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ABSTRACT. In its additive version, Bohr-Mollerup’s remarkable theorem states
that the unique (up to an additive constant) convex solution f(z) to the equa-
tion Af(z) = Inz on the open half-line (0,00) is the log-gamma function
f(z) = InT'(z), where A denotes the classical difference operator and I'(z)
denotes the Euler gamma function. In a recently published open access book,
the authors provided and illustrated a far-reaching generalization of Bohr-
Mollerup’s theorem by considering the functional equation Af(z) = g(z),
where g can be chosen from a wide and rich class of functions that have convex-
ity or concavity properties of any order. They also showed that the solutions
f(z) arising from this generalization satisfy counterparts of many properties of
the log-gamma function (or equivalently, the gamma function), including ana-
logues of Bohr-Mollerup’s theorem itself, Burnside’s formula, Euler’s infinite
product, Buler’s reflection formula, Gauss’ limit, Gauss’ multiplication for-
mula, Gautschi’s inequality, Legendre’s duplication formula, Raabe’s formula,
Stirling’s formula, Wallis’s product formula, Weierstrass’ infinite product, and
Wendel’s inequality for the gamma function. In this paper, we review the
main results of this new and intriguing theory and provide an illustrative
application.

1. INTRODUCTION

One of the best-known special functions of mathematical analysis is the Euler
gamma function. Its restriction to the real open half-line Ry = (0, 0) is usually
defined as the following improper integral (see, e.g., Srinivasan [15])

o0
I'(z) = / t*Letdt, z>0.
0

It is well known and easily seen that this function satisfies I'(1) = 1 and the
identity (using integration by parts)

Nz +1) = (), z > 0.

In 1922, Bohr and Mollerup [6] established the following simple, but remarkable
characterization of the gamma function.
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Theorem 1.1 (Bohr-Mollerup’s theorem). The gamma function is the unique
logarithmically convez solution f: Ry — Ry satisfying f(1) = 1 to the equation

(1) flz+1) = z f(z), z > 0.

A decade later, Artin [3] (see also Artin [4]) investigated and simplified the proof
of this characterization, which has become also known as the Bohr-Mollerup-Artin
theorem. He also showed that many classical properties of the gamma function are
actually very elementary consequences of this theorem and its proof. Among these
properties, recall the Stirling formula

) r
(2) fm @ _
the Gauss multiplication formula

m—1

Z +_7 _ F(m) m—1 _
(3) HF( m ) B mx—%(27r) S $>0’m_1’2:-~-,
j=0
and the Gauss limit
1T
(4) I(z) = lim v . z>o0

n—}oo:t(:t+1)---(:r+n)
It is not difficult to see that Bohr-Mollerup’s theorem above can be slightly
generalized as follows.

Theorem 1.2 (Bohr-Mollerup’s theorem). All logarithmically convez solutions
f: Ry = Ry to equation (1) are of the form f(z) = c['(z), where ¢ > 0.

Indeed, if f: Ry — R, is a logarithmically convex solution to equation (1),
then clearly so is the function f/f(1), which must be the gamma function by Bohr-
Mollerup’s Theorem 1.1.

The following theorem provides a reformulation of the latter result using the
additive notation, where A stands for the classical difference operator.

Theorem 1.3 (Additive version of Bohr-Mollerup’s theorem). All convez solu-
tions f: Ry — R to the equation Af(z) = lnz are of the form f(z) = c+Inl'(z),
where c € R.

It is natural to ask whether analogues of Theorem 1.3 can be obtained by re-
placing the logarithm function in the difference equation Af(z) = lnz with any
other real function. In a recently published monograph [12], the authors showed
that such analogues do exist for a very wide variety of functions. We now state
this result in the following uniqueness theorem, which actually constitutes a major
generalization of Bohr-Mollerup’s theorem.

Recall first that a function f: I — R, where I is any nontrivial real interval, is
said to be p-convez (resp. p-concave) for some integer p > 0 if for any pairwise
distinct points zo, z1,...,Zpy1 in I we have that

f[$0,$1,~-~,$p+1] Z 0 (resp. f[$01$17"'>mp+1] S 0):

where the symbol f[zo,21,...,Zp+1] stands for the divided difference of f at the
points zg,21,...,2Zp41. It can be shown that, if ] is an open interval and f is
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p times differentiable, then it is p-convex (resp. p-concave) if and only if @) is
increasing (resp. decreasing). For background and references, see, e.g., [12, Section
2.2].
We say that a function f: Ry — R is eventually p-convez (resp. eventually
p-concave) if it is p-convex (resp. p-concave) in some neighborhood of infinity.
For any integers p > 0 and n > 1, and any function g: R, — R, we define the
function f4[g]: Ry — R by the equation

n—1 n—1 P
lal@) = > gk) = gz +k)+ Y (3)Al74g(n), z>0.
k=1 k=0 7j=1

Theorem 1.4 (Uniqueness). Let p > 0 be an integer and let the function
g: Ry — R have the property that the sequence n — APg(n) converges to zero.
Suppose that f: Ry — R s an eventually p-convez or eventually p-concave
function satisfying the difference equation Af = g. Then f is uniquely deter-
mined (up to an additive constant) by g through the equation

f(®) = f(1)+ lim fFgl(z),  =>0,
n— oo
and the convergence ts uniform on any bounded subset of R, .

Taking p = 1 and g(z) = lnz in Theorem 1.4, we immediately retrieve both
Bohr-Mollerup’s Theorem 1.3 and Gauss’ limit (4). We thus see that Theorem 1.4
provides a generalization of Bohr-Mollerup’s theorem to a vast spectrum of func-
tions. The following example, which will be our guiding example throughout this
paper, provides another illustration of this generalization.

Example 1.5 (The polygamma function ¢_5). Consider the polygamma function
¥_5: Ry — R defined by the following equation (see, e.g., Adamchik [1])

T
PY_o(z) = / InT'(¢) dt, z > 0.
0
It is known (see, e.g., Adamchik [1, p. 196] and Remmert [14, p. 46]) that this

function satisfies )
P_o(1) = 51n(27r).
Moreover, it is 2-convex since its second derivative is the digamma function %,

which is increasing on R, (see, e.g., Srivastava and Choi [16]). Furthermore, for
any z > 0 we have

Af(z) = /Ollnl"(t)dt—}—/lzﬂlnf‘(t)dt—/ozlnl"(t)dt

P_o(1) + /Oz(lnF(t +1) —1InT'(¢))dt

= ¢2(1)+/0$1ntdt.

Thus, we have Af = g on R, where the function g: R; — R is defined by the
equation

1
g(z) = mlnm—m+§1n(27r), z >0,
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and has the property that the sequence n — AZ2g(n) converges to zero. It follows
from Theorem 1.4 that the function 9_5 is the unique (up to an additive constant)
eventually 2-convex solution to the equation Af = g on R. ¢

In [12, Chapter 3] we also provided the following result, which gives sufficient
conditions on the function g for the existence of an eventually p-convex or eventually
p-concave solution to the difference equation Af = g.

Theorem 1.6 (Existence). Letp > 0 be an integer and suppose that the function
g: Ry — R s eventually p-convezx or eventually p-concave and has the asymp-
totic property that the sequence n — APg(n) converges to zero. Then there
ezists a unique (up to an additive constant) eventually p-convez or eventually
p-concave solution f: Ry — R to the difference equation Af = g. Moreover,

(5) f(®) = f(1)+ lim ffgl(z),  =>0,

n—oo
and f is p-convez (resp. p-concave) on any unbounded subinterval of Ry on
which g is p-concave (resp. p-convez). Furthermore, the convergence in (5) is
uniform on any bounded subset of R, .

We observe that Theorem 1.6 was first proved in the special case when p = 0 by
John [9]. It was also established in the case when p = 1 by Krull [10,11] and then
in its multiplicative version by Webster [18,19].

We also observe that identity (5) actually provides for the function f an ana-
logue of Gauss’ limit (4) for the gamma function. More generally, for every solution
f: Ry — R arising from Theorem 1.6, we presented in [12] counterparts of various
classical properties of the gamma function, including analogues of Burnside’s for-
mula, Euler’s infinite product, Euler’s reflection formula, Gauss’ limit, Gauss’
multiplication formula, Gautschi’s inequality, Legendre’s duplication formula,
Raabe’s formula, Stirling’s formula, Wallis’s product formula, Weierstrass’
infinite product, and Wendel’s inequality for the gamma function. We also intro-
duced and discussed analogues of Binet’s function, Euler’s constant, Fontana-
Mascheroni’s series, Stirling’s constant, Webster’s inequality, and Webster’s
functional equation. We also provided and discussed some additional properties,
including asymptotic equivalences, asymptotic expansion formulas, Taylor series
expansion formulas, and Gregory formula-based series representations.

All these properties, combined with the uniqueness and existence theorems
above, actually offer a unifying setting that emables us to systematically inves-
tigate a very wide variety of functions. This fact was largely discussed in [12] and
even extensively illustrated through various examples, ranging from the gamma
function itself and its best-known variants to important special functions such as
the Hurwitz zeta function and the generalized Stieltjes constants.

In the present paper, we provide a summary of the main results of this new
and intriguing theory. We also illustrate these results by applying them to the
polygamma function 9_, (see Example 1.5), which will be our guiding example
throughout.
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The outline of this paper is as follows. In Section 2, we introduce the concept
of the principal indefinite sum from the solutions arising from the existence The-
orem 1.6. In Sections 3 to 9, we introduce the analogues of Gauss’ limit, Euler’s
infinite product, Wendel’s inequality-based limit, Raabe’s formula, Binet’s func-
tion, Stirling’s formula, Gauss’ multiplication formula, and Euler’s constant. In
Section 10, we provide a long list of properties of the polygamma function %,
that we can derive straightforwardly from this theory. Finally, in Section 11, we
give some concluding remarks.

We observe that some alternative improvements of Bohr-Mollerup’s theorem,
in which both the convexity property and the asymptotic condition are somewhat
relaxed, have been published in recent years. For a rather comprehensive list of ref-
erences, see [12, Section 3.3]. Since this paper is a tutorial focused on the book [12]
rather than a survey paper, we will not elaborate here on these special improve-
ments.

2. PRINCIPAL INDEFINITE SUMS

In this section we introduce the map, denoted X, that carries any function
g: Ry — R satisfying the assumptions of Theorem 1.6 for some integer p > 0
into the unique function f: Ry — R defined in identity (5) and such that f(1) = 0.
For more details, see [12, Chapter 5].

For any integer p > 0, we let DP denote the set of functions g: Ry — R that
have the asymptotic property that the sequence n — APg(n) converges to zero.
We also let K? denote the set of functions g: Ry — R that are eventually p-convex
or eventually p-concave. We can easily show [12, Chapter 4] that D? C DP*! and
that P D KPTL.

Definition 2.1. Let the map 2: dom(X) — ran(X), with
dom(z) = | J(DPnKP),
p>0
be defined by the condition

geDPNK? = Xg(z) = lim fP[g](z),
n—oo
where dom(X) and ran(X) denote the domain and range of 3, respectively.

We observe that the map X is well defined; indeed, if g lies in both sets DP N K?
and DPt! N P! for some integer p > 0, then necessarily

lim fE*'g)(z) = lim fZ[g)(z), = >0.

We also readily observe that the map ¥ is actually a bijection and its inverse is
the restriction to ran(X) of the difference operator A.

We can also show that

ran(Z) = | J{f €KP:Af € DPNKP and f(1) = 0}.
p>0

Interestingly, Theorem 1.4 immediately provides the following characterization

result.
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If f: Ry — R is a solution to the equation Af = g, then it
1s eventually p-convez or eventually p-concave if and only if
f =c+ Xg for some c € R.

Definition 2.2. We say that the principal indefinite sum of a function g lying
in dom(X) is the class of functions ¢ + Xg, where ¢ € R.

Example 2.3 (The log-gamma function). If g(z) = Inz, then we have Zg(z) =
InT'(z), and we simply write

YIlnz = InT(z), z > 0.

Thus, the principal indefinite sum of the function z — In z is the class of functions
z — ¢+ InT'(z), where ¢ € R. With some abuse of language, we can say that the
principal indefinite sum of the log function is the log-gamma function. O

Example 2.4 (The polygamma function %_5). The function g: Ry — R defined
by the equation

1
g(z) = mln:v—:z:+§1n(27r), z >0,

clearly lies in D? N K2. Its principal indefinite sum is the eventually 2-convex
function

Eg(m) = ¢—2(1‘) - 11[}—2(1)1 z > 07
where 19, is the polygamma function defined in Example 1.5. O

3. ANALOGUE OF GAUSS’ LIMIT AND EULERIAN FORM

If the function g: Ry — R lies in D? N KP for some integer p > 0, then by
Definition 2.1 we have

(6) Zg(z) = lim filgl(z), >0

n—oo

As already discussed above, this latter identity is precisely the analogue of Gauss’
limit for the gamma function. Moreover, it can be proved that the sequence n —
fA1g] converges uniformly on any bounded subset of R, to Zg (see Theorem 1.6).

More generally, it was shown [12, Section 7.1] that, if g is r times continuously
differentiable and lies in DP N K™2*{7:"} for some integer r > 0, then Zg is r times
continuously differentiable and the sequence n +— D" fh[g] converges uniformly
on any bounded subset of R; to D"YXg. In particular, both sides of (6) can be
differentiated up to r times and we have

D"Eg(z) = lim DT fE[g](z), z > 0.
n—r 00

Moreover, if g is continuous, then the function f5[g](z) — Zg(z) can be integrated
on any bounded interval of [0,00) and the integral converges to zero as n — o
(see [12, Section 5.3]).

Interestingly, the limit in (6) can be equivalently written in a series form. For
instance, when g(z) = lnz, the series representation of Xg, once converted into
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the multiplicative notation, is precisely the following Fuler product form of the
gamma function

1 5 (1+1/n)°
(7) ;1:[ ey z > 0.

This general observation is stated in the next theorem [12, Section 8.1], which also
shows that, under suitable assumptions, the series can be integrated and differen-
tiated term by term.

Theorem 3.1 (Eulerian form). Let g lie in DP N KP for some integer p > 0.
Then the following assertions hold.

(a) For any z > 0 we have

Sg(z) = +Z ) ATl )—Z g($+n)_2(j)AJ

=1 j=0

and the series converges uniformly on any bounded subset of [0, 0).
(b) If g is continuous, then so is £g and the series above can be integrated
term by term on any bounded interval of [0, c0).
(c) If g is v times continuously differentiable and lies in Km2x{pr} for some
integer r > 0, then g s r times continuously differentiable and the
series above can be differentiated term by term up to r times.

Example 3.2 (The log-gamma function). Consider the functions g(z) = lnz and
Yg(z) = InI'(z) given in Example 2.3 with the value p = 1. Then, identity (6)
clearly reduces to the additive version of Gauss’ limit (4), that is

(8) InT(z) = lim <1n(n —+zlnn — nz: In(z + k))

n— 0o
k=0

Similarly, using Theorem 3.1 we retrieve the additive version of the Euler product
form (7) of the gamma function, that is

Inl'(z) = —lnm—i (1n(w+n)—lnn—m1n (1+711>>

n=1

Moreover, the convergence is uniform on any bounded subset of R, . O

Example 3.3 (The polygamma function 9_5). Consider the functions g and Zg
given in Example 2.4 with the value p = 2. We first observe that

Ag(n) —Ilnn — 0 as n — oo,

and hence (6) yields the following identity

n—1 n—1
P_o(z) = nlgg()(—w Zlnk—Z(m—{—k)lm(l—i—%)—mlnm
k=1 k=1

+z(g(n) +n) + (‘;) 1nn>,
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where the first sum clearly reduces to InI'(n). Now, using the additive version of
Stirling’s formula (2), i.e.,

1
1nl"(n)—g(n)+§lnn - 0 as n — o,

we can easily see that the previous identity reduces to

2 n—1
Y_o(z) = li_>m (nm—mlnm+(1nn)2—2(m+k)ln (1+Z)>
k=1

Thus, this latter identity is a simplified form of the analogue of Gauss’ limit for the
gamma function. Interestingly, it can also be obtained directly by integrating both
sides of (8). The corresponding Eulerian form can be obtained similarly; we get

P_o(z) = x—mlnm—{—i(m—i—ilm(l—i—i) —(m+n)ln(1+z)).

n=1

Moreover, the convergence is uniform on any bounded subset of R, . %

4. THE GENERALIZED WENDEL'S INEQUALITY-BASED LIMIT

For any integer p > 0, any real number a > 0, and any function g: R, — R, we
define the function pf[g]: [0, 00) — R by the equation

(9) palgl(z) = g(z+a) Z z >0,

j=0
or equivalently,
palgl(z) = g(z+a) - Ppafgl(a,a+1,...,a+p-Lz+a), z20,
where the function
z — Py_igl(a,a+1,...,a+p—1;2)

denotes the unique interpolating polynomial of g with nodes at the p points a,a +
1,...,a+p— 1. Thus, the quantity ph[g](z) is precisely the corresponding inter-
polation error at z + a.

We now present an important convergence result, which was established in [12,
Section 6.1].

Theorem 4.1 (Generalized Wendel’s inequality-based limit). For any integer
p >0, any real number a > 0, and any function g lying in DP N KP, we have

PPt Zg](a) — 0 asz — 0o,
or equivalently,
P
Yg(z+a) — Z AJl - 0 asz — 00.
j=1

Moreover, if g is r times continuously differentiable and lies in K™2*{P."} for
some integer r > 0, then this convergence result still holds if we differentiate
the left-hand side with respect to  up to r times.
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Applying Theorem 4.1 to the functions g(z) = lnz and Zg(z) = InI'(z), with
p = 1, we immediately obtain

(10) p2[Z1n)(a) = InT'(z+a) —Inl'(z) —alnz

and hence also the following well-known limit for any a > 0 (see, e.g., Titch-
marsh [17])
im LEYA)
z—oo ['(z) 2
This latter result was also proved by Wendel [20], who first provided the following
double inequality
aye—l  T(z+a)
1 f) < 2T
( * - T(z)ze —

or equivalently, in the additive notation,
(a—l)ln(l—i—g) < p2[ZIhn)a) < 0, z>0, 0<a<1,
which explains the name given to Theorem 4.1.

Example 4.2 (The polygamma function ¥_5). Let us apply Theorem 4.1 to the
functions g and Xg given in Example 2.4 with the value p = 2. Observing that

Ag(z) —lnz — 0 as ¢ — 00,

we can easily obtain the following limit for any a > 0,

1/)_2(m+a)—1/1_2(m)—a<g(:v)—;lnm> —%zlnm -0 as z — 0.

Using Stirling’s formula as in Example 3.3, we finally obtain

2
1/),2(m+a)—¢,2(x)—aln1"(x)—%lnz‘ — 0 as ¢ — 00,

or equivalently,

a 2
/lnF(x-l-t)dt—alnF(:c)—%lna: -0 asz —o0o0. O
0

5. ANALOGUE OF RAABE’S FORMULA

We now introduce a generalization of Raabe’s formula. To this end, we first de-
fine the asymptotic constant o[g| associated with a continuous function g: Ry —
R lying in dom(X) by the equation

olg] = /1 Yg(t)dt = ./o Xg(t+1)dt.

For background on this concept, see [12, Section 6.2].
Using this definition, we can immediately derive the following identity

z+1 x
(11) / Yg(t)dt = U[g]—|—/1 g(t) dt, z > 0.

Indeed, both sides of this identity are functions of z that have the same derivative
and the same value at z = 1.
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For instance, when g(z) = lnz, we obtain
1 1
olg] = / InT(t+1)dt = / (InT'(t) +Int) dt
0 0

1
= -1+ 51n(27r).

Moreover, combining this value with (11) we obtain the following more general
identity

z+1 1
(12) / InT(¢)dt = zlnz —z + §1n(27r).

This latter identity is known by the name Raabe’s formula (see, e.g., [14, p. 46]).
Thus, identity (11) provides for the function Yg an analogue of Raabe’s formula.

Example 5.1 (The polygamma function ¢ ,). Let us consider the functions g
and Zg given in Example 2.4. One can show [1, p. 196] that

1
/ P_o(t)dt = InA+ 1 In(27),
0 4

where A is the Glaisher-Kinkelin constant (see, e.g., Finch [7, Section 2.15]). From
this identity we immediately derive (see also [12, Section 10.3])

o[] / oot +1)dt— P (1) = / ($5(t) + 9(8)) dt — (1)

1 3
= lnA+ Zln(27r)—1.

Identity (11) then provides for the function Xg the following analogue of Raabe’s
formula

z+1 T
/ Voa(t)dt = P_o(1) + olg] + / o(t) dt,

or equivalently,

z+1 1 1
/ PY_o(t)dt = Emzlna:—Zm2+1(2m+1)1n(27r)+1nA. O

6. GENERALIZED BINET’S FUNCTION

Recall that the Binet function related to the log-gamma function is the function
J: Ry — R defined by the equation (see, e.g., Henrici [8, p. 39])

(13) J(z) = InT(z) — %ln(27r) +z-— (m - ;) Inz, z > 0.

Using identity (10) and Raabe’s formula (12), we can easily provide the following
integral form of Binet’s function

J(z) = —/01 P2[Z 1n](¢) dt, z > 0.

This latter formula motivates the following definition, in which we introduce a
very useful generalization of Binet’s function [12, Section 6.3].
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Definition 6.1 (Generalized Binet’s function). For any integer p > 0 and any
continuous function g: Ry — R lying in DP N K?, we define the function

JPH[Zg]: Ry —» R
by the equation

(14) PR = - [ AEdw e, >0

We say that the function JPT1[Sg](z) is the generalized Binet function associated
with the function ¥ g and the parameter p + 1.

Taking g(z) = Inz and p = 1 in identity (14), we simply retrieve the Binet
function
J(z) = J*[Z1n)(z)
related to the log-gamma function, as defined in (13).
Now, combining (9) with (11) and (14), we easily obtain the following explicit
form of the generalized Binet function:

(15)  JPH[Bg)(z) = Bg(z) - ofg] - /12 g()dt+) G;A'g(z), z >0,

j=1
where G; is the jth Gregory coefficient [5,13] defined by

G = /01 (%) at.

Example 6.2 (The polygamma function ¢_5). Consider the functions g and Zg
given in Example 2.4 with the value p = 2. Using identity (15), we obtain the
following generalized Binet function

PSel@) = o)~ 15 @+ Din(e +1) + - (32— 17

12
1 1
- Em(6m — 7Nz - 5:1:1n(27r) —InA. O

7. GENERALIZED STIRLING'S FORMULA

We observe that the Binet function J(z) = J?[Z1n](z) defined in (13) clearly
satisfies the following identity

I'(z) = V2rg® 3 e vt (@)

and hence Stirling’s formula (2) simply states that J(z) — 0 as  — oo. This
observation is at the root of the following generalization of Stirling’s formula [12,
Section 6.4].

Theorem 7.1 (Generalized Stirling’s formula). For any integer p > 0 and any
continuous function g: R, — R lying in DPNKP, the function JPT1[Sg] vanishes
at infinity. That 1s, using (15),

Yg(z) — /j g(t)dt + ZGjAj_lg(a:) — olg] as ¢ — oo.

i=1
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Moreover, if g is 7 times continuously differentiable and lies in K™2*{P:"} for
some integer r > 0, then this convergence result still holds if we differentiate
both sides with respect to x up to r times.

Thus stated, the generalized Stirling formula enables one to investigate the as-
ymptotic behavior of the function ¥g for large values of its argument. When
g(z) =1lnz and p = 1, we immediately retrieve the original Stirling formula (2).

Example 7.2 (The polygamma function ¢_5). Consider the functions g and Zg
given in Example 2.4 with the value p = 2. The corresponding generalized Stirling
formula states that the function J3[Zg] given in Example 6.2 vanishes at infinity.
Using the fact that

(z+1)In(z+1)—(z+1)lnz—1 — 0 as z — 00,

this result can be restated as follows

1 1 1
P_o(z) — 5(63:2 —6z+1)lnz + Z(Bm —2)z — 5 zln(27) — InA
as ¢ — oo. Differentiating both sides of this convergence result, we immediately
retrieve the original Stirling formula. O

8. ANALOGUE OF GAUSS’ MULTIPLICATION FORMULA

The additive version of Gauss’ multiplication formula (3) can be stated as follows;
for any integer m > 1 we have

m—1

Zlnf‘(m-i-]) = lnP(m)—($—1>1nm+m2_11n(27r), z > 0.

- m 2
j=0

A generalization of this formula exists for any continuous function Xg lying in
ran(X). It is stated in the following theorem [12, Section 8.6].

Theorem 8.1 (Analogue of Gauss’ multiplication formula). Let m > 1 be an
integer and let g: Ry — R be a continuous function lying in dom(X). Define
also the function g, : Ry — R by the equation

gm(z) = g(%), z>0.

Then the function gm, also lies in dom(X). Moreover, for any z > 0 we have

7:20129 ($+j> = Egm($)+m0[g]—0[gm]—/lmgm(t)dt.

m

Applying Theorem 8.1 to the function g(z) = ln z, we retrieve the original Gauss
multiplication formula in its additive version. Let us now consider the case of the
polygamma function ¢_,.

Example 8.2 (The polygamma function ¥_5). Let us apply Theorem 8.1 to the
functions g and Xg given in Example 2.4 with the value p = 2. For any integer
m > 1, we have

(2) 1 (2) 1nm+m—1
z) = —g(z)—z——
gm mg m 2m

In(27)
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and hence

Sgm(z) = %w,z(m) - (z) hinm +% (mn: Lao 1) In(2r).

Using Theorem 8.1, after some algebra we obtain the following analogue of Gauss’
multiplication formula

m—1 .
Z:: Yoo (HJ) = 4 a(e) ~ - (627 62+ 1)lnm

m 12m

+ (m — 1)In(27) (;n + i) + (m - ;) In A.

In particular, setting 2 = 1 in this identity we obtain

;zp_g (7> = i(m+1)1n(27r)—111nm+(m—;) InA. ¢

m 2m

9. GENERALIZED EULER'S CONSTANT

Recall that Euler’s constant (also called FEuler-Mascheroni constant) is de-

fined as the limit
"1
v = lim< —1nn>.
n—oo k
k=1

This value actually represents the remainder in the numerical integration of the
function g(z) = 1/z on the interval [1, co) using the left rectangle method with the
integer nodes k = 1,2,3,... (see, e.g., Apostol [2]).

A generalization of this value to any continuous function g: Ry — R lying in
dom(X) was introduced in [12, Section 6.8] as follows.

Definition 9.1 (Generalized Euler’s constant). Let p > 0 be an integer and let
g: R. — R be a continuous function lying in DP N KP. If p > 1, we also assume
that g does not lie in DP~!. The generalized Euler constant associated with the
function g is the number

79l = —JPH[2g](1),

or equivalently, using (15),
P
79l = olgl =) G; A7 g(1).
7j=1

This definition can be justified by the following geometric interpretation. We
can prove [12, Section 6.8] that

(16) el = [ " Bolal(®) - a(t)) dt,

where P,[g]: [1,00) — R denotes the piecewise polynomial function whose restric-
tion to the interval [k, k + 1), for any integer k£ > 1, is the interpolating polynomial
of g with nodes at k,k+ 1,...,k + p; that is,

Fp[g](:v) = PBlgl(k,k+1,...,k+p;z), z € [k, k+1).
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Moreover, if g is p-convex or p-concave on [1,00), then the graph of g always lies
over (or always lies under) that of P,[g]; and identity (16) simply tells us that |y[g]|
is the surface area between the two graphs on [1, c0).

Example 9.2. If g(z) = Inz and p = 1, then we obtain
1
Ylg] = olg] = -1+ 51n(27r) ~ —0.081.

The function g is 1-concave and its graph on [1,c0) always lies over that of the
polygonal line P, [g]. The surface area between the two graphs is precisely |y[g]|. ¢

Example 9.3. If
1
g(z) = zlnz —z+ 5 In(27)

and p = 2, then we obtain
1 1
vlg] = mA+ 61112 -3 % 0.031.

The function g is 2-concave and its graph on [1, 00) always lies under that of P, |g].
The surface area between the two graphs is precisely [g]. ¢

10. THE POLYGAMMA FUNCTION %_o

In the previous sections we have stated only some of our main results, starting
from the generalization of Bohr-Mollerup’s theorem and the analogue of Gauss’
limit, and we have illustrated these results using our guiding example, the func-
tion 9_,. As mentioned in the introduction, many other results were established
and illustrated in the book [12], where it was also demonstrated through several
examples that all those results actually constitute a very powerful toolbox for the
investigation of a large variety of functions.

To give the reader a taste of the scope of this new theory, in this section we
simply present (without the detailed computations) what we can learn from it
about the polygamma function ¢_s.

Recall first that the polygamma function _»: Ry — R is defined by the equa-
tion (see Example 1.5)

P _o(z) = /1 InT'(¢) dt, z > 0.
0
Moreover, we have the identity (see Example 2.4)
g(z) = Y2(z) —¥-2(1), z >0,
where 9_5(1) = % In(27) and
9(z) = A¢Y_2(z) = zlnz—z+¢Y_o(1).

Clearly, the function g lies in D? and the function Zg lies in D3. Moreover, both
functions are infinitely many times differentiable. Furthermore, we can show [12,
Proposition 5.11] that, for any integer ¢ > 1, the function g is eventually (29)-
concave and eventually (2¢ + 1)-convex, while the function g is eventually (2g)-
convex and eventually (2¢ + 1)-concave.
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Remark 10.1. We also observe that the function i 5 is strongly related to the so-
called hyperfactorial function (or K-function). Indeed, the latter is the function
K: Ry — R, defined by the equations

nK(z) = ('(-1,2z)—-{'(-1)
= (§) +v-2(z) —z9y_2(1) for z > 0,

where ((s,z) denotes the Hurwitz zeta function and (’(s, z) denotes its derivative
with respect to the variable s (see, e.g., [1, p. 196] and [12, Section 12.5]). Thus
defined, the hyperfactorial function clearly satisfies the identity Aln K(z) = zlnz
on R, (or equivalently, K(z + 1) = 2® K(z) on R, ). Moreover, the analogue of
Bohr-Mollerup’s theorem states that the function f(z) = In K(z) is the unique (up
to an additive constant) eventually 2-convex solution to the equation Af(z) = zlnz
on R,. O

10.1. Analogue of Bohr-Mollerup’s theorem. The function ¥_, can be char-
acterized as follows (see Example 1.5).

Theorem 10.2. A function f: Ry — R is a solution to the equation Af =g
that lies in K2 if and only if it is of the form f = c+ ¥_,, where c € R.

We also have the following alternative characterization [12, Section 3.1].

Theorem 10.3. A function f: Ry — R s a solution to the equation Af =g
that has the property that, for each z > 0, the sequence

n = f(z+n)— f(n)—zInl'(n) - m2—21nn

converges to zero, if and only if it is of the form f = c+ Y_s, where c € R.

10.2. Asymptotic constant and generalized Euler’s constant. We have the
following values (see Examples 5.1 and 9.3)

1
olg] = 1nA+11n(27r)—2,
1 1
= ImA+_-In2— .
7ld] nA+cln2- 2

We also have the following integral representations [12, Section 10.3]

ol = jam-; [ Za

vl = [ (o + ol + jaae) - A%l e
where {t} =t — |t] and B, is the Bernoulli polynomial B,(z) = z? — z + 1/6.

10.3. Analogue of Raabe’s formula. We have the following analogue of Raabe’s
formula (see Example 5.1)

e 1 3 1
/ PY_o(t)dt = Elena:—zmz+Z(2$+1)1n(27r)-|-1nA, z > 0.
x
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Moreover, the function f = 9_, is the unique continuous solution lying in K2 to
the equation (see [12, Section 8.5])

i 1 3 1
/ f)dt = Eaczlna:—Zm2+1(2x+1)1n(27r)+lnA, z > 0.

10.4. Generalized Binet’s function. We have the following generalized Binet
function (see Example 6.2)

PISel@) = o) - 15 @+ Din(e+1) + 15 (32— 17
1 1
1 z(6z —7)lnz — 5 zln(27) — 1n A.

10.5. Inequalities. The following inequalities hold for any z > 0 and any a > 0.
e Generalized Wendel’s inequality [12, Section 6.1]

0 < sign(a(a —1)(a—2)) (¥-2(z +a) - Y_2(z) —ag(z) - (3)Ag(z))
< (%[ (Ag(z +a) — Ag(z)) < [a] |(%,7)] A%(2).
e Generalized Webster’s inequality [12, Appendix E]
0 < $aletatl)—paetla)+1)
—{a}g(z+ |a] +1) — () Ag(z + |a] + 1)
< %{a} (9(z +a) —g(z + [a] +1) — ({a} —1)Ag(z + [a] + 1)),
where {a} =a — |a].
e Generalized Gautschi’s inequality [12, Section 10.3]
(a—Ta]) nT(z+[a]) < ¢_2(z+a)—Y_2(z+[a])
< (a—[al)g(z + [a]),

provided z + |a| > zg, where zg = 1.461... is the unique positive zero of
the digamma function.
e Generalized Stirling’s formula-based inequality [12, Section 6.4]

1
0 < —FEde) < [ (A +t) - Agla))de
0
5
< = A%g(2).
< 5 A%(2)
We also have the following double inequality [12, Appendix E]

a(z) < ¥oae) < Blz), z>0,

1 1 1
alz) = lnA—f—g—kﬁm—gmg—{—5m1n(27r)—5m(a:2+12)1n:c

1
+ r (z +1)(z* + 5z + 1) In(z + 1)
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and
B 1 3, 1
B(z) = InA 37 1°% +§m1n(27r) zlnz
1 1
+f(m—+—1)(6:n—1)1n(:z:+1)+f(:v+2)1n(m+2)

12

This double inequality provides a rather fine bracketing of the function ¥ _, for
large values of z. Indeed, we have

1
sup |B(z) —a(z)] = 5 (3In2-1) ~ 006
zER

and
1 13 13

16z 18022 | 14423

+0(z™*) as z — 00.

10.6. Generalized Stirling’s and related formulas. For any a > 0, we have
the following limits as  — oo [12, Section 10.3]

¢_2(w+a)—¢_2(x)—aln1"(:r)—%zlnx — 0,

1 1
1/)_2(30)—5(630 —6x+1)lnm+4(3m—2)$—§x1n(27r) — lnA,

1

1, 1
¢_2($)—a:1n1"(m)+ﬁ(6m —1)1nm—am(m+2) — lnA—E,

Y2(z+a) 1
z?Incz 2

10.7. Asymptotic expansions. For any integers m > 1 and ¢ > 1, we have the
following expansion as z — oo [12, Section 10.3]

m—1 .
1 1 1 1
— E P_o <m+r]n) = 23:21nm—2m2+<2x+4>1n(27r)+1nA

=0
+Z kg (2) + (g (a).

Setting m = 1 in this formula, we obtain
1

1
Y_o(z) = 2x2lnm—2$2+(2

+Z §*I(@) + 0(s9(2).

1
z+ 4) In(27r) +1In A

For instance, we have

1 1 1
Y o(z) = — (622 —6z+1)Ilnz — Z(S:c —2)z + 3 zln(27) +In A

12
1 1 1

- O(z™ ).
+ 72022 ~ 50402% T T0080g8 T O )
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10.8. Generalized Liu’s formula. For any z > 0, we have [12, Section 10.3]

1 1 1
Y_o(z) = 1—(63:2—6m+1)1n:v—1(3:r:—2)a:+5m1n(27r)+1nA
1 [*B
2 Jo T+t

where {t} =t — |t] and B, is the Bernoulli polynomial By(z) = z? — z + 1/6.

10.9. Limit, series, and integral representations. We have the following for-
mulas for any z > 0 (see Example 3.3 and [12, Section 8.2])

e Analogue of Gauss’ limat

n—1
Yoa(z) = lim (nm—:clnm+(1nn)m22—2(m+k)1n (1+Z>>
k=1

e Fulerian form

Yoo(z) = x—mlnx+§:<x+“’;1n<1+i> —(m+n)1n(1+f2)).

n=1
o Wezierstrassian form

boa@) = S+ 1+§: +i2(+)1<1+5)
—2(e) = -y +z -zl T+ 50 z+n)ln -

n=1
where v is Euler’s constant.
e Integral form

Y_o(z) = / InT'(¢)dt = zlnl'(z) — / t(t) dt,
0 0
where ¢¥(z) = DInI'(z) is the digamma function.

10.10. Analogue of Gauss’ multiplication formula. For any z > 0 and any
integer m > 1, we have (see Example 8.2)

m—1 .
;%0—2(“]) = 4a(e) ~ o (62 6z + 1)lnm

m " 12m

+ (m — 1) In(2n) (;n + i) + <m - ;) In A.

Letting 2 — 0 in this identity, we obtain

— j 1 1 1
2 P_o (m) = —ﬁlnm + 1 (m —1)In(27) + <m - m) In A.
For instance, when m = 2 we immediately derive the formula
1 5 1 3
ol=z)] = —=In2+ -1 —In A.
1pz(z) g Mty

Interestingly, we can also derive the following limit [12, Section 10.3]

1 1 1
lim (2¢2(mm)—2$21nm) = §m21nm—2m2, z > 0.

m—oo \ Mm
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10.11. Gregory’s formula-based series representation. For any z > 0, we
have [12, Section 10.3]

1 3 11 =
P_o(z) = Elenm—zmz—f- <2m+4> 1n(27r)+1nA—ZGnAnflg(:n),

n=1

where G, is the nth Gregory coefficient. Setting z = 1 in this identity, we obtain
the following analogue of Fontana-Mascheroni’s series

= net 1 3
ZGnA g9(1) = o[g] = mA+ Zln(Zw)—Z.
n=1

10.12. Analogue of Wallis’s product formula. We have the following analogues
of Wallis’s product formula [12, Section 10.3]

nll}ngo <h1(n) + Z(—l)klg(k)>

k=1

i1n2 —3InA4,
12

lim (hg(n) + (-1t ¢2(k)>

n— oo
k=1

1
InA— —1In2,
12

where

hl (’I’L)

(n + i) Inn —n(l—-1n2),

3 1 1
hy(n) = n?In(2n) — 5 n® + 5 nln(27) — 1 Inn.
10.13. Generalized Webster’s functional equation. For any integer m > 1,
there is a unique solution f: Ry — R to the equation

T§f<x+i> = g(z)

that lies in K2, namely [12, Section 10.3]
1
f(l’) = 11[}72 (.’I) + m) —¢72($).

10.14. Analogue of Euler’s series representation of y. The Taylor series ex-
pansion of ¥_s(z + 1) about z = 0 is [12, Section 10.3]

Cn_l) n

(
1
n(n—l)m’ ol <1,

1 2 & _
Yoa(e+1) = i) -y o+ Y (-1
n=3
where z — ((z) denotes the Riemann zeta function. Integrating both sides of this
equation on (0, 1), we obtain the following analogue of Fuler’s series representa-
tion of vy

> N ¢(n) 1 3 1
> (-1 vy B Rt CORRLYS

n=2
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10.15. Analogue of Euler’s reflection formula. For any z € (0, 1), we have [12,
Section 10.3]

Y_o(z) —¢Y_2(l—2) = zln7 — 11n(27r) - /$ ln sin(7t) dt.
2 0

11. CONCLUSION

The authors have recently published an open access book [12] that presents a sig-
nificant generalization of Bohr-Mollerup’s theorem to higher order convex functions.
This generalization shows that a very rich spectrum of functions satisfy analogues
of several classical properties of the gamma function, including Bohr-Mollerup'’s
theorem itself, Euler’s reflection formula, Gauss’ multiplication theorem, Stirling’s
formula, and Weierstrass’ canonical factorization.

In this tutorial paper, we have summarized the main results of this new theory
and have illustrated these results as well as many others by applying them to the
polygamma function %_5 (i.e., the integral of the log-gamma function).

Actually, the uniqueness and existence theorems given in the introduction show
that it is usually not very difficult to check whether a given function can be inves-
tigated through our results or not. If so, then we may gain a lot of insight into this
function just by applying those results almost mechanically.

In writing this paper, our hope is to convince the reader that our theory offers
a unifying approach that enables us to systematically handle a wide variety of
functions all at once using elementary means.

Beyond this systematization aspect, this theory introduces some new important
and useful objects. For instance, the map X itself is a new concept that seems to be
as fundamental as the basic antiderivative operation. Other concepts such as the
asymptotic constant and the generalized Binet function also appear to be new fun-
damental objects that merit further investigation. These objects are used, e.g., in
the remarkable generalized Stirling formula, but also in many other useful formulas
such as the analogue of Raabe’s formula and the analogue of Gauss’ multiplication
formula.

Lastly, this theory also revealed how natural and useful the higher order con-
vexity properties are. Although these properties seem to be still rather poorly
investigated in mathematical analysis, they clearly play a crucial role in this set-
ting and hence also merit further study.
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