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Abstract
Wepresent prevalent results concerning generalized versions of the T α

p spaces, initially
introducedbyCalderón andZygmund.Wenotably show that the logarithmic correction
appearing in the quasi-characterization of such spaces is mandatory for almost every
function; it is in particular true for the Hölder spaces, for which the existence of the
correction was showed necessary for a specific function. We also show that almost
every function from T α

p (x0) has α as generalized Hölder exponent at x0.

Keywords Wavelets · Multifractal analysis · Prevalence · Pointwise smoothness ·
Generalized smoothness

Mathematics Subject Classification 42C40 · 26A16 · 46E35

1 Introduction

The determination of the multifractal properties of a function is a problem with count-
less applications (see e.g., [3, 10, 11, 42] and references therein). Most often, it relies
on the notion of Hölder exponent.
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Definition 1.1 Let f be a locally bounded function, x0 ∈ R
d and α ≥ 0; f belongs

to the Hölder space �α(x0) if there exists R > 0, C > 0 and a polynomial of degree
less than α such that |x − x0| < R implies

| f (x) − P(x − x0)| ≤ C |x − x0|α. (1)

The Hölder exponent of f at x0 is

h(∞)
f (x0) = sup{α ≥ 0 : f ∈ �α(x0)}.

The Hölder exponent of a function can present a berserk behavior (it can be every-
where discontinuous [19]). Therefore instead of trying to determine the function h(∞)

f
associated to f , one rather tries to perform a multifractal analysis. This consists in
determining the spectrum of singularity d f of the function.

Definition 1.2 Let f be a locally bounded function; its isoHölder sets are the sets
EH = {x0 : h(∞)

f (x0) = H}. The spectrum of singularity d f of f is the function

d f : [0,∞] → R
+ ∪ {−∞} H �→ dim(EH ),

where dim denotes the Hausdorff dimension (with the standard convention dim(∅) =
−∞).

The spectrum of singularities of signals obtained through the registering of real-
life data cannot be estimated in the case of multifractal signals: the determination of
their Hölder exponent is numerically unstable because it usually jumps at every point.
Moreover, the acquisition of the whole spectrum would require the determination of
an infinite number of Hausdorff dimensions, the computation of such a quantity being
a challenge in itself [31]. Therefore, in practice, one uses formulas referred to as
“multifractal formalism” in order to derive the spectrum of singularities of a signal
from numerically computable quantities. All of them are variants of seminal derivation
which was proposed by Parisi and Frish [44]. Though they are based on the same
thermodynamic argument, their numerical performance can vary a lot. A first step in
the numerical improvement was performed byA. Arneodo and his collaborators, when
they introduced formulas based on wavelet analysis [2, 41]. A second improvement
was made by Jaffard et al.: they provided amathematical framework for these wavelet-
based methods [18, 22]. Among other things, this allowed to theoretically prove the
efficiency of such methods [17, 18].

However, formalisms relying on Hölder spaces present several drawbacks. First,
Definition 1.1 cannot supply a sensible notion of pointwise regularity if the natural
setting for f is L p

loc instead of L∞
loc [20]. To tackle this problem, Jaffard and Melot

proposed the T α
p spaces to supplant the Hölder spaces�α [21]. This basically consists

in replacing the L∞-norm in (1) by a L p-norm.

Definition 1.3 Let f be a function from L p
loc, x0 ∈ R

d and α ≥ −d/p; f belongs to

the space T α(x0
p ) if there exists R > 0, C > 0 and a polynomial of degree less than α
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such that, for all 0 < r < R,

r−d/p‖ f − P(· − x0)‖L p(B(x0,r)) ≤ Crα, (2)

where B(x0, r) denotes the ball of radius r centered at x0.

These spaces were originally introduced by Calderòn and Zygmund in [5] for studying
PDE. Obviously, one can consider �α as being T α∞. From this base, one defines the
associated Hölder exponent

h(p)
f (x0) = {α ≥ −d/p : f ∈ T α

p (x0)},

which gives rise to a multifractal formalism similar to the one associated to the Hölder
spaces.

A second problem resides in the fact that such spaces are inadequate for capturing
the precise behavior of the function f at a given point x0: the T α

p spaces are unable
to grasp the presence of irregular comportments that are more subtle than a power
function. For example, such spaces cannot detect the law of the iterated logarithm in a
stochastic process [25, 27] (the classical case of a process displaying such a logarithmic
correction is the celebrated Brownian motion [13, 39]). To take into account such a
limitation, the authors proposed to consider the space of functions satisfying

r−d/p‖ f − P(· − x0)‖L p(B(x0,r)) ≤ Cω(r) (3)

instead of (2), where ω is basically a germ satisfying some properties [29, 35] (see
Sect. 3). It has been shown that these spaces naturally define a multifractal formalism
which is a generalization of themethods relying on the usual spaces T α

p [35].Moreover,
they also provide a natural framework for studying PDE [34].

In the present context of the pointwise regularity, the advantage of this extended
approach is twofold. As these spaces are closely related to the wavelet representation
of their elements, when looking at the regularity of a function, the study of the wavelet
coefficients could help to discriminate between different behaviors occuring in the
function. For example, it well known that decomposing the Brownian notion in a well-
chosen basis lead to so-called fast and slow points, which roughly differ in the nature
of the function ω appearing in (3) [24, 38]. It could also be the case with the Brjuno
function, which is not locally bounded. In [20], the authors extends the definition
of the T α

p spaces in a way similar to (3) in practice and use wavelets to obtain the
spectrum of singularity of the function. One could try to expand their work in order to
determine the possible existence of fast and slow points, as in the Brownian motion.
On a more applied domain, the notion p-leader induced by these generalized spaces
[35] can be considered as more natural than the usual p-leaders [21]. For example,
they naturally generalize the usual case p = ∞ (see [32, 35] for more details). It
is therefore conceivable that the related multifractal formalism could help to address
numerical issues encoutered in the applications (see for example [30]). That being
said, it is important to bear in mind that considering such a generalization only brings
minor technical modification to the proofs. The results provided here are valid in the
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usual setting. For example, the reader only interested in the case of the Hölder spaces
can consider Theorem 4.1 instead of Theorem 4.4.

This work is based on the following remark. Exploring the regularity of a function
through its wavelet transform offers several advantages, both practical and theoretical.
However, there is no wavelet characterization of the associated regularity spaces (such
as the pointwise Hölder spaces [18, 29], the T α

p spaces [21] or their generalized version
obtained using (3) [35]). In general, if a function belongs to such a space, its wavelet
coefficients must satisfy some growth condition. On the other hand, if such a condition
ismet, the corresponding function does not necessarily belongs to the former space, but
rather to a larger one involving some logarithmic correction [18, 21, 29, 35]. Typically,
for the T α

p spaces, condition (2) must be replaced by (3) with ω(r) = rα| log r |. One
uses the term “quasi-characterization” when referring to such a result, as they still lead
to a characterization of the correspondingHölder exponent; such results are epitomized
by Theorem 3.8.

In this paper, we consider the following question: what are the classical elements of
the generalized spaces? This could be considered as an idiosyncratic problem at first
glance. But as these spaces were recently introduced, we cannot speculate on the influ-
ence of this apparatus. Moreover, the obtained results can be applied to the classical
spaces T α

p (and so to �α). First, we need to define what we mean by “classical ele-
ment”. To this end, we use the notion of prevalence [6, 15] in Sect. 2, which is a natural
generalization of the locution “almost everywhere” in an infinite-dimensional setting.
We then focus on the logarithmic correction appearing in the quasi-characterization
of the regularity spaces. Let us recall that the necessity of such a correction in the
case of the poinwise Hölder spaces has been obtained in [16], where a rather artifi-
cial counter-example is given. Roughly speaking, we show that almost every function
satisfying the condition on the wavelet coefficients displays such a logarithmic cor-
rection, revealing that the counter-example is more a typical function in regard to such
a wavelet condition, thus refining and generalizing the result in [16]. In particular,
one cannot get rid of this correction in the general framework, so that Theorem 3.8
is optimal. Next, by shaping a function that belongs to a given generalized space, we
show (from a prevalence point of view) that these are not a small extension of the usual
T α
p spaces. Finally, using such a construction, we also establish that under very gen-

eral conditions, almost every function of this space has everywhere the same Hölder
exponent, determined byω. In particular, almost every function f from T α

p (x0) is such

that h(p)
f (x0) = α. This is a generalization of a result by Hunt concerning the Hölder

spaces [14].

2 Reminders and Notations AboutWavelets and Prevalence

Let us first briefly recall some definitions and notations about wavelets (for more
precisions, see e.g., [9, 36, 37]).Under somegeneral assumptions, there exist a function
ϕ and 2d − 1 functions (ψ(i))1≤i<2d , called wavelets, such that

{ϕ(x − k) : k ∈ Z
d} ∪ {ψ(i)(2 j x − k) : 1 ≤ i < 2d , k ∈ Z

d , j ∈ N}
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form an orthogonal basis of L2. Any function f ∈ L2 can be decomposed as follows,

f (x) =
∑

k∈Zd

Ckϕ(x − k) +
∑

j∈N

∑

k∈Zd

∑

1≤i<2d

c(i)
j,kψ

(i)(2 j x − k),

where

c(i)
j,k = 2d j

∫

Rd
f (x)ψ(i)(2 j x − k) dx

and

Ck =
∫

Rd
f (x)ϕ(x − k) dx . (4)

Let us remark that we do not choose the L2 normalization for the wavelets, but rather
an L∞ normalization, which is better fitted to the study of the Hölderian regularity.
For the sake of simplicity, we will only consider here compactly supported wavelet
basis; such wavelets are constructed in [8].

As in [18, 22], let λ(i)
j,k denote the dyadic cube

λ
(i)
j,k := i

2 j+1 + k

2 j
+ [0, 1

2 j+1 )d .

In the sequel, we will often omit any reference to the indices i , j and k for such cubes
by writing λ = λ

(i)
j,k . We will also index the wavelet coefficients of a function f with

the dyadic cubes λ so that cλ will refer to the quantity c
(i)
j,k . The notation � j will stand

for the set of dyadic cubes λ of Rd with side length 2− j and the unique dyadic cube
from � j containing the point x0 ∈ R

d will be denoted λ j (x0). The set of the dyadic
cubes is � := ∪ j∈N� j . Two dyadic cubes λ and λ′ are adjacent if there exists j ∈ N

such that λ, λ′ ∈ � j and dist(λ, λ′) = 0. The set of the 3d dyadic cubes adjacent to λ

will be denoted by 3λ.
Now, we very briefly introduce the notion of prevalence (see [6, 14, 15] for more

details). Lebesgue genericity plays a crucial role in the Euclidean space, since generic
sets are defined as the complement of a set of vanishing Lebesgue measure. However
this approach fails for infinite dimensional Banach spaces, as there is no σ -finite
measure that is translation-invariant in a infinite dimensional normed space. A solution
to extend this notion of genericity to a more general setting consists in turning a
characterization of the sets of vanishing Lebesgue measure into a definition. It is well
known that one can associate a compactly-supported probability measure μ to a Borel
set B such that μ(B + x) vanishes for every x ∈ R

d if and only if the Lebesgue
measure L(B) of B also vanishes. We are thus led to the following definition.

Definition 2.1 Let E be a completemetric vector space; a Borel set B of E is Haar-null
if there exists a compactly-supported probability measure μ such that μ(B + x) = 0
for every x ∈ E . A subset of E is Haar-null if it is contained in a Haar-null Borel set;
the complement of a Haar-null set is a prevalent set.
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The features one can expect from a notion of genericity are preserved with this frame-
work. For example, if E is finite-dimensional, B is Haar-null if and only if L(B) = 0;
if E is infinite-dimensional, the compact sets of E are Haar-null. Moreover, it can
be shown that a translation of a Haar-null set is Haar-null and that a prevalent set
is dense in E . Finally, the intersection of a countable collection of prevalent sets is
still prevalent. As an application, it can be shown that given α ∈ (0, 1), from the
prevalence point of view, almost every function f that belongs to �α(Rd) is such that
h(∞)
f (x) = α for any x [14].
Let us make some remarks about how to show that a set is Haar-null. A common

choice for the measure in Definition 2.1 is the Lebesgue measure on the unit ball of a
finite-dimensional subset E ′ of E . For such a choice, one has to show thatL(B∩(E ′+
x)) vanishes for every x . Such a subspace is called a probe. If E is a function space,
one can choose a random process X whose sample paths almost surely belong to E .
In this case, one can show that a property only holds on a Haar-null set by showing
that the sample path X is such that, for any f ∈ E , Xt + f almost surely does not
satisfy the property.

If a property holds on a prevalent set, we will say that it holds almost everywhere
from the prevalence point of view.

3 Generalized Spaces of Pointwise Smoothness

In [35], we introduced generalized spaces of pointwise smoothness using admissible
sequences.

Definition 3.1 A sequence σ = (σ j ) j of real positive numbers is called admissible if
there exists a positive constant C such that

C−1σ j ≤ σ j+1 ≤ Cσ j , (5)

for any j ∈ N.

If σ is such a sequence, we set

σ j = inf
k∈N

σ j+k

σk
and σ j = sup

k∈N
σ j+k

σk

and define the lower and upper Boyd indices as follows,

s(σ ) = lim
j

log2 σ j

j
and s(σ ) = lim

j

log2 σ j

j
.

Since (log σ j ) j is a subadditive sequence, such limits always exist. The following
relations about such sequences are well known (see e.g., [28]). Let ε > 0; if σ is an
admissible sequence, there exists a positive constant C such that

C−12 j(s(σ )−ε) ≤ σ j ≤ σ j+k

σk
≤ σ j ≤ C2 j(s(σ )+ε), (6)
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for any j, k ∈ N. In this paper, σ will always stand for an admissible sequence and,
given u > 0, we set u = (2 ju) j . Of course, we have s(u) = s(u) = u.

As Eq. (6) suggests, Boyd indices are good indicators to measure the growth of an
admissible sequence. For instance, they give some conditions to bound sums in which
dyadic, admissible and 
q sequences appear. The following lemma is proved in [35].

Lemma 3.2 Let m ∈ N, σ be an admissible sequence such that s(σ−1) > m and
ε ∈ 
q with q ∈ [1,∞]; there exists a sequence ξ ∈ 
q such that

∞∑

j=J

ε j2
jmσ j ≤ ξJ2

JmσJ ,

for all J ∈ N.

An easy way to build admissible sequences is to use slowly varying functions.

Definition 3.3 A strictly positive function ψ is a slowly varying function if

lim
t→0

ψ(r t)

ψ(t)
= 1,

for any r > 0.

Example 3.4 If ψ is a slowly varying function and u ∈ R, the sequence σ =
(2 juψ(2 j )) j is admissible with s(σ ) = s(σ ) = u.

We will heavily use the finite differences in the sequel (see e.g., [4, 23]). Given a
function f defined on Rd and x, h ∈ R

d , the finite difference �n
h f of f is defined as

follows,

�1
h f (x) = f (x + h) − f (x) and �n+1

h f (x) = �1
h�

n
h f (x),

for any n ∈ N. It is easy to check that the following formula holds:

�n
h f (x) =

n∑

j=0

(−1) j
(
n

j

)
f (x + (n − j)h). (7)

If n ≤ 0, we agree that �n
h f = f .

The generalized spaces of pointwise smoothness are then defined in the following
way.

Definition 3.5 Let p ∈ [1,∞], σ = (σ j ) j be an admissible sequence such that s(σ ) >

−d/p, f ∈ L p
loc and x0 ∈ R

d ; f belongs to T σ
p (x0) whenever

(σ j2
jd/p sup

|h|≤2− j
‖�
s(σ )�+1

h f ‖L p(Bh(x0,2− j ))) j ∈ 
∞,
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where, given r > 0,

Bh(x0, r) = {x : [x, x + (
s(σ )� + 1)h] ⊂ B(x0, r)}

if s(σ ) > 0 and Bh(x0, r) = B(x0, r) otherwise.

It is easy to check that T σ∞(x0) is the generalized Hölder space �σ (x0) introduced
in [29]. These spaces can also be seen as a generalization of the spaces T u

p (x0) intro-
duced by Calderón and Zygmund in [5]: when considering the regularity, one can
suppose having T u

p (x0) = T u
p (x0). This aspect is studied in details in [34], where

the generalized regularity of the solutions of elliptic partial differential equations is
explored. Let us also mention that we can equip T σ

p (x0) with the natural norm

‖ f ‖T σ
p (x0) = ‖ f ‖L p(B(x0,1)) + ‖(σ j2

jd/p sup
|h|≤2− j

‖�
s(σ )�+1
h f ‖L p(Bh(x0,2− j ))) j‖
∞

and, from the completeness of the L p spaces, (T σ
p (x0), ‖ · ‖T σ

p (x0)) is a Banach space.
In fact, these spaces can be seen as a pointwise version of some Besov spaces of

generalized smoothness Bσ
p,q considered in [33]: if p, q ∈ [1,∞] and 0 < s(σ ) < n,

Bσ
p,q = { f ∈ L p : (σ j sup

|h|≤2− j
‖�n

h f ‖L p ) j ∈ 
q}. (8)

This definition is due to Moura [40]. Here, we will mainly use the characterization of
Besov spaces of generalized smoothness in terms of discrete wavelet transform (see
[1]): if σ is an admissible sequence and p, q ∈ [1,∞], a tempered distribution f
belongs to Bσ

p,q if and on only if the sequence (Ck)k defined by (4) belongs to 
q and
if

(σ j2
− jd/p‖(cλ)λ∈� j ‖
p ) j ∈ 
q . (9)

We can also characterize the T σ
p (x0)-regularity by the mean of polynomial approx-

imation: a function f belongs to T σ
p (x0) if and only if there exists a sequence of

polynomials (Pj,x0) j of degree less or equal to 
s(σ )� such that

(σ j2
jd/p‖ f − Pj,x0‖L p(B(x0,2− j ))) j ∈ 
∞. (10)

Moreover, if σ is an admissible sequence such that 0 ≤ n := 
s(σ )� < s(σ ), one can
find a unique polynomial Px0 of degree less or equal to n such that

(σ j2
jd/p‖ f − Px0‖L p(B(x0,2− j ))) j ∈ 
∞. (11)

In order to obtain a nearly-characterization of the generalized pointwise regularity
in terms of wavelet transform, we introduce the following coefficients.
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Definition 3.6 Given a dyadic cube λ ∈ � j at scale j , the p-wavelet leader of λ

(p ∈ [1,∞]) is defined by

d p
λ = sup

j ′≥ j
(

∑

λ′∈� j ′ ,λ′⊂λ

(2( j− j ′)d/p|cλ′ |)p)1/p.

Given x0 ∈ R
d , we set

d p
j (x0) = sup

λ∈3λ j (x0)
d p
λ .

To state our result, we need to define the “logarithmic corrected” space.

Definition 3.7 Let p ∈ [1,∞], x0 ∈ R
d and f be a function from L p

loc; if σ is an
admissible sequence such that 2− jd/pσ−1

j tends to 0 as j tends to infinity, we says
that f belongs to T σ

p,log(x0) if there exists J ∈ N for which

(
2 jd/pσ j

| log2(2− jd/pσ−1
j )| sup

|h|≤2− j
‖�
s(σ−1)�+1

h f ‖L p(Bh(x0,2− j ))) j≥J ∈ 
∞.

In [35], we establish the following nearly-characterization of the generalized point-
wise regularity, given by the p-wavelet leaders.

Theorem 3.8 Let σ be an admissible sequence, p ∈ [1,∞] and x0 ∈ R
d . If f belongs

to the space T σ
p (x0), then

(σ j d
p
j (x0)) j ∈ 
∞. (12)

Conversely, ifσ is such that2− jd/pσ−1
j tends to0 as j tends to infinitywithσ 1 > 2−d/p

and if f belongs to Bη
p,∞(Rd) for some η > 0, then the belonging (12) implies

f ∈ T σ
p,log(x0).

4 Prevalence of the Logarithmic Correction

In this section, we aim at showing that, from the prevalence point of view, for almost
every function with some minimum regularity (we ask slightly more than the conti-
nuity), the logarithmic correction occuring in Theorem 3.8 is necessary.

Let us show how such results can be transposed in the classical cases. For theHölder
spaces, Theorem 3.8 leads to the following classical result. If f belongs to �α(x0) for
some x0 ∈ R

d and α > 0, then there exists a constant C > 0 such that

d∞
j (x0) ≤ C2− jα ∀ j . (13)

Conversely, if inequality (13) is satisfied for a function f that belongs to �η(Rd) for
some η > 0, then f also belongs to �α

log(x0), where �α
log(x0) = T α∞,log(x0) is the set
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of functions f such that there exists C > 0 and a polynomial P of degree at most 
α�
such that

| f (x) − P(x)| ≤ C |x − x0|α log( 1

|x − x0| ), (14)

for x in neighborhood of x0. In [16], it is shown that one cannot hope for an exact
characterization of �α(x0), since an example of function f ∈ �η(Rd) that satisfies
(13) but does not belong to �α(x0) is proposed. In this section, we show that, from
the prevalence point of view, it is the case for most function f . More precisely, we
have the following result:

Theorem 4.1 If x0 ∈ R
d , almost every function of �η(Rd) satisfying (13) belongs to

�α
log(x0) \ �α(x0).

Indeed, we obtain a more precise result, since we show that the logarithmic correction
is optimum: almost every function satisfying the hypothesis of the previous theorem
belongs to�α

log(x0)\�α
/s log

(x0),where�α
/s log

(x0) is a class of spaces between�α
log(x0)

and �α(x0) (see Definition 4.3 for the details). We will establish this result in a more
general setting.

Let us first consider the following lemma which gives a way to define the probe we
will use afterwards.

Lemma 4.2 Let σ = (σ j ) j be an admissible sequence, x0 ∈ R
d and E be a complete

metrisable space of functions defined on R
d such that

S = E ∩ T σ
p (x0)

is a Borel set of E. If there exists f ∈ E such that for all M ∈ N one can find j ∈ N

for which

σ j2
jd/p sup

|h|≤2− j
‖�
s(σ )�+1

h f ‖L p(Bh(x0,2− j )) ≥ M,

then S is Haar-null in E.

Proof Let us fix f̃ ∈ E , N ∈ N and consider the set

SN = {g ∈ E : σ j2
jd/p sup

|h|≤2− j
‖�
s(σ )�+1

h g‖L p(Bh(x0,2− j )) ≤ N ∀ j ∈ N}.

Assume that there exist a, b ∈ R such that both f̃ + a f and f̃ + b f belong to SN .
Given M ∈ N, there exists j ∈ N for which

σ j2
jd/p sup

|h|≤2− j
‖�
s(σ )�+1

h f ‖L p(Bh(x0,2− j )) ≥ M .

It follows that

|a − b| = |a − b|2 jd/p sup|h|≤2− j ‖�
s(σ )�+1 f ‖L p(Bh(x0,2− j ))

2 jd/p sup|h|≤2− j ‖�
s(σ )�+1 f ‖L p(Bh(x0,2− j ))
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≤ 2 jd/p

Mσ−1
j

( sup
|h|≤2− j

‖�
s(σ )�+1
h f̃ + a f ‖L p(Bh(x0,2− j ))

+ sup
|h|≤2− j

‖�
s(σ )�+1
h f̃ + b f ‖L p(Bh(x0,2− j )))

≤ 2N

M

and so, as M is arbitrary, a = b. As a consequence, the set

{a ∈ R : f̃ + a f ∈ SN }

contains at most one point. Therefore, the set

{a ∈ R : f̃ + a f ∈ S} =
⋃

N∈N
{a ∈ R : f̃ + a f ∈ SN }

is countable and thus of Lebesgue-measure zero. The conclusion follows.

Now, let us fix an admissible sequence σ = (σ j ) j such that 2− jd/pσ−1
j tends

to 0 as j tends to infinity and σ 1 > 2−d/p. We define, for all k ∈ N, the admis-
sible sequence σ (k) = ( j1−1/kσ j ) j . As inequalities (6) ensure that the sequence
(| log2(2− jd/pσ j )|/ j) j is bounded, we define the spaces of “under-log” corrected
functions in the following way.

Definition 4.3 If x0 ∈ R
d , a function f ∈ L∞

loc belongs to T
σ , p
/s log

(x0) if there exists

k ∈ N such that f ∈ T σ (k)

p (x0).

This space can be interpreted as follows: a function belongs to T
σ , p
/s log

(x0) if its pointwise
behavior at x0 is obtained from σ with a correction that is asymptotically weaker than
the absolute value of the logarithm of 2−·d/ pσ .

Let us first consider the case where p = ∞ and exhibit a function which satisfies
the condition of Theorem 3.8 (with p = q = ∞) but which does not belong to
T

σ ,∞
/s log

(0). This construction is based on an example from [16], but some substantive
modifications have to be made in order to correct some mistakes and adapt it to our
context. For the sake of clarity, we take d = 1 (in the general setting, one can replace
the intervals by balls with collinear dyadics, chosen so that there is no overlapping).

Consider a wavelet ψ of regularity r > 
s(σ )� + 1 such that supp(ψ) ⊆ [−N , N ]
for some N > 0 and ψ(0) = C with C �= 0. Define the sequence (εm)m∈N by
εm = 2−2m−1

for all m ≥ 1. For such a m, define the function

fm = σ−1
2m−1

∑

2m≤ j<2m+1

ψ(2 j (· − εm)).

As supp(ψ(2 j (· − εm))) ⊆ [−N
2 j + εm, εm + N

2 j ], we have

supp( fm) ⊆ [−Nεm+1 + εm, εm + Nεm+1],
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so fm(0) = 0 as soon asm ≥ log2(| log2(N )|)+ 1. Moreover, let us remark that there
exists M(N ) such that, for all m ≥ M(N )

232
m−1 − (N + 1)22

m ≥ N

which implies that the supports of the functions in the family ( fm)m≥M(N ) are disjoint.
It follows that fm(εk) = δm,kC2mσ−1

2m−1 for all m, k ≥ M(N ). That being said, one
can also find M(N , σ ) ∈ N so that

εm + Nεm+1 < l εm < −Nεm + εm−1 ∀m ≥ M(N , σ ), l ∈ {2, ..., 
s(σ )� + 1}.

As a consequence, if m ≥ M(N , σ ), then �

s(σ )�+1
εk fm(0) = δm,kC2mσ−1

2m−1 . Let us
finally consider the function f defined by

f =
∑

m≥M(N ,σ )

fm,

with convergence in L∞. Its wavelet coefficients are given by

c j,k :=
⎧
⎨

⎩
σ−1
2m−1 if j ≥ M(N , σ ) and k = εm2 j

0 otherwise.

For any scale j ∈ [2m, 2m+1) (withm ≥ M(N , σ )), there is only one non-vanishing
wavelet coefficient whose value is σ−1

2m−1 . Using (6) with ε > 0 small enough so that
s(σ ) − ε > 0, we find

|c j,k | ≤ 2−2m−1(s(σ )−ε) ≤ 2− (s(σ )−ε)
4 j .

From (9), this guarantees that f belongs to B
(s(σ )−ε)

4∞,∞ , so that the minimal regularity
assumption of Theorem 3.8 is ensured.

For all j ∈ N, a dyadic cube [εm, εm + 2− j ′) at scale j ′ ∈ [2m, 2m+1) is involved
in the computation of d∞

j (0) if the distance between εm and the origin is less than

2−( j−1), which is equivalent to j ≤ 2m−1+1. As σ 1 > 1, the sequence σ is increasing
and, using Eq. (5), we can conclude that

(σ j d
∞
j (0)) j ∈ 
∞.

Now, from what precedes, we also have, for all m ≥ M(N , σ ),

|�
s(σ )�+1
εm

f (0)| = C2mσ−1
2m−1 ≥ C ′| log(σ2m−1)|σ−1

2m−1 ,

which shows that f cannot belong to T
σ ,∞
/s log

(0). Of course, using a translation, this

construction can be generalized to any x0 ∈ R
d .
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Using this last function and Lemma 4.2, one can establish a first prevalence result
concerning the logarithmic correction. Given 0 < ε < s(σ )/4 and x0 ∈ R

d , let us set

Eε∞(x0) = { f ∈ Bε∞,∞(Rd) : (σ j d
∞
j (x0)) j ∈ 
∞}.

We can equip this space with the norm

‖ · ‖Eε∞(x0) : Eε∞(x0) → [0,+∞) : f �→ ‖ f ‖Bε∞,∞ + ‖(σ j d
∞
j (x0)) j‖
∞ ,

so that Eε∞(x0) is a complete normed space.

Theorem 4.4 If x0 ∈ R
d , for all 0 < ε < s(σ )/4, almost every function of Eε∞(x0)

belongs to T σ∞,log(x0) \ T
σ ,∞
/s log

(x0).

Proof We already know that every function of Eε∞(x0) belongs to T σ∞,log(x0). For all
k ∈ N, let us check that the set

Bk = {g ∈ Eε∞(x0) : f ∈ T σ (k)

∞ }

is Borel. For all L ∈ N, we define

BL,k = {g ∈ Eε∞(x0) : σ
(k)
j sup

|h|≤2− j
‖�
s(σ )�+1

h g‖L∞(Bh(x0,2− j )) ≤ L ∀ j ∈ N}.

The set BN ,k is closed as if (gm)m∈N is a sequence of functions of BL,k that converges
to g in Eε∞(x0), then ‖g − gm‖Bε∞,∞ tends to 0 and for all m, j ∈ N, we have, from
(8),

sup
|h|≤2− j

‖�
s(σ )�+1
h g‖L∞(Bh(x0,2− j ))

≤ sup
|h|≤2− j

‖�
s(σ )�+1
h gm‖L∞(Bh(x0,2− j )) + C‖g − gm‖Bε∞,∞

≤ L(σ
(k)
j )−1 + C‖g − gm‖Bε∞,∞ .

Taking the limit for m → ∞, we conclude that g belongs to BL,k . It follows that

Bk =
⋃

L∈N
BL,k

is a Borel set. The function f built above belongs to Eε∞(x0) but, for all M ∈ N, there
exists j ∈ N for which

σ
(k)
j sup

|h|≤2− j
‖�
s(σ )�+1 f ‖L∞(Bh(x0,2− j )) ≥ M
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and we conclude from Proposition 4.2 that Bk is Haar-null. As we have

Eε∞(x0) ∩ T
σ ,∞
/s log

(x0) =
⋃

k∈N
Bk,

we conclude that almost every function of Eε∞(x0) belongs to T σ∞,log(x0)\T σ ,∞
/s log

(x0).��
Let us now focus on the case p = 1. In this setting, the required condition in

Theorem 3.8 for the admissible sequence σ is that 2− jdσ−1
j tends to 0 as j tends to

infinity with σ 1 > 2−d . Once again, we will work with d = 1. Let us take the same
compactly supported wavelet with the additional assumption that1

∫ N
0 ψ(x) dx �= 0

and define the sequence ( fm)m by

fm = σ−1
2m−1εm

∑

2m≤ j<2m+1

2 jψ(2 j (· − εm)).

The probe function f can be defined as previously but with convergence in L1 this
time. In this case, for j ∈ [2m, 2m+1), with m ≥ M(N , σ ), the only non-vanishing
coefficient at scale j is now σ−1

2m−1εm2
j . First of all, if ε > 0 is now chosen such that

s(σ ) − ε > −1, we have

2− jσ−1
2m−1εm2

j ≤ 2−2m−1(s(σ )+1−ε) ≤ 2− j s(σ )+1−ε
4

and f ∈ B
s(σ )+1−ε

4
1,∞ . Next, if [εm, εm + 2− j ′) is a dyadic cube at scale

j ′ ∈ [2m, 2m+1) for which εm ≤ 2−( j−1), we have

2−( j ′− j)σ−1
2m−1εm2

j ′ ≤ C ′σ−1
j ,

which ensures that (σ j d1j (0)) j belongs to 
∞. Finally, let us remark that, by increas-
ing M(N , σ ) if necessary, one can suppose that 2εm ≥ Nεm+1 and, for all l ∈
{1, ..., 
s(σ )� + 1} and x ∈ [εm − Nεm+1, εm + Nεm+1], we have

εm + Nεm+1 < x + lεm < εm−1 − Nεm,

so that f (x + lεm) = δl,0 fm(x). It follows that for all such large enough m,

(3εm)−1‖�
s(σ )�+1
εm

f ‖L1(Bεm (0,3εm ))

≥ C1σ
−1
2m−1

∫ εm+Nεm+1

εm

|
∑

2m≤ j<2m+1

2 jψ(2 j (x − εm))| dx

≥ C1σ
−1
2m−1

∣∣∣∣∣∣

∑

2m≤ j<2m+1

2 j
∫ Nεm+1

0
ψ(2 j x) dx

∣∣∣∣∣∣

1 This assumption is satisfied for Daubechies wavelets for instance.
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= C1σ
−1
2m−1

∣∣∣∣∣∣

∑

2m≤ j<2m+1

∫ N2 j εm+1

0
ψ(x) dx

∣∣∣∣∣∣

= C2σ
−1
2m−12

m .

and, as for all 2m ≤ j < 2m+1, 2 jεm+1 ≥ 1, and because ψ vanishes on ]N ,+∞[,
one has

∫ N2 j εm+1

0
ψ(x) dx =

∫ N

0
ψ(x) dx

which is different from 0, by assumption on the wavelet, and, finally

(3εm)−1‖�
s(σ )�+1
εm

f ‖L1(Bεm (0,3εm )) ≥ C2σ
−1
2m−12

m .

For 0 < ε <
s(σ )+d

4 and x0 ∈ R
d , define the space

Eε
1(x0) = { f ∈ Bε

1,∞(Rd) : (σ j d
1
j (x0)) j ∈ 
∞}.

The norm defined for Eε∞(x0) can be trivially adjusted so that Eε
1 is a complete normed

space and Theorem 4.4 can be easily adapted in this setting (for p = 1).

Theorem 4.5 If x0 ∈ R
d , for all 0 < ε <

s(σ )+d
4 , almost every function of Eε

1(x0)

belongs to T σ
1,log(x0) \ T

σ ,1
/s log

(x0).

Now, for 1 < p < ∞, a judicious choice to obtain the desired probe seems to be

fm = σ−1
2m−1ε

1
p
m

∑

2m≤ j<2m+1

2
j
p ψ(2 j (· − εm)).

Once again, it is easy to check that the obtained function f satisfies the two first desired
properties

(σ j d
p
j (0)) j ∈ 
∞ and f ∈ B

s(σ )+1/p
4

p,∞ .

But, unfortunately, the L p norm of fm (see [37]) is proportional to

⎛

⎜⎝
∫

R

⎛

⎝
∑

2m≤ j<2m+1

(σ−1
2m−1ε

1/p
m 2 j/p)2χ[εm ,εm+2− j )

⎞

⎠
p/2

dx

⎞

⎟⎠

1/p

= σ−1
2m−1ε

1/p
m

⎛

⎜⎝
∑

2m≤ j<2m+1

2− j

⎛

⎝
j∑

k=2m
22k/p

⎞

⎠
p/2

⎞

⎟⎠

1/p
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and this last term is itself proportional to σ−1
2m−1ε

1/p
m 2m/p, which is not sufficient to

establish a theorem comparable to Theorems 4.4 and 4.5 in this case. As the condition
(σ j d

p
j (0)) j ∈ 
∞ is optimal, one cannot add a multiplicative term of order 2m/q

without altering it. Also, by increasing the number of terms in the sum defining fm up
to 2mp, one loses the belonging to a uniform Besov space.

The functions f exhibited here guarantee the necessity of a correction of order
(| log2(2− jd/pσ j )|)1/p for almost every function in Eε

p (defined in an obvious way)

with 0 < ε <
s(σ )+d/p

4 , but cannot be used to prove any further result.

5 Functions Providing a Given Generalized Pointwise Regularity

In this section, we start by giving, for any admissible sequence σ and p ∈ [1,∞],
an example of function that belongs to T σ

p (x0). This example leads to discussions
concerning the contribution of pointwise spaces of generalized smoothness. This leads
to results concerning the Hölder regularity of almost every function belonging to such
spaces.

Example 5.1 Given p ∈ [1,∞], let σ be an admissible sequence such that s(σ ) >

−1/p. If ψ is again a wavelet with compact support included in [−N , N ], we take
K (N ) ∈ N such that, for all k ≥ K (N ),

2−k N ≤ 2

3

and define the function fσ by

fσ =
∑

k≥K (N )

σ−1
k 2k/pψ(22k(· − 2−k)), (15)

with convergence in L p. For all k ≥ 2, ψ(22k(· − 2−k)) is supported in

[2−k(1 − N2−k), 2−k(1 + N2−k)]

and, in particular, the condition on K (N ) implies that for all k, k′ ≥ K (N ) with
k �= k′,

supp(ψ(22k(· − 2−k))) ∩ supp(ψ(22k
′
(· − 2−k′

))) = ∅.

Therefore, for all j ≥ K (N ), we have, with the usual modifications if p = ∞,
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2 j/p‖ fσ ‖L p(B(0,2− j ))

= 2 j/p

⎛

⎝
∫ 2− j

2− j (1−N2− j )

| fσ (x)|p dx +
∑

k> j

∫ 2−k (1+N2−k )

2−k (1−N2−k )

| fσ (x)|p dx
⎞

⎠
1/p

= 2 j/p

⎛

⎝σ
−p
j 2− j

∫ 0

−N
|ψ(x)|p dx +

∑

k> j

σ
−p
k 2−k

∫ N

−N
|ψ(x)|p dx

⎞

⎠
1/p

.

Finally, from Lemma 3.2, it is clear that we can find constants C1,C2 > 0 such that,
for all j ≥ 2,

C1 ≤ 2 j/pσ j‖ fσ ‖L p(B(0,2− j )) ≤ C2. (16)

Condition (10) (with Pj,0 = 0, for all j) and (16) ensure that fσ belongs to T σ
p (0).

Figure 1 gives a representation of fσ for various values of p and admissible sequences
σ . Of course, up to a translation, all these affirmations still hold for an arbitrary point
x0 instead of 0. Again, for the sake of clarity, this example is made for d = 1 but can
be adapted for general d.

Remark 5.2 The spaces T σ
p (x0) can be naturally generalized as follows (see [34, 35]):

f belongs to T σ
p,q(x0) whenever

(σ j2
jd/p sup

|h|≤2− j
‖�
s(σ )�+1

h f ‖L p(Bh(x0,2− j ))) j ∈ 
q .

In order to obtain a function in T σ
p,q(0) with q �= ∞, it suffices to consider a sequence

(εk)k ∈ 
q and, for all k ≥ K (N ), to multiply the kth term in the sum (15) by εk (the
conclusion follows again by Lemma 3.2).

From this peculiar example, we can discuss the general interest of the spaces intro-
duced by Definition 3.5 from the regularity point of view. First, given an admissible
sequence σ , there exists a function fσ which belongs to T σ

p (x0) and this belonging
is optimal since inequalities (16) are satisfied (see [7]). That being said, if � and �

are two distinct slowly varying functions which tends to 0 at infinity, given a number
u > −d/p, let us consider the associated admissible sequences

σu,� = (2 ju�(2 j )) j and σu,� = (2 ju�(2 j )) j .

The functions fσu,� and fσu,� (defined as in Example 5.1) both belong to
∩ε>0T u−ε

p (x0) but not to T u
p (x0). From this point of view, the usual spaces of Calderón

and Zygmund fail to precisely characterize the regularity of fσu,� and fσu,� at x0.

On the other hand, we have fσu,� ∈ T
σu,�
p (x0) and fσu,� ∈ T

σu,�
p (x0). As soon as

�(x) ∈ o(�(x)) as x → ∞, fσu,� ∈ T
σu,�
p (x0)\T σu,�

p (x0).More generally, ifσ andγ

are two admissible sequences such that σ j ∈ o(γ j ) as j → ∞, fσ ∈ T σ
p (x0)\T γ

p (x0).
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Fig. 1 Representation of some functions defined in Example 5.1 with p = 2 (upper panel) and p = ∞
(lower panel), using a dyadic sequence (black) and a dyadic sequence with a logarithmic correction (red).
The wavelet considered is the Daubechies wavelet of order 2 (Color figure online)
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For example, the usual spaces do not allow to capture the logarithmic correction in the
regularity of the Brownian motion B [25–27]. More precisely, let σ be the admissible
sequence σ = (2 j/2| log j |−1/2) j ; from the Khintchine Law of the iterated logarithm
[13, 25, 27, 39], we know that, almost surely, for all ω and for almost every x0 ∈ R,
x �→ Bx (ω) belongs to T σ∞(x0), while B·(ω) /∈ T 1/2∞ (x0). Being able tomake a distinc-
tion between a Brownian motion and another process not displaying such logarithmic
corrections is an important issue in practice (see [12, 26] for instance) and could be
achieved through the use of admissible sequences [26, 29]. One could argue that in this
case, uniform spaces would suffice. However, not every point of a Brownian motion
displays such a behavior; a point for which the law of the iterated logarithm fails is
qualified as fast [43] (there is also a third category of points, called slow [24]). Such
a phenomenon can be expected in other processes or functions. Looking to which T σ

p
spaces they belong to could help investigating such comportments (determining the
size of the set of the fast points is a natural example).

All these remarks lead to results of prevalence, using again Lemma 4.2.

Theorem 5.3 Given p ∈ [1,∞], if σ and γ are two admissible sequences satisfying
σ j ∈ o(γ j ) as j → ∞ and s(σ ) ≤ s(γ ) then, from the prevalence point of view,
almost every function in T σ

p (x0) does not belong to T γ
p (x0).

Proof The assumptions made on the admissible sequences ensure the inclusion of
T γ
p (x0) in T σ

p (x0), see [29]. From the previous remarks made on fσ , we know that for
all M ∈ N there exists j ∈ N such that

γ j2
jd/p sup

|h|≤2− j
‖�
s(γ )�+1

h fσ ‖L p(Bh(x0,2− j )) ≥ M .

Therefore, from Lemma 4.2, it suffices to show that T γ
p (x0) is a Borel set in

(T σ
p (x0), ‖ · ‖T σ

p (x0)). We proceed in the same way as for the proof of Theorem 4.4.
For all N ∈ N, define

BN = { f ∈ T γ
p (x0) : ‖ f ‖T γ

p (x0)
≤ N };

this set is closed in (T σ
p (x0), ‖ · ‖T σ

p (x0)): if ( fk)k is a sequence of functions of BN that
converges to f then, for all j, k ∈ N,

‖ f ‖L p(B(0,1)) + γ j2
jd/p sup

|h|≤2− j
‖�
s(γ )�+1

h f ‖L p(Bh(x0,2− j ))

≤ ‖ f − fk‖L p(B(0,1)) + γ j2
jd/p sup

|h|≤2− j
‖�
s(γ )�+1

h ( f − fk)‖L p(Bh(x0,2− j ))

+ ‖ fk‖L p(B(0,1)) + γ j2
jd/p sup

|h|≤2− j
‖�
s(γ )�+1

h fk‖L p(Bh(x0,2− j )).

Of course,

‖ fk‖L p(B(0,1)) + γ j2
jd/p sup

|h|≤2− j
‖�
s(γ )�+1

h fk‖L p(Bh(x0,2− j )) ≤ N
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and, using fundamental properties of finite differences,

γ j2
jd/p sup

|h|≤2− j
‖�
s(γ )�+1

h ( f − fk)‖L p(Bh(x0,2− j ))

≤ C
γ j

σ j
σ j2

jd/p sup
|h|≤2− j

‖�
s(σ )�+1
h ( f − fk)‖L p(Bh(x0,2− j )).

Taking the limit for k → ∞, we have ‖ f ‖T γ
p (x0)

≤ N , so that BN is closed. As,

T γ
p (x0) =

⋃

N∈N
BN ,

the conclusion follows.

In [35], we use the generalized spaces of pointwise smoothness to define a general-
ized Hölder exponent in the following way. We consider a family (σ (h))h>−d/p which
is decreasing in the following sense: for any h > −d/p,

• s(σ (h)) > −d/p,
• σ

(h)
1 > 2−d/p,

• h < h′ implies T σ (h′)
p (x0) ⊂ T σ (h)

p (x0).

When working with decreasing families of admissible sequences, the assumptions of
Theorem 5.3 are often met (see [29]) and we can state the following corollary without
too much restriction.

Corollary 5.4 Given p ∈ [1,∞], if (σ (h))h>−d/p is a decreasing family of admissible

sequences such that h < h′ implies σ
(h)
j ∈ o(σ (h′)

j ) for j → ∞ and s(σ (h)) ≤
s(σ (h′)) then, from the prevalence point of view, almost every function in T σ (h)

p (x0) is
of exponent h.

Of course, this corollary can be applied to the classical spaces T α
p to state the

following generalization of a result of Hunt concerning the Hölder spaces [14].

Corollary 5.5 Given p ∈ [1,∞] and α > −d/p, from the prevalence point of view,
almost every function f in T α

p (x0) satisfies h
(p)
f (x0) = α.
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