Solvability of invariant systems of differential equations on H?
and beyond

Martin OLBRICH and Guendalina PALMIROTTA

Abstract

We show how the Fourier transform for distributional sections of vector bundles over symmetric spaces
of non-compact type G/K can be used for questions of solvability of systems of invariant differential
equations in analogy to Hormander’s proof of the Ehrenpreis-Malgrange theorem. We get complete
solvability for the hyperbolic plane H? and partial results for products H? x --- x H? and the hyperbolic

3-space H®.
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1 Introduction

In the Euclidean case R™ (for some positive integer n), it is well-known by Malgrange [Mal56] and
Ehrenpreis [Ehr54] that all linear differential operators with constant coefficients
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are solvable. Even more, there exists a fundamental solution F for D, which is a distribution on R™ such
that DE = § and consequently, by convolution, there exists a solution f := F x g of the equation Df = g
at least for g with compact support. Here, § denotes the Dirac measure or delta-distribution at the origin
on R”. Constant coefficients operators on R™ are exactly invariant differential operators, if we consider
R™ as a Lie group of translations. Speaking of Lie groups G, one may ask the analog question for invariant
differential operators, which are left invariant under G by translations:

D(foly) = (Df)oly, f€C®(G),YgeG, (1.1)

where [, is the left translation on G and C°°(G) denotes the space of smooth functions on G. Such
differential operators are, in general, not even locally solvable. On the other hand, the situation is much
better for non-zero linear differential operators D, which are bi-invariant under G, this means that (1.1)
holds not only for the left but also for the right translation on G. In fact, D is locally solvable for



simply connected nilpotent Lie groups by Rais [Ra7l], for solvable Lie groups by Rais-Duflo [DuRa76]
and Rouviére [Ro76|, and for semi-simple Lie groups by Helgason [Hel75]. Some interesting results for
more general groups have been found in [Ce75] and [Hel75]. Now, if we consider the quotient X = G/K
with G a non-compact connected semi-simple Lie group with finite center and K is its maximal compact
subgroup, then Helgason ([Hel89], Chap. V) proved that all G-invariant differential operators are solvable
on Riemannian symmetric spaces X of non-compact type. The key tool of most of these works is the
theory of harmonic analysis on the corresponding Lie group or on symmetric spaces, in particular the
application of the Fourier transform.

However, what happens, if we genuinely extend this situation and consider systems of linear invariant
differential operators, e.g. D as a ¢Xp -matrix (¢, p € N) of such linear invariant differential operators? Is it
still (locally) solvable? In case of R™, the questions have been answered completely by Malgrange ([Mal61]
& [Mal64]), Ehrenpreis ([Ehr61] & [Ehr70], Chap. 6) and Palamodov ([Pal63] & [Pal70]). Already, here,
the proof is much more complicated as for a single operator.

In Section 2, we introduce a setting for the above problem for symmetric spaces X of non-compact
type in terms of a Conjecture 1. Suitably interpreted, it also applies to the above example, with X = R"™
with G = R™ and K = {0}. Indeed, we view an invariant system of invariant differential equations as an
invariant differential operator between complex homogeneous vector bundles. The conjecture involves a
second invariant differential operator D satisfying D o D = 0 as an integrability condition. An overview
on previously known results covering the conjecture is given at the end of Section 2.

In Section 3, we present a possible strategy to solve the conjecture. The following diagram, which we
try to explain in the sequel, pictures the strategy and also the ’jungle’ into which the reader is about to
adventure.

C¥(X,Ey) ——F s OF(X,Ey) ——F—— (X, )
| exact I
i i dualization i
(X, Ey) — L2 co(X,Es) — 2" C-%(X,Ex)
exact closed range
J}-‘g i}-;— l]::y
PWSs(ak x K/M) —2— PWS:(at x K/M) —L— PWSs(az x K/M) (Level 2)
N exact closed range N
i A~ N & !
! i ! l
v 0 ~ P v v
PWSs(az) —"—  PWS:(at) ——— ,PWS;(a%). (Level 3)
exact closed range

Roughly speaking, in order to prove the exactness of the first sequence, we dualize. Here dual bundles cor-
responding to dual representations are indicated by a tilde. Then, as next step, we apply the Fourier trans-
form for sections. The image of the Fourier transform of the vector space C (X, E;z),* = 0, 7,7, is equal
to the Paley-Wiener-Schwartz space PW Si(af x K/M). The precise description of PW S (ag x K /M) has
been obtained in our paper ([OlPal22a], Thm. 4). This theorem has been derived from Delorme’s Paley-
Wiener theorem for C°(G) [Del05]. The corresponding operators @ and P are given by multiplication
endomorphism by valued polynomials on af. Nevertheless, the modified problem, which we call (Level 2),
is still too difficult to be solved in general. Therefore, we fix an additional K-type on the right. We refer
this situation as (Level 3). In this framework, the problem becomes more tractable, in particular, we can
use Hormander’s results on multiplication by polynomial matrices. More precisely, our problem reduces
to certain hypotheses (Hyp. 1-4), which will turn as to be true at least for some groups G. The final step
would be to move back to (Level 2) and take the inverse Fourier transform to become the solutions of the
initial problem. The strategy is summarized in Thm. 4, Prop. 3 and Prop. 4.

In Section 4, we establish the solvability for G = SL(2,R) by using the very explicit description of
HPWS*(aE) given in [OlPal22b]. The final result is given in Thm. 8. Partial results (Thm. 12 and
Thm. 13) will be obtained for G = SL(2,R)¢ (d € N) and G = SL(2,C) in Section 5.

We have already checked that the methods introduced in the present paper also lead to a complete resolu-
tion of the conjecture for G = SO(1,n),n arbitrary. In contrast, as already the example SL(2,R)¢,d > 1,
shows, for higher rank symmetric spaces additional new ideas would be needed.

This work is part of the doctoral dissertation [Pa21] of the second author.



2 The conjecture

2.1 Invariant differential operators on sections of homogeneous vector bun-
dles

Let G be a real connected semi-simple Lie group with finite center of non-compact type. Let K C G be a
maximal compact subgroup. The quotient X = G/K is a Riemannian symmetric space of non-compact
type. Let 7 be a finite dimensional representation of K on a complex vector space E.. Let E; := G x E,
be the G-homogeneous vector bundle over X induced by E.. The space of its smooth sections is denoted
by C*(X,E,). Note that C*°(X,E,) carries a natural Fréchet topology and it is equipped with a smooth
G-action. Moreover, we have the following isomorphism of G-modules:

C*(X,E,) = C>®(G,E.)X 2 [C>(G) ® E]¥.

Here, W¥ denotes the space of K-invariants of a K-representation W.
We now consider an additional K-representation (v, E,) and its associated homogeneous vector bundle
E, over X.

Definition 1. A linear non-zero differential operator D : C°(X,E,) — C*(X,E;) between sections of
homogeneous vector bundles is said to be G-invariant if

D(g-f)=g-(Df), VgeG,feCXE,).

We denote by Dg(E.,E.) the vector space of all these G-invariant differential operators.
Let g (resp. £) be the Lie algebra of the Lie group of G (resp. K) and U(g) (resp. U(%)) be the universal
enveloping algebra of complexification of g (resp. €). It is not difficult to show ([KoRe00], Prop. 1.2.) that

D (B4, E-) = [U(g) Rue) Hom(E,, E-)]X. (2.1)

It is equipped with a smooth left G-action. Thus, we can regard D € Dg(E,,E;) as a linear map

U(g) Que) B, 25 U(g) Quey Er. (2.2)

Both U(g) @y E, and U(g) @y ey E- are finitely generated U(g)-modules. Note that U(g) @y ey £y is
isomorphic to the space of distributional sections of E, supported at the origin o € X, similarly for E,.

2.2 Statement of the conjecture

Let D € Dg(E,,E;). We wish to find another bundle E; and another operator D € D¢ (E.,Es) such that
the equation D f = g is solvable in C*°(X,E,) if and only if Dg = 0. To do so, we need to construct, first,

a candidate for D. We look at (2.1), since D is G-invariant, we have that Ker(D) is a U(g)-submodule
and a (g, K')-submodule of U(g) @(¢y E. Since U(g) is Noetherian ([Wal88], 0.6.1.) and U(g) @y ) E,
is finitely generated, there exists a finite-dimensional K-invariant generating subspace Ey of Ker(D). It
carries a representation 7o : K — GL(Ep). Consider the natural embedding

i: Ey — Ker(D) — Z/f(g) Qu(e) E’Y
and recall the natural isomorphism Hom(E,, E;) = E; ® E5. Then

i € Hompg (Eo,U(g) (e E)=[U(g) Que) By ® Evb]K >~ [U(g) Qu(e) Hom(FEy, E,Y>]K
(2.1)

[V
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The corresponding element Dy € Dg(Eg, E,) defines a linear map
Dy :U(g) (e Ey — U(g) () E,.

It is given by Do(Z @ w) = Z(i(w)), for w € Ey and Z € U(g). By construction, Dy maps surjectively to
Ker(D) C U(g) ®u(e) £~ In other words, the sequence

D
U(g) Que) Eo — U(8) Que) By 2 U(y) @u ey Er (2.4)



is exact, in particular D o Dy = 0. However, since we want the opposite order, we need to dualize. Write
by (%, E5) (resp. (7, E;)) for the dual of the representation (v, E,) (resp. (7, E.)). The dual or ’adjoint’
of D is an invariant differential operator

Dt: COO(X, E;) — COO(X, E:Y)

We viewed D as an operator D' : U(g) @y ) Bz — U(g) Que) E5 and set D := ((D")g)t, where (D%)q
is constructed as above with 7, 7 replaced by 7, 7. (D)o corresponds to a finite-dimensional K-invariant
generating subspace Fy C Ker(D") C U(g) @y ) Ez. Set F := Fo. Then D € Dg(E,,F) and we have
(Do D)t = D' o (D")g = 0. Thus, Do D =0 on C*(X,E,), i.e. Im(D) C Ker(D), viewed as a subspace
of C*(X,E,).

Conjecture 1. Let D € Dg(E,,E;) and D € Dg(E.,F) be as above.
Then, the differential equation Df = g is solvable in C>(X,E,) for given g € C*°(X,E;) if and only if
Dg = 0. In other words, the sequence

C®(X,E,) 25 C™(X,E,) 25 (X, F) (2.5)

exact

is exact in the middle, i.e. Im(D) = Ker(D).

Note that one implication is obvious, since DoD=0 implies that ﬁg =DoD f = 0. For many special
cases, the conjecture is known to be true (but not in general):

e Consider E, = APT*X (p € Ny) the exterior powers of the cotangent bundle 7% X, and
D =d,: C®(X,E,) - C=(X,E,1) the exterior differential. Then, D = d,,;. By the Poincaré-
Lemma (e.g. see [BoT82], Sect. 4) the conjecture in this situation is true, even for any contractible
manifold X.

e Notice that if E, = E, = C are the trivial one-dimensional vector bundles on X, then the transposed
invariant differential operator D? is injective on C °°(X,C). This implies that D =0, thus we have
no ’integrability’ condition. Helgason’s result (|[Hel89], Chap. V), mentioned in the introduction,
shows that the conjecture is true in this case.

e Also for elliptic operators between sections of general bundles, we have D = 0. In this case, the

conjecture was proved by Malgrange (|[Mal56], p. 341), even for every non-compact analytic manifold
X.

e Furthermore, the Euclidean analogue of the conjecture is true by the result of Ehrenpreis ([Ehr61]
& [Ehr70], Chap. 6), Malgrange ([Mal61] & [Mal64]) and Palamodov ([Pal63] & [Pal70]) mentioned
in the introduction. One of the first written proofs appeared in Hérmander ([Hor73|, Thm. 7.6.13 &
Thm. 7.6.14). Note that the first edition of Hérmander’s book appeared already in 1966. For this
proof, Hérmander invented new L?-methods. The result in the Euclidean case is known as a part
of the Ehrenpreis Fundamental Principle.

e An extension of Ehrenpreis’s fundamental principle to symmetric spaces is discussed by Oshima,
Saburi and Wakayama ([OSW91]). In particular, they annonced that the conjecture is true if
E,=CP,E, =C?and Es = C", p,q,r € N, with trivial K-representations.

e Another important result is a consequence of the theory of Kashiwara-Schmid ([KS94] & [Ka08]) on
maximal globalization of the Harish-Chandra modules. Let D € Dg(E,,E;), then we look at the
operator

D' : U(g) ®uey Bz — U(g) @ue) E5.

If D? occurs in a projective resolution

P P, Py P
B U(9) Rueey Ess1 S UQ) Quey Bs =+ = U(g) Quey Eo > W — 0,

i.e. D' = P; for some s € Ny, of a Harish-Chandra module W (e.g. an irreducible (g, K)-module
W), then the conjecture is true for D. This result, in more abstract language, is announced in
[KS94]. The full proof appeared in [Ka08| and is based on the theory of D-modules. It is one of
the motivations of the present paper to find a 'more elementary’ proof of this result based on the
Fourier transform.



3 On solvability and general strategy

3.1 Topological Paley-Wiener-Schwartz theorems and intertwining conditions

Let us fix a G-invariant Riemannian metric on X. Let (7, E;) be a finite-dimensional representation of
K. The corresponding closed ball of radius r centered at the origin o is defined by B,.(0). We consider
the space of compactly supported distributional sections C, *°(X,E;) = {J,~, C, (X, E;), where

Cr®(X,E,;) = {f € C"*(X,E,) | supp(f) C B, (0)}.

In context of the Fourier transform, we refer to this situation as (Level 2). For a second finite-dimensional
K-representation, we also consider the space of compactly supported (v, 7)-spherical distributions

CJOO(G7 s T) = UTZO C;OO(G7 Y, ’7'). Here,

C;OO(GaFYvT) = {S S CiOO(G, HOm(E’Y’ E‘r) | lk1rk25 = T(k2)7157(k1)vk1’ k2 € K’
and supp(S) C p~ (B, (0))},

where I, 7, are the left and right regular representations, respectively, and p : G — X is the nat-
ural projection. Note that C.>°(G,~v,7) = Homg(E,,C>°(X,E;)). In particular, for irreducible
v, C-°(G,~,7) is just the multiplicity (infinite-dimensional) space for the occurence of 7 in the K-
representation C, °(X,E;). We refer to this situation as (Level 3). The missing (Level 1) corresponds
to CE>°(G), where no K-representations are involved. It stands in the background of the theory (see
[OlPal22a] & [OlPal22b]) but will play no role in the present paper.

We fix an Iwasawa decomposition G = KAN. Let M := Zg(A) be the centralizer of A in K. Now

we come to the Fourier transform.

Definition 2 (Fourier transform for sections of homogeneous vector bundles). Let g = k(g)a(g)n(g) €
KAN = G be the Iwasawa decomposition of g € G. We define the exponential function €5 ; : G —

End(E;), X € at, k € K by €5 ;.(g) :== 7(k(g= k) ta(g~ k)~ A+P) € End(E,), where p is the half sum of
the positive roots of (g,a) counted with multiplicity.

e (Level 2) For T € C;*°(X,E,), the Fourier transform is given by
FoTO\Mk) = (T, ¢5,) € Br, (M k) € ab x K/M.
e (Level 3) For S € C7°°(G,~,T), the Fourier transform is defined by
SFrS(A) = (S, e} 1) € Hompy (E,, Er), A € ag.

We fix a basis Y1,...,Y, of &. Then Y, =Y, ---Y,, ,a = (a1, , ), & multi-index for a basis of U().
We also introduce

00 [ L * * ce —
C®(ag x K, Eq,,) == {f 1 af x K/M = E. | f(A\,km) =7(m)""f(\, k)}.
The Riemannian metric on X induces Euclidean norms |- | on a* and af.

Definition 3 (Paley-Wiener-Schwartz space for sections in (Level 2) and (Level 3), [OlPal22a], Def. 10).

(a) Forr >0, let PWS;  (at x K/M) be the space of sections 1p € C>(ag x K/M,E,, ) such that:

(2.1) The section ¢ is holomorphic in A € af.
(2.iis), (growth condition) For all multi-indices «, there exist N € Ny and a positive constant Cy N
such that
by oA K2, < Crya(1+ ARV RN ke K,

where || - ||g, is a K-invariant Fuclidean norm on the finite-dimensional vector space E;.
(2.i74) The intertwining conditions in ([OlPal22a], Thm. 2 (D.2)) are satisfied.

We set PW Sy (ag x K/M) :=U,>0 nen, PW Srrn(ag x K/M) equipped with its natural inductive
limit topology. -

(b) By considering an additional K -representation vy, let ., PW S .(ag) be the space of functions
ac 3 A= (X)) € Hompy (E4, E;)

such that:



(3.4) The function ¢ is holomorphic in X € af.
(3.iis), (growth condition) There exist N € Ny and a positive constant Cy n such that

||30()‘)H0p < CT,N(1 + |)“2)N€T|Reo\)‘v

where || - ||op denotes the operator norm on Homp (E,, E;).
(3.i43) The intertwining conditions in ([OlPal22a], Thm. 2 (D.3)) are satisfied.

We set , PWS;(ag) := U, >0 ven, +EW Srrn(ag) equipped with its natural inductive limit topology.

We do not write the intertwining conditions explicitely here. We only mention that each intertwining
condition comes from a G-invariant subspace in finite sum of (derived) principal series representations of
G called an intertwining datum. The most important intertwining data are just proper submodules in
a single reducible principal series representation and intertwining operators between two principal series
representations. Each intertwining datum gives a linear relation between the germs of ¢ (Level 2) or ¢
(Level 3) at finitely many points Aq, ..., As € ai depending only at the values and possibly finitely many
derivatives of ¥, p at A1,..., As.

By considering the Knapp-Stein and Zelobenko intertwining operators, we developed a criterion for
real rank one ([OlPal22b|, Thm. 2) to check when a subset of these intertwining conditions is already
sufficient in order to describe the Paley-Wiener-Schwartz space completely. In particular, for SL(2,R)?
(d € N) and SL(2, C), we obtained explicitly the intertwining conditions in (Level 2) and (Level 3). These
results will be exposed in the upcoming Sections 4 & 5.

For now, let us present the topological Paley-Wiener-Schwartz theorem, which has already been proved
in [OlPal22a]. We equip the vector spaces C,*°(X,E;) as well as C,°°(G,~,7) with the strong dual
topology.

Theorem 1 (Topological Paley-Wiener-Schwartz theorem, [OlPal22a], Thm. 3).

(a) For each v > 0, the Fourier transform F, is a linear bijection between the two spaces C, (X, E;)
and the Paley-Wiener-Schwartz space PW S, (af x K/M). Moreover, it is a linear topological
isomorphism from C;>°(X,E.) onto PWS;(ag x K/M).

(b) Similarly, if we consider an additional finite-dimensional K -representation (v, E,) with associated
homogeneous vector bundle E.. Then, the Fourier transform . F is a linear bijection between the
two spaces C7>°(G,v,T) and ,PW S, .(ag), for each v > 0, and a linear topological isomorphism
from CZ°°(G,~,T) onto , PW S (ag). O

Note that C,_5(G,v,7) = Dg(E,,E;). Thus, we can apply the Fourier transform to invariant differ-
ential operators. Then, Thm. 1 implies (|OlPal22a], Prop. 9):

W‘FT(DG(E’WET)) = 'yPWSﬂO(a(E)
{P € Pol(ag,Hom;(E,, E;)) | P satisfies (3.77i) of Def. 3}. (3.1)
In addition, we have the following result.
Proposition 1 (|OlPal22al, Prop. 10). Let D € Dg(E,,E.) be an invariant linear differential operator.
For f € C:>°(X,E,) we have that
F-(Df)(\ k) =, F-DNF, f(N k), Ae€ag,keK,

where . F (D) € Pol(ag, Homy (E,, Er)) is a polynomial in X € af. with values in Homps (B, E;). O

3.2 Estimates for systems of polynomials equations

The initial goal is to show the exactness in the middle of the sequence (2.5). By taking the toplogical dual
of (2.5), we are dealing with compactly supported distributional sections C*°(X,E;z) for * € {§, 7,7} in
the strong topology. The strategy is to apply the Fourier transform and the topological Paley-Wiener-
Schwartz Thm. 1 for sections of homogeneous vector bundles to prove the exactness of the dual sequence in
the middle as well as the closed range of our transposed invariant differential operators D' € Dg(Ez, E5).



In other words,

exact
|

C*(X,E) — 2 4 0=(X,E,) — D C=(X,Es)

nt M t
Co (X E) ———— Cr*(XEr) ———— Cc (X, Ey) (3.2)
exac closed range

: 8
PWSs(ak x K/M) —% PWS:(at x K/M) —Z— PWSs(a% x K/M).

exact closed range

Moreover, in (3.1), we have seen that the Fourier transform of an invariant differential operator, which we
denote by @ respectively P, is a polynomial in A € ai with values in the corresponding homomorphism
space. Therefore, we can reformulate the initial Conj. 1 in terms of action of @ on PWS;(af x K/M)
and action of P on PW S5 (af x K /M), respectively.

However, the problem remains still difficult. The idea is to get rid of the K-variable to fix an additional
irreducible K-representation (u, E),) on the left while on the right a K-representation is given by the
bundle E; — X, x € {6,v,7}. In terms of our framework of the previous subsection, we moved from
(Level 2) to (Level 3). In (Level 3), Hormander’s results and estimates ([Hor73], Thm. 7.6.11. & Cor.
7.6.12.) become applicable. Thus, the plan is first to solve the main problem in (Level 3), as illustrated
by the following diagram:

PWS5(ag x K/M) AN PWS:(at x K/M) —£— PWSs(a% x K/M) (Level 2)
N exact closed range ~
- o i - $
PWS;(a) ———— ,PWS;z(a) ——— ,PWS5(af) (Level 3)
exact closed range

Let ,PWS. u(ag) = {p € Hol(ag, Homy (E,, E.)) | ¢ satisfies (3.iis), in Def. 3}. Note that
yPWSi(ag) C ,PWS, m(ag). The analog of Hormander’s result ([Hor73], Lem. 7.6.5) for the Euclidean
case, is formulated as the following hypothesis.

Hypothesis 1. With the notations above, let P € -PW S5 o(a.) and Q € sPW S5 o(ag) be the Fourier

transforms of the invariant differential operators D' € D(Ez,E5) and Dt € D(E5,Ez), respectively. Let
fe ”PWS;—,H(QEE).
Then, there exists g € ,PW S y(ag) such that f = Qg if and only if Pf = 0. In other words, we have

Im(Q) = Ker(P) in ,PWSz p(ag).
Now we want to solve the equation Pv = w in ,PW Sz (ag) with estimates. For ¢ € ,PW Sz g (ag),
we set [[illy,n = suprcge { (14 A2) Ve ReM|gl, | € [0, 00].

Hypothesis 2. Let P be as in Hyp. 1. There exist constants M € Ny and, for all 7 > 0 and N € Ny,
Cr.n € No so that for each function ,u € ,PW Sz p(ag) with [|P ,ul|. v < oo, one can find a function
uU € PWSz(ag) satisfying

(i) P,u=P v and

(i) || v

Ideally, we would like to have the constants more or less independent on the K-type pu.

|r,N+M < 07’,NHPHUH7"7N'

Hypothesis 3. With the notations of Hyp. 2, the constant M is independent of the K-type jv and C;. n s
of at most polynomial growth in |u| € [0,00), the length of the highest weight of u, with polynomial degree
independent of N.

Now we want to formulate the hypothesis in (Level 2) analogous to Hyp. 2 in (Level 3). Let
PWS;: g(ag xK/M) = {¢p € C®(aixK/M,Ez,,) | ¢ satisties (2.iis), in Def. 3}. For ¢p € PW.S; g (afx
K /M) we define

‘T"M

Wllns = sup @A) () ROl o k)[) € 0,00], 7> 0,N € No, 5 nulti-index
A€af keK

Here and in the following, we denote the norm || - ||, simply by | - |.



Hypothesis 4. Let P as in Hyp. 1. There exist M € Ny, for all ¥ > 0, N € Ny, multi-indices o € Ny,
and k € Ny as well as a constant Cy n.o € Ny so that for each function v € PW.S; g(ag x K/M) with
||Pul|r,np < 00 for each multi-index B € Ny, one can find a function v € PW Sz (ai x K/M) satisfying

(i) Pu= Pv and
(i) [[ollrNpa < Crw,
Now we can move back from (Level 3) to (Level 2).

Theorem 2. Assume that Hyp. 2 and Hyp. 3 are satisfied. Then, Hyp. 4 holds true.

mN,B-

Before being able to prove Thm. 2 we need some preparation. Consider, the space of L?-sections
V := L*(K/M,E,,,). Then, by Peter-Weyl’s theorem (e.g. see [Wal73], Thm. 2.8.2.), f = ek WX, f,
where d,, := dim(E,,) and yx,, (k) := Tr(u(k)) is the character of . The convolution is with respect to the
Haar measure on K normalized by fK dk = 1. The convergence is in the L?-sense. If f € C°°(K /M, E )
then the convergence is pointwise and uniform (compare Lem. 1 below). Note that ¥, (k) = x,(k™"). We
fix an orthonormal basis {e;,i =1,...,d,} of E,. Let {&;,i=1,...,d,} be the dual basis of Ej.

We obtain for f € C*(K/M,E,,) and x € K:

=>d Z/ Dew &) f(k™'x)dk = Y d Z/ (kz~Yes, &) f(k) dk

,LLEK i=1 [LEK i=1
= > d, Z/f e dk p(zY)e;.
NEK =1

Hence, we view |, f; := [, f(k)fi(k~")é; dk as an element of Homy, (E,,, E;). Now consider w € PW .S, (ag x
K/M). Then, its Fourier decomposition is given by

=> d, Zuwl e, (M) €ai x K, (3.3)

MEK =1
where
A= uwi()‘) = /Kw()\,k)ﬁ(k_l)éi dk € MPWST(CLE), Vi=1,...,d, (3.4)

are the Fourier coefficients.

Lemma 1. Fizr > 0 and N € No. Let ,w; € ,PWS (ag),p € K,i = 1,...,d,, be the Fourier

coefficients of w € PW S, (af x K/M). Consider the Casimir operator of K :

d#
Sy
i=1
where {Y;} is an orthonormal basis of €. Then, for each integer p we have

Nz, Vi, (3.5)

Il willrN4p < (14 lul?)~
where Z, := (1 + C¢)P € U(¥).

Here, || - ||r,~,z, is defined analogously to || - ||, n,s-

Proof. For w e PWS; g(af x K/M) and p € K, we can estimate

(3.4) L
1 pwiMllop < /Ilw(Mk)u(k "éillop dk:/ lw( )| dk < sup [w( B)| =: [[w(\, )0 (3.6)
K K keK

Note that the operator norm of ji(k~!) is one. The Casimir operator acts on E,, by the constant ([Kna02],
Prop. 5.28 (b))

Ce = |+ prl* — ol
where we have identified x4 with his highest weight and pj stands for the half sum of the positive roots of
¢ Since |u + prl* — [pr? = |ul* + 2(u, pr) > |pul?, we then have that (1 + |u[?) < (1 + ,C¢). Hence by
(3.6) applied to (1 + C¢)Pw we obtain for each p € Ny:

@+ 11P)P1wiMop < (14 ,CoP [ ywiM)llop = 1|, (1 + Ce)Pw),(Mlop < [[(1 + Ce)Pw (A, k)|l x.00-



Now by multiplying the last inequality with the weight factor (1 + |\|2)~(N+P)e=7IRe(MI on both sides and
taking the supremum over X € af,, we finally get (3.5). O

Proof of Thm. 2. Consider Pu = w € PW S5 (af x K /M) satisfying ||w||, n,g < 0o for some r > 0, N € Ny
and all multi-indices 8, with Fourier decomposition (3.3). Then Wi = P u;. By Hyp. 2 and Hyp. 3,
there exists ,v; € MPWS;(a(E) such that P ,v; = ,w; and with estimate

I Wvillrvnr < Crn (L )] ywillr v (3.7)

for some constants M, d € Ny independent of N, 11 and for some positive constant C, y independent of p.
Now choose p € Ny so that Zuef( di(l + |u[?)4=P < oo. Note that d, is of polynomial growth in p. We
consider the Fourier series

dl‘
v\ k) = Z duzuvi(/\),u(k;_l)ei
peR  i=1

and we want to show that it converges absolutely in the Fréchet space PW .Sz, n+nm+p(as x K/M).
Moreover, we will establish the estimates required by Hyp. 4. Note that it suffices to consider the semi-
norms || - ||r N4 M4p,z,- For I € Ng. we have

dle
Wolleviaripze < D du Y1 ville Nvenrpsa (14 [pl?)!
ek i=1
(3.7) &
< Crneprt D U+ [P will vp
pek i=1
Lem. 1
< Coneprt (D0 OO+ )T A4 1) [l vz,
;LEK
< Cl||w|‘T7Nyzp+l7
where C’ is some positive constant. O

3.3 On closed range and density

We want to show that Im(D) = Ker(D), which means that D has a closed and dense range in Ker(D) C
C>(X,E,). These properties will follow from analogous properties of the transposed operators D! and
ﬁt, respectively. We treat the density and closedness separately. We start with density. Let us recall
some notions and important results from functional analysis. We consider a continuous linear operator
A : Vi — V5 between locally convex Hausdorff vector spaces and its adjoint A* : V5 — V/. For a
linear subspace W C V, where V is a locally convex Hausdorff vector space, we consider its annihiliator
W+ c V' given by
Wh={6eV' | (B,w) =0, Vwe W}.

v) =0, Vi € W}. Let V. be V’ equipped

Similarly, for W C V' a linear subspace, W+ := {veV| (w,
= V (as vector spaces) and hence by the Hahn-

with the weak-* topology. It is well-known that (V)’
Banach theorem . —
(W)L =W (weak-* closure).

We can now easily derive the following well-known elementary results.

Lemma 2. With the notations above, we have
(1) Tm(A)*+ = Ker(A?).
(2) Ker(A)t =TIm(A?) (weak-* closure). O

Lemma 3. We consider two operators between locally convex Hausdorff vector spaces
Vi 5V v

with Bo A =0, i.e. Im(A) C Ker(B).
Then, Im(A) C Ker(B) is dense if and only if Im(B") C Ker(A?") is weak-* dense.



Proof. By the Hahn-Banach theorem, we have that Im(A) C Ker(B) is dense if and only if Im(A)L =
Ker(B)+. Hence by applying Lem. 2, this is equivalent to Ker(A?) = Im(B?), i.e. Im(B*) C Ker(A?) is
weak-* dense. 0

Corollary 1. Assume that Im(B") C Ker(A?) is dense in the strong dual topology. Then, Im(A) C Ker(B)
is dense.

Proof. Since strong density implies weak-* density, we directly obtain the result by applying Lem. 3. [

Remark 1. If V4 is (semi-)reflexive, then we even get an equivalence in Cor. 1 by the Hahn-Banach
theorem.

Proposition 2. Assume that Hyp. 1 and Hyp. 2 are true. Then D € Dg(E,,E;) has dense range in

Ker(D) Cc C*(X,E,).

Proof. Let P and @ as in Hyp. 1. In view of Cor. 1 and the Paley-Wiener-Schwartz Thm. 1, it suffices
to show that Im(Q) C Ker(P) C PWS:(af x K/M) is dense. Consider f € Ker(P) with its Fourier
decomposition:

dy,
FONR) =Y dy > fiNuk™ e, (M k) € af x K, e; € By,
nek i=1

where |, f; € HPWS?(C‘E)~ It can be approximated by finite Fourier series

d#
FaO k) =D du > fi(Nuk e, (W k) € af x K/M,e; € E,,, n.

lpl<n i=1

By applying Hyp. 1, we have ,f; = @ ,§;, for some ,g; € ,PWS; ,(ag). By Hyp. 2 we find ,g; in
the Paley-Wiener-Schwartz space ,PW.S;(ag) such that @ ,g; = fi. Thus, ,f; € Im(Q), and hence
frn € Im(Q). This implies that Im(Q) C Ker(P) is dense. O

Now we discuss closedness of Im(D). By the well-known criterion for closed range ([Hel89], Thm. 2.16
(ii) or [SchWoT71], Thm. 7.7) we have to show that

Im(D") € C;°(X,E5) (3.8)

has closed range in the weak-* topology. For this it suffices to show that for every B’ C C, (X, E5),
which is weak-* bounded and weak-* closed that (|Hel89], Chap. 2, Thm. 2.17 (i) and Prop. 2.8)

B'NIm(D") is weak-* closed. (3.9)
In other words, B’ N Im(D?) is closed in B/, where B/ is B’ equipped with the weak-* topology.

First we need a compactness lemma. We abbreviate V', the corresponding Paley-Wiener-Schwartz
space PWSi(ag x K/M), « € {0,v,7}, and V. y := PWS, , n(af x K/M). Then

v=_J U vin,

r>0 NeNg

where V. n is a Fréchet space with the generating system of semi-norms || - ||, n,qa, @ € N, and V carries
the corresponding locally convex inductive limit topology.

Lemma 4. Let B C V. n be a bounded subset with respect to the corresponding Fréchet topology. Then
B is relatively compact in V. ny1, i.e. the closure of B in V,. ny1 s compact.

Proof. We consider the space
W= C>*(ag x K/M,E,,) C C*(a¢ x K, E>)

with its natural Fréchet topology. As the space of smooth sections of a vector bundle, it is also a Montel
space. We have a continuous injection V. y — W. Thus B, viewed as a subspace of W, is relatively
compact.

Now let (f,) be a sequence in B. We have to show that it has a subsequence (fy,) that converges in
Ve Nyt
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By the above remarks, (f,) has a subsequence (f,,) that converges in W to some f € W, ie. (fy,)
and all its derivatives converge uniformly on sets of the form @ x K C af x K, where ) C ag is compact.
This implies that f is holomorphic in A and satisfies the (r, N)-growth condition as well as Delorme’s
intertwining conditions, i.e. f €V, vy C Vi n11.

However, (f,,) may not converge to f in the (r, N)-topology. Nevertheless, we will argue that it converges
in the (r, N + 1)-topology. Let g € V,. y and « be a multi-index. Then for any R > 0, we have

1
lgllr.v-1.0 < max (11, 15 0y c0 - g 19010 ). (3.10)

where Bg(0) denotes the closed ball of radius R in af. Let

C:= sug gllrN,a < oo.

ge

Then, also ||f||r,n,« < C and thus ||f,, — fl|rn,e <2C.

Let € > 0. Choose R_large enough such that % < € and [y large enough such that

1ve (for = Dl Broyxxeo S € for 2o

This is possible since f, — f in W. Now (3.10), shows that ||fn, — fllr N+1,e 2%, Hence, f,, = f in
Vi Nt1- O

Theorem 3. Assume that Hyp. 4 is true. Then, D € Dg(E,,E;) has closed range in C=(X,E,).

Proof. We consider P = . F5(D") as an operator P : PW Sz (af x K/M) — PWS5(af. x K/M). Using
Hyp. 4, we first show that for every N € Ny and r > 0

Im(P) N PWS:WT’N

is closed in the (r, N)-topology.
In fact, consider a sequence wy, := Pu, in Im(P) N PW S5, n so that w, converges to w € PWS5 . n,
whenever n tends to co. Then (wy) is a Cauchy sequence in PW S5 ;. n.
By Hyp. 4, there exists a sequence v,, € PW Sz, v+ so that Py, = w,, and with estimate (4¢) in Hyp. 4.
This implies that (v,) is a Cauchy-sequence in PW Sz, ny4n. Since, PW S . nya is complete, there
exists v € PW Sz ;. n+a such that v, "2y in PWSs, Nym-
Furthermore, since P : PWSs, n+m — PW S5, Nymtq is continuous, for 2d > deg(P), w, = Pu,
converges to Pv in PW S5 » N+ M+« But w, — w also in PW S5, N4a+. Hence, we have that Pv = w,
ie, weIm(P)NPWS;, n. We conclude that Im(P) N PW S5, n is closed in the (r, N)-topology.

In order to show the theorem, we need (3.9). Let B’ C C;*°(X,[E5) be bounded and weak-* closed.
B’ is also strongly bounded (this holds in the dual of any Fréchet space, [Hel20] Thm. 2.17 (ii)) and
of course also strongly closed. Since C; *°(X,E5), as the dual of a Montel space, is itself Montel in the
strong dual topology, we conclude that B,}j, i.e. B’ equipped with the strong dual topology, is compact.
Now, assume, for a moment, that Bg N Im(D?) is closed, then it is compact. Since the identity map

B — B,

is continuous, we conclude that B, N Im(D?) is compact, i.e. B’ N Im(D?) is compact in the weak-*
topology, in particular it is weak-* closed.
Thus, it suffices to show that B’NIm(D?) is closed in the strong dual topology, for every strongly bounded
and closed B’.

We will now apply the Fourier transform and obtain

F(B'NnIm(DY) = F(B") NIm(P).
By the continuity of F we have that
F(B") ¢ PWS5(ag x K/M)

is compact, in particular closed. By the definition of the locally convex inductive limit topology, we see
that F(B’) N PW S5, n is closed in every PW S5 . n with respect to (r, N)-topology.

On the other hand, there exists Ny € Ny such that F(B’) ¢ PW S5, n, and F(B’) is bounded in the
(r, No)-topology (see the proof of Lem. 3 in [OlPal22a]). By Lem. 4

]:(BI) C PWS’y,r,N0+1
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is relatively compact. But F(B') = F(B’) N PW S5, ny+1 is closed in the (r, Ng + 1)-topology. Hence,
it is compact in the (r, Ny + 1)-topology.
Now let N := Ny + 1. By the beginning of the proof, Im(P) N PW S5, n is closed in the (r, N)-topology.
It follows that

F(B')NIm(P) = Im(P) N PW S5,y N F(B)

is compact in the (r, N)-topology. Since the injection
PW S5, n — PWS5(ag x K/M)

is continuous, we conclude that F(B’) N Im(P) is compact, in particular closed, in PW S5 (ag x K/M).
By applying the inverse Fourier transform, which is a topological isomorphism by Thm. 1, we find that
B’ NIm(D?") is strongly closed in C; °°(X,Es). The theorem follows. O

Thm. 3 remains true if we assume that Hyp. 2 holds true instead of Hyp. 4.
Eventually, we can state our main criterion for solvability on X, i.e. for the validity of Conj. 1.

Theorem 4. Let D : C*(X,E,) — C>®(X,E;). Assume that D statisfies Hyp. 1 and Hyp. 4. Then
Cony. 1 is true for D. This holds in particular, if D satisfies Hyp. 1, Hyp. 2 and Hyp. 3.

Proof. Note that Hyp. 4 implies Hyp. 2. Vice versa, Hyp. 2 implies Hyp. 4 and Thm. 2. The result now
follows from Prop. 2 and Thm. 3. O

3.4 Variants of Conjecture 1

Let D € Dg(E,,E;) with corresponding ’integrability condition’ given by some D e De(E;,Es) as in
Subsect. 2.2. One is not only interested in solving equations of the form D f = g on X but also on subsets
of X or under additional conditions on f and g. In this subsection, we want to discuss some of these
problems which can also be treated by our Hyps. 1 - 4. For this, let us introduce the following notions.

Definition 4. (a) We say that D is solvable on X if Conj. 1 is true for D, i.e. (2.5) is exact.
(b) We say that D is solvable on K -finite sections, if the sequence of K-finite elements

C=(X,E)x -2 O(X,En) e 25 C(X,Es)

15 exact.

(c) We say that D is solvable on balls if for all R > 0 and z¢ € X, the sequence

C%(Br(wo), E,) -2 C(Br(z.), E.) 25 C=(Bg(x.,), Es)

is exact.

(d) Let Ec,x =, 71,8, denote the sheaf of smooth sections of E. on X. We say that D is locally solvable
if the sequence of sheaves

& e g
is exact, i.e. it is exact at the level of germs.

It is clear that solvability on X implies solvability on K-finite sections. Moreover, solvability on ball
implies local solvability. In the latter two cases, by G-invariance, it suffices to check exactness on balls
centered at zog = o and on germs at o = o, respectively. Note that in the literature sometimes appear
slightly different notions of local solvability.

Our first observation is that the same hypotheses that imply solvability on X also imply solvability
on balls and therefore local solvability.

Proposition 3. Assume that D € Dg(E,,E;) satisfies Hyp. 1 and Hyp. 4 (which is the case if it satisfies
Hyp. 1, 2 and 3). Then, D is solvable on balls, and hence also locally solvable.

Proof. We have to show that

C=(Bg(0),E,) 25 C%(Bg(0),E.) 25 C*(Br(0),Es)

is exact. Note that the dual spaces C;*°(Bg(0),E.),* = v, 7,6, are given by y<, . C;- (X, E,). By
the first part of the Paley-Wiener-Schwartz Thm. 1 (a), the Fourier transform is a linear isomorphism

12



between C*°(X,E,) and PWS, ,(af x K/M). Taking now the limit over all 0 < r < R (instead of
0 < r < o) one shows as in ([OlPal22al, Prop. 8) that one gets a topological isomorphism

C:®(Br(o),E.) = | ) PWS. .(at x K/M),
0<r<R

whose left hand side carries the strong dual topology, and the right hand side is equipped with the locally
convex inductive limit topology. With this change one can argue as in the proof of Prop. 2 and Thm. 3
to establish Prop. 3. O

Our second point is that for K-finite solvability, it suffices to establish Hyp. 1 and Hyp. 2.

Proposition 4. Assume that D € Dg(E.,,E;) satisfies Hyp. 1 and Hyp. 2. Then, D is solvable on
K -finite sections.

Proof. We have for x =, 7,9
C®(X,E.)x = P CF(G. i, %) @ E,.
MEIA{

Note that we have the algebraic direct sum here, and that D acts as D ® Id on the right hand side.
Therefore, it is sufficient to show that for every p € K

C=(G, ) =5 C=(G, p,7) 25 C=(G, 1, 6)

is exact. By dualizing and applying the Paley-Wiener-Schwartz Thm. 1, we have to show the exactness
of
* Q * P *
WPWSs(ag) — |, PWSz(ag) — ,PWS5(ag)

and that P has closed range. For this we argue as in the proofs of Prop. 2 and Thm. 3, where we can work
completely at (Level 3) and do not have to switch to (Level 2). Therefore, Hyp. 3 or 4 is not needed. [
4 On the solvability on the hyperbolic plane H?>

Let G = SL(2,R) and K = SO(2), which is a maximal compact subgroup of G. Then

G/K 2H? = {z € C|Im(z) > 0},

where G acts on H? by g -z = (Z Z Lz = Zzzi‘db, for g € SL(2,R) and z € H?. We have K = 7, where

for m € Z the corresponding irreducible representation (m, E,,) on E,, = C is given by

—sinf cos6

( cos @ s1n9> s ein? € U().

In (|OlPal22b], Sect. 4), we have described explicitly the intertwining conditions in (Level 3) for SL(2, R).
Note that Homp;(Ey, Ey,) and hence , PW.S,,(af) vanish for n # m (mod 2). If n = m (mod 2), we
identify Homy(E,, E,,) with C.

Theorem 5 (Intertwining conditions in (Level 3), [OlPal22b], Def. 4 & Thm. 6). Let n,m € Z such that
n=m (mod 2). Then, ¢ € Hol(af, Homu (E,, Ex)) satisfies the intertwining condition (8.ii1) in Def. 8
if and only if there exists an even holomorphic function h € Hol(\?) such that

©(A) =h(A) - gnm(N), A€ ag, (4.1)

where g m is the polynomial in X € af with values in Homps (E,,, E,,) given by

1, if n=m,
() A+ ‘ml;l)()\ + |m|2+3) (A + WT_I), if |n] > |m| and same signs, (4.2)
’ (A — ‘”l;l)()\ — WTH) (A= WT_l), if [n| < |m| and same signs,
A+ \n|2—1)(/\ + MT_?’) (A= ‘m%), else, with different signs. O
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Thm. 5 tells us that , PWS,, u(ag) is freely-generated by g, as a Hol(A?)-module. We will need
some information on the product of two such generators. In fact, gn m - qi,n € ;[ PWSm o(af) and thus by
Thm. 5:

An,m " qQiin = Til,m “qlm (43)
for some even polynomial rﬁhm € Hol(\?). The following can be checked in a straightforward way.

Lemma 5. Let n,m,l € Z be integers so that n =m (mod 2). Then, for l,n,m, we have

1, ifl<n<morm<n<l,
Tizm: Gnm  Qmn, Yl<m<norn<m<l,
Gn,l * Gin, fm<l<norn<l<m.
In particular, for fized n,m, the set of polynomials {TﬁLm |l €Z,l=m (mod 2)} is finite. O

Consider three, not necessary irreducible, K-representations (9, Es), (7, E-) and (v, E,) with

ds - d
Es=@Es, E-=@En, E,=FEmn,
k=1 j=1 i=1

where si,n; and m, are integers, Vk,j,i. Now fix an additional irreducible K-type (I, E;). Let D €
D¢ (E5,Ez) and P, Q as in Hyp. 1. Note that we have interchanged the rules of v, ¥, etc. By using Thm. 5
one can now show Hyp. 1.

Theorem 6. The sequence
\PW S5 1(a%) ~% PW S, pr(at) - | PW S, 1 (a7) (4.4)
is exact in the middle, that means that Im(Q) = Ker(P).

Proof. We look at the defining exact sequence (2.4) for Dt. Taking the [-isotopic component and applying
the Fourier transform, we obtain the exactness of

PWSso(az) - PWS,o(at) 2 , PWS, o(al) (4.5)

exact

by Thm. 1. Note that ;PW S, o(ag) is a subspace of ;,PW .S, g (ag) for « € {6, 7,7}. Moreover due Thm. 5,
we have that each ;PW S, g (ag), which is a direct sum of spaces of the form ; PW S, g (af), is a free finitly
generated Hol(A?)-module polynomial with generators. Hence, ;, PW S, (aZ) is a free Pol(A?)-module with
the same generators. Thus

[ PW S, 1(af) = Hol(A\?) ®@poi(az) {PW S, 0(ag). (4.6)

In addition, Hol(A?) is a torsion free module over the principal ideal domain Pol(A?). This implies that
Hol(\?) is a flat Pol(A?)-module. Hence, tensoring (4.5) with Hol(\?) over the ring Pol(\?) preserves the
exactness of the sequence. By (4.6), we obtain the exactness of (4.4). O

Next, we establish Hyp. 2 and Hyp. 3.

Theorem 7 (Estimate result in (Level 3)). Let P € _[PWS., o(ag) be as above and | € Z.
There exist M € Ny and, for all v > 0 and N € Ny, a positive constant C, n so that for each ;u €
(PWS, m(ag) with ||Pullr,nv < 00, one can find v € ; PW S (af) satisfying

(i) P,u=P v and
(it) || 0llr,n42r < Cr. NP yul[r N
The constants C, n and M can be chosen to be independent of the integer [.

In the proof of the theorem, we will use the following standard result. For convenience of the reader,
we include the proof here.

Lemma 6. Let p(z) = Zi:o a, 2" be a polynomial in one variable such that the leading coefficient aj, is
not zero. Forr > 1, let f be a holomorphic function on B,.(0) C a.. Then

FO)] < lax| ™" sup |£(2)p(2)]. (4.7)

|z|=1

Here, B,.(0) denotes an open ball of radius r centered at 0 in a.
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Note that (4.7) implies that for f € Hol(af)

|f(V)] < Cp sup [f(A+2)p(A+2)|, A€ ag,

|z|=1
where the constant €, depends on the polynomial p, but not on A € ag.

Proof of Lem. 6. Set q(z) := Zﬁ:o @p—nz". The product ¢- f is holomorphic on B,(0). By the maximum
principle for By (0), we have
1g(0) £(0)| < sup |q(2)f(2)].

|z|=1
Note that ¢(0) = a@. If |z] = 1, then we obtain
k k o]
p(z) = Z@ﬁ" =Y G,z =27k Zanzk_" =27 Fq(2). (4.8)
n=0 n=0 n=0
Therefore, for |z| = 1, we have |p(2)| = |¢(2)|, and thus the lemma follows. O

The strategy of the proof of Thm. 7 is borrowed from Hoérmander’s proof of an analogous (local)
result for the Euclidean case ([H6r73|, Prop. 7.6.5). Our arguments are simplier and already give global
estimates since we do not have to consider functions of several complex variables. On the other hand, our
situation is bit more complicated due to the presence of the generators gy, m,.

Proof of Thm. 7. We proceed by induction on the dimension d of the vector space E..
Initial case: Let us show that the theorem is true when d, =1, i.e. v =m for some m € Z.

Set yjw = Pu = Z?;l Pjuj, where P; € ;PW Sy, 0(ag) and ju; € ,PWS,, g(ag). Now by Thm. 5, we
have

Wi = hy Qi (4.9)
Pi = aj-qn;m (4.10)
W= b-qm (4.11)

for some ;h;, b € Hol(A\?) and a; € Pol(A\?). In order to obtain the desired ;v, we want to replace each
hj by some ;h;, which can be estimated by P and jw.
We now observe by putting the equations (4.9), (4.10) and (4.11) in Z?;l Pjuj = w, for X € ag:

d, d,
ij(A) wi(A) =w(d) = Zaj()\)qnj,m@)qhnj()\) 1hi(A) = 16(A)q1,m (A)

Jj=1

dr
Lem. 5
E57 ) " a;(Wrh (V) hi(A) = b(V)
j=1

dr
— Zldj(A) i (A) = b(A),

where in the last line we set ;a;(\) == aj()\)rﬁ%m (M), V4. This implies that ;b is divisible by the greatest
common divisor '

gcdc[)\z]<ld1()\), ey lddT ()\)) =: lﬁ()\) S })Ol()\Q)7
ie.

1b(A) = 18(A)1p(A) (4.12)

for some ;3 € Hol(A\?). Since Pol(A\?) is a principal ideal domain, by Bézout’s theorem, we can find
polynomials ;R; € Pol(A\?) such that

d,
D 1) 1R (A) = (N,
j=1

Now we set

i (A) =800 R;(\), for Aeat,j=1,...,d,
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and define jv; € ;,PWS,, g(ag) by
i (A) = By (N, (V) = 1800 1 R (N, (V). (4.13)
Concerning the estimate, from the equations (4.11), (4.12), (4.13) and the relation (4.3), we obtain
Tizj,m()\) sz()\> Jw(A) = zUj()\) lﬁ<)\)qn]‘7m()\)'
Due (4.8), this leads to

100 < €y sup {Irl, A 2) Ry O+ 2)uh+ 2]

where Cl{ ; 1s a constant depending on the two polynomials ;p and ¢, m. Moreover, since rflj’
are polynomials, we can choose M; € Ny so that

and ;R

m

75, A BN < CEA+[ADM, X € ag.
The constants C’l{j,C’IQ,Ml depend on the integer I. However, by Lem. 5, there are only finitely many

l

Ty, .m and therefore also ; R; and ;p. Hence, we can choose these constants such that C' := sup;¢y ; Cl{j -C}?

and M := sup;cy M; < co. Coming back to our inequality, we get

| vN)]]op = max{|,v;(A\)||j=1,....d;} < C sup {(1—1— |/\+Z|2)M|lw()\+z)|}

|z|<1

IN

C'(1+ [AM sup [jw(A+2)],
|zI<1

where C/ > 0 is a constant independent of [. Now by multiplying both sides by the weight factor
(14 [A2)~WN+M)e=rIRe(M] and taking the supremum over \, we obtain

[l 0llrvrar < Csup(L+ [A2) Ve M w)] < ¢ sup (14 A2 N e RO (A +2)]
AeC

AeC,|z|<1

= "l

This is the desired estimate for d, = 1. Note that C” is independent of [.

Inductive step: It remains to show that the theorem is true for d, > 1.
By induction hypothesis, assume that the statement is already proved for systems involving less than d.,
equations. Write P = (P, P")T, where P stands for the first and P’ for the d,_; remaining rows of the
matrix P.
In particular, we then can consider the equation P, ,v; = P;,u and conclude that it has a solution
01 € (PWS,, (ag) such that

Loallrvear < CllPygulle Ny < ClPullr v (4.14)

with constants C, M independent of [. Now, we make the ansatz ;v = ;v; + ;h, where we have to find ;A
so that P, ;h =0, P’ ;h = P'(;u —,v1) and ;h can be estimated.
By applying Thm. 6 to P; instead of P and using P;(ju — ;v1) = 0, we can write

= v = Q1 f, (4.15)

where | f € ;[PW S5, u(af). We want to find ;i of the form ;b = Q1 ;9.
Moreover, the equations P’ ;b = P’(;u — ,v1) then become

P/leg:P,lef-

Let di > ngTP, and set N’ := N + M +d;. Since, we only have d, — 1 equations, by induction hypothesis
there exist some constants M’ and C,. y (independent of /), and ;g € ;PWSs(ag) with

(4.15)
I zg||r,N’+M' < C;,N/HP/Qler,N’ = C;,N’HP,(ZU - 1U1)||7',N’
< o (P lloys + 1P sl
< Cos (Pl + C'lorlavins)
(@19
< CT,N’||PluHr,N’~ (416)
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Now let dy > % and set M := M + M’ + dy + dy. We obtain for v :=,v1 + Qg

Il v |, N+ 2177 < [lv1llrnar + C7N| gl N ar

(4.14) & (4.16)
<

lr N2 < || otlle Narr + 1@ g

O:,NHPIUHT,N-

This is the desired estimate. O
By the results of Sect. 4, we conclude that Conj. 1 and its variants (see Sect. 3.4) are true for G/K = H?.

Let us state this as a theorem.

Theorem 8. Let G = SL(2,R) and D € Dg(E,,E;) be an G-invariant differential operator between
sections of homogeneous vector bundles over the hyperpolic plane H2. Then, D satisifies all 4 variants of
solvability stated in Def. /. O

5 Going beyond

5.1 Solvability on the finite products of H?

Let G := G' x G’ = SL(2,R) x SL(2,R) and K := K’ x K’ with K/ = SO(2). K is maximal compact
in G. Analogous to Sect. 4, the symmetric space X = G/K can be identified with H? x H?, and
ag with C x C. We also have K =7 x Z, where for n = (n1,n2) € Z x Z we have E,, = C with
K-action (kg,, kg,) — ei™%¢em292 ¢ U(1) (compare Sect. 4). Consider now an additional irreducible
K-representation (m, E,,). Note that Homp,(E,, E,,) = 0 unless ny = my (mod 2), ng = my (mod 2).
In the latter case, we identifiy Homys (E,,, E,,) with C and define ¢, ,,, € Pol(ag,, Hom(E,, E,,)) by

Qn,m(A) = Qdny,m, (Al) *Qno,mo (A2)

for A = (A1, A2) € af (see (4.2)). In (|OlPal22b|, Sect. 4), we described and presented a complete
Paley-Wiener-Schwartz theorem for G.

Theorem 9 (Intertwining condition in (Level 3), [OlPal22b], Thm. 7). Let n,m € Z? be two tuples of
integers. Then, ¢ € Hol(af, Hom (E,, E.,)) satisfies the intertwining condition (3.4) of Def. 3 if and
only if there exists an holomorphic function h € Hol(A2,A3), i.e. h(A1,A2) = h(—A1,A2) = h(A1, —A2)
such that

(p()\l, /\2) = h(/\l, )\2) . qlm(/\l, )\2) (51)

O

Let 7, be two, not necessarily irreducible, representations of K and D € Dg(E5,E;). We first prove
Hyp. 1.

Theorem 10. Let P,Q be as in Hyp. 1. The sequence
PWSs (az) 5 \PWS, g(at) =5 ,PWS, m(ak) (5.2)
is exact in the middle, that means that Im(Q) = Ker(P).
Proof. Using Thm. 9, we obtain as in the proof of Thm. 6
PW S, m(ag) = Hol(A, A3) OPol(AZ,A2) 1PWS.olag), *=46,7,7.

We can proceed as in the proof of Thm. 6, except that here Pol(\?, \2) is not a principal ideal domain.
However, by using ([H6r73], Lem. 7.6.4), we see that Hol(\3, A3) is still a flat module over Pol(A\?,23). O

Next, we deal with Hyp. 2.

Theorem 11 (Estimate result in (Level 3)). Fiz | = (l1,l2) € Z* and let P € _PWS, o(a}) as in
Thm. 10. Then, there exist constants M € Ny and, for all7 > 0, N € Ny, C,. n > 0 such that for each
€ PWS, g(ag) with ||Pull, v < 0o one can find v € ;PWS.(ag) satisfying

(i) P,u=P v and

() [ vl

rN+M < Cr || Pl N
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Before we start to prove Thm. 11, we need to adapt Lem. 6 for our situation.
Consider a polynomial p in two variables z = (z1,22) € C x C. It can be decomposed into homogeneous

components p = E?:o pr, where p # 0. For all s € C\{0}, we have
pi(s-2) =s'pi(z), VI=0,... k. (5.3)

If pr. # 0, then there exists v € C2\{0} such that py(v) # 0 and |v| = 1. Fix now A € C x C and let
px : C — C be defined by

pa(z) i=p(A+z - v).
Lemma 7. The polynomial py is of degree k with largest coefficient ar, = ap,x # 0 and independent of
A€ C xC. In fact, a, = p(v).

Proof. We have

k k
A
RT _k T —k _ . —k
o= Jim =) = Jim s Y opOk e = I (o (5 )
1=0 =0
(5.3) - A
5.3 ; -k (A
=l 3 (S )
1=0
= pr(v). O

Now, let f be an entire function on €% Set fy(z) := f(A + z-v). By Lem. 6, we get [f2(0)] <
|le| sup|, =1 [Pa(2) fr(2)], Le.

1
|fF(N)] < o] Sup p(A+z-0)f(A+2-0)[<Cp  sup  [p(A+p) f(A+p)l, (5.4)
k| |z=1 HEC?, [l <1
=:C)p

where the constant C), depends on the highest homogeneous part of p.

Proof of Thm. 11. We decompose E, = @?;1 E,, and E, = @j;l E,,, into irreducible ones. Note that
nj, m; are now tuples of integers. Then ;u has components ;u; € ;PWS,, (a), ;w := P u has components
Wi €  PWS,,, (a), and P is given by a matrix (P;;) with P;; € anWSmi)o(aE). Then

i =y qn,
]Di' = Q5 qnj,m,;
Wi = b qum,

for some ;h;, ;b; € Hol(Af,A\3) and a;; € Pol(A?,A\3). We want to find jv; € ;PW .S, (af) so that P v = jw,
and to estimate ,v in terms of ;w. As in (4.3), we define polynomials rihm by

l
dn,m " qi,n = ’I"mm “qi,m-

n,,m, and obtain Pu=w <= Z?;l ,Gij hy = bii=1,...d,.

Let A := (,@ij)i=1,....d, - Hormander’s estimate ([Hor73], Thm. 7.6.11) tells us that there exist constants
G=1,.0rdr B

M, C, n so that for every ;h € Hol(\1, A2)%" with ||A k||, x < oo, for some N € Ny, r > 0, one can find

b € Hol(A1, A\2)9 such that

S el
We set ja;; 1= ag;r

dr dr
Jj=1 Jj=1

and || 2], yy a7 < Cron || bl]rv- We set

1 - 8 - 8
(s A2) = 2GR (Ars A2) + 1y (=Aas A2) + (A1, =A2) + 15 (=, =A2)).
Then, ;2 € Hol(A}, A3)% . Note that ,A’; is still a solution of Z;‘l;1 J@ij I'; = bi, since the functions a;;
and ;b; are even in A1 and Ay. We also have || l}NL/”r,N'-H\Z' < Cy,n7||;b]]r,n. By using Lem. 7, in particular

(5.4), we have -
110

lrn < Cop o, 1 10i@tmsllr,n = Co | willr, N
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and thus ||;b||, n < Ci|,w]||; n for some C;. We obtain

17 1l xs < Crovlliwllry. (5:5)

deg qi,n;

We set ;v (A1, A2) = 11/ (M, A2) - @un,; (A1, A2) and M; := M +d;, where d; > —5-"L,j =1,...,d,. Then,
P ,v = ,w and we can estimate

- (5.5)
Lol naan <Ol vy < Clenlliw

|- O

In the above proof the constant M = M; depends heavily on the K-type | € Z? (as do the constants
Crn = Cl/m, ~). Thus, the methods used here are not sufficient to establish Hyp. 3. For that we would
need a refinement of Hormander’s results in the Euclidean case ([Hor73|, Sect. 7) involving divisibility by
polynomials of the form ¢;,,. Hence we cannot prove Conj. 1 in the present case. However, its K-finite
analogue is true by Prop. 3.

Thm. 9-11 immediately generalize to

G =SL(2,R)? = SL(2,R) x --- x SL(2,R), d>2.

d times

Summarizing, we obtain the following theorem.

Theorem 12. Let G = SL(2,R)¢ and D € Dg(E,,E,) be an G-invariant differential operator between
sections of homogeneous vector bundles over H? x --- x H2. Then, D is solvable on K -finite sections. [
(S —

d times

5.2 Solvability on the 3-hyperbolic space H?

Let G = SL(2,C) and K = SU(2) its maximal compact subgroup. The quotient X = G/K can be identi-
fied with hyperbolic 3-space H?. In ([OlPal22b], Thm. 9, 10 & 14), we have described explicitly Delorme’s
intertwining conditions for G = SL(2,C) for the three levels. The description allows to establish Hyp. 1
and Hyp. 3 in a similar - but in case of Hyp. 3 much more complicated - way as for G = SL(2,R). Here,
we will only discuss Hyp. 1. The discussion of Conj. 1 and its variants is left to a forthcoming paper,
where in fact all real hyperbolic spaces H",n > 3, will be treated.

Let 1,7 € K as in [OlPal22b], we equipped o PW S, r(af) with the structure of a Hol(A\*)-module
and showed that it is a free module with finitely many (explicitely given) polynomial generators. This, in
particular, implied the following.

Proposition 5 ([OlPal22b], Thm. 11 & Cor. 1). For u,7 € IA(, we have an isomorphism between the
pre-Paley- Wiener-Schwartz space MPWST,H(C%) and Hol(\?) BPol(A2) MPWST,O(C%)- O

Using Prop. 5, we can now prove Hyp. 1 with the same arguments as in case of G = SL(2,R) (see the
proof of Thm. 6).

Theorem 13. We consider three, not necessarily irreducible, K-representations (8, Es), (1,E;) and
(v,Ey). Fiz p € K. Then, the sequence

PWSsp(az) %  PWS, y(at) -5 ,PWS, u(at)

is exact in the middle, that means that Im(Q) = Ker(P). O
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