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Abstract
Exciton band structures analysis provides a powerful tool to identify the exciton character of
materials, from bulk to isolated systems, and goes beyond the mere analysis of the optical spectra.
In this work, we focus on the exciton properties of molybdenum sisulfide (MoS2) by solving the ab
initio many-body Bethe–Salpeter equation, as a function of momentum, to obtain the excitation
spectra of both monolayer and bulk MoS2. We analyse the spectrum and the exciton dispersion on
the basis of a model excitonic Hamiltonian capable of providing an efficient description of the
excitations in the bulk crystal, starting from the knowledge of the excitons of a single layer. In this
way, we obtain a general characterization of both bright and darks excitons in terms of the interplay
between the electronic band dispersion (i.e. interlayer hopping) and the electron–hole exchange
interaction. We identify for both the 2D and the 3D limiting cases the character of the
lowest-energy excitons in MoS2, we explain the effects and relative weights of both band dispersion
and electron–hole exchange interaction and finally we interpret the differences observed when
changing the dimensionality of the system.

1. Introduction

Layered materials and their two-dimensional (2D) building blocks have remarkable properties that give them
a high potential of technological relevance. Boosted by the first isolation of graphene in 2005 [1], the number
of studies on these materials has been growing in the last decades at a rather fast pace [2–7]. The impressive
attention devoted to their uncommon structural, thermal and optical properties motivates the pursuit of a
clear understanding of all the physical processes responsible for their properties that could ultimately allow to
tailor new materials [e.g. van der Waals (vDW) heterostructures] with desired properties [6, 7].

Among the successors of graphene, transition metal dichalcogenides (TMDs) are subject of intense study
both on the experimental and the theoretical side for a number of reasons, among which: (i) contrary to
graphite/graphene, TMDs show a finite band gap, which, in view of their recent availability in the form of
high-quality single layer flakes [8], makes them natural candidates for opto-electronic applications; (ii) like all
layered materials, they present fascinating features in the transition from the 3D to their 2D building blocks,
mainly due to the effects of vDW forces; in particular, their electronic band gap goes from being indirect (3D)
to direct (2D); (iii) the coupling between real spin and valley pseudo-spin [9], due to a break of the inversion
symmetry in their structure, can give rise to valley dependent optical selection rules [10–14]; (iv) TMD are
perfectly suited as the active material in cavity quantum electrodynamics. This is thanks to the giant oscillator
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strengths of their excitons that give rise to well-pronounced optical transitions which can be brought into res-
onance with electromagnetic fields in plasmonic nanostructures and microcavities [15–18]; (v) in monolayer
TMDs, electron-hole (e–h) interactions are much stronger than in conventional semiconductors, due to the
reduced effective screening [19, 20] and carrier confinement in a single atomic layer—common features of all
the 2D systems—in combination with large carrier effective masses (see reference [21] and references therein);
that leads to the impossibility to use the standard hydrogenic model in 2D limit and makes meaningless the
usual classification of strong and weak exciton based on the binding energy. On the contrary, the investigation
of the exciton dispersion as a function of momentum q, which can be experimentally accessed by electron
energy loss spectroscopy [22], is capable to reveal the exciton character also in 2D [23]. Finite-momentum
excitons are dark since they cannot be optically excited [24]. However, dark excitons play a key role for many
disexcitation processes, like for example phonon-assisted luminescence and light emission. Moreover, thanks
to recent experimental advances [25, 26] it has been shown that dark excitons can be experimentally probed
by applying an in-plane magnetic field. This important results shows another reason for using a theoretical
and computational technique, able to follow and explain the dispersion of both bright and dark excitations,
well understanding their character and the interplay between the two.

In the last years, the theoretical community has started putting an effort on the numerical evaluation of
the exciton dispersion, mainly around the regions close the band extrema, of monolayer TMDs. Already in
this reduced small subspace there are many interesting phenomena, but a complete picture is becoming more
and more necessary, for all the reasons mentioned above as well as for modelling how excitons in TMDCs
couple to localized electric fields explaining like this, among other phenomena, also localized plasmon–exciton
coupling [27]. In this respect MoS2, with its remarkable versatile excitonic landscape, can be considered a
perfect prototypical material of the wide class of TMDs [23, 24, 28–33]. At the same time there has been a
growing interest in finding models able to give simple physical insights on the interplay between e–h exchange
interaction and band dispersion in the transition between the 3D and the 2D limit cases [30, 34–36].

In this paper we study, within an ab initio framework, exciton band structure of MoS2 with the help of a
model that describes excitons in layered crystals starting from the knowledge of the excitons in a single layer.
Our model, on top of the solution of the Bethe–Salpeter equation (BSE) [37, 38], the state-of-the-art method to
describe excitonic effects in condensed matter, has been already successfully used for hexagonal boron nitride
hBN [36]. We here show that it allows one to distinguish excitons of different character in a simple manner
and to well describe at the same time materials with a predominance of Frenkel excitons, such as hBN, and
materials with a predominance of Wannier ones, such as MoS2.

Provided with this tool, we carry out an analysis of the exciton dispersion of MoS2, as we go from the
monolayer 2D system to 3D bulk, and perform a comparison between the two limiting cases. We perform our
study not only around the electronic bands extrema, but all along both ΓM and ΓK high symmetry lines, for
analysing the link between the exciton dispersions and the intrinsic anisotropy of the structure. We show how
the exciton dispersion is strongly affected by the electronic band structure, due to the predominance of the
Wannier character, and how this feature affects the 2D and the 3D case differently.

2. Theoretical framework and computational details

The BSE is a formally exact Dyson-like equation for the polarizability of a system. In the standard approach
[39, 40], it can be cast into an effective two-particle Schrödinger equation for the wavefunction Ψλ

q(rh, re) of

the e–h pair: HexcΨ
λ = EλΨλ. Within the GW approximation [41] to the BSE [37–39], the excitonic Hamil-

tonian Hexc = He + Hh + He–h is the sum of the independent propagations (i.e. hoppings) He and Hh of the
electron and the hole (which derive from the GW quasiparticle (QP) band structure) and the e-h interac-
tion He–h, which includes the exchange e–h repulsion due to the bare Coulomb interaction v̄c (the modified
Coulomb interaction v̄c is defined such that its long-range term, i.e. its G = 0 component in reciprocal space,
is set to zero [39], and the direct e–h attraction due to the statically screened Coulomb interaction W. The
solution of the BSE is used to construct the macroscopic dielectric function εM(q,ω), from which spectra are
obtained.

In reference [36] we have rewritten Hexc in the basis of wavefuctions localized on the elementary units of the
layered system, namely the single layers. This simplified model works under the assumption that: (i) the one-
particle wavefuctions, localized on different layers, do not overlap; (ii) they can be factorized in an in-plane
and out-of-plane components; (iii) different layers stacked along z-axis can be rotated one with respect to
another; (iv) for each layer a two-band system is considered. Under this simplified model the whole excitonic
Hamiltonian takes then the simple form of the sum of three terms Ĥexc = Ĥip + K̂CT + K̂FR which can be
written [36]:
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Ĥip =
∑
k1k2

∑
RS

∑
ij

ERiSj
c (k1, k2)a†ck1Riack2Sj −

∑
k1k2

∑
RS

∑
ij

ERiSj
v (k1, k2)b†vk1Ribvk2Sj

K̂FR =
∑

k1k2k3k4

∑
Ri,Sj

[
v̄

Sj,Sj
Ri,Ri(vk1ck2vk3ck4) − δRi,SjW

Ri,Ri
Ri,Ri (vk1ck2vk3ck4)

]
a†ck2Rib

†
vk1Ribvk3Sjack4Sj

K̂CT = −
∑

k1k2k3k4

∑
Ri,Sj

(1 − δRi,Sj)WSj,Ri
Sj,Ri (vk1ck2vk3ck4)a†ck2Rib

†
vk1Sjbvk3Sjack4Ri, (1)

in which k ∈ 1 BZ, and v(c) denote a valence (conduction) Bloch state of energy Ev(Ec) calculated within the
GWA; a† (a) and b† (b) are the creation (annihilation) operators for electrons and holes, R, S are the lattice
vectors along z and the index i denotes the layers inside the unit cell. Ĥip describes then the scattering process
from layer to layer, independently for electrons and holes, with

ERiSj
v(c)(k1, k2) = Ei

v(c)(k1)δRi,Sjδk1,k2 + tv(c)k1,k2
Ri,Sj , (2)

with then Ei
v(c)(k1) is the single-layer band dispersion and tv(c)k1,k2

Ri,Sj are interlayer hopping matrix elements that

give rise to the finite kz dispersion of the bands in the crystal. K̂FR and K̂CT describe the interaction between
an electron and a hole that are localized on the same layer or on different layers, respectively. The subscripts
FR and CT are used to remind one about Frenkel and charge transfer concepts, a terminology that is common
for other vDW materials like molecular solids [42]. However, in the present context an FR state is an intralayer
exciton that is fully localized on a single layer, independently on its (de)localization within the layer, whereas
a CT state is an interlayer exciton. Therefore this definition, already applied for hBN [36] where the exciton is
tightly bound within the single layer [43], can be also applied here for MoS2, or other layered materials, where
it is more weakly bound [44]. The FR and CT interaction terms are coupled by the interlayer hopping terms
in Ĥip. Without these terms tv(c)k

Ri,Sj the excitonic Hamiltonian in equation (1) factorizes into two independent

blocks: a CT Hamiltonian ĤCT = Ĥ′
ip + K̂CT describing an interacting e–h pair localized on different layers

and an FR Hamiltonian ĤFR = Ĥ′
ip + K̂FR describing an interacting e–h pair on the same layer (in both cases

we set tv(c)k
Ri,Sj = 0 in H′

ip). This form for the Ĥexc illustrates much more clearly the physics of excitons in layered
materials. In fact in this reformulation an FR exciton can be seen, in analogy with molecular crystals, as an
elementary excitation of a single layer, which can scatter from one layer to another due to the interlayer coupling
[36].

In our first-principles calculations we obtain the single-particle states using Kohn–Sham (KS) density-
functional theory within the local-density approximation (LDA) [45]. We use Troullier–Martins pseudopo-
tentials [46], and expand the KS wavefunctions in a plane-wave basis set with a cutoff of 20 (50) Hartree for
the bulk (the monolayer). The lattice parameters for the bulk were taken equal to the experimental values
[47] while for the monolayer (in order to ensure the direct band gap) it has been taken from reference [44].
The main feature of the single layer MoS2 electronic band structure is indeed the direct fundamental band
gap, even though it crucially depends on the lattice geometry and even small differences can induce significant
changes [21]. Other important features in the band structure of monolayer and bulk MoS2 are due to spin orbit
coupling (SOC). In the monolayer, the SOC splits the valence band maximum at the K point of ∼ 150 meV
[44, 48–50]. This splitting explains the doublet structure of the strong peak in the absorption spectrum and
it is conventionally used to classify the peaks into A and B series [51]. The conduction band minimum, also
located at the K point, is less affected by the SOC and the splitting is one order of magnitude smaller than for
the valence bands. In the bulk, the SOC has only the effect of increasing of 80 meV [50] the splitting already
present of 160 meV in the two top valence bands at the K point due to the interlayer interactions. In our cal-
culations we will not consider the SOC for simplicity. So instead of the A and B series in monolayer we will
label the exciton as AB.

We simulate the results of GW calculations for MoS2 bulk (monolayer) [44, 49], by applying a scissor
operator of 0.56 eV (0.98 eV) to correct for the LDA underestimation of the single-particle band gap. For the
BSE calculations, which are run on top of the GW band-structure, we sample the Brillouin zone of the bulk
(monolayer) using a 48 × 48 × 4 (48 × 48 × 1) Γ-centered k-grid. To simplify the analysis of the results
we use a minimal e–h transition basis set including 2 valence and 2 conduction bands and solve the BSE
within Tamm–Dancoff approximation (TDA) [52, 53]. Coupling between resonant and antiresonant transi-
tions beyond the TDA has been found numerically negligible [32]. In the construction of the BSE Hamiltonian,
we expand the single-particle states and static dielectric function with plane-wave cutoffs up to 344 and 131 eV,
respectively. We have adopted a supercell approach, using a truncation of the Coulomb interaction v̄c [54, 55]
to prevent interactions between periodic copies. Moreover, we have avoided divergences of Coulomb integrals
by means of a 2D analytical integration that efficiently removes the Coulomb singularity [23]. We perform the
KS and static screening calculations using ABINIT [56], and BSE calculations with EXC [57]. All the spectra
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Figure 1. Exciton band structure in monolayer MoS2 for in-plane q along (left panels) MΓK , (central panels) ΓM and (right
panels) ΓK high symmetry lines in the first Brillouin zone. Both (top panels) singlet and (bottom panels) triplet excitons are
reported for comparison. The two lowest excitons AB and BA are inverted by symmetry [34, 35] moving along ΓM and ΓK .

presented in the following sections are calculated for in-plane momentum transfer q along both the ΓM and
ΓK directions.

3. Results

3.1. Monolayer
In figure 1 we report the 40 lowest eigenvalues of the excitonic Hamiltonian Hexc as a function of q for the
singlet and triplet states, where for the latter the e–h exchange interaction has been switched off. The colour
scale represents their intensity. Red squares are for states that have a visible peak in Im εM(q,ω), while blue
squares are dark exciton states with no intensity in the spectrum. With respect to the singlet excitons, the
triplet energies are globally lower as the e–h exchange interaction is repulsive and hence yields singlet states to
have higher energies than the corresponding triplets.

As already pointed out [29, 58, 59] the hydrogenic model deviates from the ab initio results in two significant
ways: (i) the binding energies of excited states are much larger than expected from a 2D hydrogenic model;
and (ii) states with higher angular momentum have a larger binding energy than states with lower angular
momentum [30]. Both for A and B excitons (in our case the single AB), the valley states degenerate at the
Brillouin-zone center (Γ-point), due to the time-reversal symmetry, split at small momentum into a lower
dark mode with quadratic dispersion and an upper bright mode with linear dispersion [28, 29, 44, 58, 59].
This unusual pattern is due the 1/q behaviour of the Coulomb interaction in 2D [28, 29, 60]. This is confirmed
by the fact that exciton energies for triplet states with no exchange e–h interaction remain almost doubly
degenerate also at finite q as shown in the lower panels of figure 1. The tiny separation is due to q dependence
of the matrix elements of the direct e–h attraction W [60]. The effect of the e–h exchange is evident also at
Brillouin zone borders, where the separation between the lower bands is bigger for singlet states than for the
triplet ones.

The in-plane MoS2 anisotropy [21, 61] can be easily inferred from figure 1 where the exciton response
changes if moving along the in-plane high symmetry line ΓM or ΓK . Nevertheless there is a small region
around Γ (for q up to 0.3 Å−1) where the exciton band dispersion is almost perfectly symmetric. This feature
is well visible also in figure 2, where Im εM(q,ω) of the monolayer MoS2 is displayed at Γ (central panel) and
for two smallest q along both Γ-M (upper panels) and ΓK (lower panels). At q = 0 the prominent peak AB at
2.206 eV is the tightly bound exciton associated with the so-called A(B)-series in literature (when in presence
of SOC), with a binding energy of 0.61 eV in agreement with reference [29, 62]. This exciton is degenerate
with a dark state BA. AB and BA are inverted for symmetry reasons [34, 35] if moving along ΓM or ΓK , so
that the bright exciton will be AB or BA moving respectively along ΓM or along ΓK . We can also see for q = 0
the presence of other peaks, namely H at 2.406 eV and X at 2.46 eV. These peaks are both: (i) still inside the
gap (which in GW amount to 2.7 eV), (ii) doubly degenerate and (iii) due to direct transitions between top
valence band and lowest bottom conduction in the valley K (K ’). At finite q the degeneracy is removed by
the e–h exchange coupling such as for the AB peak but while X splits in one bright and one dark state (see
figure 1) with respectively a linear and a quadratic dispersion, H splits in two dark states and disappears at
finite q in both direction ΓM and ΓK as easily observable in figure 1. Low-energy exciton states appear both
near the Brillouin-zone center and near the Brillouin-zone corners. There are two distinct types of Brillouin-
zone corner excitons. Specifically looking at figure 1 (left and right panels), the first four excitons at q = K
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Figure 2. Im ε(q,ω) around Γ-point (center panel) in comparison with the first two q point along ΓM towards up and ΓK
towards down. All the peaks presented in the graph are within the smallest independent—particle GW transition energy.

Figure 3. QP band structure of mono (left panel) and bulk (right panel) MoS2.

are respectively due to transition K –K ′ for the first (bright) and third (dark) exciton and Γ-K for the second
(bright) exciton, while the forth exciton has an hybrid character being built on transitions K –K ′ and Γ-K . The
possibility to have for k = K both transitions K –K ′ and ΓK is associated to the hexagonal BZ [63]. In fact
by adding a momentum q = ΓK to k = K one obtains another k′ = k + q = K . Low-energy exciton states
appear also at the side-center M of the BZ ((left and central panels of figure 1. These states are due to ΓM
transitions. It is interesting to notice that the in-plane anisotropy starts to become visible when, moving along
ΓK or ΓM, one starts approaching the high symmetry points Σ or Δ. Looking at the electronic band structure
(see figure 3) it is easy to observe that the lowest conduction band shows a local minimum both at Σ and Δ.
Nevertheless the band dispersion is different around these points, as well as the energy of the minimum. This
difference in the electronic band structure is directly reflected also in the exciton dispersion. Mimicking the
electronic band dispersion, the exciton dispersion shows two local minima at Σ and Δ but the minimum in Σ

is much more pronounced than that one in Δ. Moreover even if the effect of the e–h exchange is numerically
equivalent along ΓK and ΓM, in the latter case it leads to a swap between the bright (AB) and the dark (BA)
exciton.

3.1.1. Bulk
In figure 4 the 40 lowest eigenvalues of the MoS2 bulk excitonic Hamiltonian are shown. Once again the dis-
persion is strictly connected to the electronic band structure (figure 3). The general shape follows closely the
dispersion of the smallest independent particle GW-transition energies associated to each q (reported as yel-
low crosses on figure 4). With respect to the monolayer case, bulk MoS2 shows a more pronounced in plane
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Figure 4. Exciton band structure in bulk MoS2 for in-plane q along MΓK high symmetry lines. Both (top panel) singlet and
(bottom panel)triplet excitons are reported for comparison. Yellow crosses indicate the dispersion of the smallest independent
particle GW-transition energies associated to each q.

anisotropy. In the bulk the local minimum in the lowest conduction band at Σ is much lower than at Δ. More-
over its energy is very close to the energy of the absolute minimum in K . This different feature of the electronic
band structures leads to an equivalent anisotropy in the exciton dispersion.

Looking at the spectra around Γ (compare figures 2 and 5) monolayer and bulk presents a similar line-
shape: one prominent peak AB in monolayer and two in bulk (even without the SOC the two top valence
bands are split), followed by minor peaks. The main differences arise from the exciton binding energy which
decreases with the number of layers. While all the peaks shown in figure 2 for the monolayer case were inside
the gap, only the first two peaks A and B in bulk are bound excitons. These peaks are the collective contribution
of several excitons due to parallel transitions at K . The reason of this decrease in the binding energy is related,
as already mentioned, to a larger dielectric screening in bulk. Moreover while the high-energy excitons exhibit
sharp peaks in the monolayer, they are difficult to be distinguished one another in the bulk. Experimental
observation confirms a broader adsorption for bulk MoS2 in contrast to relatively narrow peaks in monolayer
MoS2 [51, 64, 65]. The intensity of the excitonic peaks is directly related to the spatial localization of the exciton
correlation function. As others have shown (see reference [21] and references therein), exciton correlation
function both in monolayer and bulk mainly lies on Mo atoms with only a tiny fraction outside the layer.
Therefore the excitons (A and B) remain in one layer, without coupling between layers, and optical transitions
take place within the same layer. This feature, already observed also in hBN [66], confirms once more the
validity of our model [36].

We can see that, in analogy of what found for hBN, for each of the two lowest degenerate excitons AB and
BA present in the monolayer one has four excitons in bulk.

This happens because if we consider a crystal with two inequivalent layers per unit cell, as is the case of
MoS2, for each quantum number λ that defines an excitation of the single layer one has four excitons in the
bulk. The FR and CT excitons that diagonalize the excitonic Hamiltonian in equation (1) in the absence of
interlayer hopping are then the symmetric and antisymmetric combinations with respect to the exchange of
the e–h pair between two inequivalent layers. So, in the present case, out of 8 excitons, 4 are FR and 4 are CT
excitons. In an ideal case of no interlayer hopping, we would expect that the two lowest AB and BA excitons
of MoS2 single layer give rise in the bulk to 3 dark plus 1 visible FR exciton, together with CT excitons at
higher energies. In the real case, the hopping is always present and its effect is to couple FR and CT excitons.
This coupling produces states with mixed character, FR + CT and CT + FR respectively, and modifies their
energies.
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Figure 5. Im ε(q,ω) around Γ-point (center panel) in comparison with the first two q point along ΓM towards up and ΓK
towards down. The dashed vertical lines mark the smallest independent-particle GW transition energy. It should be noted that the
number of bands included in these calculations only ensure the convergency up to the position of the A and B excitons, not much
above.

Figure 6. Zoom of the exciton band structure in bulk MoS2 for in-plane q around Γ (left panels), and for the first q points along
ΓM (central panels) and ΓK (right panels) both (top panels) singlet and (bottom panels) triplet excitons are reported for
comparison. Yellow crosses indicate the dispersion of the smallest independent particle GW-transition energies associated to
each q.

In hBN [36] at q = 0 excitons with different parities do not couple, giving rise to states with well defined
parity, with a finite Davydov splitting between symmetric and antisymmetric excitons induced by the hopping.
Only at finite q, the different excitons formally lose their parity character and are allowed to mix together.

In MoS2, on the opposite, at q = 0 the four lowest singlet and triplet excitons are all degenerate. This
different behaviour in MoS2 is due to the differences in the out of plane electronic band dispersion (see figure 3).
The kz dispersion of the top valence and bottom-conduction single-particle band is almost negligible, this is
equivalent to say that the inter-layer hopping is reduced so much to not yield any Davydov splitting between
symmetric and antisymmetric excitons at q = 0 (like in the molecular crystal case [42].)

Both the first 4 degenerate excitons and the second 4 degenerate ones are due to direct transitions at the
valleys K or K ′.

In analogy to hBN then, at finite q the interlayer hopping mixes FR and CT states with different parities

|(FR + CT)λ±|, such that the dark exciton |(FR + CT)A−
1 | (|(FR + CT)A−

2 |) along ΓM (ΓK) is switched on by

the effective coupling with the visible exciton |(FR + CT)A+
1 | (|(FR + CT)A+

2 |). In figure 5 we labelled the
first 4 exciton with A−

1 , A+
1 , A−

2 , A+
2 . Moving along ΓM (ΓK) the visible excitons will be A−

1 , A+
1 (A−

2 , A+
2 ).

The same discussion can be carried on for the higher energy exciton B. Taking a look at figures 5 and 6, it is
possible to see immediately another effect of the larger in plane-anisotropy in bulk. Already for a momentum
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transferred q = −0.166 Å−1 along ΓK the A±
2 visible states are lost in the continuous, while the lower energies

dark excitons are due to transitions along ΓΣ. The exciton dispersion also in this case reflects the shape of the
electronic band structure.

4. Summary

By the solution of the ab initio Bethe–Salpeter equation (BSE) as a function of momentum q, we have obtained
the eigenvalue spectrum of the excitonic Hamiltonian for the electronic excitations of MoS2. We have then
discussed and explained the properties of both visible and dark excitons on the basis of a simplified model for
layered system [36] which shows explicitly the interplay between the electronic band dispersion and the e–h
exchange interaction. By extending such a model to MoS2 we have proven its strength in analysing not only
material with predominance of Frenkel excitons but also, as in the present case, of Wannier one. We have shown
the influence of the electronic structure in the full exciton dispersion in the BZ and the much stronger impact of
anisotropy in bulk with respect to the monolayer case. In the monolayer, in-plane anisotropy starts to become
visible when one starts approaching the high symmetry points Σ or Δ where the electronic bands show local
minima but at slightly different energies and with different dispersions. In the bulk, where the differences in the
electronic band structure around Σ and Δ are larger, we witness to an enhanced anisotropy in the exciton band
structure, which is detectable much closer to Γ than in the corresponding 2D case. The predominant Wannier
character is translated into an exciton dispersion that, even though it reflects the electronic band structure,
it exhibits an amplifying effect: small differences in the electronic structure will be more pronounced in the
exciton collective response.
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