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Abstract

In this paper we deal with Calabi—Yau structures associated with (differential graded
versions of ) deformed multiplicative preprojective algebras, of which we provide concrete
algebraic descriptions. Along the way, we prove a general result that states the existence
and uniqueness of negative cyclic lifts for non-degenerate relative Hochschild classes.
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1 Introduction

Given a quiver (), that is an oriented graph, one may consider the preprojective algebra
associated to Q over some field k. It can be defined as a quotient of the path algebra kQ of
the double quiver @, obtained by adjoining to each edge e : i — j between two vertices i and
j areverse edge e* : j — i. We quotient by a single relation

H= Z[B,G*L

ecqQ
a signed combination of 2-cycles in Q. Originally introduced by Gelfand-Ponomarev [16] (see
also [25]) in a strictly algebraic context, the preprojective algebra turns out bearing a strong

geometric significance. It may indeed be understood as the algebraic structure underlying
the cotangent to the moduli of representations of @ (see [0] for a fully precise statement). Its
representations correspond to the O-fiber of the moment map associated to the linear group
acting by conjugation at each vertex. This fact has been extensively used by Lusztig [20],
and later Nakajima [22], to geometrically realize quantum groups and their representations,
in particular through the definition of lagrangian subvarieties of symplectic quiver moduli.

Multiplicative variants of these preprojective algebras have been introduced by Crawley-
Boevey and Shaw [14] in the course of their study of the Deligne-Simpson problem. It is
defined by performing a quotient by

H (1+ee*)(14e*e) !

e€@

of an appropriate localization of k(). These variants turn out to naturally appear in various
areas such as character varieties [, 14, 27, 37], local systems on Riemann surfaces and
perverse sheaves on nodal curves [2, 3, 4, 37], or integrable systems [12] among others. The
geometric framework in which multiplicative quiver varieties seem to be better studied is the
one of quasi-hamiltonian reduction and group-valued moment maps from [1], as shown by
Van den Bergh [35, 30].

Multiplicative preprojective algebras fit both into the quasi-hamiltonian formalism and
into its non-commutative analogue as developped by Van den Bergh in [36]. In the first case,
group-valued moment maps and the quasi-hamiltonian formalism have a nice interpretation
within the framework of shifted symplectic geometry of [23], in terms of lagrangian morphisms
and derived lagrangian intersections (see [9, 20]).

Using the non-commutative analogue of quasi-hamiltonian formalism, one obtains that
multiplicative preprojective algebras come equipped with double quasi-Poisson structures [35].
Furthermore, Ferndndez and Herscovich have recently proved in [15] that double quasi-
Poisson structures give rise to pre-Calabi—Yau structures in the sense of Iyudu—Kontsevich—
Vlassopoulos [17]}, extending a similar result from loc. cit. for double Poisson structures.

In the same way as shifted Poisson structures in the sense of [10, 24] arise on the source
of morphisms equipped with a lagrangian structure [21] (actually, shifted Poisson structures
are conjectured to be equivalent to lagrangian thickenings), it is expected that pre-Calabi—
Yau structures in the sense of [17] often (if not always) arise on the target of Calabi—Yau
morphisms in the sense of [7].

Hinging on these observations, our goal is to directly construct Calabi-Yau structures on
appropriate algebraic objects, and get back the usual lagrangian morphisms associated with
group-valued moment maps on moduli spaces. Namely:

I1We would like to warn the reader that pre-Calabi-Yau structures in loc. cit. are different from the
ones considered e.g. in [6, 33] (the latter being non-commutative pre-symplectic strctures, rather than
non-commutative Poisson structures).



(1) We first study a Calabi-Yau structure on k[z*!], seen as the multiplicative analog of k[x].
Using this Calabi-Yau structure, we obtain using [7] a 1-shifted symplectic structure on
moduli of perfect complexes. We show that restricting to the moduli of representations
we recover the usual 1-shifted symplectic structure on the adjoint quotient which is
crucial in the derived symplectic interpretation of the quasi-hamiltonian formalism;

(2) We give a 1-Calabi-Yau structure on cospans which allow us to retrieve standard
lagrangian correspondences when applying the moduli of objects functor Perf. We
recover in particular the lagrangian correspondence that was shown in [26] to underly
the fusion product from [1];

(3) We give a relative 1-Calabi—Yau structure on the algebraic counterpart of the group-
valued moment map. This is done via a gluing procedure called fusion.

(4) Via pushouts of Calabi-Yau cospans, we obtain a 2-Calabi-Yau structure on the differential
graded multiplicative preprojective algebra, defined in Theorem 4.11. The zero truncation
of the differential graded multiplicative preprojective algebra is the original multiplicative
preprojective algebra.

Description of the paper

In section 2, we provide a short recollection on Calabi—Yau structures, after [7]. We also
show that, in the case of smooth dg-categories sitting in degree 0, the required cyclic lift of
the non-degenerate relative Hochschild class, in the definition of a Calabi-Yau structure on
a morphism, automatically exists and is unique. This extends to the relative case a result
of [30], and is of independent interest, see Theorem 2.5.

Section 3 uses this result to produce 1-Calabi-Yau structures on k[G,,] = k[z*!] and the
cospan defined by k[zT!]1Tk[y*!] — k(z*!, y™1) < k[z*!], denoted by J in this introduction
only. In each case we define explicit Hochschild classes that we prove to be non-degenerate.
Thanks to section 2, these admit a unique cyclic lift. We also study evaluation morphisms
E[z*'] — k.

In section 4, using the Calabi-Yau structures of the previous section, we show in Theo-
rem 4.8 that the multiplicative moment map is 1-Calabi-Yau. The quiver As = ¢ — e serves
as a building block. Again, this structure is made explicit and proven to be non-degenerate
“by hand”, whereas its cyclic lift exists thanks to section 2. The cospan F studied earlier
then serves in a gluing process (a.k.a. fusion) to extend our result to arbitrary quivers.
Pushouts along evaluation morphisms yields a 2-Calabi-Yau structure on a dg-algebra whose
O-truncation is the classical multiplicative preprojective algebra, c.f. Theorem 4.11.

Finally, section 5 justifies our choices of Hochschild classes defining Calabi—Yau structures.
We prove that when taking Perf, we retrieve standard symplectic structures. Namely, the
1-shifted symplectic structure on Perf,+1) matches the one on the derived loop stack
LPerf;. We also prove that the Calabi—Yau structure on F corresponds to a particular
gluing of the boundaries of the pair-of-pants. We conjecture that the structures we get on
our dg-variants of multiplicative preprojective algebras yield standard quasi-hamiltonian
structures on multiplicative quiver varieties.

Related works

In [3], Bezrukavnikov and Kapranov prove that certain triangulated categories of microlocal
complexes on nodal curves have a Calabi—Yau property, which roughly corresponds to the
existence of an almost Calabi—Yau structure according to our terminology. However, it is
not clear if it admits an actual Calabi-Yau (i.e. cyclic) lift. In loc. cit. the authors mention



a dg-version of the multiplicative preprojective algebra and expect that it is a Calabi—Yau
dg-algebra. Our results show that this is indeed true. This expectation was motivated by the
existence of an equivalence of abelian categories between microlocal sheaves on nodal curves
with rational components on the one side, and modules over the multiplicative preprojective
algebra on the other side. They could not conclude, because it is not known if a similar
equivalence holds for the dg-version of the multiplicative preprojective algebra.

A similar approach is considered by Shende and Takeda in their work [29] on Calabi—Yau
structures of topological Fukaya categories. It is possible that, following some suggestions
from [29, §7.4 & §7.5], one could potentially recover some of our existence results in a
geometric way, as opposed to the explicit algebraic approach of the present paper. The
obtained Calabi—Yau structures would then deserve to be compared with ours. The last
section of our paper provides tools for such a comparison, that would then essentially rely
on the fact that both approaches are compatible with some gluing/fusion process; though,
the comparison for the As building bloc remains to be dealt with.

Yeung [38, §5.5] also exhibits a Calabi—Yau structure on the multiplicative preprojective
dg-algebra associated with a star-shaped quiver. It seems that his Calabi—Yau structure
differs from ours, unless one goes through some adic completion (see Remark 3.2).

Finally, Kaplan and Schedler [18] show that the multiplicative preprojective (non dg)
algebra is Calabi—Yau whenever the quiver is connected and contains an unoriented cycle.
They conjecture that it is still Calabi—Yau for every quiver that is connected and not Dynkin;
they also conjecture that, under these assumptions, the multiplicative preprojective algebra
and its dg-version are quasi-isomorphic (and they prove this for quivers satisfying a “strong
free product property”). This is consistent with our result, which only concerns the dg-version,
but holds without any assumption on the quiver.
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2 Calabi—Yau structures

2.1 Recollection on Calabi—Yau structures

Along this paper, we use the same notation and terminology as in [6]. We recall briefly the
most important information. Note also that in this paper k is a field of characteristic zero.

We denote by Mody, the category of cochain complexes over k. A dg-category is a Mody-
enriched category and the category of dg-categories with dg-functors is denoted by Caty. We
refer to [19, 31] for a detailed introduction to dg-categories and their homotopy theory.

If M is a model category, we will write M for the corresponding co-category obtained by
localizing along weak equivalences.

We use the notation “Map” to distinguish the space of co-categorical morphisms from
the set of 1-categorical morphisms, for which we use the notation “Hom”. The underlined
versions designate their enriched counterparts (unless otherwise specified, the enrichment
is over complexes). If a category has a symmetric monoidal structure which is closed, we
use upper case letters for the internal enrichment, i.e. HoOM and MAP, for categories and
oo-categories, respectively.



Recall the Hochschild chains functor
L
HH : Catp, — Mod;; A— A @ AP,
Ae
where A° := A ® A°P. We write HH;(A) for the (—4)-th cohomology of HH(A). Dually,

HH'(A) is defined as the i-th cohomology of RHom 4. (A, A).

Hochschild chains carry a mixed structure, which is given in the standard explicit model
by Connes’s B-operator. The negative cyclic complex of A, denoted by HC™ (A), is defined
as the homotopy fixed points of HH(A) with respect to the mixed structure; it comes with
a natural transformation (—)¥ : HC™ = HH. As before, HC; (A) stands for the (—i)-th
cohomology of HC™ (A).

Recall the inverse dualizing functor

(=)¥ : Modse — Mod’}.
that is given as follows: for a right A¢-module M, and an object a € Ob(A°P @ A),
MY (a) := RHomyyoq . o, (M o7, A%(a, —)) -

where 7 is the anti-involution 7 : A*—(A°)°P such that A o7 = A°P.
A dg-category A is smooth if A is a perfect A°-module. For smooth dg-categories, we
have the following equivalences

(—)” : HH(A) 5 RHomy 4. (A", A)
and .
RHomypo g, (A, A) 2 AY @ A.
AE
Definition 2.1. Let A be a smooth dg-category.

(1) A class ¢ : k[n] — HH(A) such that ¢” : AV[n] — A is an equivalence is called non-
degenerate. Such a non-degenerate Hochschild class is called an almost n-Calabi—Yau
structure on A.

(2) A n-Calabi-Yau structure on A is a is class ¢ : k[n] — HC™ (A) such that ¢ is non-
degenerate.

We now recall (relative) Calabi—Yau structures on morphisms and cospans of dg-categories,
following Brav—Dyckerhoff [7] and Toén [32, §5.3].

Definition 2.2. Let A 5 € <2 B be a cospan of smooth dg-categories.

(1) An almost n-Calabi-Yau structure on this cospan is the data of a homotopy commuting
diagram

k[n] —=— HH(B)
HH(A) —— HH(C)

such that c4 and cg are non-degenerate in the sense of Definition 2.1(1), and such that
the homotopy HH(f)(ca) ~ HH(g)(cs) is non-degenerate in the following sense: the



induced (homotopy) commuting square

\%

g cp®id L

L
CYn] (BY[n]) %2 G~ B gil ee

f{ l |
g®id

An)) & e S a5 e feid e
Ae Ae

is cartesian.

(2) An n-Calabi-Yau structure on the cospan is a homotopy commuting diagram

k[n] —=— HC™(B)

HC™ (A) —— HC(€)

such that the image under (—)% is an almost n-Calabi-Yau structure.
(3) If A = @ then we call these (almost) n-Calabi—Yau structures on the morphism g.

Recall that n-Calabi-Yau cospans do compose: after [7, Theorem 6.2], the non-degeneracy
property is preserved under composition.

We finally note that whenever A = B = &, an n-Calabi—Yau structure on & — C < @
is the same as an (n + 1)-Calabi—Yau structure on €. In particular, the push-out of two
n-Calabi—Yau morphisms automatically inherits an (n 4 1)-Calabi-Yau structure.

2.2 Existence and uniqueness of cyclic lifts

Proposition 2.3 ([30], Section 5). Suppose B is a smooth dg-category. If B is almost
n-Calabi-Yau, then HH'(B) ~ HH,,_;(B) for every i € Z. Furthermore, if B is concentrated
in degree zero then

(a) HH;(B) =0 for alli #0,1,...,n;
(b) HC; (B) =0 for all i > n;
(c) the natural map HC, (B) — HH,,(B) is an isomorphism.
In particular, every almost n-Calabi—Yau structure on B admits an n-Calabi—Yau lift.

Proof. This is essentially [30, Proposition 5.5, Corollary 5.6 & Proposition 5.7]. We reproduce
the proof here for the reader’s convenience.
We have an isomorphism of B¢-modules ¢’ : BY[n] ~ B. It yields

b

HH,,_;(B) ~ Homo(Modye) (B [1], B[i]) =~ Hompomody.) (B, Bli]) ~ HH'(B) .

If B is concentrated in degree zero then its Hochschild homology and cohomology are
concentrated in non-negative degrees, and thus, using the above identifications, HH;(B) = 0
for all i # 0,1,...,n. We then consider the negative cyclic complex, which is given by taking
formal power series in a degree 2 variable u with coefficients in the Hochschild complex, and



differential being given as d — ud, where 0 is the mixed differential. The first page of the
spectral sequence associated with the filtration by powers of u reads as follows:

0 uHHo(B) —“° w2HH; (B) —“— ... W HH,, (B)
HHo(B) —“2 uHH, (B) — % ... u"HH,, (B) 0
ud ud
HIL, (B) 0 0
This proves (a) and (b). O

Remark 2.4. Under the assumption of Proposition 2.3, the duality isomorphism extends to
Hochschild homology with values in any B-bimodule M: H(B, M) ~ H,,_;(B, M). Moreover,
if both B and M are concentrated in degree 0, then (a) still holds: H;(B, M) vanishes for all
i1#0,...,n.

Theorem 2.5. Let F': B — C be a functor between smooth dg-categories that are concentrated
in degree zero. Every almost n-Calabi—Yau structure on F' admits a unique n-Calabi—Yau
lift.

Proof. First of all, we know from Proposition 2.3 that the almost n-Calabi—Yau structure
cs € HH,(B) on B uniquely lifts to a n-Calabi-Yau structure c; € HC, (B). The other part
of the almost n-Calabi—Yau structure on F is a homotopy from F(c¢s) to 0, which amounts
to the choice of a relative lift cp € HH,,41(C, B) of ¢s. Indeed, HH;(€, B) is defined as the
(—1)-th cohomology of the homotopy cofiber (or, mapping cone) of HH(B) — HH(C), so that
we have a long exact sequence

---—HH, (€, B) - HH,(B) — HH, (€¢) — HH,(C,B) — - --
The non-degeneracy of cg tells us that the nul-homotopic sequence of C¢-modules
CY[n] — BY[n] @pe €° ~ B @z C° — C

is actually a homotopy fiber sequence. Applying Homp,(vode.)(—, €) yields a long exact
sequence

.-~ — HH*(C) —» H*(B,€) ~ H,_1(B,€) — HH,_(C) - HH () — --.

Hence, using that Hochschild homology and cohomology of € vanishes for negative indices
(because C is concentrated in degree 0), together with the version from remark 2.4 of the
vanishing property (a), we get that the Hochschild homology (and cohomology) of € vanishes
in degrees i # 0,...,n 4+ 1. We again look at the first page of the Hochschild-to-negative
cyclic spectral sequence:



0 uHHy(€) —“2— 2HH, (€) —— % ... u"2HH,, . (C)
HHo(C) —*— wHH,; (€) —— ... w1 HH,, 1 (C) 0

HH; (€) —*— yHH,(C) — 22— ...

HH, (€) —“— «HH,,1(€) 0 0

HH,,+1(C) 0 0
Putting this together, we obtain the following morphism of exact sequences:

0 —— HC,,,(€) —— HC,,,(C,B) —— HC, (B) —— HC, (C)

! J JZ I
0 —— HH,41(€) —— HH, 11 (C, B) —— HH,,(B) — HH,,(€)

The injectivity of the rightmost arrow follows from the fact that

HC,, (€) ~ ker (HH,,(€) — uHH,,11(€)) ,
and it implies that the image of ¢;; via HC, (B) — HC,, (C) vanishes (because the image of cs
through HH,,(B) — HH,,(C) does so). Therefore cy lifts to a relative class in HC, (€, B).
The map from the affine space of relative lifts of c;; to the affine space of relative lifts of cg
is affine and modelled on the linear map HC, ,(€) — HH,,11(€), which is an isomorphism.
Using that both affine spaces are non-empty, we get that the map from relative lifts of c; to
relative lifts of ¢ is a bijection. Hence we get that a cyclic lift of ¢y exists and is unique. [

3 Calabi—Yau structures associated with k[z*!]

3.1 A Calabi—Yau structure on k[z*!]

Let A = k[z*!] = k[G,,]. It is the function ring of a smooth affine algebraic variety; hence
1-Calabi—Yau structures on A are exactly non-vanishing top degree (here, degree 1) forms.
The Calabi-Yau structure we consider on A is, up to a scalar, « := dgg log(z) = v~ tdyp.
In the rest of this subsection, we provide descriptions of this 1-Calabi—Yau structure that
will be convenient for later purposes.

Remark 3.1. Notice that the inverse morphism inv : z +— x~! allows to identify (A,«)
with (A, —a). We also observe that « is invariant under rescaling maps x — qz, ¢ € k*
(i-e. it is of zero weight for the action of G,, on itself by multiplication).



Remark 3.2. In [35], Yeung also considers a Calabi-Yau structure on k[2*!], which is
different form ours: Yeung’s Calabi—Yau structure is given by dyrz, and is exact, as opposed
to ours. On moduli of representations, the Calabi—Yau structure we consider gives back the
1-shifted symplectic structure that encodes the quasi-hamiltonian formalism (see Section 5
below); we expect that Yeung’s Calabi—Yau structure rather leads to a linearized version
of it. As a matter of fact, if one considers the J-adic completion A at the kernel J of the
evaluation at = = 1, the morphism k[z] — A sending z to log(z) is well-defined and sends
the canonical Calabi-Yau structure dgrz on k[z] to a.

3.1.1 The cyclic cycle

We work with the normalized Hochschild complex C,,(A) = A ® A®" where A = A/k, with
Hochschild differential b. On C,,(A), the Connes boundary map is given by

n
B(ag@ - ®@xn) =Y (-)"1@;0 @2, @30 D+ ® i1
=0

We set
20, = (7' @2)®" — (2 @27 H)®" € Cop_1(A),

so that
blay) =2(1 ® ap—1) and B(an) =2n(1 ® ap).

A direct computation then shows that

o= E k!ukakﬂ

k>0
satisfies (b — uB)(a) = 0.
3.1.2 Proof of non-degeneracy
We want to prove that a; = %(l‘_l ®z —x ®x 1) is non-degenerate. First observe that

the class of 27! ® z equals the one of —z ® ™! (and thus, the one of a;) in HH; (A) ~ QY.
Indeed, in (cohomological) degree —1 the Hochschild homology of A is QY = k[z*!]dgpz.
The class of a 27! ® z, resp. —x ® 1, is computed via the Hochschild-Kostant-Rosenberg
(HKR) map a ® b — adgqrb, and we find

z Ydgpe, resp. — xdgr(z™) = xa?dyrr = 7 dgpe .

Hence it is sufficient to prove that the Hochschild 1-cycle 7! ® z is non-degenerate.

The reduced Bar resolution of A is given by

BA) =P (A2 A®" @ A)n]

n>0

with the usual differential being given by an alternating sum of products of successive
elements. We also have a smaller resolution

R(A) = A°[1] @ A°
with differential sending 1 ® 1 to z ® 1 — 1 ® x. Its dual is

R(A)Y = A° @ A°[—1]



with the same formula for the differential.

There’s a map R(A) — B(A). In degree 0 it is the identity, and in degree —1 it is given by
f®g— f®x®g. Using this smaller resolution we obtain the “small Hochschild complex”:

Allle A

with zero differential. It maps inside the standard Hochschild complex as follows: in degree
0 it is the identity, and in degree —1 it sends f to f ® x. (this map is in fact a quasi-inverse
to the HKR quasi-isomorphism). In the small Hochschild complex, the class of interest reads
as 71, and one can show that as a map

R(A)Y[1] — R(A) (3.3)

it is nothing but the product with 7! ® 1 (in both degrees), which is an isomorphism of
complexes.

Remark 3.4. We could have proven non-degeneracy first, and then use [30, Proposition 5.7]
(see also Proposition 2.3 above) in order to obtain the existence (and unicity) of a cyclic lift.

3.1.3 Yet another description of the Calabi—Yau structure on k[z*!]

For every n-Calabi-Yau category A, with Calabi-Yau structure c, one can consider the
same category with opposite Calabi-Yau structure —c, and denote it A. Then the functor
AJJA — A is relative Calabi-Yau.

Let k = ke be the terminal dg-category (e denotes the identity of the single object); it is
obviously 0-Calabi—Yau, with Calabi—Yau structure being e.

Proposition 3.5. There is an equivalence

klz®' )~k ] &
k1] k

of 1-Calabi—Yau dg-categories, where the Calabi—Yau structure on the left-hand-side is «,
and the one on the right-hand-side is obtained as a Calabi—Yau push-out.

Proof. First of all we introduce the interval dg-category kI: it is the k-linearization of the
category I = 1—2 with two objects and an isomorphism x between them. Observe that we
have a factorization k [[k — kI — k, where the first functor is a cofibration (the inclusion
into kI of its subcategory of objects), and the second functor is a trivial fibration. Hence
our homotopy push-out can be computed as the strict push-out & [[ kI ~ k[z*!]. We thus
kllk

get the requested equivalence of dg-categories. It remains to prove that the 1-Calabi—Yau
structures coincide. Thanks to Proposition 2.3, it is sufficient to prove that the underlying
Hochschild classes coincide.

Finally, the 0-cycle e; — e is homotopic to zero in the cofibrant replacement kI of k:
e1 — es = b(aq), where «; still makes sense for k1. O

3.2 Relative Calabi—Yau structures on evaluations k[z*'] — k

The pull-back of the closed 1-form a = dyg log(z) along any k-point

q: A=klzt)] —k

10



of G,, (i.e. ¢ € k™) obviously vanishes. This tells us that the morphism ¢ is relative
pre-Calabi-Yau in the sense of [6]2.

Lemma 3.6. The above relative pre-Calabi—Yau structure is non-degenerate.
Proof. One first observes that both (R(A)Y[1]) ® k¢ and R(A) ® k¢ are isomorphic to k[1]®k
Ae Ae
with zero differential. Moreover, after applying ® k¢, the isomorphism (3.3) becomes the
Ae

1

multiplication by ¢~! on each component. Then recall that £V = k, so that the morphism

EY[1] = k[1] = k[1] ® k = (R(A)V[1]) flzi k¢, resp. R(A) E{% kE¢=k[l|®k—k
is the obvious inclusion, resp. projection. Hence the map
kY[1] — fib (R(A)) E@C k¢ — k)
identifies with the map

k(1] % k[1] ~ fib(K[1] @ k — k)

This proves the non-degeneracy. O

3.3 A Calabi—Yau cospan
Our aim is to prove that the cospan
Kt [T Ry ™ — k@™, ™) «— K[z, (3.7)
where the rightmost map is z — zy, is relative Calabi-Yau in the sense of [6].
Set B =i(y ' @2 @ay —y®ytz~! @), which satisfies
ar(zy) — (ar(z) + a1(y)) = b(B1).

Lemma 3.8. The above homotopy (31 is non-degenerate, and thus defines an almost 1-Calabi—
Yau structure on the cospan (3.7). This almost 1-Calabi—Yau structure lifts uniquely to a
1-Calabi-Yau structure.

Proof. As a preliminary observation, let us recall on the one hand that B := k{z*! y*1!)
also has a small resolution as a B-bimodule:

R(B) = (B°)**[1] & B°
with differential sending (1®1,0) toz®1—1®x, and (0,1®1) to y® 1 —1®y. Therefore
R(B)Y =B & (B)**[-1]

with differential sending 1® 1to (z®1-1Qz,y®1—-18y).
As the maps a1 (zy) and aq(z) + a1 (y) are homotopic via 81, the following diagram is
homotopy commutative

BY[1] AV @ Bef] VLY 4 o Be

| e

(11(3?);041(y) AEBQ ® Be B
Ae

(_AGBZ)V EPE Be[l]

2We warn again the reader that pre-Calabi-Yau in the sense of [6] (see also [33]) is the non-commutative
analog of pre-symplectic, and differs from the pre-Calabi—Yau notion from [17] that is the non-commutative
analog of a Poisson structure.
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where A = k[zT!]. Following §3.1.2, A ® B¢ ~ B¢[1] © B¢, with differential sending 1 ® 1 to
AC
r®1—1® x. Hence, we get that the fibre of the map
(38[1])693 e (.Be)EBS — ('36)692[1] @ Be

induced by a;(zy) — a1 () + a1 (y) is isomorphic to R(B)V[1] = B¢[1] @ (B¢)®2. Then, using
Theorem 2.5, we get that 5 lifts to a unique homotopy S between a(xy) and a(x) + a(y).
Therefore the cospan (3.7) carries a 1-Calabi—Yau structure. Below we give an alternative
presentation of this cospan. O

3.3.1 Another description of the Calabi—Yau cospan

Observe that we have the following (strict) commuting diagram in the category (Caty™); /mc-
of smooth dg-categories equipped with a negative cyclic 0-cycle (in order to lighten the
notation, we omit coproducts):

(NN
/ NIV

k k k

1 7
N

N

It admits a replacement by a (homotopy coherent) commuting diagram in the co-category
(Catim)k/Hc— :
%)
k

Observe that the above diagram strictly commutes in Catg, but that the negative cyclic
0-cycles only match up to homotopy.

By composing horizontal cospans we obtain a new (homotopy) commuting diagram in
the oo-category (Cat}™) pc-:

k

kI kI i

N,
PN

kI kI

=l

k

T T

/i\




One can finally see that the vertical cospan of dg-categories coincides with (3.7). Additionnaly,
we have 1-cycles ¢, and ¢, ,, in HC™ (k[2*!]) and HC™ (k[z*1] [ [ k[yT!]), respectively, together
with a homotopy ¢, » between their images in HC™ (k(z*1, y*1)).

Proposition 3.9. The triple (cgy, Cz, Cay.2) defines a 1-Calabi-Yau structure on (3.7), that
coincides with the one from Lemma 3.8.

Proof. As we have already seen in Proposition 3.5, the 1-Calabi-Yau structures on k[z 1] [ [ k[y*]
match up: ¢z ~ a(z) + a(y).

They also match on k[z!], but there is a subtelty that is worth noticing. As usual,
according to the unicity of cyclic lifts from Proposition 2.3, in order to prove that ¢, ~ a(z)
it is sufficient to prove that ¢f ~ a(z)? = a;(z). Now, computed stricly, the top horizontal
push-out gives the k-linearization € of a category with two objects 1,2 and two isomorphisms
z: 132 and y : 251. Of course, we have an equivalence k[z*']5C, sending z to zy.
Following a similar calculation as in the proof of Proposition 3.5, we get on € the Hochschild
1-cycle ay(x) + a1 (y). Up to a Hochschild boundary, this matches up with the image of
aq(z) through the equivalence given by z — zy. Indeed, the formula for the homotopy 51
still makes sense in C.

It remains to prove that the homotopy ¢, , . matches with 8. As the underlying Hochschild
homotopy f#; = (¢ is non-degenerate (thanks to Lemma 3.8), according to the unicity of
cyclic lifts from Theorem 2.5, it suffices to prove that the underlying Hochschild homotopies
ct and (% = 3, coincide. We already proved it, as (8; is the homotopy that identifies

.Y,z

a1 () + a1 (y) with ay(z) in C. O

Remark 3.10. Let us put what we have done so far in a more general perspective, by
first recalling from [7, §5.1] that for a closed oriented d-manifold M, the k-linearization
L(M) := dg(Sing(M)) of the fundamental co-groupoid of M carries a d-Calabi-Yau structure.
Moreover, in loc. cit. the authors also prove that if N is a compact oriented (d 4 1)-manifold
with boundary 0N = M, then one gets a d-Calabi—Yau structure on the natural functor
L(M) — £(N). We conjecture the existence of a symmetric monoidal (co,n)-category
CY; of n-iterated s-Calabi—Yau cospans, similar to the iterated category of lagrangian
correspondences sketched in [9], and rigoroulsy constructed in [11]. We also conjecture that
the functor dg(Sing(—)) leads to a fully extended oriented TFT in every dimension: i.e. it
should admit an upgrade to a symmetric monoidal (co, n)-functor

Bord?” — CY?

for every n (in particular, k is n-dualizable in CY?). For the above presentation of the
Calabi-Yau cospan structure on k{z*?!, yﬂ), we took inspiration from a construction of the
pair-of-pants as a suitable composition of 2-iterated oriented bordisms (see subsection 5.2
below, where this decomposition of the pair-of-pants is made explicit), and guessed the
diagram one shall write by pretending that the conjecture was known.

Remark 3.11. The Calabi—Yau push-out of this cospan with the evaluation Calabi—Yau
morphism ¢ : k[z*!] — k from §3.2 gives the Calabi-Yau cospan associated with the Calabi-
Yau isomorphism k[z*!] — k[yT!] given by x + ¢!y (see Remark 3.1). More precisely, the
push-out gives a morphism

Kz ] kly*) — k(@™ y*) /(ay = q) |
under which the image of a;(z) 4+ a1 (y) is identically 0. Then using that inv gives an

isomorphism between the Calabi-Yau structure and its inverse on k[z*!] (see Remark 3.1,
again), we obtain the desired Calabi-Yau cospan from k[z*!] to k[yT!].
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4 Multiplicative preprojective algebras

Consider a quiver @), which consists in a vertex set V', and an oriented edge set E: to each
edge e we associate a source s(e) and a target t(e) in V. We consider its double version
Q= (V,E =EUFE"), where E* consists in reverse arrows e* : t(e) — s(e), and extend * in
an involution of F by setting e** = e for every e € E. We also set e(e) = 1 and e(e*) = —1
for all e € E. As mentioned in the introduction, Crawley-Boevey and Shaw introduced
in [14] the multiplicative preprojective algebra A9(Q), where ¢ € (k*)V. Tt is given as the
quotient of a localization of kQ by the relation

[T +ee) @ = ge,
ecE veV

where e, denotes the length 0 idempotent path at v. It is thus required to invert all 1 + ee*
for e € E*, which actually amounts to inverting 1 + ee* for all e € E. We denote kQ,,. the
localization of kQ with respect to these elements.

The definition of A9(Q) a priori requires an ordering on E, but the resulting quotient
actually doesn’t depend on it (up to isomorphism [14, Theorem 1.4]).

Remark 4.1. We can either view A?(Q) as an algebra, or as a category (with objects the
vertices of ), that correspond to the idempotents of A4(Q)). There is a Morita morphism
from one to another, so that it doesn’t matter for what we do (see [0, Remark 5.4]).

4.1 Relative Calabi—Yau structure for the A, quiver

Consider the quiver As = (V = {1,2}, F = {e: 1 — 2}), with orthogonal idempotents e;
and ey satisfying 1 = ey + eg, and write

a1 = e +e*e and ay = eg + ee”.
Note that
1 + e*e invertible < a7 invertible < as invertible < 1 + ee* invertible,
in which case
(1+ee) ' =e+a;t
ayt =ey —eaj e
al_l =e; — e*agle

(1+ee) t=e +ay’.

(4.2)

Thus in the A5 case, the product in the multiplicative preprojective realtion reads
(I+ee)1+e*e) P =ag+ar! = (1+ee) 11+ ee”).

Denote by B the localization kAy[a; ', ay '], and define morphisms y; : k[zF'] — B, € {1,2},
by setting
pr(z1) =a;t and  po(x2) = as.

Equalities (4.2) further imply

-1 _ —1
ay "€ = ea;
e*a2—1 —_ al—le*
. . (4.3)
€ ea;” =er —ag
* —1 _ —1
€€ Qg = €2 —QAg .
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4.1.1 The homotopy

Note that p1 maps a1 to %(al ® al_l — al_l ®aq), and pe maps %(al to a;l Rag —as ®a2_1)
where tensor products are performed over the algebra R = @,y ke,. Thus

2p1(ar) + pz(ar)) =e*e@a;t —a' @etetay @eet —ee* @ayt
+61®af1—af1®el+a§1®eg—eg®a51
=ee®a;' —a]'@eteta;t Reet —ee* @ay "

+1@(a;" —a3")

as ai_l Qe = ai_1 ® 1 = 0 in the normalized Hochschild complex. Direct computations,
helped by (4.3), show that

efe@a;t —aj' @efetay @eet —ee* @ay?
is the image under b of

eRexa;' tal'®e*®e—e"®a;' ®e—a; ®e®e".

Also,
1@ —a;)=1® (a7 —e1 —ay " +e3) [normalization]
=1® (ee*ay' —e*eay?) [(4.3)]
= —Bb(e* ®eajt) [(4.3)]

= bB(e* @ ea; ).

Hence p1(aq) + p2(aq) is the image under b of

63 (e*®e®a;'+a]'®e*®e—e"®a, ®e—a;, ®e@e" + Ble* ®eay "))

fRedpu+puReRe—e*ulRe—p lRexer (4.4)
[+ g 7 It

N =N =

+lee* @ep—1epu 'e®e”)
if = pa(w1) + pa(w2).

4.1.2 Non-degeneracy

Proposition 4.5. The cospan py Il —us carries an almost 1-Calabi-Yau structure, that lifts
uniquely to a 1-Calabi—Yau structure thanks to Theorem 2.5.

Proof. Set A = k[z] 11 k[zF'] and u = pu; IT —pp. Thanks to the existence of the homotopy
(1 given by (4.4), the following diagram homotopy commutes.

avi] W, avpy & B° —— cofib(uV[1]) (4.6)

R

fib(u) —— A ® B¢ —“ B
Ae

To show the non-degeneracy, we need to prove that the vertical maps there are isomorphisms.
Since A is 1-Calabi—Yau, it is sufficient to prove that the leftmost vertical map is an
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isomorphism. Set A; = k[miﬂ], and Bf = A; ® B° induced by p;. Using the resolutions
‘ALE
from §3.1.2, we can replace A ® B® with the complex
AE

(B & By)[1] & (B @ B3)

with differential
d:(p1®qu,p2®q2) = (pray’ ® 1 — p1 ® a3 ' q1, 202 @ g2 — P2 ® aqs)
where p;,q; € B. A B-bimodule resolution of B is given by
al(B) L Be.
By [28, Therorem 10.6] (see also [6, Remark 5.4]), we can identify Q!(B) with B ® kE ® B
R R

and (1®v®1) =v®1—1&® v, where R still denotes &,y ke,. Here for Ay the edge set
E is simply {e}. Hence, u is given by the following commutative diagram

B Bs — 3 BRIER B

e

fm @q,p2 ®@q) = fr(pm @q1) — f2(p2 @ g2)
T(P1 ®q1,p2 @ q2) =p1 @1 — P2 @ g2

where

Let us give a concrete description of f. We have a k-linear map ¢ : kE — B ® kE ® B which
R R

sends a path p=oaq - -, a; € E, to
n
Zal"'az?l@ai@azﬁrl'”ano
i=1

This map has a natural Bé-linear extension B — B ® kE ® B, still denoted by ¢, satisfying
R R

L) = be(b') + o(b)Y. (4.7)

Then it can be checked that the maps f; : B — B ® kE ® B is given as B¢-linear maps by
R R

f2(1®1) = —(az).

We then identify fib(u) with (f, 7).
The resolution of BY as a B®-module is given by

dV:BRB—-+BRKE®B, 1®e; 01— E (a®a*®@1-1®a*®a).
R R R -
ackE
In the A5 case, this just reads

dV1®l)=ee' ®@l-1Rc et @e®l—1Q@ere".

16



The equivalence
g=oa1 ® B°: (Bi ®B3)[1] @ (Bi © B3) = (Bi @ B3)[1] & (BT & B5)
is induced by the image of a; under py IT —puo, hence by the internal product m with
(1 ®1-1®a,a;' @1 -1®ay")

on both terms, thanks to §3.1.2. The homotopy 51 defined by (4.4) induces a zero homotopy
h of the map
gV W g
With the chosen resolutions, this yields a map h: B® E® B — B ® E ® B such that the
ROR R R

triangles in the following diagram commute

BB —Y" s BokE®B
R R R
fmTvJ/ / l‘rmfv

BOKEQB —— BB
R R d R

where 7V(1®1) = (1®1,-1®1). Now,
fmrV(1el)=fmlel,-1®1)
=fla®l-1®a,1®a;' —ay;' ®@1)

alb(al_l) — L(al_l)al + L(CLQ)GQ_I — a;lL(ag)

1

= —(ar)ayt +ayte(ar) + laz)ay b — as te(asg)
= ("@el+1l@e @e)a;' +aj'(e"Re®1+10e* Qe)
+(eRe®@1+1Ree)ay —a; (e@e*@1+1®e®e)
=hdV(1®1)
if (using (4.3))
M(leeRl)=a,'®e®1-1Qe®aj’
M(lee 1) =10 ®a;' —a;' @e* @ 1.

The homotopy h therefore induces an isomorphism BY[1] > fib(u) as wished (it is the

leftmost vertical map in (4.6)). O
4.2 Fusion
Following [35], we use a fusion procedure to go from the Ay case to the case of an arbitrary

quiver Q = (‘i,E) The following endows the “noncommutative group-valued” moment map
for kQ;,. = kQ[(1 + ee*) '] .5, that defines the multiplicative preprojective algebra, with a
Calabi—Yau structure.

Theorem 4.8. There is a 1-Calabi—Yau structure on the morphism

H: H k[’zl}il] — k@loc
veV

Zy H (1+ee*) x H (1+e%e)™t.

ecENt—1(v) e€ENs~1(v)
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Proof. Denote by QP the quiver with same edge set E but vertex set £ = {v. = s(e), vex =
t(e)}. It is the disjoint union of |E| copies of A that we aim to glue by “fusing” vertices.
This will be done using composition of Calabi—Yau structures by means of push-outs. Thanks
to §4.5, we have a 1-Calabi—Yau morphism

[T (Rl T k') — kQ¥PI(L + ee™) ] e (4.9)

ecE

given by x¢ = (eg(e) + e*e)~! and y, — er(e) +ee”.

For each vertex v € V, fix a total ordering of all edges of E with target v and the same
with E*. Consider e, f = e+ 1 € E, both with target v. We have a 1-Calabi-Yau cospan 3.7
given by

NI R = k) < kX

with ze 5 — yeys. Simllarly, if e ,f* = e*+ 1 € E*, both with target v, we have a
1-Calabi—Yau cospan given by

e [T kleF'] = kel o) « K]

with ze f — zcxg. Finally, if e = maxgt~!(v) and f* = ming- t~!(v), we have a 1-Calabi-
Yau cospan given by

Hk il—)k :tl :|:1><;k[ef]

with ze ; — yexy. Proceeding to ordered compositions of cospans, we get a 1-Calabi—Yau
cospan given by

Cy = k<(yétl)eeEﬁt*1(v)7 (xeil)eEEﬂsfl(v)>

_— \

(Ieesne (o) 50 ) 1T (e - o Kl ]) Rl

where coproducts and variables are ordered.
Now fix an ordering on V', composing the above yields a cospan

[T EEETTERE) — T ¢« [T k=5

that can be composed with (4.9) in order to get a 1-Calabi—Yau structure on p as expected. [

Remark 4.10. Note that this proof is independent of the choice of the function e : Q — {£1}
defining the preprojective mulitplicative algebra.

4.3 Reduction

Consider a family of 1-Calabi-Yau morphisms ¢, : k[zF!] — k, v € V; that is a collection
q = (qv)vev € (k*)V. Thanks to Lemma 3.6 and Theorem 4.8, we have a 2-Calabi—Yau
structure on the push-out of u with HUEV q». To compute this push—out let us use for each
v the k[zF!]-cofibrant replacement of & glven by k(z!,2F') where 2/ lies in degree —1, z, in

degree 0 and the differential is given by 2! — z, — ¢,. We thus get the following.

Theorem 4.11. For every q € (k*)V(@), there is a 2-Calabi-Yau structure on the dg-algebra
T(Q) defined as follows:
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e As a graded algebra, Y9(Q) is freely generated over kQ,,. by the bimodule
(k:@loc)E & ( D ]CZL) ;
Re \wveV

o The differential sends z. to

H (1+ ee*) x H (14+e'e) | —qu.

ecEnt—1(v) e€cENs—1(v)

Remark 4.12. e The zeroth cohomology of T7(Q) is the deformed preprojective algebra
A1(Q).

e The dg-algebra Y(Q) coincides with the one of [3, §5.C] (in the case of a nodal curve
with rationnal components), as well as the one of [18, Definition 4.3]

e Theorem 4.11 generalizes [38, Theorem 5.52] from star-shaped quivers to arbitrary ones.

5 Comparison: moduli of objects
The moduli of objects Perf was introduced by Toén-Vaquié in [34] as a functor
Perf : Cat/"" — dSt"*

from the oco-category of finite type dg-categories to the oco-category of derived Artin k-
stacks. For a finite type dg-category A and a commutative differential graded k-algebra B,
Perf 4 (B) := Mapcy, (A, Mod?"¥) consists in perfect B-module valued A-modules. In [23],
n-shifted symplectic structures for Artin stack, as well as n-shifted lagrangian morphisms
and correspondences (see also [9]) have been introduced. Calabi-Yau structures on dg-
categories and functors can be considered as non-commutative analogs of shifted symplectic
and lagrangian structures in the following sense: by [8, Theorem 5.5] (see also [33]), the
moduli stack of objects Perf sends n-Calabi—Yau structures to (2 — n)-shifted symplectic
structures, and can be extended to a functor from n-Calabi—Yau cospans to (2 — n)-shifted
lagrangian correspondences.

Another way of producing new shifted symplectic and lagrangian structures from old
ones was discovered in [23, Theorem 2.5]: it is shown that for an n-shifted symplectic Artin
stack X, the mapping stack MAP(—7X) in dSt*"* sends (nice enough) d-oriented Artin
stacks to (n — d)-shifted symplectic stacks. By [9, Theorem 4.8] the functor MAP(—,X)
sends (nice enough) d-oriented cospans to (n — d)-shifted lagrangian correspondences. Note
that the Betti-stack functor, denoted by (—)p, maps d-oriented manifolds to (sufficiently
nice) d-oriented derived stacks.

5.1 Moduli of objects of k[z*!], derived loop stacks, and the adjoint
quotient

On the one hand, the 1-Calabi-Yau structure on k[z*'] as constructed in Section 3 induces a
1-shifted symplectic structure on the derived stack Perf,+1). On the other hand, Perfy,+1
is equivalent to the derived loop stack LPerf) := MaP(BZ, Perf}). Knowing that BZ ~ Sk
is 1-oriented, and that Perfy, is 2-shifted symplectic (because k is 0-Calabi—Yau), we obtain,
thanks to [23, Theorem 2.5], a transgressed 1-shifted symplectic structure on LPerfy.
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Proposition 5.1. There is an equivalence
Perf,+1) ~ LPerf;
as 1-shifted symplectic derived stacks.

Proof. On the one hand, recall that for every n-shifted symplectic derived stack X, the
derived loop stack £X is equivalent, as an (n — 1)-shifted symplectic derived stack, to the
derived lagrangian intersection
X x X,
XxX

where X denotes the same derived stack equipped with the opposite n-shifted symplectic
structure. Indeed, the functor MAP((—) B, X ) is an oriented topological field theory (see [9,
Theorem 4.8]), and as such it sends the gluing of two oriented manifolds along a common
boundary to the corresponding derived lagrangian intersection. The case of interest for us is
the one of S*, that is obtained by gluing two closed intervals along two points:

St~ pt H pt,

pt [ pt

where pt denotes the point with its opposite orientation.

On the other hand, using Proposition 3.5 and the fact that Perf sends compositions
of Calabi—Yau cospans to compositions of lagrangian correspondences (and, in particular,
Calabi—Yau pushouts to lagrangian intersections), see [8] and [6, §6.1.2], we obtain that

Perfk[xil] ~ Perf;, 1 , =~ Perfy X Perf, ~ LPerf;,
k]l k Perf, xPerf

as 1-shifted symplectic derived stacks. O

Finally, by restricting ourselves to the open substack consisting of perfect modules
of amplitude 0 and fixed dimension n, we get back the transgressed 1-shifted symplectic
structure on L(BGL,,) (recall that the open embedding BGL,, — Perf}, is a 2-shifted
symplectomorphism). According to [26], this 1-shifted symplectic structure coincides with the
explicit one given on the adjoint quotient [GL,,/GL,] ~ L(BGL,) by the quasi-hamiltonian
formalism (see [9, 20]).

Remark 5.2. The 1-Calabi-Yau evaluation morphism ¢ : k[z*'] — k, ¢ € k¥, induces a
1-shifted lagrangian morphism Perf) — Perf,+1;. We let the reader check that, when
restricted on the open substacks of amplitude 0 modules of dimension n, it gives back the
lagrangian morphism BGL,, — [GL,/GL,] corresponding to the group-valued moment map
pt — GL,, given by ¢ld,,.

5.2 Moduli of objects of k{z*! y*!), pair of pants, and fusion

Recall that a lagrangian structures on the correspondence
Perfk[a:ﬂ] LI k[yx!] $— PeI‘f}C@:il,y:&l) — Pel‘fk[zjzl] N (53)

given by applying the moduli of objects Perf to the Calabi-Yau cospan (3.7) (see [8,
Theorem 5.5]). Using the other description from §3.3.1 of the Calabi—Yau cospan (3.7), and
the fact that the functor MAP((—)B, Perf) sends pt to Perfy, we obtain an alternative
construction of the lagrangian correspondence (5.3). It amounts to apply MAP((—) B, Perf)
to the diagram
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pt

s
AN

pt pt

AN
e

pt pt
@\p‘t pt pt pt /@
pt pt pt pt

and then horizontally compose correspondences, as Perf sends push-outs to pull-backs.
Here we recall that (—) denotes the orientation, respectively the symplectic structure, with
inverted sign. A convenient replacement of the above diagram looks as follows:

H
<: :><— (5.4)
—

J

\@iﬂl

Taking pushouts along the three horizontal correspondances yields the following 1-oriented
cospan/cobordism:

— I

|

g — — I

OO
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Note that the manifold at the center of the diagram is the pair of pants (see Figure 1).

J
G

Figure 1: The decomposition of the pair of pants corresponding to (5.4), in 3d and 2d.

i

Aaaad
R a2 ad

9
Q)al
Qi

S

Using that MAP((—) g, Perf) is a fully extended TFT [11], we have that the lagrangian
correspondence (5.3) is obtained by applying MAP((—) g, Perf) to the oriented cobordism
given by the pair of pants, see [9, Theorem 4.8].

Hence, when restricting ourselves to the substacks of amplitude zero modules of fixed
dimension n, we get a lagrangian correspondence

[GLyn/GLn] % [GLn/GLy] «— [(GLy % GLy)/GLy] — [GLyn/GLy]

that coincides with the one given by applying MAP((—)B, BGLn) to the pair of pants (and
using [9, Theorem 4.8]). It was shown by Safronov [26] that composition with this lagrangian
correspondence gives back the fusion procedure from [1].

Remark 5.5. Notice that Perf sends the conjectural fully dualizable object k in CY?L from
Remark 3.10 to the fully dualizable object Perfy in Lagi. As a consequence Perf shall
intertwine the conjectural fully extended TFT from Remark 3.10 with the fully extended
TFT MaP((—)p,Perfy) from [11] (see also [9] for a heuristic). What we have done above is
following this guiding idea and applying it in an ad hoc way to the case of the pair-of-pants.

5.3 Open questions
Before applying reduction, we have a 1-shifted lagrangian structure on the morphism

Perfkalac — Perfkv[(zQi)l] .

Fixing a dimension vector 77 € (ZZO)V(Q), one can consider the open substacks of dimension
7 amplitude 0 modules. This leads to a 1-shifted lagrangian structure on the morphism

[Rep(kalom ﬁ)/GLﬁ] — [GLﬁ/GLﬁ]

(note that Rep(kQ,,.,7) ~ DRep(kQ,,.,7)). Knowing from §5.1 that the 1-shifted sym-
plectic structure on the target is the standard one on the adjoint quotient, we obtain that

22



Rep(kQ,.., ) is a quasi-hamiltonian GLz-space. We conjecture that it coincides with the
quasi-hamiltonian structure on the very same space from [35, 36, 37, 5].

Observe that it suffices to prove the conjecture for the simplest case ) = As. Indeed, in
the above references the general case is obtained from the A, one by the fusion process of [1].
We proceeded in the same way in §4.2, and it follows from §5.2 that our fusion procedure
coincides with the one of [1] for substacks of amplitude 0 modules.

In order to prove the conjecture for As, one could try to prove a similar statement directly
at the noncommutative level. To achieve this, one would first have to rigorously prove that
Van den Bergh’s noncommutative quasi-hamiltonian structures [36] naturally lead to relative
Calabi—Yau structures (as was argued in the introduction).

Finally, we believe that our 1-Calabi—Yau structure on the dg-version of the multiplicative
preprojective algebra shall give back the non-degenerate pairing appearing in [3] (in the
case of a nodal curve with rational components) on the one hand, and could probably be
recovered from [29] on the other hand. In both cases, it is very likely that the proof of the
comparison will again go through a reduction to the A, quiver, using fusion.
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