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General description of Finite Mixture models

We have a collection of individual trajectories.

We try to divide the population into a number of homogenous
sub-populations and to estimate, at the same time, a typical trajectory for
each sub-population. (Nagin 2005, Schiltz 2015)

Hence, this model can be interpreted as functional fuzzy cluster analysis.
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Aim of the Analysis

Aim of the analysis: Find K groups of trajectories of a given kind, for
instance polynomials of degree 4, P(t) = β0 + β1t + β2t

2 + β3t
3 + β4t

4.

Statistical Model:

yit = βk0 + βk1 t + βk2 t
2 + βk3 t

3 + βk4 t
4 + εkit , (1)

where εkit ∼ N (0, σk), σk being the standard deviation, constant inside
group k.

We try to estimate a set of parameters Ω =
{
βk0 , β

k
1 , β

k
2 , β

k
3 , β

k
4 , πk , σk

}
which allow to maximize the probability of the measured data.
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Possible data distributions

Poisson distribution

Binary logit distribution

Censored normal distribution

Beta distribution

Jang SCHILTZ A new R package for Finite Mixture Models April 20, 2022 6 / 23



Predictors of trajectory group membership
x : vector of variables potentially associated with group membership
(measured before t1).

Multinomial logit model:

πk(xi ) =
exiθk

K∑
k=1

exiθk

, (2)

where θk denotes the effect of xi on the probability of group membership
for group k .

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit), (3)

where pk(·) denotes the distribution of yit conditional on membership in
group k.
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Adding covariates to the trajectories

Let W be a vector of covariates potentially influencing Y .

The likelihood then becomes

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit |Ai ,Wi ,Θk).
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Execution example
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Output of result
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Graphical illustration of result

plotrajeR(solEM, Y = data[,2:11], A = data[,12:21], col = vcol)
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The Luxembourg pension system

Pay-as-you-go system + creation of a reserve (1.5 times the amount
of the annual expenses).

Very high replacement rate (over 90 %).

Due too several reasons (longevity risk and labor market explosion in
the 1990s) the system is not sustainable at all!

Reform possibilities :
I Parameter adjustement in the Pay-as-you-go system
I et/ou Developp complementary systems (mix of funded and unfunded

system)
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The data

Salaries of workers in the private sector in Luxembourg from 1940 to 2006.

About 7 million salary lines corresponding to 718 054 workers.

Some sociological variables:

gender (male, female)

nationality and residentship (luxemburgish residents, foreign residents,
foreign non residents)

working status (white collar worker, blue collar worker)

year of birth

age in the first year of professional activity
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Result of finite mixture model
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Sustainability coefficient of the PAYG system

τ1 = sum of all salaries earned by active workers / sum of all pensions paid
to retirees at time t

τ1 =
S0 + ...+ ST

(1+d)T

k
(1+d)T+1PT+1 + ...+ k

(1+d)T+T∗ PT+T∗
.
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Sustainability coefficient of the funded system

τ2 = total sum earned by the individual during his period of activity / sum
of all the pensions that are paid to him thanks to the savings that he has
accumulated

τ2 =
Sj

aj(i − λj)
i
(1 + i)T − (1 + λj)

T

(1 + i)T − 1
.
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Global sustainability coefficient

τ = xτ1 + (1− x)τ2

is the number of euros necessary to pay 1 euro for the pension.

Here x euros come from the PAYG system and 1− x euros from
capitalisation.

We want to limit the risk of the hybrid system without reducing the
pension and in the same time minimise the capitalisation effort.
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Gain of sustainability and optimal saving amount

G (x) =
var(τ1)− var [τ(x)]

var(τ1)

measures the gain of sustainability of the mixed system with respect of the
PAYG system.

We suppose that the utility function U = U(a) of an active worker is
decreasing in a.
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Gain of sustainability and optimal saving amount

Theorem. The value x = x∗ for which the utility function U is maximal
under the sustainability constraint

G (x) ≤ G ∗

is given by x∗ = 1− G ∗.

Moreover the individual needs a constant annual saving amount

a∗ =

√
G ∗K

var(τ1)(1− G ∗)
,

where K = Var [
Sj

aj (i−λj )
i
(1+i)T−(1+λj )

T

(1+i)T−1
] depends on the salary trajectory.
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Example

An individual worker wants to divide by 2 the variability of his PAYG
sustainability constraint needs to save annually at least the following
amount (depending on his salary evolution subgroup):
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