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1. Introduction

With the increase in computational power readily available in personal computers and the increase in complexity in
statistical models, more and more researchers are shifting towards Bayesian statistics. The Bayesian framework allows more
flexibility and more intuitive interpretations compared to frequentist methods, but this same flexibility comes with the
cost of argumentation for certain choices and the assessment of their impact on any conclusions drawn from the data.
In Bayesian statistics, particularly the choice of the prior can have a profound impact on the inferences drawn from data,
especially at small sample sizes. The prior elicitation thus can be perceived as dual: an opportunity to introduce important
prior knowledge into the problem, but at the same time a challenge when it comes to choosing a suitable prior. Of course,
a natural choice of prior can be obtained if one resorts to general principles such as mathematical tractability (bringing
conjugate priors to the forefront) or the invariance property (favouring the Jeffreys prior). However, in absence of such
considerations, the prior choice induces an essential research question: how can one quantify the impact of the choice of
the prior on the posterior distribution, and hence on subsequent inference? Diaconis and Freedman (1986a,b) showed that
under certain regularity conditions the effect of the prior wanes as the sample size increases (think also of the Bernstein-
von Mises theorem stating that, under certain regularity conditions, the posterior distribution converges to the Gaussian
distribution), however in practice the sample size of course is always finite and, very often, rather small, underlining the
relevance of said question. At first sight, a pragmatic answer could be a sensitivity analysis, but such an analysis often
depends on how it is carried out and it only covers certain aspects of the inference, hence cannot provide a satisfying
general answer.
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There does not exist a formal definition of prior impact in the literature. According to Reimherr et al. (2014), an all-
encompassing approach to this problem is seemingly philosophically and mathematically impossible. The mathematical
problem lies in the lack of proper definition, while the philosophical problem concerns different schools of Bayesian infer-
ence: for a subjective Bayesian, the impact of the prior may be of less concern than for an objective Bayesian or frequentist
statistician. Consequently, different measures of prior impact have been proposed over the years. A popular approach is the
so-called effective sample size, defined as the approximate number of observations equivalent to the information conveyed by
the prior, see for instance Lin et al. (2007); Morita et al. (2008); Reimherr et al. (2014); Wiesenfarth and Calderazzo (2019);
Jones et al. (2021) and the references therein. Kerman (2011) introduced the Neutrality, corresponding to the posterior’s
tail probability to the left of the frequentist maximum likelihood estimate. Yet another approach has been taken by Ley et
al. (2017) who measure the Wasserstein distance between two posteriors with finite first absolute moments, of which one
results from the prior of interest and the other is the no-prior data-only posterior. Since it is mostly impossible to calculate
this distance explicitly, the authors have provided sharp lower and upper bounds on the Wasserstein distance and their
approach relies on a variant of the famous Stein Method. In order to compare any two priors directly, Ghaderinezhad and
Ley (2019) recently extended their approach to any two priors for one-dimensional parameters, provided that the posteriors
are nested and have finite first moments; see also Ghaderinezhad and Ley (2020).

For practical purposes, the power of the Wasserstein distance idea has not been exploited so far. The obtained bounds
and rare explicit results are obtained for tractable posteriors; indeed, most examples considered in Ley et al. (2017) and
Ghaderinezhad and Ley (2019) are (related to) conjugate priors. Moreover, their results are confined to the priors whose
supports are nested and to the one-dimensional setting, meaning that prior impact can only be assessed for one scalar
parameter at once. Even if the bounds are well computable, they may not give us accurate information on the actual
distance if they are spread far apart. Thus, nice as they are, these mostly theoretical results are not yet broadly usable in
practice. The aim of the present paper is to precisely fill this important gap and make this theoretically successful method
widely usable in practice. More concretely, we will provide in Section 2 the Wasserstein Impact Measure, abbreviated WIM,
for assessing prior impact for any type of priors (under the assumption that the posteriors possess finite absolute moments
of order 1) and any dimensions. The WIM relies on a numerical computation of Wasserstein distances and will allow us to
compare any two priors, thus making the WIM a fully usable alternative to the proposals from the literature. It is important
to note that the Wasserstein distance does not enjoy the scale invariance property, meaning that the impact of the prior is
not comparable across different parametrizations. By means of Monte Carlo simulations, we will compare the WIM to other
prior impact measures from the literature in Section 3, namely the effective sample size (in what follows we will use its
most recent version called MOPESS) and the Neutrality mentioned above. We illustrate the practical aspects of the WIM on
two data examples in Section 4. Finally, we conclude the paper with a discussion in Section 5.

2. The WIM for prior impact

We now present our new practice-oriented measure of the impact of the choice of the prior, the WIM. For a given
dataset and, hence, a given likelihood, it quantifies the Wasserstein or Wasserstein-1 distance (Vaserstein, 1969) between
two posteriors resulting from two distinct priors (still under the assumption that the posteriors possess finite absolute
moments of order 1). In particular, if one prior is the (improper) uniform/flat prior, then this distance reveals how much
information the other prior adds to the posterior in comparison to the likelihood alone. We stress that the WIM is not an
absolute measure, but rather a relative measure allowing to compare two priors. If they are quite close for instance, then
one can opt for the simpler prior. To quantify the uncertainty of the WIM for a given dataset, we suggest having recourse
to bootstrapping as we shall illustrate in Section 4. This measure of prior impact is highly intuitive, simple and can be used
in univariate as well as multivariate, one-parameter as well as multi-parameter settings.

One way to efficiently compute the WIM is by having recourse to the Vallender formula (Vallender, 1974) which allows
one to calculate the Wasserstein distance by using the cumulative distribution functions F;(0; x) of two posterior distribu-
tions P; and P, where 6 € R is the parameter of interest and x represents the data. The Wasserstein distance dy (P1, P2)
is obtained as

b
dW(PLPz)=/|F1(9;X)—F2(6’;X)|d9, (M
a
where a and b are the bounds of the support of the parameter of interest (support that obviously can be R). This formula
can also readily be extended to m > 1 parameters 61, ..., 0y as follows:
bl bm
dw (P1, P2) =// [F1(01, - .-, 0m; X) — F2(61, ..., Om; %)|dO1 - - - dOp,
ay am
where aj, b; are the bounds of the support of 6;, j =1, ..., m. The Vallender formula gives an exact expression, and numer-

ical integration techniques permit to calculate this quantity irrespective of any assumption of nested supports between P
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and P,. Now, it is not uncommon to encounter complicated posterior densities for which the cdfs are not computable. In
such cases, we suggest to have recourse to computational techniques such as Markov Chain Monte Carlo (MCMC) methods
to generate random samples from each distribution Py and P, and then use Monte Carlo integration. For instance, the
“transport” package in R offers functions for estimating the Wasserstein distance of any order between two sets of samples
from different distributions, see Schuhmacher et al. (2019). Most of the functions in the package have been designed for
data with two or higher dimensions.

One may wonder why we opted for the Wasserstein distance and not other distances such as the Total Variation dis-
tance. The reasons are manifold. First, we started off from the theoretically successful proposals of Ley et al. (2017) and
Ghaderinezhad and Ley (2019), which rely on the Wasserstein distance. Second, this distance can be numerically calculated.
Third, it bares a clear and intuitive interpretation as the amount of “work” required to turn one probability distribution
into another (therefore it has some different names in other fields of studies such as optimal transport distance in opti-
mization or earth mover’s distance in computer science). Finally, it incorporates a ground distance on the space in question
that causes adequacy compared to competing metrics such as the Total Variation or x2-metrics which do not consider
any similarity structure on the ground space (Sommerfeld and Munk, 2017). Finally we note that a good alternative choice
would be the Kolmogorov metric which is also computable and, contrary to the Wasserstein distance, is invariant under
scale transformations.

3. Comparison with prior impact measures from the literature

In order to judge its quality as new measure of prior impact, we now compare the WIM to other competitors from
the literature, namely the Neutrality and the MOPESS (abbreviation to be defined below). We start by describing both
approaches in Sections 3.1 and 3.2, respectively, before proceeding to the comparison with our WIM in Section 3.3.

3.1. Neutrality

Kerman (2011) introduced the concept of Neutrality N for a given prior with corresponding posterior ©, say. The Neu-
trality of ©® is defined as the probability of ® to lie on the left of the frequentist maximum likelihood estimate 6y, which
in mathematical terms means

éMLE
N=P(® <lyip) = / p(6; x)do,
a

where p(6;x) is the posterior and a the lower bound of its support. The closer this tail probability is to 1/2, the less
informative or the more neutral the prior is. Kerman (2011) showed that for the binomial and Poisson likelihoods, the
conjugate Beta(1/3,1/3) and Gamma(1/3,0) are respectively the most neutral priors over the entire parameter space. The
advantage of the Neutrality N as a metric of prior impact is that it is an absolute metric for each prior, in contrast to
the WIM and the MOPESS (see next section) which are relative measures. Another advantage is the ease of calculation in
conjugate models, since it can be calculated analytically and, when MCMC has been used, it can be readily calculated based
on the posterior samples. In addition, the scale of N is the same for all models no matter how complex they are since
N € [0, 1]. However, it cannot be used properly in cases where the frequentist MLE is at the boundaries of the parameter
space which is a notable disadvantage in Bayesian analysis. For example, in a binomial model when the MLE is 0 or 1, then
N will be the same for any prior. Moreover, Kerman (2011) has not mentioned how to extend this concept to multivariate
or multiparameter situations, so we do not discuss this issue here.

3.2. Mean Observed Prior Effective Sample Size (MOPESS)

In certain studies one distinguishes between the effect of the prior and the amount of information the prior does contain.
For conjugate models, the nominal amount of information in the prior is known and is often expressed in terms of the
number of pseudo-observations (prior sample size (PSS)). For instance, in a beta-binomial model, the parameters of the
Beta(a, B) prior can be interpreted as the number of successes («) and failures (8) in the available prior information. When
the prior and the likelihood function differ substantially or are very comparable, the impact will be different although the
prior has the same amount of information in each situation. Therefore the concept of effective prior sample size (EPSS) has
been introduced.

We will follow here the definition of Reimherr et al. (2014) of a new class of effective prior sample size measures based
on prior-likelihood discordance, which is also referred to as (the degree of) prior-likelihood conflict in Jones et al. (2021).
Reimherr et al. (2014) published the first algorithm on how to adjust for prior-likelihood conflict in the calculation of EPSS
to answer the question: how many extra observations are needed to transform a posterior based on a baseline prior into the
posterior based on the prior of interest? The EPSS can be lower or higher than the nominal PSS (information) depending on
the actual data that are observed. When the prior mean is arbitrarily far from the maximum likelihood estimate, then the
impact will become larger. The EPSS can also be negative, indicating that the baseline prior is in fact more impactful than



F. Ghaderinezhad, C. Ley and B. Serrien Computational Statistics and Data Analysis 174 (2022) 107352

the prior of interest. Jones et al. (2021) have extended the method of Reimherr et al. (2014) to a more general setting and
their method also works for lower sample sizes (where the impact of the prior is particularly important). They calculate the
mean observed prior effective sample size (MOPESS) according to the following steps:

1. Derive the posteriors based on the prior of interest and the baseline prior.
2. Use the posterior predictive distribution based on the prior of interest to sample two sets of m additional observations
(m=1,...,L where L is the maximum feasible value for EPSS).
3. For each m, calculate
(i) the Wasserstein-2 distance (see their paper for a formal definition of this Wasserstein distance) between posteriors
based on (1) original data combined with prior of interest versus (2) original + additional data combined with
baseline prior (W1).

(ii) the Wasserstein-2 distance between posteriors based on (3) original data combined with baseline prior versus (4)
original + additional data combined with prior of interest (W 2).

4. The m for which this distance is smallest is the OPESS. The lowest value of the set of W1 and W2 determines the sign:
when W1 contains the lowest distance, then the prior of interest is more impactful than the baseline prior (OPESS > 0)
and vice versa (OPESS < 0).

5. This process is repeated several times and the mean of the OPESS values is the MOPESS.

An advantage of the MOPESS algorithm is that it indicates which of the two priors has the most impact thanks to the
added sign. Similarly to our Wasserstein approach, the aim of the MOPESS is to compare any two posteriors and measure
the relative impact of the priors. Hence, it is necessary to label one of the priors as the baseline. A practical disadvantage
of this method is the computation time for non-conjugate models where advanced sampling algorithms are necessary and
need to be repeated several times. A further disadvantage of the MOPESS appears in models with covariates such as in
regression settings, because it requires assumptions to be made on the distribution of each covariate. Jones et al. (2021)
mention this issue, and also show through a simple linear regression example that the MOPESS in principle should work in
higher dimensions, though this extension has not been touched upon outside of this one example.

3.3. Comparison with the WIM

We will study in how far our WIM relates to the Neutrality and the MOPESS via Monte Carlo simulations. In order to see
whether they provide similar information or we can learn different aspects from them, we plot the WIM versus both the
Neutrality N and the MOPESS for various priors corresponding to the Poisson, binomial and normal settings. The simulation
strategy is the same for each setting. We draw 1000 random samples for each combination of sample size (n = 10, 50, 100
and 200) and parameter value (this depends of course on the setting). We calculate the WIM for each pair of posteriors
by drawing 10000 random samples from them and calculating the Wasserstein distance between them with the transport
package.

3.3.1. Poisson case
The most famous count distribution is the Poisson with probability mass function

exp(—0)6*
'_) —
X!

’

where 0 € R* is the parameter of interest indicating the average number of events in a given time interval, and x € N is
the number of occurrences. The Gamma distribution is one of the most popular choices of priors for the Poisson model, in
large parts due to the fact that it is a conjugate prior. For example, it was used to study asthma mortality rates by Gelman
et al. (2004). The Gamma probability density function is

o
o P

(@)
where «, 8 > 0. The Gamma prior contains as special cases the exponential prior (o = 1), the uniform prior (¢ =1,8 =
0), and the Jeffreys prior which is proportional to #~1/2 (@ = 1/2, 8 = 0). In addition, Kerman (2011) showed that the
Gamma(1/3, 0) prior is optimal in terms of Neutrality for a large range of sample sizes and values of 6.

Fig. 1 shows the WIM (x-axis) versus the Neutrality and the MOPESS (y-axis), respectively, for different Gamma priors
and sample sizes. For the WIM and the MOPESS, the baseline prior is the uniform, which is not required for the Neutrality
N. We observe that all prior impact measures decrease with sample size, as one could expect.

The first clear conclusion for Neutrality against WIM is that these measures are very alike for the two considered Gamma
priors, except for n = 10. This is remarkable because the shapes of these priors diverge considerably with increasing f.
Moreover, in some panels the Neutrality quickly reaches its maximum value meaning the Neutrality is no longer sensitive
to distinguish between priors. In such cases, the WIM is a much better choice to quantify the impacts of the priors as it is
unbounded. Also in some cases such as 6 =1 the WIM is not much affected by f.

2 0% exp(—p0),

4
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Fig. 1. WIM vs. Neutrality (left panel) and WIM vs. MOPESS (right panel) for the Poisson model. The columns correspond to different sample sizes and the
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The relation between the MOPESS and the WIM is not monotone in some panels due to the known high variability of
the MOPESS (Jones et al., 2021), which speaks in favour of the WIM. One can notice the higher MOPESS values compared to
the WIM, in particular for # =1 there is more variability in the MOPESS. Its positive sign indicates that the Gamma priors
are more impactful than the baseline uniform prior, an information the WIM does not yield.

3.3.2. Binomial case
Let us now consider the binomial distribution Bin(n, ) with probability mass function

n _
X ( )QX(I -0,
X

where x € {0,...,n} is the number of observed successes, the natural number n indicates the number of binary experi-
ments and 6 € (0, 1) stands for the success parameter. The conjugate prior for the binomial distribution is the beta model
Beta(o, B) with parameters «, 8 > 0. The Beta(c, B) prior contains some specific cases based on the definition of o and g,
such as the uniform prior (¢ = g = 1), the Jeffreys prior (@« = 8 = 1/2), Haldane’s prior (¢ = 8 = 0) which gives a complete
uncertainty, and the neutral prior (¢ =8 =1/3) (Kerman, 2011).

Fig. 2 portrays the WIM (x-axis) versus the Neutrality and the MOPESS (y-axis), respectively, for different priors and
sample sizes. For the WIM and the MOPESS, the baseline prior is the uniform, which is not required for the Neutrality N.

The optimal Neutrality of 1/2 is obtained for values of 6 near 1/2, just at the point where the WIM also reports the
smallest impact. The further we move towards the edges of the parameter space, the higher the WIM between priors and
the less Neutrality the priors have. For Jeffreys’ prior, this relation is monotone for all sample sizes. For Haldane’s prior
the relation is monotone only for n = 100, 200; for n = 50 we see a small non-monotonicity near the outer edge and for
n =10, we see that the Neutrality reverses in sign with respect to 0.50 around 6 = 0.20 and 0.80. The WIM is here a
better interpretable, because monotone prior measure when moving away in either sense from 6 = 0.50. For the neutral
Beta(1/3,1/3) prior, the graph shows that it optimally preserves Neutrality near 1/2 for n = 50, 100, 200, where one thus
resorts to the WIM to detect differences. Again both prior impact measures decrease with the sample size.

Since the MOPESS is a highly variable metric, the relationship with the WIM is not nicely monotone as with the Neu-
trality (even after averaging over 1000 replicates). For Haldane’s prior, the MOPESS lies close to zero except for n =10 and
6 = 0.95. In addition, for the other combinations of sample size and success rate we do observe an increase in the MOPESS
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towards the edges of the parameter space which makes sense as the Haldane prior inflates towards 0 and 1. A similar
behaviour exists for the neutral prior and Jeffreys’ prior for the sample size n = 10 (increasing of the MOPESS near the edge
of the parameter space), however for larger sample sizes, the relationship between the WIM, the MOPESS and the success
rate is very erratic due to the MOPESS’ variability. We also observe that the MOPESS does not decrease with sample size;
the clearer structure of the WIM makes it a better understandable measure for the binomial case.

3.3.3. Normal case
Finally we choose as continuous model the normal distribution with probability density function

1 (x — u)2>
X exp| — , XeR,
V2o p( 202

with location parameter p € R and dispersion parameter ¢ > 0. We consider o2 to be the parameter of interest and u is
fixed (known a priori). We wish to compare here the improper Jeffreys prior p(c2) & 1/0%, invariant under reparameteri-
zation, and the Inverse Gamma (IG) prior with positive real parameters v and g which happens to be the conjugate prior
for the normal distribution.

Fig. 3 presents the WIM (x-axis) versus the Neutrality and the MOPESS (y-axis), respectively, for different priors and
sample sizes. For the WIM and the MOPESS, the baseline prior is the Jeffreys prior, which is not required for the Neutrality
N. All prior impact measures decrease with the sample size.

We first notice that the uniform IG(1,0) prior's Neutrality does not depend on the variance and converges slowly to
1/2 as the sample size is increasing. Thus, for the comparison of the IG(1, 0) prior with Jeffreys’ prior, the WIM is a more
informative choice. For the other priors, the relationship is monotone at first until it reaches an asymptote for the Neutrality
which is dependent on the sample size. For the IG(1/3,1/3) prior, we observe that this asymptote is at 1/2 and reached
rather quickly, indicating that Neutrality of this prior is optimal for a large range of values and the I1G(1/3, 1/3) thus can be
considered a neutral prior as defined by Kerman (2011). It is notable that while the Neutrality converges to an asymptote
and is thus no longer sensitive to distinguish between priors, the unbounded WIM is still able to distinguish further between
the two priors.

For smaller values of o2, the MOPESS values are positive for all priors and sample sizes, which was expected because
the priors under consideration have the dominant part of their probability mass near the limit of zero. So when the prior
and likelihood are strongly similar, this corresponds to additional observations. However, only for the IG(1,0) and IG(1,1)
priors is the MOPESS larger than 1. The MOPESS shrinks to zero or slightly below with increasing values of o2, indicating
more impact from the Jeffreys prior. Although the relationship between the WIM and the MOPESS is less erratic than for the
binomial model, the relationship is still not monotone. A possible reason for this behaviour is that the Wasserstein distance
has no sign to indicate which of the two priors is more impactful. A second reason is that finite sampling variability limits
the display of a monotone relationship (Jones et al., 2021). Both the MOPESS and WIM report insightful information and it
seems hard to pick a better choice in this setting.

4. Illustration of the WIM on two data sets
4.1. Priors for the skewness parameter of the skew-normal model

Many distributions have been built to capture skewness in data. Arguably the most famous instance is the skew-normal
distribution of Azzalini (1985) with probability density function

xr—>£¢<x_u>¢><a(x_ﬂ)>, xeR, (2)
o o

o
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Fig. 4. Posterior distributions for the skewness parameter of the skew-normal model for the frontier dataset based on different priors.

where 1 € R is the location parameter, 0 € R* the scale parameter, both inherited from the standard normal distribution
with pdf denoted by ¢ and cumulative distribution function ®, and @ € R is called the skewness parameter. The density (2)
is an asymmetric model for & # 0 and reduces to a standard normal when « = 0. A well-known problem of the skew-normal
model in relation with frequentist inference is that, for some datasets, the maximum likelihood estimate of the skewness
parameter becomes infinite (Azzalini and Capitanio, 1999). A famous example of such a situation is the frontier dataset,
to be found in the sn package of R where the MLE for the skewness is 1.4e+06 for 50 draws from a skew-normal with
m=0,0 =1 and skewness o = 5. In these cases a Bayesian estimation procedure seems a meaningful alternative. A review
of different priors for the skew-normal model and more general skew-symmetric distributions is given in Ghaderinezhad et
al. (2020). We will apply various priors discussed in that paper to the frontier dataset and calculate the WIM between the
resulting posteriors. The following priors will be examined (the * indicates that some priors are approximated by a known
parametric form for ease of computation):

e Uniform/flat prior: p(c) oc 1.

e Jeffreys’ prior (*): a tractable approximation of the Jeffreys prior p(«) is ty 72,4 9 5(e) Where tgp ¢ is the density of the
Student t-distribution with location a € R, scale b > 0 and ¢ > 0 degrees of freedom (Bayes and Branco, 2007). This
prior is proper, symmetric around zero, decreasing in |o| and its tails are of the order O (ax—3/2).

e Bayes-Laplace prior: following the Bayes-Laplace rule, Bayes and Branco (2007) proposed a uniform prior on the interval
[—1,1] for T which corresponds, for «, to the prior p(a) =tg,05,2(c).

e Beta Total Variation (BTV) prior (*): belonging to the class of distance-based priors proposed by Dette et al. (2018),
the rationale for this prior on the skewness is that o not only controls the skewness, but shifts the entire distribution
and hence a prior should rather be set on the Wasserstein distance between the normal and the skew-normal and,
from there, one can derive a prior for . We choose the so-called BTV (1,1) prior which can be approximated by
p(a) =10,0.92,1().

e Normal prior: an informative prior, chosen such that the mean is zero in order to be comparable to the location of the
other priors, and the variance is set to cover a reasonable scope of values, resulting in the prior A'(0,5) (Canale and
Scarpa, 2013).

e Skew-normal prior: another informative prior suggested by Canale and Scarpa (2013). It combines the location and scale
of the A/(0, 5) with a skewness value of 2.

All posterior distributions are numerically sampled by Markov Chain Monte Carlo with the T-walk algorithm in R (Christen
and Fox, 2010). Based on preliminary analyses, we used chains of length 100k with a 50k burn-in and thinning rate of 5
as this yields stable results for this dataset. Fig. 4 gives an overview of the posteriors obtained from the different afore-
mentioned priors. We clearly observe that the mode of each posterior is very close to the true value o =5 of the frontier
data.

Table 1 contains the WIM for each pair of posteriors resulting from different priors. It reflects what can be seen in Fig. 4,
namely that the posterior based on the uniform/flat prior is considerably different from all the others. Setting the uniform
prior as baseline prior, the Jeffreys prior would have the least impact compared to the other priors. The smallest distance
occurs between the informative normal and skew-normal priors, indicating that it makes little difference which of these two
we choose. It is interesting to note that the BTV (1, 1) prior, considered to be non-informative (Dette et al., 2018), seems
to have slightly bigger impact than these informative priors when compared to the prior-free case (uniform). This requires
further investigation, which is why we also quantify the uncertainty behind these distances. To this end we use bootstrap
resampling (250 bootstrap samples) to obtain the sampling distribution of the WIM for all pairs of posteriors by calculating
for each bootstrap sample of the frontier dataset the distance between the posteriors. The results are summarized in Fig. 5.
The WIMs involving the uniform prior are not only the largest, but also have the highest variability. In particular, the WIM
between the uniform and the informative priors has the largest variability, clearly larger than with the BTV (1, 1) prior,
which is now well in line with the non-informative/informative character of these priors. Not surprisingly, the least variable
distance occurs between the normal and the skew-normal priors.
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Table 1
WIM between pairs of posteriors resulting from different priors for the skewness
parameter « in the skew-normal model for the frontier dataset.

Priors Jeffreys Bayes-Laplace BTV Normal SkewNormal
Uniform 1.604 3.138 2.213 2.081 2.067
Jeffreys 1.534 0.609 0.504 0.515
Bayes-Laplace 0.926 1.072 1.077
BTV 0.452 0.453
Normal 0.040

Uniform v. SkewNormal -

Uniform v. Normal =
Uniform v. Jeffreys -
Uniform v. BTV =

Uniform v. Bayes-Laplace =

Normal v. SkewNormal =

—]F 1
—(F 1
A
e
—F 1
4
Jeffreys v. - 1
Jeffreys v. Normal - o] }————
Jeffreys v. BTV- [ F——r
Jeffreys v. Bayes-Laplace - {4
BTV v. SkewNormal- [ }————
BTVv.Normal-  q[———
Bayes-Laplace v. SkewNormal - I
Bayes-Laplace v. Normal - B
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Fig. 5. Boxplot of the WIMs between all pairs of posteriors resulting from different priors for the skewness parameter in the skew-normal model. The
boxplots are based on B =250 bootstrap simulations and the red dots indicate the value of the WIM of the original “frontier” dataset.

4.2. Logistic regression and weakly informative priors

In the present section, we compare the uniform versus so-called weakly informative priors for the logistic regression
model involving a single continuous covariate:

logit(mt;) = Bo + B1xi,

where Bo, B1 € R are the regression parameters, 7; is the probability that observation i is a success and the logit function
is the logarithm of the odds. An important application of Bayesian inference occurs in dose-response studies where the
parameter of interest is the “LD50” (lethal dose), the dose (x) where the probability of death () is exactly 50%. Using
maximum likelihood estimation, we can get a point estimate for this parameter LD50 = —g—?, however there is no standard
solution for the standard error. Instead Bayesian inference allows deriving the posterior for LD50 from the posterior samples
of Bp and B (Gelman et al., 2004). Here we examine different priors for the data of Racine et al. (1986) that are reported
in Gelman et al. (2008). This is a small-scale bioassay experiment with only n = 4 binomial observations (each based on 5
replicates) for different doses. With small samples, the choice of the prior is even more important than for larger sample
sizes.

The difference of this application with previous models is that we are now in a multivariate situation. There are two
regression parameters that are of interest plus a derived parameter, LD50. This means that the measures of prior impact
should be inspected both on the joint posterior distribution and on the marginals, as they could potentially yield different
information on prior impact. The two priors we will consider are the following:

e Uniform prior: The uniform prior places a uniform distribution on R? : p(8o, 1) o 1.

e Cauchy prior: Gelman et al. (2008) propose to use the Cauchy prior centered at zero with scale parameters 2.5 and 10
as default priors for the slope and intercept parameters, respectively. Before using these priors, all covariates (in this
case only the dose) need to be rescaled to have mean zero and standard deviation 1/2. The authors showed that these
priors are weakly informative, not adding excess information on the analysis.

We will complement the already done analysis by computing the WIM between the uniform and Cauchy priors on the
bioassay data. Besides the suggested scale parameter of the slope (2.5), we will also take 5 and 10 as scale parameters as
in Reimherr et al. (2014) who investigated a similar problem for a distinct dataset. All models were fitted in R using the
STAN language (Brukner, 2018) with the NUTS sampler (4 chains of length 2000, burn-in 1000, thinning 3). Fig. 6 plots the
posteriors for the regression coefficients and the LD50 parameter, respectively.

Table 2 presents the WIM for the bioassay dataset. For all Cauchy-prior based posteriors, as much as the scale parameter
of the slope’s prior increases, the joint and marginal Wasserstein distances with the posterior based on the uniform prior
decrease, which is not surprising since a larger spread of the Cauchy distribution implies more and more uniform-like
behaviour. This conclusion of decreasing WIM holds also for the quantity of interest LD50. We further notice the dependency
between both marginals since changing only the slope’s scale impacts also the intercept’'s WIM. A look at the marginals
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Fig. 6. Left: Joint posterior densities for Bp and B; (the covariate was scaled according to Gelman et al. (2008)). The colour scale reflects posterior density
(dark blue = low density, yellow = high density). Right: Posterior densities for the LD50 (lethal dose at which the probability of death is 50%). Only the
prior for B is indicated in the Cauchy settings, since for By we always use Cauchy(0,10) (Gelman et al., 2008). The dashed lines present the point estimate
based on the MLE of the regression coefficients.

Table 2

WIM between the posteriors (joint, marginal and LD50) based on the
uniform prior and the weakly-informative Cauchy prior for the bioassay
data. Only the prior for g is indicated in the Cauchy settings, since for
Bo we always use Cauchy(0,10) (Gelman et al., 2008).

(Bo, B1) Bo B LD50

Uniform vs. Cauchy(0, 2.5) 6.115 0.129 6.113 0.028
Uniform vs. Cauchy(0, 5.0) 5162 0.090 5.161 0.017
Uniform vs. Cauchy(0, 10.0) 3.851 0.060 3.850 0.013

reveals that the distance between joint posteriors seems mainly guided by the slope whose marginal WIM is quite close to
the WIM of the joint distribution. This however is likely due to the larger values of 81 compared to Bp; though smaller in
absolute values, the WIM for By varies more in percentage than the WIM for 8;. We thus recommend that in future studies
the judgement of the prior impact should be done on the marginal posteriors to get a full picture.

5. Discussion

In this paper we have introduced the WIM, a practically oriented measure of prior impact that allows comparing any
two priors by quantifying the Wasserstein distance between the resulting posteriors (provided they have finite absolute
moments of order 1). Our proposal thus retains the appealing intuitive touch of the approach from Ley et al. (2017) and
Ghaderinezhad and Ley (2019) while palliating its drawbacks, meaning that the WIM can also deal with multi-parameter
and multi-dimensional situations, with non-nested priors and complicated forms of the posteriors (which are becoming
more and more routine in modern applications). Through a Monte Carlo simulation study we compared our WIM to two
prior impact measures from the literature, namely the concepts of Neutrality and MOPESS. We could see that the WIM
is an attractive alternative to these known proposals, since in various cases it provides more information (e.g., when the
Neutrality reaches its upper bound from a certain point on) and is better interpretable (thanks to a monotone prior measure,
which both the Neutrality and the MOPESS can lack). Moreover, it does not suffer from the high variability that the MOPESS
exhibits.

We will now wrap up the comparison by discussing further properties. While the MOPESS is a comparative measure
like the WIM, the Neutrality is an absolute measure. Unlike the WIM, the MOPESS requires choosing a baseline prior; an
advantage of the MOPESS however is its sign which allows finding out which of the two priors is closer w.r.t. the current
data set. Our WIM is rather quick to compute (as is Neutrality), unlike the MOPESS; indeed, for non-conjugate models
advanced sampling algorithms are necessary for the MOPESS and need to be repeated several times (in particular for higher
dimensions), implying a long computation time. A further appealing property of our WIM is its broad usage, of which the
two different real data sets testify. They could not have been tackled via the two competitor impact measures. Indeed,
the Neutrality cannot be applied on the frontier data since the maximum likelihood estimate lies at the boundary of the
parameter space, a situation the Neutrality cannot handle by definition. Since no multivariate extension of the Neutrality
exists in the literature, it can also not be used for the LD50 logistic regression problem. The MOPESS cannot be used there,
either, because it would require to know the distribution for the covariate which is unrealistic. We did apply the MOPESS
on the frontier dataset, however ran into the following issue: the high variability of the MOPESS led to OPESS ranges
[5%,95%] that are considerably wide and contain the zero value. This observation was also noted in Jones et al. (2021)
who emphasized that care should be taken in interpreting the impact solely on basis of the MOPESS. The aforementioned
problems of the Neutrality and the MOPESS are all restrictions that the WIM does not possess.
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