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General description of Finite Mixture models

We have a collection of individual trajectories.

We try to divide the population into a number of homogenous
sub-populations and to estimate, at the same time, a typical trajectory for
each sub-population. (Nagin 2005, Schiltz 2015)

This model can be interpreted as functional fuzzy cluster analysis.
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Aim of the Analysis (underlying normal distribution)

Find K groups of trajectories of a given kind, for instance polynomials of
degree 4, P(t) = β0 + β1t + β2t

2 + β3t
3 + β4t

4.

Statistical Model:

yit = βk0 + βk1 t + βk2 t
2 + βk3 t

3 + βk4 t
4 + εkit , (1)

where εkit ∼ N (0, σk), σk being the standard deviation, constant inside
group k.

We try to estimate a set of parameters Ω =
{
βk0 , β

k
1 , β

k
2 , β

k
3 , β

k
4 , πk , σk

}
which allow to maximize the probability of the measured data.
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Predictors of trajectory group membership
x : vector of variables potentially associated with group membership
(measured before t1).

Multinomial logit model:

πk(xi ) =
exiθk

K∑
k=1

exiθk

, (2)

where θk denotes the effect of xi on the probability of group membership
for group k .

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit), (3)

where pk(·) denotes the distribution of yit conditional on membership in
group k.
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Adding covariates to the trajectories

Let W be a vector of covariates potentially influencing Y .

The likelihood then becomes

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit |Ai ,Wi ,Θk).

Jang SCHILTZ Multiple Trajectory Analysis June 10, 2022 7 / 23



Possible data distributions

Poisson distribution

Binary logit distribution

Censored normal distribution

Beta distribution
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The Beta distribution
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Underlying Beta distribution

Density of yit conditional to membership in group Ck :

gk(yit ;µkit , φkit) =
Γ(φkit)

Γ(µkitφkit)Γ((1− µkit)φkit)
yµkitφkit−1
it (1−yit)(1−µkit)φkit−1,

with

µkit =
eβkAit+δkWit

1 + eβkAit+δkWit
and φkit = ζkAit . (4)

Likelihood of the data:

L = e
∏n

i=1

(∑K
k=1 πk

∏T
t=1

Γ(φkit )

Γ(µkitφkit )Γ((1−µkit )φkit )
y
µkitφkit−1

it (1−yit)
(1−µkit )φkit−1

)
. (5)
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Function signature
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Output of result
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Graphical illustration of result
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Data

Data from 190 countries from ”Our World In Data”.

Main variable of interest: contamination rate. We create a panel with
monthly data from January 2020 till April 2021.

Covariates: new cases, population size (in million inhabitants), total cases
per million people, median age of the population, population density,
number of inhabitants over 65 (in million inhabitants), government
response stringency index, GDP per capita, extreme poverty index,
cardiovascular death rate, diabetes prevalence rate, index of handwashing
facilities, rate of hospital beds per thousand inhabitants, life expectancy,
index of human development and stringency index.

The nine metrics used to calculate the stringency index are: school
closures; workplace closures; cancellation of public events; restrictions on
public gatherings; closures of public transport; stay-at-home requirements;
public information campaigns; restrictions on internal movements; and
international travel controls.
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Individual trajectories
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Model selection

Kass and Wasserman’s crierion: Let pk be the probability that a model
with k groups is the correct model. They show that pk can be
approximated by

pk ≈
eBICk−BICmax∑
k e

BICk−BICmax
.
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Typical trajectories
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World Map with the five clusters
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Predictors of group membership
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Stringency index as time dependent covariate
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