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Chapter 1

Introduction

The problems addressed in this thesis are closely related to Artin’s conjecture on primitive roots, which
is a classical conjecture in number theory. In 1927, Artin claimed that given a rational number g which
is neither 0, -1, nor a square, there are infinitely many prime numbers p such that g is a primitive root
modulo p. In 1967, under the assumption of the Generalized Riemann Hypothesis (GRH Hooley
[[16]] proved the conjecture, as well as an asymptotic formula for the number of primes satisfying the
condition. He proved that the number of primes p < x such that g is a primitive root modulo p is

given by
; k) (#losper)
log = Z [Q(Cns g/ = Q] +0 og?s ) (1.1)

n=1

where (,, is a primitive n-th root of unity and y is the Mobius function. It is well-known that a prime
g divides the index of the subgroup of (Z/pZ)* generated by (¢ mod p) (assuming that the p-adic
valuation of ¢ is zero) if and only if p splits completely in the cyclotomic-Kummer field Q(¢,, g'/ 7).
Therefore, saying that g is a primitive root modulo p is equivalent to saying that there is no prime ¢
dividing (p — 1) such that p splits completely in Q(¢,, g*/9). By Chebotarev’s density theorem, the
density of primes p splitting completely in a number field K is given by 1/[K : Q]. Hence, roughly
speaking, formula is obtained by applying the inclusion-exclusion principle and by making use
of the (conditional) quantitative version of Chebotarev’s density theorem (e.g. [S3, Théoréeme 4]). See
[31} Section 5] for a detailed summary of the proof.

Hooley also showed that the natural density of the above set of primes is equal to a rational number,
depending on g, times Artin’s constant

A= ]] (1 — p(pl—1)> = 0.3739558...

p prime

An unconditional proof does not exist to date. However, in 1986 Heath-Brown [13]] proved a result
implying that there are at most two prime numbers for which Artin’s conjecture fails (taking g to be
one of these prime numbers). Similarly, there are at most three positive squarefree integers for which
Artin’s conjecture fails.

Over the past decades, several variations of the conjecture have been considered, and we refer to
Moree’s survey [31] for an extensive account on this topic. Some of these variations are set in the
context of number fields. Let K be a number field, and for & € K *, let us consider the multiplicative
order of its reduction modulo all but finitely many primes of K. We discard those primes that appear

"By (GRH) it is meant the extended Riemann hypothesis for the Dedekind zeta-function of a number field.



in the prime factorization of the fractional ideal (), so that for all considered primes p the reduction
(a mod p) is a well-defined element of kpx , where kj, is the residue field at p. Thus, to each p as above
we may associate a positive integer, namely the order of (o mod p). One can then study properties of
this function and, more specifically, the number of primes p such that the order of (o mod p) satisfies
certain conditions.

In 1975, Cooke and Weinberger [9] considered the analogue of Artin’s conjecture over number
fields. For K a number field and o« € K not a root of unity, they studied the primes p of K such that
(a mod p) (as above, we may suppose that this reduction is nonzero) generates k:px. Then, assuming
(GRH), an analogous asymptotic formula to (I.1)) holds, with Q replaced by K and g by «.

Over Q, Wiertelak [58]], and more recently, Pappalardi [36] and Moree [26]], investigated the
primes p for which the order of (¢ mod p) is divisible by a given integer. More generally, Chinen and
Murata [5] and Moree [27] considered the primes p for which the order of (¢ mod p) lies in a given
arithmetic progression. Ziegler [59] generalized the latter work to number fields by considering the
same condition for the order of (o mod p), where «v and p are as above.

The main goal of this thesis is studying primes of number fields satisfying conditions on the order
of the reductions of some given algebraic numbers. In the rest of the introduction we present our main
results. In Section [I.1] we set some general notation. In Section [I.2] we introduce our work on the
primes for which the order lies in a given arithmetic progression, and on how they distribute among
the residue classes modulo some fixed integer. These results are then developed in Chapters [3] and
which consist of the articles [44] (joint with Perucca) and [35], respectively. In Section |1.3| we
describe our achievements for primes satisfying some given divisibility properties on the order, such
as the order being divisible by a given integer. This is the content of Chapter [5} which consists of the
preprint [54].

Chapter [2] concerns Kummer theory for number fields. Indeed, as one can see from (L.I), the
degree of number fields of the form Q(¢,, qY/ ™), for n > 1, play an important role in the computation
of the natural densities (i.e. the coefficients of z/ log z), and it will be the case also for our problems.
Therefore, Chapter 2] which summarizes the articles [47, 49] (joint with Perucca and Tronto), is an
essential part of this thesis, and it is devoted to the computation of the degrees of cyclotomic-Kummer
extensions of number fields for all parameters at once, e.g. for all integers n in the case above. We
refer to Section [2.1|for a complete overview of our methods and achievements.

In Section [I.4] T outline other projects that I have worked on during my Ph.D., but which are
not part of this thesis. Namely, some other results in Kummer theory for number fields (joint with
Hormann, Perucca, Tronto), and some results concerning prime divisors of generalizations of the
Genocchi numbers (joint with Moree). Notice that these are independent topics on their own.

1.1 Notation

Throughout the thesis we will use the following notation. Let K be a number field, and let p be a prime
of K. We denote by v, the p-adic valuation over K, and if p is a rational prime, then v, is the p-adic
valuation over Q. For a € K™, supposing that v,(cr) = 0, we write ordy(«) for the multiplicative
order of (o mod p) in k', where kj is the residue field at p. Let G be a finitely generated subgroup
of K*. Similarly, supposing that v,(g) = 0 for all ¢ € G (it suffices to consider g varying in a
set of generators of (), we write ord,(G) for the multiplicative order of (G mod p) in k,°, where
(G mod p) is the subgroup generated by the reductions (g mod p) for g € G. For m > 1, we denote
by ,, a primitive m-th root of unity in a fixed algebraic closure K of K.

Let m,n > 1 be integers. We write (m,n) for gcd(m, n), and [m, n] for lem(m,n) (unless this



simplified notation would lead to confusion), and similarly [ny, ..., n,] is the least common multiple
of the integers ny,...,n,. We write rad(n) := [],,, yime P for the radical of n, and n> for the
supernatural number [],,,, ,ime P°°. Also, 7(n) is the function counting the positive divisors of r, and
as customary, u is the Mobius function and ¢ is Euler’s totient function (unless stated differently).

1.2 On the distribution of the order over residue classes

Let K be a number field, and let G be a finitely generated and torsion-free subgroup of K*. Let p
run through all primes of K such that v,(g) = 0 for all g € G (it suffices to discard finitely many
primes), and consider ord,(G), namely the multiplicative order of (G mod p). We are interested in
the primes p such that the order lies in a fixed arithmetic progression, say ord,(G) = a mod d for
some integers a and d > 2. For b a nonzero integer different from =+1, the density of rational primes
p for which the multiplicative order of (b mod p) satisfies this condition has been studied in various
papers by Chinen and Murata [3, [33] 16, [7]], and by Moree [27, 28|, 29] (for a survey of these papers
see Moree [30]). More precisely, Chinen and Murata considered the cases d = 4 in [5,133]], d a prime
power in [6], and general d in [7l], whereas Moree considered the case d = 3 in [27], general d in [28]],
and he showed some properties of the corresponding natural densities in [29]. For o« € Ok nonzero
and not a root of unity, where O is the ring of integers of K, Ziegler [59] considered the condition
ordy () = a mod d. Jointly with Perucca, we proved the following result (as a generalization of [59)
Theorem 1]).

Theorem 1.1 ([43, Theorem 1.3]). Let K be a number field, and let G be a finitely generated and
torsion-free subgroup of K*. Let a and d > 2 be integers. Assuming (GRH), the number of primes p
of K, with norm up to x, such that ord,(G) = a mod d (where vy, (g) = 0 for all g € G), is given by

x p(n)e(n,t) < x )
O\ —75— 1.2
log = Z (K (Cgnpe, GY™) : K] " log®?z )’ (12

n,t>1

where c(n,t) € {0,1}, and c(n,t) = 1 ifand only if (1 +at,d) = 1, (d,n) | a and the automorphism
of Q(Cq¢) which sends (g to Cal,jat is the identity on Q(Cqy) N K (Cy, G/,

The proof of this result consists of several steps which follow Hooley’s method for Artin’s con-
jecture. One transforms the condition on the order into conditions on the index and on the Frobenius
automorphisms of cyclotomic extensions of K. In particular, the proof requires the assumption of
(GRH), in order to apply the stronger version of Chebotarev’s density theorem [53, Théoreme 4].
Theorem [I.1] can be refined by introducing a condition on the Frobenius conjugacy class at p.

In Chapter 3} which contains the results of [44] (joint with Perucca), we investigate properties of
the natural density in (I.2)), such as its rationality and positivity, and some equidistribution properties
over the residue classes modulo d, under certain conditions. For instance, writing d(a, d) for the
considered density, for £ a prime number we prove that, if / | aand e > 1,0r 4 | a and e > 2 for
¢ = 2, then J(a, £°) is a strictly positive rational number, and that for distinct a’s with same ¢-adic
valuation the value of the density is the same. If we assume that ; € K or {4 € K for / = 2, then the
same statement holds also for a coprime to ¢ or 2, respectively.

In Chapter which contains the results of [S5], we prove (under GRH) a multidimensional vari-
ation of Theorem by fixing aq,...,q, € K* generating a group of rank r, and considering the
primes p of K such that each order ord,(«;) lies in a given arithmetic progression depending on .
The following is a special case of Theorem [4.1]



Theorem 1.2. Let K be a number field and let o, . . . , o be elements of K> generating a group of
rank r. For 1 < v < r, let a; and d; > 2 be integers. Assuming (GRH), the number of primes p of K
with norm up to x such that ord,(c;) = a; mod d; (where vy(c;) = 0) for all i is given by

x (Hz lu’(ni))c(nlvtla oo 7n7‘7tr) x
log x Z Z Koy tyoomrty : K] +0 ( 11 )

+4
1yt =1 M1y nr>l logx) "1

where Kp, t,...n,t. is the compositum of the fields K (g, n,t,, al-l/niti) for 1 < i < r, and the

coefficient c¢(ny,t1,...,ny,t,) is either 0 or 1, and it is 1 if and only if there is a K -automorphism o

of Kn, t1....n, 1, such that, for all i, o is the identity on K ({1, , al-l/n"'ti) and o ((g,t;) = Cll;?iti. In

particular, it is nonzero only if (1 + a;t;, d;) = 1 and (d;,n;) | a; for all i.

The proof of the previous theorem is a variation of the proof of Theorem[I.I] An essential tool that
we need is a multidimensional variation of the estimate > W = O(1/z), see Theorem {4.5
Moreover, as a question stemming from the proof, we study the primes p for which the multiplicative
index of («; mod p) equals a given integer for each 4. In particular, from our results we can deduce
the following, which is a multidimensional version of Artin’s conjecture over number fields. This is a

special case of Theorem [4.3]

Theorem 1.3. Let K be a number field and let o, . . ., o be elements of K™ generating a group of
rank r. Assuming (GRH), the number of primes p of K with norm up to x such that «; is a primitive
root modulo p for all i is given by

x Z IL; pe(ns) xlog 10gac> . (13)

o
1 1/n, 2
10g$ N1y, 1 [K(C[n1,...,nT]a al/nl’ ceey ar/n ) : K} log x
Notice that this question was considered by Matthews [24] over the rationals. Thanks to the results
of Chapter [2| the density in (I.3) can be reduced to a closed formula, namely a rational multiple of a
certain absolute constant, see Proposition 4.21]

1.3 Divisibility conditions on the order

Let K be a number field, and let G be a finitely generated (without loss of generality torsion-free)
subgroup of K*. In Chapter which consists of the results of [54], we prove unconditionally some
asymptotic formulas for the number of primes p of K satisfying certain divisibility conditions on
ordy (G (supposing vy (g) = 0 for all g € G), namely the order being divisible by a given integer, or
being k-free for a given k > 2 (for k = 2 this means squarefree, and in general it means that all p-adic
valuations are less than k), or having prescribed ¢-adic valuations for finitely many primes ¢. These
questions have been considered over Q by Pappalardi in [36] for ord,(a), with @ a rational number,
and in [37] for ord,(G), with G C Q* of finite rank. The condition ord,(a) being divisible by an
integer was also studied by Moree in [29], and previously by Wiertelak [58]. Over number fields, the
case of the order being coprime with a given prime number, respectively with a given integer, was
considered by Debry and Perucca in [10], respectively by Perucca in [40]. These results also allow
to deal with the condition of prescribing finitely many ¢-adic valuations, but the asymptotics were not
considered.
The following is a special case of Theorem 5.1 which is the main result of Chapter[5



Theorem 1.4. Let K be a number field, and let G be a finitely generated and torsion-free subgroup
of K* of positive rank r. Let m be a positive integer. For all 0 < & < 1, the number of primes p of K
with norm up to x such that m | ord,(G) (and vy(g) = 0 for all g € G) is given by

> Z + 0. (5 Qoslog)® G
s Gl/dn): K] A log '

n|moe d|m

log

Theorem can also be refined by introducing a condition on the Frobenius conjugacy class at
p. The essential tool obtained and applied in the proof of Theorem [[.4]is an unconditional effective
version of Chebotarev’s density theorem for cyclotomic-Kummer extensions of number fields, see
Theorem[5.10] a result which is likely to have further applications for similar questions. Here we state
its special case for the primes splitting completely.

Theorem 1.5. Let K be a number field, and let G be a finitely generated and torsion-free subgroup
of K* of positive rank r. Let m,n > 1 be integers such that n | m. There exist constants ¢y and co

such that, uniformly for
1
< log z 3(r+1)
msa (loglog z)? ’

the number of primes p of K with norm up to x which split completely in K ((,, Gl/") is given by

1 3
. —c2 ¥/log z-loglogw
K GV K Li(x) + O (:ce ) .

The constants c1 and co and the constant implied by the O-term only depend on K and G.

Thanks to our results in Kummer theory from Chapter [2| the density of Theorem as well as
the densities of the other sets of primes mentioned above, can be reduced to some rational expression
(or to a rational multiple of certain constants for the case of k-free order). The following theorem
concerns the primes for which the order is coprime to a given integer. As an example of our results,
we also provide a rational formula for the density. This is a special case of Theorem combined
with Theorem 5.24

Theorem 1.6. Let K be a number field and let G be a finitely generated and torsion-free subgroup of
K™ of positive rank r. Let k be a positive squarefree integer. For all 0 < & < 1, the number of primes
p of K with norm up to x such that ord,, (G) is coprime to k (and v,(g) = 0 for all g € G) is given by

() ., (Joglogz)’ ARG
YT ]+o€<7<k> ((oelose)) )

flk n[fee d\f

Moreover, there is an integer z (depending only on K and G) such that the natural density is given by
the following rational expression:

ald"—1) > p(g, h)
Q|k11:£me <1 (¢ =Dig—1) gz %u( ) (e &M/ KT
qt= rad(g)|k

where, for h | g, we set

©(9) g g
poh =0 T Ay T
e(g/h)h qlgm ¢t -1 qg ¢—1
at(z/h) vg(h)=vq(g)<vq(2)



1.4 Related work

1.4.1 Kummer theory

The starting point of this work is my Master thesis Kummer theory for number fields and applications,
whose results have been published in [43]] (joint with Perucca). This article provides on the one hand
some explicit results on the failure of maximality for the degrees of Kummer extensions of number
fields, on the other hand a result on the primes of number fields for which the order of the reductions
of algebraic numbers lies in a given arithmetic progression (see Theorem [I.)).

During my Ph.D., jointly Hormann, Perucca and Tronto, I have worked on some further pro-
jects concerning Kummer theory for number fields. As we will mention in Chapter [2] in [46] [17]
we study the degrees of Kummer extensions over Q and over quadratic fields, respectively, and we
provide a procedure to compute them. In [18] we study the cyclic subextensions of Q((3,)/Q((3) and
Q(C4p)/Q(C4), where p is a prime number such that p = 1 mod 3 and p = 1 mod 4, respectively.

In [45]], which is an addendum to [10], we study how the 2-divisibility properties of G, namely
of a finitely generated group of algebraic numbers in a number field K, change if we extend the base
field to K ((4). Notice that what we mean here by divisibility properties is formalized in Section
in terms of divisibility parameters. Taking a1, ..., a, € K* generating a group G of rank r, in [48]
we make use of the ¢-divisibility parameters of G, where £ is a fixed prime number, to compute the
degree of the extensions

K(CZW) [’le a1y..., e"r\/ a?“)/K(Cem)
for all m,ny,...,n, > 1 such that m > max;(n;). Notice that in this work we provide a different
method from the one described in Section[2.3]

1.4.2 Generalized Genocchi numbers

This short section is a brief introduction to the the recent preprint [32] (joint with Moree) about
generalizations of the classical Genocchi numbers.

Motivated by an application in the theory of modular forms concerning abundancy of Ramanujan-
style congruences of prime level ¢, we investigate the prime divisors of the sequence of rational num-
bers Hy, := (1 — {")B,,/n for n > 1, where B, is the n-th Bernoulli number. By prime divisor of a
sequence of rational numbers a,, we intend a prime number p such that v,(a,) > 1 and a,, # 0 for
some n > 1. The numbers H,, can be viewed as modified ¢-Genocchi numbers Gy, = £(1 — ™) B,,,
which in turn are generalizations of the classical Genocchi numbers 2(1 — 2™)B,,, for n > 1. Re-
call that an odd prime p is B-irregular if p divides the numerator of at least one of the numbers
Bs, By, ...,By_3 (B, = 0forall n > 1 odd), else it is called B-regular. Similarly, we say that an
odd prime p is irregular if p divides at least one of the numbers Ga, Gy, . .., Gp_3, otherwise it is
called regular.

Prime divisors of the sequence H,, can be studied in terms of irregularity for the ¢-Genocchi
numbers. Therefore we study the distribution of the irregular primes (also with the assumption that
they lie in a given arithmetic progressions) by expressing the irregularity in terms of B-irregularity
and conditions modulo p. Hence we can bound the density of irregular primes by taking advantage
of techniques used in the study of Artin’s primitive root conjecture, and, making use of Siegel’s
conjecture on the density of B-irregular primes, we can also obtain conjectures for these densities.
For ¢ = 2 this partially generalizes earlier work by Hu, Kim, Moree and Sha [19].

10



Chapter 2

Kummer theory for number fields

2.1 The degree of Kummer extensions of number fields

Let K be a number field, and let us work in a fixed algebraic closure K. Let cvq, . . ., o, be elements
of K which generate a multiplicative subgroup G of K of positive rank . We are interested in the
cyclotomic-Kummer extensions

K (Cmy VG) /K,

where m, n are integers such that n | m, and /G is the group of all n-th roots of the elements of G
(in particular, it includes all n-th roots of unity). We also keep the notation introduced in Section|I.1
More generally, we consider the extensions

K (Gn, War,..., W/ar) /K,

where m, ny, ..., n, are nonnegative integers such that n; | m forall i € {1,...,r}. More precisely,
fixing K and a4, ..., a,, we want to compute the degree of these extensions for all m, nq,...,n, as
above. Equivalently, we may study the ratio

(P(m)'nl"'nr
(K (G /it /) - K]
which we refer to as the failure of maximality for the degree. For all parameters m, n1, ..., n,, this
ratio is bounded from above by a constant which only depends on K and the «;’s. This is a classical
result of Kummer theory, which also holds more generally (under some assumptions) for products of
abelian varieties and tori, see [2, Theorem 1] and [50] (see also [14, Lemme 14] and [3, Theoréme
5.2]). Notice that Perucca and the author gave an explicit proof for the existence of this constant, see
[43l Theorem 3.1]. A classical consequence of this property is the following.

Theorem 2.1 ([47, Theorem 1.1]). Let K be a number field, and let o, . . ., o, be elements of K*
which generate a subgroup of K* of rank r. There exists a positive integer x (which depends only on
K and aq, . .., o) such that we have

[K(Cmv TL\I/OTM KRN 'L\T/a) : K(Cgcd(m,x)v ng("le’ AR ng(nT'W)]

T

__p(m) n;
 p(ged(m, z)) 11 ged(ng, )

=1

for all nonnegative integers ny, . . ., n, and for all integers m such that n; | m for all i.

11



In particular, the above result reduces the computation of the cyclotomic-Kummer degree to fi-
nitely many cases and hence there exist parametric formulas for the degree (where the parameters are
m,ny,...,n,) which involve only a finite case distinction. Therefore, we want to describe explicitly
the integer = (Theorem [2.1]only guarantees the existence of z).

We assume that we know how to compute the cyclotomic failure of the number field K, namely
the ratio o(m)/[K ((y,) : K] for m > 1. Hence we may study the Kummer degrees

[ (Gmo War, - /o)« K (Gn)]

for all m,nq,...,n, > 1 such that n; | m for all i. There are essentially two reasons for which this
degree might not be maximal, i.e. for which the ratio

[y mi

S Nyp) = )
[K(Cm, wat,. .., n{/oTT) : K(Cm)]
which we call the Kummer failure at m,n, ..., n,, might be larger than the trivial value 1. If one of
the «y;’s is an n-th power in K (with n | n;), then we lose a factor n from the maximal possible degree
[ L, ni. Similarly, factors are lost also if, for some n > 1, there is a product of powers of the «;’s, with
exponents not all divisible by n, which is an n-th power in K. Another reason for the nontriviality of
the Kummer failure is that roots of the «;’s might be contained in K ({,,) for some m > 1, and this is
related to the abelian radical extensions of K.

In this chapter we are going to consider two ways of approaching the Kummer failure. The first
method consists in decomposing C'(m, ny,...,n,) into factors of two types, according to the two
phenomena mentioned above. The second method consists in exploiting the theory of entanglement
groups, introduced by Lenstra, to study more generally the structure of radical extensions. Let us
discuss further both approaches in Sections and respectively. Section [2.2] concerns di-
visibility properties of algebraic numbers, which are preliminaries to our results. In Section [2.3] we
discuss in detail our results for the decomposition of the Kummer failure, whereas the results related
to entanglement groups are provided in Section[2.4] Finally, in Section [2.5|we provide some examples
for the computation of Kummer degrees using both methods.

C(m,ny,... (2.1)

2.1.1 Notation

Let us fix some notation to be used throughout this chapter, and recall the notation introduced in
Section[I.1] Let K be a number field. We denote by s the group of roots of unity in K, and by w
its order, i.e. w = fug, so that ux = p,,. Moreover, for a prime number ¢ we set wy := vy(w). For
n 2= 1, py, is the group of n-th roots of unity, and we define pio 1= Up>1ptpn and pigeo := Up>1 fien. We
write both Q({,) and Q(uy,) for the n-th cyclotomic field, and we will also use the notation Q({)
for Q(poo ), and Q((ye ) for Q( g ). The notation over K rather than Q is analogous.

2.1.2 The /-adic and /-adelic failure

Let K be a number field, and let aq,...,a, be elements of K* which generate a multiplicat-
ive subgroup of K* of positive rank . Consider the ratio C'(M, Ny,..., N,) from 2.I) for all
M,Ny,...,N, > 1such that N; | M for all 4. In order to make formulas more legible, we write

N; = [[,¢™ for the prime factorization of each N; (each exponent n; depends on ¢). Moreover,
setting n := max;(n;), we define

[Zi i

Ap(4m 0 =
A ) = R, P ) s RG]
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(notice that Ay(¢™, ... 0" ) = CL", ™, ..., 0")) and

Bo(M, 0™, ..., 0") := [K (¢, Vo, ..., "Vor) N K(Cu) 2 K(Cem)] s (2.2)

which we call the ¢-adic failure and the (-adelic failure, respectively. Notice that the degree (2.2))
arises as the ratio of two degrees, namely

(K (Cen, 301, -, Yar) 1 K(Gen)]
(K (Car, Y0, ..., ag) : K(Cur))

This is also illustrated in the diagram below:

K(CMa anv ERE) WL(/(TT)

/ \

K (¢n, o, ..., Yar) K(Cm)

\

K (Cmy ™an,. .., Yar) N K(Cur)

K (Gen)
Thus, we can decompose (2.1) as

C(M,Ny,...,N,) =[] Cca,em,....0m)
l
=[[Ace™,....e7) - Bo(M, 0™, o). (2.3)
J4

Therefore the study of the Kummer failure can be reduced to the study of the ¢-adic and ¢-adelic
failures, separately, where ¢ is a fixed prime number. Thanks to results from [10], the ¢-adic failure
can be computed by making use of certain divisibility parameters, which we introduce in Section 2.2}
describing the /-divisibility of the group G generated by the «;’s. In particular, the ¢-adic failure is
bounded because the ¢-divisibility of the elements of G' does not affect the eventual ¢-adic growth of
the degrees (for sufficiently large parameters, increasing a parameter by one corresponds to increasing
the degree by a factor £). The ¢-adelic failure, which concerns the intersections of the /-adic Kummer
extensions with cyclotomic extensions of K, is bounded because these extensions are abelian over
K, and the roots of G which generate abelian extensions are related to the torsion group of K. We
describe how to reduce the computation of the ¢-adelic failure to finitely many cases.
The main result for this part of the chapter is the following.

Theorem 2.2 ([47, Theorem 5.4]). Let K be a number field, and let o, ..., € K* be such
that they generate a multiplicative group of rank r. There are computable integers My and Ny with
No | My, depending only on K and o, . . ., oy, such that for all integers M, Ny, ..., N, with N; | M
foralli € {1,...,r} we have

C(M,Ny,...,N;) = C(ged(M, My), gcd(N1, Ny), - . ., ged (N, Np)) ,

where C(M, Ny,...,N,) is as in (2.1).
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Throughout the chapter, whenever we talk about the computability of a certain object depending
only on K and ag, ..., a, (or G), we mean that there exists an explicit finite procedure that, given
as input the field K and ag, ..., «a;, (or G), produces as output the desired object. In order to work
with our theoretical algorithms in practice, one can assume that the field K is presented in the sense
of [[11, Chapter 19], which implies that its elements are representable on a computer. Moreover, when
working with the group G, one should know a finite set of generators for it. We refer to Remark [2.32]
for more details about the computations.

A direct consequence of Theorem [2.2]is the following statement.

Corollary 2.3 ([47, Corollary 5.5]). Let K be a number field, and let G be a finitely generated and
torsion-free subgroup of K> of rank r. There are computable integers My and Ny, which depend only
on K and G (they may be taken as in Theorem , such that for all integers M, N with N | M, we
have

N" (Na NO)T

(K (¢, VG) : K(Cu)) Ky, V" WVG) : K(Cara)]

Perucca, Tronto and the author provided a procedure to compute explicitly all cyclotomic-Kummer
degrees [K (¢, ¥/G) : K] for all m,n with n | m, and in particular the ¢-adelic failure, for K = Q
in [46] (the computation of one single degree over Q was also achieved in [35, Theorem 4.2]), and
for K a quadratic field in [17] (jointly with Hérmann). The case of multiquadratic fields and quartic
cyclic fields was considered in [42].

In Section we will summarize our achievements and provide proofs for the main results. The
content of this section is developed in the article [47]].

2.1.3 Entanglement groups

Let K be a number field, and let G be a finitely generated subgroup of K *. Our goal is computing
the degree of the cyclotomic-Kummer extension

K(VG)/K

(recall that the group /G includes all n-th roots of unity). As a tool to study the structure of such
extensions and to compute with radical expressions, Lenstra introduced the theory of entanglements in
[23]]. This theory takes care, in particular, of the fact that radicals of elements of G can be contained in
cyclotomic extensions of K, and to study this phenomenon one may as well suppose that G is torsion-
free and of positive rank. Consider the group Aut g« (B,,) consisting of the group automorphisms of
B, := (K*, {/G) which are the identity on K *. The core of the theory is the so-called entanglement
group E(B,,), which is the quotient of Aut g« (B,,) by the Galois group of K (+/G)/K (the latter
is a normal subgroup of the former by [35, Theorem 1.6]). The group E(B,,) should measure the
additive relations between the radicals in K ({/G) and the n-th roots of unity. Palenstijn proved in
[35) Theorem 1.6] that E/(B,,) is an abelian group, and it is clearly finite.

In Section |2.4| we formalize the objects of the theory and we describe and prove our results in-
volving entanglement groups. All these results are published in the article [49]], joint with Perucca and
Tronto. In particular, we prove the following statement (which has been proven over Q in a different
form by Palenstijn [35, Proposition 4.3]). Recall that w is the order of the torsion part of K *.

Theorem 2.4 ([49, Theorem 1]). Let K be a number field, and let G be a finitely generated subgroup

of K*. Forn > 1, setting By, := (K*, Vé> and A, == Hp|np”-me, o %, we have
B, : K*]

W L el L ‘
[K(VG): K] = BB A, .
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The index [B,, : K*] may be computed with a result by Debry and Perucca [10, Theorem 15],
so the computation of the degree is reduced to the computation of the size of the entanglement group.
The following result says in particular that § F(B,,) remains bounded as n varies, and that in order to
compute the entanglement group F(B,,) for all n it suffices to calculate F/(B,) for all divisors d of
some integer depending only on K and G. This result will be proven using Theorem [2.29] which is
an assertion about the eventual maximal growth of the degrees of cyclotomic-Kummer extensions.

Theorem 2.5 ([49], Theorem 2]). Let K be a number field, and let G be a finitely generated subgroup
of K*. Forn > 1, set B, := (K*, {1/@) There is a computable integer ng = 1, depending only on
K and G, such that for every n > 1 we have

E(Bn) - E<Bgcd(n,n0)) .

As a consequence of this result we recover the following assertion on the Kummer failure of the
degree [K({/G) : K] (compare with Theorem .

Theorem 2.6 ([49, Theorem 39]). Let K be a number field, and let G be a finitely generated subgroup
of K* of rank r. There is a computable integer ng, which depends only on K and G, such that for
everyn = 1 we have

pm)n” _ plged(n, no)) ged(n. no)"
K(VG): K]~ [K(“"WG): K]

We focus on the subgroup B,, a1, of B;, which consists of abelian radicals, by which we mean
the elements = € K* such that ™ € K* for some integer m > 1 and such that the extension
K (fin, )/ K is abelian. Palenstijn proved in [35, Theorem 1.10] that there is a quite explicit de-
scription of the entanglement group E(B,,) if By, . = (K*, p, H), where p is a group of roots of
unity and H is a group of Kummer radicals, i.e. consisting of all those radicals x € K* such that
¥ € K*. Thus we want to express B, o1, in terms of Kummer radicals and roots of unity, under
certain assumptions. This will allow us to achieve the following result (where by ‘divisibility’ of an
element in a group — denoted multiplicatively — we mean the supremum of the natural numbers n such
that the element is an n-th power in the group).

Theorem 2.7 ([49, Theorem 3]). Let K be a number field, and let G be a finitely generated subgroup
of K*. Suppose that every element of G has the same divisibility in K* and in K* /. For every
n > 1, setting B,, := (K*, ¥/G), we have

Bn,ab - <K>< s Hny Hn> P
where H,, is a group of Kummer radicals. Moreover, we have
E(Bn) = Ga‘l (K(Hn) n Q(un)/(@(ﬂgcd(n,w))) :

Notice that Theorem [2.7|would not be true without the divisibility assumption, see Example

2.2 Strong /-independence and divisibility parameters

2.2.1 Strongly /-independent elements

Let K be a number field, and let £ be a prime number. We call a € K* strongly (-indivisible if there
is no root of unity ¢ in & (whose order we may suppose to be a power of £) such that a¢ € K*¢. If
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(¢ ¢ K, then strongly ¢-indivisible means not being an ¢-th power; in general, it means that the class
of the element in K */px is not an ¢-th power.

If a € K* is not strongly ¢-indivisible, then we can decompose it as the product of an element of
fee times the ¢-th power of some element of K *; if this element is not strongly /-indivisible, then
we can iterate the decomposition. So if a € K * is not a root of unity, then we can write itas a = ( bt
for some strongly /-indivisible element b € K *, for some integer d > 0 and for some ( € juper.
We refer to d as the d-parameter for the (-divisibility of a (it is uniquely determined); we refer to
b as the strongly (-indivisible part of a (in general, it is only determined up to a root of unity); if
has order ¢", then we refer to h as the h-parameter for the (-divisibility of a (it may depend on the
decomposition, and clearly we have 0 < h < wp).

We call a1, . ..,a, € K* strongly {-independent if a7* - - - al" is strongly ¢-indivisible whenever
x1,...,x, are integers not all divisible by ¢. If (; ¢ K, then strongly ¢-independent means that the
classes of the elements in & * /K ** are linearly independent in this F-vector space; in general, we
work instead with the Fy-vector space (K% /ux) /(K> /ux)’.

Strongly ¢-independent elements are each strongly /-indivisible, and for a single element the two
notions coincide. Notice that if e, . . . , e, are integers coprime to £ and a1, . .., a, € K™ are strongly

¢-independent, then also a{', ..., a" are strongly (-independent.

2.2.2 Parameters describing the /-divisibility

Let K be a number field, consider a finitely generated and torsion-free subgroup G of K of positive
rank r, and fix some prime number £. Given g1, ..., g, a basis of G as a Z-module, we can write

d;
gi = Czhi : bf

for some strongly ¢-indivisible element b; of K *, for some integer d; > 0 and for some root of unity
Con; in K of order thi. We call gy, ..., g, an {-good basis of G if their strongly /-indivisible parts
bi, ..., b, are strongly /-independent or, equivalently, if > ", d; is maximal among the possible bases
of G, see [10, Section 3.1]. In this case we call d; and h; the d-parameters and the h-parameters for
the (-divisibility of G in K, respectively. These parameters were introduced in [10, Section 3]. The
d-parameters are unique up to reordering, while the multiset of the h-parameters may depend on the
choice of the g;’s and the b;’s (but one could require additional conditions as to make the pairs (h;, d;)
unique up to reordering, see [[10, Appendix]).

From [10, Theorem 14] we know that an ¢-good basis of G always exists. As proven there, if
g1, --.,grisnotan ¢-good basis, then there are integers x;, not all divisible by ¢, such that @ := [, b]"
is not strongly /-indivisible. Up to replacing a, we may suppose that all x;’s are either zero or coprime
to £. Let J = {i : x; # 0}, and without loss generality we may suppose that d; = max;c j(d;). Since
¢t x1, there is an integer y such that z1y = 1 mod ¢. Hence, replacing a with a¥ divided by an /-th
power of by, we may suppose that a = by [ | i1 bj-j for some integers z;. Then we replace g; with

o = o [T = ([T = ca®™,

1>1 i>1

where ( € px, which has d-parameter strictly larger than d;. Moreover, this is a change of basis
because ¢} /g1 is generated by go, ..., g,, and hence g1 can be expressed in terms of ¢/, g2, ..., gr.
This procedure allows changing the basis of G in such a way that the sum ), d; increases strictly.
The fact that this sum is bounded from above over all possible bases of G is justified in [10, Section
3.1] and is due to the fact that the elements of G are not infinitely many times /-divisible.
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Remark 2.8. As shown in [[10, Section 6.1], the parameters for the ¢-divisibility of G are computable.
They are zero for all ¢ outside of a finite computable set of primes which depends only on K and G
(for the d-parameters this is shown below in Proposition while for the h-parameters it suffices
that ¢ 1 w). To apply some of our results, we need to verify that for some given ¢ (with ¢ | w)
the h-parameters for the ¢-divisibility can be taken to be zero: this amounts to testing whether the
computable h-parameters from [10, Proposition 31] are zero.

Proposition 2.9 ([47, Proposition 4.5]). The parameters for the {-divisibility of G can be taken to be
equal to zero for all but finitely many prime numbers £. Moreover, the finite set of primes £ for which
they might be nonzero can be computed.

Proof. By [43] Theorem 2.7] there is a basis of GG as a Z-module consisting of strongly ¢-independent
elements for all but finitely many primes ¢, so that parameters for the /-divisibility of G in K might
be not all zero only for finitely many primes /.

The finite set S of these primes can be computed by [43], Proof of Theorem 2.7]. Following this
reference, the set .S consists of the primes ¢ such that (, € K and those involved in the following
computations. Write G = F' x H where F' and H are subgroups of K such that F N O = {1}
and H C O (O is the ring of integers of K), and consider a basis of G consisting of a basis
{gi} of F and a basis {u;} of H as Z-modules. We consider the prime ideal factorizations (g;) =
I j pjij where the p;’s are finitely many distinct primes of K, and without loss of generality we write

w; =[] ; b;-cij where the b;’s form a system of fundamental units in K. Then when applying [43,
Lemmas 2.4 and 2.5] we obtain that S contains the finitely many rational primes ¢ dividing a nonzero
minor corresponding to a maximal square submatrix of the matrices (e;;) and ( f;;), respectively. The
considered basis of G consists of strongly /-independent elements for all £ ¢ S. O

2.3 Reducing the computation of the Kummer failure

Let K be a number field, and let aq, . . ., a,- be elements of K * which generate a subgroup G of K *
of positive rank r. In this section we study the Kummer failure (2.1)) through the ¢-adic and ¢-adelic
failures, where ¢ denotes a prime number, as explained in Section

2.3.1 Kummer extensions of degree a prime power
We fix a prime number ¢ and consider Kummer extensions of the form

K(Gem, Vo, ..., “Yor) [ K(Cem)

where m,n1, ..., n, are nonnegative integers such that m > max;(n;), whose degree is a power of
¢. Recall that for all nonnegative integers n, m with m > n we write K (Cem, V/G), and K( V/G) if
m = n, for the field K ({ym, 4/a1,..., “4/a,).

Theorem 2.10 ([10, Theorem 18]). Suppose that € is odd or that {4, € K. Let T > 1 be the largest
integer satisfying K ((y) = K ((¢r). Let m and n be positive integers such that m > max(n, 7). Then
we have

Ve[ K (Com, é%) : K(¢m)] = 'e?llax }(hi + min(n,d;) —m,0) + Z max(n — d;,0), (2.4)
7 eeesT =1

where dy, ... ,dy, h1, ..., h, are parameters for the {-divisibility of G in K.
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Notice that Theorem applies also when 7 > m > n, since K ((pm, VG) = K((r, V@)
forall 1 < m < 7, so that it is sufficient to replace m with 7 in the formula (2.4)).

Remark 2.11. If m > n, then the degree
(K (¢om, VG K (¢pm)]

is computable and it depends only on the integers m,n and on finitely many parameters describing
the ¢-divisibility of GG in the considered number field. Indeed, if £ is odd or {4 € K, then it suffices
to take the formula provided by Theorem [2.10] (because m > 7 without loss of generality, the case
m = 0 being trivial). Now, suppose that £ = 2 and (4 ¢ K. If m > 2, then we can extend the base
field to K ((4) and reduce to the previous case (notice that in [45]] we proved that the 2-divisibility
parameters of G over K ((4) are determined by properties over K). We are left to compute the degree
[K(v/G) : K], and this can be achieved with [10, Lemma 19].
Given ¢, K and G, we set

= , hi +d;), 2.5
S ity ) 22

where ¢ = 2if / = 2 and (4 ¢ K, and ¢ = 0 otherwise, and where the integers d; and h; are
parameters for the ¢-divisibility of G in K (respectively, in K ({y) if £ = 2 and {4 ¢ K). Notice that
s is computable (see Remark [2.8) and it depends only on ¢, K and G. Then it follows from that
for every m > n > s we have (see [47, Lemma 4.3])

[K (¢, VG) 2 K(Gm)] = 09 [K (Com, VG K (Com)] - (2.6)

For general parameters, we have that the integer s in (2.5) satisfies the identity

T

[K(Cgm, [n\I/ED SRR WL(/OTT) : K(Cgm, mev SR S ar)] = Hzmax(ni—s,O) ) 2.7

=1

for all ny,...,n,,m with m > max;(n;), and where we set m; := min(n;, s) for all i (see [47}
Proposition 4.8]). The proof of this statement is roughly achieved by first considering the case n; > s
for all ¢, and then by dealing with the general case through an argument on the size of the degrees.

Proposition 2.12. Fixing K and G, the integer s in (2.5) can be taken to be equal to zero for all but
finitely many prime numbers £, and the finite set of primes £ for which s might be nonzero can be
computed.

Proof. It follows directly from Proposition [2.9 O

Remark 2.13. Fix K and oy, . .., oy.. By (2.7) together with Proposition [2.12]one can deduce that for
all but finitely many prime numbers ¢ we have

(K (Cem, Vo, ..., “ag) s K] = o(e™) - [T "
=1

Notice that we have [K (Cgm) : K| = @(¢™) for all but finitely many primes £.

Remark 2.14. From the formula (2.7) we deduce that there is a computable integer A, which depends
onlyon ¢, K and o, ..., a;, such that

[[ii ™ iy
! divid A 2.8
[K(Cgm7 an/al, ceey Z"T/Oér) : K(Cgm)] tvides ( )
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for all nonnegative integers n1, . .., n,, m with m > max;(n;). Indeed, setting m; := min(n;, s), the
ratio in (2.8)) can be written as the product

[T ™ .
[K(CZ“U Zn%v SRR an) : K(Cgm, ZWLW7 SR ém(/OTT)]

[Tizi 0
(K (Com, /e, .., ) o K (Com)]
where the former factor equals 1 by (2.7), and the latter factor is a divisor of £"*. Hence, we may take
A = ("%, and by Proposition we have A = 1 for all but finitely many prime numbers £.
The bound A = ¢™ is in general optimal. Indeed, for the case ¢ # 2 or (4 € K it suffices

to consider ¢°-th powers of strongly ¢-independent elements of K, so that the parameters for the
(-divisibility in 2.3) are h; = 0and d; = sforall: € {1,...,r}.

Remark says in particular that the ¢-adic failure A,(¢™, ..., ¢") is bounded by ¢"*. In fact,
a stronger property holds.

Lemma 2.15 ([47, Lemma 5.1]). Let ¢ be a prime number and let s be as in (2.3) for G. For all
integers ni, . ..,ny, we have

A0, 00 = Ay(ged (0, £%), ..., ged (L™, 0%)) .

In order to justify this lemma, the only additional step with respect to the argument of Remark
consists in replacing n = max;(n;) with max;(m;) for the cyclotomic subfield K (¢ ). This is
nontrivial only if n; > s for some j, in which case we have max;(m;) = s. It is sufficient to consider
the equality

K(Cfsv lm{/OTl) ey ZMW) N K(CZ") = K(CZS) )

which holds because K (Cps, "Y/an, ..., "t/ay) € K(V/G) and the intersection of the latter field
with K ((sn) is equal to K (Cys). The last assertion holds because [K (Cpm, V@) : K (Cpm)] equals
[K (Ces, V@) @ K(Cps)] by @) (see also [47, Lemma 4.4]).

2.3.2 Intersection with cyclotomic extensions

Let ¢ be a prime number. We study the intersection of the fields K (¢, ¢"{/aq,..., ¢\/a,) with the
cyclotomic fields K ((ys), where ny, ..., n, are nonnegative integers, M > 1, n = max;(n;) and
o M.

Remark 2.16. Letny,...,n,,n be as above. Since we have

K(an’ ZHW""v [nm) g K( e:/a)a

by [43, Lemma 3.5] the ¢-adelic failure in (2.2)) divides ¢"“* for all parameters ny, ..., n,, M with
" | M (recall the notation wy from Section . In particular, the ¢-adelic failure equals 1 if
(; ¢ K. This is because K ( v/G) N K (Cyr) is an abelian extension of K containing K ((s»), and by
Schinzel’s theorem on abelian radical extensions [52, Theorem 2] any abelian extension of the form
K ((p, {/a)/ K with a € K has relative degree over K ((,,) dividing w.

Remark 2.17. Let 7 > 1 be the largest integer such that K ((y) = K () if £ is odd, and K((4) =
K ((or) if £ = 2 (in which case 7 > 2). Clearly, if /isodd and (; € K,or ¢/ = 2 and {4 € K,
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then we have 7 = wy. If { = 2 and (4 ¢ K, then 7 is the smallest integer v > 2 such that
K NQ(¢~) € QCv).

Then for any m > 7 the group Gal(K ({ym)/K (()) is cyclic of order m — 7. This implies that

[K(Cm) : K] =M T[K(Cem) : K({p)], so that K ({ym+1) # K ({ym), and the largest integer n such
that (y» € K ({ym) is equal to m.
Remark 2.18. There exists a computable positive integer M, depending only on K, such that we have
K NQ(¢s) € Q(Car), and any multiple of M satisfies this inclusion too. Such an M is given by
the product of all primes p ramifying in K, with exponents according to the prime factorization of
[K : QJ. One can take for v,,(M) the ramification index of p in K, which is at most [K : Q] and this
is not an optimal bound in general.

However, one can do better. Let k be the squarefree product of the odd primes ramifying in K.
The intersection K (C4x) N Q(Coo) equals K (Cax) N Q(((2k)c) Where Q(((ax)) is the compositum
of the fields Q((pe) for all p | 2k (as a subextension of Q((oo)/Q(Car) of degree a power of p lies
inside Q((poc4x)), and this is the compositum of the fields K (Ca) N Q({peo) for p | 2k. Each field
K (Cax) NQ(Cpee ) is of the form Q((pe) for some e > 1, and e > 2 for p = 2. Hence we may take M
such that v, (M) = v, ([K ((ax) : Q]) < vp([K : Q)ep(4k)) for all p | 2k.

In view of Remark in order to study the ¢-adelic failure, we may suppose that ¢ | w. The
following statement is part of [47), Proposition 3.2].

Lemma 2.19. Let ¢ be a prime number such that (y € K. Let t := wy + max;(d;), where the d;’s are
the d-parameters for the (-divisibility of G in K. Then for all m > n > t we have

K (Com, VG) N K (Coo) = K (Comy VG) N K (Coo). 2.9)
Any t' > t also satisfies this equality.

Proof. Set L := K ((ym ). Both intersections of fields in (2.9) are abelian extensions of L of exponent
dividing £", so by Kummer theory (see [21, Ch.VI, Theorem 8.2]) we have

L(VG) N K (Ge) = L( /)
L(VG) NK(Cw) = L( VG ™) N K (o) = L(V/Hy)

where H, Hy are subgroups of L* such that H; L*" C GL**" and H,L**" C G LX" . The
inclusion in (2.9) is clear. Suppose that there is n > ¢ such that

L(VG) N K(Cx) 2 L(VG) N K (Co)

which implies that H; L**" D H,L**", again by Kummer theory. Then there is an element a € H,
(we may suppose that a € G) such that 4/a ¢ L(%/Hs). Since 4/a € K((x), we deduce
“a ¢ /G, which yields a ¢ G '. Let d > 0 be the d-parameter for the (-divisibility of a in K,
then by [47, Lemma 3.1] we obtain d < n — t + max;(d;) = n — wy. On the other hand, since 4/a
lies in K (), the extension K ((n, 4/a) is abelian over K. Then by Schinzel’s theorem we have
a’ = " for some x < wy and ¢ € K. This implies that a is at least an £*~“¢-th power in K times a

root of unity in K, which is a contradiction as d < n — wy. O

Lemma 2.20. Let ¢ be a prime number such that (y € K. Let t := wy + max;(d;), where the d;’s
are the d-parameters for the (-divisibility of G in K. There exists a computable positive integer N,
depending only on ¢, K and G, such that

K(VG) N K(¢o) € K (Cn). (2.10)
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Any positive multiple of N also satisfies this inclusion.

Proof. Since [K ( ‘(/6) : K(Cp)] | 0" and [K(¢n) @ K] | ¢(IN), we may take for N a power of /
times a squarefree product of primes congruent to 1 modulo ¢. Let us first consider the ¢-adic valuation
of N. Let n be the largest integer such that (;n € K ((p+c), where e = 1if £ = 2 and ¢t = 1, and
e = 0 otherwise. Then by Remark [2.17] and since ¢ > wy, we have n = ¢t if £is odd or {4 € K,
and n = max(t,7) if £ = 2 and {4 ¢ K, with 7 as in Remark 2.17]for ¢ = 2. Thus we may take
ve(N) = 2t if £isodd or (4 € K ort > T, respectively va(N) = t + 7 otherwise, because the
intersection on the left-hand side of (2.10)) is an abelian extension of K ((s) (this equals K ({2 ) in
the latter case) of exponent dividing ¢!, which leads to the inclusions

K(VG) NQ((ee) CQ¢),  tesp. K(VG) N Q(Ca) € QGrir).

Next we determine the other prime factors of N. By Kummer theory we have
K(VG)NK((x) = K(VH)

where H is a subgroup of K ({;+)* which we may assume to be contained in G. In particular, there
is a basis {g;} of H as a Z-module with g; € G. In order to find the other prime factors of NN, by
[15) Lemma C.1.7] it is sufficient to consider the finitely many primes which ramify in K or which lie
below the primes p of K such that the p-adic valuation of g; is not divisible by ¢! for some i. Among
these primes we only need to take those which are congruent to 1 modulo ¢. Recall that the rational
primes below the primes of K in the factorizations of the g;’s can be found by looking at the absolute
norm of each g;. ]

The following is a reformulation of [47, Lemma 3.3].

Proposition 2.21. Let ¢ be a prime number such that (; € K. There exists a computable positive
integer My, depending only on ¢, K and G, such that, setting to = vg(My), we have K N Q({~) C
Q(Cary), and to > wy + max;(d;), where the d;’s are the d-parameters for the (-divisibility of G in
K, and

K( Ztg/é) N K(Coo) C K(CMO)'

Moreover, the statement still holds if we replace My with any positive multiple M' of My, and to with
ve(M').

Proof. Let us take My := [M, N|, with M as in Remarkm 2.18|and N as in Lemma- (in particular

to = t, where t = wy + max;(d )) By [47, Proposition 3.2] the intersection K ( ) N K (Co) is
given by the compositum of K ( K\F) N K ({s) and K (). Therefore it is contalned in K(Cary)s
and the last assertion follows for the same reason. ]

Theorem 2.22 ([47, Theorem 5.3]). Let £ be a prime number such that {; € K. There is a computable
integer My, depending only on {, K and o, . . ., o, such that, setting to = ve(My), for all integers
M,ny,...,n, with ™ | M for all i we have

By(M, 0™, ..., 0") = By(ged(M, My), gcd (£, £), ..., ged(£™, £10)) .

In particular, this result reduces the computation of the /-adelic failure to the computation of the
finitely many degrees By(M, (™, ... (") where M | My and n; < t, for all i.
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Proof. Let M be the integer of Proposition[2.21] If £ = 2 and (4 ¢ K, then up to replacing My with
a multiple, we may suppose that ¢y > s with s as in for G and ¢ = 2. Notice that we have g > s
alsoif fisoddor {4 € K.

Case 1: Suppose that n; < tp for all 7. We only need to check that we may replace M with
ged(M, My) in the degree (2.2). The considered intersection of fields is contained in K ( ”QFG) N
K (Cnp), by definition of My. We may conclude because K (Car) N K (Cury) = K(Car,nny)) by 147,
Lemma 2.4].

Case 2: Suppose that n; > to for some j. Since ty > s (recall that s > 2if £/ = 2 and {4 ¢ K),
setting n := max;(n;), by we have

(K (G, VG K (G, VG = 17

This says in particular that each element ¢{/c; is strongly f-indivisible in K ((pn, ft%/é). We prove
that, if n; > ¢y, then we may replace n; with ¢( in the degree (2.2). More precisely, setting

Lj = K((m, "Var,..., ag,..., o),

we prove that
Lj( ‘n,j/Od ) N K(COO) =L;N K(Coo) .
We already know that since L;( ¢"{/o;j) € K( /@), in view of Proposition we have

Li(“{/a5) N K (Coo) = Li( 73/a5) N K (Gon, “VE) N K (Coo),

so that we may conclude by proving I := L;( ¢J/a5) N K((em, ¢ W G) C Lj;. Since the extension
L;( %/aj)/Lj is cyclic, by Kummer theory we have either [ C Ljor [ = L; ( /a;) for some m €
{to+1,...,n;}. As mentioned above the element ¢{/a; is strongly (-indivisible in K ((gn, "'?FG),
so that ¢/arj does not lie in [ if m > ¢o. Thus we must have I C Lj;.

Hence in we may replace each £ with ged (£, ¢*°). We conclude by applying [47, Lemma
3.4] which allows us to replace n with g, and M with ged(M, M). O

Proof of Theorem2.2] In view of the decomposition (2.3), it suffices to combine Theorem [2.22] (ap-
plied to all ¢ such that ;, € K) with Lemma and Remark More precisely, for ¢ such that
Ce € K let My and tg ¢ be the integers of Theorem“ 2.22} and otherwise let t o = sy, where s is the
integer of @ Notice that we have o, > s, for all /, see the proof of Theorem- 2.22] Also, we have
to,e = 0 for all but finitely many primes ¢ (see Proposition D Then we may take Ny = [, ¢'o
and M to be the least common multiple of the integers M ¢ and Ny. ]

The following remark takes care of the case of groups with torsion.

Remark 2.23. Let G’ be finitely generated subgroup of K * with torsion, and write G’ = ((;) x G,
where G is torsion-free and ¢ > 1 with ¢ | w. Then, for N | M, we may decompose the Kummer
degree as follows:

(K (Cur, V@) K ()] = (K (Cuaveg, VGt K (Cuana)] - K (Caavg) = K (Car)] -

The first degree on the right-hand side involves a torsion-free group, whereas the second degree is
cyclotomic.
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2.4 Kummer theory via entanglement groups

2.4.1 Galois radical groups

Let K be a number field. An element x € K * is called a radical if ™ € K> for some integer n > 1,
i.e. if the class of 2 in K> /K * is torsion. We call a multiplicative subgroup B C K * a radical group
if K* C Band B/K™* is torsion (the latter condition means that B consists of radicals). A radical
group B is called Galois if the exponent of B/ K™ divides the exponent of the torsion part of B (i.e.
for every x € B there is n > 1 such that 2" € K™ and u,, C B), or equivalently if the extension
K (B)/K is Galois.

We denote by Aut g« (B) the group of K *-automorphisms of B, i.e. the automorphisms of B that
are the identity on K *. By [35, Lemma 1.9] we have that if x is a radical such that 2™ € K*, then
¥ € (K™, loo) holds if and only if the group Aut g« ((K, un, z)) is abelian, and this is equivalent
to the extension K (u,,, z)/K being abelian. Thus, we call a radical abelian if it satisfies any of these
conditions. The abelian radical group of B, denoted by B,},, consists of the abelian radicals contained
in B, and it is again a radical group. We call Kummer radical an abelian radical such that z* € K*.

If B is a Galois radical group, then the Galois group Gal(K (B)/K) is a subgroup of Aut -« (B).
In particular, by [35, Theorem 1.6] it is a normal subgroup and the quotient

E(B) := Aute« (B)/ Gal(K(B)/K)

is an abelian group, which is called the entanglement group of B over K. By [35, Corollary 2.27] we
have that F(B) = E(Ba,p,). The following theorem by Palenstijn provides a way to characterize the
entanglement group of B, when B consists of Kummer radicals and roots of unity.

Theorem 2.24 (Palenstijn, [35, Theorem 1.10]). Let B be a Galois radical group, and suppose that
By, = (u, H), where  is a group of roots of unity and H is a radical group of Kummer radicals.
Then we have a group isomorphism

E(B) = Gal (K (H) NQ(1)/Q(H N ) .

In the above result we can take as i the torsion part of B; then it is possible to choose H such that
HNp=pg.

Notice that if B C B’ are two radical groups, then we have B,, C B;b, and the condition
B’ = B/, implies B = By,

2.4.2 Maximal abelian extensions

Let K be a number field, and let GG be a finitely generated and torsion-free subgroup of K * of positive
rank r. The abelian radicals x such that z™ € G for some n > 1, together with K>, form a radical
group which we denote by By .. If £ is a prime number, then we consider the abelian radicals
x such that " € G for some n > 0: these, together with K ¥, form a radical group which we
denote by By 41,. In fact, the group B .1, is generated by the groups Byec 1, by varying £. This is a
consequence of [49, Lemma 16], which states that, for n > 1, if a € K* and B is a subgroup of KX*
containing i, then /a € B if and only if **"/a € B for every /.

Let £ be a prime divisor of w, and let by, . .., b, be the strongly /-indivisible parts associated to an
£-good basis of G. We define the group of Kummer radicals

Sp = <lwf/a,..., ew%> and S:=(Sp:l|w)
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(for some fixed choice of the £“¢-th roots). The group .Sy is torsion-free because it has rank r (notice
that Sy contains G*), and that the choice of the £“*-th roots will not matter for our results.

We can express By ap and Bye 4 in terms of S and Sy in the following way (see [49, Lemma
20]): Boo,ab = (K, oo, S), and

B = L (K ) il
b T\ (KX e, Sp) i L | w),

for every prime ¢. This is a consequence of Schinzel’s theorem on abelian radical extensions for the
following reason. Let b € K be strongly /-independent. If ¢ { w, then the ¢-th roots of b do not
generate an abelian extension of &, whereas if £ | w, then the extension K (yuen, ‘v/b)/K is abelian if
and only if n < wy.

Remark 2.25. There is some computable integer n > 1 (depending only on K and G) such that
K(S5) N Q(koo) € Q(n). Indeed, we can take n = [ .pp®, where P consists of the prime
numbers ramifying in K (.5), and where e,, is at least the ramification index of p in K (S) (we can take
ep = [K(S5) : Q] < w'[K : Q] because [K(S) : K] divides w"). Since K (S)/K is the compositum
of cyclic Kummer extensions, by a classical result [[15, Lemma C.1.7 and its proof] we can take P to
be the set of primes p that divide the discriminant of K or are such that for some prime p of K above
pand for some i € {1,...,r} the p-adic valuation v, (b;) is not a multiple of w (in particular, a prime
with the latter property appears in the prime factorization of the absolute norm of the fractional ideal

(bi)). See also Remark
The following is a direct consequence of Remarks[2.8and [2.23]

Proposition 2.26 ([49, Proposition 22]). There is a computable integer ng > 1 (depending only on
K and G) such that K (S) NQ (o) C Q(fin,) and ve(ng) > we + max;(d;) for every prime number
Cwith £ | w, where the d;’s are the d-parameters for the (-divisibility of G in K.

Let us define for every integer n > 1 the radical group
B, = (K*,VG).

The radical groups B,, and B,, o1, are Galois and contain f,,. The entanglement group E(B,,) =
E(By, ab) is finite because B, /K™ is finite. For ¢ a prime number, consider the group B =
<KX, W\L/Cj>, with n > 1. Taking ey := wy + max;(d;) for £ | w, where the d;’s are the d-parameters
for the /-divisibility of GG, we have (see [49, Lemma 23])

B ) if 04w
Eab T (K pgn, Sp) if € |wandn > ey

For n > 1, writing n = [] £ for the prime factorization of n, we have that B,, ,}, is generated by
the groups Bye 4, ([49, Lemma 28]). Hence, taking n; = [| e £¢¢, we deduce that

Bp.ab = (K™, pin, S) for all n such that ny | n.

By Remarkthe integer n; is computable and depends only on K and G. Since (K *,.S) consists
of Kummer radicals, applying Theorem [2.24] and taking into account that by [49] Proposition 19] all
roots of unity in (K, .S) are contained in px, we obtain

E(By) = Gal (K(S) N Q(un)/Q(ux))  for all n such that ny | n.
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Let ng be as in Proposition|2.26, so that n; | ng and K (S) N Q(feo) € Q(ptn, ). We further obtain
E(By) = E(Bp,) = Gal (K(S) N Q(tn,)/Q(pk))  for all n such that ng | n, (2.11)

This is a generalization of [35, Theorem 1.4].

Let £ be a prime divisor of w, and consider the group By o1, for n > 1. If we suppose that
the h-parameters for the ¢-divisibility of G can be taken to be zero, then we may express Byn a1
in terms of Kummer radicals and roots of unity. More precisely, by [49, Proposition 25] we have
Byn a1, = (K™, pgn, Hpn ), where Hyn can be taken as

om .
Hyn = { 4 ifn < we (2.12)

Notice that by [49, Proposition 24] we have

max(0,min(wp,n—d;)) B
SEQ<B€"7H€"1+‘%>:<Z ‘ 1\/bii:Z:l)"'?T%

where the d;’s are as above. The following example shows that (2.12)) does not hold with nonzero
h-parameters.

Example 2.27. Let K = Q and G = (—4). The radical group By 1, = (Q*, p14, v/—4) contains only
abelian radicals, however v/—4 is not a Kummer radical. We cannot write By, = (Q, p, H) where
i € pioo and H consists of Kummer radicals, because we would have i C pi4 and hence By 41, would
consist of Kummer radicals.

Proof of Theorem[2.7] The assumption that every element of G has the same divisibility in K and in
K* /ug is equivalent to saying that the h-parameters for the /-divisibility of G can be taken to be
zero for every £ (see [49, Remark 11] for details).

Write n = [[ £°. By the above, since B, o1, is generated by the groups Bye o1, we have that B,, .1,
is generated by the groups (K™, uge) for £ 1 w, and (K™, pge, Hye) for £ | w, where ¢ runs through
the prime factors of n. Hence we obtain

Bn,ab = <K><’,un7 Hn>

where H,, = (Hype : £ | (n,w)). Thus the statement follows from Theorem as (K>, Hy) is
a group consisting of Kummer radicals. Moreover, we have (K™, Hp,) N i, = [i(n,) because the
assumption on G yields H,, C (u,, S), and by [49] Proposition 19] we have (K>, S) Moo = . O

2.4.3 The Kummer failure via entanglement groups

The formula given in [35), Proposition 4.3] extends to a general number field K.

Theorem 2.28 (49, Theorem 33]). Let K be a number field. If B is a Galois radical group such that
B/K™ is finite, then we have
[B: K*]
KB):K]l=———"A

= p=1
where A = prrime,cpeB\uK R
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Proof. The assumption on B implies that the quantities involved in the formula are well-defined and
finite. From the definition of entanglement group it is clear that

ﬁAuth (B)
K(B): K| = "2 DK 2)
and by [35, Theorem 2.19] we have § Autg«(B) = [B: K*] - A. O

Proof of Theorem[2.4] 1t suffices to apply Theorem with B = B, where A = A,, by [49]
Lemma 27]. ]

Let K be a number field, and let G be a finitely generated and torsion-free subgroup of K> of
positive rank r. We define the cyclotomic-Kummer failure for K and G at n > 1 as the ratio

In this section we take ng as in Proposition [2.26]

Theorem 2.29 ([49, Theorem 36]). If n, N are multiples of ng with n | N, then we have D(N) =
D(n).

Proof. We are going to show the identity

K(VG): K] _ N'g(N)
K(/G): K] weln)

and we may reduce to the case N = n¢, where ¢ is a prime number. In view of our choice of ng we
have E(B,) = E(By). We apply Theorem [2.4]

By [49. Proposition 34] for every m > 1 we have [By, : K] = [, pime [ Bpeem) + K. Thus, if
¢ 1 n, then we have B,y : K*]/[B,, : K*] = [By : K*]. This index equals ¢"*1 by [49] Proposition
35] because [G : GN K Xz] = (" by [10, Theorem 15] (all d-parameters for the ¢-divisibility are 0).
We conclude that

[K(VG): K] . o (t=1)  (n0)"p(nl)
KK T =
If £ | n, set e := vy(n). By [49, Propositions 34 and 35] we have
[Bue: K] [Bpenn : KX] | [G: G0 (K*)"]
(B, : KX]  [Bpe:K*] (GG N (K*)]

The right-hand side equals ¢+l by [[10, Theorem 15] and hence

K(VG): K] _ i _ (nl)p(nt)

[K(VG): K] n’p(n) -

Corollary 2.30 ([49, Corollary 37]). If n, N are multiples of ny with n | N, then the restriction to
By gives a group isomorphism

Gal(K (By)/K(By)) = Autp, (By).
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Proof. The restriction to By of a K (By,)-automorphism of K (By) gives an injective group homo-
morphism, so we prove that the two finite groups have the same size. By [35, Lemma 1.8] the re-
striction map Aut g« (Bn) — Autgx (By,) is surjective, and the kernel is Autp, (By). We conclude
because F(By) = E(B,) by 2.11). O

Proof of Theorem[2.5] Set g := ged(n,no) and [ := [n, ng]. We first prove that for every n > 1 we
have K(B;,) N K(Bp,) = K(Bged(nny))- This will follow from the fact that Gal(K (B,)/K(By))
and Gal(K (B;)/K(By,)) have the same size. Consider the bottom row of the following commut-
ative diagram given by restrictions (recall from [35, Lemma 1.8] that the restriction Autgx (B’') —
Aut g« (B) is surjective if B C B’ are Galois radical groups):

Gal(K (B,)/K (By)) —— Gal(K(B,)/K) — Gal(K(B,)/K) — 0

J

0 ——— Autp,(B,) ———— Autg« (B,) ———— Autgx (By) —— 0

|

Autp, (B,
0 uts, (B) E(B,) ——— E(By) ———0
Gal(K(By)/K(By))
By Corollary [2.30] we have

g Autp, (Bi) = Gal(K(B;)/K(Bn,)) < § Gal(K(By)/K(By)) <t Autp, (Bn),

so it suffices to prove § Autp, (Bi) > fAutp, (By). By [35, Theorem 2.19] we have (recall that
w | no)

BTLO p prime p
pll, pino
B, p—1
9 p prime
pln, plwg

Since the two products over p are the same, we conclude because we have

Bi __ Bi . BuBu _ B -
B, Bp,NB, Bny ~ By

We are now ready to prove Theorem 2.6, which states that for every n > 1 we have D(n) =
D(ng(’I’L, nO))

Proof of Theorem[2.6] Set g := ged(n, np). By Theorem and in view of Theorem it suffices
to prove that
[Bn: K*|A,  [Bg: KX]Ay
p(n)n” e(9)g"
The assertion is obvious for n = 1, so suppose that n > 1 and let n = ] £¢ be the prime factorization.
By [49, Proposition 34 and 35] we have

(B, : K*]A,
e(n)n”

— H [G -GN KXZ"‘ fmax(O,efwg)Aee/gO(Ee)ger 7
£n
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and a similar formula holds by replacing the pair (n, e) with (g, v¢(g)). By the choice of ng and by
[10, Theorem 15] the ratio [G' : G N K *]/¢°" does not change if we replace e with v4(g), and the
same holds for £™ax(0.e=we) A o /(1) O

We now consider Kummer extensions for groups which are not necessarily torsion-free.

Remark 2.31. Let G' = G X ((,,), where m > 1 and where G is a finitely generated and torsion-free
subgroup of K * of positive rank 7. Then there is some computable positive integer n(, (depending
only on K and G) such that

K(VG): K] = 7:[1(( JG) - K] (2.13)

where g := ged(n, n(). Indeed, taking ng as in Proposition for G™ and setting n{, := ng/m (we
have m | ng because the d-parameters for the ¢-divisibility of G are at least vy(m)), then we get

(G K = ) ey K]

Formula (2.13) precisely says that the degree of K (V/G')/K(¥/G') is maximal. Indeed, setting
L := K(v/G"), we have

(K (VG : L] < [L(Y/Gn) : L] - [L(VG) : L]

and the former degree is at most [Q(/(n) : Q(¥V/ ()] = w(nm)/p(gm) because /(,, € L while
the latter degree is at most n" /g" because L = L(/G). In particular, for every n > 1 we have

K(3/(m) NK(VG) C K(VE).

2.5 Examples

In this section, we present some examples from [47, Section 6] and [49, Section 9] to illustrate our
results.

In order to work with our theoretical algorithms in practice, we assume that the field K is presented
in the sense of [[11, Chapter 19], which implies that its elements are representable on a computer.
Moreover, we assume that a list of generators for the group G is known explicitly.

Remark 2.32. Some more information on K is needed for the computations in Remark[2.8]and Remark
To compute the parameters for the ¢-divisibility for G as in [10] we need to tell whether an
element a € K has some /-th root in K * (we can factor the polynomial 2t — a as in [22]]). We
have to consider every prime number ¢, but we may restrict to those dividing all exponents in the
factorization of the fractional ideal (a). To factor (a), we first compute its absolute norm N (a) and
factor the ideal (p) for every prime number p such that v,(N(a)) # 0, as described in [8 §4.8];
we finally determine the correct exponent for each prime ideal using as bound the corresponding
exponent in the factorization of the ideal (/N (a)). Moreover, we need to know px, which can be
computed together with the whole unit group of the ring of integers of K, see the algorithm described
in [4].

Let us first give examples for the results of Section [2.3]
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Remark 2.33. Let K be a number field. Suppose that ¢ is odd or that {; € K. Consider elements
a1, ..., ap of K* which generate a subgroup of K * of positive rank r. Suppose that a;; = dei where
b1, - - ., By are strongly £-independent elements of /K. We have

By we conclude that

T

[K(<€m7 oy at,..., an) : K(Cﬁm)} = Hgmax(ni_di’o)
i=1
for all nonnegative integers m, ny, ..., n, with m > max;(n;).

Example 2.34. Consider cyclotomic-Kummer extensions of the form
Q(CM? va N\Z/ _9)/Q

for M, Ny, Ny positive integers with N1, Ny | M. We can compute the degrees of these extensions
via ¢-adic and /-adelic failures.

Let G = (2, —9). The ¢-divisibility parameters of G over Q are all zero for every odd prime £. It
follows from Lemma that the ¢-adic failure is 1 for all odd primes ¢. Moreover, since the only
nontrivial root of unity in Q is ( = —1, by Remark 2.16] the ¢-adelic failure is also 1 for every odd
prime ¢.

For ¢ = 2 we need to compute the 2-divisibility parameters of G over Q(7) (see Remark and
[2:6)). Over this field we have 2 = —i(1 + )%, and 1 + i and 3 are strongly 2-independent, so the
divisibility parameters are

It follows from Lemma [2.15]that we have
A2(2n1 7 2n2) _ A2 (2min(n1,3)7 2min(n2,3)) 7

so we only need to compute

2n1+n2
[Q(CQIDax(m,nz)a QRW, 271%/—79) :Q(Qmax(nl,n2)>]

for ny,ng € {0,1,2,3}. These computations are shown in the following table:

Ag(2M,272) =

TZQ:O TlQ:l TL2:2 n2:3
ny =0 1 1 2 2
ny =1 1 1 2 4
ny = 2 1 2 2 4
ny =3 2 4 4 4

We now compute the 2-adelic failure
By(M,2™,2") = [Q(Car, V2, *V/=9) NQ(Cur) : Q(C2n) ]

for any M, ny, ng with nq, no < va(M), and where n = max(nq, ny). By Theorem we just need
to compute such values for n1,n2 < 3 and M | 24. We take into account that:
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» We have v/2 € Q((s) and there is no M with 8 { M such that v/2 € Q((y); moreover
V2 € Q((so) for n > 2. This implies that for M with 2™ | M we have for n > 1

1 if8tMorm >3,

[Q(¢am, V2) NQ(Car) : QGom)] = {2 if 8 | M and m <32.

* We have /=9 = 3(s € Q((4), while /=9 = (3v/3 € Q((24) and there is no M with 24 { M
such that +/—9 € Q(Car); moreover %/—9 & Q((s) for n > 3. This implies that for M with
2™ | M we have

1 ifm>2o0rdtM,

[Q(¢2m, vV=9) NQ(C) : Q)] = {2 if m=1and 4| M;

whereas form > n > 2

[@(sz, 2:/—79) NQu) : Q(CQm)] _ {1 if24 ¢+ M,

2 if24 | M.

» We have Q((4, v2) = Q((g) and [@(\ﬁy (sv/3) : Q(@)] =4

These remarks are sufficient to compute the following table for the 2-adelic failure By (M, 2™, 2"2):

(ni,ng) | M=6|M=4|M=12|M=8|M=24
(0,1) 1 2 2 2 2
(0,2) 1 1 1 2
0,3) 1 2
(1,0) 1 1 1 2 2
(1,1) 1 2 2 4 4
(1,2) 1 2 2 4
(1,3) 1 2
(2,0) 1 1 2 2
(2,1) 1 1 2 2
(2,2) 1 2 4
(2,3) 1 2
(3,0) 1 1
(3,1) 1 1
(3,2) 1 2
(3,3) 1 2

where we have omitted the case M = 2 because Q((2) = Q and hence the 2-adelic failure equals 1.
Finally, we have

B ©(M)N1 N2

- A2(2min(n1,3)’ 2min(n2,3))B2 (ng(M, 24)7 2min(n1,3)’ 2min(n2,3)) ’

[Q(¢mr, V2, "¥-9) : Q]

where n; := vo(N;) fori =1,2.

We now give an example for the results of Section [2.4]
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Example 2.35. Let K = Q(+/3) and G = (11, 75). We compute the degree of K ({/G)/K for every
n > 1. The given basis of G is £-good for every prime ¢. Moreover, 11 is strongly /-indivisible for
every £, while 75 = (5+/3)? is a square and strongly ¢-indivisible for every odd ¢. By [10, Theorem
15] for every prime power ¢¢ we have

22—l if ¢ =2,

02 otherwise

[G:GmK”e]:{

so we deduce that [B,, : K*] = n3/gcd(2,n)2. For the computation of the entanglement group, we
take into account the following facts:

* MUK = M2
* K CQ(u12) = K(u12), and K is linearly disjoint from Q(u,,) over Q if 124 n
« V11 € Q(pa4) and V33 € Q(p33)
« /75 does not belong to K (o0 ) if € = 2 (because v/3 ¢ Q(puoo)).
From Theorem [2.7|we deduce that B,, ,,, = (K™, ji, Hy,), Where
(1) if24n

H, = (V/11) if ged(4,n) =2
(V11,V/5V3) if4|n,

and for the computation of §E(B,,), setting L,, := K (H,,) N Q(uy), we have E(By,) = Gal(L,/Q).

If 12 | n, then we have two cases: if 11 | n, then L,, = K (3/11), else L,, = K. So tE(B,,) is
4 if 11 | n and it is 2 otherwise. If 12 { n and n is even, then we have: L, = Q(+/11) if 44 | n,
L, = Q(\/33)if 33 | n, else L,, = Q. Thus {F(B,,) is 2 if 44 | n or 33 | n and it is 1 otherwise. If n
is odd, then we always have $F(B,,) = 1 because L,, = Q.

Noticing that
H p—1 _ ©(n) ged(2,n)
p odd prime p n
p|n
we conclude that
2p(n if gcd(132,n) is odd,
2 2
[K(VG): K] n"p(n) - n

( )

B /2 if ged(132,n) € {2,4,6,22},
 ged(2,n) - £E(By) ( )
( )

n“p(n)
np(n)
n2p(n)/4 if ged(132,n) € {12,44,66},
n®p(n)/8 if ged(132,n) = 132.

The failure of maximality of the above Kummer degree is due to the following facts: 75 is a square in

K: K C Q(u12): V11 € Q(p44): V11 -5v/3 € Q(ue6)-
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Chapter 3

On the distribution of the order of the
reductions of algebraic numbers over
congruence classes

Let K be a number field, and let G be a finitely generated and torsion-free subgroup of K*. We
consider the order of the cyclic group (G mod p) for almost all primes p of K, and ask whether this
number lies in a given arithmetic progression. In this chapter we prove that the density of primes for
which the condition holds is, under some general assumptions, a computable rational number which
is strictly positive. We have also shown the following equidistribution property: if £¢ is a prime power
and a is a multiple of ¢ (and a is a multiple of 4 if £ = 2), then the density of primes p of K such that
the order of (G mod p) is congruent to a modulo ¢¢ only depends on a through its ¢-adic valuation.
The results of this chapter are published in the article [44] by Perucca and Sgobba.

3.1 Main results

Consider a number field X and a multiplicative subgroup G of K* which is finitely generated. In this
chapter, for positive integers x, y with y |  we denote by K, := K ((,) the zth cyclotomic extension
of K, and by K, , := K,(¥/G) the yth Kummer extension of G over K,. We make use of the
notation introduced in Section Recall that, if we assume (GRH) we mean the extended Riemann
hypothesis for the Dedekind zeta function of number fields.

In [43]] Perucca and the author have generalised a result by Ziegler [59, Theorem 1] to higher rank
and have proven in particular Theorem [[.T} which we rephrase here for matters of notation.

Theorem 3.1 ([43, Theorem 1.3]). Let K be a number field, and let G be a finitely generated and
torsion-free subgroup of K* of positive rank. Fix an integer d > 2, fix an integer a, and consider the
following set of primes of K:

P :={p:ordy(G) = amod d}.

Let P(x) be the number of primes p in P with norm up to x.
Assuming (GRH), for every x > 1 we have

u(n)e(n, a,d,t) ( x )
+O0(—75— ), 3.1
logx Z K[dn]tnt K] log3/2x G-

n,t>1
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where c(n,a,d,t) € {0,1}, and where c(n, a,d,t) = 1 if and only if the following conditions hold:
(i) (1+at,d) =1;
(ii) (d;n) | a;

(iii) the element of Gal(Q((y4:)/Q) mapping (g to (Cllt"’“t is the identity on Q(Car) N Kt nt-

From this result it is not clear whether the natural density densy (G, a mod d) of the set P is a
rational number, if it is strictly positive, or if it is possible to evaluate it. The main results of this
chapter are the following, where K, GG, a, and d are as in Theorem [3.1

Theorem 3.2. Assume (GRH). Let d = ¢¢ for some prime number { and for some e > 1. Suppose
that K = Ky if £ is odd, or that K = Ky if { = 2. Then the density densy (G, a mod ¢¢) depends
on a only through its {-adic valuation, and it is a computable strictly positive rational number. In
particular, it is the same for all a coprime to /.

Although the previous result has an assumption on the base field, we do not need that assumption
in the following corollary.

Corollary 3.3 (Equidistribution property). Assume (GRH). Let K be any number field, and let d = (¢
for a prime number { and e > 1. Suppose that { | a if £ is odd, or that 4 | a and e > 2 if { = 2.
Then the density densy (G, a mod ¢¢) depends on a only through its {-adic valuation, and it is a
computable strictly positive rational number.

The following result concerns the case of composite modulus.

Theorem 3.4. Assume (GRH). Let d > 2 and set v := rad(d) for its radical. Suppose that K = K,
if d is odd, or that K = Ky, if d is even. Then, for a coprime to d, the density densi (G, a mod d) is
a computable strictly positive rational number which does not depend on a.

The following result generalizes the positivity assertion of Corollary [3.3]

Theorem 3.5. Assume (GRH). The density densy (G, a mod d) is strictly positive for any number
field K if d is a prime power or if a is coprime to d.

Theorem [3.2]is proven in Section [3.3.1|for £ odd, and in Section for ¢ = 2, respectively. We
prove Corollary [3.3]in Section [3.3.3] Theorem [3.4]is proven in Section [3.3.4] while Theorem [3.5]is
proven in Section[3.3.5] Section[3.4]is devoted to removing from Theorem 3.1]the assumption that the
group G is torsion-free. Finally, Section [3.5]contains examples of applications of the above theorems
and some numerical data.

Notice that in this chapter we rely on Theorem [3.1]and hence most of our results assume (GRH):
if the density in Theorem [3.1]is known unconditionally, then our results would also be unconditional.

3.2 Preliminaries

Let K be a number field, and let G be a finitely generated and torsion-free subgroup of K *. In the
whole chapter we tacitly assume that the primes p of K that we consider are such that the reduction
of G modulo p is a well-defined subgroup of the multiplicative group of the residue field at p. Notice
that the results of this section are unconditional.
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3.2.1 Prescribing valuations for the order

Theorem 3.6. Let (1, ..., ¢, be distinct prime numbers and x1, . .., x, nonnegative integers. Then
the density of primes p of K such that vy, (ord,(G)) = w; for all i is a strictly positive computable
rational number.

Proof. The rationality of the density can be seen by neglecting the condition on the Frobenius in [41}
Theorem 18]. For the positivity, apply [38l, Proposition 12] to a basis g1, ..., g, of G consisting of
Z-independent points of the multiplicative group K *. O

Corollary 3.7. Given an integer d > 2 and a positive divisor g of d, the sum of densities

Z densk (G, a mod d) (3.2)

0<a<d
(a,d)=g

is a strictly positive computable rational number.

Proof. We will express the sum (3.2)) as a rational combination of densities as in Theorem[3.6] Write
g=1I% ¢%i, and partition the index set as {1,...,n} = I U J such that f; < vy, (d) for i € I, and

1=1%1 >

fi = v¢,(d) for i € J. Then it is easy to check that

— Jena o vg(ordy(G)) = fi,Vie ]
Z densk (G, a mod d) = densg ({p C g (ordy(G)) > fi Vi€ J . 3.3)
o

From this expression and Theorem [3.6] we deduce that (3.2) is strictly positive. The density on the
right-hand side of (3.3)) is given by (applying the inclusion-exclusion principle for the primes up to x
and then taking the limit to make the densities)

|7 .
s v (ordy(G)) = fi ,Viel
D (1) > densk ({p v, (ordy(G)) < fi—1,¥ie S [ ) 3H
s=0 5CJ
|S|=s
and each of the densities in (3.4) exists and equals

. v (ordy(GM)) = fi Vie T
e <{p ' Uzi(ordZ(Gh)) =0,vies }) ’

where h = [[.cq Ezf =1 Such densities are computable rational numbers by Theorem Hence the

statement is proven.

Remark 3.8. Corollary implies that the density densg (G, 0 mod d) is known unconditionally to
be a strictly positive computable rational number.

3.2.2 Simplifications by changing the modulus

We keep the notation of Theorem 3.1} By Remark [3.8]we may suppose that 0 < @ < d. The following
lemma allows us to reduce to residue classes coprime to d if d is a prime power.
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Lemma 3.9. Let d = (¢, where { is a prime number and e > 1. Suppose that a = % - w, where w is
coprime to £ and 0 < x < e. Set w; := w + j¢~* for 0 < j < { (notice that w; is also coprime to
?). Then the primes p of K such that ordy(G) = a mod d are exactly those such that

ordy(G*") = w mod £°~* (3.5)

minus those such that
-1

ordp(GéI ) = w; mod Aaan (3.6)

for some O < j < L. In particular, we have

densi (G, a mod (°) =

-1
densg (G, w mod £°7%) — 3" dens (G, wj mod ¢~
=0

Proof. Notice that condition for any j implies condition because wj; is coprime to ¢ and
hence we must have ord, (G*") = ord, (G* ).

Let p be a prime of K such that ord,(G) = a mod d. In particular, ¢* divides ord, (G). Thus we
have
ordy(G) ordy (G)

¢ fz—=1

Dividing the congruence ord,(G) = a mod (¢ by ¢* and (*~!, respectively, we obtain

ord, (GY) = and ord, G =

ord, (GZZ) = w mod ¢°7F and ordy (G”_l) = wl mod ¢¢—= 1

We have proven one containment because w/ is not congruent to any of the w; modulo £.

Now suppose that (3.5)) holds, and that (3.6) does not hold for any j. In particular we must have
ordp(G”il) # ord,(G*"). We deduce ordp(Gwl) = (- ordy(G*"), and therefore ord,(G) =
% - ord,(G*"). We may conclude because multiplying (3.3) by ¢* gives

% - ordy(G*") = amod d. O

Remark 3.10. Consider the condition ordy(G) = a mod d. Decompose (a,d) = sh where s =
[14(a,q) ¢ s its radical, and write o’ = ¢, d’ = 4 Notice that (a’,d') = s is squarefree. We claim that
the following equivalence holds:

ordy(G) = amod d = ordy(G") = @’ mod d' .
If the first congruence is satisfied, then (a, d) divides ord,(G), so in particular we have

ord, (G) =a' mod d
W = .

Since h divides ord, (G), we have Ordz(G) = ord,(G") and the second congruence holds. Conversely,

if the second congruence is satisfied, then s = (a’,d’) divides ord,(G"). Since h introduces no new
prime factors, we have

ord,(G") - h = ord, (G)

and hence the congruence ord, (G) = a mod d holds.
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3.2.3 A general result

We keep the notation from Theorem and we denote by Densg (G, d) the density of primes p of
K such that ord, (G) is coprime to d.

Remark 3.11. From the results in [10] and [40]], under the assumptions of Theorems [3.2]and[3.4] the
density Densg (G, d) depends on G only through the d-parameters for the ¢-divisibility of G for each

¢ | d. As a consequence of the results of this chapter, the same holds for the density densx (G, a mod
d) considered in Theorems (3.2/and [3.4|and in Corollary

Theorem 3.12. Let ¢ be a prime number. Suppose that for every G and for every e > 1 we have
densk (G, w mod £°) = densk (G, w' mod £°)
as long as w,w' are coprime to L. Then for every G and for every e > 1 the density
densk (G, a mod £¢)

depends on a only through its £-adic valuation, and it is a computable rational number.

Proof. We know from [10, Theorem 3] that the quantity
Densg (G, f) =1 — densg (G, 0 mod ¢)

is a computable rational number. Then for every a coprime to ¢, by the assumption on the equidistri-
bution, we have

e 1L
densk (G, a mod () = 29 Densk (G, ¥) ,

so that densx (G, a mod ¢™) is a computable rational number which does not depend on a.

For 0 < a < ¢¢ not coprime to ¢ we apply Lemma [3.9] which allows us to compute the density
densk (G, a mod ¢¢) as the difference of densities which we know to be computable rational numbers.
More precisely, by the equidistribution condition the formula given in Lemma [3.9|becomes

densk (G, a mod ¢¢) =

densg (G, w mod (™) — £ - denSK(Gerl,w mod ¢¢~* 1) |
where a = wl* and = = vy(a). In particular, this formula shows that what matters about a is only its
{-adic valuation.

Finally the density for a = 0 is given as the complementary density of all the considered cases,
and hence it is also a computable rational number. O

Remark 3.13. Notice that for 0 < a < ¢¢ with some fixed valuation vy(a) = = where 0 < x < e, the
previous theorem says that we have the following density:

densk (G, a mod £¢) = (p(;_'x) -densg ({p : ve(ordy(G)) = x}) . (3.7)

Proposition 3.14. With the assumptions of Theorem we have that the density densy (G, a mod
0¢) is strictly positive for every a.

Proof. For a = 0 we know this unconditionally by Remark [3.8] For 0 < a < ¢¢, by Theorem [3.6|the
densities (3.7) in Remark [3.13]are strictly positive. O
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We say that a prime p of K is of degree 1 if both its ramification index and its residue class degree
over (Q are equal to 1.

Lemma 3.15. Let K be a number field, and let G be a finitely generated and torsion-free subgroup
of K*. Let a,d be integers with d > 2 and let v := He\d £ be the radical of d. Let m = r if d is odd,
and m = 2r otherwise. Consider the following set of primes p of K:

S:={p:ordy(G) =amodd, Np=1modm}.

Then the density of the set S exists and it is equal to

1

Ko K] densg,, (G,a mod d) . (3.8)

Remark 3.16. Notice that, assuming (GRH), a formula for the density of the set S is given in [43]
Corollary 5.2]. By Theorems [3.2] and [3.4] it follows that the density (3.8) is a computable strictly
positive rational number if d is a prime power or if a is coprime to d. Moreover, if d = £¢ for a prime
£, then the density of S depends on a only through its ¢-adic valuation, while if d is composite and
(a,d) = 1, then it does not depend on a.

Proof of Lemma[3.15] We may assume that the primes p of S are of degree 1 and unramified in K,,.
Hence for a prime p in S we have N p = 1 mod m if and only if p splits completely in K,. Therefore,
the set of primes of K, lying above the primes of S is the set

{B C K, of degree 1 : ordp(G) = a mod d},

which has density densg,, (G, a mod d). Thus we obtain that the density of the set S exists and it is
equal to 1/[K,, : K] times densg,, (G, a mod d) (see for instance [40, Proposition 1]). O

3.3 Proof of the main results

We keep the notation of Theorem 3.1]

3.3.1 Proof of Theorem 3.2 for ¢ odd

Lemma 3.17. Let ¢ be an odd prime number. Suppose that K = K. For every G and for every e > 1
we have
c(n, @, 0°,t) = c(n, 2’ (°,t)

as long as x, x' are coprime to (.

Proof. Letd = £°. Let a vary among the integers strictly between 0 and d and coprime to £. Since a is
coprime to £ and d = ¢, the condition (d,n) | a means £ { n and it is independent of a. If ¢(n, a, d, t)
is non-zero, then the integer ¢ must be divisible by ¢ because (, € K and hence it must be fixed if
raised to the power 1 + at (recall that a is coprime to ¢). In particular, the condition (1 + at,d) = 1
holds independently of a.

We are left to check that Condition (iii) of Theorem does not depend on a, provided that
Conditions (i) and (ii) hold. Write F' := K, ,,; and define 7 := v,(t). We thus have to show that
the following is independent of a: the Galois group of Fye+-/F contains the automorphism o4t

satisfying (pet+r — Celet‘it. Since K = K,, we have some largest integer > 7 > 1 such that
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F contains Qy=, and this integer determines the Galois group of Fyei-/F, which is a finite cyclic
{-group.

If x > e + 7, then the field extension Fje+-/F is trivial and the coefficient ¢(n, a, £¢,t) is 0
independently of a. Now suppose that 7 < x < e+ 7. The exponents for the action on (e+- are those
corresponding to the automorphisms of order dividing £T7~%. Since v,(at) does not depend on a, we
have that

v((14+at)" —1)=7+n

independently of a and we conclude. O

Proof of Theorem[3.2)for £ odd. Lemma[3.17]implies that the conditions of Theorem[3.12]are satisfied
if K = K, (compare with formula (3.1))). Thus the density densy (G, a mod d) depends on a only
through its ¢-adic valuation, and it is a computable rational number. By Proposition this rational
number must be strictly positive. O

3.3.2 Proof of Theorem 3.2/ for / = 2
Lemma 3.18. Suppose K = K. For every G and for every e > 1 we have

c(n,x,2t) = c(n,a’,2° t)
as long as v, x' are odd.

Proof. Let d = 2°. Notice that the claim is clear for e = 1, so suppose e > 2. Let a vary in the
odd integers strictly between 0 and d. Similarly to the proof of Lemma [3.17] the condition (n,d) | a
means that 2 { n and is independent of a. Moreover, t must be an even integer and hence the condition
(1 + at,d) = 1 is satisfied independently of a. Now suppose that the above conditions are satisfied,
and let us focus on Condition (ii1) of Theorem

Set 7 := wy(t), and call F the field K . Similarly to the proof of Lemma [3.17} we check that
the following condition is independent of a: the Galois group of Fye+- /F' contains the automorphism
O141q satisfying (yetr +— C;:ﬁt.

Recall that K = K, and call x > 2 the largest integer such that I’ contains Qo= (we clearly have
x > 7). We then need to investigate the cyclic group Gal(Qge+-/Qaz).

If x > e + 7, then this field extension is trivial and we have ¢(n, a,2¢,t) = 0 independently of
a (where a is odd). If z = 7 then Gal(Qae++ /Q2=) contains 2¢ automorphisms acting distinctly on
(et and fixing (or: we deduce that ¢(n, a, 2¢,t) = 1 independently of a (where a is odd).

From now on, suppose 7 < = < e + 7. We see Gal(Qye+-/Q22) as a subgroup of the cyclic
Galois group Gal(Qqe+-/Qy). That subgroup contains the elements of order dividing 277 ~%. The
Galois automorphisms are determined by the image of (,e++, and they are determined by the exponent
to which they raise this element.

If 7 = 1, then we do not have the automorphism o144 in Gal(Qqe+-/Qy4) (independently of a)
because a is odd and hence ( i“‘t # (4. This means that in this case ¢(n, a, 2¢,t) = 0 independently
of a (for a odd).

Finally suppose 1 < 7 < & < e + 7. Since 7 > 1, the automorphism o144 € Gal(Qqe+-/Qy) is
well-defined. We have to check whether o4 also belongs to Gal(Qqe+- /Q22) or not independently
of a. It is then sufficient to show that the order of o144+ does not depend on a. This order is a power
of 2, namely the smallest power 2" such that v((1 + at)?" — 1) > e + 7. Since va(at) > 2, then
for every n > 1 we have va((1 + at)?" — 1) = 7 + n independently of a and hence the order of the
automorphism o144 does not depend on a. ]
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Proof of Theorem|3.2|for £ = 2. Analogously to the proof for the odd case, it suffices to combine
Lemma|3.18| with Theorem |3.12| and Proposition [3.14] 0

3.3.3 Proof of Corollary 3.3

Proof of Corollary[3.3] Let m = ¢ if £ is odd, and m = 4 if £ = 2. Let p be a prime of K of degree
1, and which does not ramify in K,,. In view of our hypothesis on a, we have that if p is such that
ordy(G) = a mod ¢¢, then N p = 1 mod m. We deduce from Lemma [3.15| that

1
densk (G, a mod ¢¢) = —— - densg,, (G, a mod () .
By Theorem 3.2l we conclude that dens i (G, a mod ¢¢) depends on a only through its ¢-adic valuation
and that it is a computable strictly positive rational number. O

3.3.4 Proof of Theorem 3.4

Lemma 3.19. Let d > 2 be an integer and write d = [[ £¢ for its prime decomposition. For the
coefficients of Theorem[3.1} with respect to any fixed group G, we have

c(n,a,d,t) = H c(n,a,l°t).
0d

Proof. We prove that ¢(n,a,d,t) = 1 if and only if ¢(n,a,£¢,t) = 1 for every prime divisor ¢ of
d. Tt is clear that (1 + at,d) = 1 and (d,n) | a if and only if (1 4+ at,¢¢) = 1 and (¢¢,n) | a for
every ¢. Now suppose that these conditions hold. Let o be the element of Gal(Q((4)/Q) such that
o(Cat) = Cll;““t, and let oy be the element of Gal(Q((ses)/Q) such that op((pes) = g:g“t. We are left
to show that o is the identity on Q((g¢) N Kyt e if and only if oy is the identity on Q(Cpet) N Kt
for every £. This follows from the fact that Q((g;) is the compositum of the fields Q((se;), and oy is
the restriction of o to Q({ye;) for each /. O

Lemma 3.20. Let d > 2 be an integer and let r := H£|d { be its radical. Suppose that K = K, if d is
odd, or that K = Koy, if d is even. For the coefficients of Theorem with respect to any fixed group
G, we then have

c(n,x,d,t) = c(n,a’,d, t)
as long as x, x' are coprime to d.
Proof. We have to show that, whenever a is coprime to d, the coefficient ¢(n, a, d, t) is independent of

a. By Lemma [3.19|we may reduce to the case in which d is a prime power, and then we may conclude
by Lemma if d is odd, and Lemma if d is even. O

Proof of Theorem By [40, Corollary 12] and [[10, Theorem 3] the density Densg (G, d) of primes
p of K such that ord,(G) is coprime to d is an explicitly computable rational number. This density
can be decomposed as the sum over a, with a coprime to d, of the densities densg (G, a mod d).
Since K, = K if dis odd, and K5, = K if d is even, by Lemmathe above densities have equal
value, so that for every a coprime to d we have

1
densi (G,a mod d) = — - Densg (G, d),

p(d)
which is then a computable rational number. Moreover, this density is also strictly positive because
by Theorem [3.6]the density Densy (G, d) is strictly positive. O
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3.3.5 Proof of Theorem

Proof of Theorem[3.5] Let r be the radical of d, and let m = r if d is odd, and m = 2r otherwise.
Consider the following set of primes p of K of degree 1, and unramified in K,,:

S:={p:ordy(G) =amodd, Np=1modm}.

By Lemma the set S has density equal to

1
—— = -densg,, (G,amod d) .
[Kp, : K] ( )
By Theorems[3.2]and 3.4 the density dens;,, (G, a mod d) is strictly positive if d is a prime power or
if a is coprime to d, so the same holds for the density of S. Consequently, the density dens (G, a mod
d) is also strictly positive. OJ

3.4 Multiplicative groups with torsion

Stating Theorem [3.1] for a finite group is trivial (the given density is either 0 or 1). However it is not
trivial to remove the assumption that the multiplicative group is torsion-free: this is what we achieve
in this section. As a side remark, notice that our strategy also applies to the density considered in [43}
Theorem 1.4], i.e. if we introduce a condition on the Frobenius conjugacy class with respect to a fixed
finite Galois extension of the base field.

Let K be a number field, and let G’ be a finitely generated (and not necessarily torsion-free)
multiplicative subgroup of K of positive rank. Then we can write G’ as G’ = ({) x G, where ( is
a root of unity of K generating the torsion part of G’ and G is torsion-free. Let us exclude finitely
many primes p of K so that the reduction of G’ is well-defined and we have ord,(¢) = ord(¢). The
order of G’ modulo p is then the least common multiple between the order of G modulo p and a fixed
integer:

ordy(G") = [ordy(G), ord(¢)] .

We may then reformulate the given problem.

Remark 3.21. Let G be a finitely generated and torsion-free subgroup of K *, and fix some integer
n 2 2. Given two integers a and d > 2, we investigate the density of primes p of K for which

[ord,(G),n] = amod d. 3.9

Assuming (GRH), the case n = 1 is known, and our aim is reducing to this case. Notice that our
method also shows that the considered density exists. We denote this density by dens’ (G, n; a mod
d).

Let £ be a prime divisor of n. The aim is finding a way to replace n with % (or to conclude
directly). We distinguish various cases.

Case (i): If ¢ | d and ¢ } a, then we have dens (G, n;a mod d) = 0 because ¢ divides
[ord, (G), n] and (3.9) cannot hold.

Case (ii): If £ | d and ¢ | a, then the congruence [ord,(G),n| = a mod d is equivalent to

[ordp(Gz), E] = % mod

d
¢ ‘

)
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so we have
d
dens (G, n;a mod d) = dens) (Ge, %; % mod Z) .

Case (iii): Suppose that £ 1 d. Let £ be a multiplicative inverse for £ modulo d, and set v := v(n).
If ¢ | ordy(G), then we have

lordy(G),n] =amodd <= [ordy(G), %] =amodd. (3.10)
If ¢¥ { ord, (G), then we have
[ordy(G),n] =amodd <= [ordy(G), %] = al mod d.
The condition ¢" | ord,(G) amounts to
n
[ord,y (G), Z] = 0 mod ¢"

and hence (recalling that ¢ and d are coprime) we can easily combine this congruence and the congru-
ence in (3.10) with the Chinese Remainder Theorem. The first subcase thus amounts to

[ord, (G), %] = al’¢® mod d¢” .

Similarly, the second subcase amounts to letting [ordp(G), %] be in the difference of congruence
classes

(af mod d) \ (al’*1¢* mod d¢) .

Notice that the congruence classes for the first and second subcase are distinct. Thus if £ { d we can
explicitly write

dens (G, n;a mod d) = dens'y (G, %; ap mod dé”) + dens'y (G, %; al mod d)
_ / oand v
densj, (G, g,aoﬁ mod df ) ,

where we have set ag := al’ ¥ mod dev.
We have thus proven the following result.

Theorem 3.22. Assume (GRH). Let K be a number field, and let G’ be a finitely generated subgroup
of K* of positive rank. Let n > 1 be the order of the torsion of G', and let G be a torsion-free
subgroup of G' such that G' = G x (). Let a and d > 2 be fixed integers. The density of the set of
primes p of K

{p : ordy(G’) = a mod d}

exists and can be expressed as a finite sum of terms of the type
+ densi (G™, a’ mod d')

where m, a/, d' are integers and m | n.
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3.5 Examples

In this last section we work out some examples and collect some numerical data to illustrate our
results.

Example 3.23. Let K = Q((3) and consider the group G = (5,7) < Q(¢3)*. We compute the
density densg (G, a mod 9) for 0 < a < 9. Since (3 € K, we can use [10, Theorem 2] to compute
the density of primes p of K for which the order of G mod p is coprime to 3, and we have

1
D G,3)=—.
ensg (G, 3) 13
Then by Theorem [3.2] we have:
1
densg (G,a mod 9) = s fora € {1,2,4,5,7,8}.

For a = 3 or a = 6, by [10, Theorem 3] we have

9
D 33) ==
ensK(G ,3) 13

and applying Lemma [3.9| we obtain by the equidistribution property
densg (G, a mod 9) = densg (G*,1 mod 3) — 3densg (G, 1 mod 9)
9 3 1 4
2-13 78 13

For a = 0 we get the complementary density of Densy (G2, 3) and hence

densg (G,0 mod 9) = 3

Example 3.24. Let K = Q((4) and consider the group G = (3,5) < Q(({4)*. We compute the
density of primes densg (G, a mod 8) for 0 < a < 8. Since (4 € K, by [10, Theorem 2] the density
of primes p of K for which the order of G mod p is odd is given by

1
D G,2)=—.
ensg (G, 2) 58
Then by Theorem [3.2] we have:
1
densg (G, a mod 8) = 1 fora € {1,3,5,7}.

For a = 2 or a = 6, by [10, Theorem 3] we have

1
Densg (G?,2) = =

and applying Lemma [3.9] we obtain by the equidistribution property
densg (G, a mod 8) = densg (G?%,1 mod 4) — 2densg (G, 1 mod 8)
1o, 13
14 112 56
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For a = 4 we proceed similarly. By [[10, Theorem 3] we have
Densg (G*,2) = =

and then, by Lemma([3.9] we obtain by the equidistribution property

densg (G, 4 mod 8) = densg (G, 1 mod 2) — 2densg (G2, 1 mod 4)
4 1 3

77 T
Finally for a = 0 we obtain the complementary density

densk (G, 0 mod 8) = % .

Example 3.25. Let K = Q((12) and consider the group G = (7,11) < Q(¢{12)*. We compute the
density of primes densk (G, a mod 12) for a € {1,5,7,11}, which are all equal by Theorem [3.4] as
(12 € K. By [40, Corollary 12] the density of primes p of K for which the order of (G mod p) is
coprime to 12 can be computed as in the previous examples:

1
DenSK(G, 12) = DenSK(G’ 4) . DenSK(G’ 3) = ﬁ .

Hence we obtain by the equidistribution

L
1456

In the following two examples we also compute with SageMath [57] approximated densities to
support the validity of the equidistribution property of Corollary [3.3]

densk (G, a mod 12) =

Example 3.26. Consider the group (2) < Q*. Focusing on the set of primes up to 10%, we find with
SageMath the following approximated values for the density densg(2, a mod d):

amodd | densg(2,amod d) | primes up to 10°
4 mod 16 1/6 ~ 0.1667 0.1676
12 mod 16 1/6 ~ 0.1667 0.1652
3 mod 9 1/8 =0.125 0.1236
6 mod 9 1/8 =0.125 0.1266
9 mod 27 1/24 ~ 0.0417 0.0422
18 mod 27 1/24 ~ 0.0417 0.0411
3 mod 27 1/24 ~ 0.0417 0.0416
6 mod 27 1/24 ~ 0.0417 0.0421
15 mod 27 1/24 ~ 0.0417 0.0420
21 mod 27 1/24 ~ 0.0417 0.0405

For instance, by Corollary for3 | aand d = 9 or d = 27 we have

densg(2,a mod d) = - densg(¢,)(2,a mod d)

1
[Q(¢s) - Q]

and similarly for 4 | a and d = 16. Thus we can compute these densities by following the same
procedure as in the previous examples.
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Example 3.27. Let G = (2,3) < Q*. We compute all the densities densg(G, a mod d) using the
methods of the previous examples. Again we study the set of primes up to 10 and find with SageMath
the following approximated values for the considered densities:

amodd | densg(G,amod d) | primes up to 10°
4 mod 16 17/112 =~ 0.1518 0.1522
12mod 16 | 17/112 =~ 0.1518 0.1508

3 mod 9 2/13 ~ 0.1538 0.1538

6 mod 9 2/13 ~ 0.1538 0.1540
9 mod 27 2/39 ~ 0.0513 0.0513
18 mod 27 2/39 ~ 0.0513 0.0513
3 mod 27 2/39 ~ 0.0513 0.0518
6 mod 27 2/39 ~ 0.0513 0.0512
15 mod 27 2/39 ~ 0.0513 0.0513
21 mod 27 2/39 ~ 0.0513 0.0507

Example 3.28. Let K = Q((3)*, and let G be a finitely generated and torsion-free subgroup of
Q(¢3)™. Consider the group G’ = G x ((g). We study the density of primes p of K such that
ordy(G’) = a mod 10, as considered in Section Fora = 1,3,5,7,9, we have densy (G, 6; a mod
10) = 0. For @ = 4 we have

dens'y (G, 6;4 mod 10)
= dens’ (G, 2; 24 mod 30) + dens’, (G, 2; 8 mod 10) — dens’ (G, 2; 18 mod 30)
= densg (G?,12 mod 15) + densx (G?,4 mod 5) — densg (G2, 9 mod 15) ,

and also

dens’ (G, 6; 4 mod 10) = dens’ (GZ,3;2 mod 5)
= densg (G?,12 mod 15) 4 densg (G2, 4 mod 5) — densx (G?,9 mod 15),

where the difference in the two calculations consists only in whether we consider the prime 2 or
the prime 3 first for the method described in Section For a = 2,6,8 we can make a similar
computation. Finally, for a = 0 we have

dens’ (G, 6;0 mod 10) = densg (G,0 mod 5) ,

as 2 always divides ord,(G’), and ord,(G’) = 0 mod 5 if and only if ord,(G) = 0 mod 5.
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Chapter 4

On the distribution of the order and
index for the reductions of algebraic
numbers

Let K be a number field, and let aq, ..., a, be algebraic numbers in K generating a subgroup of
rank 7 in K*. We investigate under GRH the number of primes p of K such that each of the orders
of (cy; mod p) lies in a given arithmetic progression associated to «;. We also study the primes p
for which the index of (a; mod p) is a fixed integer or lies in a given set of integers for each i.
An additional condition on the Frobenius conjugacy class of p may be considered. Such results are
generalizations of a theorem of Ziegler from 2006, which concerns the case » = 1 of this problem,
and they are published in [S5]], except for Section 4.7| which contains some new results.

4.1 Main results and overview

Consider a number field K and finitely many algebraic numbers s, ..., «, € K* which generate
a multiplicative subgroup of K™ of positive rank . Let p be a prime of K such that for each i the
reduction of «r; modulo p is a well-defined element of k:pX (where kj, is the residue field at p). We study
the set of primes such that for each ¢ the multiplicative order of («; mod p) lies in a given arithmetic
progression.

More precisely, recalling the notation from Section [I.I} we will prove under GRH the existence
of the density of primes p satisfying ord,(a;) = a; mod d; for each i, where a;, d; are some fixed
integers. In Theorem .| we give an asymptotic formula for the number of such primes. We also study
the density of primes satisfying conditions on the index. Write ind, (c;) for the index of the subgroup
generated by (a; mod p) in k,°. Notice that ind, (c;) = (Np — 1)/ ord,(c;). We prove the existence
of the density of primes p such that indy,(«;) = t; for each 4, where the ¢;’s are positive integers, and
more generally such that ind, (o) lies in a given sequence of integers. Given a finite Galois extension
of K, a condition on the conjugacy class of Frobenius automorphisms of the primes lying above p
may also be introduced.

These results are generalizations of Ziegler’s work [59], which concerns the case of rank 1.
Moreover, in [43]] the author and Perucca have generalized Ziegler’s results to study the set of primes
for which the order of the reduction of a finitely generated group of algebraic numbers lies in a given
arithmetic progression, and in [44]] they have investigated properties of the density of this set (see
Chapter [3). Notice that problems of this kind have been studied in various papers by Chinen and
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Murata, and by Moree, see for instance [7, 29], and that they are related to Artin’s Conjecture on
primitive roots, see the survey [31[] by Moree.

4.1.1 Notation

As mentioned above, we make use of the notation from Section @ If S is a set of primes of K,

then S(x) is the number of elements of S having norm at most x. We write N = (ny,...,n,) and
T = (t1,...,t,) for r-dimensional multi-indices, by which we mean r-tuples of positive integers. We
thus write

2=

ni>1 nr>1

for the multiple series on the indices n;, and similarly for 7', as well as for finite multiple sums. We
denote by Ky 7 the compositum of the fields

K(Cnitiv a;/niti)
fori € {1,...,r}, namely

. l/nltl 1/nptr
KN,T = (C[nltl, nrte]s & ERE) ar/ " 7)

9

and we similarly define Fy 7, if I is a finite extension of K. Moreover, if F /K is Galois and p is
a prime of K which is unramified in F', then (p, F'//K) denotes the conjugacy class of Gal(F/K)
consisting of Frobenius automorphisms associated to the primes of F' lying above p.

4.1.2 Main results

The following results are conditional under (GRH), by which we mean the extended Riemann hypo-
thesis for the Dedekind zeta function of a number field, which allows us to use the effective Chebotarev
density theorem (see for instance [S9, Theorem 2]).

In the following statements we tacitly exclude the finitely many primes p of K that appear in the
prime factorizations of the fractional ideals generated by the «;’s, and those that ramify in a given
finite Galois extension F' of K.

Theorem 4.1. Let F'/K be a finite Galois extension, and let C' be a union of conjugacy classes of
Gal(F/K). For 1 <i <, let a; and d; > 2 be integers. Define the following set of primes of K :

. Y= v [P
P = {p.ordp(al) = q; mod d; Vi, <F/K> C C} .

Assuming (GRH), we have

H,unl NT) x
P(x) logxzz ] +o(( mh)’ (4.1)

where w = w(T) = [dit1,...,dyt,], and Fy, n 1 denotes the compositum of the fields F'((,,) and
Fn 1, namely

1/7’L1t1 1/n,t,
vaNvT - ({[dltl, Sdrtrmity,.. ,nrtr]v g ,Oér/ " T) )
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and

c(N,T) = HU € Gal(Fy N /K) : Vio(Cap,) = (b ™", olky, =1d, o|p € CH -
In particular, ¢(N,T) is nonzero only if (1 + a;t;,d;) = 1 and (d;,n;) | a; foralli € {1,...,r}. The
constant implied by the O-term depends only on K, F, the o;’s and the d;’s.

Taking F' = K in Theorem [4.1]yields Theorem[I.2]in the Introduction.

Remark 4.2. The multiple series involved in the asymptotic formula (4.1)) converges. This statement
is a consequence of the results of Section more precisely, the convergence follows by Proposition
|.9 and Theorem [4.5] and we prove this property in Corollary 4.12] Notice that the same remark
applies to the series in the formulas (4.3)) and (.5) below (see also Corollary [@.TT).

Theorem 4.3. Let F/K be a finite Galois extension, and let C' be a union of conjugacy classes of
Gal(F/K). Let T = (t1,. .., t,) be an r-tuple of positive integers. Define the following set of primes

of K:
R = {p : indy(ay) = t; Vi, (F’;K) - c} . 4.2)

Assuming (GRH), and supposing that x > t3 for all i, we have

R — =5 TLpm) 1) (‘"”+Z wloglog s ) ws)

log 2 <= [FnT : K] log? = ©(t;) log? z

where
d(N,T) = |{o € Gal(FNr/K) : 0|ky, =id, olp € C}| . (4.4)

The constant implied by the O-term depends only on K, F and the o;’s.

Notice that applying Theorem[4.3| with ¢; = 1 for all i and F' = K (which gives ¢/(N,T') = 1 for
all V) yields a multidimensional variant of Artin’s Conjecture on primitive roots over number fields.
This is stated in Theorem [I.3]and developed further in Proposition 4.21]

Moreover, in Theorem@ for F' = K, we reduce the natural density in (4.3) to a closed formula
consisting of a rational multiple of a constant depending only on 7.

Theorem 4.4. Let F'/K be a finite Galois extension, and let C' be a union of conjugacy classes of
Gal(F/K). For 1 < i <, let S; be some nonempty sets of positive integers. Define the following set

of primes of K:
—Jyi . v (P
S = {p tindy(ay) € S; Vi, <F/K> C C} .

Assuming (GRH), we have

(T p(ns))d (N, T) x
o —2—+— 45
0w XX ((log:ol ) 7

+'r+1

tES

where
d(N,T) =|{c € Gal(Fnr/K) : 0|ky, =id, o|lp € C}| .

The constant implied by the O-term depends only on K, F and the o;’s.
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In particular, we may choose .S; to be the set of positive integers lying in an arithmetic progression,
say for instance {k > 1 : k = a; mod d;}, with a; and d; > 2 integers. A small generalization of
Theorem [4.4]is provided by Corollary 4.24]

Notice that if we take 7 = 1 in Theorems .1]and 4.3] then we obtain the same formulas as in [59}
Theorem 1, Proposition 1], respectively.

4.1.3 Overview

In order to generalize Ziegler’s proofs [39] to obtain Theorems and some crucial results
are needed. The first one is Theorem [4.5] which is an estimate for a multiple series involving Euler’s
totient function . Section4.2|is devoted to the proof of this theorem. The other two results concern
Kummer extensions of number fields and are proven in Section [#.3] More precisely, Proposition 4.9]
states that the failure of maximality of their degree is bounded in a strong way, whereas Proposition
[.13]gives an estimate for their discriminant. All these results will be used to deal with the asymptotics
of the sets of primes considered in Sectiond.1.2]

In Section we prove Theorem and then we use this result in Section to set more
general conditions on the index and achieve Theorem .4l In Section 4.6] we prove Theorem [.1] by
transforming the conditions on the order into conditions on the index and on the Frobenius conjugacy
class with respect to certain finite Galois extensions, thus allowing us to apply the previous results.

Finally, in Section 4.7 we consider the multidimensional variation of Artin’s conjecture obtained
thanks to Theorem [4.3] and, making use of the results of Chapter [2] we reduce the corresponding
natural density to a rational multiple of a certain constant.

4.2 On Euler’s totient function

In this section we estimate some expressions involving Euler’s totient function. We keep the notation

introduced in Section In particular, we write N = (ng,...,n,) for a multi-index (whose

components are positive integers). Also we denote by 7(n) the number of positive divisors of 7.
Recall the following well-known estimates:

T(n) =0 (n") Ve>0, (4.6)
(see [25, Formula (2.20)]);

L =0(n°) Ve>0, @7

p(n)

which follows by noticing that for each prime p there is a constant ¢, > 0 such that (1—1/p) > ¢./p°,
and we may take c. = 1 for all p sufficiently large (with respect to ¢);

> =00, 48)

(see for instance [25, Formula (2.32)]).
Our goal is to prove a multidimensional variant of the estimate ) _ T;)n = O(%) (see for
instance [59, Lemma 7]), namely

Theorem 4.5 (Pollack). We have

Z ! =0 (1) : 4.9)
¢<[n17n27"‘7n7“])n1n2"‘nr xr

N
ni>x




Lemma 4.6. Let z be a positive integer, then for every € > 0 we have

n<x

Proof. We have

D (nz ZZd

n<x Z n<x
(n,2)=d
Z X oimd Z P2
dlz m<x/d m<x/d

Then the formula (4.8)) yields

n d
n,z)-——=0[= — .
2 o) ( ;wz))
We may then conclude by using (4.6) and (@.7) with £/2 to get
d d
—— =0 (7(2) max—— | =0 (2°) . O
2 50 (0 ) =0

Lemma 4.7. We have

niy B i
; w([nl,...,nr])n2_”nr —O( )

n1<x

Proof. We may assume r > 2, the case » = 1 being just (4.8). We will make use of the formula
¢(n) = nJ[,,(1 —1/p), where p denotes a prime number. The main term of the considered series

can thus be written as )
ni 1\~
1—= .

o 1 (1))

plin,...nr]

Then, in view of the identity [nq,...,n,| - (n1,[n2,...,n:]) = ni[ng,...,n,], we can bound our
series from above by

> gl gq@—) 1

- ¥

ng,...,np=>1

H Z (n1, [ng,...,n|) e

[n27"'7 _ <z (P(nl) .

Taking n = n1, 2 = [ng,...,n,] and ¢ = 1/2, Lemma[4.6] says that the inner sum is estimated by
O (z[ng, ... ,ny Y 2). Applying the obvious inequalities

(2, ...,np] = (ng - n) Y07 > (ng - omp )T
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we can then estimate the series by

r

1 n;
A PR s il | b

n2yeymp =1 i=2

I
.
8

1
Z ,,,nr)1+1/47"

n
n2,...,nr=>1 ( 2

—0 (w <§(1 + 41r)>H> —0(z),

where in the first equality we used the estimates QDEZ,) = O(nz1 / 4T) in view of (4.7), and for the last

equality we used the fact that the Riemann zeta function ¢ is convergent at (1 + 1/4r). U

We are now ready to prove Theorem [.5]

Proof of Theorem{.5] We may assume r > 2. We decompose the series considered in (4.9) into the
sums over n; lying in dyadic intervals, i.e. we express it as

1
2 2. o([ng,...,n)ni---ny (4.10)

jz0 N
Wr<n1 <29tz

We now estimate each inner series on the multi-indices NV in (4.10). For j > 0, each of them equals

ni
Z Z ce e )ng oy

2ix<n <29ty

EXS

=0 (@ 2"e) =0 (52).

where the estimate is due to Lemma Finally, we conclude by summing the obtained error terms
over 7, so that #.10) equals O (1/x). O

The following result is an immediate consequence of Theorem

Corollary 4.8. Let x1,...,x,. > 1. Then we have
1 1
> =0 ()
~ en,ng, .o np)nang -y max; (2;)
N, >T;

Proof. Up to swapping the variables, we may suppose that z; = max;(z;) and apply Theorem 4.5
O
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4.3 Preliminaries from Kummer theory

Let K be a number field, and let a;, ..., a, be algebraic numbers which generate a multiplicative
subgroup G of K* of positive rank r. Notice that G is torsion-free. In this section we prove some
results about cyclotomic-Kummer extensions of K of the type K (¢, a}/ tl, cee oz,l«/ t") with ¢; | n for

all 4.

4.3.1 Bounded failure of maximality for Kummer degrees

In [43] Theorem 3.1] Perucca and the author showed, with a direct proof, that the failure of maximality
of Kummer degrees of the type [K (Cn, GV/™) : K ()], with n | m, is bounded in a strong way. The
following result is a further generalization and a consequence of this fact.

Proposition 4.9. There exists an integer B > 1, which depends only on K and the «;’s, such that for
all positive integers n,t1, ... ,t., where n is a common multiple of the t;’s, we have

Hrzl L
U | B. (4.11)
(K (Covor/™, o an’™) K (G

Proof. Let n,t1,...,t, be arbitrary with ¢ := [t1,...,%,] | n. Then by [43] Theorem 3.1] there is
B > 1 (depending only on K and the «;’s) such that

t'l‘
(K (Goy )", o) K (G)]

We show that this bound B satisfies also (.11]). We have

| B. (4.12)

K(Cn,o&/tl,...7a,1/t’“) C K(Cn,ai/t,...,ai/t)

and the degree of this extension divides ¢t"/ [, ¢; as ozil/ b= (a;/ ti)ti/ ¢ (up to a t-th root of unity)
for every i. We deduce that the ratio in (4.11) is a divisor of the ratio in (4.12), and hence it divides
B. U

Proposition is also a consequence of Theorem ([47, Theorem 5.4]), which provides a
stronger statement. The bound B considered in the proof is not optimal in general, but it is suitable
for our purposes. It can be computed thanks to the results of Chapter 2] or [43] 47]).

Corollary 4.10. For all positive integers n,t1,...,t., where n is a common multiple of the t;’s, we
have

ol oalf) 1] > 0L,

where B > 1 is the integer from Proposition 4.9 associated to K and the o;’s.

Proof. By (@.T1) the degree of the considered Kummer extension over K((,) is at least [ [, ¢;/B,

whereas it is easy to see that [K((,,) : K| = ¢(n)/[K : Q. O

Recall the notation for the fields K 7 and K. n,7 from Section [#.1.1|and Theorem [4.1} where
N, T are r-tuples of positive integers and w = w(T") := [dyty,...,d,t,] for some positive integers
... d.
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Corollary 4.11. Fix an r-tuple T. The series ) converges.

1
[Kn,7:K]

In particular, the series of this type, which we will consider in the later sections, converge abso-
lutely and Y Sy = >, o1+ >, > can be interpreted as the series over the multi-indices V.

Proof. By Corollary we can bound

1 < [K :Q|B
Knr: K] S ot m)n - ny
Then the convergence follows by Theorem -

Corollary 4.12. The series Y .1y 5 m converges.

In particular, the series of this type, which we will consider in the later sections, converge abso-

lutely and Y 7 > " = Dy 51 " 2ot 51 Duny>1 " Dn,>1 Can be interpreted as the series over the
multi-indices 7" and V.

Proof. Since the degree [Kyr : K] divides [Ky n7 : K| and [nity,...,n,t,] is divisible by
[n1,t1,...,ny, ], applying Corollary we can bound

1 < 1 < [K :Q|B
[Kw,N,T : K} N [KN,T : K] N @([nl’tla cee 7nratr])nltl Nty .

The convergence follows again by Theorem 4.5] O

4.3.2 Estimates for the discriminant

In the following we prove an estimate for the discriminant of a cyclotomic-Kummer extension of the
type K ((p, ai/tl, cey a%/t’”). In fact, we give a variant of [43| Theorem 4.2].

We write Ok for the ring of integers of K. If L/K is a finite extension of number fields, we
denote by Ny /¢ the relative norm for fractional ideals of L, by dy x the relative discriminant, and
by dk the absolute discriminant of K. We will make use of the following relation for the relative
discriminants of a tower of number fields K /K’ /K (see for instance [34, Ch. III, Corollary 2.10]):

dignjic = Ny (dignyier) - digy i (4.13)

Proposition 4.13. Let K be a number field, and let 1, ...,v, € K* be algebraic numbers which
are not roots of unity. Let t1,...,t, be positive integers and let n be a common multiple of the t;’s.

Setting F' := K(Cn,’yll/tl, . ,771,/”), we have

log |dF| , ,
Wl{'ti < [K : Q] - log (nHtl) +0(1).

For 1 < i < r, write v; = o/ B; with oy, B; € Ok. Then the constant implied by the O-term can be
taken to be

log|di| +2 log [N g(eifi)| -
i=1
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Proof. Sett :=[[;_,t;, and for 1 < < r, write L; for the extension of K generated by some fixed
root 4/7;. We first estimate the relative discriminant dr/g. The field ' is the compositum of K (Cn)
and the fields L;, so that in view of [43] Lemma 4.1(3)] and the inequalities [F' : K((,)] < ¢ and
[F: L;] < ¢(n)t/t; for all i, we have

T

dryic | (i)’ [ [, m) 2™ (4.14)
=1

As for the relative discriminants of the extensions K ((,,)/K and L;/K we have the following estim-
ates:
Ay | MO0k and  dp, x| (cifi) it Ok,

(see the proof of [43] Theorem 4.2], formulas (4.5) and (4.6), respectively). Combining these two
divisibilities with we obtain

- (n)t/t;
dp/x | (”w(n)t 11 ((0415 )ity )gp )OK = ((Wf)w(n)t : AQSD(n)t) Ok, (4.15)

=1

where we set A := [[;_; ;5. In view of the identity (#.13)), we have the following formula for the
absolute discriminant of F":

ldr| = [N jo(dpx)]| d |75

where |I| denotes the nonnegative generator of the Z-ideal I. Hence, using (¢.135) we can bound
log |dr| from above with the sum of the following terms

log‘NK/@ ((nt)? t(’)K‘ = @(n)t-[K : Q] -log(nt)
log |Ng g AQS" 1tOk) )| = @(n)t-2log|Ng/g(A)|
logdx| ") < (n)t - log |dxc| .
We deduce log |dp|
o
% < [K : Q]log(nt) + log |di | + 21og [N /o(A4)| - O

4.4 The asymptotic formula for the index

The aim of this section is proving Theorem with the method of [59, Section 3]. We keep the
notation of the introduction and, in particular, of Theorem Recall that N = (ng,...,n,) and
T = (t,...,t,) are multi-indices (whose components are positive integers).

Notice that throughout Sections 4.4}4.6) we may assume r > 2, as the case » = 1 was proven in
[S9]. Yet all our arguments also work for » = 1. Moreover, from now on we say that a prime p of K
is of degree 1 if it has ramification index and residue class degree over Q equal to 1. When necessary,
thanks to [59, Lemma 1] we will estimate the number of primes of K which are not of degree 1 by
the error term O (\/z/ log x).

Remark 4.14. The defining conditions of the set R (see (4.2)), namely ind,(c;) = t;, are equivalent
to: ¢; | indy (o) and gt; 1 indy () for every prime ¢. With finitely many applications of the inclusion-
exclusion principle, we get:

(o) [ <mmatomins (3) )|

53



If p is of degree 1, then by [59, Lemma 2] the condition n;t; | indy(cy) holds if and only if p splits

completely in K (Cp,t;, ail / ”Ztl) Moreover, p splits completely in each of these fields, for 1 < ¢ < r,

if and only if it splits completely in their compositum. Hence we can write R(z) as

5 (Moo oo <o () =0 (i) = =0 (55)

For real numbers £, n > 1, fix an r-tuple 7" and define the sets

Mg = {p :Vit; | indp(a;) and t;q {indy(oy) Vg < & prime, <F/K> - C} ,

Mgy, = {p : t;q | indy(cy) for some 7 and some £ < ¢ < 7 prime, <F]/JK> C C}

(where we tacitly exclude the finitely many primes p of K appearing in the factorization of the «;’s
or ramifying in F).
Since for p with Np < = we have indy (o) | Np — 1 < |z], it is clear that we have

R(x) = My ().

Setting £ := & logz and 7 := |z, we have M, (z) < M¢(z). On the other hand, M,,(z) can be
obtained by subtracting from M¢(x) the number of those primes p satisfying ¢;q { indy («;) for all ¢
and for all prime numbers ¢ < & but with ¢;¢ | ind, (c;) for some ¢ and some prime § < ¢ < 7, so that

Mn(:v) Z Mg(.%’) — M&U(JJ) .

Therefore we get

R(x) = Meg(x) + O(Mgm(a?)) . (4.16)
First we estimate the main term M (x).

Lemma 4.15. Assume (GRH). Let x > tf’ for all i. Then we have

Me(z) = — Z(Hm(m))c’(N,T)JrO( x )

~ logx ~ [FnT: K] log? z

where ¢ (N, T) is defined in @.4).

Notice that by definition, the coefficients ¢/(N,T') are bounded by the size of C' and hence by
[F' : K], independently of N, T

Proof. Denote by E the set of the positive squarefree integers which can be written as a product of
primes g with ¢ < £. Applying the inclusion-exclusion principle as in Remark yields

Me(z) = ZN: <£[1N(ni)> : Hp:Npéx, <FN;/K> QCN,T} +O< ﬁ) :

log
n;EE

where C'y 1 is defined by

CN,T = {U S Gal(FNj/K) : U|KN,T =id, U|F S C}
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and has size ¢ (N, T) (see (@.4)).

Since we are assuming (GRH), by the effective Chebotarev density theorem (see for instance [59,
Theorem 2]) the number of primes p of K which are unramified in /'y 7 and such that N p < x and the
Frobenius conjugacy class of p is contained in C'y 7 is given by (recalling that ¢/(N,T) < [F : K])

C/(N, T) o (\/Elog (:E[FN,TZQ] . ‘dFN,T‘)>

Ll(:B) [FN,T : K] [FN,T : K]

where d, . is the absolute discriminant of F)y 7. Then we write M (z) as the multiple sum

. (I, 1#(na))' (N, T) v log (v Jdp )
Li(x) %: Fvr K] +0 ( EN: Fyr K] : (4.17)
n;,eE n;€E

We can decompose the O-term in two parts, the first one being

O <\/§logx- Z 1) =0 (Vzlogz|E|") =0 <x2/3 logx) ,
as we have |F| < om(€) < s = xl/ 67 where 7 is the prime counting function. In particular, this
shows that the error term in (.17) includes O (1/z/ log ).

As for the second part of the O-term, applying Corollary first and then Proposition 4.13} we
obtain

log {dFNT’
O :
\/E EN: (p([nltla - 7n7‘t7’])n1t1 gty

n;€EE

—o|vz Y <log([n1t1,...,nrtr]n1t1---nrtr) +0(1))
N

n;€E
=0 \/:E-zn%E <j§i:110gnj> +Vz - Qn%E (jz;:llogtj>
=0 <\/5|E|’"_1 > log k:> +0 (\/;yEy’“ -log (m?x(ti))> .
keE

By assumption we have log ¢; = O (log x) for all i, whereas since the largest integer in E is [ | g<e B
where ¢ runs through rational primes, we have

> logk < |E|-> logg < |E|- ¢ < '/ log,
kelE q<&

where the second inequality follows by [12, Theorem 415], and the last one by recalling that |E| <
21/6" and ¢ < logzx. Thus, making use of these estimates, also these error terms are reduced to
0] (:n2/3 log :U)
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We now focus on the main term of and we will estimate the tail of the series as

[1; p(ni)d' (N, T) d(N,T)
Z Fxr K|S %: Far: K]’

n;¢E for some % n;¢ E’ for some 4

where E’ is the set of all positive integers whose prime factors ¢ satisfy ¢ < £. Then we bound the
latter series of nonnegative terms by

[z Z)FNTK (Z+ )

ni1¢E’ np=€

Since ¢/(N,T) < [F : K], applying Corollary and Theorem 4.5 we can estimate each series by
O (1/¢) = O (1/logz). Using that Li(z) = O (z/log ) and summing up all the errors, we obtain
O(x/ log? x). Finally, because of the formula Li(z) = x/log x + O(x/ log? x), we can replace Li(z)
with 2/ log  in the main term of M (z) as the multiple series converges by Corollary O

Let us now focus on the error term of (4.16).

Lemma 4.16. Assume (GRH). Let x > t3 for all i. Then we have

x zloglog z
Mg,n(.@:o( . >+o< EREY (1ti)>.

log” x

Proof. We can bound Mg ,(z) by

T

D

=1

{p :Np <z, tiq | indp(«;) for some prime & < g < 7, (F?K) C C}

and we can conclude directly because each of these terms can be bounded by the sum of three errors
(see [59, page 73]) which are estimated in [S9, Lemmas 9, 10, 11]. Notice that our different value for
¢ does not change the proof of [59, Lemma 11], whereas [59, Lemmas 9, 10] do not depend on &.
Moreover, it is straightforward to see that these lemmas hold also for algebraic numbers (see also
[43] Proof of Proposition 5.1]). In fact, in [59, Proof of Lemma 9], if & = /v with 8,7 € Ok,
then the congruence aN?P~1/% = 1 mod p yields the inclusion of integral ideals p D (f(NP—1)/ta
A(Np=1)/ta) " and then proceeding with the original proof we set A to be the maximum of {1} U

{lo(®)]; lo(v)] : 0 € Gal(K/Q)}. =

Proof of Theorem The statement follows by invoking formula (.16) and applying Lemmas {15
and O

4.5 Putting conditions on the index

In this section we prove Theorem keeping the notation of the introduction. The following result
is a variant of [59, Lemma 13].
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Lemma 4.17. Assume (GRH). Let v be a nonzero algebraic number of K which is not a root of unity.
Let 0 < p < 1. We have that

{mNpgam%wwmewﬂzo(®g;ﬂ)+o(®£¥p).

Notice that we are discarding the finitely many primes p of K appearing in the factorization of ~.

Proof. We only point out the modification with respect to the proof of [59, Lemma 13] (where p =
1/2). Let y := | (log x)”|. Following the original proof, the error terms that we obtain are:

()05
() o )

Notice that O (y/z/log z) is included in these error terms. O

Proof of Theorem[.4] We take 0 < p < 1/2, so that the set considered in the previous Lemma
has size O(x/(logz)!™P). Write y := (logx)?, and write R for the set R in (#.2) to make the
dependence on the r-tuple 1" explicit. Then we can partition the set S as the disjoint union of all sets
R with t; € S; for all .. We have

> Rp(z) - Z Ro(x Z Rr(x)+...+ Y Ro(z). (4.18)
tigS,- t; <y, t €S; t1>y trj;y

Applying Lemma4.17] each multiple series on the right-hand side can be bounded by

o N < indy(a) > )| =0 (T )

log z)1+r

respectively. This yields the formula

S(z) = ET: Rey(z) + O (MM) : 4.19)

1<y, €S,

We now replace the asymptotic (#.3)) for the functions Ry (x) in @19), as x > y3. Let us first
focus on the main term that we obtain, namely

kN Z ZH“”% (N, T) (4.20)

log x [Fnr: K]
tzéy,t €S;

Call Dy the (inner) multiple series on the multi-indices N appearing in (4.20) and notice that Dy > 0.
Similarly to , we have

> Dr- Z Dr < ZDT+ +> Dr. 4.21)

T T
t,€S; tl<y,t €s; t1>y tr>y
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Since [nit1, ..., t,n,] is a multiple of [¢t1,ny, ..., t,, n.|, applying Corollary we have

1 . B[F : Q]
[Fnr @ F] = o([t1,n1, ... tryny])taing - -ty

)

and hence by Theorem |4.5| each series on the right-hand side of (.21)), multiplied by =/ log x, has
size (recalling ¢ (N, T) < [F : K))

* (s1z) = (aas)

Next we study the error terms that we obtain when replacing R (x) in (4.19). The first part of the

O-term of (4.3) gives
xy” x
Ol ——|=0+———,
(1o22) = ()

where we suppose that p satisfies 2 — pr > 1. Recall the formula } , _, 1/¢(k) = O (logy) (see for
instance [59, Lemma 8]). Then, for each j € {1, ..., r}, the second part of the O-term of (4.3)) yields
the sum of errors

0 xloglog x Z 1 _0 (a:loglogx ~yr_1logy>
()

log? x T log® x
tisy
:O< z(loglog x)? ) :O< x (loglogx)2>

(log x)2—r(r=1) (logz)e (logz)?

where we take a,b > 0 such that a + b = 2 — p(r — 1). Note that b can be chosen arbitrarily small,
because (loglog z)?/(log x)® tends to zero as  — oo for any b > 0. Therefore, for j € {1,...,r},
this error term becomes O(z/(log x)*) for some 0 < a < 2 — p(r — 1) and thus can be included in
O(x/(log x)?>~*7).

It remains to choose a suitable value for p. In the O-terms we have the exponents 1+ p and 2 — pr.
A possible choice is p = 1/(r + 1), yielding the error term

ol —*
(logz)'*7i1 )

This concludes the proof. O

4.6 The asymptotic formula for the order

In this section we obtain an asymptotic formula for the function P(z) of Theorem §.1| by expressing
it as a sum of functions of the type R(x). Let us keep the notation of the introduction.

Let p € P be of degree 1, and call p the rational prime below p. Because of the identity ordy (o) -
indy(e;) = Np — 1, the condition ordy(c;) = a; mod d; is equivalent to indy(cy;) = t; and p =
1 + a;t; mod d;t;. We define the sets of primes of K satisfying these conditions by setting

N DR Nt o — " 4 p
Vr = {p.Vz indy (i) =t;, p = 1 + a;t; mod dst;, <F/K) C C’} .
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Notice that the sets Vr give a partition of P as the multi-index 7 varies, up to discarding the primes
which are not of degree 1. Thus we have

(4.22)

P(x):;VT(x)—i—O( ﬁ) .

log

Given T such that 1 + a;t; and d; are not coprime for some i, the set Vr contains at most [K : Q]
primes, as in this case a prime p € Vr must lie above a fixed prime divisor of d;. There are finitely
many primes p lying in some Vr with 1 + a;t; and d; not coprime for some i (at most [K : Q] primes
p for each rational prime p dividing one of the integers d;), and since the sets Vr are disjoint, they are
counted only once. Therefore, we may restrict the multiple series in (4.22)) to the multi-indices 7" with
(1 + a;t;,d;) = 1 for every i.

Recall the notation w = w(T') := [dity, ..., d t,].

Lemma 4.18. Fix T such that (1 + a;t;,d;) = 1 for all i. Then the set V can be written as

Vi = {p indy(ay) = £ Vi, <F(Cz)/K) - cw} ,

Cp = {a € Gal(F(Cu)/K) : Vi 0(Ca,) = (%%, o|p € c} .

where

Moreover, assuming (GRH) and letting x > t? for all i, the function Vr(x) satisfies

Ve(@) T Z(Hiﬂ(m))c(z\f,T)JFO< T +Zr:9310g10g$>, (4.23)

~ logx ~ [FunT: K] log? — p(ti) log? x

where '\, N7 and c¢(N,T) are as in Theorem Moreover, ¢(N,T') > 0 holds only if we have
(di,m;) | a; for all i. The constant implied by the O-term depends only on K, F, the o;’s and the d;’s.

Proof. We keep the notation and the assumptions described above. Since 1 + a;t; and d; are coprime
for all 4, if p € Vp and N p = p, then p 1 d;t; for all i and we have the equivalence

p =14 a;t; mod d;t; < satisfies (g,¢; C;jtia"t" ) (4.24)

p
The first part of the statement is now clear, because the condition on the right of holds for all ¢
if and only if (p, K ({y)/K) acts as the exponentiation by 1 + a;t; on (g,¢, for all i.

In order to get an asymptotic formula for Vp(x), it is sufficient to apply Theoremto the field
extension F'((,,)/K and C,,. Notice that in this application of Theorem the number (N, T)
coincides with the number ¢(N,T") of Theorem Moreover, the coefficient ¢(N,T') is zero if
(di;n;) 1 a; for some i because if an automorphism o is counted, then it must act on ((4, ), as the
identity and as the exponentiation by 1 + a;t;.

As for the constant implied by the O-term, one can check easily that applying Theorem to
F({w)/K and C,, preserves its independence from the parameters t; (except for the factors ¢(t;),
which are already explicit). Indeed, in the proof of Lemma4.15|it is sufficient to take into account the
bound ¢(N,T) < [F' : K], and to see F,, v 7 as a cyclotomic-Kummer extension of F' when applying
Proposition4.13 O

We are now ready to prove Theorem [.1]
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Proof of Theorem[d.1] Let Vr be as above. We follow the proof of Theorem [4.4] closely. Take 0 <
p < 1/2 and set y := (logx)”. Consider formula {.22). We estimate the tail of the function P(x)
in the same way as we did for the function S(x), i.e. similarly as in (4.18) and then applying Lemma
(we may take S; to be the set of all positive integers for all 7). We obtain

z) = ; Vr(z) + 0 (W) : (4.25)

ti<y

where we may restrict the indices ¢; to those satisfying (1 + a;t;,d;) = 1 for all i. Notice that
O (v/z/log x) is also included in the error term.

We choose p = 1/(r +1). Asz > y3, by Lemmawe may replace in (4.25) Vr(x) by the
asymptotic (4.23)). Let us first focus on the main term, namely

(n;))c(N, T
logxzz (I u )7

FynT: K]

tzéy

where we may restrict the indices n; to those with (d;, n;) | a;. We deal with the multiple sum on
the multi-indices 7" as we did in (4.21)) (where the condition ¢; € S; trivially holds). Since the degree
[Fy N, ¢ K] is a multiple of [Fiy 7 : K|, we can then proceed as in the proof of Theorem i.e. by
applying Theorem {4.5|(recalling that ¢(N,T') < [F' : K]). Finally, we control the error terms directly
as we did for S(z). O

Notice that in the case r = 1, our choice for p yields the same error obtained by Ziegler in [59,
Theorem 1].

Remark 4.19. For N, T fixed, we could say more about the necessary conditions for the coefficient

¢(N,T) to be nonzero. Suppose it counts at least one element o € Gal(Fy, n7/K). Then for
each ¢, o must act as the exponentiation by 1 + a;t; on the root of unity (g4,,, so that the system
of congruences y = a;t; mod d;t; must be solvable. This is the case if and only if we have a;t; =
a;t; mod (d;t;, d;t;) for every i, j, and the solution y will be unique modulo w. This integer y =
y(T) would be such that [t, ..., t,] | y and o(Cw) = Ciy Y.

Suppose that the above-mentioned system has a solution y. Then the element 7 € Gal(Q((y)/Q)

such that 7(C,,) = iy ¥ must be the identity on Q(C,) N K ~,7- This implies that 7 fixes ((,, . Where
v=v(N,T):= [nltl, ..., nyty], so that we must have (w, v) | y. This condition implies for instance
that (d;t;, njt;) | at; forevery 4,5 € {1,...,r} (because y = a;t; mod d;t;).
Remark 4.20. Let K be a number field, and let G, ..., G, be finitely generated subgroups of K*
of finite positive rank s1, ..., s, respectively, which generate a torsion-free subgroup of K* of rank
>, si. For a prime p of K, let ord,(G;) be the order of the reduction of G; modulo p, when this is
well-defined. In Theorem one could instead study the set of primes p of K satisfying ord,(G;) =
a; mod d; for all i (and possibly an additional condition on the Frobenius). The result would be
analogous, simply replacing «; with G; in the definitions of F, 7 and ¢(N,T'). The error term
would be the same, i.e. with the exponent (1 4+ 1/(r 4 1)) in the denominator.

Indeed, the author and Perucca generalized Ziegler’s results [S9] to finite rank in [43]], so that
one could use the latter work to achieve directly all the steps of the present chapter for the problem
introduced in this remark.

Write ind, (G;) for the index of the reduction of G; modulo p. One could also study the sets
analogous to those of Theorems [4.3| and [4.4] with the conditions ind,(G;) = t; and ind,(G;) € S;,
respectively. The analogous results can be obtained also in this case.
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4.7 A multidimensional variation of Artin’s conjecture and further res-
ults

In this section we provide some additional results which fit with the topic of the article [S5]] and will
be published in an oncoming work.

Let K be a number field, and let o, . .., - be algebraic numbers in K™ which generate a mul-
tiplicative subgroup of K™ of positive rank . We investigate the primes p of K for which «; is a
primitive or near-primitive root modulo p (and vy(a;) = 0) for all 1 < ¢ < 7, in other words for
which indy (o) is 1 or a given integer for all 7. We also consider the case of tuple of indices ind, (c;)
lying in a given set, generalizing Theorem[4.4] and we provide an application of this result.

As we mentioned before, the case indy(c;) = 1 for all 4 is a special case of Theorem and
Theorem [I.3] provides an asymptotic formula for the number of such primes. Our goal is providing a
closed formula for the natural density of this set of primes, in both cases. In the following, ¢ always
denotes a prime.

Proposition 4.21. There is an integer z, which depends only on K and the «;’s, such that the series
in the formula (1.3), namely

Z Hz p(nq) (4.26)

1/n 1/n,
N [K(C[nl,...,nr],al/ 1,...,04/ ) : K]

(assuming (GRH), this is the density of primes p of K such that ind,(cy;) = 1 for all i), is given by

M A0 -)) s § o Ta

1/h 1/hy
Yz glz [:1 """ hrlg [K(Cgval/ 17"'a0‘7“/ ) K]

Setting

A, ::1;[<1+€_11((1—2)T—1)> (4.28)

for r > 1, the densities are given by rational multiples of A,. The constants A, can be seen as
multidimensional generalizations of Artin’s constant (for » = 1 we have A; =[], (1 — ﬁ).

Proof of Proposition Let us denote by 0 the series (4.26). By Theorem [2.1] there is an integer z,

which depends only on K and on the a;’s, such that for all m,ny,...,n, with [ny,...,n.] | m we
have

1/n1 1/ney . _ p(m) 1 1/(n1,z) 1/(nr,2)N .
B (G oy™-oop™) : K] = o [T s - B Gy 007702 K]

%

Therefore, we obtain

B 1 I1; 1(ni)
o= Ukt ke 2 o([n1, ..., ne])/(g) - TT; i/ hi

glz [K(Cgaal PR ) K]
hilgVi ([nd,2)=g
1 [1; u(ni)
=11 )
EZI gzlz (K (Cgyad/™, . al/™) K Nzn: p(lna,-...ne])/o(g) - T i/ R
hilgvi ([ni],2)=g
(ni,z)=h;Vi

(4.29)
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where, for £ t z, we have

(05
3 [L; p(e™)

pf = (gmaxi (80)522 S;

stosre{0,1} 7

1 r T_lj 1 1\"

with C]", for m, n, the binomial coefficient n,(#ln),
Let us focus on the inner sum in (4.29)). We may restrict the indices n; to the squarefree divisors of

z, so that ¢ and the h;’s must also be squarefree. The conditions on the n;’s become [n1,...,n,;] =g
and n; = h; for all i. Hence the considered sum reduces either to [ [, u(h;) if g = [h1,. .., hy], or to
0 otherwise. ]

More generally, for near-primitive roots we have the following.

Theorem 4.22. Let T = (t1,...,t,) be an r-tuple of positive integers, and set t := [t1,...,1t,].
Consider the series

_ N A Lip(n)
DT o ; [KN,T . K]’

which is, assuming (GRH), the density of primes p of K such that indy(«;) = t; for all i by Theorem
Then there is an integer z, which depends only on K and the «;’s, such that

=gt 0 (02 =) L0070 20-2) )

ot

3 3 ©(9)(TTizy hi)p(g, has- - he)

) (4.30)
1/h 1/hsy
glz hi,...;hr|g [K(Cg’ al/ L aT‘/ ) K|
(t,z)|g|trad(z) (ti,2)|hilt; rad(z)Vi
[h1,..,hr]=g

where for £ | t we set ki := £ {i : vy(t/t;) = 0}, and we have

o= T (2= ) 0= T E) LA T

flg tg tlg £l(g:t)
vg(t)Zvp(2z) o1t vg(g/t):l
ve(t)<ve(z)

with
ko= 8{i:ve(2) < wve(ti) < we(t)}, ks = t{i:v(t;) + 1 =wp(hs)}.

Notice that the integers k1, ko, k3 depend on £.

The densities Dy in (4.30) are given by the constants A, defined in (4.28) times rational numbers
(depending on 7', K and the «;’s).

Proof of Theorem Recall that

Dr= I1; ()

N [K(C[nltl,...,nrtr} ) a%/nltla e 7a71”/nrtr) : K]
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By Theorem [2.1] there is an integer z, which depends only on K and on the «;’s, such that we may
write

_ 1 p(9) I1; hi [1; pu(ni)
br= I1; ti ; (K ((g, l/hl,... a}n/hr):K] Z e([mtr,...,nety]) - TLmi

) N
hilgVi ([niti],2)=g

(niti,Z)ZhZ'V’L'

Notice that we may restrict the indices ¢ to those such that [hy,...,h,;] = g, and also satisfying
(t,z) | g and g | trad(z), as well as (¢;,z) | h; and h; | t;rad(z) for all 7. Therefore, writing
2y := vy(z) for a prime ¢, and similarly for g, t¢, h; ¢, t; ¢ for all 4, we may suppose

min(tg, z¢) < g¢ < min(ty + 1, z¢)

. . . (4.31)
min(t; ¢, z¢) < hig < min(t; o + 1, g¢) for all 4.

We may express the inner series on N in D as [ [, p, where

pe=pe(g,h, ... hy) = > 1(_€1>Zi8i,

max; Si+ti
Se{0,1}" plemileittiel)

min(max;(si+ti,e),2e)=ge
min(si-i-ti’[,Zg):hi’g Vi

with S denoting the tuple (s1,...,s,) € {0,1}". We will then take

p(.gahl?' . '7h7‘) = H(p<€t€)p£

L)z

Given a prime /, in the following we denote S1 = {i:t;, =t,} and ki = |Si|. Notice that
te = max;(t; ).
Case 1: ( t z. The sum py is independent of ¢ and the h;’s, and we have

1 —1\2ssi
be= T max (54t N (*) .
o2 ety
Case 1.1: t; ; = 0O for all <. This case is analogous to the computation in the proof of Proposition

4.21] hence we obtain . .
(0 )
+€—1 l

Case 1.2: t; o # 0 for some i. We have

( AR Cy
Se{o 1} Se{0,1}

=0VieS; 3i€S1:57#0
e (7)) 0y
) () )
0,
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Case2: [ | z. Weset So = {i: 20 < t;p < ty},S3={i:h;y=1ti¢+ 1}, and k; = |.S;] for all 4.

Case 2.1: t; = 0. The conditions on the indices are reduced to max;(s;) = g¢ and s; = h; ¢ for
all 4, and we must have 0 < h; ¢ < g, < 1 for all 7 and max;(h;¢) = g¢. Hence, if g, = 0, then all
s;’s must be zero and we have p; = 1. If g = 1 and h; y = 1 for some i, then p, = 511( 7 )k3

Case 2.2: t; > z,. From (@.31) we deduce zp = gy and h;y = z forall i € S; U S5, and
hi¢ € {ti s, ti ¢+ 1} for all other 7. Then we obtain

n= (-9 D) 03 (=)
k1—1 ko+1 ks
(0D =D )"

Case 2.3: 0 < ty < z;. From (.31)) we deduce g, € {t;,t¢ + 1} and h; o € {t; ¢, t; o+ 1} for all

i. If go =ty + 1 (we must have h; , = t, + 1 for at least one %), then we obtain p; = @(gltz)g(%)k‘?. If

sy (7)™ =

ge = t¢ (and hence h; ¢ = g for all 7 € S1), then we obtain p; =

Remark 4.23. Taking T' = (1,...,1) in (4.30) yields the formula (4.27). This is an easy check.

In particular, with this assumption we obtain that g, hy, ..., h, are squarefree and such that g =
[h1,...,h;], and we have
1 —1\ vl hi) Lipn(hi)
p(g,h1,... hy) = — (—)
7 ele) g ¢ e(9) T i’

We also provide here a generalization of Theorem [4.4]

Corollary 4.24. Let F/K be a finite Galois extension, and let C' be a union of conjugacy classes
of Gal(F/K). Let S be a non-empty set of r-tuples of positive integers, i.e. S C NU,. Define the
following set of primes of K:

S = {p  (indy(ar), .. ., indy(ay)) € S, <F‘/°K> c c} .

Assuming (GRH), we have

log x

Hun2 d(N,T) x
e e M

+
TeS N r+1

where

d(N,T) =|{c € Gal(Fnr/K) : 0|ky, =id, o|lp € C}| .
The constant implied by the O-term depends only on K, F and the o;’s.

Proof. The proof of the statement is essentially the same as for Theorem #.4] Keeping the same
notation as there, it is enough to notice that we have

S Re@) =Y Rr(@) <Y Re(@) +...+ Y Re()

TeS TeS T T
ti<y t1>y tr>y
and similarly
3 Dr - Y 0r < ¥ 0rt ot ¥ r
TeS TeS T
t; <y t1>y tr>y
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As an application of Corollary .24 we have the following result.

Corollary 4.25. Let G be a finitely generated and torsion-free subgroup K> of positive rank s. Let {
be a fixed prime number. Consider the set of primes p of K

L:={p:indy(G) | £°}.
Assuming (GRH), there is a squarefree integer z, which depends only on K and G, such that

_ T 1 _ 1(g) z
(=) = logznpl;le (1 ps(p — 1)) gzz: [K((Q,Gl/g) : K] +0 (10g3/2x> '

|(z,1?)

Setting
1
Al = l1— —— 4.33
’ 1}( ps(p—l)) 39

for s > 1, the densities in the formulas for £(x) are given A/, times rational numbers depending on
K, G and ¢. The constants A’, can be seen as generalizations of Artin’s constant, in different way with

respect to (4.28).

Proof of Corollary[d.25] Let us denote 0, the density appearing in #.32) with r = 1 and S =
{n >1:n|£>*} for G, namely

ZZ Cnek Gl/nzk). ]

k>0 n>1

By Theoremthere is an integer 2’, which depends only on K and G, such that we may write

B ©(9)g° p(n)
&_%[K(Cg,GI/g):K] % @(ntk)(nlk)s’
n>1
(nt* 2")=g

Since we may restrict the indices n to squarefree integers, we may suppose that ¢ | rad (2’ )E”‘f(z/). Let
us set z := rad(z’), and for p a prime, z, = v,(2’), and g, = v,(g). The inner sum on the indices
k,n can be expressed as [, a,(g) with

() n') .
wl@)= Y e @ m) = Y i #L
k>0, te{0,1} perrk)est+l) t€{0,1} PP
min(t+k,z¢)=ge min(t,2p)=gp

For p 1 z¢ we have a, = 1 — 1/(p®(p — 1)) (ap does not depend on g). Supposing that ¢ { z
we have ay = 1. Letp | z. If p { g, then ap(g) = 1. If p | g and p # ¢ we have g, = 1 and
ap(g) = —1/(p*(p — 1)). Supposing that ¢ | g, we have a;(g) = 0. Hence, we obtain

— vy, 0(9)g°a(g) 1
64—1?1;[[(1 ps(p—1)> %Z: (K (¢, G1/9) : K] gp5<p—1)'
p#AL

In view of the definition of ay(g), the index g can be supposed to be coprime with £. Hence, since g
is also squarefree, the last product can be expressed as 1(g)/(g°©(g)). This yields the formula in the
statement. O
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We conclude the section by providing some numerical examples for the proven formulas. In Table
we show some values for the constants A, and Aj, defined in and (@.33), respectively. In
Tables (4.2 and .3] we show examples for the densities of Proposition #.21] and Theorem [4.22] Table
4.4 gives examples for the densities of Corollary [4.25] All values have been verified with SageMath
[57] by computing the approximated density that considers only primes up to a certain bound. The
Sage codes used to compute the density formulas have been partly adapted from Sebastiano Tronto’s
code kummer-degrees, available on GitHub.

Ay AL
0373956 0.373956
0.147349  0.697501
0.0608217  0.856540
0.0261075  0.931265
0.0115658  0.966669
0.00525176  0.983683

AN N B W =

Table 4.1: Examples of constants A, and Aj, approximated (¢ < 10%)

a1, Q9 2,3 3,7 -3,5
T=(1,1) Ay ~0.147 220 A5 ~ 0.150 DA ~ 0.224
T=(1,2) 1Ay ~0.125 2352 A ~ 0.0961 HOT Ay ~0.138
T=(2,1) T Ay ~ 0.0963 3090 Ay ~0.121 B A =~ 0.0747
T =(2,3) 28 A5 ~ 0.0202 o8l Ay &~ 0.0105 SO0 Ay ~ 0.0332
T =(3,7) | 1o A2 ~0.000421 225 Ay ~ 0.000843 0
T =(1,4) 2 A, ~0.0227 1899 A5 ~ 0.0365 T Ay ~ 0.0345
T =(54) | 5522 A5 ~0.000957 582 A, ~0.00154 532 A, ~ 0.00323

ar, ap 5,9 11,3 -2,7
T=(1,1) 0 12502 Ay ~ 0.148 Ay ~0.147
T=(1,2) | #3A4;~0.274 12932 45 ~ 0.123 2184, ~0.112
T =(2,1) 0 10998 A5 =~ 0.0962 25 45 ~ 0.109
T=(23) 0 00 Ay & 0.0205 2320 Ay ~ 0.0149
T = (3,7) 0 Tz As 7 0.000414 2= Ay & 0.000421
T =(1,4) | £5%5A2 ~0.0374 o Ay ~0.0173 ST Ay ~0.0351
T = (5,4) 0 Ba88 A5~ 0.000730 533322 A, ~ 0.00148

Table 4.2: Examples for the densities of rational primes p such that (ind, (1), ind, (o)) =T
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a1, 0,3 2,3,5 3,7,2 11,3,5
T=(1,1,1) | 2345~ 0.0693 89998 A3 ~ 0.0630 30955409 A3 ~ 0.0703
T=(21,2) | $3%4;~0.0221 32821 A5 ~ 0.0475 Sgasgsie Ag ~ 0.0221
T=(3,32) | 55 A3~0.00244 {2370 43~ 0.00265 3024 45 ~ 0.00238
T=(52,3) 0 Toma08 = A ~ 0.000230 0

Table 4.3: Examples for the densities of rational primes p such that the indices ind,(«;) for all i =
1,2, 3 are given by the entries of 7', respectively

G (2,3) (3,7) (5,9) (11,3)
(=2| 3A,~0.930 3AL ~0.930 3AL ~0.930 3AL ~0.930
=3 | 124, ~0.739 8B AL ~0.739 200 A4 ~ 0.497 18 A ~0.739
(=5 | WA, ~0.705 T23200A5 ~0.705 23045 ~ 0470 S03890 A) ~ 0.705
(=7 | 234, ~0700 Z22A,~0.700 L9004, ~0.471 S22 AL~ 0.700

Table 4.4: Examples for the densities of rational primes p such that ind,,(G) | £>°
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Chapter 5

Divisibility conditions on the order of the
reductions of algebraic numbers

Let K be a number field, and let G be a finitely generated subgroup of K *. In this chapter, without
relying on (GRH) we prove an asymptotic formula for the number of primes p of K such that the order
of (G mod p) is divisible by a fixed integer. We also provide a rational expression for the natural
density of this set. Furthermore, we study the primes p for which the order is k-free, and those for
which the order has a prescribed ¢-adic valuation for finitely many primes ¢. An additional condition
on the Frobenius conjugacy class of p may be considered. In order to establish these results, we prove
an unconditional version of Chebotarev’s density theorem for Kummer extensions of number fields.
The results of this chapter are available in the paper [54].

5.1 Main results

Consider a number field K and let G be a finitely generated subgroup of K*. If p is a prime of K
such that vy(g) = 0 for all g € G, then the reduction (G’ mod p) is a well-defined subgroup of k',
where £y, is the residue field at p and vy, the p-adic valuation over K. In this chapter we investigate the
set consisting of the primes p of K such that the order of (G mod p) is well-defined and it satisfies
some divisibility conditions.

More precisely, recalling the notation set in Section [I.1] in Theorem [5.1] we prove an asymptotic
formula for the number of primes p such that m | ord, (G), where m is any given positive integer. We
also consider the primes p such that ord, (G) is k-free, i.e. it is not divisible by k-th powers (greater
than 1), where k& > 2. In Theorem|[5.2] relying on the previous result, we prove an asymptotic formula
for the number of primes satisfying this condition. Given a finite Galois extension of K, an additional
condition on the conjugacy class of the Frobenius automorphisms of the primes lying above p may
also be considered. Notice that in this chapter we do not rely on the Generalized Riemann Hypothesis
(GRH). In fact, Theorem [5.10] gives an unconditional version of the Chebotarev density theorem for
cyclotomic-Kummer extensions of number fields, allowing our proofs to be independent of (GRH).

The density of rational primes p such that m | ord,(g), where g € Q> \ {£1}, has been recently
studied by Pappalardi [36}37] (also replacing g with a group of rational numbers), by Moree [26], and
previously by Wiertelak [S8]]. We provide generalizations of various results by Pappalardi and Moree,
as described in the next sections. Over a number field, Debry and Perucca considered the density of
the primes p such that ord, (G), where G is a group consisting of algebraic numbers, is not divisible
by some fixed prime number (and described how this permits to treat general divisibility conditions),
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see [10, 40]. As discussed in the Introduction, under the assumption of (GRH), more general results
over number fields hold, e.g. for ord, (G) satistying a given modular congruence, see [59]] by Ziegler
and [43] by Perucca and the author. For more references and historical background we refer to [31,
Sect. 9.2 and 9.3].

5.1.1 Notation

As mentioned above, we make us of the notation from Section We fix an algebraic closure K of
K. Form,n > 1withn | m, we write K, ,, := K ((, G'/™) for the n-th Kummer extension related
to G over K ((y,), i.e. the subextension of K /K ((,) obtained by adding the n-th roots of all elements
in G. If F'/K is a finite Galois extension, and p is a prime of K which does not ramify in F', then we
denote by (p, F'/K) the conjugacy class of the Frobenius elements at the primes of F' above p. If S is
a set of primes of K, then we let S(z) be the number of primes in S with norm up to x.

5.1.2 Outline of the main results

The main result is the following.

Theorem 5.1. Let G be a finitely generated and torsion-free subgroup of K> of positive rank r, and
let m be a positive integer. Let F//K be a finite Galois extension, and let C' be a conjugacy-stable
subset of Gal(F'/K). Consider the set of primes of K given by

P = {p m | ordy (G), (F‘/“K) c C}

(where we are tacitly excluding the finitely many primes p that ramify in F' or such that vy(g) # 0 for
some g € G). Then, for 0 < € < 1 we have

loe'1 2 1+3(17‘;+€1)
com 4O <x<<0g0g$>) 5

P(x) =

log x log x

where

apIPI 52

nlme dm mn dn -

and where, for all positive integers a,b with b | a, we set
c(a,b) :=|CNGal(F/FNKgy)l (5.3)
The constant implied by the O-term depends only on ¢, F, K, G.

The assumption that G is torsion-free allows some simplifications in the proofs, and in Remark
[5.16) we explain how to deal with the general case. Also notice that the series in is convergent by
Proposition[5.15] The coefficient c(a, b) in (53) is always at most |C| < [F : K|, and it is equal to 1
if the condition on the Frobenius is trivial. For this case see Theorem [I.4] which follows directly.

The main challenge for the generalization of Pappalardi’s method consists in proving a certain un-
conditional version of the Chebotarev density theorem for cyclotomic-Kummer extensions of number
fields, as mentioned above. In Section [5.2] we will argue that this is not difficult if the base field K
is normal over Q. However, for the general case we need an improvement on the upper-bound of a
possible zero of the Dedekind zeta function of K, ;.
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Section [5.3]is devoted to the proof of Theorem [5.1] whereas in Section [5.4] we justify that the
natural density oc, is a positive rational number, and if C' = Gal(F/K) (e.g. if F' = K) then we
express it in terms of finite sums and products, see Theorem [5.18]

Sections [5.5]and [5.6] are devoted to proving applications of Theorem[5.1] In Section [5.5| we apply
Theorem to prove the following result on the primes p of K for which ord, (G) is k-free.

Theorem 5.2. Let G be a finitely generated and torsion-free subgroup of K> of positive rank r, let
F/K be a finite Galois extension, and let C be a conjugacy-stable subset of Gal(F/K). Let k > 2
be an integer and consider the following set of primes of K :

N = {p :ordy(G) is k-free, (F?K) - C}

(where we are tacitly excluding the primes p that ramify in F or such that v,(g) # 0 for some g € G).
Then we have

T

= k1
log z m>1 It s

3" w(m)oc i + O ( - ) , (5.4)
(log x)

where ¢, is as in (5.2). The set Ny has natural density

m)pu(d)e(nmF, dn
Bc’k:zzzﬂ( &5()( 7 )’

k .
mz21nlm> dlm nm?,dn

where c(a,b) is as in (5.3). The constant implied by the O-term depends only on k, F, K, G.

Notice that the convergence of the series 5¢ i, follows from Proposition In Section from
Theorem [5.1] we also derive Theorem which concerns the set of primes p for which the /-adic
valuation of ord, (G) has a prescribed value for finitely many prime numbers /.

In Section under (GRH), we derive some improvements on the error terms of formulas
and (5.4). Finally, in Section 5.8 we provide several numerical examples for the densities considered
in this chapter.

5.2 Chebotarev’s density theorem for cyclotomic-Kummer extensions

In this section we prove an effective version of the Chebotarev density theorem for cyclotomic-
Kummer extensions of number fields which is “unconditional”, i.e. it does not rely on (GRH). Let
us first introduce some notation (in addition to the notation of Section [5.1.1).

5.2.1 Notation

Given a finite Galois extension L/ K of number fields and a conjugacy-stable subset C' of Gal(L/K),
we denote by (L /K, C') the set of primes p of K which are unramified in L and such that (p, L/K) C
C. Moreover, we say that p is a prime of degree 1 in K if its ramification index and residue class
degree over Q are equal to 1. We denote by 7! (L/K, C) the set of primes in 7(L/K, C) which are
of degree 1.

Also, di denotes the absolute discriminant of K, Ok the ring of integers of K, and (i the
Dedekind zeta function of K. For a finitely generated subgroup G of K*, P(G) is the set of primes
p in K such that v,(g) # 0 for some g € G (recall that this set is finite).

Also, as customary, Li(z) = [ ljgxz is the logarithmic integral function.
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5.2.2 Chebotarev’s density theorem

We start by stating the general result by Lagarias and Odlyzko, in the improved version by Serre.

Theorem 5.3 (Effective Chebotarev’s density theorem, unconditional, [20, Theorem 1.2] and [53|
Theorem 2]). Let L/K be a finite Galois extension of number fields. Let C' be a conjugacy-stable
subset of Gal(L/K). There exist absolute constants c, ca such that, if

logz > ¢1[L : Q]log? |dz|, (5.5

then

(LK, C)(z) = [L’?Lq Li(z) + O <[ L’:C’K] Li(2?) + |Clz exp (- e [;O:g (&)) . (5.6)

where |C’ | denotes the number of conjugacy classes contained in C, and where (3 is the exceptional
zero of Cr,(8), i.e. the unique real zero in the range

1
l-——<ax<l1
4logldz|

(if it exists, otherwise the term % Li(z?) is deleted).

Remark 5.4. Since the number of primes of K not of degree 1 with norm up to x can be estimated by
O (v/z/log z), see e.g. [59, Lemma 1], the same asymptotic formula (5.6) holds for 7' (L/K, C)(x).

The difficulty in applying this result to cyclotomic-Kummer extensions consists in estimating the
error term O (Li(xﬂ )), and hence bounding the value of 3. As of today, the best known bound on f3 is
provided by Stark in [56) Proof of Theorem 1°, p.148]. In fact, if K/Q is normal, then that bound is
good enough for our purpose, see Remark [5.8] However, for the general case we need to deduce from
Stark’s results some improvement which is suitable for our goal.

5.2.3 On a possible zero of the Dedekind zeta function

Lemma 5.5 ([56, Lemma 3]). Let L # Q be a number field. The Dedekind zeta function (r,(s) has at
most one zero in the region

1 1
C:l-—— <Re(s) <land [Im(s)] < ———\. 5.7
{5 < Alog|dy| e(s) < Land [Tm(s)| 410g|dL|} ©7)

If such a zero exists, then it is real and simple.

Lemma 5.6. Let L/ K be a normal extension of number fields with L # Q. If (1, has a real zero

such that )

<
402K : Q))! - log [d]
then there is a quadratic number field M inside L such that (;(5) = 0.

1—

B <1, (5.8)

The Lemma says, in particular, that if L has no quadratic subfields, then (z,(s) has no real zero in

the range (5.8).
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Proof. If K = Q, then the statement holds by [56, Lemma 8], hence we suppose K # Q. If (1.(s) has
a zero with real part lying in the range (5.8), then by Lemma [5.5] it must be real, simple, and unique
in that range. Since L/K is normal, by [56, Theorem 3] there is a subextension F' of L/K, which
is either trivial or quadratic over K, such that (g(3) = 0 for every field FF C E C L. Therefore
we have (x(8) = 0 or (p(8) = 0 for some quadratic extension F'/K with ' C L. We conclude
by applying [56, Lemma 8] either to K or F’, noticing that the range of the cited result contains the

interval (5.8). O

Proposition 5.7. Let L/K be a Galois extension of number fields with L # Q. Then the possible
unique zero (3 of the Dedekind zeta function (r,(s) in the region (5.7) is real and simple, and we have

N

1 1
<B< 1— 1 : 5.9
’ ma"{ 12[K - Q) log 4] 03\dL1/[L:@1} G9

where c3 > 0 is an effective absolute constant.

Proof. Clearly 5 > 1/2 as 4log|dr| > 2. It suffices to show that if 3 is in the range (5.8)), then
B satisfies (5.9). We follow the same argument as in [56, Proof of Theorem 1°, p.148]. If L has no
quadratic subfields, then, as we mentioned above, (7,(s) has no real zero in the range (5.8) by Lemma
and hence is satisfied. If L contains a quadratic field, suppose that (7,(3) = 0 for some 3 in
the range (5.8). By Lemma 5.6 there must be a quadratic subfield M of L such that (3(3) = 0. By
[56, Lemma 11] we must have § < 1 — (c3 |dM|1/2)_1, for an effective absolute constant c3 > 0. We
may conclude because we have |dp| > |dy| [£:Ql/2, O

Remark 5.8. In fact, if in the proof of Lemma 5.6|we have (x () = 0, then the lower bound of (5-8)
may be taken as 1 — (4[K : Q]'log|dy|)~!. Moreover, if L is normal over Q or if there is a tower of
normal extensions Q = ko C k; C -+ C ky, = K, then the lower bound of (5.8) may be taken to be
1— (4logld|)~t or 1 — (161og|d|) !, respectively (see [56, Lemmas 8 and 10]). Accordingly, the
factor 4(2[K : Q])!in can be replaced by 4 or 16 in the respective cases, by following the same
argument of the proof of Proposition

5.2.4 Chebotarev’s density theorem for cyclotomic-Kummer extensions

Proposition 5.9. Let K be a number field, and let G be a finitely generated and torsion-free subgroup
of K* of positive rank r. Then, for m,n > 1 with n | m, we have

log ’de’n ‘

<lo m)mn”) + logp + log |dk |,
Hon ] S loB(e(m)mn”) > logp+log|d|

PEP(G)
where P(QG) is the finite set of the rational primes lying below the primes in P(G).
Proof. Given a finite extension L/K we write d;, /i for the relative discriminant. We have

de,n/Q = NK/Q(de,n/K) . d[}éjr(rénK] ) (5.10)

see [34, Ch.III, Corollary 2.10]. By [53| Proposition 5], since K, /K is Galois, we have

10g [Nic/(drcy /)| < [Kimn : Q) (10g[Konn s K]+ > logp)  (5.1D)
PEP(Km,n/K)
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where P (K, ,,/K) is the set of rational primes p lying below the primes of K that ramify in K, ,,.
These prime numbers divide m or lie in P(G), as they lie below the primes p that divide d Koom K>
and an estimate for this relative discriminant is [43), Formula (4.7)]:

! n’(m)
Ak /K | (mnr H(Oéi,Bi)2> Ok,
i=1
where «;, 5; € Ok are such that the elements ; := «;/f; fori € {1,...,r} form a basis of G as a
free Z-module. Since n | m, we have
Z logp < logm + Z logp. (5.12)

pEP(Km,n/K) PEP(G)

We conclude by taking the logarithm of ‘d Kumom !, making use of (5.10), and by applying the bounds
@11, B.12) and [Kon,n : K] < p(m)n”. O

We are now ready to prove an effective unconditional Chebotarev density theorem for cyclotomic-
Kummer extensions of number fields, extending [37, Lemma 4] to number fields.

Theorem 5.10 (Effective Chebotarev’s density theorem for cyclotomic-Kummer extensions). Let
F/K be a Galois extension of number fields, and let G be a finitely generated and torsion-free sub-
group of K* of positive rank r. Let C be a conjugacy-stable subset of Gal(F'/ K), and for all integers
m,n > 1 withn | m, define

Conn = {0 € Gal(Fp /K) : 0lp € C, 0, =id}, (5.13)

which is a conjugacy-stable subset of Gal(Fy, n/K). Then there exist constants c4 and cs, which
depend only on F and G, such that, uniformly for

1
logx 3(r+1)
ey [ BT , 5.14
" C4<(loglogx)2> G149

we have
[&

. T
71'(Fm,n/Ka Cm,n)(m) = m Li(x) + Orc <(2C5€’/W> .

If the condition on the Frobenius is trivial, then Theorem [5.10]reduces to Theorem [1.5}

Proof. We apply Theoremto Fpn/K and Cy, . By Propositionand since [Fi, p, : F| < mr+1
we have

[Finn - Qllog? |dp,, | < [F: QPm*T Y (logm™2 + cp )

3(r+1) 10g2 m,

<L<FGgm
(cr,c is a constant depending only on F' and G). Thus, from (5.14) we deduce m3r T log? m <«
log , hence (5.3) is satisfied.
We now focus on the error terms of (5.6). In order to bound the second one, it is enough to notice
that

I I
\/[ ks \/[F-ag]:lrﬂ >r Vlogz - loglogx.

Fm,n:Q] -
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Let us consider the first one. Since # > 1/2 we have Li(z”) = O(2”/logx). We make use of

the two terms in the upper bound on /3 of Proposition |5.7|separately. On the one hand, by Proposition
we have

|dr

m,n |

| | 2/3
YFnn@ ¢ o (logm™2 + cpg) <pam'™2 < 08T )\
; ; (loglog x)2

which yields

T B x T

1 < 1/[Fm,n:Q] < (loglog z)2\2/3
ogr  1/(cs|dry, | )1Ogg; exp <c6(%) log x) log

x

< < - .
exp (cg(logz)1/3(loglog )*/3) logz ~ exp (c5¢/logz - loglog z)

On the other hand, the condition on m gives log ‘d Frnn ‘ < +/log z, so that

x B T T

T
< < < .
logz = ,1/(4(2(K:Q)!og|dF,, ., |) logz  ©XP (07\/10g :17) logz ~ exp (65 Jog x - log log a:)

The constants cs, cg, 7 depend only on F' and GG. Collecting all error terms gives the asymptotic
formula. -

5.3 The order being divisible by a given integer

In this section we prove Theorem [5.1] We first set some notation. Recall also the notation introduced
in Sections and

5.3.1 Notation

Let F'//K be a Galois extension of number fields, C' a conjugacy-stable subset of Gal(F'/K), and G
a finitely generated and torsion-free subgroup of K*. For m,n > 1 with n | m we define 7r'r1n,n to
be the set of primes p of K which are of degree 1, split completely in K, ,, do not ramify in F,
and satisfy (p, F/K) C C. In other words, we set ), ,, := 7' (Fpyn /K, Cron ), where Ch, s as in
(we are fixing K, F, G, and C).

For p ¢ P(G), recall that ord, (G) is the order of (G mod p), and we also denote by ind, (G) the
index of (G mod p), namely

indp(G) = [k, : (G mod p)] = (Np — 1)/ ordy(G).

Given integers m,n > 1, recalling the definition of the supernatural number m>, we have
(1, m>) = T L prime v where vy is the (-adic valuation.

5.3.2 Proof of Theorem [5.1]

The proof of Theorem is based on [37, Theorem 1] and [26, Lemma 1]. Recall that if p is a prime
of K of degree 1 such thatp ¢ P(G), then N p = 1 mod n if and only if p splits completely in K ((,),
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and n | ind,(G) if and only if p splits completely in K, ,,, where n > 1. Hence, we easily deduce
that for m,n > 1 with n | m we have

T _ ) — . p
T = {p :pofdegree 1, Np = 1 mod m, n | indy(G), <F/K> C C} , (5.15)

see also [99, Lemma 2].

Lemma 5.11. If P,, is as in Theorem[5.1] then we have

- 5 Stonin 10(i5)

nlm> dlm

Proof. The proof is a variation of [26, Proof of Proposition 1]. The O-term estimates the primes of
K which are not of degree 1. Let p € P, be a prime of degree 1, and let Np = p. Then we have
m | (p—1) and there is a unique n | m> such that p = 1 mod mn, n | ind,(G) and (%, m) =1
(we must have n = (ind, (G), m*°)). Hence we can write

= Y Bu(z)+0 (k\@) :

n|moe

where for n | m* we set

B = {p = 1mod un o ndy@), (M2 ) 1, (P ) e e
n

(we are tacitly assuming that the primes in B,, are of degree 1, do not lie in P(G) and do not ramify
in F). Notice that, p € B, satisfies m | ord,(G) because of the two conditions p = 1 mod mn and
(indy(G)/n, m) = 1 and the identity ord, (G)- ind,(G) = p — 1.

Next we apply the inclusion-exclusion principle to the condition (ind,(G)/n,m) = 1, which
amounts to n | indy,(G) and nf { ind, (G) for all primes ¢ | m, so that we obtain

:Zu(d)‘{p:pgx,pzlmodmn, dn | indy(G), ( P ) QCH )
o F/K

We conclude by (5.15)) that
Z 1(d) T g (@ (5.16)

Remark 5.12. Notice that, in the proof of Lemma we have

B,(z) <[K:Q]-{p <z:p=1mod mn}|,

and B, (z) < 7(Fpmnn/ K, Comnn)(x). From this last inequality, identity (5.16), and by the Chebotarev
density theorem we deduce

ZM |Cmn dn‘ < |Cmn,n| < 1
mndn: h [an,n5K] b [Kmn,n5K].

We are now ready to prove Theorem [5.1]
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Proof of Theorem[5.1] Notice that, for a,b > 1 with b | a, we have c(a,b) = |Cq |,
is the identity on ' N K, 3, then o can be lifted to a unique element of C, ;. We are going to apply
Lemma and Theorem For n | m®™ let B,, be as in the proof of Lemma [5.11] and recall
(G16). Set y := c4(log x/(loglog £)2)'/3(+1) where ¢4 is the constant of Theorem& Thus, we
have

- Y b >+o< > 50) +o (32

n|moe d|m n|mo®
nm<y nm>y
wu(d)e(mn, dn) 7(m) Ty
) Y 2 +Ora 5
nmee mndn: ] m  ecs Viogz-loglogx
nm<y |
NG
0 B O .
! (n;o n(x)> " <log:p

nm>y

In order to estimate the tail of the series in the main term we make use of Remark[5.12] and obtain

w(d)e(mn, dn) x 1
P Z Z K +O<10gz Z (K K]) .17)

nlm> djm mn dn n|moe
mn>y
Opg| ——de | +0 B 5.18
+ Orc 6053/710gx-10g10gx + lz;o n(x) : (5.18)
nm>y

The first error term in (5.18) is negligible with respect to the error term in the statement. Let us
estimate the error term in (5.17). Since [K((nn) @ K] >k @(mn) and mn/p(mn) = m/@(m) (as
rad(n) | m), applying [36, Lemma 3.3] for some 0 < ¢ < 1, we can bound

m 1
<< . (5.19)
nlzm;o [Kmnn : K n%;o gp(m) yl—e
mn>y nm>y

Since m/p(m) = O (loglogm), see e.g. [51, Theorem 15], and m < z without loss of generality,
we then have

T zloglog x
—_ 5.20
log x nzm;o [Kmnn @ K] LK e yl—¢log x (5.20)
mn>y

Next we focus on the second error term in (5.18). In view of Remark [5.12] and by applying the
Brun-Titchmarsh Theorem and the same estimates as above, for z := (log z)?/ (1-2) we have

ZB ) <K Z |{p<$:p£1modmn}\+z]{k:gx:mn|k:}\

ey yommas e
T zloglogx 1 x
< — <K . (521
nzm;o (mn log (x/mn) + n%;o mn ° log(z/z) yl—¢ * log? x G20
y<nm<z nm>z
Both expressions (5.20) and (5.21)) are bounded by the error term in the statement. O
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5.3.3 Properties and remarks

Remark 5.13. One can see from [36] Proof of Lemma 3.3] that the constant depending on ¢ arising in
(5.19) can be taken equal to
1
H pf—1 :

p<al/e
prime

In fact, a slightly stronger error term could be obtained in Theorem [5.1]

Remark 5.14. Let m > 1, and w(m) be the number of prime factors of m. One can show that for

T >1and 0 < ¢ < 1 we have ) )
- _ o)wlm) =
> <ol

Indeed, by the Mean value theorem we obtain 1 — 1/ p® > bp~tlogp, with 0 < b < 1 and p a prime
number. Thus, from the proof of [36, Lemma 3.3] we have

1 1 1\ 7' (1—¢)wm
e 1-— <— .
Z k ml—cTec H < pl—c> Tc

k>T p|lm
m|k|m> prime

Taking ¢ = 1 — 1/ log log = and making use of this inequality in the proof of Theoremreduces the
final error term to

log'1 2 1+ﬁ
Orkc (m(log log z)~(m)~1 ((ogogx)) .
- log

Notice that an extra factor (loglog x)*(™) is also needed in the formula of [37, Theorem 1].

Proposition 5.15. The series oc,m, from Thearem is convergent, and for every ¢ > 0 we have

1
0Cm = OK,s <m15> .

Moreover, we also have o¢ jox <k e 1/m"*=¢ for every k > 1.

Notice that the constant implied by the latter estimate is independent of k.

Proof. Applying Remark and the estimate [K,,, : K| >k p(mn) = p(m)n, we have

1 1 1_ 1 P
0C,m < Zm<<[(7§:ﬁ—m H ]ﬁ

m
n|mo® (,0( ) n|moe p|m prime

We may bound the product by ¢.m*/2, where c. > 0 is a constant depending on ¢, so we conclude by
recalling that m /@ (m) = O.(m&/?). For the second assertion notice that m* /p(m*) = m/o(m) =
O.(me/?). O

Remark 5.16. The assumption that the group G is torsion-free allows some simplifications throughout
the proof of Theorem However, the general case can be treated easily. Let G’ be a finitely
generated subgroup of K* with torsion, and write G’ = G X ({;), where (; € K*, t > 2, and
G C K* is torsion-free. Then, for all primes p of K of norm large enough, we have

m |ordy(G')  if and only if IT ¢ ordy(@).

£|m prime
vy (m)>ve(t)
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Remark 5.17. Let us consider the expression of the density oc ,, for some special cases of C. If
C = Gal(F/K), then the condition on the Frobenius becomes trivial and c(a,b) = [F : F N K, ).

Therefore we obtain
Om ‘= 0Gal(F/K),m Z Z

nlmee d\m mn dn -

If C' = {id}, then the condition (p, F//K) = id is equivalent to p splitting completely in F'. In this
case c(a,b) = 1, and hence g(iq} n equals 1/[F" : K] times the density of primes 9 of I such that
m | ordgp(G).

Finally, if F is linearly disjoint over K from K, then c(a, b) = |C|. Hence, if this holds for all
a,b we obtain oc = om - |C| /[F : K].

Clearly, analogous statements hold for the densities S¢ j of Theorem and ¢ ,m of Theorem

5.4 A rational formula for the density

As a special case of Corollary ([44, Corollary 7]), the natural density oc,, of the set P, from
Theorem [5.1]is a positive rational number. In this section we also provide an explicit closed formula
for oc m when the condition on the Frobenius is trivial (in this case we write oy, for o¢ ., as in Remark
[5.17). In the rest of the chapter, ¢ will always represent a prime number (also when not mentioned
explicitly). Notice that, over QQ, Pappalardi [37] provided an explicit rational formula for o,, for G
consisting of positive rationals, whereas the case of groups with negative rationals was considered in
[1] by Abdullah, Ali Mustafa and Pappalardi.

Theorem 5.18. Let K be a number field and let G be a finitely generated and torsion-free subgroup
of K* of positive rank r. Let m > 1 be an integer and let o,, be the natural density of the set of
primes p of K such that m | ord,(G) (where p ¢ P(G)). Then there is an integer z, which depends
only on K and G, such that

1 L —1)
Om = i g+l Z Z Ky K (5.22)
Uz rad(9)|(m z)lg

where we set p(g, h) = 0 if and only if at least one of the following conditions holds:

e thereis !l | g, {1 h such that vi(g/(m,z)) > 0,

e thereis { | h such that vy(z/g) > 0 and ve(g/h) ¢ {ve(m),ve(m) — 1},

e there is U | h such that ve(z/g) = 0 and ve(g/h) > ve(m);
else we define

(g ¢+l -1
plg,h) = ;) Im -« I -e-n ]I g+1(_1)
LIk, vp(z/g)>0 Lk, vp(2/9)=0 Lk
vg(g/h)=vyp(m)—1 1<vyp(g/h)<vp(m) vy (z/h)=0

Notice that the formula for g, involves only finite sums and products. Moreover, for a general
number field K and a finitely generated and torsion-free group G C K *, the integer z is explicitly
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described by the results of [47] (see e.g. [47, Theorem 1.2 and its proof]). Also, notice that for all m
such that (m, z) = 1 we have
_ rad(m) -1
r+1 _ 1°
w(m) i ¢ 1

Om =

Proof. By [47), Theorem 1.1] there is an integer z, which depends only on K and G, such that for
n | m we have

[Km,n : K] = o [K(m,z),(n,z) : K] .

Therefore, we have

1
Om = ZZ K] p(m )Z[Kh K] > > nr—i—ldr' (5.23)

nlmee d|m Ko, dn ol nfm®  dim
hlg (mn,z)=g (dn,z)=h

First of all, for all n | m® we have that rad(mn, z) = rad(m, z), so that we may restrict the
sum on ¢ | z to the divisors such that (m, z) | g and rad(g) = rad((m, z)) both hold. To simplify
the notation, let us denote my, = wvp(m), and similarly for zy, gs, hy. Then, by properties of the
multiplicative functions, from (5.23) we obtain

1
Qm:ﬁ' Z Z Ko K Hpega

¥

cad (6} ](m, o ‘g
where for £ | m we define
o p(£°)
pf(gy h) = Z Z W. (5.24)
520 e€{0,1}

min(my+s,2p)=gy min(s+e,zp)=hy
If ¢ | m and ¢ { z, then the two conditions on the indices are trivial and we have

L —1
pe(g,h) = gs,ﬂ_l)

This computation already justifies the first product in (5.22)). Next, we take

(g, h) == p(g)h" [ [ pela, ),

g

and compute py(g, h) depending on the prime factors ¢ of g (equivalently, of (m, z)).

Case 1: £ | gand ¢ 1 h. Since ¢ { h, the conditions on the indices in (5.24)) hold only for s = e = 0,
so that py(g, h) = 1 if min(my, z¢) = gs, and pe(g, h) = 0 otherwise.

Case 2: £ | h, and g < zp. Since 1 < hy < zy, the conditions on the indices hold only for
s + e = hy. Therefore, if g¢ = my + hy, then py(g,h) = 1/6'“’(’”“1); if gg = my + hy — 1, then
pe(g, h) = —£/0"+1); otherwise py(g, h) = 0.

Case 3: L | h, and hy < g; = zp. The conditions on the indices hold only for s + ¢ = hy and
my+s = zg = gy. Therefore, if my+hy—1 > z4, then pp(g, h) = —(f—l)/fhé(r—’—l); ifmg+hy = 2z,
then py(g, h) = 1/¢"+1); otherwise py(g, h) = 0.

Case 4: L | hand hy = zy. Since hy = g¢ = zy > 1, the conditions on the indices hold if and only
if s + e > hy. Therefore, we obtain

1 rtie—1
pé(g’ h) = _Ehg(T‘Jrl) gr—i-(l -1 )
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5.5 The order being k-free

In this section we prove Theorem[5.2] The proof relies on ideas from [36, Theorem 1.2] (see also [37]
Remark (8), p.388]).

Proof of Theorem|[5.2] If p is a prime of K with p ¢ P(G), then ord,(G) is k-free if and only if for
every rational prime ¢ we have ¢* { ordy (G). Therefore, by the inclusion-exclusion principle we have

M) = X nlm)Plele) +0 ({40,

log x
m>=1 g

where P! denotes the set of all primes in 7,,, which are of degree 1 (the O-term estimates the primes
not of degree 1). Notice that for P}, () we may take the same asymptotic formula (5.1) as for Py, (z).
Then, for 0 < a < 1 and z := log® x we have

Ni(@) =D p(m)PLi(z) + O (Z P (& ) (13?:1:)

m<z m>z
x 1
= 5.25
logxﬁc’k <log:r ZQCM) (ZP g ) (5-25)
m>z m>z
log1 )
+0 Zx<(og°gx)> +O<ﬁ>. (5.26)
— log log
By Proposition we have o,k < 1/ m*~" for every 0 < n < 1. Hence we can bound the first
O-term in ((5.25) by
T 1 T
=0 . 5.27
log x mz;z mk=n K <(log :c)1+“(k—1—”)> ©.27)

The primes p in 737}”,6 are such that p := Np = 1 mod m”. Hence the second error term in (5.29) is
smaller than

[K:Q]( Z Hpéx:pzlmodmk}‘+ Z ‘{néxmﬂn}‘)
z<m<log?a m>log? x
The second sum is bounded by

x x
S o)

k 2(k—1) )

m>log? x m (log :U)

whereas applying the Brun-Titchmarsh Theorem we can bound the first sum with

1
Z ; < lozm Z

kY] k kY
2, elmP)log(a/m) 2 ()

In view of the estimate m* /¢ (m*) = O, (m") (recall that n/p(n) <, rad(n)"), we deduce that both
sums are bounded by the error term in (5.27)).
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Next, we can bound the first error term in (5.26) by

log log )2\ 50+ log log )
(logw)a.x<<0g0gfﬂ>> < llogloga)” (5.28)
log z (logg;)l—i_m_a

and we may choose a = m so that (5.28)) can be bounded by (5.27). With a suitable choice of

¢ and 7 (depending on k), the exponent in the denominator of (5.27) can be reduced to 1+ m
Collecting the errors yields the result. U

Remark 5.19. In the context of Theorem the case of groups with torsion is straightforward: if G’
is a finitely generated subgroup of K * with torsion of order ¢, and G = G’/{(;), then the density of
the set Ny ¢ (i.e. NV}, defined for the group G”) is equal to the density of NV}, ¢ if ¢ is k-free, and it is
0 otherwise.

Next we prove an explicit formula for the density B¢ of Theorem if the condition on the
Frobenius is trivial, and in this case we simply write 5;. The formula consists of a rational factor
times a constant expressed by an infinite product.

Theorem 5.20. Let K be a number field and let G be a finitely generated and torsion-free subgroup
of K* of positive rank r. Let k > 2 and let B}, be the natural density of the set of primes p of K such
that ordy (G) is k-free (where p ¢ P(G)). Then there is an integer z, which depends only on K and
G, such that

r—1
B = H (1 (= 1)(r+ = 1)gk—2) ' Z Z Ky K (5.29)

Uz glz
(rad(g)¥, z>\g

where we set p(g, h) = 0 if and only if at least one of the following conditions is satisfied:
o thereis (| g, 1 hand ve(g) # ve((¢F, 2)),
e there is (| h such that ve(g/h) > k, or vi(z/g) > 0 and ve(g/h) < k — 1;

else we define p(g, h) to be

£r+1£_1
e | GERCIE | GRS | I IR I

) g,tth, vy(g/(k,2))=0 LIk, vy(2/9)>0 LIk, vy(2/g)=0 Lk
or £|h,vp(g/h)=k vg(g/h)=k—1 0<wy(g/h)<k vy (z/h)=0

Notice that, setting

r—1
Aer= 11 (1 (=)t — 1)ek—2>’ 430

£ prime

a constant which only depends on the integer k& and on the rank r of G, the infinite product in (5.29)
is equal to

r—1 -1
Arr- 1] (1 (=) — 1)5#2) ‘

L)z
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Proof. Applying [47, Theorem 1.1] as in the proof of Theorem [5.18| we obtain

m)u(d
B3 S e thKz >y A

m>=1 nlm®> nmk’d glz m=1 n\moo dlm
dlm hlg (nm ,z)=g (dn,z)=h
= Z H pe(g, h (5.31)
z Epnme
where for £ 1 z (and hence ¢ { g) we have
1 -1
p(g’h_ srl er: a kY pr+1 _ 17
¢s(r+)+ Q(LF) frtl —1

s>0 ec{0,1}

and for ¢ | z, £ 1 g we have py(g, h) = 1, whereas for ¢ | g, setting z; := v,(z) and similarly for gy, hy,

we have
_ 1 p(£°)
pelg:h) = = 2w >, > G

s=0 ec{0,1}
min(k+s,29)=gy min(s+e,zy)=hy

We take p(g,h) = ¢(g)h" [1,,pe(g,h) (and make use of the identity ©0(9)/p(rad(g)¥) =
g/rad(g)*). Let us compute p;(g,h) depending on the prime ¢ | g. If go < min(k, z), then
pe(g, h) = 0, so that we may restrict the sum in (5.31) to the divisors g such that (rad(g)*, z) | g.

Case 1: £ 1 h. The conditions on the indices hold only for s = e = 0. Thus, if g, = min(k, z),
then py(g, h) = —1/p(€¥), otherwise py(g, h) = 0.

Case 2: 0| h and hy = gy = z. The sums reduce to the indices s, e such that s + e > hy (recall
that £ > 2). Hence, we have

1 e —1)
pe(g, h) = () (+Dhe  griT — ]

Case 3: U | hand hy < gy = z. The conditions on the indices become s +e = hyand k+ s > gp.
Hence, we have: py(g,h) = 0if go — he > k; pe(g,h) = —1/(p(£F)e0+DRe) if g, — by = k;
pe(g:h) = (£ = 1)/ (p(€F)Lr+Dhey if g — by < k.

Case 4: € | h and g; < z;. The conditions on the indices become s + e = hy and k + s = gy.
Thus, we have: if go — hy = k, then py(g,h) = —1/(@(*)r+Dre). if g, — hy = k — 1, then
pe(g, h) = £/ (o)Ll tDRe); otherwise, pe(g, h) = 0. O

5.6 Prescribing valuations for the order

In this section we apply Theorem [5.1]to prove an asymptotic formula for the number of primes p of
K for which the order of (G mod p) has some prescribed ¢-adic valuations for finitely many given
primes .

Theorem 5.21. Let K be a number field and let G be a finitely generated and torsion-free subgroup
of K* of positive rank r. Let F/K be a finite Galois extension, and let C be a conjugacy-stable
subset of Gal(F/K). Consider finitely many prime numbers {, and for each of them fix a nonnegative
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integer ay. Set k = [[¢ and m = [] £, where { runs through the considered primes. Consider the
set of primes of K given by

V= {p  vy(ordy(G)) = a Ve | k, <F}“K) c c},

where we are assuming that p ¢ P(G) and p does not ramify in F. Then, for 0 < € < 1 we have

1—e
(loglog z)2\ T 3+D
longH Jocmy + Oe ( (k)95< log = :

flk

V(z) =

where, fort > 1, oc+ is as in (5.2), so that the set V has natural density

(fmn, dn)
Torm =Y 3 ORI

flk n|(fm)> d|fm

(with c(a,b) as in (5.3)). The constant implied by the O-term depends only on ¢, F, K, G.
It follows from Proposition @]that the series ¢ ., 1S convergent.

Proof. We must have that ord, (G) is divisible by m and not by m/ for any prime factor £ of k. Hence
applying the inclusion-exclusion principle and Theorem [5.1] we obtain the desired formula. 0
Notice that ¢ 1, 1S given by a finite sum of terms of the form £o¢ ;.

Remark 5.22. Let k be a positive integer. The density of primes p of K such that ord, (G) is coprime
with £ and (p, F'/K) C C'is given by
> u(fecy

flk
This follows directly from Theorem [5.1] and it is a special case of Theorem [5.21] The case of trivial
condition on the Frobenius is stated in Theorem [1.6

In the following we provide an explicit formula for the special case of trivial condition on the
Frobenius.

Theorem 5.23. Let K be a number field and let G be a torsion-free subgroup of K* of positive rank
r. Let k,m > 1 be integers with k squarefree and rad(m) | k. Let 7y, , be the natural density of the
set of primes p of K such that vg(ordy(G)) = ve(m) for all € | k (where p ¢ P(G)). Then there is an
integer z, which depends only on K and G, such that

1 -1 -1 (e =1
Vem = )H( gr+)1(_1 )H<1_(£7’+1( > Z Z Ko : K

m
SO( i,lJm é[\k g|z h‘g
1= fms (m,2)|g
rad(g)|k

where, for h | g, we set p(g, h) = 0 if and only if at least one of the following conditions holds:
o thereis { | (k,g), £1m, such that vy(g/h) > 1,
o there is { | (g,m), £ h, such that we have vy(g) ¢ {ve(2),ve(m),ve(m) + 1}, or ve(g) =
ve(z) > ve(m) + 1,
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e there is { | (h,m), such that we have ve(g/h) > ve(m) + 1, or we have vi(z/g) > 0 and
ve(g/h) <wve(m)—1;

else we define p(g,h) = 22 - q1 (g, h)ga(g, h), with

1 Vimn !/
h):Hg_l' H 1 H /—1
tlg/h £|h,etm |h,etm
lm vp(z/h)=0 vy (h)=vy(g)<vp(z)

(the primes involved in these products are coprime with m), and

—0r (0 —1)? —1 (-1
o= I Gy I 7 I 5 1 >

£|(h,m) £|(g,m) £L|g,eth £|(h,m),vg(2/9)>0
vy (z/h)=0 vp(g/h)=vp(m)+1 vp(g)=vp(z)<vy(m) vg(g/h):vg(m)
I | R | A
L l
Llh,vp(2/g)=0 Llh,vp(2/9)=0 Llh,vp(2/9)>0
0<vy(g/h)<vg(m) vg(g/h)=vy(m)>0 vglg/h)=vy(m)—1

(the primes involved in these products are prime factors of m).

Proof. The proof is similar to that of Theorem [5.18]and does not contain new ingredients: one needs
to first apply [47, Theorem 1.1], then transform the obtained inner sums into a product on the prime
factors ¢ of k, and compute these through a certain case distinction.

Nevertheless, for the convenience of the reader we provide here the details. We apply [47, The-
orem 1.1] as we did in the proof of Theorem @] to obtain

I S S

flk n\(fm)oo dlf K pirnan :

B Z Z Z Z fmn )r'

|k- n|(fm)>® d|fm
(fmn,z)=g (dn,z)=h

Write m = [, £ with a; > 0. Notice that the inner sums do not vanish only if (m, z) | g and
rad(g) | k. Thus we reduce the formula to

’yk,m=(1)- Z Z - I pelg, ),

v £|k prime
(m, Z)\g rad(g)\k

where for ¢ | k prime and a; = 0 we define py(g, h) according to a case distinction on the prime
factors £ of k. Set zp := vy(2), and similarly for gy, hy.
Case 1: 0| k and ay = 0. If £ 1 z, then we set

L —1
p[(g,h) _1_72 Z gsr—%—l +t7“:1_(f—1()(€r+1)— 1);

520 te{0,1}

if /| zand £ 1 g, then py(g, h) := 1;if £ | g, then we set

_ 1 L)
pe(g, h) = ~7-1 > > Ps(rin)

520 te{0,1}
min(s+1,zp)=gy min(s+t,zp)=hy
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We take ¢1(g, h) := H€|(k,g),ag:0 pe(g, )€™+ and we compute py(g, h) depending on the prime
factor ¢ of (k, g).

Case 1.1: ¢ ¥ h. We must have s = t = 0, hence py(g,h) = —1/(¢ — 1) if go = 1, otherwise
pf(gv h) =0.

Case 1.2: E | h, hy = g¢ = 2. The conditions on the indices hold only for s + ¢ > z,. We obtain
£r+1
pe(g:h) = WWH 1

Case 1.3: £ | h, hy < gy = z;. We must have s +t = hyand s + 1 > zp, hence py(g,h) =
—1/(£her D (¢ — 1)) if go — hy = 1, and py(g, h) = 0 otherwise.

Case 1.4: £ | h, gy < z,. We must have s = g, — 1. Thus, we obtain: py(g, h) = —1/ (£ +1 (¢ —
1) if gp — he = 15 pe(g, h) = €/ (0D (0 — 1)) if g, = hy; pe(g, h) = 0 otherwise.

Case 2: 0 | k and ay > 0. Recall that g is such that gy > min(ay, z¢). We set

,_ p(Le) ()
h) = Z Z Z gs(r+1)+ettr’
86{0,1} ) 5>0 te{0,1}
mm(€+ag+syzg):gg min(s+t,ze):h£

If ¢ 1 z, then we have p(g,h) = % if ap > 0. Before dealing with the case ¢ | z, we set
a2(9, 1) = TTo(k,2),a0>0 P2(9 h)¢he(r+1) “and we compute py(g, h) depending on the prime factor ¢
of (k, z).

Case 2.1: ¢t h. We must have s = ¢ = 0 and hence we have: py(g,h) = 0if gy ¢ {z¢, ap,ap+1},
orge =z > ar+1;p(g,h) = 1if gp = ay < 23 pe(g, h) = =1/Lif gy = ag+1;pe(g,h) = 1—-1/¢
if gp = 2z¢ < ay.

Case 2.2: { | h and hy = gy = z;. The conditions on the indices hold only for s > hy, or
s=hy—1andt =1 (as ay > 1). We obtain

rp _ 1)\2
pelg ) = <1 - %) <(1 B Eir) zhe<1+1> ;J ﬁs(rlﬂ) B Z%) - eh@(rgﬂ(f(hiz -1

=

Case 2.3: £ | h and hy < gy = zp. Then the conditions are satisfied only if s + e + ay > z,. We
deduce that py(g, h) equals: —(£—1)2/¢re+D+1if g, —hy < ag; (20—1) /0D if g, — by = ay;
—1/0M DA S g — by = ag + 1; 0if gp — hy > ag + 1.

Case 2.4: 0 | h and gy < z. The conditions are satisfied only if ay + s + e = gy. Thus, ps(g, h)
equals: 0if gy —hy & {ag—1,ap, a7+ 1}; —f/fh‘(r"_l) ifgg—hy=ap—1; 2/€hf(r+l) if go — hy = ay;
—1/¢he D+ i g, — by = ap + 1.

Finally, take p(g, h) := (©(9)/h) - ¢1(9, h)q2(g, h). O

Theorem 5.24. Let K be a number field and let G be a torsion-free subgroup of K™ of positive rank
r. Let k > 1 be a squarefree integer. There is an integer z, which depends only on K and G, such that
the natural density of the set of primes p of K with ordy (G) coprime to k (where p ¢ P(G)) is given

by
(1 ey ) S Sn(l) e

¢k glz hlg
o= rad(g)|k

where, for h | g, we set

#(9) e 4
h) = . . .
p(g.h) o(g/h)h h 1 ];! /—1
4(z/h) vp(h)=vy(g)<vg(z)

85



Proof. 1t suffices to take m = 1 in Theorem Clearly we have ¢a2(g,h) = 1. We obtain that
p(g,h) = 0 if and only if g/h is not squarefree, and this together with the factor [],,/,(—1) in
q1(g, h) yields the term i(g/h) in the formula. Also, the factor [, 1/(¢ — 1) in g1 (g, h) is equal

0 1/(g/h). O

5.7 Conditional results assuming GRH

In this section we show how Theorems and can be improved if we assume (GRH) for the
Dedekind zeta functions of number fields of the type K, ,. In fact, in this case we can apply the
stronger version of the Chebotarev density theorem, namely [53, Théoreme 4] or [59, Theorem 2],
and we obtain smaller error terms. Let us first apply this theorem to cyclotomic-Kummer extensions
of K.

Lemma 5.25. Let F/K be a Galois extension of number fields, C a conjugacy-stable subset of
Gal(F/K), and let G be a finitely generated and torsion-free subgroup of K*. Assuming (GRH),
the number of primes p of K with Np < x which split completely in K, ,, where n | m, and such
that the Frobenius conjugacy class (p, F'/K) is in C (in other words, (p, F/K) C Cy, , where C, ,

is as in (5.13)) is given by

‘Cm7n|

W(men/K, Cm,n)(x) = m

Li(z) + Opc (Vo log(ma)) . (5.32)

Proof. Applying [53, Théoréme 4] we have
M Ti(z) 4+ O | —2_/xlog (|dg,, , | alFme @) )
o : K] Fovn : K] (ldEm0 | )

Recalling that |C,, | < [F : K] and applying Proposition[5.9] we can reduce the error term to
log ‘ Fm n |
Or| vz - ++Vzlogz | = Opg (Valogm + xlogz) . O
Theorem 5.26. With the setup of Theorem assuming (GRH), for all 0 < & < 1/4 we have

Pm (l‘) = Li(x)QC,m + OF,K,G,E (1'3/4+6)'

Proof. We follow the proof of Theorem Recall (5.16), where B,, was defined in the proof of
Lemma Applying first Lemma|5.11} and then Lemma to the functions 7w} . (z) (notice

mn,dn

that (5.32) also holds if we restrict to the primes of K of degree 1), setting y := '/ we obtain:

Pm(x) = Li(x Qcm—i-O( Z Zflogmnm)—i—O(\/E) (5.33)

n<y/m d| logz

( ZZ“ m”dn> (ZB > (5.34)

nlm® dlm mn dn - nlmee
nm>y nm>y

The first O-term in (5.33)) is bounded by

m)ﬁ( Z logn + Z 210gx> < 2**log z.

n<y/m n<y/m
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For0 < ¢ < 1/4and z > y, the two O-terms in (5.34) are bounded by

x loglog x and ( loglog x 1 )
et = Yot = ol P ,
xl/4—<logx log(x/z)xl/4—e = 2174
respectively. Taking z = \/x and collecting all error terms yields the formula in the statement. O

Corollary 5.27. Assume (GRH). With the setup of Theorem[5.2] we have

Ni(z) = Li(z)Bek + Or k. < xQ ) .

log” z
Moreover, with the setup of Theorem forall 0 < e < 1/4 we have
V(z) = Li(@)vcpm + Or kg (T(k)z¥/4Fe).

Proof. As for the first assertion, it is sufficient to follow the proof of Theorem making use of
Theorem [5.26] instead of Theorem [5.1] This yields

x
(log z:)1+alk—1-n)

Ni(z) = Li(x)Beg + O < ) + O(:c3/4+5(log z)?).

We may conclude by taking a = 1/(k — 1 — n) (with 7, ¢ sufficiently small). The second assertion is
a direct consequence of Theorem [5.26] O

5.8 Numerical data

In this section we provide several examples of densities computed with the formulas of Theorems
[5.18] [5.20]and [5.23] All values have been verified with SageMath [57] by computing the approxim-
ated density that considers only primes up to a certain bound. The Sage codes used to compute the
density formulas have been partly adapted from Sebastiano Tronto’s code kummer-degrees, available
on GitHub. In particular, we have tested these formulas for X and G as in the several numerical
examples from [39, (10, 140, |37, 36] (notice that in [10, Table 3, left side] the density for the fifth and
seventh entries should both read 121/960).

Let K be a number field and GG a finitely generated subgroup of K *. Recall the notation g,
introduced in Theorem [5.18] In Tables [5.TH5.4] we provide several examples of densities .

G 02 03 04 06 09 012 016 027

(2) 17/24 3/8 5/12 17/64 1/8 5/32 1/24 1/24
<16> 1/12 3/8 1/24 1/32 1/8 1/64 1/96 1/24
(3) 2/3 3/8 1/3 5/16 1/8 1/16 1/12 1/24
(27> 2/3 1/8 1/3 5/48 1/24 1/48 1/12 1/72
(2,3) 195/224 6/13 27/56 333/728 2/13 3/14 5/56 2/39
(16, 27) 75/112 5/13  75/224 235/728 5/39 95/1456 75/896  5/117
(2,27,25) || 839/960 37/80 59/120 17723/38400 37/240 1073/4800 11/120 37/720

Table 5.1: Examples of densities g,, with K = Q
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G 02 03 04 96 ©9 012 016 Q27
(2) 17/24  3/4  5/12 17/32 1/4 5/16 124 1/12
(16) /12 3/4  1/24 1/16 1/4 1/32 1/96  1/12
(3) 5/6 3/4 1/6 5/8 1/4 1/8 /24 1/12
(27) 5/6 1/4 1/6 5/24 1/12 1/24 1/24  1/36

(2,3) 111/112  12/13  13/28  333/364 4/13 3/7 3/56  4/39
(16,27) | 47/56 10/13 19/112  235/364 10/39  95/728  19/448 10/117
(2,27,25) || 479/480 37/40 29/60 17723/19200 37/120 1073/2400 7/120  37/360
Table 5.2: Examples of densities g, with K = Q((3)

G 02 03 04 96 09 012 016 027

(2) 11/12 3/4 5/6 11/16 1/4 5/8 1/12 1/12

(16) 1/6 3/4 1/12 1/8 1/4 1/16 1/48 1/12

(3) 2/3 3/4 1/3 1/2 1/4 1/4 1/12 1/12

(27) 2/3 1/4 1/3 1/6 1/12 1/12 1/12 1/36

(2,3) 55/56 12/13  13/14 165/182 4/13 6/7 3/28 4/39

(16,27) 19/28 10/13  19/56 95/182 10/39 95/364 19/224 10/117
(2,27,25) || 239/240 37/40 29/30 8843/9600 37/120 1073/1200 7/60 37/360

Table 5.3: Examples of densities o,,, with K = Q((y, v/3)

G 02 03 04 06 99 012 016 027
2¢4) 2/3 3/8 1/3 1/4 1/8 1/8 /12 1/24
(16¢4) 47/48 3/8  23/24 47/128 1/8 23/64 1/48  1/24
(3¢4) 5/6 3/8 2/3 11/32 1/8 5/16 1/6  1/24
(27¢) 5/6 1/8 2/3 11/96 1/24 5/48 1/6 1/72

(24, 3C4) 13/14  6/13  5/7 165/364  2/13 3/7 5/28  2/39
(164, 27) 1791/1792 5/13  447/448 4475/11648 5/39 1115/2912  75/448  5/117
(24,27, 25) 29/30 37/80 11/15 259/600 37/240  259/1200 11/60 37/720

Table 5.4: Examples of densities g, with K = Q((4)

Recall the notation (3 from Theorem (which is the density of primes p of K such that
ordy(G) is k-free), and the constants Ay, , defined in (5.30). In Table we show some values for
these constants Ay, ., approximated by considering only the primes ¢ up to 10°. In Tables and
we provide some examples of densities 3, expressed both as rational multiples of the constants Ay, .
and as approximated value.

Ag k=2 k=3 k=4 k=5 k=6 k=T k=28

r=11 0530712 0.788163 0.901926 0.953511 0.977581 0.989060 0.994618
r=2| 0434934 0.734313 0.875354 0.940597 0.971280 0.985966 0.993091
r=3 | 0401045 0.714103 0.865118 0.935552 0.968798 0.984741 0.992484
r=4 1] 0.386687 0.705354 0.860624 0.933316 0.967691 0.984192 0.992211
r=2>5 | 0.380106 0.701307 0.858528 0.932267 0.967169 0.983932 0.992082

Table 5.5: Examples of constants Ay, , approximated (£ < 10°)
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G B2 B3 Ba Bs
(2) 3451 ~0398  FrA31~0829  ERA1~0930 353 A5, ~0.970
(16) A1~ 0664 A3~ 0886  322A,, ~ 0960 23T A5 ~0.985
<3> %Agﬂl ~ 0.569 %A&l =~ 0.829 %AZLJ ~ 0.930 %A&,l ~ 0.970
(27) A1 ~0695  [TA31~0880 3395 As0 ~0947 {35 A5 1 ~0.976
~ 875 5989 37823
(2,3) 122452~ 0334 5BA3,~0789 588 A,,~0912 382345, ~0.962
(16,27) || £39455,~0.555 2533043, ~0.824 PT5A, 5~ 0928 ZTLLA; 5 ~ 0.969
105751169 524265887 116376274169
(2,27,25) 19159210913 2,3 96766014 13,3 500045142 “14,3 113496822354 “ 19,3
~ 0.320 ~ 0.780 ~ 0.907 ~ 0.959
Table 5.6: Examples of densities 55 over K = Q((3)
G P2 Ps Ba Bs
<2> %Ag}l ~ 0.133 Ag}l ~ (0.788 A471 ~ 0.902 A571 ~ 0.953
(16) LA, ~0730  2A3, ~0.906 A4 ~0.963 95 A5 ~ 0.985
(3) 3A1~0227 P2LA31~0624 DA, ~0819  J22A5, ~ 0912
(27) £A2 1~ 0278 2BA31 ~ 0647  2A,1~0827 33LA5, ~ 0915
2,3 Ay~ 0.0222 32 A5,2~0594 2541 4,,~0804 1179545, ~ 0.905
176 407 2875 18497 )
(16,27) || 291345, ~0.221 29U A5,~0.620 123BA,,~0.817 2T A5, ~0.911
23323 79247549 3234551969 109490052089
(2,27,25) 953544 42,3 96766014 3,3 3500315994 14,3 113496522351 15,3
~ 0.00981 ~ 0.585 ~ 0.799 ~ 0.903

Table 5.7: Examples of densities S over K = Q({4)

Finally, recall the notation -, ,,, from Theorem
that ord, (G) has ¢-adic valuation equal to vg(m) for every prime £ | k). In Table[5.8| we provide some

examples of these densities.

(which is the density of primes p of K such

G V6,1 76,2 76,3 6,4 76,6 76,9 6,12

(2) 35/192 35/192 7/96 5/24 7/96 7/288 1/12

(16) 55/96 5/192 11/48 5/384 1/96 11/144 1/192

(3) 13/48 1/12 1/24 13/96 1/6 1/72 1/48

(27) 5/16 1/4 1/72 5/32 1/18 1/216 1/144

(2,3) 365/2912  423/2912 1/364 101/728 59/364 1/1092 10/91
(16,27) 391/1456  225/2912 15/364 785/5824 125/728 5/364 95/4368
(2,27,25) || 801/6400 927/6400 37/28800 443/3200 4699/28800 37/86400 1591/14400

Table 5.8: Examples of densities 7, ,, over K = Q(1/—5)
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