5, 7⟩ ⩽ Q(ζ3)
×. We compute the

density densK(G, a mod 9) for 0 ⩽ a < 9. Since ζ3 ∈ K, we can use [10, Theorem 2] to compute
the density of primes p of K for which the order of G mod p is coprime to 3, and we have

DensK(G, 3) =
1

13
.

Then by Theorem 3.2 we have:

densK(G, a mod 9) =
1

78
for a ∈ {1, 2, 4, 5, 7, 8} .

For a = 3 or a = 6, by [10, Theorem 3] we have

DensK(G3, 3) =
9

13

and applying Lemma 3.9 we obtain by the equidistribution property

densK(G, a mod 9) = densK(G3, 1 mod 3)− 3 densK(G, 1 mod 9)

=
9

2 · 13
− 3 · 1

78
=

4

13
.

For a = 0 we get the complementary density of DensK(G3, 3) and hence

densK(G, 0 mod 9) =
4

13
.

Example 3.24. Let K = Q(ζ4) and consider the group G = ⟨3, 5⟩ ⩽ Q(ζ4)
×. We compute the

density of primes densK(G, a mod 8) for 0 ⩽ a < 8. Since ζ4 ∈ K, by [10, Theorem 2] the density
of primes p of K for which the order of G mod p is odd is given by

DensK(G, 2) =
1

28
.

Then by Theorem 3.2 we have:

densK(G, a mod 8) =
1

112
for a ∈ {1, 3, 5, 7} .

For a = 2 or a = 6, by [10, Theorem 3] we have

DensK(G2, 2) =
1

7
,

and applying Lemma 3.9 we obtain by the equidistribution property

densK(G, a mod 8) = densK(G2, 1 mod 4)− 2 densK(G, 1 mod 8)

=
1

14
− 2 · 1

112
=

3

56
.
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For a = 4 we proceed similarly. By [10, Theorem 3] we have

DensK(G4, 2) =
4

7
,

and then, by Lemma 3.9, we obtain by the equidistribution property

densK(G, 4 mod 8) = densK(G4, 1 mod 2)− 2 densK(G2, 1 mod 4)

=
4

7
− 1

7
=

3

7
.

Finally for a = 0 we obtain the complementary density

densK(G, 0 mod 8) =
3

7
.

Example 3.25. Let K = Q(ζ12) and consider the group G = ⟨7, 11⟩ ⩽ Q(ζ12)
×. We compute the

density of primes densK(G, a mod 12) for a ∈ {1, 5, 7, 11}, which are all equal by Theorem 3.4 as
ζ12 ∈ K. By [40, Corollary 12] the density of primes p of K for which the order of (G mod p) is
coprime to 12 can be computed as in the previous examples:

DensK(G, 12) = DensK(G, 4) ·DensK(G, 3) =
1

364
.

Hence we obtain by the equidistribution

densK(G, a mod 12) =
1

1456
.

In the following two examples we also compute with SageMath [57] approximated densities to
support the validity of the equidistribution property of Corollary 3.3.

Example 3.26. Consider the group ⟨2⟩ ⩽ Q×. Focusing on the set of primes up to 106, we find with
SageMath the following approximated values for the density densQ(2, a mod d):

a mod d densQ(2, a mod d) primes up to 106

4 mod 16 1/6 ≈ 0.1667 0.1676
12 mod 16 1/6 ≈ 0.1667 0.1652

3 mod 9 1/8 = 0.125 0.1236
6 mod 9 1/8 = 0.125 0.1266

9 mod 27 1/24 ≈ 0.0417 0.0422
18 mod 27 1/24 ≈ 0.0417 0.0411

3 mod 27 1/24 ≈ 0.0417 0.0416
6 mod 27 1/24 ≈ 0.0417 0.0421
15 mod 27 1/24 ≈ 0.0417 0.0420
21 mod 27 1/24 ≈ 0.0417 0.0405

For instance, by Corollary 3.3, for 3 | a and d = 9 or d = 27 we have

densQ(2, a mod d) =
1

[Q(ζ3) : Q]
· densQ(ζ3)(2, a mod d) ,

and similarly for 4 | a and d = 16. Thus we can compute these densities by following the same
procedure as in the previous examples.
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Example 3.27. Let G = ⟨2, 3⟩ ⩽ Q×. We compute all the densities densQ(G, a mod d) using the
methods of the previous examples. Again we study the set of primes up to 106 and find with SageMath
the following approximated values for the considered densities:

a mod d densQ(G, a mod d) primes up to 106

4 mod 16 17/112 ≈ 0.1518 0.1522
12 mod 16 17/112 ≈ 0.1518 0.1508

3 mod 9 2/13 ≈ 0.1538 0.1538
6 mod 9 2/13 ≈ 0.1538 0.1540

9 mod 27 2/39 ≈ 0.0513 0.0513
18 mod 27 2/39 ≈ 0.0513 0.0513

3 mod 27 2/39 ≈ 0.0513 0.0518
6 mod 27 2/39 ≈ 0.0513 0.0512
15 mod 27 2/39 ≈ 0.0513 0.0513
21 mod 27 2/39 ≈ 0.0513 0.0507

Example 3.28. Let K = Q(ζ3)
×, and let G be a finitely generated and torsion-free subgroup of

Q(ζ3)
×. Consider the group G′ = G × ⟨ζ6⟩. We study the density of primes p of K such that

ordp(G
′) ≡ a mod 10, as considered in Section 3.4. For a = 1, 3, 5, 7, 9, we have dens′K(G, 6; a mod

10) = 0. For a = 4 we have

dens′K(G, 6; 4 mod 10)

= dens′K(G, 2; 24 mod 30) + dens′K(G, 2; 8 mod 10)− dens′K(G, 2; 18 mod 30)

= densK(G2, 12 mod 15) + densK(G2, 4 mod 5)− densK(G2, 9 mod 15) ,

and also

dens′K(G, 6; 4 mod 10) = dens′K(G2, 3; 2 mod 5)

= densK(G2, 12 mod 15) + densK(G2, 4 mod 5)− densK(G2, 9 mod 15) ,

where the difference in the two calculations consists only in whether we consider the prime 2 or
the prime 3 first for the method described in Section 3.4. For a = 2, 6, 8 we can make a similar
computation. Finally, for a = 0 we have

dens′K(G, 6; 0 mod 10) = densK(G, 0 mod 5) ,

as 2 always divides ordp(G′), and ordp(G
′) ≡ 0 mod 5 if and only if ordp(G) ≡ 0 mod 5.
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Chapter 4

On the distribution of the order and
index for the reductions of algebraic
numbers

Let K be a number field, and let α1, . . . , αr be algebraic numbers in K generating a subgroup of
rank r in K×. We investigate under GRH the number of primes p of K such that each of the orders
of (αi mod p) lies in a given arithmetic progression associated to αi. We also study the primes p
for which the index of (αi mod p) is a fixed integer or lies in a given set of integers for each i.
An additional condition on the Frobenius conjugacy class of p may be considered. Such results are
generalizations of a theorem of Ziegler from 2006, which concerns the case r = 1 of this problem,
and they are published in [55], except for Section 4.7 which contains some new results.

4.1 Main results and overview

Consider a number field K and finitely many algebraic numbers α1, . . . , αr ∈ K× which generate
a multiplicative subgroup of K× of positive rank r. Let p be a prime of K such that for each i the
reduction of αi modulo p is a well-defined element of k×p (where kp is the residue field at p). We study
the set of primes such that for each i the multiplicative order of (αi mod p) lies in a given arithmetic
progression.

More precisely, recalling the notation from Section 1.1, we will prove under GRH the existence
of the density of primes p satisfying ordp(αi) ≡ ai mod di for each i, where ai, di are some fixed
integers. In Theorem 4.1 we give an asymptotic formula for the number of such primes. We also study
the density of primes satisfying conditions on the index. Write indp(αi) for the index of the subgroup
generated by (αi mod p) in k×p . Notice that indp(αi) = (N p− 1)/ ordp(αi). We prove the existence
of the density of primes p such that indp(αi) = ti for each i, where the ti’s are positive integers, and
more generally such that indp(αi) lies in a given sequence of integers. Given a finite Galois extension
of K, a condition on the conjugacy class of Frobenius automorphisms of the primes lying above p
may also be introduced.

These results are generalizations of Ziegler’s work [59], which concerns the case of rank 1.
Moreover, in [43] the author and Perucca have generalized Ziegler’s results to study the set of primes
for which the order of the reduction of a finitely generated group of algebraic numbers lies in a given
arithmetic progression, and in [44] they have investigated properties of the density of this set (see
Chapter 3). Notice that problems of this kind have been studied in various papers by Chinen and
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Murata, and by Moree, see for instance [7, 29], and that they are related to Artin’s Conjecture on
primitive roots, see the survey [31] by Moree.

4.1.1 Notation

As mentioned above, we make use of the notation from Section 1.1. If S is a set of primes of K,
then S(x) is the number of elements of S having norm at most x. We write N = (n1, . . . , nr) and
T = (t1, . . . , tr) for r-dimensional multi-indices, by which we mean r-tuples of positive integers. We
thus write ∑

N

=
∑
n1⩾1

· · ·
∑
nr⩾1

for the multiple series on the indices ni, and similarly for T , as well as for finite multiple sums. We
denote by KN,T the compositum of the fields

K
(
ζniti , α

1/niti
i

)
for i ∈ {1, . . . , r}, namely

KN,T = K
(
ζ[n1t1,...,nrtr], α

1/n1t1
1 , . . . , α1/nrtr

r

)
,

and we similarly define FN,T , if F is a finite extension of K. Moreover, if F/K is Galois and p is
a prime of K which is unramified in F , then (p, F/K) denotes the conjugacy class of Gal(F/K)
consisting of Frobenius automorphisms associated to the primes of F lying above p.

4.1.2 Main results

The following results are conditional under (GRH), by which we mean the extended Riemann hypo-
thesis for the Dedekind zeta function of a number field, which allows us to use the effective Chebotarev
density theorem (see for instance [59, Theorem 2]).

In the following statements we tacitly exclude the finitely many primes p of K that appear in the
prime factorizations of the fractional ideals generated by the αi’s, and those that ramify in a given
finite Galois extension F of K.

Theorem 4.1. Let F/K be a finite Galois extension, and let C be a union of conjugacy classes of
Gal(F/K). For 1 ⩽ i ⩽ r, let ai and di ⩾ 2 be integers. Define the following set of primes of K:

P :=

{
p : ordp(αi) ≡ ai mod di ∀i,

(
p

F/K

)
⊆ C

}
.

Assuming (GRH), we have

P(x) =
x

log x

∑
T

∑
N

(
∏

i µ(ni))c(N,T )

[Fw,N,T : K]
+O

(
x

(log x)1+
1

r+1

)
, (4.1)

where w = w(T ) := [d1t1, . . . , drtr], and Fw,N,T denotes the compositum of the fields F (ζw) and
FN,T , namely

Fw,N,T = F
(
ζ[d1t1,...,drtr,n1t1,...,nrtr], α

1/n1t1
1 , . . . , α1/nrtr

r

)
,
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and

c(N,T ) =
∣∣∣{σ ∈ Gal(Fw,N,T /K) : ∀i σ(ζditi) = ζ1+aiti

diti
, σ|KN,T

= id, σ|F ∈ C
}∣∣∣ .

In particular, c(N,T ) is nonzero only if (1+ aiti, di) = 1 and (di, ni) | ai for all i ∈ {1, . . . , r}. The
constant implied by the O-term depends only on K, F , the αi’s and the di’s.

Taking F = K in Theorem 4.1 yields Theorem 1.2 in the Introduction.

Remark 4.2. The multiple series involved in the asymptotic formula (4.1) converges. This statement
is a consequence of the results of Section 4.2: more precisely, the convergence follows by Proposition
4.9 and Theorem 4.5, and we prove this property in Corollary 4.12. Notice that the same remark
applies to the series in the formulas (4.3) and (4.5) below (see also Corollary 4.11).

Theorem 4.3. Let F/K be a finite Galois extension, and let C be a union of conjugacy classes of
Gal(F/K). Let T = (t1, . . . , tr) be an r-tuple of positive integers. Define the following set of primes
of K:

R :=

{
p : indp(αi) = ti ∀i,

(
p

F/K

)
⊆ C

}
. (4.2)

Assuming (GRH), and supposing that x ⩾ t3i for all i, we have

R(x) =
x

log x

∑
N

(
∏

i µ(ni))c
′(N,T )

[FN,T : K]
+O

(
x

log2 x
+

r∑
i=1

x log log x

φ(ti) log
2 x

)
, (4.3)

where
c′(N,T ) =

∣∣{σ ∈ Gal(FN,T /K) : σ|KN,T
= id, σ|F ∈ C

}∣∣ . (4.4)

The constant implied by the O-term depends only on K,F and the αi’s.

Notice that applying Theorem 4.3 with ti = 1 for all i and F = K (which gives c′(N,T ) = 1 for
all N ) yields a multidimensional variant of Artin’s Conjecture on primitive roots over number fields.
This is stated in Theorem 1.3 and developed further in Proposition 4.21.

Moreover, in Theorem 4.22, for F = K, we reduce the natural density in (4.3) to a closed formula
consisting of a rational multiple of a constant depending only on r.

Theorem 4.4. Let F/K be a finite Galois extension, and let C be a union of conjugacy classes of
Gal(F/K). For 1 ⩽ i ⩽ r, let Si be some nonempty sets of positive integers. Define the following set
of primes of K:

S :=

{
p : indp(αi) ∈ Si ∀i,

(
p

F/K

)
⊆ C

}
.

Assuming (GRH), we have

S(x) = x

log x

∑
T

ti∈Si

∑
N

(
∏

i µ(ni))c
′(N,T )

[FN,T : K]
+O

(
x

(log x)1+
1

r+1

)
, (4.5)

where
c′(N,T ) =

∣∣{σ ∈ Gal(FN,T /K) : σ|KN,T
= id, σ|F ∈ C

}∣∣ .
The constant implied by the O-term depends only on K, F and the αi’s.
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In particular, we may choose Si to be the set of positive integers lying in an arithmetic progression,
say for instance {k ⩾ 1 : k ≡ ai mod di}, with ai and di ⩾ 2 integers. A small generalization of
Theorem 4.4 is provided by Corollary 4.24.

Notice that if we take r = 1 in Theorems 4.1 and 4.3, then we obtain the same formulas as in [59,
Theorem 1, Proposition 1], respectively.

4.1.3 Overview

In order to generalize Ziegler’s proofs [59] to obtain Theorems 4.1, 4.3 and 4.4, some crucial results
are needed. The first one is Theorem 4.5 which is an estimate for a multiple series involving Euler’s
totient function φ. Section 4.2 is devoted to the proof of this theorem. The other two results concern
Kummer extensions of number fields and are proven in Section 4.3. More precisely, Proposition 4.9
states that the failure of maximality of their degree is bounded in a strong way, whereas Proposition
4.13 gives an estimate for their discriminant. All these results will be used to deal with the asymptotics
of the sets of primes considered in Section 4.1.2.

In Section 4.4 we prove Theorem 4.3, and then we use this result in Section 4.5 to set more
general conditions on the index and achieve Theorem 4.4. In Section 4.6 we prove Theorem 4.1 by
transforming the conditions on the order into conditions on the index and on the Frobenius conjugacy
class with respect to certain finite Galois extensions, thus allowing us to apply the previous results.

Finally, in Section 4.7 we consider the multidimensional variation of Artin’s conjecture obtained
thanks to Theorem 4.3 and, making use of the results of Chapter 2, we reduce the corresponding
natural density to a rational multiple of a certain constant.

4.2 On Euler’s totient function

In this section we estimate some expressions involving Euler’s totient function. We keep the notation
introduced in Section 4.1.1. In particular, we write N = (n1, . . . , nr) for a multi-index (whose
components are positive integers). Also we denote by τ(n) the number of positive divisors of n.

Recall the following well-known estimates:

τ(n) = O (nε) ∀ε > 0 , (4.6)

(see [25, Formula (2.20)]);
n

φ(n)
= O (nε) ∀ε > 0 , (4.7)

which follows by noticing that for each prime p there is a constant cε > 0 such that (1−1/p) ⩾ cε/p
ε,

and we may take cε = 1 for all p sufficiently large (with respect to ε);∑
n⩽x

n

φ(n)
= O (x) , (4.8)

(see for instance [25, Formula (2.32)]).
Our goal is to prove a multidimensional variant of the estimate

∑
n>x

1
φ(n)n = O

(
1
x

)
(see for

instance [59, Lemma 7]), namely

Theorem 4.5 (Pollack). We have∑
N

n1>x

1

φ([n1, n2, . . . , nr])n1n2 · · ·nr
= O

(
1

x

)
. (4.9)
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Lemma 4.6. Let z be a positive integer, then for every ε > 0 we have∑
n⩽x

(n, z) · n

φ(n)
= O (xzε) .

Proof. We have ∑
n⩽x

(n, z) · n

φ(n)
=
∑
d|z

∑
n⩽x

(n,z)=d

d · n

φ(n)

⩽
∑
d|z

d ·
∑

m⩽x/d

md

φ(md)
⩽
∑
d|z

d2

φ(d)

∑
m⩽x/d

m

φ(m)
.

Then the formula (4.8) yields

∑
n⩽x

(n, z) · n

φ(n)
= O

(
x
∑
d|z

d

φ(d)

)
.

We may then conclude by using (4.6) and (4.7) with ε/2 to get

∑
d|z

d

φ(d)
= O

(
τ(z) ·max

d|z

d

φ(d)

)
= O (zε) .

Lemma 4.7. We have ∑
N

n1⩽x

n1

φ([n1, . . . , nr])n2 · · ·nr
= O (x) .

Proof. We may assume r ⩾ 2, the case r = 1 being just (4.8). We will make use of the formula
φ(n) = n

∏
p|n(1 − 1/p), where p denotes a prime number. The main term of the considered series

can thus be written as
n1

[n1, . . . , nr]n2 · · ·nr

∏
p|[n1,...,nr]

(
1− 1

p

)−1

.

Then, in view of the identity [n1, . . . , nr] · (n1, [n2, . . . , nr]) = n1[n2, . . . , nr], we can bound our
series from above by

∑
N

n1⩽x

(n1, [n2, . . . , nr])

[n2, . . . , nr]n2 · · ·nr

r∏
i=1

∏
p|ni

(
1− 1

p

)−1

=
∑

n2,...,nr⩾1

1

[n2, . . . , nr]n2 · · ·nr

r∏
i=2

ni

φ(ni)
·
∑
n1⩽x

(n1, [n2, . . . , nr])
n1

φ(n1)
.

Taking n = n1, z = [n2, . . . , nr] and ε = 1/2, Lemma 4.6 says that the inner sum is estimated by
O
(
x[n2, . . . , nr]

1/2
)
. Applying the obvious inequalities

[n2, . . . , nr] ⩾ (n2 · · ·nr)
1/(r−1) ⩾ (n2 · · ·nr)

1/r ,
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we can then estimate the series by

O

x
∑

n2,...,nr⩾1

1

(n2 · · ·nr)1+1/2r
·

r∏
i=2

ni

φ(ni)


= O

x
∑

n2,...,nr⩾1

1

(n2 · · ·nr)1+1/4r


= O

(
x

(
ζ
(
1 +

1

4r

))r−1
)

= O (x) ,

where in the first equality we used the estimates ni
φ(ni)

= O(n
1/4r
i ) in view of (4.7), and for the last

equality we used the fact that the Riemann zeta function ζ is convergent at (1 + 1/4r).

We are now ready to prove Theorem 4.5.

Proof of Theorem 4.5. We may assume r ⩾ 2. We decompose the series considered in (4.9) into the
sums over n1 lying in dyadic intervals, i.e. we express it as

∑
j⩾0

∑
N

2jx<n1⩽2j+1x

1

φ([n1, . . . , nr])n1 · · ·nr
. (4.10)

We now estimate each inner series on the multi-indices N in (4.10). For j ⩾ 0, each of them equals

∑
2jx<n1⩽2j+1x

1

n2
1

∑
n2,...,nr⩾1

n1

φ([n1, . . . , nr])n2 · · ·nr

⩽
1

(2jx)2
·
∑
N

n1⩽2j+1x

n1

φ([n1, . . . , nr])n2 · · ·nr

= O

(
1

(2jx)2
· 2j+1x

)
= O

(
1

2jx

)
,

where the estimate is due to Lemma 4.7. Finally, we conclude by summing the obtained error terms
over j, so that (4.10) equals O (1/x).

The following result is an immediate consequence of Theorem 4.5.

Corollary 4.8. Let x1, . . . , xr ⩾ 1. Then we have

∑
N

ni>xi

1

φ([n1, n2, . . . , nr])n1n2 · · ·nr
= O

(
1

maxi(xi)

)
.

Proof. Up to swapping the variables, we may suppose that x1 = maxi(xi) and apply Theorem 4.5.
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4.3 Preliminaries from Kummer theory

Let K be a number field, and let α1, . . . , αr be algebraic numbers which generate a multiplicative
subgroup G of K× of positive rank r. Notice that G is torsion-free. In this section we prove some
results about cyclotomic-Kummer extensions of K of the type K(ζn, α

1/t1
1 , . . . , α

1/tr
r ) with ti | n for

all i.

4.3.1 Bounded failure of maximality for Kummer degrees

In [43, Theorem 3.1] Perucca and the author showed, with a direct proof, that the failure of maximality
of Kummer degrees of the type [K(ζm, G1/n) : K(ζm)], with n | m, is bounded in a strong way. The
following result is a further generalization and a consequence of this fact.

Proposition 4.9. There exists an integer B ⩾ 1, which depends only on K and the αi’s, such that for
all positive integers n, t1, . . . , tr, where n is a common multiple of the ti’s, we have∏r

i=1 ti[
K
(
ζn, α

1/t1
1 , . . . , α

1/tr
r

)
: K(ζn)

] | B . (4.11)

Proof. Let n, t1, . . . , tr be arbitrary with t := [t1, . . . , tr] | n. Then by [43, Theorem 3.1] there is
B ⩾ 1 (depending only on K and the αi’s) such that

tr[
K
(
ζn, α

1/t
1 , . . . , α

1/t
r

)
: K(ζn)

] | B . (4.12)

We show that this bound B satisfies also (4.11). We have

K
(
ζn, α

1/t1
1 , . . . , α1/tr

r

)
⊆ K

(
ζn, α

1/t
1 , . . . , α1/t

r

)
and the degree of this extension divides tr/

∏
i ti as α

1/t
i = (α

1/ti
i )ti/t (up to a t-th root of unity)

for every i. We deduce that the ratio in (4.11) is a divisor of the ratio in (4.12), and hence it divides
B.

Proposition 4.9 is also a consequence of Theorem 2.2 ([47, Theorem 5.4]), which provides a
stronger statement. The bound B considered in the proof is not optimal in general, but it is suitable
for our purposes. It can be computed thanks to the results of Chapter 2 or [43, 47].

Corollary 4.10. For all positive integers n, t1, . . . , tr, where n is a common multiple of the ti’s, we
have [

K
(
ζn, α

1/t1
1 , . . . , α1/tr

r

)
: K
]
⩾

φ(n)
∏

i ti
[K : Q]B

,

where B ⩾ 1 is the integer from Proposition 4.9 associated to K and the αi’s.

Proof. By (4.11) the degree of the considered Kummer extension over K(ζn) is at least
∏

i ti/B,
whereas it is easy to see that [K(ζn) : K] ⩾ φ(n)/[K : Q].

Recall the notation for the fields KN,T and Kw,N,T from Section 4.1.1 and Theorem 4.1, where
N,T are r-tuples of positive integers and w = w(T ) := [d1t1, . . . , drtr] for some positive integers
d1, . . . , dr.
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Corollary 4.11. Fix an r-tuple T . The series
∑

N
1

[KN,T :K] converges.

In particular, the series of this type, which we will consider in the later sections, converge abso-
lutely and

∑
N =

∑
n1⩾1 · · ·

∑
nr⩾1 can be interpreted as the series over the multi-indices N .

Proof. By Corollary 4.10 we can bound

1

[KN,T : K]
⩽

[K : Q]B

φ([n1, . . . , nr])n1 · · ·nr
.

Then the convergence follows by Theorem 4.5.

Corollary 4.12. The series
∑

T

∑
N

1
[Kw,N,T :K] converges.

In particular, the series of this type, which we will consider in the later sections, converge abso-
lutely and

∑
T

∑
N =

∑
t1⩾1 · · ·

∑
tr⩾1

∑
n1⩾1 · · ·

∑
nr⩾1 can be interpreted as the series over the

multi-indices T and N .

Proof. Since the degree [KN,T : K] divides [Kw,N,T : K] and [n1t1, . . . , nrtr] is divisible by
[n1, t1, . . . , nr, tr], applying Corollary 4.10 we can bound

1

[Kw,N,T : K]
⩽

1

[KN,T : K]
⩽

[K : Q]B

φ([n1, t1, . . . , nr, tr])n1t1 · · ·nrtr
.

The convergence follows again by Theorem 4.5.

4.3.2 Estimates for the discriminant

In the following we prove an estimate for the discriminant of a cyclotomic-Kummer extension of the
type K(ζn, α

1/t1
1 , . . . , α

1/tr
r ). In fact, we give a variant of [43, Theorem 4.2].

We write OK for the ring of integers of K. If L/K is a finite extension of number fields, we
denote by NL/K the relative norm for fractional ideals of L, by dL/K the relative discriminant, and
by dK the absolute discriminant of K. We will make use of the following relation for the relative
discriminants of a tower of number fields K ′′/K ′/K (see for instance [34, Ch. III, Corollary 2.10]):

dK′′/K = NK′/K(dK′′/K′) · d[K
′′:K′]

K′/K . (4.13)

Proposition 4.13. Let K be a number field, and let γ1, . . . , γr ∈ K× be algebraic numbers which
are not roots of unity. Let t1, . . . , tr be positive integers and let n be a common multiple of the ti’s.
Setting F := K(ζn, γ

1/t1
1 , . . . , γ

1/tr
r ), we have

log |dF |
φ(n)

∏
i ti

⩽ [K : Q] · log
(
n
∏
i

ti

)
+O(1) .

For 1 ⩽ i ⩽ r, write γi = αi/βi with αi, βi ∈ OK . Then the constant implied by the O-term can be
taken to be

log |dK |+ 2
r∑

i=1

log
∣∣NK/Q(αiβi)

∣∣ .
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Proof. Set t :=
∏r

i=1 ti, and for 1 ⩽ i ⩽ r, write Li for the extension of K generated by some fixed
root ti

√
γi. We first estimate the relative discriminant dF/K . The field F is the compositum of K(ζn)

and the fields Li, so that in view of [43, Lemma 4.1(3)] and the inequalities [F : K(ζn)] ⩽ t and
[F : Li] ⩽ φ(n)t/ti for all i, we have

dF/K | (dK(ζn)/K)t ·
r∏

i=1

(dLi/K)φ(n)t/ti . (4.14)

As for the relative discriminants of the extensions K(ζn)/K and Li/K we have the following estim-
ates:

dK(ζn)/K | nφ(n)OK and dLi/K | (αiβi)
2tittii OK ,

(see the proof of [43, Theorem 4.2], formulas (4.5) and (4.6), respectively). Combining these two
divisibilities with (4.14) we obtain

dF/K |

(
nφ(n)t ·

r∏
i=1

(
(αiβi)

2tittii

)φ(n)t/ti)
OK =

(
(nt)φ(n)t ·A2φ(n)t

)
OK , (4.15)

where we set A :=
∏r

i=1 αiβi. In view of the identity (4.13), we have the following formula for the
absolute discriminant of F :

|dF | =
∣∣NK/Q(dF/K)

∣∣ |dK |[F :K] ,

where |I| denotes the nonnegative generator of the Z-ideal I . Hence, using (4.15) we can bound
log |dF | from above with the sum of the following terms

log
∣∣NK/Q((nt)

φ(n)tOK)
∣∣ = φ(n)t · [K : Q] · log(nt)

log
∣∣NK/Q(A

2φ(n)tOK)
∣∣ = φ(n)t · 2 log

∣∣NK/Q(A)
∣∣

log |dK |[F :K] ⩽ φ(n)t · log |dK | .

We deduce
log |dF |
φ(n)t

⩽ [K : Q] log(nt) + log |dK |+ 2 log
∣∣NK/Q(A)

∣∣ .
4.4 The asymptotic formula for the index

The aim of this section is proving Theorem 4.3 with the method of [59, Section 3]. We keep the
notation of the introduction and, in particular, of Theorem 4.3. Recall that N = (n1, . . . , nr) and
T = (t1, . . . , tr) are multi-indices (whose components are positive integers).

Notice that throughout Sections 4.4-4.6 we may assume r ⩾ 2, as the case r = 1 was proven in
[59]. Yet all our arguments also work for r = 1. Moreover, from now on we say that a prime p of K
is of degree 1 if it has ramification index and residue class degree over Q equal to 1. When necessary,
thanks to [59, Lemma 1] we will estimate the number of primes of K which are not of degree 1 by
the error term O (

√
x/ log x).

Remark 4.14. The defining conditions of the set R (see (4.2)), namely indp(αi) = ti, are equivalent
to: ti | indp(αi) and qti ∤ indp(αi) for every prime q. With finitely many applications of the inclusion-
exclusion principle, we get:

R(x) =
∑
N

( r∏
i=1

µ(ni)

)
·
∣∣∣∣{p : N p ⩽ x, ∀i niti | indp(αi),

(
p

F/K

)
⊆ C

}∣∣∣∣ .
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If p is of degree 1, then by [59, Lemma 2] the condition niti | indp(αi) holds if and only if p splits
completely in K(ζniti , α

1/niti
i ). Moreover, p splits completely in each of these fields, for 1 ⩽ i ⩽ r,

if and only if it splits completely in their compositum. Hence we can write R(x) as

∑
N

( r∏
i=1

µ(ni)

)
·
∣∣∣∣{p : N p ⩽ x,

(
p

KN,T /K

)
= id,

(
p

F/K

)
⊆ C

}∣∣∣∣+O

( √
x

log x

)
.

For real numbers ξ, η ⩾ 1, fix an r-tuple T and define the sets

Mξ :=

{
p : ∀i ti | indp(αi) and tiq ∤ indp(αi)∀q < ξ prime,

(
p

F/K

)
⊆ C

}
,

Mξ,η :=

{
p : tiq | indp(αi) for some i and some ξ ⩽ q < η prime,

(
p

F/K

)
⊆ C

}
(where we tacitly exclude the finitely many primes p of K appearing in the factorization of the αi’s
or ramifying in F ).

Since for p with N p ⩽ x we have indp(αi) | N p− 1 < ⌊x⌋, it is clear that we have

R(x) = M⌊x⌋(x) .

Setting ξ := 1
6r log x and η := ⌊x⌋, we have Mη(x) ⩽ Mξ(x). On the other hand, Mη(x) can be

obtained by subtracting from Mξ(x) the number of those primes p satisfying tiq ∤ indp(αi) for all i
and for all prime numbers q < ξ but with tiq | indp(αi) for some i and some prime ξ ⩽ q < η, so that

Mη(x) ⩾ Mξ(x)−Mξ,η(x) .

Therefore we get
R(x) = Mξ(x) +O

(
Mξ,η(x)

)
. (4.16)

First we estimate the main term Mξ(x).

Lemma 4.15. Assume (GRH). Let x ⩾ t3i for all i. Then we have

Mξ(x) =
x

log x

∑
N

(
∏

i µ(ni))c
′(N,T )

[FN,T : K]
+O

(
x

log2 x

)
,

where c′(N,T ) is defined in (4.4).

Notice that by definition, the coefficients c′(N,T ) are bounded by the size of C and hence by
[F : K], independently of N,T .

Proof. Denote by E the set of the positive squarefree integers which can be written as a product of
primes q with q < ξ. Applying the inclusion-exclusion principle as in Remark 4.14 yields

Mξ(x) =
∑
N

ni∈E

( r∏
i=1

µ(ni)

)
·
∣∣∣∣{p : N p ⩽ x,

(
p

FN,T /K

)
⊆ CN,T

}∣∣∣∣+O

( √
x

log x

)
,

where CN,T is defined by

CN,T =
{
σ ∈ Gal(FN,T /K) : σ|KN,T

= id, σ|F ∈ C
}
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and has size c′(N,T ) (see (4.4)).
Since we are assuming (GRH), by the effective Chebotarev density theorem (see for instance [59,

Theorem 2]) the number of primes p of K which are unramified in FN,T and such that N p ⩽ x and the
Frobenius conjugacy class of p is contained in CN,T is given by (recalling that c′(N,T ) ⩽ [F : K])

Li(x)
c′(N,T )

[FN,T : K]
+O

(√
x log

(
x[FN,T :Q] ·

∣∣dFN,T

∣∣)
[FN,T : K]

)
,

where dFN,T
is the absolute discriminant of FN,T . Then we write Mξ(x) as the multiple sum

Li(x)
∑
N

ni∈E

(
∏

i µ(ni))c
′(N,T )

[FN,T : K]
+O

( ∑
N

ni∈E

√
x log

(
x[FN,T :Q] ·

∣∣dFN,T

∣∣)
[FN,T : K]

)
. (4.17)

We can decompose the O-term in two parts, the first one being

O

(
√
x log x ·

∑
N

ni∈E

1

)
= O

(√
x log x |E|r

)
= O

(
x2/3 log x

)
,

as we have |E| ⩽ 2π(ξ) ⩽ eξ = x1/6r, where π is the prime counting function. In particular, this
shows that the error term in (4.17) includes O (

√
x/ log x).

As for the second part of the O-term, applying Corollary 4.10 first and then Proposition 4.13, we
obtain

O

√
x
∑
N

ni∈E

log
∣∣dFN,T

∣∣
φ([n1t1, . . . , nrtr])n1t1 · · ·nrtr



= O

√
x
∑
N

ni∈E

(
log([n1t1, . . . , nrtr]n1t1 · · ·nrtr) +O (1)

)

= O

√
x · 2

∑
N

ni∈E

( r∑
j=1

log nj

)
+
√
x · 2

∑
N

ni∈E

( r∑
j=1

log tj

)
= O

(
√
x |E|r−1 ·

∑
k∈E

log k

)
+O

(√
x |E|r · log

(
max

i
(ti)
))

.

By assumption we have log ti = O (log x) for all i, whereas since the largest integer in E is
∏

q<ξ q,
where q runs through rational primes, we have∑

k∈E
log k ⩽ |E| ·

∑
q<ξ

log q ⩽ |E| · ξ ⩽ x1/6r log x,

where the second inequality follows by [12, Theorem 415], and the last one by recalling that |E| ⩽
x1/6r and ξ ⩽ log x. Thus, making use of these estimates, also these error terms are reduced to
O
(
x2/3 log x

)
.
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We now focus on the main term of (4.17) and we will estimate the tail of the series as∣∣∣∣∣ ∑
N

ni /∈E for some i

∏
i µ(ni)c

′(N,T )

[FN,T : K]

∣∣∣∣∣ ⩽ ∑
N

ni /∈E′ for some i

c′(N,T )

[FN,T : K]
,

where E′ is the set of all positive integers whose prime factors q satisfy q < ξ. Then we bound the
latter series of nonnegative terms by( ∑

N
n1 /∈E′

+ . . .+
∑
N

nr ̸∈E′

)
c′(N,T )

[FN,T : K]
⩽

( ∑
N

n1⩾ξ

+ . . .+
∑
N

nr⩾ξ

)
c′(N,T )

[FN,T : K]
.

Since c′(N,T ) ⩽ [F : K], applying Corollary 4.10 and Theorem 4.5, we can estimate each series by
O (1/ξ) = O (1/ log x). Using that Li(x) = O (x/ log x) and summing up all the errors, we obtain
O(x/ log2 x). Finally, because of the formula Li(x) = x/ log x+O(x/ log2 x), we can replace Li(x)
with x/ log x in the main term of Mξ(x) as the multiple series converges by Corollary 4.11.

Let us now focus on the error term of (4.16).

Lemma 4.16. Assume (GRH). Let x ⩾ t3i for all i. Then we have

Mξ,η(x) = O

(
x

log2 x

)
+O

(
x log log x

log2 x

r∑
i=1

1

φ(ti)

)
.

Proof. We can bound Mξ,η(x) by

r∑
i=1

∣∣∣∣{p : N p ⩽ x, tiq | indp(αi) for some prime ξ ⩽ q < η,

(
p

F/K

)
⊆ C

}∣∣∣∣ ,
and we can conclude directly because each of these terms can be bounded by the sum of three errors
(see [59, page 73]) which are estimated in [59, Lemmas 9, 10, 11]. Notice that our different value for
ξ does not change the proof of [59, Lemma 11], whereas [59, Lemmas 9, 10] do not depend on ξ.

Moreover, it is straightforward to see that these lemmas hold also for algebraic numbers (see also
[43, Proof of Proposition 5.1]). In fact, in [59, Proof of Lemma 9], if α = β/γ with β, γ ∈ OK ,
then the congruence α(N p−1)/tq ≡ 1 mod p yields the inclusion of integral ideals p ⊇ (β(N p−1)/tq −
γ(N p−1)/tq), and then proceeding with the original proof we set A to be the maximum of {1} ∪
{|σ(β)| , |σ(γ)| : σ ∈ Gal(K/Q)}.

Proof of Theorem 4.3. The statement follows by invoking formula (4.16) and applying Lemmas 4.15
and 4.16.

4.5 Putting conditions on the index

In this section we prove Theorem 4.4, keeping the notation of the introduction. The following result
is a variant of [59, Lemma 13].
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Lemma 4.17. Assume (GRH). Let γ be a nonzero algebraic number of K which is not a root of unity.
Let 0 < ρ < 1. We have that

|{p : N p ⩽ x, indp(γ) > (log x)ρ}| = O

(
x

(log x)1+ρ

)
+O

(
x

(log x)2−ρ

)
.

Notice that we are discarding the finitely many primes p of K appearing in the factorization of γ.

Proof. We only point out the modification with respect to the proof of [59, Lemma 13] (where ρ =
1/2). Let y := ⌊(log x)ρ⌋. Following the original proof, the error terms that we obtain are:

O

(
xy

log2 x

)
= O

(
x

(log x)2−ρ

)

O

(
x

y log x

)
= O

(
x

(log x)1+ρ

)
.

Notice that O (
√
x/ log x) is included in these error terms.

Proof of Theorem 4.4. We take 0 < ρ ⩽ 1/2, so that the set considered in the previous Lemma
has size O(x/(log x)1+ρ). Write y := (log x)ρ, and write RT for the set R in (4.2) to make the
dependence on the r-tuple T explicit. Then we can partition the set S as the disjoint union of all sets
RT with ti ∈ Si for all i. We have∑

T
ti∈Si

RT (x)−
∑
T

ti⩽y, ti∈Si

RT (x) ⩽
∑
T

t1>y

RT (x) + . . .+
∑
T

tr>y

RT (x) . (4.18)

Applying Lemma 4.17, each multiple series on the right-hand side can be bounded by

|{p : N p ⩽ x, indp(αi) > y}| = O

(
x

(log x)1+ρ

)
,

respectively. This yields the formula

S(x) =
∑
T

ti⩽y, ti∈Si

RT (x) +O

(
x

(log x)1+ρ

)
. (4.19)

We now replace the asymptotic (4.3) for the functions RT (x) in (4.19), as x > y3. Let us first
focus on the main term that we obtain, namely

x

log x

∑
T

ti⩽y, ti∈Si

∑
N

(
∏

i µ(ni))c
′(N,T )

[FN,T : K]
. (4.20)

Call DT the (inner) multiple series on the multi-indices N appearing in (4.20) and notice that DT ⩾ 0.
Similarly to (4.18), we have∑

T
ti∈Si

DT −
∑
T

ti⩽y, ti∈Si

DT ⩽
∑
T

t1>y

DT + . . .+
∑
T

tr>y

DT . (4.21)
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Since [n1t1, . . . , trnr] is a multiple of [t1, n1, . . . , tr, nr], applying Corollary 4.10 we have

1

[FN,T : F ]
⩽

B[F : Q]

φ([t1, n1, . . . , tr, nr])t1n1 · · · trnr
,

and hence by Theorem 4.5 each series on the right-hand side of (4.21), multiplied by x/ log x, has
size (recalling c′(N,T ) ⩽ [F : K])

O

(
x

y log x

)
= O

(
x

(log x)1+ρ

)
.

Next we study the error terms that we obtain when replacing RT (x) in (4.19). The first part of the
O-term of (4.3) gives

O

(
xyr

log2 x

)
= O

(
x

(log x)2−ρr

)
,

where we suppose that ρ satisfies 2− ρr > 1. Recall the formula
∑

k<y 1/φ(k) = O (log y) (see for
instance [59, Lemma 8]). Then, for each j ∈ {1, . . . , r}, the second part of the O-term of (4.3) yields
the sum of errors

O

(
x log log x

log2 x

∑
T

ti⩽y

1

φ(tj)

)
= O

(
x log log x

log2 x
· yr−1 log y

)

= O

(
x(log log x)2

(log x)2−ρ(r−1)

)
= O

(
x

(log x)a
(log log x)2

(log x)b

)
where we take a, b > 0 such that a + b = 2 − ρ(r − 1). Note that b can be chosen arbitrarily small,
because (log log x)2/(log x)b tends to zero as x → ∞ for any b > 0. Therefore, for j ∈ {1, . . . , r},
this error term becomes O(x/(log x)a) for some 0 < a < 2 − ρ(r − 1) and thus can be included in
O(x/(log x)2−ρr).

It remains to choose a suitable value for ρ. In the O-terms we have the exponents 1+ρ and 2−ρr.
A possible choice is ρ = 1/(r + 1), yielding the error term

O

(
x

(log x)1+
1

r+1

)
.

This concludes the proof.

4.6 The asymptotic formula for the order

In this section we obtain an asymptotic formula for the function P(x) of Theorem 4.1 by expressing
it as a sum of functions of the type R(x). Let us keep the notation of the introduction.

Let p ∈ P be of degree 1, and call p the rational prime below p. Because of the identity ordp(αi) ·
indp(αi) = N p − 1, the condition ordp(αi) ≡ ai mod di is equivalent to indp(αi) = ti and p ≡
1 + aiti mod diti. We define the sets of primes of K satisfying these conditions by setting

VT :=

{
p : ∀i indp(αi) = ti, p ≡ 1 + aiti mod diti,

(
p

F/K

)
⊆ C

}
.
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Notice that the sets VT give a partition of P as the multi-index T varies, up to discarding the primes
which are not of degree 1. Thus we have

P(x) =
∑
T

VT (x) +O

( √
x

log x

)
. (4.22)

Given T such that 1 + aiti and di are not coprime for some i, the set VT contains at most [K : Q]
primes, as in this case a prime p ∈ VT must lie above a fixed prime divisor of di. There are finitely
many primes p lying in some VT with 1 + aiti and di not coprime for some i (at most [K : Q] primes
p for each rational prime p dividing one of the integers di), and since the sets VT are disjoint, they are
counted only once. Therefore, we may restrict the multiple series in (4.22) to the multi-indices T with
(1 + aiti, di) = 1 for every i.

Recall the notation w = w(T ) := [d1t1, . . . , drtr].

Lemma 4.18. Fix T such that (1 + aiti, di) = 1 for all i. Then the set VT can be written as

VT =

{
p : indp(αi) = ti ∀i,

(
p

F (ζw)/K

)
⊆ Cw

}
,

where
Cw :=

{
σ ∈ Gal(F (ζw)/K) : ∀i σ(ζditi) = ζ1+aiti

diti
, σ|F ∈ C

}
.

Moreover, assuming (GRH) and letting x ⩾ t3i for all i, the function VT (x) satisfies

VT (x) =
x

log x

∑
N

(
∏

i µ(ni))c(N,T )

[Fw,N,T : K]
+O

(
x

log2 x
+

r∑
i=1

x log log x

φ(ti) log
2 x

)
, (4.23)

where Fw,N,T and c(N,T ) are as in Theorem 4.1. Moreover, c(N,T ) > 0 holds only if we have
(di, ni) | ai for all i. The constant implied by the O-term depends only on K, F , the αi’s and the di’s.

Proof. We keep the notation and the assumptions described above. Since 1 + aiti and di are coprime
for all i, if p ∈ VT and N p = p, then p ∤ diti for all i and we have the equivalence

p ≡ 1 + aiti mod diti ⇐⇒
(

p
Q(ζditi)/Q

)
satisfies ζditi 7→ ζ1+aiti

diti
. (4.24)

The first part of the statement is now clear, because the condition on the right of (4.24) holds for all i
if and only if (p,K(ζw)/K) acts as the exponentiation by 1 + aiti on ζditi for all i.

In order to get an asymptotic formula for VT (x), it is sufficient to apply Theorem 4.3 to the field
extension F (ζw)/K and Cw. Notice that in this application of Theorem 4.3 the number c′(N,T )
coincides with the number c(N,T ) of Theorem 4.1. Moreover, the coefficient c(N,T ) is zero if
(di, ni) ∤ ai for some i because if an automorphism σ is counted, then it must act on ζ(di,ni)ti as the
identity and as the exponentiation by 1 + aiti.

As for the constant implied by the O-term, one can check easily that applying Theorem 4.3 to
F (ζw)/K and Cw preserves its independence from the parameters ti (except for the factors φ(ti),
which are already explicit). Indeed, in the proof of Lemma 4.15 it is sufficient to take into account the
bound c(N,T ) ⩽ [F : K], and to see Fw,N,T as a cyclotomic-Kummer extension of F when applying
Proposition 4.13.

We are now ready to prove Theorem 4.1.
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Proof of Theorem 4.1. Let VT be as above. We follow the proof of Theorem 4.4 closely. Take 0 <
ρ ⩽ 1/2 and set y := (log x)ρ. Consider formula (4.22). We estimate the tail of the function P(x)
in the same way as we did for the function S(x), i.e. similarly as in (4.18) and then applying Lemma
4.17 (we may take Si to be the set of all positive integers for all i). We obtain

P(x) =
∑
T

ti⩽y

VT (x) +O

(
x

(log x)1+ρ

)
, (4.25)

where we may restrict the indices ti to those satisfying (1 + aiti, di) = 1 for all i. Notice that
O (

√
x/ log x) is also included in the error term.

We choose ρ = 1/(r + 1). As x > y3, by Lemma 4.18 we may replace in (4.25) VT (x) by the
asymptotic (4.23). Let us first focus on the main term, namely

x

log x

∑
T

ti⩽y

∑
N

(
∏

i µ(ni))c(N,T )

[Fw,N,T : K]
,

where we may restrict the indices ni to those with (di, ni) | ai. We deal with the multiple sum on
the multi-indices T as we did in (4.21) (where the condition ti ∈ Si trivially holds). Since the degree
[Fw,N,T : K] is a multiple of [FN,T : K], we can then proceed as in the proof of Theorem 4.4, i.e. by
applying Theorem 4.5 (recalling that c(N,T ) ⩽ [F : K]). Finally, we control the error terms directly
as we did for S(x).

Notice that in the case r = 1, our choice for ρ yields the same error obtained by Ziegler in [59,
Theorem 1].

Remark 4.19. For N,T fixed, we could say more about the necessary conditions for the coefficient
c(N,T ) to be nonzero. Suppose it counts at least one element σ ∈ Gal(Fw,N,T /K). Then for
each i, σ must act as the exponentiation by 1 + aiti on the root of unity ζditi , so that the system
of congruences y ≡ aiti mod diti must be solvable. This is the case if and only if we have aiti ≡
ajtj mod (diti, djtj) for every i, j, and the solution y will be unique modulo w. This integer y =

y(T ) would be such that [t1, . . . , tr] | y and σ(ζw) = ζ1+y
w .

Suppose that the above-mentioned system has a solution y. Then the element τ ∈ Gal(Q(ζw)/Q)
such that τ(ζw) = ζ1+y

w must be the identity on Q(ζw)∩KN,T . This implies that τ fixes ζ(w,v) where
v = v(N,T ) := [n1t1, . . . , nrtr], so that we must have (w, v) | y. This condition implies for instance
that (diti, njtj) | aiti for every i, j ∈ {1, . . . , r} (because y ≡ aiti mod diti).

Remark 4.20. Let K be a number field, and let G1, . . . , Gr be finitely generated subgroups of K×

of finite positive rank s1, . . . , sr, respectively, which generate a torsion-free subgroup of K× of rank∑
i si. For a prime p of K, let ordp(Gi) be the order of the reduction of Gi modulo p, when this is

well-defined. In Theorem 4.1, one could instead study the set of primes p of K satisfying ordp(Gi) ≡
ai mod di for all i (and possibly an additional condition on the Frobenius). The result would be
analogous, simply replacing αi with Gi in the definitions of Fw,N,T and c(N,T ). The error term
would be the same, i.e. with the exponent (1 + 1/(r + 1)) in the denominator.

Indeed, the author and Perucca generalized Ziegler’s results [59] to finite rank in [43], so that
one could use the latter work to achieve directly all the steps of the present chapter for the problem
introduced in this remark.

Write indp(Gi) for the index of the reduction of Gi modulo p. One could also study the sets
analogous to those of Theorems 4.3 and 4.4 with the conditions indp(Gi) = ti and indp(Gi) ∈ Si,
respectively. The analogous results can be obtained also in this case.
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4.7 A multidimensional variation of Artin’s conjecture and further res-
ults

In this section we provide some additional results which fit with the topic of the article [55] and will
be published in an oncoming work.

Let K be a number field, and let α1, . . . , αr be algebraic numbers in K× which generate a mul-
tiplicative subgroup of K× of positive rank r. We investigate the primes p of K for which αi is a
primitive or near-primitive root modulo p (and vp(αi) = 0) for all 1 ⩽ i ⩽ r, in other words for
which indp(αi) is 1 or a given integer for all i. We also consider the case of tuple of indices indp(αi)
lying in a given set, generalizing Theorem 4.4, and we provide an application of this result.

As we mentioned before, the case indp(αi) = 1 for all i is a special case of Theorem 4.3, and
Theorem 1.3 provides an asymptotic formula for the number of such primes. Our goal is providing a
closed formula for the natural density of this set of primes, in both cases. In the following, ℓ always
denotes a prime.

Proposition 4.21. There is an integer z, which depends only on K and the αi’s, such that the series
in the formula (1.3), namely ∑

N

∏
i µ(ni)

[K(ζ[n1,...,nr], α
1/n1

1 , . . . , α
1/nr
r ) : K]

(4.26)

(assuming (GRH), this is the density of primes p of K such that indp(αi) = 1 for all i), is given by∏
ℓ∤z

(
1 +

1

ℓ− 1

((
1− 1

ℓ

)r
− 1
))

·
∑
g|z

∑
h1,...,hr |g

[h1,...,hr ]=g

∏r
i=1 µ(hi)

[K(ζg, α
1/h1

1 , . . . , α
1/hr
r ) : K]

. (4.27)

Setting

Ar :=
∏
ℓ

(
1 +

1

ℓ− 1

((
1− 1

ℓ

)r
− 1
))

(4.28)

for r ⩾ 1, the densities (4.27) are given by rational multiples of Ar. The constants Ar can be seen as
multidimensional generalizations of Artin’s constant (for r = 1 we have A1 =

∏
ℓ

(
1− 1

ℓ(ℓ−1)

)
.

Proof of Proposition 4.21. Let us denote by δ the series (4.26). By Theorem 2.1 there is an integer z,
which depends only on K and on the αi’s, such that for all m,n1, . . . , nr with [n1, . . . , nr] | m we
have

[K(ζm, α
1/n1

1 , . . . , α1/nr
r ) : K] =

φ(m)

φ((m, z))

∏
i

ni

(ni, z)
· [K(ζ(m,z), α

1/(n1,z)
1 , . . . , α1/(nr,z)

r ) : K] .

Therefore, we obtain

δ =
∑
g|z

hi|g∀i

1

[K(ζg, α
1/h1

1 , . . . , α
1/hr
r ) : K]

∑
N

([ni],z)=g
(ni,z)=hi∀i

∏
i µ(ni)

φ([n1, . . . , nr])/φ(g) ·
∏

i ni/hi

=
∏
ℓ∤z

pℓ ·
∑
g|z

hi|g∀i

1

[K(ζg, α
1/h1

1 , . . . , α
1/hr
r ) : K]

∑
N, ni|z

([ni],z)=g
(ni,z)=hi∀i

∏
i µ(ni)

φ([n1, . . . , nr])/φ(g) ·
∏

i ni/hi
,

(4.29)
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where, for ℓ ∤ z, we have

pℓ =
∑

s1,...,sr∈{0,1}

∏
i µ(ℓ

si)

φ(ℓmaxi(si))ℓ
∑

i si

= 1 +
1

ℓ− 1

r∑
j=1

Cr
j

(−1)j

ℓj
= 1 +

1

ℓ− 1

((
1− 1

ℓ

)r
− 1

)
,

with Cm
n , for m,n, the binomial coefficient m!

n!(m−n)! .
Let us focus on the inner sum in (4.29). We may restrict the indices ni to the squarefree divisors of

z, so that g and the hi’s must also be squarefree. The conditions on the ni’s become [n1, . . . , nr] = g
and ni = hi for all i. Hence the considered sum reduces either to

∏
i µ(hi) if g = [h1, . . . , hr], or to

0 otherwise.

More generally, for near-primitive roots we have the following.

Theorem 4.22. Let T = (t1, . . . , tr) be an r-tuple of positive integers, and set t := [t1, . . . , tr].
Consider the series

DT :=
∑
N

∏
i µ(ni)

[KN,T : K]
,

which is, assuming (GRH), the density of primes p of K such that indp(αi) = ti for all i by Theorem
4.3. Then there is an integer z, which depends only on K and the αi’s, such that

DT =
1

φ(t)
∏

i ti
·
∏
ℓ∤zt

(
1 +

1

ℓ− 1

((
1− 1

ℓ

)r
− 1
))

·
∏
ℓ∤z
ℓ|t

(
1− 1

ℓ

)r−k1+1(
1 +

1

ℓ

(
1− 1

ℓ

)k1−1)
·

·
∑
g|z

(t,z)|g|t rad(z)

∑
h1,...,hr|g

(ti,z)|hi|ti rad(z)∀i
[h1,...,hr]=g

φ(g)
(∏r

i=1 hi
)
p(g, h1, . . . , hr)

[K(ζg, α
1/h1

1 , . . . , α
1/hr
r ) : K]

, (4.30)

where for ℓ | t we set k1 := ♯ {i : vℓ(t/ti) = 0}, and we have

p(g, h1, . . . , hr) =
∏
ℓ|g

vℓ(t)⩾vℓ(z)

(
1+

1

ℓ

(
1− 1

ℓ

)k1−1)(
1− 1

ℓ

)k2+1
·
∏
ℓ|g

(−1

ℓ

)k3
·
∏
ℓ|g
ℓ∤t

1

ℓ− 1
·

∏
ℓ|(g,t)

vℓ(g/t)=1
vℓ(t)<vℓ(z)

1

ℓ
,

with
k2 := ♯ {i : vℓ(z) ⩽ vℓ(ti) < vℓ(t)} , k3 := ♯ {i : vℓ(ti) + 1 = vℓ(hi)} .

Notice that the integers k1, k2, k3 depend on ℓ.

The densities DT in (4.30) are given by the constants Ar defined in (4.28) times rational numbers
(depending on T , K and the αi’s).

Proof of Theorem 4.22. Recall that

DT =
∑
N

∏
i µ(ni)

[K(ζ[n1t1,...,nrtr], α
1/n1t1
1 , . . . , α

1/nrtr
r ) : K]

.
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By Theorem 2.1 there is an integer z, which depends only on K and on the αi’s, such that we may
write

DT =
1∏
i ti

∑
g|z

hi|g∀i

φ(g)
∏

i hi

[K(ζg, α
1/h1

1 , . . . , α
1/hr
r ) : K]

∑
N

([niti],z)=g
(niti,z)=hi∀i

∏
i µ(ni)

φ([n1t1, . . . , nrtr]) ·
∏

i ni
.

Notice that we may restrict the indices g to those such that [h1, . . . , hr] = g, and also satisfying
(t, z) | g and g | t rad(z), as well as (ti, z) | hi and hi | ti rad(z) for all i. Therefore, writing
zℓ := vℓ(z) for a prime ℓ, and similarly for gℓ, tℓ, hi,ℓ, ti,ℓ for all i, we may suppose

min(tℓ, zℓ) ⩽ gℓ ⩽ min(tℓ + 1, zℓ)

min(ti,ℓ, zℓ) ⩽ hi,ℓ ⩽ min(ti,ℓ + 1, gℓ) for all i.
(4.31)

We may express the inner series on N in DT as
∏

ℓ pℓ where

pℓ = pℓ(g, h1, . . . , hr) =
∑

S∈{0,1}r
min(maxi(si+ti,ℓ),zℓ)=gℓ
min(si+ti,ℓ,zℓ)=hi,ℓ ∀i

1

φ(ℓmaxi(si+ti,ℓ))

(−1

ℓ

)∑
i si

,

with S denoting the tuple (s1, . . . , sr) ∈ {0, 1}r. We will then take

p(g, h1, . . . , hr) =
∏
ℓ|z

φ(ℓtℓ)pℓ.

Given a prime ℓ, in the following we denote S1 = {i : ti,ℓ = tℓ} and k1 = |S1|. Notice that
tℓ = maxi(ti,ℓ).

Case 1: ℓ ∤ z. The sum pℓ is independent of g and the hi’s, and we have

pℓ =
∑

S∈{0,1}r

1

φ(ℓmaxi(si+ti,ℓ))

(−1

ℓ

)∑
i si

.

Case 1.1: ti,ℓ = 0 for all i. This case is analogous to the computation in the proof of Proposition
4.21, hence we obtain

pℓ = 1 +
1

ℓ− 1

((
1− 1

ℓ

)r
− 1
)
.

Case 1.2: ti,ℓ ̸= 0 for some i. We have

pℓ =
1

φ(ℓtℓ)

( ∑
S∈{0,1}r
si=0∀i∈S1

(−1

ℓ

)∑
i si

+
1

ℓ

∑
S∈{0,1}r

∃i∈S1:si ̸=0

(−1

ℓ

)∑
i si

)

=
1

φ(ℓtℓ)

(
1 +

1

ℓ

k1∑
i=1

Ck1
i

(−1

ℓ

)i)(
1− 1

ℓ

)r−k1

=
1

φ(ℓtℓ)

(
1− 1

ℓ

)r−k1(
1 +

1

ℓ

((
1− 1

ℓ

)k1
− 1
))

=
1

φ(ℓtℓ)

(
1− 1

ℓ

)r−k1+1(
1 +

1

ℓ

(
1− 1

ℓ

)k1−1)
.

63



Case 2: ℓ | z. We set S2 = {i : zℓ ⩽ ti,ℓ < tℓ}, S3 = {i : hi,ℓ = ti,ℓ + 1}, and ki = |Si| for all i.
Case 2.1: tℓ = 0. The conditions on the indices are reduced to maxi(si) = gℓ and si = hi,ℓ for

all i, and we must have 0 ⩽ hi,ℓ ⩽ gℓ ⩽ 1 for all i and maxi(hi,ℓ) = gℓ. Hence, if gℓ = 0, then all
si’s must be zero and we have pℓ = 1. If gℓ = 1 and hi,ℓ = 1 for some i, then pℓ =

1
ℓ−1(

−1
ℓ )k3 .

Case 2.2: tℓ ⩾ zℓ. From (4.31) we deduce zℓ = gℓ and hi,ℓ = zℓ for all i ∈ S1 ∪ S2, and
hi,ℓ ∈ {ti,ℓ, ti,ℓ + 1} for all other i. Then we obtain

pℓ =
1

φ(ℓtℓ)

(
1 +

1

ℓ

((
1− 1

ℓ

)k1
− 1
))(

1− 1

ℓ

)k2(
− 1

ℓ

)k3
=

1

φ(ℓtℓ)

(
1 +

1

ℓ

(
1− 1

ℓ

)k1−1)(
1− 1

ℓ

)k2+1(
− 1

ℓ

)k3
.

Case 2.3: 0 < tℓ < zℓ. From (4.31) we deduce gℓ ∈ {tℓ, tℓ + 1} and hi,ℓ ∈ {ti,ℓ, ti,ℓ + 1} for all
i. If gℓ = tℓ + 1 (we must have hi,ℓ = tℓ + 1 for at least one i), then we obtain pℓ =

1
φ(ℓtℓ )ℓ

(−1
ℓ )k3 . If

gℓ = tℓ (and hence hi,ℓ = gℓ for all i ∈ S1), then we obtain pℓ =
1

φ(ℓtℓ )
(−1

ℓ )k3 .

Remark 4.23. Taking T = (1, . . . , 1) in (4.30) yields the formula (4.27). This is an easy check.
In particular, with this assumption we obtain that g, h1, . . . , hr are squarefree and such that g =
[h1, . . . , hr], and we have

p(g, h1, . . . , hr) =
1

φ(g)

∏
ℓ|g

(−1

ℓ

)vℓ(∏i hi)
=

∏
i µ(hi)

φ(g)
∏

i hi
.

We also provide here a generalization of Theorem 4.4.

Corollary 4.24. Let F/K be a finite Galois extension, and let C be a union of conjugacy classes
of Gal(F/K). Let S be a non-empty set of r-tuples of positive integers, i.e. S ⊆ Nr

>0. Define the
following set of primes of K:

S ′ :=

{
p : (indp(α1), . . . , indp(αr)) ∈ S,

(
p

F/K

)
⊆ C

}
.

Assuming (GRH), we have

S ′(x) =
x

log x

∑
T∈S

∑
N

(
∏

i µ(ni))c
′(N,T )

[FN,T : K]
+O

(
x

(log x)1+
1

r+1

)
, (4.32)

where
c′(N,T ) =

∣∣{σ ∈ Gal(FN,T /K) : σ|KN,T
= id, σ|F ∈ C

}∣∣ .
The constant implied by the O-term depends only on K, F and the αi’s.

Proof. The proof of the statement is essentially the same as for Theorem 4.4. Keeping the same
notation as there, it is enough to notice that we have∑

T∈S
RT (x)−

∑
T∈S
ti⩽y

RT (x) ⩽
∑
T

t1>y

RT (x) + . . .+
∑
T

tr>y

RT (x),

and similarly ∑
T∈S

DT −
∑
T∈S
ti⩽y

DT ⩽
∑
T

t1>y

DT + . . .+
∑
T

tr>y

DT .
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As an application of Corollary 4.24 we have the following result.

Corollary 4.25. Let G be a finitely generated and torsion-free subgroup K× of positive rank s. Let ℓ
be a fixed prime number. Consider the set of primes p of K

L := {p : indp(G) | ℓ∞} .

Assuming (GRH), there is a squarefree integer z, which depends only on K and G, such that

L(x) = x

log x

∏
p∤zℓ

(
1− 1

ps(p− 1)

)
·
∑

g| z
(z,ℓ)

µ(g)

[K(ζg, G1/g) : K]
+O

(
x

log3/2 x

)
.

Setting

A′
s :=

∏
p

(
1− 1

ps(p− 1)

)
(4.33)

for s ⩾ 1, the densities in the formulas for L(x) are given A′
s times rational numbers depending on

K, G and ℓ. The constants A′
s can be seen as generalizations of Artin’s constant, in different way with

respect to (4.28).

Proof of Corollary 4.25. Let us denote δℓ the density appearing in (4.32) with r = 1 and S =
{n ⩾ 1 : n | ℓ∞} for G, namely

δℓ =
∑
k⩾0

∑
n⩾1

µ(n)

[K(ζnℓk , G
1/nℓk) : K]

.

By Theorem 2.1 there is an integer z′, which depends only on K and G, such that we may write

δℓ =
∑
g|z′

φ(g)gs

[K(ζg, G1/g) : K]

∑
k⩾0
n⩾1

(nℓk,z′)=g

µ(n)

φ(nℓk)(nℓk)s
.

Since we may restrict the indices n to squarefree integers, we may suppose that g | rad(z′)ℓvℓ(z′). Let
us set z := rad(z′), and for p a prime, zp = vp(z

′), and gp = vp(g). The inner sum on the indices
k, n can be expressed as

∏
p ap(g) with

aℓ(g) =
∑

k⩾0, t∈{0,1}
min(t+k,zℓ)=gℓ

µ(ℓt)

φ(ℓt+k)ℓs(t+k)
, and ap(g) =

∑
t∈{0,1}

min(t,zp)=gp

µ(pt)

φ(pt)pst
if p ̸= ℓ.

For p ∤ zℓ we have ap = 1 − 1/(ps(p − 1)) (ap does not depend on g). Supposing that ℓ ∤ z
we have aℓ = 1. Let p | z. If p ∤ g, then ap(g) = 1. If p | g and p ̸= ℓ we have gp = 1 and
ap(g) = −1/(ps(p− 1)). Supposing that ℓ | g, we have aℓ(g) = 0. Hence, we obtain

δℓ =
∏
p∤zℓ

(
1− 1

ps(p− 1)

)
·
∑
g|z

φ(g)gsaℓ(g)

[K(ζg, G1/g) : K]

∏
p|g
p ̸=ℓ

−1

ps(p− 1)
.

In view of the definition of aℓ(g), the index g can be supposed to be coprime with ℓ. Hence, since g
is also squarefree, the last product can be expressed as µ(g)/(gsφ(g)). This yields the formula in the
statement.
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We conclude the section by providing some numerical examples for the proven formulas. In Table
4.1 we show some values for the constants Ak and A′

k defined in (4.28) and (4.33), respectively. In
Tables 4.2 and 4.3 we show examples for the densities of Proposition 4.21 and Theorem 4.22. Table
4.4 gives examples for the densities of Corollary 4.25. All values have been verified with SageMath
[57] by computing the approximated density that considers only primes up to a certain bound. The
Sage codes used to compute the density formulas have been partly adapted from Sebastiano Tronto’s
code kummer-degrees, available on GitHub.

k Ak A′
k

1 0.373956 0.373956
2 0.147349 0.697501
3 0.0608217 0.856540
4 0.0261075 0.931265
5 0.0115658 0.966669
6 0.00525176 0.983683

Table 4.1: Examples of constants Ak and A′
k approximated (ℓ < 106)

α1, α2 2, 3 3, 7 −3, 5

T = (1, 1) A2 ≈ 0.147 286
281A2 ≈ 0.150 1800

1183A2 ≈ 0.224

T = (1, 2) 11
13A2 ≈ 0.125 2382

3653A2 ≈ 0.0961 1107
1183A2 ≈ 0.138

T = (2, 1) 17
26A2 ≈ 0.0963 3000

3653A2 ≈ 0.121 600
1183A2 ≈ 0.0747

T = (2, 3) 16
117A2 ≈ 0.0202 784

10959A2 ≈ 0.0105 800
3549A2 ≈ 0.0332

T = (3, 7) 512
178997A2 ≈ 0.000421 1024

178997A2 ≈ 0.000843 0

T = (1, 4) 2
13A2 ≈ 0.0227 1809

7306A2 ≈ 0.0365 1107
4732A2 ≈ 0.0345

T = (5, 4) 192
29575A2 ≈ 0.000957 86832

8310575A2 ≈ 0.00154 648
29575A2 ≈ 0.00323

α1, α2 5, 9 11, 3 −2, 7

T = (1, 1) 0 15562
15457A2 ≈ 0.148 A2 ≈ 0.147

T = (1, 2) 2200
1183A2 ≈ 0.274 12932

15457A2 ≈ 0.123 214
281A2 ≈ 0.112

T = (2, 1) 0 10096
15457A2 ≈ 0.0962 415

562A2 ≈ 0.109

T = (2, 3) 0 19360
139113A2 ≈ 0.0205 3320

32877A2 ≈ 0.0149

T = (3, 7) 0 598016
212827433A2 ≈ 0.000414 512

178997A2 ≈ 0.000421

T = (1, 4) 300
1183A2 ≈ 0.0374 1815

15457A2 ≈ 0.0173 67
281A2 ≈ 0.0351

T = (5, 4) 0 34848
7032935A2 ≈ 0.000730 6432

639275A2 ≈ 0.00148

Table 4.2: Examples for the densities of rational primes p such that (indp(α1), indp(α2)) = T
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α1, α2, α3 2, 3, 5 3, 7, 2 11, 3, 5

T = (1, 1, 1) 500
439A3 ≈ 0.0693 69998

67585A3 ≈ 0.0630 46055400
39884467A3 ≈ 0.0703

T = (2, 1, 2) 1593
4390A3 ≈ 0.0221 52824

67585A3 ≈ 0.0475 10360116
28488905A3 ≈ 0.0221

T = (3, 3, 2) 88
2195A3 ≈ 0.00244 79376

1824795A3 ≈ 0.00265 1113024
28488905A3 ≈ 0.00238

T = (5, 2, 3) 0 401408
105963625A3 ≈ 0.000230 0

Table 4.3: Examples for the densities of rational primes p such that the indices indp(αi) for all i =
1, 2, 3 are given by the entries of T , respectively

G ⟨2, 3⟩ ⟨3, 7⟩ ⟨5, 9⟩ ⟨11, 3⟩

ℓ = 2 4
3A

′
2 ≈ 0.930 4

3A
′
2 ≈ 0.930 4

3A
′
2 ≈ 0.930 4

3A
′
2 ≈ 0.930

ℓ = 3 18
17A

′
2 ≈ 0.739 18

17A
′
2 ≈ 0.739 400

561A
′
2 ≈ 0.497 18

17A
′
2 ≈ 0.739

ℓ = 5 100
99 A′

2 ≈ 0.705 1494200
1479357A

′
2 ≈ 0.705 200

297A
′
2 ≈ 0.470 6165800

6104241A
′
2 ≈ 0.705

ℓ = 7 294
293A

′
2 ≈ 0.700 294

293A
′
2 ≈ 0.700 19600

29007A
′
2 ≈ 0.471 6042484

6022029A
′
2 ≈ 0.700

Table 4.4: Examples for the densities of rational primes p such that indp(G) | ℓ∞
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Chapter 5

Divisibility conditions on the order of the
reductions of algebraic numbers

Let K be a number field, and let G be a finitely generated subgroup of K×. In this chapter, without
relying on (GRH) we prove an asymptotic formula for the number of primes p of K such that the order
of (G mod p) is divisible by a fixed integer. We also provide a rational expression for the natural
density of this set. Furthermore, we study the primes p for which the order is k-free, and those for
which the order has a prescribed ℓ-adic valuation for finitely many primes ℓ. An additional condition
on the Frobenius conjugacy class of p may be considered. In order to establish these results, we prove
an unconditional version of Chebotarev’s density theorem for Kummer extensions of number fields.
The results of this chapter are available in the paper [54].

5.1 Main results

Consider a number field K and let G be a finitely generated subgroup of K×. If p is a prime of K
such that vp(g) = 0 for all g ∈ G, then the reduction (G mod p) is a well-defined subgroup of k×p ,
where kp is the residue field at p and vp the p-adic valuation over K. In this chapter we investigate the
set consisting of the primes p of K such that the order of (G mod p) is well-defined and it satisfies
some divisibility conditions.

More precisely, recalling the notation set in Section 1.1, in Theorem 5.1 we prove an asymptotic
formula for the number of primes p such that m | ordp(G), where m is any given positive integer. We
also consider the primes p such that ordp(G) is k-free, i.e. it is not divisible by k-th powers (greater
than 1), where k ⩾ 2. In Theorem 5.2, relying on the previous result, we prove an asymptotic formula
for the number of primes satisfying this condition. Given a finite Galois extension of K, an additional
condition on the conjugacy class of the Frobenius automorphisms of the primes lying above p may
also be considered. Notice that in this chapter we do not rely on the Generalized Riemann Hypothesis
(GRH). In fact, Theorem 5.10 gives an unconditional version of the Chebotarev density theorem for
cyclotomic-Kummer extensions of number fields, allowing our proofs to be independent of (GRH).

The density of rational primes p such that m | ordp(g), where g ∈ Q× \ {±1}, has been recently
studied by Pappalardi [36, 37] (also replacing g with a group of rational numbers), by Moree [26], and
previously by Wiertelak [58]. We provide generalizations of various results by Pappalardi and Moree,
as described in the next sections. Over a number field, Debry and Perucca considered the density of
the primes p such that ordp(G), where G is a group consisting of algebraic numbers, is not divisible
by some fixed prime number (and described how this permits to treat general divisibility conditions),
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see [10, 40]. As discussed in the Introduction, under the assumption of (GRH), more general results
over number fields hold, e.g. for ordp(G) satisfying a given modular congruence, see [59] by Ziegler
and [43] by Perucca and the author. For more references and historical background we refer to [31,
Sect. 9.2 and 9.3].

5.1.1 Notation

As mentioned above, we make us of the notation from Section 1.1. We fix an algebraic closure K of
K. For m,n ⩾ 1 with n | m, we write Km,n := K(ζm, G1/n) for the n-th Kummer extension related
to G over K(ζm), i.e. the subextension of K/K(ζm) obtained by adding the n-th roots of all elements
in G. If F/K is a finite Galois extension, and p is a prime of K which does not ramify in F , then we
denote by (p, F/K) the conjugacy class of the Frobenius elements at the primes of F above p. If S is
a set of primes of K, then we let S(x) be the number of primes in S with norm up to x.

5.1.2 Outline of the main results

The main result is the following.

Theorem 5.1. Let G be a finitely generated and torsion-free subgroup of K× of positive rank r, and
let m be a positive integer. Let F/K be a finite Galois extension, and let C be a conjugacy-stable
subset of Gal(F/K). Consider the set of primes of K given by

Pm =

{
p : m | ordp(G),

(
p

F/K

)
⊆ C

}
(where we are tacitly excluding the finitely many primes p that ramify in F or such that vp(g) ̸= 0 for
some g ∈ G). Then, for 0 < ε < 1 we have

Pm(x) =
x

log x
ϱC,m +Oε

(
x

(
(log log x)2

log x

)1+ 1−ε
3(r+1)

)
(5.1)

where

ϱC,m :=
∑
n|m∞

∑
d|m

µ(d)c(mn, dn)

[Fmn,dn : K]
(5.2)

and where, for all positive integers a, b with b | a, we set

c(a, b) := |C ∩Gal(F/F ∩Ka,b)|. (5.3)

The constant implied by the O-term depends only on ε, F , K, G.

The assumption that G is torsion-free allows some simplifications in the proofs, and in Remark
5.16 we explain how to deal with the general case. Also notice that the series in (5.2) is convergent by
Proposition 5.15. The coefficient c(a, b) in (5.3) is always at most |C| ⩽ [F : K], and it is equal to 1
if the condition on the Frobenius is trivial. For this case see Theorem 1.4, which follows directly.

The main challenge for the generalization of Pappalardi’s method consists in proving a certain un-
conditional version of the Chebotarev density theorem for cyclotomic-Kummer extensions of number
fields, as mentioned above. In Section 5.2 we will argue that this is not difficult if the base field K
is normal over Q. However, for the general case we need an improvement on the upper-bound of a
possible zero of the Dedekind zeta function of Km,n.
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Section 5.3 is devoted to the proof of Theorem 5.1, whereas in Section 5.4 we justify that the
natural density ϱC,m is a positive rational number, and if C = Gal(F/K) (e.g. if F = K) then we
express it in terms of finite sums and products, see Theorem 5.18.

Sections 5.5 and 5.6 are devoted to proving applications of Theorem 5.1. In Section 5.5 we apply
Theorem 5.1 to prove the following result on the primes p of K for which ordp(G) is k-free.

Theorem 5.2. Let G be a finitely generated and torsion-free subgroup of K× of positive rank r, let
F/K be a finite Galois extension, and let C be a conjugacy-stable subset of Gal(F/K). Let k ⩾ 2
be an integer and consider the following set of primes of K:

Nk :=

{
p : ordp(G) is k-free,

(
p

F/K

)
⊆ C

}
(where we are tacitly excluding the primes p that ramify in F or such that vp(g) ̸= 0 for some g ∈ G).
Then we have

Nk(x) =
x

log x

∑
m⩾1

µ(m)ϱC,mk +Ok

(
x

(log x)
1+ k−1

3(r+1)(k+1)

)
, (5.4)

where ϱC,mk is as in (5.2). The set Nk has natural density

βC,k :=
∑
m⩾1

∑
n|m∞

∑
d|m

µ(m)µ(d)c(nmk, dn)

[Fnmk,dn : K]
,

where c(a, b) is as in (5.3). The constant implied by the O-term depends only on k, F , K, G.

Notice that the convergence of the series βC,k follows from Proposition 5.15. In Section 5.6, from
Theorem 5.1 we also derive Theorem 5.21, which concerns the set of primes p for which the ℓ-adic
valuation of ordp(G) has a prescribed value for finitely many prime numbers ℓ.

In Section 5.7, under (GRH), we derive some improvements on the error terms of formulas (5.1)
and (5.4). Finally, in Section 5.8 we provide several numerical examples for the densities considered
in this chapter.

5.2 Chebotarev’s density theorem for cyclotomic-Kummer extensions

In this section we prove an effective version of the Chebotarev density theorem for cyclotomic-
Kummer extensions of number fields which is “unconditional”, i.e. it does not rely on (GRH). Let
us first introduce some notation (in addition to the notation of Section 5.1.1).

5.2.1 Notation

Given a finite Galois extension L/K of number fields and a conjugacy-stable subset C of Gal(L/K),
we denote by π(L/K,C) the set of primes p of K which are unramified in L and such that (p, L/K) ⊆
C. Moreover, we say that p is a prime of degree 1 in K if its ramification index and residue class
degree over Q are equal to 1. We denote by π1(L/K,C) the set of primes in π(L/K,C) which are
of degree 1.

Also, dK denotes the absolute discriminant of K, OK the ring of integers of K, and ζK the
Dedekind zeta function of K. For a finitely generated subgroup G of K×, P(G) is the set of primes
p in K such that vp(g) ̸= 0 for some g ∈ G (recall that this set is finite).

Also, as customary, Li(x) =
∫ x
2

dx
log x is the logarithmic integral function.
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5.2.2 Chebotarev’s density theorem

We start by stating the general result by Lagarias and Odlyzko, in the improved version by Serre.

Theorem 5.3 (Effective Chebotarev’s density theorem, unconditional, [20, Theorem 1.2] and [53,
Theorem 2]). Let L/K be a finite Galois extension of number fields. Let C be a conjugacy-stable
subset of Gal(L/K). There exist absolute constants c1, c2 such that, if

log x ⩾ c1[L : Q] log2 |dL| , (5.5)

then

π(L/K,C)(x) =
|C|

[L : K]
Li(x) +O

(
|C|

[L : K]
Li(xβ) + |C̃|x exp

(
− c2

√
log x

[L : Q]

))
, (5.6)

where |C̃| denotes the number of conjugacy classes contained in C, and where β is the exceptional
zero of ζL(s), i.e. the unique real zero in the range

1− 1

4 log |dL|
⩽ α ⩽ 1

(if it exists, otherwise the term |C|
[L:K] Li(x

β) is deleted).

Remark 5.4. Since the number of primes of K not of degree 1 with norm up to x can be estimated by
O (

√
x/ log x), see e.g. [59, Lemma 1], the same asymptotic formula (5.6) holds for π1(L/K,C)(x).

The difficulty in applying this result to cyclotomic-Kummer extensions consists in estimating the
error term O

(
Li(xβ)

)
, and hence bounding the value of β. As of today, the best known bound on β is

provided by Stark in [56, Proof of Theorem 1’, p.148]. In fact, if K/Q is normal, then that bound is
good enough for our purpose, see Remark 5.8. However, for the general case we need to deduce from
Stark’s results some improvement which is suitable for our goal.

5.2.3 On a possible zero of the Dedekind zeta function

Lemma 5.5 ([56, Lemma 3]). Let L ̸= Q be a number field. The Dedekind zeta function ζL(s) has at
most one zero in the region{

s ∈ C : 1− 1

4 log |dL|
⩽ Re(s) ⩽ 1 and |Im(s)| ⩽ 1

4 log |dL|

}
. (5.7)

If such a zero exists, then it is real and simple.

Lemma 5.6. Let L/K be a normal extension of number fields with L ̸= Q. If ζL has a real zero β
such that

1− 1

4(2[K : Q])! · log |dL|
⩽ β ⩽ 1, (5.8)

then there is a quadratic number field M inside L such that ζM (β) = 0.

The Lemma says, in particular, that if L has no quadratic subfields, then ζL(s) has no real zero in
the range (5.8).
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Proof. If K = Q, then the statement holds by [56, Lemma 8], hence we suppose K ̸= Q. If ζL(s) has
a zero with real part lying in the range (5.8), then by Lemma 5.5 it must be real, simple, and unique
in that range. Since L/K is normal, by [56, Theorem 3] there is a subextension F of L/K, which
is either trivial or quadratic over K, such that ζE(β) = 0 for every field F ⊆ E ⊆ L. Therefore
we have ζK(β) = 0 or ζF (β) = 0 for some quadratic extension F/K with F ⊆ L. We conclude
by applying [56, Lemma 8] either to K or F , noticing that the range of the cited result contains the
interval (5.8).

Proposition 5.7. Let L/K be a Galois extension of number fields with L ̸= Q. Then the possible
unique zero β of the Dedekind zeta function ζL(s) in the region (5.7) is real and simple, and we have

1

2
⩽ β ⩽ max

{
1− 1

4(2[K : Q])! log |dL|
, 1− 1

c3 |dL|1/[L:Q]

}
, (5.9)

where c3 > 0 is an effective absolute constant.

Proof. Clearly β ⩾ 1/2 as 4 log |dL| ⩾ 2. It suffices to show that if β is in the range (5.8), then
β satisfies (5.9). We follow the same argument as in [56, Proof of Theorem 1’, p.148]. If L has no
quadratic subfields, then, as we mentioned above, ζL(s) has no real zero in the range (5.8) by Lemma
5.6 and hence (5.9) is satisfied. If L contains a quadratic field, suppose that ζL(β) = 0 for some β in
the range (5.8). By Lemma 5.6 there must be a quadratic subfield M of L such that ζM (β) = 0. By
[56, Lemma 11] we must have β < 1− (c3 |dM |1/2)−1, for an effective absolute constant c3 > 0. We
may conclude because we have |dL| ⩾ |dM |[L:Q]/2.

Remark 5.8. In fact, if in the proof of Lemma 5.6 we have ζK(β) = 0, then the lower bound of (5.8)
may be taken as 1− (4[K : Q]! log |dL|)−1. Moreover, if L is normal over Q or if there is a tower of
normal extensions Q = k0 ⊂ k1 ⊂ · · · ⊂ km = K, then the lower bound of (5.8) may be taken to be
1− (4 log |dL|)−1 or 1− (16 log |dL|)−1, respectively (see [56, Lemmas 8 and 10]). Accordingly, the
factor 4(2[K : Q])! in (5.9) can be replaced by 4 or 16 in the respective cases, by following the same
argument of the proof of Proposition 5.7.

5.2.4 Chebotarev’s density theorem for cyclotomic-Kummer extensions

Proposition 5.9. Let K be a number field, and let G be a finitely generated and torsion-free subgroup
of K× of positive rank r. Then, for m,n ⩾ 1 with n | m, we have

log
∣∣dKm,n

∣∣
[Km,n : Q]

⩽ log(φ(m)mnr) +
∑

p∈P (G)

log p+ log |dK | ,

where P (G) is the finite set of the rational primes lying below the primes in P(G).

Proof. Given a finite extension L/K we write dL/K for the relative discriminant. We have

dKm,n/Q = NK/Q(dKm,n/K) · d[Km,n:K]
K/Q , (5.10)

see [34, Ch.III, Corollary 2.10]. By [53, Proposition 5], since Km,n/K is Galois, we have

log
∣∣NK/Q(dKm,n/K)

∣∣ ⩽ [Km,n : Q]
(
log[Km,n : K] +

∑
p∈P (Km,n/K)

log p
)

(5.11)
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where P (Km,n/K) is the set of rational primes p lying below the primes of K that ramify in Km,n.
These prime numbers divide m or lie in P (G), as they lie below the primes p that divide dKm,n/K ,
and an estimate for this relative discriminant is [43, Formula (4.7)]:

dKm,n/K |
(
mnr

r∏
i=1

(αiβi)
2
)nrφ(m)

OK ,

where αi, βi ∈ OK are such that the elements γi := αi/βi for i ∈ {1, . . . , r} form a basis of G as a
free Z-module. Since n | m, we have∑

p∈P (Km,n/K)

log p ⩽ logm+
∑

p∈P (G)

log p . (5.12)

We conclude by taking the logarithm of
∣∣dKm,n

∣∣, making use of (5.10), and by applying the bounds
(5.11), (5.12) and [Km,n : K] ⩽ φ(m)nr.

We are now ready to prove an effective unconditional Chebotarev density theorem for cyclotomic-
Kummer extensions of number fields, extending [37, Lemma 4] to number fields.

Theorem 5.10 (Effective Chebotarev’s density theorem for cyclotomic-Kummer extensions). Let
F/K be a Galois extension of number fields, and let G be a finitely generated and torsion-free sub-
group of K× of positive rank r. Let C be a conjugacy-stable subset of Gal(F/K), and for all integers
m,n ⩾ 1 with n | m, define

Cm,n := {σ ∈ Gal(Fm,n/K) : σ|F ∈ C, σ|Km,n = id} , (5.13)

which is a conjugacy-stable subset of Gal(Fm,n/K). Then there exist constants c4 and c5, which
depend only on F and G, such that, uniformly for

m ⩽ c4

(
log x

(log log x)2

) 1
3(r+1)

, (5.14)

we have

π(Fm,n/K,Cm,n)(x) =
|Cm,n|

[Fm,n : K]
Li(x) +OF,G

(
x

ec5
3√log x·log log x

)
.

If the condition on the Frobenius is trivial, then Theorem 5.10 reduces to Theorem 1.5.

Proof. We apply Theorem 5.3 to Fm,n/K and Cm,n. By Proposition 5.9 and since [Fm,n : F ] ⩽ mr+1

we have

[Fm,n : Q] log2
∣∣dFm,n

∣∣ ⩽ [F : Q]3m3(r+1)
(
logmr+2 + cF,G

)2
≪F,G m3(r+1) log2m,

(cF,G is a constant depending only on F and G). Thus, from (5.14) we deduce m3(r+1) log2m ≪
log x, hence (5.5) is satisfied.

We now focus on the error terms of (5.6). In order to bound the second one, it is enough to notice
that √

log x

[Fm,n : Q]
⩾

√
log x

[F : Q]mr+1
≫F

3
√
log x · log log x .
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Let us consider the first one. Since β ⩾ 1/2 we have Li(xβ) = O(xβ/ log x). We make use of
the two terms in the upper bound on β of Proposition 5.7 separately. On the one hand, by Proposition
5.9 we have

∣∣dFm,n

∣∣1/[Fm,n:Q]
⩽ exp

(
logmr+2 + cF,G

)
≪F,G mr+2 ≪

(
log x

(log log x)2

)2/3

,

which yields

xβ

log x
⩽

x

x1/(c3|dFm,n |1/[Fm,n:Q]
) log x

⩽
x

exp
(
c6
( (log log x)2

log x

)2/3
log x

)
log x

⩽
x

exp
(
c6(log x)1/3(log log x)4/3

)
log x

⩽
x

exp
(
c5

3
√
log x · log log x

) .
On the other hand, the condition on m gives log

∣∣dFm,n

∣∣≪ √
log x, so that

xβ

log x
⩽

x

x1/(4(2[K:Q])! log|dFm,n |) log x
⩽

x

exp
(
c7
√
log x

)
log x

⩽
x

exp
(
c5

3
√
log x · log log x

) .
The constants c5, c6, c7 depend only on F and G. Collecting all error terms gives the asymptotic

formula.

5.3 The order being divisible by a given integer

In this section we prove Theorem 5.1. We first set some notation. Recall also the notation introduced
in Sections 5.1.1 and 5.2.1.

5.3.1 Notation

Let F/K be a Galois extension of number fields, C a conjugacy-stable subset of Gal(F/K), and G
a finitely generated and torsion-free subgroup of K×. For m,n ⩾ 1 with n | m we define π1

m,n to
be the set of primes p of K which are of degree 1, split completely in Km,n, do not ramify in F ,
and satisfy (p, F/K) ⊆ C. In other words, we set π1

m,n := π1(Fm,n/K,Cm,n), where Cm,n is as in
(5.13) (we are fixing K, F , G, and C).

For p /∈ P(G), recall that ordp(G) is the order of (G mod p), and we also denote by indp(G) the
index of (G mod p), namely

indp(G) = [k×p : ⟨G mod p⟩] = (N p− 1)/ ordp(G).

Given integers m,n ⩾ 1, recalling the definition of the supernatural number m∞, we have
(n,m∞) =

∏
ℓ|m prime ℓ

vℓ(n), where vℓ is the ℓ-adic valuation.

5.3.2 Proof of Theorem 5.1

The proof of Theorem 5.1 is based on [37, Theorem 1] and [26, Lemma 1]. Recall that if p is a prime
of K of degree 1 such that p /∈ P(G), then N p ≡ 1 mod n if and only if p splits completely in K(ζn),
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and n | indp(G) if and only if p splits completely in Kn,n, where n ⩾ 1. Hence, we easily deduce
that for m,n ⩾ 1 with n | m we have

π1
m,n =

{
p : p of degree 1, N p ≡ 1 mod m, n | indp(G),

(
p

F/K

)
⊆ C

}
, (5.15)

see also [59, Lemma 2].

Lemma 5.11. If Pm is as in Theorem 5.1, then we have

Pm(x) =
∑
n|m∞

∑
d|m

µ(d)π1
mn,dn(x) +O

( √
x

log x

)
.

Proof. The proof is a variation of [26, Proof of Proposition 1]. The O-term estimates the primes of
K which are not of degree 1. Let p ∈ Pm be a prime of degree 1, and let N p = p. Then we have
m | (p−1) and there is a unique n | m∞ such that p ≡ 1 mod mn, n | indp(G) and (

indp(G)
n ,m) = 1

(we must have n = (indp(G),m∞)). Hence we can write

Pm(x) =
∑
n|m∞

Bn(x) +O

( √
x

log x

)
,

where for n | m∞ we set

Bn :=

{
p : p ≡ 1 mod mn, n | indp(G),

( indp(G)

n
,m
)
= 1,

(
p

F/K

)
⊆ C

}
(we are tacitly assuming that the primes in Bn are of degree 1, do not lie in P(G) and do not ramify
in F ). Notice that, p ∈ Bn satisfies m | ordp(G) because of the two conditions p ≡ 1 mod mn and
(indp(G)/n,m) = 1 and the identity ordp(G)· indp(G) = p− 1.

Next we apply the inclusion-exclusion principle to the condition (indp(G)/n,m) = 1, which
amounts to n | indp(G) and nℓ ∤ indp(G) for all primes ℓ | m, so that we obtain

Bn(x) =
∑
d|m

µ(d)

∣∣∣∣{p : p ⩽ x, p ≡ 1 mod mn, dn | indp(G),

(
p

F/K

)
⊆ C

}∣∣∣∣ .
We conclude by (5.15) that

Bn(x) =
∑
d|m

µ(d)π1
mn,dn(x) . (5.16)

Remark 5.12. Notice that, in the proof of Lemma 5.11 we have

Bn(x) ⩽ [K : Q] · |{p ⩽ x : p ≡ 1 mod mn}| ,

and Bn(x) ⩽ π(Fmn,n/K,Cmn,n)(x). From this last inequality, identity (5.16), and by the Chebotarev
density theorem we deduce

0 ⩽
∑
d|m

µ(d) |Cmn,dn|
[Fmn,dn : K]

⩽
|Cmn,n|

[Fmn,n : K]
⩽

1

[Kmn,n : K]
.

We are now ready to prove Theorem 5.1.
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Proof of Theorem 5.1. Notice that, for a, b ⩾ 1 with b | a, we have c(a, b) = |Ca,b|, because if σ ∈ C
is the identity on F ∩ Ka,b, then σ can be lifted to a unique element of Ca,b. We are going to apply
Lemma 5.11 and Theorem 5.10. For n | m∞ let Bn be as in the proof of Lemma 5.11, and recall
(5.16). Set y := c4(log x/(log log x)

2)1/3(r+1), where c4 is the constant of Theorem 5.10. Thus, we
have

Pm(x) =
∑
n|m∞
nm⩽y

∑
d|m

µ(d)π1
mn,dn(x) +O

( ∑
n|m∞
nm>y

Bn(x)

)
+O

( √
x

log x

)

=Li(x)
∑
n|m∞
nm⩽y

∑
d|m

µ(d)c(mn, dn)

[Fmn,dn : K]
+OF,G

(
τ(m)

m

x · y
ec5

3√log x·log log x

)

+O

( ∑
n|m∞
nm>y

Bn(x)

)
+O

( √
x

log x

)
.

In order to estimate the tail of the series in the main term we make use of Remark 5.12 and obtain

Pm(x) =Li(x)
∑
n|m∞

∑
d|m

µ(d)c(mn, dn)

[Fmn,dn : K]
+O

(
x

log x

∑
n|m∞
mn>y

1

[Kmn,n : K]

)
(5.17)

+OF,G

(
x · y

ec5
3√log x·log log x

)
+O

( ∑
n|m∞
nm>y

Bn(x)

)
. (5.18)

The first error term in (5.18) is negligible with respect to the error term in the statement. Let us
estimate the error term in (5.17). Since [K(ζmn) : K] ≫K φ(mn) and mn/φ(mn) = m/φ(m) (as
rad(n) | m), applying [36, Lemma 3.3] for some 0 < ε < 1, we can bound∑

n|m∞
mn>y

1

[Kmn,n : K]
≪K

∑
n|m∞
nm>y

1

φ(mn)
≪ε

m

φ(m)

1

y1−ε
. (5.19)

Since m/φ(m) = O (log logm), see e.g. [51, Theorem 15], and m ⩽ x without loss of generality,
we then have

x

log x

∑
n|m∞
mn>y

1

[Kmn,n : K]
≪K,ε

x log log x

y1−ε log x
. (5.20)

Next we focus on the second error term in (5.18). In view of Remark 5.12, and by applying the
Brun-Titchmarsh Theorem and the same estimates as above, for z := (log x)2/(1−ε) we have∑

n|m∞
nm⩽y

Bn(x) ≪K

∑
n|m∞

y<nm⩽z

|{p ⩽ x : p ≡ 1 mod mn}|+
∑
n|m∞
nm>z

|{k ⩽ x : mn | k}|

≪
∑
n|m∞

y<nm⩽z

x

φ(mn) log(x/mn)
+
∑
n|m∞
nm>z

x

mn
≪ε

x log log x

log(x/z)

1

y1−ε
+

x

log2 x
. (5.21)

Both expressions (5.20) and (5.21) are bounded by the error term in the statement.
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5.3.3 Properties and remarks

Remark 5.13. One can see from [36, Proof of Lemma 3.3] that the constant depending on ε arising in
(5.19) can be taken equal to ∏

p⩽21/ε

prime

1

pε − 1
.

In fact, a slightly stronger error term could be obtained in Theorem 5.1.
Remark 5.14. Let m ⩾ 1, and ω(m) be the number of prime factors of m. One can show that for
T ⩾ 1 and 0 < c < 1 we have ∑

k>T
m|k|m∞

1

k
⩽ (1− c)−ω(m) 1

T c
.

Indeed, by the Mean value theorem we obtain 1 − 1/pb > bp−b log p, with 0 < b < 1 and p a prime
number. Thus, from the proof of [36, Lemma 3.3] we have∑

k>T
m|k|m∞

1

k
⩽

1

m1−cT c

∏
p|m
prime

(
1− 1

p1−c

)−1

⩽
(1− c)−ω(m)

T c
.

Taking c = 1− 1/ log log x and making use of this inequality in the proof of Theorem 5.1 reduces the
final error term to

OF,K,G

(
x(log log x)ω(m)−1

(
(log log x)2

log x

)1+ 1
3(r+1)

)
.

Notice that an extra factor (log log x)ω(m) is also needed in the formula of [37, Theorem 1].

Proposition 5.15. The series ϱC,m from Theorem 5.1 is convergent, and for every ε > 0 we have

ϱC,m = OK,ε

(
1

m1−ε

)
.

Moreover, we also have ϱC,mk ≪K,ε 1/m
k−ε for every k ⩾ 1.

Notice that the constant implied by the latter estimate is independent of k.

Proof. Applying Remark 5.12 and the estimate [Kmn : K] ≫K φ(mn) = φ(m)n, we have

ϱC,m ⩽
∑
n|m∞

1

[Kmn,n : K]
≪K

1

φ(m)

∑
n|m∞

1

n
=

1

φ(m)

∏
p|m prime

p

p− 1
.

We may bound the product by cεm
ε/2, where cε > 0 is a constant depending on ε, so we conclude by

recalling that m/φ(m) = Oε(m
ε/2). For the second assertion notice that mk/φ(mk) = m/φ(m) =

Oε(m
ε/2).

Remark 5.16. The assumption that the group G is torsion-free allows some simplifications throughout
the proof of Theorem 5.1. However, the general case can be treated easily. Let G′ be a finitely
generated subgroup of K× with torsion, and write G′ = G × ⟨ζt⟩, where ζt ∈ K×, t ⩾ 2, and
G ⊆ K× is torsion-free. Then, for all primes p of K of norm large enough, we have

m | ordp(G′) if and only if
∏

ℓ|m prime
vℓ(m)>vℓ(t)

ℓvℓ(m) | ordp(G).
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Remark 5.17. Let us consider the expression of the density ϱC,m for some special cases of C. If
C = Gal(F/K), then the condition on the Frobenius becomes trivial and c(a, b) = [F : F ∩Ka,b].
Therefore we obtain

ϱm := ϱGal(F/K),m =
∑
n|m∞

∑
d|m

µ(d)

[Kmn,dn : K]
.

If C = {id}, then the condition (p, F/K) = id is equivalent to p splitting completely in F . In this
case c(a, b) = 1, and hence ϱ{id},m equals 1/[F : K] times the density of primes P of F such that
m | ordP(G).

Finally, if F is linearly disjoint over K from Ka,b, then c(a, b) = |C|. Hence, if this holds for all
a, b we obtain ϱC,m = ϱm · |C| /[F : K].

Clearly, analogous statements hold for the densities βC,k of Theorem 5.2 and γC,k,m of Theorem
5.21.

5.4 A rational formula for the density

As a special case of Corollary 3.7 ([44, Corollary 7]), the natural density ϱC,m of the set Pm from
Theorem 5.1 is a positive rational number. In this section we also provide an explicit closed formula
for ϱC,m when the condition on the Frobenius is trivial (in this case we write ϱm for ϱC,m, as in Remark
5.17). In the rest of the chapter, ℓ will always represent a prime number (also when not mentioned
explicitly). Notice that, over Q, Pappalardi [37] provided an explicit rational formula for ϱm for G
consisting of positive rationals, whereas the case of groups with negative rationals was considered in
[1] by Abdullah, Ali Mustafa and Pappalardi.

Theorem 5.18. Let K be a number field and let G be a finitely generated and torsion-free subgroup
of K× of positive rank r. Let m ⩾ 1 be an integer and let ϱm be the natural density of the set of
primes p of K such that m | ordp(G) (where p /∈ P(G)). Then there is an integer z, which depends
only on K and G, such that

ϱm =
1

φ(m)

∏
ℓ|m
ℓ∤z

ℓ(ℓr − 1)

ℓr+1 − 1
·

∑
g|z

rad(g)|(m,z)|g

∑
h|g

p(g, h)

[Kg,h : K]
, (5.22)

where we set p(g, h) = 0 if and only if at least one of the following conditions holds:

• there is ℓ | g, ℓ ∤ h such that vℓ(g/(m, z)) > 0,

• there is ℓ | h such that vℓ(z/g) > 0 and vℓ(g/h) /∈ {vℓ(m), vℓ(m)− 1},

• there is ℓ | h such that vℓ(z/g) = 0 and vℓ(g/h) > vℓ(m);

else we define

p(g, h) =
φ(g)

h
·

∏
ℓ|h, vℓ(z/g)>0

vℓ(g/h)=vℓ(m)−1

−ℓ ·
∏

ℓ|h, vℓ(z/g)=0

1⩽vℓ(g/h)<vℓ(m)

−(ℓ− 1) ·
∏
ℓ|h

vℓ(z/h)=0

−ℓr+1(ℓ− 1)

ℓr+1 − 1
.

Notice that the formula for ϱm involves only finite sums and products. Moreover, for a general
number field K and a finitely generated and torsion-free group G ⊆ K×, the integer z is explicitly
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described by the results of [47] (see e.g. [47, Theorem 1.2 and its proof]). Also, notice that for all m
such that (m, z) = 1 we have

ϱm =
rad(m)

φ(m)

∏
ℓ|m

ℓr − 1

ℓr+1 − 1
.

Proof. By [47, Theorem 1.1] there is an integer z, which depends only on K and G, such that for
n | m we have

[Km,n : K] =
φ(m)nr

φ((m, z))(n, z)r
· [K(m,z),(n,z) : K] .

Therefore, we have

ϱm =
∑
n|m∞

∑
d|m

µ(d)

[Kmn,dn : K]
=

1

φ(m)

∑
g|z
h|g

φ(g)hr

[Kg,h : K]

∑
n|m∞

(mn,z)=g

∑
d|m

(dn,z)=h

µ(d)

nr+1dr
. (5.23)

First of all, for all n | m∞ we have that rad(mn, z) = rad(m, z), so that we may restrict the
sum on g | z to the divisors such that (m, z) | g and rad(g) = rad((m, z)) both hold. To simplify
the notation, let us denote mℓ = vℓ(m), and similarly for zℓ, gℓ, hℓ. Then, by properties of the
multiplicative functions, from (5.23) we obtain

ϱm =
1

φ(m)
·

∑
g|z

rad(g)|(m,z)|g

∑
h|g

φ(g)hr

[Kg,h : K]
·
∏
ℓ|m

pℓ(g, h)

where for ℓ | m we define

pℓ(g, h) :=
∑
s⩾0

min(mℓ+s,zℓ)=gℓ

∑
e∈{0,1}

min(s+e,zℓ)=hℓ

µ(ℓe)

ℓs(r+1)ℓer
. (5.24)

If ℓ | m and ℓ ∤ z, then the two conditions on the indices are trivial and we have

pℓ(g, h) =
ℓ(ℓr − 1)

ℓr+1 − 1
.

This computation already justifies the first product in (5.22). Next, we take

p(g, h) := φ(g)hr
∏
ℓ|g

pℓ(g, h),

and compute pℓ(g, h) depending on the prime factors ℓ of g (equivalently, of (m, z)).
Case 1: ℓ | g and ℓ ∤ h. Since ℓ ∤ h, the conditions on the indices in (5.24) hold only for s = e = 0,

so that pℓ(g, h) = 1 if min(mℓ, zℓ) = gℓ, and pℓ(g, h) = 0 otherwise.
Case 2: ℓ | h, and gℓ < zℓ. Since 1 ⩽ hℓ < zℓ, the conditions on the indices hold only for

s + e = hℓ. Therefore, if gℓ = mℓ + hℓ, then pℓ(g, h) = 1/ℓhℓ(r+1); if gℓ = mℓ + hℓ − 1, then
pℓ(g, h) = −ℓ/ℓhℓ(r+1); otherwise pℓ(g, h) = 0.

Case 3: ℓ | h, and hℓ < gℓ = zℓ. The conditions on the indices hold only for s + e = hℓ and
mℓ+s ⩾ zℓ = gℓ. Therefore, if mℓ+hℓ−1 ⩾ zℓ, then pℓ(g, h) = −(ℓ−1)/ℓhℓ(r+1); if mℓ+hℓ = zℓ,
then pℓ(g, h) = 1/ℓhℓ(r+1); otherwise pℓ(g, h) = 0.

Case 4: ℓ | h and hℓ = zℓ. Since hℓ = gℓ = zℓ ⩾ 1, the conditions on the indices hold if and only
if s+ e ⩾ hℓ. Therefore, we obtain

pℓ(g, h) = − 1

ℓhℓ(r+1)

ℓr+1(ℓ− 1)

ℓr+1 − 1
.
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5.5 The order being k-free

In this section we prove Theorem 5.2. The proof relies on ideas from [36, Theorem 1.2] (see also [37,
Remark (8), p.388]).

Proof of Theorem 5.2. If p is a prime of K with p /∈ P(G), then ordp(G) is k-free if and only if for
every rational prime q we have qk ∤ ordp(G). Therefore, by the inclusion-exclusion principle we have

Nk(x) =
∑
m⩾1

µ(m)P1
mk(x) +O

( √
x

log x

)
,

where P1
m denotes the set of all primes in Pm which are of degree 1 (the O-term estimates the primes

not of degree 1). Notice that for P1
m(x) we may take the same asymptotic formula (5.1) as for Pm(x).

Then, for 0 < a < 1 and z := loga x we have

Nk(x) =
∑
m⩽z

µ(m)P1
mk(x) +O

(∑
m>z

P1
mk(x)

)
+O

( √
x

log x

)

=
x

log x
βC,k +O

(
x

log x

∑
m>z

ϱC,mk

)
+O

(∑
m>z

P1
mk(x)

)
(5.25)

+O

(∑
m⩽z

x

(
(log log x)2

log x

)1+ 1−ε
3(r+1)

)
+O

( √
x

log x

)
. (5.26)

By Proposition 5.15 we have ϱC,mk ≪η 1/mk−η for every 0 < η < 1. Hence we can bound the first
O-term in (5.25) by

x

log x

∑
m>z

1

mk−η
= Oη

(
x

(log x)1+a(k−1−η)

)
. (5.27)

The primes p in P1
mk are such that p := N p ≡ 1 mod mk. Hence the second error term in (5.25) is

smaller than

[K : Q]

( ∑
z<m⩽log2 x

∣∣∣{p ⩽ x : p ≡ 1 mod mk
}∣∣∣+ ∑

m>log2 x

∣∣∣{n ⩽ x : mk | n
}∣∣∣).

The second sum is bounded by

∑
m>log2 x

x

mk
= O

(
x

(log x)2(k−1)

)
,

whereas applying the Brun-Titchmarsh Theorem we can bound the first sum with∑
z<m⩽log2 x

x

φ(mk) log(x/mk)
≪ x

log x

∑
m>z

1

φ(mk)
.

In view of the estimate mk/φ(mk) = Oη(m
η) (recall that n/φ(n) ≪η rad(n)η), we deduce that both

sums are bounded by the error term in (5.27).
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Next, we can bound the first error term in (5.26) by

(log x)a · x
(
(log log x)2

log x

)1+ 1−ε
3(r+1)

⩽
x(log log x)3

(log x)
1+ 1−ε

3(r+1)
−a

, (5.28)

and we may choose a = 1−ε
3(r+1)(k−η) , so that (5.28) can be bounded by (5.27). With a suitable choice of

ε and η (depending on k), the exponent in the denominator of (5.27) can be reduced to 1+ k−1
3(r+1)(k+1) .

Collecting the errors yields the result.

Remark 5.19. In the context of Theorem 5.2, the case of groups with torsion is straightforward: if G′

is a finitely generated subgroup of K× with torsion of order t, and G = G′/⟨ζt⟩, then the density of
the set Nk,G′ (i.e. Nk defined for the group G′) is equal to the density of Nk,G if t is k-free, and it is
0 otherwise.

Next we prove an explicit formula for the density βC,k of Theorem 5.2 if the condition on the
Frobenius is trivial, and in this case we simply write βk. The formula consists of a rational factor
times a constant expressed by an infinite product.

Theorem 5.20. Let K be a number field and let G be a finitely generated and torsion-free subgroup
of K× of positive rank r. Let k ⩾ 2 and let βk be the natural density of the set of primes p of K such
that ordp(G) is k-free (where p /∈ P(G)). Then there is an integer z, which depends only on K and
G, such that

βk =
∏
ℓ∤z

(
1− ℓr − 1

(ℓ− 1)(ℓr+1 − 1)ℓk−2

)
·

∑
g|z

(rad(g)k,z)|g

∑
h|g

p(g, h)

[Kg,h : K]
, (5.29)

where we set p(g, h) = 0 if and only if at least one of the following conditions is satisfied:

• there is ℓ | g, ℓ ∤ h and vℓ(g) ̸= vℓ((ℓ
k, z)),

• there is ℓ | h such that vℓ(g/h) > k, or vℓ(z/g) > 0 and vℓ(g/h) < k − 1;

else we define p(g, h) to be

g

h rad(g)k
·

∏
ℓ|g,ℓ∤h, vℓ(g/(ℓ

k,z))=0

or ℓ|h,vℓ(g/h)=k

(−1) ·
∏

ℓ|h, vℓ(z/g)>0

vℓ(g/h)=k−1

ℓ ·
∏

ℓ|h, vℓ(z/g)=0

0<vℓ(g/h)<k

(ℓ− 1) ·
∏
ℓ|h

vℓ(z/h)=0

ℓr+1(ℓ− 1)

ℓr+1 − 1

Notice that, setting

Ak,r :=
∏

ℓ prime

(
1− ℓr − 1

(ℓ− 1)(ℓr+1 − 1)ℓk−2

)
, (5.30)

a constant which only depends on the integer k and on the rank r of G, the infinite product in (5.29)
is equal to

Ak,r ·
∏
ℓ|z

(
1− ℓr − 1

(ℓ− 1)(ℓr+1 − 1)ℓk−2

)−1
.
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Proof. Applying [47, Theorem 1.1] as in the proof of Theorem 5.18 we obtain

βk =
∑
m⩾1

∑
n|m∞
d|m

µ(m)µ(d)

[Knmk,dn : K]
=
∑
g|z
h|g

φ(g)hr

[Kg,h : K]

∑
m⩾1

∑
n|m∞

(nmk,z)=g

∑
d|m

(dn,z)=h

µ(m)µ(d)

nr+1drφ(mk)

=
∑
g|z
h|g

φ(g)hr

[Kg,h : K]

∏
ℓ prime

pℓ(g, h) (5.31)

where for ℓ ∤ z (and hence ℓ ∤ g) we have

pℓ(g, h) = 1− 1

φ(ℓk)

∑
s⩾0

∑
e∈{0,1}

µ(ℓe)

ℓs(r+1)+er
= 1− 1

φ(ℓk)

ℓ(ℓr − 1)

ℓr+1 − 1
,

and for ℓ | z, ℓ ∤ g we have pℓ(g, h) = 1, whereas for ℓ | g, setting zℓ := vℓ(z) and similarly for gℓ, hℓ,
we have

pℓ(g, h) = − 1

φ(ℓk)

∑
s⩾0

min(k+s,zℓ)=gℓ

∑
e∈{0,1}

min(s+e,zℓ)=hℓ

µ(ℓe)

ℓs(r+1)+er
.

We take p(g, h) := φ(g)hr
∏

ℓ|g pℓ(g, h) (and make use of the identity φ(g)/φ(rad(g)k) =

g/ rad(g)k). Let us compute pℓ(g, h) depending on the prime ℓ | g. If gℓ < min(k, zℓ), then
pℓ(g, h) = 0, so that we may restrict the sum in (5.31) to the divisors g such that (rad(g)k, z) | g.

Case 1: ℓ ∤ h. The conditions on the indices hold only for s = e = 0. Thus, if gℓ = min(k, zℓ),
then pℓ(g, h) = −1/φ(ℓk), otherwise pℓ(g, h) = 0.

Case 2: ℓ | h and hℓ = gℓ = zℓ. The sums reduce to the indices s, e such that s + e ⩾ hℓ (recall
that k ⩾ 2). Hence, we have

pℓ(g, h) =
1

φ(ℓk)ℓ(r+1)hℓ

ℓr+1(ℓ− 1)

ℓr+1 − 1
.

Case 3: ℓ | h and hℓ < gℓ = zℓ. The conditions on the indices become s+e = hℓ and k+s ⩾ gℓ.
Hence, we have: pℓ(g, h) = 0 if gℓ − hℓ > k; pℓ(g, h) = −1/(φ(ℓk)ℓ(r+1)hℓ) if gℓ − hℓ = k;
pℓ(g, h) = (ℓ− 1)/(φ(ℓk)ℓ(r+1)hℓ) if gℓ − hℓ < k.

Case 4: ℓ | h and gℓ < zℓ. The conditions on the indices become s + e = hℓ and k + s = gℓ.
Thus, we have: if gℓ − hℓ = k, then pℓ(g, h) = −1/(φ(ℓk)ℓ(r+1)hℓ); if gℓ − hℓ = k − 1, then
pℓ(g, h) = ℓ/(φ(ℓk)ℓ(r+1)hℓ); otherwise, pℓ(g, h) = 0.

5.6 Prescribing valuations for the order

In this section we apply Theorem 5.1 to prove an asymptotic formula for the number of primes p of
K for which the order of (G mod p) has some prescribed ℓ-adic valuations for finitely many given
primes ℓ.

Theorem 5.21. Let K be a number field and let G be a finitely generated and torsion-free subgroup
of K× of positive rank r. Let F/K be a finite Galois extension, and let C be a conjugacy-stable
subset of Gal(F/K). Consider finitely many prime numbers ℓ, and for each of them fix a nonnegative
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integer aℓ. Set k =
∏

ℓ and m =
∏

ℓaℓ , where ℓ runs through the considered primes. Consider the
set of primes of K given by

V =

{
p : vℓ(ordp(G)) = aℓ ∀ℓ | k,

(
p

F/K

)
⊆ C

}
,

where we are assuming that p /∈ P(G) and p does not ramify in F . Then, for 0 < ε < 1 we have

V(x) = x

log x

∑
f |k

µ(f)ϱC,mf +Oε

(
τ(k)x

(
(log log x)2

log x

)1+ 1−ε
3(r+1)

)
,

where, for t ⩾ 1, ϱC,t is as in (5.2), so that the set V has natural density

γC,k,m :=
∑
f |k

∑
n|(fm)∞

∑
d|fm

µ(f)µ(d)c(fmn, dn)

[Ffmn,dn : K]

(with c(a, b) as in (5.3)). The constant implied by the O-term depends only on ε, F , K, G.

It follows from Proposition 5.15 that the series γC,k,m is convergent.

Proof. We must have that ordp(G) is divisible by m and not by mℓ for any prime factor ℓ of k. Hence
applying the inclusion-exclusion principle and Theorem 5.1 we obtain the desired formula.

Notice that γC,k,m is given by a finite sum of terms of the form ±ϱC,t.

Remark 5.22. Let k be a positive integer. The density of primes p of K such that ordp(G) is coprime
with k and (p, F/K) ⊆ C is given by ∑

f |k

µ(f)ϱC,f .

This follows directly from Theorem 5.1 and it is a special case of Theorem 5.21. The case of trivial
condition on the Frobenius is stated in Theorem 1.6.

In the following we provide an explicit formula for the special case of trivial condition on the
Frobenius.

Theorem 5.23. Let K be a number field and let G be a torsion-free subgroup of K× of positive rank
r. Let k,m ⩾ 1 be integers with k squarefree and rad(m) | k. Let γk,m be the natural density of the
set of primes p of K such that vℓ(ordp(G)) = vℓ(m) for all ℓ | k (where p /∈ P(G)). Then there is an
integer z, which depends only on K and G, such that

γk,m =
1

φ(m)

∏
ℓ|m
ℓ∤z

(ℓ− 1)(ℓr − 1)

ℓr+1 − 1

∏
ℓ|k

ℓ∤mz

(
1− ℓ(ℓr − 1)

(ℓr+1 − 1)(ℓ− 1)

)
·
∑
g|z

(m,z)|g
rad(g)|k

∑
h|g

p(g, h)

[Kg,h : K]
,

where, for h | g, we set p(g, h) = 0 if and only if at least one of the following conditions holds:

• there is ℓ | (k, g), ℓ ∤ m, such that vℓ(g/h) > 1,

• there is ℓ | (g,m), ℓ ∤ h, such that we have vℓ(g) /∈ {vℓ(z), vℓ(m), vℓ(m) + 1}, or vℓ(g) =
vℓ(z) > vℓ(m) + 1,
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• there is ℓ | (h,m), such that we have vℓ(g/h) > vℓ(m) + 1, or we have vℓ(z/g) > 0 and
vℓ(g/h) < vℓ(m)− 1;

else we define p(g, h) = φ(g)
h · q1(g, h)q2(g, h), with

q1(g, h) =
∏
ℓ|g/h
ℓ∤m

−1

ℓ− 1
·
∏

ℓ|h,ℓ∤m
vℓ(z/h)=0

ℓr+1

ℓr+1 − 1
·

∏
ℓ|h,ℓ∤m

vℓ(h)=vℓ(g)<vℓ(z)

ℓ

ℓ− 1

(the primes involved in these products are coprime with m), and

q2(g, h) =
∏

ℓ|(h,m)
vℓ(z/h)=0

−ℓr(ℓ− 1)2

ℓr+1 − 1
·

∏
ℓ|(g,m)

vℓ(g/h)=vℓ(m)+1

−1

ℓ
·

∏
ℓ|g,ℓ∤h

vℓ(g)=vℓ(z)⩽vℓ(m)

ℓ− 1

ℓ
·

∏
ℓ|(h,m),vℓ(z/g)>0

vℓ(g/h)=vℓ(m)

2·

·
∏

ℓ|h,vℓ(z/g)=0

0<vℓ(g/h)<vℓ(m)

−(ℓ− 1)2

ℓ
·

∏
ℓ|h,vℓ(z/g)=0

vℓ(g/h)=vℓ(m)>0

2ℓ− 1

ℓ
·

∏
ℓ|h,vℓ(z/g)>0

vℓ(g/h)=vℓ(m)−1

−ℓ

(the primes involved in these products are prime factors of m).

Proof. The proof is similar to that of Theorem 5.18 and does not contain new ingredients: one needs
to first apply [47, Theorem 1.1], then transform the obtained inner sums into a product on the prime
factors ℓ of k, and compute these through a certain case distinction.

Nevertheless, for the convenience of the reader we provide here the details. We apply [47, The-
orem 1.1] as we did in the proof of Theorem 5.18 to obtain

γk,m =
∑
f |k

∑
n|(fm)∞

∑
d|fm

µ(f)µ(d)

[Kfmn,dn : K]

=
∑
g|z
h|g

φ(g)hr

[Kg,h : K]

∑
f |k

∑
n|(fm)∞
(fmn,z)=g

∑
d|fm

(dn,z)=h

µ(f)µ(d)

φ(fmn)(nd)r
.

Write m =
∏

ℓ|k ℓ
aℓ with aℓ ⩾ 0. Notice that the inner sums do not vanish only if (m, z) | g and

rad(g) | k. Thus we reduce the formula to

γk,m =
1

φ(m)
·

∑
g|z

(m,z)|g, rad(g)|k

∑
h|g

φ(g)hr

[Kg,h : K]
·
∏

ℓ|k prime

pℓ(g, h),

where for ℓ | k prime and aℓ = 0 we define pℓ(g, h) according to a case distinction on the prime
factors ℓ of k. Set zℓ := vℓ(z), and similarly for gℓ, hℓ.

Case 1: ℓ | k and aℓ = 0. If ℓ ∤ z, then we set

pℓ(g, h) := 1− 1

ℓ− 1

∑
s⩾0

∑
t∈{0,1}

µ(ℓt)

ℓs(r+1)+tr
= 1− ℓ(ℓr − 1)

(ℓ− 1)(ℓr+1 − 1)
;

if ℓ | z and ℓ ∤ g, then pℓ(g, h) := 1; if ℓ | g, then we set

pℓ(g, h) := − 1

ℓ− 1

∑
s⩾0

min(s+1,zℓ)=gℓ

∑
t∈{0,1}

min(s+t,zℓ)=hℓ

µ(ℓt)

ℓs(r+1)+tr
.
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We take q1(g, h) :=
∏

ℓ|(k,g),aℓ=0 pℓ(g, h)ℓ
hℓ(r+1), and we compute pℓ(g, h) depending on the prime

factor ℓ of (k, g).
Case 1.1: ℓ ∤ h. We must have s = t = 0, hence pℓ(g, h) = −1/(ℓ − 1) if gℓ = 1, otherwise

pℓ(g, h) = 0.
Case 1.2: ℓ | h, hℓ = gℓ = zℓ. The conditions on the indices hold only for s+ t ⩾ zℓ. We obtain

pℓ(g, h) =
1

ℓhℓ(r+1)
ℓr+1

ℓr+1−1
.

Case 1.3: ℓ | h, hℓ < gℓ = zℓ. We must have s + t = hℓ and s + 1 ⩾ zℓ, hence pℓ(g, h) =
−1/(ℓhℓ(r+1)(ℓ− 1)) if gℓ − hℓ = 1, and pℓ(g, h) = 0 otherwise.

Case 1.4: ℓ | h, gℓ < zℓ. We must have s = gℓ−1. Thus, we obtain: pℓ(g, h) = −1/(ℓhℓ(r+1)(ℓ−
1)) if gℓ − hℓ = 1; pℓ(g, h) = ℓ/(ℓhℓ(r+1)(ℓ− 1)) if gℓ = hℓ; pℓ(g, h) = 0 otherwise.

Case 2: ℓ | k and aℓ > 0. Recall that g is such that gℓ ⩾ min(aℓ, zℓ). We set

pℓ(g, h) :=
∑

e∈{0,1}

∑
s⩾0

min(e+aℓ+s,zℓ)=gℓ

∑
t∈{0,1}

min(s+t,zℓ)=hℓ

µ(ℓe)µ(ℓt)

ℓs(r+1)+e+tr
.

If ℓ ∤ z, then we have pℓ(g, h) = (ℓ−1)(ℓr−1)
ℓr+1−1

if aℓ > 0. Before dealing with the case ℓ | z, we set
q2(g, h) :=

∏
ℓ|(k,z),aℓ>0 pℓ(g, h)ℓ

hℓ(r+1), and we compute pℓ(g, h) depending on the prime factor ℓ
of (k, z).

Case 2.1: ℓ ∤ h. We must have s = t = 0 and hence we have: pℓ(g, h) = 0 if gℓ /∈ {zℓ, aℓ, aℓ+1},
or gℓ = zℓ > aℓ+1; pℓ(g, h) = 1 if gℓ = aℓ < zℓ; pℓ(g, h) = −1/ℓ if gℓ = aℓ+1; pℓ(g, h) = 1−1/ℓ
if gℓ = zℓ ⩽ aℓ.

Case 2.2: ℓ | h and hℓ = gℓ = zℓ. The conditions on the indices hold only for s ⩾ hℓ, or
s = hℓ − 1 and t = 1 (as aℓ ⩾ 1). We obtain

pℓ(g, h) =
(
1− 1

ℓ

)((
1− 1

ℓr

) 1

ℓhℓ(r+1)

∑
s⩾0

1

ℓs(r+1)
− ℓ

ℓhℓ

)
= − ℓr(ℓ− 1)2

ℓhℓ(r+1)(ℓr+1 − 1)
.

Case 2.3: ℓ | h and hℓ < gℓ = zℓ. Then the conditions are satisfied only if s + e + aℓ ⩾ zℓ. We
deduce that pℓ(g, h) equals: −(ℓ−1)2/ℓhℓ(r+1)+1 if gℓ−hℓ < aℓ; (2ℓ−1)/ℓhℓ(r+1)+1 if gℓ−hℓ = aℓ;
−1/ℓhℓ(r+1)+1 if gℓ − hℓ = aℓ + 1; 0 if gℓ − hℓ > aℓ + 1.

Case 2.4: ℓ | h and gℓ < zℓ. The conditions are satisfied only if aℓ + s + e = gℓ. Thus, pℓ(g, h)
equals: 0 if gℓ−hℓ /∈ {aℓ−1, aℓ, aℓ+1}; −ℓ/ℓhℓ(r+1) if gℓ−hℓ = aℓ−1; 2/ℓhℓ(r+1) if gℓ−hℓ = aℓ;
−1/ℓhℓ(r+1)+1 if gℓ − hℓ = aℓ + 1.

Finally, take p(g, h) := (φ(g)/h) · q1(g, h)q2(g, h).

Theorem 5.24. Let K be a number field and let G be a torsion-free subgroup of K× of positive rank
r. Let k ⩾ 1 be a squarefree integer. There is an integer z, which depends only on K and G, such that
the natural density of the set of primes p of K with ordp(G) coprime to k (where p /∈ P(G)) is given
by ∏

ℓ|k
ℓ∤z

(
1− ℓ(ℓr − 1)

(ℓr+1 − 1)(ℓ− 1)

)
·
∑
g|z

rad(g)|k

∑
h|g

µ
(g
h

) p(g, h)

[Kg,h : K]
,

where, for h | g, we set

p(g, h) =
φ(g)

φ(g/h)h
·
∏
ℓ|h

ℓ∤(z/h)

ℓr+1

ℓr+1 − 1
·

∏
ℓ|h

vℓ(h)=vℓ(g)<vℓ(z)

ℓ

ℓ− 1
.
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Proof. It suffices to take m = 1 in Theorem 5.23. Clearly we have q2(g, h) = 1. We obtain that
p(g, h) = 0 if and only if g/h is not squarefree, and this together with the factor

∏
ℓ|g/h(−1) in

q1(g, h) yields the term µ(g/h) in the formula. Also, the factor
∏

ℓ|g/h 1/(ℓ− 1) in q1(g, h) is equal
to 1/φ(g/h).

5.7 Conditional results assuming GRH

In this section we show how Theorems 5.1 and 5.2 can be improved if we assume (GRH) for the
Dedekind zeta functions of number fields of the type Km,n. In fact, in this case we can apply the
stronger version of the Chebotarev density theorem, namely [53, Théorème 4] or [59, Theorem 2],
and we obtain smaller error terms. Let us first apply this theorem to cyclotomic-Kummer extensions
of K.

Lemma 5.25. Let F/K be a Galois extension of number fields, C a conjugacy-stable subset of
Gal(F/K), and let G be a finitely generated and torsion-free subgroup of K×. Assuming (GRH),
the number of primes p of K with N p ⩽ x which split completely in Km,n, where n | m, and such
that the Frobenius conjugacy class (p, F/K) is in C (in other words, (p, F/K) ⊆ Cm,n, where Cm,n

is as in (5.13)) is given by

π(Fm,n/K,Cm,n)(x) =
|Cm,n|

[Fm,n : K]
Li(x) +OF,G

(√
x log(mx)

)
. (5.32)

Proof. Applying [53, Théorème 4] we have

|Cm,n|
[Fm,n : K]

Li(x) +O

(
|Cm,n|

[Fm,n : K]

√
x log

( ∣∣dFm,n

∣∣x[Fm,n:Q]
))

.

Recalling that |Cm,n| ⩽ [F : K] and applying Proposition 5.9, we can reduce the error term to

OF

(√
x ·

log
∣∣dFm,n

∣∣
[Fm,n : Q]

+
√
x log x

)
= OF,G

(√
x logm+

√
x log x

)
.

Theorem 5.26. With the setup of Theorem 5.1, assuming (GRH), for all 0 < ε < 1/4 we have

Pm(x) = Li(x)ϱC,m +OF,K,G,ε(x
3/4+ε).

Proof. We follow the proof of Theorem 5.1. Recall (5.16), where Bn was defined in the proof of
Lemma 5.11. Applying first Lemma 5.11, and then Lemma 5.25 to the functions π1

mn,dn(x) (notice
that (5.32) also holds if we restrict to the primes of K of degree 1), setting y := x1/4 we obtain:

Pm(x) = Li(x)ϱC,m +O

( ∑
n⩽y/m

∑
d|m

√
x log(mnx)

)
+O

( √
x

log x

)
(5.33)

+O

(
Li(x)

∑
n|m∞
nm>y

∑
d|m

µ(d)c(mn, dn)

[Fmn,dn : K]

)
+O

( ∑
n|m∞
nm>y

Bn(x)

)
. (5.34)

The first O-term in (5.33) is bounded by

τ(m)
√
x

( ∑
n⩽y/m

log n+
∑

n⩽y/m

2 log x

)
≪ x3/4 log x.
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For 0 < ε < 1/4 and z > y, the two O-terms in (5.34) are bounded by

x log log x

x1/4−ε log x
and x

( log log x

log(x/z)x1/4−ε
+

1

z1−4ε

)
,

respectively. Taking z =
√
x and collecting all error terms yields the formula in the statement.

Corollary 5.27. Assume (GRH). With the setup of Theorem 5.2, we have

Nk(x) = Li(x)βC,k +OF,K,G

(
x

log2 x

)
.

Moreover, with the setup of Theorem 5.21, for all 0 < ε < 1/4 we have

V(x) = Li(x)γC,k,m +OF,K,G,ε

(
τ(k)x3/4+ε

)
.

Proof. As for the first assertion, it is sufficient to follow the proof of Theorem 5.2, making use of
Theorem 5.26 instead of Theorem 5.1. This yields

Nk(x) = Li(x)βC,k +O

(
x

(log x)1+a(k−1−η)

)
+O

(
x3/4+ε(log x)a

)
.

We may conclude by taking a = 1/(k − 1− η) (with η, ε sufficiently small). The second assertion is
a direct consequence of Theorem 5.26.

5.8 Numerical data

In this section we provide several examples of densities computed with the formulas of Theorems
5.18, 5.20 and 5.23. All values have been verified with SageMath [57] by computing the approxim-
ated density that considers only primes up to a certain bound. The Sage codes used to compute the
density formulas have been partly adapted from Sebastiano Tronto’s code kummer-degrees, available
on GitHub. In particular, we have tested these formulas for K and G as in the several numerical
examples from [39, 10, 40, 37, 36] (notice that in [10, Table 3, left side] the density for the fifth and
seventh entries should both read 121/960).

Let K be a number field and G a finitely generated subgroup of K×. Recall the notation ϱm
introduced in Theorem 5.18. In Tables 5.1-5.4 we provide several examples of densities ϱm.

G ϱ2 ϱ3 ϱ4 ϱ6 ϱ9 ϱ12 ϱ16 ϱ27

⟨2⟩ 17/24 3/8 5/12 17/64 1/8 5/32 1/24 1/24
⟨16⟩ 1/12 3/8 1/24 1/32 1/8 1/64 1/96 1/24
⟨3⟩ 2/3 3/8 1/3 5/16 1/8 1/16 1/12 1/24
⟨27⟩ 2/3 1/8 1/3 5/48 1/24 1/48 1/12 1/72
⟨2, 3⟩ 195/224 6/13 27/56 333/728 2/13 3/14 5/56 2/39
⟨16, 27⟩ 75/112 5/13 75/224 235/728 5/39 95/1456 75/896 5/117
⟨2, 27, 25⟩ 839/960 37/80 59/120 17723/38400 37/240 1073/4800 11/120 37/720

Table 5.1: Examples of densities ϱm with K = Q
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G ϱ2 ϱ3 ϱ4 ϱ6 ϱ9 ϱ12 ϱ16 ϱ27

⟨2⟩ 17/24 3/4 5/12 17/32 1/4 5/16 1/24 1/12
⟨16⟩ 1/12 3/4 1/24 1/16 1/4 1/32 1/96 1/12
⟨3⟩ 5/6 3/4 1/6 5/8 1/4 1/8 1/24 1/12
⟨27⟩ 5/6 1/4 1/6 5/24 1/12 1/24 1/24 1/36
⟨2, 3⟩ 111/112 12/13 13/28 333/364 4/13 3/7 3/56 4/39
⟨16, 27⟩ 47/56 10/13 19/112 235/364 10/39 95/728 19/448 10/117
⟨2, 27, 25⟩ 479/480 37/40 29/60 17723/19200 37/120 1073/2400 7/120 37/360

Table 5.2: Examples of densities ϱm with K = Q(ζ3)

G ϱ2 ϱ3 ϱ4 ϱ6 ϱ9 ϱ12 ϱ16 ϱ27

⟨2⟩ 11/12 3/4 5/6 11/16 1/4 5/8 1/12 1/12
⟨16⟩ 1/6 3/4 1/12 1/8 1/4 1/16 1/48 1/12
⟨3⟩ 2/3 3/4 1/3 1/2 1/4 1/4 1/12 1/12
⟨27⟩ 2/3 1/4 1/3 1/6 1/12 1/12 1/12 1/36
⟨2, 3⟩ 55/56 12/13 13/14 165/182 4/13 6/7 3/28 4/39
⟨16, 27⟩ 19/28 10/13 19/56 95/182 10/39 95/364 19/224 10/117
⟨2, 27, 25⟩ 239/240 37/40 29/30 8843/9600 37/120 1073/1200 7/60 37/360

Table 5.3: Examples of densities ϱm with K = Q(ζ4,
√
3)

G ϱ2 ϱ3 ϱ4 ϱ6 ϱ9 ϱ12 ϱ16 ϱ27

⟨2ζ4⟩ 2/3 3/8 1/3 1/4 1/8 1/8 1/12 1/24
⟨16ζ4⟩ 47/48 3/8 23/24 47/128 1/8 23/64 1/48 1/24
⟨3ζ4⟩ 5/6 3/8 2/3 11/32 1/8 5/16 1/6 1/24
⟨27ζ4⟩ 5/6 1/8 2/3 11/96 1/24 5/48 1/6 1/72

⟨2ζ4, 3ζ4⟩ 13/14 6/13 5/7 165/364 2/13 3/7 5/28 2/39
⟨16ζ4, 27⟩ 1791/1792 5/13 447/448 4475/11648 5/39 1115/2912 75/448 5/117
⟨2ζ4, 27, 25⟩ 29/30 37/80 11/15 259/600 37/240 259/1200 11/60 37/720

Table 5.4: Examples of densities ϱm with K = Q(ζ4)

Recall the notation βk from Theorem 5.20 (which is the density of primes p of K such that
ordp(G) is k-free), and the constants Ak,r defined in (5.30). In Table 5.5 we show some values for
these constants Ak,r, approximated by considering only the primes ℓ up to 105. In Tables 5.6 and 5.7
we provide some examples of densities βk, expressed both as rational multiples of the constants Ak,r

and as approximated value.

Ak,r k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8
r = 1 0.530712 0.788163 0.901926 0.953511 0.977581 0.989060 0.994618
r = 2 0.434934 0.734313 0.875354 0.940597 0.971280 0.985966 0.993091
r = 3 0.401045 0.714103 0.865118 0.935552 0.968798 0.984741 0.992484
r = 4 0.386687 0.705354 0.860624 0.933316 0.967691 0.984192 0.992211
r = 5 0.380106 0.701307 0.858528 0.932267 0.967169 0.983932 0.992082

Table 5.5: Examples of constants Ak,r approximated (ℓ < 105)
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G β2 β3 β4 β5

⟨2⟩ 3
4A2,1 ≈ 0.398 121

115A3,1 ≈ 0.829 805
781A4,1 ≈ 0.930 5029

4945A5,1 ≈ 0.970

⟨16⟩ 69
56A2,1 ≈ 0.654 517

460A3,1 ≈ 0.886 3325
3124A4,1 ≈ 0.960 20437

19780A5,1 ≈ 0.985

⟨3⟩ 15
14A2,1 ≈ 0.569 121

115A3,1 ≈ 0.829 805
781A4,1 ≈ 0.930 5029

4945A5,1 ≈ 0.970

⟨27⟩ 55
42A2,1 ≈ 0.695 77

69A3,1 ≈ 0.880 2461
2343A4,1 ≈ 0.947 15181

14835A5,1 ≈ 0.976

⟨2, 3⟩ 135
176A2,2 ≈ 0.334 875

814A3,2 ≈ 0.789 5989
5750A4,2 ≈ 0.912 37823

36994A5,2 ≈ 0.962

⟨16, 27⟩ 899
704A2,2 ≈ 0.555 21935

19536A3,2 ≈ 0.824 48763
46000A4,2 ≈ 0.928 914711

887856A5,2 ≈ 0.969

⟨2, 27, 25⟩ 95201
119193A2,3

105751169
96766014 A3,3

524265887
500045142A4,3

116376274169
113496822354A5,3

≈ 0.320 ≈ 0.780 ≈ 0.907 ≈ 0.959

Table 5.6: Examples of densities βk over K = Q(ζ3)

G β2 β3 β4 β5

⟨2⟩ 1
4A2,1 ≈ 0.133 A3,1 ≈ 0.788 A4,1 ≈ 0.902 A5,1 ≈ 0.953

⟨16⟩ 11
8 A2,1 ≈ 0.730 23

20A3,1 ≈ 0.906 47
44A4,1 ≈ 0.963 95

92A5,1 ≈ 0.985

⟨3⟩ 3
7A2,1 ≈ 0.227 91

115A3,1 ≈ 0.624 709
781A4,1 ≈ 0.819 4729

4945A5,1 ≈ 0.912

⟨27⟩ 11
21A2,1 ≈ 0.278 283

345A3,1 ≈ 0.647 2149
2343A4,1 ≈ 0.827 331

345A5,1 ≈ 0.915

⟨2, 3⟩ 9
176A2,2 ≈ 0.0222 329

407A3,2 ≈ 0.594 2641
2875A4,2 ≈ 0.804 17795

18497A5,2 ≈ 0.905

⟨16, 27⟩ 1073
2112A2,2 ≈ 0.221 5501

6512A3,2 ≈ 0.620 128873
138000A4,2 ≈ 0.817 286741

295952A5,2 ≈ 0.911

⟨2, 27, 25⟩ 23323
953544A2,3

79247549
96766014A3,3

3234551969
3500315994A4,3

109490052089
113496822354A5,3

≈ 0.00981 ≈ 0.585 ≈ 0.799 ≈ 0.903

Table 5.7: Examples of densities βk over K = Q(ζ4)

Finally, recall the notation γk,m from Theorem 5.23 (which is the density of primes p of K such
that ordp(G) has ℓ-adic valuation equal to vℓ(m) for every prime ℓ | k). In Table 5.8 we provide some
examples of these densities.

G γ6,1 γ6,2 γ6,3 γ6,4 γ6,6 γ6,9 γ6,12
⟨2⟩ 35/192 35/192 7/96 5/24 7/96 7/288 1/12
⟨16⟩ 55/96 5/192 11/48 5/384 1/96 11/144 1/192
⟨3⟩ 13/48 1/12 1/24 13/96 1/6 1/72 1/48
⟨27⟩ 5/16 1/4 1/72 5/32 1/18 1/216 1/144
⟨2, 3⟩ 365/2912 423/2912 1/364 101/728 59/364 1/1092 10/91
⟨16, 27⟩ 391/1456 225/2912 15/364 785/5824 125/728 5/364 95/4368
⟨2, 27, 25⟩ 801/6400 927/6400 37/28800 443/3200 4699/28800 37/86400 1591/14400

Table 5.8: Examples of densities γk,m over K = Q(
√
−5)
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