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Abstract

We aim at estimating in a non-parametric way the density π of the stationary distribution
of a d-dimensional stochastic differential equation (Xt)t∈[0,T ], for d ≥ 2, from the discrete
observations of a finite sample Xt0 , ... , Xtn with 0 = t0 < t1 < ... < tn =: Tn. We propose
a kernel density estimation and we study its convergence rates for the pointwise estimation
of the invariant density under anisotropic Holder smoothness constraints. First of all, we find
some conditions on the discretization step that ensures it is possible to recover the same rates
as when the continuous trajectory of the process was available. As proven in the recent work
[5], such rates are optimal and new in the context of density estimator. Then we deal with
the case where such a condition on the discretization step is not satisfied, which we refer to as
intermediate regime. In this new regime we identify the convergence rate for the estimation of
the invariant density over anisotropic Holder classes, which is the same convergence rate as for
the estimation of a probability density belonging to an anisotropic Holder class, associated to
n iid random variables X1, ..., Xn. After that we focus on the asynchronous case, in which each
component can be observed in different moments. Even if the asynchrony of the observations
implies some difficulties, we are able to overcome them by considering some combinatorics
and by proving some sharper bounds on the variance which allow us to lighten the condition
needed on the discretization step.

Non-parametric estimation, stationary measure, discrete observation, convergence rate, er-
godic diffusion, anisotropic density estimation, asynchronous framework.

1 Introduction

In this paper we aim at estimating the invariant density belonging to an anisotropic Holder class
starting from the discrete observation of the d-dimensional process

Xt = X0 +

∫ t

0

b(Xs)ds+

∫ t

0

a(Xs)dWs, t ∈ [0, T ], (1)

for d ≥ 2; with b : Rd → Rd, a : Rd → Rd × Rd and W = (Wt, t ≥ 0) a d-dimensional Brownian
motion.

The model presented in (1) is interesting from a theoretical point of view and because of its
applications in many fields. For example, it has application in biology [64] and epidemiology [12]
as well as in physics [61] and mechanics [48]. Some other classical examples are neurology [41],
mathematical finance [43] and economics [18].

Because of the importance of the model, statistical inference for stochastic differential equations
has been widely investigated in a lot of different context: disposing of continuous or discrete
observations; on a fixed time interval or on long time intervals; in the parametric or in the non
parametric frameworks.
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Hence, there have been a big amount of papers on the topic. Among them, we quote Comte et
al [26], Dalalyan and Reiss [27], Genon-Catalot [33], Gobet et al [36], Hoffmann [40], Kessler [44],
Larédo [50], Marie and Rosier [54] and Yoshida [70].
The detailed study on stochastic differential equations leads the way for statistical inference for
more complicated models such as stochastic partial differential equations ([3], [24]), diffusions with
mixed effects ([63], [28]), SDEs driven by Lévy processes ([56]), diffusions with jumps ([10], [11],
[55], [66]), Hawkes processes ([13], [30], [9]) and diffusions with discontinuous coefficients ([57], [51],
[52]).

In this paper we focus on the non parametric estimation of the invariant density starting from
the discrete observations of the stochastic differential equation in (1). In particular, we will consider
at the beginning the case where the data is synchronously available and we will study, then, the case
where the observations are given asynchronously. The asynchronous case is extremely important for
the applications; see for example Chapters 3 and 4 of [23] and [2] for respectively autoregressive and
log-Gaussian statistical approaches, whilst [19] proposes a recurrent neural network approaches.
All of these models are applied on asynchronous financial market closing prices. It relies on the fact
that any two assets rarely trade at the same instant. The treatment of non-synchronous trading
effects dates back to Fisher [31]. For several years researchers focused mainly on the effects that
stale quotes have on daily closing prices. Campbell et al. (Chapter 3 of [22]) provides a survey
of this literature. Some other examples in which the authors deal with asynchronicity are [17]
and [62]. In [39] the authors consider the problem of estimating the covariance of two diffusion
processes when they are observed at discrete times in a non-synchronous manner.

In this context, we aim at proposing a kernel density estimator based on the discrete observa-
tions of (1) and we aim at finding the convergence rates of estimation for the stationary measure
π associated to it, assuming that it belongs to an anisotropic Holder class. As the smoothness
properties of elements of a function space may depend on the chosen direction of Rd, the notion
of anisotropy plays an important role. We will present some conditions that the discretization
step needs to satisfy in order to recover the same (optimal) convergence rate achievable when a
continuous trajectory of the process X was available and we will discuss the convergence rates we
find in the intermediate regime, which is when the discretization step is not small enough and so
the discretization error is not negligible.

With regard to the literature already existing about the estimation of the invariant measure, it
is important to say that it is a problem already widely faced in many different frameworks by many
authors. See for example [16], [20], [29], [1], [58] and [71]. The reason why such a problem results
very attractive is the huge amount of physical applications and numerical methods connected to
it, such as the Markov Chain Monte Carlo method. For example, the analysis of the invariant
distributions is used to to analyze the stability of stochastic differential systems in [38] and [16].
In [49] and [60], instead, it is possible to find an approximation algorithm for the computation of
the invariant density. The non-parametric estimation of the invariant density can also be used in
order to estimate the drift coefficient in a non-parametric way (see [54] and [65]).
As a consequence, kernel estimators are widely employed as powerful tools: in [16] and [21] some
kernel estimators are used to estimate the marginal density of a continuous time process. They are
used also in more complicated model, such as in jump-diffusion framework (see [7], [8] and [53]).

Some references in a context closer to ours are [27], [68] and [5]. In all three papers kernel
density estimators have been used for the study of the convergence rate for the estimation of the
invariant density associated to a reversible diffusion process with unit diffusion part (in the first
two works) or to the same stochastic differential equation as in (1) (in the third one). They are all
based on the continuous observation of the process considered.
In particular in [5] the invariant density π has been estimated by means of the kernel estimator
π̂h,T assuming to have the continuous record of the process X solution to (1) up to time T and
the following upper bound for the mean squared error has been showed, for d ≥ 3:

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] <
∼

( log T
T )

2β̄3
2β̄3+d−2 for β2 < β3,

( 1
T )

2β̄3
2β̄3+d−2 for β2 = β3,

where Σ is a class of coefficients for which the stationarity density has some prescribed regularity,
β1 ≤ β2 ≤ ... ≤ βd and β̄3 is the harmonic mean over the smoothness after having removed the
two smallest. In particular, it is 1

β̄3
:= 1

d−2

∑
l≥3

1
βl

and so it clearly follows that β̄3 ≥ β̄. It has

also been proven that the convergence rates here above are optimal.
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In this paper, we propose to estimate the invariant density π starting from the discrete obser-
vations of the process X by means of the kernel estimator π̂h,n, which is the discretized version of
π̂h,T (see Section 4.1). Then, we prove an upper bound on the variance which is composed of two
terms. The first is the same as when the continuous trajectory of the process was available, while
the second is the discretization error. Depending on the fact that the second is negligible with
respect to the first or the vice-versa, we get a condition on the discretization step to recover the
continuous convergence rates or the new convergence rate in the intermediate regime. In particular,
for d ≥ 3, we show the following:

sup
(a,b)∈Σ

E[|π̂h,n(x)− π(x)|2] <
∼

( log Tn
Tn

)
2β̄3

2β̄3+d−2 if β2 < β3 and ∆n ≤ h∗1h∗2
∑d
j=1 | log h∗j |,

( 1
Tn

)
2β̄3

2β̄3+d−2 for β2 = β3 and ∆n ≤ h∗1h∗2,

where Σ and β̄3 are as in [5], ∆n is the discretization step and h∗(Tn) = (h∗1(Tn), ..., h∗d(Tn)) is the
rate optimal choice for the bandwidth h (see Theorem 1 and the discussion below for details about
the dependence of h∗ in Tn).
On the other side, when the condition above on the discretization step are not respected, we obtain

sup
(a,b)∈Σ

E[|π̂h,n(x)− π(x)|2] <
∼
n
− 2β̄

2β̄+d .

We remark that the convergence rate in the intermediate regime is the same as for the estimation of
a probability density belonging to an anisotropic Holder class, associated to n iid random variables
X1, ..., Xn. An analogous result is showed also in the bi-dimensional case.

After that, we focus on the asynchronous frameworks, in which each component can be observed in
a different moment. Such a context implies many difficulties, as in this way even the choice of the
estimator to propose appears challenging. The idea is to introduce d functions ϕn,l : [0, T ] → R
such that

ϕn,l(t) = sup
{
tli | tli ≤ t

}
,

where (tli)i are the instants of time in which the component X l is observed, for l ∈ {1, ..., d}. In
this way it is possible to write the sums as integrals and to propose an estimator which is the
natural adaptation of π̂h,T , the one considered in the continuous framework in [5]. Moreover, the
non-synchronicity involves some other challenges in the computation of the upper bound on the
variance, one above all the fact that the observation times are not ordered, which entails some
issues in the bound of the transition density. We are able to overcome such issues by considering
some combinatorics and by proving some technical sharp bounds which allows us to show that, in
the asynchronous context, the condition ∆n ≤ h∗1h∗2 is enough to recover the variance obtained in
the continuous case, for β2 < β3.

From both our findings here above and the results in [5] it appears clearly that the first two
components do not have the same weight as all the others. Hence, we decide to deal with a different
framework, in which the first two components are observed continuously and all the others are
observed in a discrete way. In this context we are able to remove, under a non restrictive condition
on ∆, the discretization error in the bound on the variance and to recover the same convergence
rates as when the continuous trajectory of the process was available. We also show the bias term,
which generally does not provide any condition on the discretization step and it is easier to deal
with, surprisingly gives in this case a stronger constraint, which derives from the asynchronicity of

the problem. However, it is enough to ask ∆n ≤ ( log Tn
Tn

)
2β̄3

2β̄3+d−2 to recover the same convergence
rate as when the continuous trajectory of the process is available.

The outline of the paper is the following. In Section 2 we introduce the model and we list the
assumptions we will need in the sequel, while in Section 3 we recall the results in the case where
the continuous trajectory of the process X is available. In Section 4 we consider the synchronous
framework. We propose the kernel estimator and we state the upper bounds for the variance
which will result in conditions on the discretization step to obtain the continuous regime and in
the convergence rates in the intermediate regime. Section 5 is devoted to the statement of our
results in the asynchronous framework. In Section 6 we prove the results stated in Section 4 while
Section 7 is devoted to the proof of results under asynchronicity.
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2 Model Assumptions

We aim at proposing a non-parametric estimator for the invariant density associated to a d-
dimensional diffusion process X. In the sequel, we will recall what happens when a continuous
record of the process XT = {Xt, 0 ≤ t ≤ T} up to time T is available. After that, we will be
working in a high frequency setting and we will wonder which conditions on the discretization step
will ensure the achievement of the same results as in the continuous case. The diffusion is a strong
solution of the following stochastic differential equation:

Xt = X0 +

∫ t

0

b(Xs)ds+

∫ t

0

a(Xs)dWs, t ∈ [0, T ], (2)

where b : Rd → Rd, a : Rd → Rd × Rd and W = (Wt, t ≥ 0) is a d-dimensional Brownian motion.
The initial condition X0 and W are independent. We denote ã := a · aT .

We denote with |.| and < ., . > respectively the Euclidian norm and the scalar product in Rd,
and for a matrix in Rd ⊗ Rd we denote its operator norm by |.|.
A1: The functions b(x) and a(x) are bounded globally Lipschitz functions of class C1, such that
for all x ∈ Rd,

|a(x)| ≤ a0, |b(x)| ≤ b0, |
∂

∂xi
b(x)| ≤ b1, |

∂

∂xi
a(x)| ≤ a1, for i ∈ {1, . . . , d},

where a0 > 0, b0 > 0, a1 > 0, b1 > 0 are some constants. Moreover, for some amin > 0,

a2
minId×d ≤ ã(x)

where Id×d denotes the d× d identity matrix.

A2 (Drift condition) :
There exist C̃b > 0 and ρ̃b > 0 such that < x, b(x) >≤ −C̃b|x|, ∀x : |x| ≥ ρ̃b.

Under the assumptions A1 - A2 the process X admits a unique invariant distribution µ and
the ergodic theorem holds. We suppose that the invariant probability measure µ of X is absolutely
continuous with respect to the Lebesgue measure and from now on we will denote its density as π:
dµ = πdx.

We want to estimate the invariant density π belonging to the anisotropic Hölder class Hd(β,L)
defined below.

Definition 1. Let β = (β1, ..., βd), βi > 0, L = (L1, ...,Ld), Li > 0. A function g : Rd → R is
said to belong to the anisotropic Hölder class Hd(β,L) of functions if, for all i ∈ {1, ..., d},∥∥Dk

i g
∥∥
∞ ≤ Li ∀k = 0, 1, ..., bβic,∥∥∥Dbβici g(.+ tei)−Dbβici g(.)

∥∥∥
∞
≤ Li|t|βi−bβic ∀t ∈ R,

for Dk
i g denoting the k-th order partial derivative of g with respect to the i-th component, bβic

denoting the largest integer strictly smaller than βi and e1, ..., ed denoting the canonical basis in
Rd.

This leads us to consider a class of coefficients (a, b) for which the stationary density π = π(a,b)

has some prescribed Hölder regularity.

Definition 2. Let β = (β1, ..., βd), 0 < β1 ≤ ... ≤ βd and L = (L1, ...,Ld), Li > 0, 0 < amin ≤ a0

and a1 > 0, b0 > 0, b1 > 0, C̃ > 0, ρ̃ > 0.
We define Σ(β,L, amin, a0, a1, b0, b1, C̃, ρ̃) the set of couple of functions (a, b) where a : Rd →

Rd ⊗ Rd and b : Rd → Rd are such that

• a and b satisfy A1 with the constants (amin, a0, a1, b0, b1),

• b satisfies A2 with the constants (C̃, ρ̃),
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• the density π(a,b) of the invariant measure associated to the stochastic differential equation
(2) belongs to Hd(β,L).

We aim at estimating the invariant density π starting from discrete observations of the process
X. In particular, we want to find some conditions that the discretization step has to satisfy in
order to recover the same convergence rates we had when a continuous record of the process was
available. Moreover, one may wonder which are the convergence rates in intermediate regime, i.e.
when the discretization step goes to zero but the associated error is not negligible. In order to
answer to these questions we recall what happens when the whole trajectory of the process X is
available, as detailed discussed in [5]. This is the purpose of next section.

3 Continuous observations

When a continuous trajectory of X is available, it is natural to estimate the invariant density π ∈
Hd(β,L) by means of a kernel estimator. We therefore introduce some kernel function K : R→ R
satisfying ∫

R
K(x)dx = 1, ‖K‖∞ <∞, supp(K) ⊂ [−1, 1],

∫
R
K(x)xldx = 0, (3)

for all l ∈ {0, ...,M} with M ≥ maxi βi.
For j ∈ {1, ..., d}, we denote by Xj

t the j-th component of Xt. A natural estimator of π at
x = (x1, ..., xd)

T ∈ Rd in the anisotropic context is given by

π̂h,T (x) =
1

T
∏d
l=1 hl

∫ T

0

d∏
m=1

K(
xm −Xm

u

hm
)du. (4)

The multi-index h = (h1, ..., hd) is small. In particular, we assume hi < 1 for any i ∈ {1, ..., d}.

For d ≥ 3, from Theorem 1 of [5] we have the following convergence rate for the kernel estimator
proposed in (4) and for the optimal bandwidth given below, in (6):

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] <
∼

( log T
T )

2β̄3
2β̄3+d−2 if β2 < β3

( 1
T )

2β̄3
2β̄3+d−2 if β2 = β3,

where Σ is the set defined in Definition 2 and β̄3 is such that

1

β̄3
:=

1

d− 2

d∑
j=3

1

βj
.

Moreover, from Theorems 3 and 4 of [5] we know they are optimal.

Regarding the bi-dimensional case we know, from Theorem 2 in [5] that the following holds true

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] <
∼

log T

T

and the convergence rate here above is optimal (see Theorem 5 of [5]).

We now suppose that the continuous record of the process, up to time T , is no longer available. In
its place, we dispose of the discretization of the process at the instants 0 = t0 ≤ t1 ≤ ... ≤ tn = T ,
given by Xt0 , ..., Xtn . The first goal of Section 4 is to find some conditions the discretization step
has to satisfy in order to recover the same convergence rates as in this section.

4 Discrete observations, synchronous framework

In this section we suppose that we observe a finite sample Xt0 , ..., Xtn , with 0 = t0 ≤ t1 ≤ ... ≤
tn =: Tn. The process X is solution of the stochastic differential equation (2). Every observation
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time point depends also on n but, in order to simplify the notation, we suppress this index. We
assume the discretization scheme to be uniform which means that, for any i ∈ {0, ..., n − 1}, it is
ti+1− ti =: ∆n. We will be working in a high-frequency setting i.e. the discretization step ∆n → 0
for n → ∞. We assume moreover that Tn = n∆n → ∞ for n → ∞ and that ∆n > n−k for some
k ∈ (0, 1).

4.1 Construction estimator

As in Section 3, we propose to estimate the invariant density π ∈ Hd(β,L) associated to the process
X, solution to (2). To do that, we propose a kernel estimator which is the discretized version of
the one introduced in (4). For x = (x1, ..., xd) ∈ Rd, we define

π̂h,n(x) :=
1

n∆n

1∏d
l=1 hl

n−1∑
i=0

d∏
l=1

K(
xl −X l

ti

hl
)(ti+1 − ti) (5)

=
1

n

n−1∑
i=0

Kh(x−Xti),

with K a kernel function as in (3).

In this context we have two objectives:

1. Find some conditions on ∆n to get the same convergence rates we had when a continuous
record of the process was available.

2. Find the convergence rates in the intermediate regime (∆n tends to zero but the discretization
error is not negligible).

To achieve them, we have to study the behaviour of the mean squared error E[|π̂n,h(x) − π(x)|2]
when d ≥ 3 and when d = 2, and we have deal with two asymptotic regimes. The idea mainly
consists in some upper bounds for the variance of the estimator. The difference, with respect to
the continuous case, is that now we get an extra term which derives from the discretization.
If the new discretization term is negligible compared to the others, then the convergence rates are
the same they were in the continuous case; otherwise we will find new convergence rates.

4.2 Main results, synchronous framework

The asymptotic behaviour of the estimator proposed in (5) is based on the bias-variance decom-
position. To find the convergence rates it achieves we need a bound on the variance, as stated
in the following propositions. We recall that the estimator performs differently depending on the
dimension d. In this paper we provide the main results for d ≥ 2.

Proposition 1. Suppose that A1-A2 hold with some constant 0 < amin ≤ a0 and a1 > 0, b0 >
0, b1 > 0, C̃b, ρ̃b and that π ∈ Hd(β,L), for d ≥ 3. Suppose moreover that β1 = β2 = ... = βk0 <
βk0+1 ≤ ... ≤ βd, for some k0 ∈ {1, ..., d}. If π̂h,n is the estimator proposed in (5), then there exist
c > 0 and T0 > 0 such that, for Tn ≥ T0, the following holds true.

• If k0 = 1 and β2 < β3 or k0 = 2, then

V ar(π̂h,n(x)) ≤ c

Tn

∑d
j=1 | log(hj)|∏d

l=3 hl
+

c

Tn

∆n∏d
l=1 hl

.

• If k0 ≥ 3, then

V ar(π̂h,n(x)) ≤ c

Tn

1

(
∏k0

l=1 hl)
1− 2

k0 (
∏
l≥k0+1 hl)

+
c

Tn

∆n∏d
l=1 hl

.

• If otherwise k0 = 1 and β2 = β3, then

V ar(π̂h,T (x)) ≤ c

Tn

1∏
l≥4 hl

√
h2h3

+
c

Tn

∆n∏d
l=1 hl

.

Moreover, the constant c is uniform over the set of coefficients (a, b) ∈ Σ.
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Proposition 1 leads us to the first main result of this section.

Theorem 1. [Discretization term negligible]
Suppose that A1-A2 hold and that π ∈ Hd(β,L), for d ≥ 3, with β1 ≤ β2 ≤ ... ≤ βd. Let
h∗ = (h∗1, ..., h

∗
d) be the rate optimal choice for the bandwidth h as given in (6). Then, there exist

c > 0 and T0 > 0 such that, for Tn ≥ T0, the following hold true.

• If β2 < β3 and ∆n <
∼
h∗1h

∗
2

∑d
j=1 | log h∗j |, then

sup
(a,b)∈Σ

E[|π̂h,n(x)− π(x)|2] <
∼

(log Tn/Tn)
2β̄3

2β̄3+d−2 .

• If otherwise β2 = β3 and ∆n <
∼
h∗1h

∗
2, then

sup
(a,b)∈Σ

E[|π̂h∗,n(x)− π(x)|2] <
∼
T
− 2β̄3

2β̄3+d−2
n .

Comparing the results here above with the ones included in Section 3 of [5] we deduce that, when

the discretization step satisfies the constraint ∆n <
∼
h∗1h

∗
2

∑d
j=1 | log h∗j | (or ∆n <

∼
h∗1h

∗
2 respectively)

it is possible to recover the same optimal convergence rates we had when the trajectory of the
process was observed continuously.
As seen in the proof of Theorem 1 of [5], for β2 < β3 the rate optimal choice for the bandwidth h
is given by h∗j = ( log Tn

Tn
)aj , while for β = β3 it is h∗j = ( 1

Tn
)aj with

aj =
β̄3

βj(2β̄3 + d− 2)
for any j ∈ {1, ..., d}. (6)

We remark that, according to [5], it is also possible to improve the choice of h∗1 and h∗2 in the case
β2 < β3. However, in order to make the condition on the discretization step as weak as possible,
it is convenient to choose h∗1h

∗
2 as large as possible, which leads us to the choice gathered in (6).

Hence, replacing the optimal choice for the bandwidth as in (6) one can recover the same upper
bound for the mean squared error as in Theorem 1 of [5] when the following conditions hold:

∆n <
∼

(
log Tn
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
log Tn for β2 < β3,

∆n <
∼

(
1

Tn
)

β̄3
2β̄3+d−2

( 1
β1

+ 1
β2

)
for β2 = β3.

When such conditions are not respected, instead, we get a different convergence rate. It is achieved

by choosing the optimal bandwidth as hj(n) := ( 1
n )

β̄
βj(2β̄+d) , where β̄ is the harmonic mean over

the d different smoothness:

1

β̄
=

d∑
j=1

1

βj
.

It leads us to the following result.

Theorem 2. [Discretization term non-negligible]
Suppose that A1-A2 hold and that π ∈ Hd(β,L) for d ≥ 3, with β1 ≤ ... ≤ βd. Assume that the
conditions on the discretization step gathered in Theorem 1 are not respected, and so one of the
following holds

• ∆n > ( log Tn
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
log Tn and β2 < β3.

• ∆n > ( 1
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
and β2 = β3.
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Then, there exist c > 0 and T0 > 0 such that, for Tn ≥ T0,

sup
(a,b)∈Σ

E[|π̂h,n(x)− π(x)|2] <
∼
n
− 2β̄

2β̄+d ,

where β̄ is the harmonic mean of the smoothness over the d direction, defined as

1

β̄
:=

1

d

d∑
j=1

1

βj
.

It is interesting to remark that it is also the convergence rate for the estimation of a probabil-
ity density belonging to an Holder class, associated to n independent and identically distributed
random variables X1, ..., Xn.

For d = 2, analogous results hold. In particular, we have the following proposition.

Proposition 2. Suppose that A1-A2 hold and that d = 2. If π ∈ H2(β,L) and π̂h,n is the estimator
proposed in (5), then there exist c > 0 and T0 > 0 such that, for Tn ≥ T0,

V ar(π̂h,n(x)) ≤ c

Tn

d∑
j=1

| log(hj)|+
1

Tn

∆n

h1h2
,

where the constant c is uniform over the set of coefficients (a, b) ∈ Σ.

As before, it leads us to a condition on ∆n that allows us to recover the continuous convergence
rate gathered in Theorem 2 of [5], in the continuous case.

Theorem 3. Suppose that A1-A2 hold and that π ∈ H2(β,L). Let h∗ = (h∗1, h
∗
2) be the rate

optimal choice (6) for the bandwidth h. Then, here exist c > 0 and T0 > 0 such that, for Tn ≥ T0,
the following hold true.

• If ∆n ≤ h∗1h∗2
∑2
j=1 | log h∗j | = ( log Tn

Tn
)

1
β̄ log Tn, then

sup
(a,b)∈Σ

E[|π̂h,n(x)− π(x)|2] ≤ c log Tn
Tn

• If otherwise ∆n > ( log Tn
Tn

)
1
β̄ log Tn, then

sup
(a,b)∈Σ

E[|π̂h,n(x)− π(x)|2] ≤ c( 1

n
)

2β̄
2β̄+2 .

In this section we have found the convergence rates for the estimation of the invariant density
starting from the discrete observation of the process X. Such observations are, in this section, all
taken at the same instant. One may wonder if it is possible to recover the same results when the
process X is observed asynchronously. The goal of next section is to answer to such a question. In
particular, as in the main results of this section we have discovered that the first two components
of the process do not have the same weight as the others, we may think it is possible to improve
the result by observing continuously X1 and X2 and discretely and asynchronously all the others
components.

5 Main results, asynchronous framework

In this section we assume d ≥ 3 and we suppose that the components of the process X are observed
asynchronously, i.e. in different instants. As we have seen that the first two components have a
different weight compared to the others, we will consider two different cases. First of all we will
assume that all the components are discretely observed in different moments and we will see that,

up to require the discretization step to satisfy the condition ∆n ≤ ( log Tn
Tn

)
2β̄3

2β̄3+d−2 , it is possible to

obtain the continuous convergence rate ( log Tn
Tn

)
2β̄3

2β̄3+d−2 . After that, we will assume that the first
two components are continuously observed while the others d−2 are discretely and asynchronously
observed, in order to lighten the condition on ∆n to get the same bound on the variance.
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5.1 Discrete asynchronous observations

We assume that we dispose of the discrete observations X l
tl1
, ..., X l

tln
for any l ∈ {1, ..., d}, with

0 ≤ tl1 ≤ ... ≤ tln ≤ Tn. We also define

∆n := sup
l=1,...,d

sup
i=0,...,n−1

(tli+1 − tli).

We remark it would have been possible to consider a different number of points on the different
directions, having in particular nl observations for the coordinate X l. We have decided to take
n1 = ... = nd in order to lighten the notation.
Before we proceed with the statements of our results, we introduce some functions. First of all
we observe that we have defined d partition of [0, Tn] and so, for any u ∈ [0, Tn], there exist some
indexes i1, ..., id such that u ∈ [tlil , t

l
il+1), depending on the considered direction. We introduce then

the following d functions ϕn,l : [0, Tn] → R such that ϕn,l(u) := tlil , for any l ∈ {1, ..., d}. Thanks
to these functions we can write the sums in the form of integrals. It leads us to the following
estimator, which is the natural adaptation of the one in (4):

π̂ah,Tn(x) =
1

Tn
∏d
l=1 hl

∫ Tn

0

d∏
l=1

K(
xl −X l

ϕn,l(u)

hl
)du

=:
1

Tn

∫ Tn

0

d∏
l=1

Khl(xl −X l
ϕn,l(u))du.

Then, the following result holds true.

Proposition 3. Suppose that A1-A2 hold with some constant 0 < amin ≤ a0 and a1 > 0, b0 >
0, b1 > 0, C̃b, ρ̃b and that π ∈ Hd(β,L), for d ≥ 3. Let β1 ≤ ... ≤ βd and let h∗ = (h∗1, ..., h

∗
d) be

the rate optimal choice for the bandwidth h given in (6). We suppose moreover that ∆n ≤ 1
4h
∗
1h
∗
2,

then there exist c > 0 and T0 > 0 such that, for Tn ≥ T0,

V ar(π̂ah,n(x)) ≤ c

Tn

∑d
j=1 | log(hj)|∏d

l=3 hl
.

Moreover, the constant c is uniform over the set of coefficients (a, b) ∈ Σ.

Comparing the bound here above with the results gathered in Proposition 1 it appears clearly
that asking the condition ∆n ≤ 1

4h
∗
1h
∗
2 is enough both in the synchronous and asynchronous

frameworks to recover the same bound on the variance as in the continuous case, which is optimal
for β2 < β3. We remark it is not worth extending Proposition 3 to remove the logarithm (which
leads to the optimal convergence rate in the case β2 = β3), as the strongest condition derives in
any case from the bias part. In particular, the following bound on the bias holds true.

Proposition 4. Suppose that A1 holds and that a and b are C3 with bounded derivatives. If
π ∈ Hd(β,L), with β1 ≥ 1, then there exists c > 0 such that for all Tn > 0, 0 < hi < 1,

∣∣E[π̂ah,Tn(x)]− π(x)
∣∣ ≤ c d∑

i=1

hβii + c
√

∆n.

We remark that Proposition 4 still holds true if some of the components are observed continu-
ously. This will be useful in next section.
Surprisingly the bias term, which is generally easier to deal with and does not generate any con-
dition, in this setting provides a constraint on the discretization step stronger than the one on
the variance. The condition derives from the fact that the different components are observed in
different moments. From Propositions 3 and 4 next theorem easily follows.

Theorem 4. Suppose that A1-A2 hold, that a and b are C3 with bounded derivatives. If π ∈
Hd(β,L), with β1 ≥ 1 and ∆n ≤ ( log Tn

Tn
)

2β̄3
2β̄3+d−2 , then there exist C̃, ρ̃, c > 0 and T0 > 0 such

that, for Tn ≥ T0,

sup
(a,b)∈Σ

E[|π̂ah,Tn(x)− π(x)|2] <
∼
c(

log Tn
Tn

)
2β̄3

2β̄3+d−2 .

9



The theorem here above relies on the fact that the condition on the discretization step gathered
in Proposition 3 is negligible compared to the one in Proposition 4. Indeed, after having replaced
the value of the optimal bandwidth as in (6), we have that

h∗1h
∗
2 = (

log Tn
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
.

As βi ≥ 1 ∀i, it is 1
β1

+ 1
β2
≤ 2, from which we derive that

(
log Tn
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
> (

log Tn
Tn

)
2β̄3

2β̄3+d−2 .

Hence, if ∆n ≤ ( log Tn
Tn

)
2β̄3

2β̄3+d−2 , then it is also ∆n ≤ h∗1h∗2.
We now wonder if it is possible to lighten the condition on the discretization step by observing
continuously the first two components of the process. This is discussed in the next section.

5.2 What if two out of d components are continuously observed?

We suppose that the first two components of the process X are continuously observed, while we
only dispose of discrete observations for the other d−2 components. In particular, we consider the
asynchronous case, for which each of the last d − 2 directions is observed in a different moment.
Therefore, the continuous trajectories of X1 and X2 are available, as well as the discrete observa-
tions X l

tl1
, ..., X l

tln
for any l ∈ {3, ..., d}, with 0 ≤ tl1 ≤ ... ≤ tln ≤ Tn. As before, the discretization

step is defined as
∆n := sup

l=3,...,d
sup

i=0,...,n−1
(tli+1 − tli).

Before we proceed with the statements of our results, we introduce the kernel estimator in this
context. Using the notation introduced in previous section we have

π̄h,Tn(x) =
1

Tn
∏d
l=1 hl

∫ Tn

0

∏
m=1,2

K(
xm −Xm

u

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(u)

hl
)du

=:
1

Tn

∫ Tn

0

∏
m=1,2

Khm(xm −Xm
u )

d∏
l=3

Khl(xl −X l
ϕn,l(u))du.

What is unexpected is that, up to observe continuously X1 and X2, it is possible to recover the
same upper bound on the variance as in Proposition 2 of [5], where all the components of the
process X were continuously available. Indeed, as we will see in the proposition below, to dispose
of the trajectories of the first two components of X and to ask a not restrictive condition on ∆n

is enough to make the condition on the discretization term of Proposition 1 disappear.

Proposition 5. Suppose that A1-A2 hold and that π ∈ Hd(β,L) with β1 ≤ ... ≤ βd. Let h∗ =
(h∗1, ..., h

∗
d) be the rate optimal choice for the bandwidth h given in (6) and suppose that ∆n ≤

1
2 (
∏
l≥3 h

∗
l )

2
d−2 = 1

2 ( log Tn
Tn

)
2

2β̄3+d−2 , then there exist c > 0 and T0 > 0 such that, for Tn ≥ T0,

V ar(π̄h∗,Tn(x)) ≤ c

Tn

∑d
j=1 | log(h∗j )|∏d

l=3 h
∗
l

.

Moreover, the constant c is uniform over the set of coefficients (a, b) ∈ Σ.

One can see, comparing the proposition here above with Proposition 2 of [5] that, when
k0 = 1, 2, not having the continuous record of the last (d − 2) components does not interfere
in the computations of the upper bound of the variance, up to requiring the mild condition on
the discretization step requested here above. Therefore, in contrast with the results gathered in
Proposition 1 and Theorem 1, even when h∗1h

∗
2

∑d
j=1 | log h∗j | <∼ ∆n, the bound on the variance is

the same it would have been with a continuous record of the whole process. Regarding the condi-

tion appearing here above, we remark it is h∗1h
∗
2

∑d
j=1 | log h∗j | <∼ (

∏
l≥3 h

∗
l )

2
d−2 as it is equivalent to

ask ( log Tn
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
log Tn <

∼
( log Tn

Tn
)

2
2β̄3+d−2 , which holds true in a pure anisotropic context,
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for which β̄3( 1
β1

+ 1
β2

) 1
2 > 1. The smoothness are indeed ordered and so the harmonic mean over

β1 and β2 is strictly smaller than the harmonic mean β̄3, computed over the other d−2 smoothness.

Regarding the bias term, it is easy to see that the bound gathered in Proposition 4 still holds
true when ϕn,l(t) = t for l = 1, 2 and so with π̄h,Tn(x) instead of π̂ah,Tn(x). It yields the following
theorem

Theorem 5. Suppose that A1-A2 hold, that a and b are C3 with bounded derivatives. If π ∈
Hd(β,L), with β1 ≥ 1, then there exist C̃, ρ̃, c > 0 and T0 > 0 such that, for Tn ≥ T0,

|E[π̄h,Tn(x)]− π(x)| ≤ c
d∑
i=1

hβii + c
√

∆n.

If moreover ∆n ≤ ( log Tn
Tn

)
2β̄3

2β̄3+d−2 , then

sup
(a,b)∈Σ

E[|π̄h,Tn(x)− π(x)|2] <
∼

(
log Tn
Tn

)
2β̄3

2β̄3+d−2 .

We remark that, in the theorem here above, the condition on the discretization step is given
by the bias term, while the one deriving from the bound on the variance gathered in Proposition
5 is negligible, as β̄3 ≥ 1 and so

(
log Tn
Tn

)
2β̄3

2β̄3+d−2 ≤ (
log Tn
Tn

)
2

2β̄3+d−2 .

It implies that, even if the bound on the variance gathered in Proposition 5 allows us to lighten
the conditions on the discretization step to recover the continuous variance, the final condition
on the discretization step to recover the continuous convergence rate is the same as for X1 and
X2 discretely observed. The reason why it happens is that the bias term, which is generally the
easier term to deal with and does not provide any condition on the discretization step, is not at
all negligible in the asynchronous context. It provides some motivations for the improvement of
the bound gathered in Proposition 4, as future perspective.

The proofs of all the propositions stated in this section can be found in Section 7.

6 Proof main results, synchronous framework

This section is devoted to the proof of our main results in the case where all the components are
observed at the same time.

6.1 Proof of Proposition 1

Proof. The proof of Proposition 1 heavily relies on the proof of the upper bound on the variance
of (4), in the continuous case. Intuitively, the integrals in Proposition 2 of [5] will be now replaced
by sums, that we will split in order to use some different bounds on each of them. The main tools
are the exponential ergodicity of the process as gathered in Proposition 1 of [5] and a bound on
the transition density as in Proposition 5.1 of [35]. From the definition of our estimator π̂h,n, using
also the fact that we are considering a uniform discretization step, it follows

V ar(π̂h,n(x)) = V ar(
1

n∆n

n−1∑
j=0

Kh(x−Xtj )∆n)

=
∆2
n

T 2
n

n−1∑
j=0

(n− j)Cov(Kh(x−X0),Kh(x−Xtj ))

=:
∆2
n

T 2
n

(

jδ1∑
j=0

+

jδ2∑
j=jδ1+1

+

jD∑
j=jδ2+1

+

n−1∑
j=jD+1

) (n− j) k(tj)

=: I1 + I2 + I3 + I4,
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having introduced 0 ≤ jδ1 ≤ jδ2 ≤ jD ≤ n− 1 and set δ1 = ∆njδ1 , δ2 = ∆njδ2 , D = ∆njD and

k(t) := Cov(Kh(x−X0),Kh(x−Xt)).

Recall also that tj = ∆nj. The quantities jδ1 , jδ2 , jD (and consequently δ1, δ2 and D) will be
chosen later, in order to get an upper bound on the variance as sharp as possible. We will provide
some bounds for I1, and I4 which do not depend on k0, while we will bound differently I2 and I3
depending on whether or not k0 is larger than 3. For j small we use Cauchy-Schwarz inequality,
the stationarity of the process, the boundedness of π and the definition of the kernel function to
obtain

|k(tj)| ≤ V ar(Kh(x−X0))
1
2V ar(Kh(x−Xtj ))

1
2 ≤

∫
Rd

(Kh(x− y))2π(y)dy ≤ c∏d
l=1 hl

. (7)

It follows

|I1| ≤
∆2
n n

T 2
n

jδ1∑
j=0

c∏d
l=1 hl

= c
∆2
n n

T 2
n

1∏d
l=1 hl

(jδ1 + 1). (8)

For j ∈ [jδ1 + 1, jδ2 ] we act differently depending on k0 as done for s ∈ [δ1, δ2) in Proposition 2 of
[5]. For k0 = 1 and β2 < β3 or k0 = 2 it provides (see Equation (15) in [5])

|k(s)| ≤ c∏
j≥3 hj

1

s

that, for s = tj , becomes

|k(tj)| ≤
c∏
l≥3 hl

1

tj
.

It yields

|I2| ≤
∆2
n n

T 2
n

jδ2∑
j=jδ1+1

c∏
l≥3 hl

1

tj
= c

∆n

Tn

1∏
l≥3 hl

jδ2∑
j=jδ1+1

1

tj
.

We recall that tj can be seen as ∆n j. Therefore,

jδ2∑
j=jδ1+1

1

tj
≤ c

∆n
log(

jδ2
jδ1

) =
c

∆n
log(

∆njδ2
∆njδ1

) =
c

∆n
log(

δ2
δ1

).

It follows

|I2| ≤ c
1

Tn

1∏
l≥3 hl

log(
δ2
δ1

). (9)

When k0 ≥ 3 instead, acting as to get (17) in [5] and taking s = tj , we obtain

|k(tj)| ≤
c∏

l≥k0+1 hl
t
− k0

2
j .

Therefore,

|I2| ≤
∆2
n n

T 2
n

jδ2∑
j=jδ1+1

c∏
l≥k0+1 hl

t
− k0

2
j

= c
∆n

Tn

1∏
l≥k0+1 hl

jδ2∑
j=jδ1+1

∆
− k0

2
n j−

k0
2

≤ c∆
1− k0

2
n

Tn

1∏
l≥k0+1 hl

j
1− k0

2

δ1

= c
δ

1− k0
2

1

Tn

1∏
l≥k0+1 hl

(10)

12



where we have used that, as k0 ≥ 3, 1− k0

2 is negative.
To conclude the analysis of I2 we assume that k0 = 1 and β2 = β3. In this case the estimation
here above still holds but, as 1− k0

2 = 1
2 is now positive, it provides

|I2| ≤ c
δ

1
2
2

Tn

1∏
l≥2 hl

. (11)

We now deal with I3. With the same bound on the covariance as in (20) of Proposition 2 in [5] we
get in any case, but for k0 = 1 and β2 = β3,

|k(s)| ≤ c(s− d2 + 1).

Therefore, taking s = tj ,

|I3| ≤
∆2
n n

T 2
n

jD∑
j=jδ2+1

c(t
− d2
j + 1) (12)

≤ c∆n

Tn
(

jD∑
tj≤1, j=jδ2+1

∆
− d2
n j−

d
2 +

jD∑
tj>1, j=jδ2+1

1)

≤ c∆n

Tn
(∆
− d2
n j

1− d2
δ2+1 + jD)

=
c

Tn
(δ

1− d2
2 +D).

For k0 = 1 and β2 = β3, instead, (22) of [5] provides

|k(s)| ≤ c(s− 3
2

1∏
l≥4 hl

+ 1).

It follows

|I3| ≤
c∆2

nn

T 2
n

1∏
l≥4 hl

jD∑
j=jδ2+1

(t
− 3

2
j + 1).

Acting as above we obtain

|I3| ≤
c

Tn
(

1∏
l≥4 hl

1

δ
1
2
2

+D). (13)

To conclude, we need to evaluate the case where j ∈ [jD + 1, n − 1]. In this interval we use the
exponential ergodicity of the process, as in Proposition 1 of [5]. It follows

|k(tj)| ≤ c ‖Kh(x− ·)‖2∞ e−ρtj ≤ c

(
∏d
l=1 hl)

2
e−ρtj ,

for c and ρ positive constant uniform over the set of coefficients (a, b) ∈ Σ. It implies

|I4| ≤ c
∆n

Tn

1

(
∏d
l=1 hl)

2

n−1∑
j=jD+1

e−ρ∆nj (14)

≤ c∆n

Tn

1

(
∏d
l=1 hl)

2
e−ρ∆n(jD+1)

≤ c∆n

Tn

1

(
∏d
l=1 hl)

2
e−ρD.

From (8), (9), (12) and (14) we obtain the following bound for the case k0 = 1 and β2 < β3 or
k0 = 2:

V ar(π̂h,n(x)) ≤ c

Tn

[ 1∏d
l=1 hl

(δ1 + ∆n) +
1∏
l≥3 hl

log(
δ2
δ1

) + δ
1− d2
2 +D +

1

(
∏d
l=1 hl)

2
e−ρD

]
.
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It is easy to see that, except for the term c
Tn

1∏d
l=1 hl

∆n, the bound is the same as in the continuous

case (see (22) in [5]). Hence, also the optimal choice for the parameters δ1, δ2 and D should

be the same as in the continuous case, for which δ1 = h1h2, δ2 := (
∏
j≥3 hj)

2
d−2 and D :=

[max(− 2
ρ log(

∏d
j=1 hj), 1)∧T ]. Recalling that jδ1 , jδ2 and jD have to be some integers, we can not

propose exactly the same choice as above but we can take

jδ1 := bh1h2

∆n
c, jδ2 := b

(
∏
j≥3 hj)

2
d−2

∆n
c, jD := b

[max(− 2
ρ log(

∏d
j=1 hj), 1) ∧ T ]

∆n
c.

It yields

V ar(π̂h,n(x)) ≤ c

Tn

∑d
l=1 | log(hl)|∏

l≥3 hl
+

c

Tn

1∏d
l=1 hl

∆n,

as we wanted.
When k0 ≥ 3, instead, we replace the bound gathered in (9) with the one in (10). It follows

V ar(π̂h,n(x)) ≤ c

Tn

[ 1∏d
l=1 hl

(δ1 + ∆n) +
1∏

l≥k0+1 hl
δ

1− k0
2

1 + δ
1− d2
2 +D +

1

(
∏d
l=1 hl)

2
e−ρD

]
.

Again, every term but c
Tn

1∏d
l=1 hl

∆n was already present in the proof of Proposition 2 of [5] (see

(23)) and so the best choice would be to take the parameters as before. With this purpose in mind
we choose

jδ1 := b
(
∏k0

l=1 hl)
2
k0

∆n
c, jδ2 := b 1

∆n
c, jD := b

[max(− 2
ρ log(

∏d
j=1 hj), 1) ∧ T ]

∆n
c.

It follows

V ar(π̂h,n(x)) ≤ c

Tn

1

(
∏k0

l=1 hl)
1− 2

k0 (
∏
l≥k0+1 hl)

+
c

Tn

1∏d
l=1 hl

∆n.

We are left to study the case where k0 = 1 and β2 = β3. Here, from (8), (11), (13) and (14) we
obtain

V ar(π̂h,n(x)) ≤ c

Tn

[ 1∏d
l=1 hl

(δ1 + ∆n) +
δ

1
2
2∏

l≥2 hl
+

1∏
l≥4 hl δ

1
2
2

+D +
1

(
∏d
l=1 hl)

2
e−ρD

]
.

We take

jδ1 := 1, jδ2 := bh2h3

∆n
c, jD := b

[max(− 2
ρ log(

∏d
j=1 hj), 1) ∧ T ]

∆n
c

to get

V ar(π̂h,n(x)) ≤ c

Tn

1√
h2h3

∏
l≥4 hl

+
c

Tn

1∏d
l=1 hl

∆n.

All the constant are uniform over the set of coefficients (a, b) ∈ Σ. The proof of Proposition 1 is
then complete.

6.2 Proof of Theorem 1

Proof. We will act differently depending on k0.

• For k0 = 1 and β2 < β3 or k0 = 2, when ∆n ≤ h∗1h∗2
∑d
j=1 | log h∗j | = ( log Tn

Tn
)

β̄3
2β̄3+d−2

( 1
β1

+ 1
β2

)
log Tn

the result is a straightforward consequence of the bias variance decomposition and of the bound
on the variance gathered in Proposition 1. The rate optimal choice of the bandwidth h∗ as in (6)
provides

V ar(π̂h,n(x)) ≤ c

Tn

∑d
l=1 | log(h∗l )|∏

l≥3 h
∗
l

+
c

Tn

1∏d
l=1 h

∗
l

∆n

≤ c

Tn

∑d
l=1 | log(h∗l )|∏

l≥3 h
∗
l

.
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Hence,

sup
(a,b)∈Σ

E[|π̂h,n(x)− π(x)|2] ≤ c
d∑
j=1

h
∗ 2βj
j +

c

Tn

∑d
l=1 | log(h∗l )|∏

l≥3 h
∗
l

= (
log Tn
Tn

)
β̄3

βl(2β̄3+d−2)

• For k0 ≥ 3, when ∆n ≤ (h∗1h
∗
2) = (h∗1)2 = ( 1

Tn
)

2β̄3
β1(2β̄3+d−2) , we get the continuous convergence rate

by the bias-variance decomposition and the second point of Proposition 1, choosing h∗1 = ... = h∗k0

and h∗l (Tn) : ( 1
Tn

)
β̄3

βl(2β̄3+d−2) for any l ∈ {1, ..., d}.
The reasoning is the same for k0 = 1 and β2 = β3, recalling that we no longer have h∗1 = h∗2 (as β1 <

β2) and so the condition on the discretization step becomes ∆n ≤ h∗1h∗2 =: ( 1
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
.

6.3 Proof of Theorem 2

Proof. Even if the final result is the same for any k0, the proof of Theorem 2 is substantially
different depending on the ordering of the smoothness and so on the value of k0.

• We start assuming k0 = 1 and β2 < β3 or k0 = 2. When ∆n > ( log Tn
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
log Tn,

the form of the rate optimal bandwidth is no longer as in the continuous case. We observe that
Tn = n∆n and

1

β1
+

1

β2
=
d

β̄
− d− 2

β̄3
,

and so the condition here above is equivalent to ask

∆n > (log Tn)(
1

n
)

α
1+α , (15)

with

α :=
β̄3

2β̄3 + d− 2
(

1

β1
+

1

β2
) =

β̄3

2β̄3 + d− 2
(
d

β̄
− d− 2

β̄3
) =

β̄3d− (d− 2)β̄

β̄(2β̄3 + d− 2)
. (16)

From the bias variance decomposition together with Proposition 1 we now obtain

E[|π̂h,n(x)− π(x)|2] ≤ c
d∑
j=1

h
2βj
j +

c

Tn

∑d
l=1 | log(hl)|∏

l≥3 hl
+

c

Tn

1∏d
l=1 hl

∆n.

We look for the rate optimal choice of the bandwidth by choosing a1, ... , ad such that hl = ( 1
n )al .

We get the following bound

E[|π̂h,n(x)− π(x)|2] ≤ c
d∑
j=1

(
1

n
)2βjaj +

c

n∆n

∑d
l=1 al log n∏
l≥3( 1

n )al
+
c

n

1∏d
l=1( 1

n )al
(17)

≤ c
d∑
j=1

(
1

n
)2βjaj +

c

n

1

log(n∆n)( 1
n )

α
1+α

log n∏
l≥3( 1

n )al
+
c

n

1∏d
l=1( 1

n )al
,

having used the condition on ∆n gathered in (15). We recall we have assumed n∆n → ∞ for
n → ∞ and that ∆n > n−k for some k ∈ (0, 1). It follows that log(n∆n) < (1 − k) log n, which
implies logn

log(n∆n) ≤ c. Then, we observe that the balance between the three terms in (17) is achieved

for hl(n) = ( 1
n )

β̄
βj(2β̄+d) . In this way

∏
l≥3 hl = ( 1

n )
β̄

2β̄+d
d−2
β̄3 , which implies in particular that the

second term in the right hand side of (17) is upper bounded by

(
1

n
)

1
1+α−

β̄
2β̄+d

d−2
β̄3

= (
1

n
)
β̄(2β̄3+d−2)

β̄3(2β̄+d)
− β̄(d−2)

β̄3(2β̄+d) (18)

= (
1

n
)

2β̄
2β̄+d ,
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which is clearly the size of the other terms as well, after having replaced the rate optimal choice
for hl(n).

• We now consider the case where ∆n > ( 1
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
and β2 = β3. We start assuming

that k0 = 1. We can write

∆n > (
1

n
)

α
1+α ,

with α as in (16). From the bound on the variance gathered in Proposition 1 and the bias-variance
decomposition easily follows the wanted result, acting as above.

When k0 ≥ 3 it is β1 = β2 and so ∆n > ( 1
Tn

)
β̄3

2β̄3+d−2
( 1
β1

+ 1
β2

)
= ( 1

Tn
)

2β̄3
β1(2β̄3+d−2) . As Tn = n∆n, the

previous condition is equivalent to ask ∆n > ( 1
n )

α
1+α , with

α =
2β̄3

β1(2β̄3 + d− 2)
.

We underline that α is exactly the same as in (16), having now β1 = β2. The previous remark,
together with the second point of Proposition 1 leads to the following bound for the mean squared
error, for k0 ≥ 3:

E[|π̂h,n(x)− π(x)|2] ≤ c
d∑
j=1

h
2βj
j +

c

Tn

1

(
∏k0

l=1 hl)
1− 2

k0

∏
l≥k0+1 hl

+
c

Tn

∆n∏d
l=1 hl

≤ c
d∑
j=1

h
2βj
j +

c

n( 1
n )

α
1+α

1

(
∏k0

l=1 hl)
1− 2

k0

∏
l≥k0+1 hl

+
c

n

1∏d
l=1 hl

.

As before, we choose the rate optimal bandwidth as hl(n) := ( 1
n )

β̄
βl(2β̄+d) . As β1 = ... = βk0

it
follows in particular that h1(n) = ... = hk0

(n). Replacing the value of hl(n) in the bound of the
mean squared error we get

E[|π̂h,n(x)− π(x)|2] ≤ c( 1

n
)

2β̄
2β̄+d + c(

1

n
)1− α

1+αn
β̄

2β̄+d
(
k0−2
β1

)
n

β̄
2β̄+d

(
d−k0
β̄k

)
+ c(

1

n
)
1− β̄

2β̄+d
( d
β̄

)
,

recalling that β̄k is the mean smoothness over βk0+1, ... , βd and it is such that 1
β̄k

= 1
d−k0

∑
l≥k0+1

1
βl

.

We remark that
k0 − 2

β1
+
d− k0

β̄k
=
d− 2

β̄3
.

Then, using also (18), we have that the exponent of 1
n in the second term here above is

1

1 + α
− β̄

2β̄ + d
(
d− 2

β̄3
) =

2β̄

2β̄ + d
.

Remarking that the constant c does not depend on (a, b) ∈ Σ, it follows

sup
(a,b)∈Σ

E[|π̂h,n(x)− π(x)|2] ≤ c( 1

n
)

2β̄
2β̄+d ,

as we wanted.

6.4 Proof of Proposition 2

Proof. The proof follows the procedure to bound the variance for d = 2 proposed in the continuous
case (see Theorem 2 of [5]). We split the sum in three terms:

V ar(π̂h,n(x)) = V ar(
1

n∆n

n−1∑
j=0

Kh(x−Xtj )∆n)

=
∆2
n

T 2
n

(

jδ∑
j=0

+

jD∑
j=jδ+1

+

n−1∑
j=jD+1

) (n− j) k(tj) (19)

=: Ĩ1 + Ĩ2 + Ĩ3.
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Now we act on Ĩ1 and Ĩ3 as we did on I1 and I4 (defined in the proof of Proposition 1, respectively.
It provides

|Ĩ1| ≤
c

Tn

1

h1h2
(δ + ∆n), (20)

|Ĩ3| ≤
c

Tn

1

(h1h2)2
e−ρD. (21)

Regarding Ĩ2, we act here as we did on I3 in Proposition 1. Recalling that here d = 2 we get

|k(tj)| ≤ c(t
− d2
j + 1) ≤ c( 1

tj
+ 1). (22)

We need to consider separately what happens when tj is larger or smaller than 1.

|Ĩ2| ≤ c
∆n

Tn

jD∑
j=jδ+1

(
1

tj
+ 1)

≤ c∆n

Tn
(

jD∑
tj≤1, j=jδ+1

1

tj
+

jD∑
tj>1, j=jδ+1

1)

≤ c

Tn
(| logD|+ | log δ|+D).

Putting all the pieces together, one can see that the choice jδ := bh1h2

∆n
c and jD := b [max(− 2

ρ log(h1h2),1)∧T ]

∆n
c

leads to the wanted result.

6.5 Proof of Theorem 3

Proof. The scheme we follow to prove Theorem 3 is the one provided in the proof of Theorem 1.
We start considering the case where

∆n ≤ h∗1h∗2
2∑
j=1

| log h∗j | = (
log Tn
Tn

)( 1
2β1

+ 1
2β2

) log Tn = (
log Tn
Tn

)
1
β̄ log Tn,

where we have used that, from the proof of Theorem 2 of [5], h∗l (Tn) = ( log Tn
Tn

)al with al ≥ 1
2βl

and that, for d = 2, 1
2 ( 1
β1

+ 1
β2

) = 1
β̄

.

From the bias variance decomposition together with Proposition 2, taking the rate optimal choice
h∗l (Tn) as above directly follows

E[|π̂h,n(x)− π(x)|2] ≤ c log Tn
Tn

+ c
log(log Tn)

Tn
= c

log Tn
Tn

.

If ∆n > ( log Tn
Tn

)
1
β̄ log Tn, instead, it is also ∆n > ( 1

n )
1

β̄+1 (log(n∆n)). Using the bias variance
decomposition and Proposition 2 we obtain

E[|π̂h,n(x)− π(x)|2] ≤ c(h2β1

1 + h2β2

2 ) +
c

Tn

2∑
j=1

| log hj |+
c

Tn

∆n

h1h2

≤ c(h2β1

1 + h2β2

2 ) + c(
1

n
)
1− 1

β̄+1

∑2
j=1 | log hj |
log(n∆n)

+
c

nh1h2
.

We choose the rate optimal bandwidth hl(n) := ( 1
n )

β̄
βl(2β̄+d) , for l = 1, 2. We have already discussed

the behaviour of n∆n, saying in particular that logn
logn∆n

≤ c in the proof of Theorem 2. It yields

E[|π̂h,n(x)− π(x)|2] ≤ c( 1

n
)

2β̄
2β̄+d + c(

1

n
)
1− 1

β̄+1 + c(
1

n
)
1− β̄

2β̄+d
( 1
β1

+ 1
β2

)

≤ c( 1

n
)

2β̄
2β̄+d + c(

1

n
)

β̄
β̄+1 + (

1

n
)

2β̄+d−2
2β̄+d

which is what we wanted, as d = 2.
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7 Proof main results, asynchronous framework

In Section 5 we assume to observe the components of the process X in different moments. In
particular, we assume that all the components are observed asynchronously in Section 5.1 and we
show that the condition ∆n ≤ h∗1h∗2 is enough to obtain the same variance as when the continuous
record of the process was available. In Section 5.2, instead, we suppose that the trajectory of the
first two components is observed continuously and that ensures the possibility to get the continuous
variance with a weaker condition on the discretization step. As the proof of the results is easier
when the first two components are observed in the same moment, we start by proving the results
gathered in Proposition 5, assuming that the first two components are continuously observed.

7.1 Proof of Proposition 5

Proof. In analogy to the previous proofs, we introduce

k(t, s) := Cov(
∏

m=1,2

K(
xm −Xm

t

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(t)

hl
),
∏

m=1,2

K(
xm −Xm

s

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(s)

hl
)),

such that

V ar(π̄h∗,Tn(x)) =
2

T 2
n

∫ Tn

0

∫ t

0

k(t, s)1s<tdsdt

=
2

T 2
n

∫ t

0

∫ Tn

0

k(t, s)1s<t
(
1|t−s|≤h∗1h∗2

∑d
j=1 | log h∗j |

+ 1
h∗1h
∗
2

∑d
j=1 | log h∗j |≤|t−s|≤(

∏
j≥3 h

∗
j )

2
d−2

+ 1
(
∏
j≥3 h

∗
j )

2
d−2≤|t−s|≤D

+ 1D≤|t−s|≤Tn
)
dsdt

=

4∑
j=1

Ij ,

with h∗ the rate optimal choice of the bandwidth as in the proof of Theorem 1 of [5], given by (6).
We start considering I1. Here, acting as in Proposition 1 in order to get (7), we obtain

|k(t, s)| ≤ c∏d
l=1 h

∗
l

.

Therefore, after the change of variable t→ t′ := t− s, we have

I1 ≤
1

T 2
n

∫ Tn

0

∫ h∗1h
∗
2

∑d
j=1 | log h∗j |

0

c∏d
l=1 h

∗
l

dt′ds (23)

≤ c

Tn

h∗1h
∗
2

∑d
j=1 | log h∗j |∏d
l=1 h

∗
l

=
c

Tn

∑d
j=1 | log h∗j |∏d

l=3 h
∗
l

.

We now study I2, which is the most complicated term we have to deal with. Intuitively, we would
like to bound the variance as in the interval [δ1, δ2) in the proof of Proposition 2 of [5]. It relies
on a bound for the transition density (as in Proposition 5.1 of [35] or Lemma 1 of [5]). In order
to use it we need to know the ordering between the quantities s, t, ϕn,3(s), ... , ϕn,d(s), ϕn,3(t),
... , ϕn,d(t). We know that s < t, ϕn,l(s) ≤ s and ϕn,l(t) ≤ t for any l ∈ {3, ..., d}. Moreover,
it is possible to have ϕn,l(t) ≤ s < t, but it implies ϕn,l(t) = ϕn,l(s). Then, we can consider a
permutation w3, ... , wd of ϕn,3(s), ... , ϕn,d(s) which is such that w3 ≤ ... ≤ wd. In particular,
we denote by w3 ≤ ... ≤ wd a reordering of ϕn,l(t) and σ an element of the permutation group
on {3, ..., d} such that wi = ϕn,σ(i)(t) for all i ∈ {3, ..., d}. In the same way we introduce the
permutation w̃3, ... , w̃d of ϕn,3(t), ... , ϕn,d(t) which is properly ordered, i.e. w̃3 ≤ ... ≤ w̃d. In
particular, we introduce σ̃ which is an element of the permutation group such that w̃i = ϕn,σ̃(i)(s)
for all i ∈ {3, ..., d}. In order to admit the possibility that ϕn,l(t) ≤ s, and then ϕn,l(t) = ϕn,l(s)
for some index l, we say that w̃j ∈ {w3, ..., wd} for j ≤ h and w̃h+1 ≥ s. It follows that

w3 ≤ ... ≤ wd ≤ s ≤ w̃h+1 ≤ ... ≤ w̃d ≤ t.
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Hence we can write, for l ≤ h, w̃l = wτ(l) for some τ(l) ∈ {3, ..., d}. We now introduce the following
vectors, which represent the positions in the instants previously discussed. At the instant wj we
have the vector yj , for j ∈ {3, ..., d}. The vector z is instead connected to the time s, while z̃ is
connected to t. At the time w̃j we have the vectors ỹj , for j ∈ {h + 1, ..., d}. We remark that yjl
is the l-component of the vector yj , which gives the position at the instant wj . We observe that,

as w̃l = wτ(l) for l ≤ h and so we can write, for any l ≤ h, ỹl ˜σ(l)
= y

τ(l)
σ(τ(l)). We have

|k(t, s)| ≤ |k̃(t, s)|+

|E[
∏

m=1,2

K(
xm −Xm

t

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(t)

hl
)]||E[

∏
m=1,2

K(
xm −Xm

s

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(s)

hl
)]|, (24)

where

k̃(t, s) := E[
∏

m=1,2

K(
xm −Xm

t

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(t)

hl
)
∏

m=1,2

K(
xm −Xm

s

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(s)

hl
)].

(25)
We aim at proving that |k̃(t, s)| ≤ c

(t−s)
∏d
l=3 hl

. We write the expectation in (25) using the law of

the random vector (Xw3 , Xw4 . . . , Xwd , Xs, Xw̃h+1
, . . . , Xw̃d , Xt). For simplicity, we assume that all

the instants appearing in this vector are different w3 < w4 < · · · < wd < s < w̃h+1 < · · · < w̃d < t
and in turn the law of this vector admits a density as product of the transition density of the
process X. If we are not in the situation where all the instants are distinct, it is possible to slightly
move some values of w3, . . . , wd, w̃h, . . . , w̃d in order to get different instants, and then conclude
by a density argument in order to get the upper bound on |k̃(s, t)|. With these considerations, we
can write

|k̃(t, s)| ≤
∫
Rd

2∏
m=1

|Kh∗m
(xm − zm)|

∫
Rd(d−2)

|
d∏
l=3

Kh∗
σ(l)

(xσ(l) − ylσ(l))|
∫
Rd

2∏
m=1

|Kh∗m
(xm − z̃m)|

×
h∏
l=3

|Kh∗
σ(τ(l))

(xσ(τ(l)) − y
τ(l)
σ(τ(l)))|

∫
Rd(d−h)

d∏
l=h+1

|Khσ̃(l)
(xσ̃(l) − ỹlσ̃(l))|

× pw4−w3(y3, y4)pw5−w4(y4, y5)× ...× pwd−wd−1
(yd−1, yd)ps−wd(yd, z) (26)

× pw̃h+1−s(z, ỹ
h+1)× ...× pw̃d−w̃d−1

(ỹd−1, ỹd)pt−w̃d(ỹd, z̃)π(y3)dzdy3...dyddz̃dỹh+1...dỹd.

We bound

|
h∏
l=3

Kh∗
σ(τ(l))

(xσ(τ(l)) − y
τ(l)
σ(τ(l)))

d∏
l=h+1

Khσ̃(l)
(xσ̃(l) − ỹlσ̃(l))|

= |
h∏
l=3

Kh∗
σ̃(l)

(xσ̃(l) − ỹlσ̃(l))

d∏
l=h+1

Khσ̃(l)
(xσ̃(l) − ỹlσ̃(l))|

≤ c∏
l≥3 h

∗
σ̃(l)

=
c∏

l≥3 h
∗
l

,

it follows

|k̃(t, s)| ≤ 1∏
l≥3 h

∗
l

∫
Rd

2∏
m=1

Kh∗m
(xm − zm)

d∏
l=3

Kh∗
σ(l)

(xσ(l) − ylσ(l))

∫
Rd

2∏
m=1

Kh∗m
(xm − z̃m)

×
∫
Rd(d−2)

pw4−w3
(y3, y4)pw5−w4

(y4, y5)× ...× pwd−wd−1
(yd−1, yd)ps−wd(yd, z) (27)

× pt−s(yd, z̃)π(y3)dzdy3...dyddz̃.

Using Gaussian upper bounds on the transition density (Proposition 5.1 in [35]), we have

pt−s(y
d, z̃) ≤ c

(t− s)
qt−s(z̃3, ..., z̃d|z̃1, z̃2, y

d),
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with

qt−s(z̃3, ..., z̃d|z̃1, z̃2, y
d) = e−λ0

(z̃1−y
d
1 )2

t−s e−λ0
(z̃2−y

d
2 )2

t−s
1√
t− s

e−λ0
(z̃3−y

d
3 )2

t−s × ...× 1√
t− s

e−λ0
(z̃d−y

d
d)2

t−s .

We observe that

sup
t−s∈(0,1)

sup
yd,z̃1,z̃2∈Rd+2

∫
Rd−2

qt−s(z̃3, ..., z̃d|z̃1, z̃2, y
d)dz̃3...dz̃d < c, (28)

remarking that t− s ∈ (0, 1) as

0 ≤ t− s ≤ (
∏
j≥3

h∗j )
2
d−2 < 1.

Moreover, we easily bound ∫
R2

2∏
m=1

Kh∗m
(xm − z̃m)dz̃1dz̃2 < c.

Replacing everything in (27) we obtain

|k̃(t, s)| ≤ c

t− s
1∏

l≥3 h
∗
l

∫
Rd

2∏
m=1

Kh∗m
(xm − zm)

d∏
l=3

Kh∗
σ(l)

(xσ(l) − ylσ(l)) (29)

×
∫
Rd(d−2)

d∏
l=4

pwl−wl−1
(yl−1, yl)ps−wd(yd, z)π(y3)dzdy3...dyd.

We aim at showing that the integral here above is upper bounded by a constant. To do that we use
the first point of Lemma 2, which is stated and proven at the end of this section. We remark that
in our case r = d−1 and, in particular, u1, ..., ur−1, ur are in this case y3, ..., yd, z while q1 = q2 = r
and, for l ≥ 3, ql = σ−1(l). We obtain

|k̃(t, s)| ≤ c

t− s
1∏

l≥3 h
∗
l

.

Using again the first point of Lemma 2, there exists a constant c such that

|E[
∏

m=1,2

K(
xm −Xm

u

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(u)

hl
)]| ≤ c, ∀u

and it implies recalling (24) that

|k(t, s)| ≤ c

t− s
1∏

l≥3 h
∗
l

+ c.

In the equation above we have also used that, thanks to the first point of Lemma 2, there exists a
constant c > 0 such that

|E[
∏

m=1,2

K(
xm −Xm

t

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(t)

hl
)]||E[

∏
m=1,2

K(
xm −Xm

s

hm
)

d∏
l=3

K(
xl −X l

ϕn,l(s)

hl
)]| ≤ c.

It yields

I2 ≤
c

T 2
n

∫ t

0

∫ Tn

0

(
1∏

l≥3 h
∗
l

1

t− s
+ 1)1

h∗1h
∗
2

∑d
j=1 | log h∗j |≤|t−s|≤(

∏
j≥3 h

∗
j )

2
d−2

dsdt.

We apply the change of variable t− s =: t′. It follows

|I2| ≤
c

Tn

1∏
l≥3 h

∗
l

∫ (
∏
j≥3 h

∗
j )

2
d−2

h∗1h
∗
2

∑d
j=1 | log h∗j |

1

t′
dt′ (30)

≤ c

Tn

∑2
j=1 | log h∗j |∏

l≥3 h
∗
l

(31)

≤ c

Tn

∑2
j=1 | log h∗j |∏

l≥3 h
∗
l

. (32)
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Regarding I3, it is

I3 :=
1

T 2
n

∫ Tn

0

∫ Tn

0

k(t, s)1
(
∏
j≥3 h

∗
j )

2
d−2≤|t−s|≤D

dtds.

We can write k̃(t, s) as in (26). The only difference is that now s and t are distant to each other,
which implies that ϕn,l(s) < ϕn,l(t) for any l ∈ {3, ..., d} and so, in particular, the ordering of the
quantities previously introduced is the following:

w3 ≤ ... ≤ wd ≤ s ≤ w̃3 ≤ ... ≤ w̃d ≤ t.

This holds true because

|t− s| ≥ (
∏
j≥3

h∗j )
2
d−2 and ∆n ≤ (

∏
j≥3

h∗j )
2
d−2 .

Hence, we have

|k̃(t, s)| ≤
∫
Rd

2∏
m=1

|Kh∗m
(xm − zm)|

∫
Rd(d−2)

d∏
l=3

|Kh∗
σ(l)

(xσ(l) − ylσ(l))|
∫
Rd

2∏
m=1

|Kh∗m
(xm − z̃m)|

×
∫
Rd(d−2)

d∏
l=3

|Kh∗
σ̃(l)

(xσ̃(l) − ỹlσ̃(l))|pw4−w3(y3, y4)pw5−w4(y4, y5)× ...× pwd−wd−1
(yd−1, yd)ps−wd(yd, z)

× pw̃3−s(z, ỹ
3)× ...× pw̃d−w̃d−1

(ỹd−1, ỹd)pt−w̃d(ỹd, z̃)π(y3)dzdy3...dyddz̃dỹ3...dỹd.

We remark that the largest interval of time above is w̃3 − s. We use on it the rough estimation

pw̃3−s(z, ỹ
3) ≤ c

(w̃3 − s)
d
2

d∏
l=1

e−λ0
(zl−ỹ

3
l )2

w̃3−s ≤ c

(w̃3 − s)
d
2

.

It follows

|k̃(t, s)| ≤ c

(w̃3 − s)
d
2

∫
Rd

2∏
m=1

|Kh∗m
(xm − zm)|

∫
Rd(d−2)

d∏
l=3

|Kh∗
σ(l)

(xσ(l) − ylσ(l))|
∫
Rd

2∏
m=1

|Kh∗m
(xm − z̃m)|

×
∫
Rd(d−2)

d∏
l=3

|Kh∗
σ̃(l)

(xσ̃(l) − ỹlσ̃(l))|
d∏
l=4

pwl−wl−1
(yl−1, yl)ps−wd(yd, z)

×
d∏
l=4

pw̃l−w̃l−1
(ỹl−1, ỹl)pt−w̃d(ỹd, z̃)π(y3)dzdy3...dyddz̃dỹ3...dỹd.

We apply twice the first point of Lemma 2 (having on each integral r = (d−1) as we are considering
the integrals in y3, ..., yd, z and in ỹ3, ..., ỹd, z̃). It implies

|k(t, s)| ≤ c

(w̃3 − s)
d
2

+ c.

We now observe that it is

|t− s| ≤ |t− w̃3|+ |w̃3 − s| ≤ ∆n + |w̃3 − s| ≤
1

2
(
∏
l≥3

h∗l )
2
d−2 + |w̃3 − s|. (33)

It follows

|w̃3 − s| ≥ |t− s| −
1

2
(
∏
l≥3

h∗l )
2
d−2 ≥ 1

2
(
∏
l≥3

h∗l )
2
d−2 .

Moreover,
|w̃3 − s| ≤ |t− s| ≤ D.

From the change of coordinates s→ s′ := t− s we obtain

I3 ≤
c

T 2
n

∫ Tn

0

∫ D

1
2 (

∏
l≥3 h

∗
l )

2
d−2

(
c

s′
d
2

+ c)ds′dt

≤ c

Tn
((
∏
l≥3

h∗l )
2
d−2 (1− d2 ) +D) (34)

=
c

Tn
((
∏
l≥3

h∗l )
−1 +D),
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which is the order we wanted.
We are left to study I4, where D ≤ |t − s| ≤ Tn. Here we want to use the fact that the process
is exponential β-mixing. To do that, we use the definition of the covariance. We introduce the
notation Kh∗j

(t) := Kh∗j
(x−Xt). Then we need to study, up to reorder the components,

Cov(Kh∗1
(s)Kh∗2

(s)Kh∗3
(w3)...Kh∗d

(wd),Kh∗1
(t)Kh∗2

(t)Kh∗3
(w̃3)...Kh∗d

(w̃d)),

where w3 ≤ ... ≤ wd ≤ s ≤ w̃3 ≤ ... ≤ w̃d ≤ t, D ≤ |t− s| ≤ T . We define

g(Xw̃3) := E[Kh∗1
(t)Kh∗2

(t)Kh∗3
(w̃3)...Kh∗d

(w̃d)|Xw̃3 ].

It follows we can write the covariance as

E[Kh∗1
(s)Kh∗2

(s)Kh∗3
(w3)...Kh∗d

(wd)Kh∗1
(t)Kh∗2

(t)Kh∗3
(w̃3)...Kh∗d

(w̃d)]+

− E[Kh∗1
(s)Kh∗2

(s)Kh∗3
(w3)...Kh∗d

(wd)]E[Kh∗1
(t)Kh∗2

(t)Kh∗3
(w̃3)...Kh∗d

(w̃d)]

= E[Kh∗1
(s)Kh∗2

(s)Kh∗3
(w3)...Kh∗d

(wd)g(Xw̃3)]− E[Kh∗1
(s)Kh∗2

(s)Kh∗3
(w3)...Kh∗d

(wd)]E[g(Xw̃3)]

= E[Kh∗1
(s)Kh∗2

(s)Kh∗3
(w3)...Kh∗d

(wd)(g(Xw̃3)− π(g))]

= E[Kh∗1
(s)Kh∗2

(s)Kh∗3
(w3)...Kh∗d

(wd)(Pw̃3−sg(Xs)− π(g))].

From the β-mixing gathered in Proposition 1 of [5] we easily obtain

‖Pw̃3−sg(Xs)− π(g)‖L1 ≤ ce−ρ(w̃3−s) ‖g‖∞ .

Therefore,

|k(t, s)| ≤
d∏
l=1

∥∥Kh∗l

∥∥
∞ ‖Pw̃3−sg(Xs)− π(g)‖L1

≤ c∏d
l=1 h

∗
l

e−ρ(w̃3−s) ‖g‖∞

≤ c

(
∏d
l=1 h

∗
l )

2
e−ρ(w̃3−s),

where we have also used that, from the definition of g, it is ‖g‖∞ ≤
c∏d

l=1 h
∗
l

. Moreover, acting as

in (33) and remarking that (
∏
l≥3 h

∗
l )

2
d−2 ≤ D, we easily get

|w̃3 − s| ≥ |t− s| −∆n.

With the change of variable s→ s′ := t− s we obtain

I4 ≤
c

(
∏d
l=1 h

∗
l )

2

1

T 2
n

∫ Tn

0

∫ Tn

D

e−ρs
′
eρ∆ndtds′ (35)

≤ c

Tn(
∏d
l=1 h

∗
l )

2
e−ρD

Putting all the pieces together, using in particular (23), (30), (34) and (35), it yields

V ar(π̄h∗,Tn(x)) ≤ c

Tn

∑d
j=1 | log h∗j |∏d

l=3 h
∗
l

+
c

Tn

∑d
j=1 | log h∗j |∏d

l=3 h
∗
l

+
c

Tn

1∏d
l=3 h

∗
l

+
D

Tn
+

c

Tn(
∏d
l=1 h

∗
l )

2
e−ρD.

By choosing D := [max(− 2
ρ log(

∏d
j=1 hj), 1) ∧ Tn] we obtain the wanted result.

7.2 Proof of Proposition 3

Proof. The proof of Proposition 3 follows the route of Proposition 5. We introduce now

k(t, s) := Cov(

d∏
l=1

K(
xl −X l

ϕn,l(t)

hl
),

d∏
l=1

K(
xl −X l

ϕn,l(s)

hl
)),

22



such that

V ar(π̂ah∗,Tn(x)) =
2

T 2
n

∫ Tn

0

∫ t

0

k(t, s)1s<tdsdt.

We write

V ar(π̂ah∗,Tn(x)) =
2

T 2
n

∫ Tn

0

∫ t

0

k(t, s)1s<t
(
1|t−s|≤h∗1h∗2

+ 1
h∗1h
∗
2≤|t−s|≤(

∏
j≥3 h

∗
j )

2
d−2

+ 1
(
∏
j≥3 h

∗
j )

2
d−2≤|t−s|≤D

+ 1D≤|t−s|≤Tn
)
dsdt

=

4∑
j=1

Ĩj ,

with h∗ the rate optimal choice of the bandwidth given by (6). Regarding Ĩ1, exactly as in (23)
we have

Ĩ1 ≤
c

Tn

∑d
j=1 | log h∗j |∏d

l=3 h
∗
l

.

In order to bound Ĩ2 we order the quantities ϕn,1(s), ... , ϕn,d(s), ϕn,1(t), ... , ϕn,d(t) in a way
similar to the proof of Proposition 5 above, introducing w1, ... , wd, w̃1, ... , w̃d. In a similar
way as before, σ and σ̃ are elements of the permutation group such that wi = ϕn,σ(i)(s) and

w̃i = ϕn,σ̃(i)(t) for all i ∈ {1, ..., d}. Moreover, as ∆n ≤ 1
4h
∗
1h
∗
2 and |t− s| > h∗1h

∗
2, we have

w1 ≤ ... ≤ wd ≤ s ≤ w̃1 ≤ ... ≤ w̃d ≤ t.

It means that, in the notation introduced in the proof of Proposition 5, h is equal to 0. We also
introduce the vectors, which represent the positions in the instants wj and w̃j . At the instant wj
we have the vector yj , for j ∈ {1, ..., d}, while the time w̃j are associated to the vectors ỹj , for
j ∈ {1, ..., d}. As before, we observe we can write

|k(t, s)| ≤ |k̃(t, s)|+ |E[

d∏
l=1

K(
xl −X l

ϕn,l(t)

hl
)]||E[

d∏
l=1

K(
xl −X l

ϕn,l(s)

hl
)]|

≤ |k̃(t, s)|+ c,

where

k̃(t, s) := E[

d∏
l=1

K(
xl −X l

ϕn,l(t)

hl
)

d∏
l=1

K(
xl −X l

ϕn,l(s)

hl
)].

Hence, we have

|k̃(t, s)| ≤
∫
Rd2

d∏
l=1

|Kh∗
σ(l)

(xσ(l) − ylσ(l))|
∫
Rd2

d∏
l=1

|Khσ̃(l)
(xσ̃(l) − ỹlσ̃(l))|pw2−w1

(y1, y2)pw3−w2
(y2, y3)

(36)

× ...× pwd−wd−1
(yd−1, yd)pw̃1−wd(yd, ỹ1)× ...× pw̃d−w̃d−1

(ỹd−1, ỹd)π(y1)dy1dy2...dyddỹ1...dỹd.

As it is important to remove the contribution of the two smallest bandwidth, we need to reorder
the components to ỹ. To do that we introduce σ̃−1, the inverse of the permutation σ̃, and we write

|k̃(t, s)| ≤
∫
Rd2

d∏
l=1

|Kh∗
σ(l)

(xσ(l) − ylσ(l))|
∫
Rd2

d∏
l=1

|Khl(xl − ỹ
σ̃−1(l)
l )|pw2−w1

(y1, y2)pw3−w2
(y2, y3)

× ...× pwd−wd−1
(yd−1, yd)pw̃1−wd(yd, ỹ1)× ...× pw̃d−w̃d−1

(ỹd−1, ỹd)π(y1)dy1dy2...dyddỹ1...dỹd.
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We use the upper bound
∏d
l=3

∣∣∣Kh∗l
(xl − ỹσ̃

−1(l)
l )

∣∣∣ ≤ C/
∏d
l=3 h

∗
l and we integrate with respect to

the variables ỹ
σ−1(l)
l , l = 3, . . . , d to get

|k̃(t, s)| ≤ C∏d
l=3 h

∗
l

∫
Rd2

d∏
l=1

∣∣∣Kh∗
σ(l)

(xσ(l) − ylσ(l))
∣∣∣ ∫

R2d

∣∣∣Kh∗1
(x1 − ỹσ̃

−1(1)
1 )Kh∗2

(x2 − ỹσ̃
−1(2)

2 )
∣∣∣

× pw2−w1
(y1, y2)pw3−w2

(y2, y3)× ...× pwd−wd−1
(yd−1, yd)

× pw̃i?−wd(yd, ỹi?)pw̃i?−w̃i? (ỹi? , ỹi
?

)π(y1)dy1dy2...dyddỹσ̃
−1(1)dỹσ̃

−1(2), (37)

where i? = min(σ̃−1(1), σ̃−1(2)) and i? = max(σ̃−1(1), σ̃−1(2)). Using a Gaussian bound on the
transition density

pw̃i?−wd(yd, ỹi?)pw̃i?−w̃i? (ỹi? , ỹi
?

)

≤ C

w̃i? − wd
q
(

(ỹ
σ̃−1(1)
j )j 6=1, (ỹ

σ̃−1(1)
j )j 6=2 | yd, ỹσ̃

−1(1)
1 , ỹ

σ̃−1(2)
2

)
(38)

where

q
(

(ỹ
σ̃−1(1)
j )j 6=1, (ỹ

σ̃−1(1)
j )j 6=2 | yd, ỹσ̃

−1(1)
1 , ỹ

σ̃−1(2)
2

)
=

√
wi? − wd

d∏
j=1

j 6=σ̃(i?)

e
−c

(y
i?
j
−ydj )2

w̃i?
−wd√

w̃i? − wd

d∏
j=1

e
−c

(yi
?

j −y
i?

j )2

w̃i?−w̃i?
√
w̃i? − w̃i?

.

We now prove that

sup
(yd,ỹ

σ̃−1(1)
1 ,ỹ

σ̃−1(2)
2 )∈Rd+2

∫
R2(d−1)

q
(

(ỹ
σ̃−1(1)
j )j 6=1, (ỹ

σ̃−1(1)
j )j 6=2 | yd, ỹσ̃

−1(1)
1 , ỹ

σ̃−1(2)
2

)
d∏
j=2

d(ỹ
σ̃−1(1)
j )

d∏
j=1

j 6=2

d(ỹ
σ̃−1(2)
j ) ≤ C. (39)

To prove (39), assume, in order the simplify the notations, that i? = σ̃−1(1) and i? = σ̃−2(2), as
the other case can be proved symmetrically. Then, the integral in the left hand side of (39) is

∫
R2(d−1)

√
wσ̃−1(1) − wd

d∏
j=2

e
−c

(y
σ̃−1(1)
j

−ydj )2

w̃
σ̃−1(1)

−wd√
w̃σ̃−1(1) − wd

d∏
j=1

e
−c

(y
σ̃−1(2)
j

−yσ̃
−1(1)
j

)2

w̃
σ̃−1(2)

−w̃
σ̃−1(1)√

w̃σ̃−1(2) − w̃σ̃−1(1)

d∏
j=2

d(ỹ
σ̃−1(1)
j )

d∏
j=1

j 6=2

d(ỹ
σ̃−1(2)
j ).

Integrating with respect to the measures
∏d
j=3 d(ỹ

σ̃−1(1)
j )

∏d
j=3 d(ỹ

σ̃−1(2)
j ), we get that the last

integral is upper bounded by

∫
R2

√
wσ̃−1(1) − wd

e
−c (y

σ̃−1(1)
2 −yd2 )2

w̃
σ̃−1(1)

−wd√
w̃σ̃−1(1) − wd

2∏
j=1

e
−c

(y
σ̃−1(2)
j

−yσ̃
−1(1)
j

)2

w̃
σ̃−1(2)

−w̃
σ̃−1(1)√

w̃σ̃−1(2) − w̃σ̃−1(1)

dỹ
σ̃−1(1)
2 dỹ

σ̃−1(2)
1 .

Then, integrating with respect to dỹ
σ̃−1(1)
2 , the convolution of Gaussian kernels yields to the fol-

lowing upper bound for the LHS of (39),

∫
R

√
wσ̃−1(1) − wd

e
−c (y

σ̃−1(2)
2 −yd2 )2

w̃
σ̃−1(2)

−wd√
w̃σ̃−1(2) − wd

e
−c (y

σ̃−1(2)
1 −yσ̃

−1(1)
1 )2

w̃
σ̃−1(2)

−w̃
σ̃−1(1)√

w̃σ̃−1(2) − w̃σ̃−1(1)

dỹ
σ̃−1(2)
1 .

Using that
√
w̃σ̃−1(1) − wd ≤

√
w̃σ̃−1(2) − wd and that the first exponential inside the integral

above is smaller than 1, we deduce that (39) holds true. Using (37)–(39) we deduce

|k̃(t, s)| ≤ C∏d
l=3 h

∗
l

1

w̃i? − wd

∫
Rd2

d∏
l=1

∣∣∣Kh∗
σ(l)

(xσ(l) − ylσ(l))
∣∣∣ ∫

R2

∣∣∣Kh∗1
(x1 − ỹσ̃

−1(1)
1 )Kh∗2

(x2 − ỹσ̃
−1(2)

2 )
∣∣∣

× pw2−w1
(y1, y2)pw3−w2

(y2, y3)× ...× pwd−wd−1
(yd−1, yd)π(y1)dy1dy2...dyddỹ

σ̃−1(1)
1 dỹ

σ̃−1(2)
2 .
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Using that π is bounded, and the second point of Lemma 2 with qi = σ̃−1(i) for i ∈ {1, . . . , d} we
deduce

|k̃(t, s)| ≤ c

w̃i? − wd
1∏

l≥3 h
∗
l

≤ c

w̃1 − wd
1∏

l≥3 h
∗
l

which implies

|k(t, s)| ≤ c

w̃1 − wd
1∏

l≥3 h
∗
l

+ c.

In order to bound I2 we also observe that

|t− s| ≤ |t− w̃1|+ |w̃1 − wd|+ |wd − s|
≤ |w̃1 − wd|+ 2∆n

≤ |w̃1 − wd|+
1

2
h∗1h

∗
2.

It implies
1

|w̃1 − wd|
≤ 1

|t− s| − 1
2h
∗
1h
∗
2

.

As a consequence

|Ĩ2| ≤
c

T 2
n

∫ Tn

0

∫ t

0

1

|t− s| − 1
2h
∗
1h
∗
2

1∏
l≥3 h

∗
l

1
1
2h
∗
1h
∗
2≤|t−s|≤

3
2 (

∏
l≥3 h

∗
l )

2
d−2

dsdt.

By the change of variable t− s =: t′, we obtain

|Ĩ2| ≤
c

Tn

∫ 3
2 (

∏
l≥3 h

∗
l )

2
d−2

1
2h
∗
1h
∗
2

c

t′ − 1
2h
∗
1h
∗
2

1∏
l≥3 h

∗
l

dt′

≤ c

Tn

∑2
j=1 | log h∗j |∏

l≥3 h
∗
l

.

Regarding Ĩ3, it is

Ĩ3 :=
1

T 2
n

∫ Tn

0

∫ t

0

k(t, s)1
(
∏
j≥3 h

∗
j )

2
d−2≤|t−s|≤D

dsdt.

We can write k̃(t, s) as in (36). We use the rough estimation

pw̃1−wd(yd, ỹ1) ≤ c

(w̃1 − wd)
d
2

.

We replace it in (36) and we recall we have already proven that the everything else is upper bound
by a constant. It implies

|k(t, s)| ≤ c

(w̃1 − wd)
d
2

+ c. (40)

Acting as before it is easy to see that

|w̃1 − wd| ≥ |t− s| − 2∆n ≥ |t− s| −
1

2
h∗1h

∗
2 ≥

1

2
|t− s|.

From the change of coordinates t′ := t− s we obtain

Ĩ3 ≤
c

T 2
n

∫ Tn

0

∫ D

1
2 (

∏
l≥3 h

∗
l )

2
d−2

(
c

t′
d
2

+ c)dt′ds

≤ c

Tn
((
∏
l≥3

h∗l )
2
d−2 (1− d2 ) +D)

=
c

Tn
((
∏
l≥3

h∗l )
−1 +D),
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which is the order we wanted.
We are left to study Ĩ4, which the case where D ≤ |t− s| ≤ Tn. Here we act as in order to bound
I4, in the proof of Proposition 5. To do that, we introduce

g(Xw̃1
) := E[Kh∗1

(w̃1)...Kh∗d
(w̃d)|Xw̃1

].

It follows we can write the covariance as

E[Kh∗1
(w1)...Kh∗d

(wd)g(Xw̃1
)]− E[Kh∗1

(w1)...Kh∗d
(wd)]E[g(Xw̃1

)]

= E[Kh∗1
(w1)...Kh∗d

(wd)(g(Xw̃1
)− π(g))]

= E[Kh∗1
(w1)...Kh∗d

(wd)(Pw̃1−wdg(Xwd)− π(g))].

From the β-mixing gathered in Proposition 1 of [5] we get Therefore,

|k(t, s)| ≤
d∏
l=1

∥∥Kh∗l

∥∥
∞ ‖Pw̃1−wdg(Xwd)− π(g)‖L1

≤ c∏d
l=1 h

∗
l

e−ρ(w̃1−wd) ‖g‖∞ (41)

≤ c

(
∏d
l=1 h

∗
l )

2
e−ρ(w̃1−wd).

As before, it is clearly |w̃1 − wd| ≥ |t− s| − 2∆n. Hence,

Ĩ4 ≤
c

(
∏d
l=1 h

∗
l )

2

1

T 2
n

∫ Tn

0

∫ Tn

D

e−ρs
′
eρ∆ndtds′

≤ c

Tn(
∏d
l=1 h

∗
l )

2
e−ρD

Putting all the pieces together, it yields

V ar(π̂ah∗,Tn(x)) ≤ c

Tn

∑d
j=1 | log h∗j |∏d

l=3 h
∗
l

+
c

Tn

∑d
j=1 | log h∗j |∏d

l=3 h
∗
l

+
c

Tn

1∏d
l=3 h

∗
l

+
D

Tn
+

c

Tn(
∏d
l=1 h

∗
l )

2
e−ρD.

By choosing D := [max(− 2
ρ log(

∏d
j=1 hj), 1) ∧ Tn] we obtain the wanted result.

7.3 Proof of Proposition 4

Proof. From the expression of π̂ah,Tn(x) given in Section 4 we have

E[π̂ah,Tn(x)] =
1

Tn

∫ Tn

0

E

[
d∏
l=1

Khl(xl −X l
ϕn,l(t)

)

]
dt. (42)

Hence, we focus on E
[∏d

l=1Khl(xl −X l
ϕn,l(t)

)
]
for t ∈ [0, Tn]. We denote by w1 ≤ w2 ≤ · · · ≤ wd

a reordering of (ϕn,l(t))l=1,...,d, and let σ an element of the permutation group such that wi =

ϕn,σ(i)(t) for all i ∈ {1, . . . , d}. With this notations, E
[∏d

l=1Khl(xl −X l
ϕn,l(t)

)
]

= E
[∏d

i=1Khσ(i)
(xσ(i) −X

σ(i)
wi )

]
and we now show the following control∣∣∣∣∣E

[
d∏
i=1

Khσ(i)
(xσ(i) −Xσ(i)

wi )

]
−
∫
Rd
π(y)

d∏
i=1

Khi(xi − zi)dz1 . . . dzd

∣∣∣∣∣ ≤ c√∆n, (43)

for some constant c independent of (wi)i and (hi)i.
In the proof of (43) we can assume by a density argument that wi < wi+1 for i = 1, . . . , d− 1.

In this case, we write

E

[
d∏
i=1

Khσ(i)
(xσ(i) −Xσ(i)

wi )

]
=

∫
Rd2

π(y1)

d∏
i=1

Khσ(i)
(xσ(i) − yiσ(i))

d−1∏
i=1

pwi+1−wi(y
i, yi+1)dy1 . . . dyd

=

∫
Rd

(
d∏
i=1

Khσ(i)
(xσ(i) − yiσ(i))

)
ξ(wi)i,π(y1

σ(1), . . . , y
d
σ(d))dy

1
σ(1)dy

2
σ(2) . . . y

d
σ(d), (44)

26



where for any function φ we have set

ξ(wi)i,φ(y1
σ(1), . . . , y

d
σ(d)) =

∫
Rd(d−1)

φ(y1)

d−1∏
i=1

pwi+1−wi(y
i, yi+1)dŷ1 . . . dŷd, (45)

with ŷi = (yij)j∈{1,...,d}\{σ(i)}. Applying Lemma 1 below with φ = π, and (44), we deduce

E

[
d∏
i=1

Khσ(i)
(xσ(i) −Xσ(i)

wi )

]

=

∫
Rd

(
d∏
i=1

Khσ(i)
(xσ(i) − yiσ(i))

)
π(y

σ−1(1)
1 , . . . , y

σ−1(d)
d )dy1

σ(1) . . . dy
d
σ(d) +O(

√
∆n).

Changing the notation zi = y
σ−1(i)
i , which is such that yiσ(i) = zσ(i), we get

E

[
d∏
i=1

Khσ(i)
(xσ(i) −Xσ(i)

wi )

]
=

∫
Rd

(
d∏
i=1

Khσ(i)
(xσ(i) − zσ(i))

)
π(z1, . . . , zd)dzσ(1) . . . dzσ(d) +O(

√
∆n)

=

∫
Rd

(
d∏
i=1

Khi(xi − zi)

)
π(z1, . . . , zd)dz1 . . . zd +O(

√
∆n).

This implies (43). Then, recalling (42), and E
[∏d

l=1Khl(xl −X l
ϕn,l(t)

)
]

= E
[∏d

i=1Khσ(i)
(xσ(i) −X

σ(i)
wi )

]
we deduce that∣∣∣∣∣E[π̂ah,Tn(x)]−

∫
Rd

(
d∏
i=1

Khi(xi − zi)

)
π(z1, . . . , zd)dz1 . . . zd

∣∣∣∣∣ ≤ c√∆n.

The proposition follows from the following upper bound on the bias of the synchronous case (see
[8]) ∣∣∣∣∣

∫
Rd

(
d∏
i=1

Khi(xi − zi)

)
π(z1, . . . , zd)dz1 . . . zd − π(x1, . . . , xd)

∣∣∣∣∣ ≤ c
d∑
i=1

hβii .

Lemma 1. Suppose that A1 holds and that a and b are C3 with bounded derivatives. Let φ : Rd → R
be a bounded C1 function with bounded derivatives and let us denote

d(wi)i,φ(y1
σ(1), . . . , y

d
σ(d)) = ξ(wi)i,φ(y1

σ(1), . . . , y
d
σ(d))− φ(y

σ−1(1)
1 , . . . , y

σ−1(d)
d ).

Then, there exists some constant C such that we have∫
Rd

(
d∏
i=1

∣∣∣Khσ(i)
(xσ(i) − yiσ(i))

∣∣∣) ∣∣∣d(wi)i,π(y1
σ(1), . . . , y

d
σ(d))

∣∣∣ dy1
σ(1) . . . dy

d
σ(d) ≤ C

√
∆n.

The constant C is independent of (hi)i.

Proof. Let us denote by gα(z) the density of a centred Gaussian variable with covariance matrix
α. We recall the approximation of the diffusion transition density by the Gaussian kernel given in
[37]. Specifying s = 1/N and T = 1 in the notations of the statement of Theorem 3 [37], we have
for all s ≤ 1, ∣∣ps(z, z′)− gã(z)s(z − z′)

∣∣ ≤ C√sgλ0Ids(z − z′), (46)

where λ0 > 0 and C > 0 are some constant and ã = a · aT . This leads us to introduce a Gaussian
approximation of (45)

ξG(wi)i,φ(y1
σ(1), . . . , y

d
σ(d)) =

∫
Rd(d−1)

φ(y1)

d−1∏
i=1

g(wi+1−wi)ã(yi)(y
i+1 − yi)dŷ1 . . . dŷd. (47)

27



With this notation, we split d(wi)i,φ(y1
σ(1), . . . , y

d
σ(d)) as

∑2
l=1 d

(l)
(wi)i,φ

(y1
σ(1), . . . , y

d
σ(d)), with

d
(1)
(wi)i,φ

(y1
σ(1), . . . , y

d
σ(d)) =ξ(wi)i,φ(y1

σ(1), . . . , y
d
σ(d))− ξ

G
(wi)i,φ

(y1
σ(1), . . . , y

d
σ(d)), (48)

d
(2)
(wi)i,φ

(y1
σ(1), . . . , y

d
σ(d)) =ξG(wi)i,φ(y1

σ(1), . . . , y
d
σ(d))− φ(y

σ−1(1)
1 , . . . , y

σ−1(d)
d ). (49)

The lemma is a consequence of the following upper bound for l ∈ {1, 2},∫
Rd

(
d∏
i=1

∣∣∣Khσ(i)
(xσ(i) − yiσ(i))

∣∣∣) ∣∣∣d(l)
(wi)i,φ

(y1
σ(1), . . . , y

d
σ(d))

∣∣∣ dy1
σ(1) . . . dy

d
σ(d) ≤ C

√
∆n. (50)

• We first prove (50) with l = 1. Comparing (45) with (47), we can write

d
(1)
(wi)i,φ

(y1
σ(1), . . . , y

d
σ(d)) =

∫
Rd(d−1)

φ(y1)

d−1∑
k=1

∏
1≤i<k

pwi+1−wi(y
i, yi+1)

×
[
pwk+1−wk(yk, yk+1)− g(wk+1−wk)ã(yk)(y

k+1 − yk)
] ∏
k<i≤d−1

g(wi+1−wi)ã(yi)(y
i+1−yi)dŷ1 . . . dŷd.

Using (46) and a Gaussian upper bound of the transition density, we deduce∣∣∣d(1)
(wi)i,φ

(y1
σ(1), . . . , y

d
σ(d))

∣∣∣ ≤ C sup
i=1,...,d−1

√
wi+1 − wi×∫

Rd(d−1)

∣∣φ(y1)
∣∣ ∏

1≤i≤d−1

g(wi+1−wi)λ0Id(y
i+1 − yi)dŷ1 . . . dŷd,

≤ C
√

∆n

∫
Rd(d−1)

∏
1≤i≤d−1

g(wi+1−wi)λ0Id(y
i+1 − yi)dŷ1 . . . dŷd,

for some constant λ0 > 0. It yields,

∫
Rd

(
d∏
i=1

Khσ(i)
(xσ(i) − yiσ(i))

)∣∣∣d(1)
(wi)i,φ

(y1
σ(1), . . . , y

d
σ(d))

∣∣∣ dy1
σ(1) . . . dy

d
σ(d)

≤ C
√

∆n

∫
Rd2

d∏
i=1

Khσ(i)
(xσ(i) − yiσ(i))

∏
1≤i≤d−1

g(wi+1−wi)λ0Id(y
i+1 − yi)dy1 . . . dyd. (51)

From Lemma 2 2) with r = d, ui = yi for i = 1 . . . , d, and qi = σ−1(i) we deduce that the last
integral is upper bounded by some constant, and in turn that (50) holds true for l = 1.
• We now prove (50) with l = 2. In the integral defined by the right hand side of (47) we

make a change of variables, replacing the variables (ŷ1, . . . , ŷd) = (yjl )j∈{1,...,d},l∈{1,...,d}\{σ(j)} by

new integration variables (zjl )1≤l≤d,2≤j≤d defined in the following way. For j = d, we define
zd = (zd1 , . . . , z

d
d) through the change of variable

ydl → zdl :=
ydl − y

d−1
l√

wd − wd−1
for l ∈ {1, . . . , d} \ {σ(d)}, yd−1

σ(d) → zdσ(d) :=
ydσ(d) − y

d−1
σ(d)√

wd − wd−1
,

and more generally for 2 ≤ j ≤ d we define zj through the formulae

yjl → zjl :=
yjl − y

j−1
l√

wj − wj−1
for l ∈ {1, . . . , d} \ {σ(d), σ(d− 1), . . . , σ(j)},

yj−1
l → zjj :=

yjl − y
j−1
l√

wj − wj−1
, for l ∈ {σ(d), σ(d− 1), . . . , σ(j)}.

From these definitions we have

dŷ1, . . . , dŷd =
∏

j=1,...,d
l∈{1,...,d}\{σ(j)}

dyjl = dz2 . . . dzd
d∏
j=2

(
√
wj − wj−1)d/2.
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Moreover by construction zj = yj−yj−1√
wj−wj−1

for all j ∈ {2, . . . , d}. We deduce that (47) can be

written after change of variables as

ξG(wi)i,φ(y1
σ(1), . . . , y

d
σ(d)) =

∫
Rd(d−1)

φ(ỹ1)

d−1∏
j=1

gã(ỹj)(z
j+1)dz2 . . . dzd,

where ỹj = ỹj(z2, . . . , zd; y1
σ(1), . . . , y

d
σ(d)) is a notation for the expression of (y1, . . . , yd) as a func-

tion of the new variables z2, . . . , zd. They are given by the explicit expression

ỹjl =


y
σ−1(l)
l +

∑j−σ−1(l)−1
u=0

√
wu+σ−1(l)+1 − wu+σ−1(l)z

u+1+σ−1(l)
l , if j > σ−1(l),

y
σ−1(l)
l , if j = σ−1(l),

y
σ−1(l)
l −

∑σ−1(l)−j−1
u=0

√
wu+j+1 − wu+jz

u+1+j
l , if j < σ−1(l).

This leads us to introduce the following notation which stresses the dependence upon the time
intervals wu+1 − wu. We set for s1, . . . , sd−1 > 0,

ŷjl (s1, . . . , sd−1) =


y
σ−1(l)
l +

∑j−σ−1(l)−1
u=0 su+σ−1(l)z

u+1+σ−1(l)
l , if j > σ−1(l),

y
σ−1(l)
l , if j = σ−1(l),

y
σ−1(l)
l −

∑σ−1(l)−j−1
u=0 su+jz

u+1+j
l , if j < σ−1(l),

(52)

and we define

ξ̂G(s1, . . . , sd−1) =

∫
Rd(d−1)

φ(ŷ1(s1, . . . , sd−1))

d−1∏
j=1

gã(ŷj(s1,...,sd−1))(z
j+1)dz2 . . . dzd. (53)

With these notations, ỹjl = ŷjl (
√
w2 − w1, . . . ,

√
wd − wd−1) for all 1 ≤ j, l ≤ d, and

ξG(wi)i,φ(y1
σ(1), . . . , y

d
σ(d)) = ξ̂G(

√
w2 − w1, . . . ,

√
wd − wd−1). (54)

For (s1, . . . , sd−1) = (0, . . . , 0) these quantities have simpler expressions. Let us denote y? =

(y
σ−1(1)
1 , . . . , y

σ−1(d)
1 ), and remark that from (52), we have ŷj(0, . . . , 0) = y?, for all 1 ≤ j ≤ d. It

follows

ξ̂G(0, . . . , 0) =

∫
Rd(d−1)

φ(y?)

d−1∏
j=1

gã(y?)(z
j+1)dz2 . . . dzd = φ(y?) (55)

where we have used that y? does not depend on the integration variable and that the Gaussian
kernel integrates to one. We deduce from (54)–(55),∣∣∣ξG(wi)i,φ(y1

σ(1), . . . , y
d
σ(d))− φ(y?)

∣∣∣ =
∣∣∣ξ̂G(
√
w2 − w1, . . . ,

√
wd − wd−1)− ξ̂G(0, . . . , 0)

∣∣∣
≤
√

∆n

d∑
j=2

sup
0≤s1,...,sd−1≤

√
∆n

∣∣∣∣ ∂∂sj ξ̂G(s1, . . . , sd−1)

∣∣∣∣ (56)

where we used
√
wj − wj−1 ≤

√
∆n for all 2 ≤ j ≤ d. From the definition (52), we have

∣∣∣∂ŷil∂sj

∣∣∣ ≤
c
∑d
u=2 ‖zu‖. Using that φ and ã are C1 functions, bounded with bounded derivative, and that

ã ≥ a2
minId, we deduce from (53) that∣∣∣∣∣∂ξ̂G(s2, . . . , sd)

∂sj

∣∣∣∣∣ ≤ C
∫
Rd(d−1)

d∑
u=2

(1 + ‖zu‖3)

d−1∏
j=1

gã(ŷj(s1,...,sd−1))(z
j+1)dz2 . . . dzd.

Used that ã is a bounded function under Assumption A1, we deduce that the last integral is

bounded independently of s1, . . . , sd−1, and thus

∣∣∣∣sups1,...,sd−1

∂ξ̂G(s2,...,sd)
∂sj

∣∣∣∣ ≤ C. In turn, (56)

implies, ∣∣∣ξG(wi)i,φ(y1
σ(1), . . . , y

d
σ(d))− φ(y?)

∣∣∣ ≤ C√∆n,

for a constant C independent of (wi)i and y1
σ(1), . . . , y

d
σ(d). Recalling (49) and the notation y? =

(y
σ−1(1)
1 , . . . , y

σ−1(d)
1 ), this is the upper bound

∣∣∣d(2)
(wi)i,φ

(y1
σ(1), . . . , y

d
σ(d))

∣∣∣ ≤ C
√

∆n, and we deduce

(50) with l = 2 by integration.
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Lemma 2. 1) Let r ≥ 1 be an integer and q1, . . . , qr ∈ {1, . . . , d}. Then, we have∫
Rdr

d∏
i=1

|Khi(xi − u
qi
i )|

r−1∏
j=1

pwj+1−wj (u
j , uj+1)du1 . . . dur ≤ C, (57)

for some constant C independent of (hi)i and (wj)j.
2) The same upper bound holds true if we replace the transition densities pwj+1−wj by Gaussian

kernels g(wj+1−wj)λ0Id.

Proof. We only prove the first point as the proof of the second is similar. Using the Gaussian
upper bound on the transition density (e.g. see Proposition 5.1 in [35])

pwj+1−wj (u
j , uj+1) ≤ C 1

(wj+1 − wj)d/2
e
−λ0
|uj+1−uj|2
wj+1−wj ,

we deduce that the left hand side of (57) is smaller than

C

∫
Rdr

d∏
i=1

|Khi(xi − u
qi
i )|

r−1∏
j=1

1

(wj+1 − wj)1/2
e
−λ0

(u
j+1
i
−uj

i
)2

wj+1−wj

 d∏
i=1

 r∏
j=1

duji


which is equal to

C

d∏
i=1

∫
Rr
|Khi(xi − u

qi
i )|

r−1∏
j=1

1

(wj+1 − wj)1/2
e
−λ0

(u
j+1
i
−uj

i
)2

wj+1−wj du1
i . . . du

r
i

 . (58)

It is sufficient to show that for all i ∈ {1, . . . , d} the integrals in the product (58) are smaller than
some constant independent of (hi)i and (wj)j . We successively integrate in uri , u

r−1
i . . . , uqi+1

i , using

the change of variables uji → zji :=
uji−u

j−1
i√

wj+1−wj
for j = r, r − 1, . . . , qi + 1. Next, we successively

integrate in u1
i , . . . , u

qi−1
i , using the change of variable uji → zji :=

uj+1
i −uji√
wj+1−wj

. We deduce that the

integrals appearing in (58) are upper bounded by C
∫
RKhi(xi − u

qi
i )duqii ≤ C. This proves the

lemma.

7.4 Proof of Theorem 4

Proof. The proof is a straightforward consequence of the bias-variance decomposition, Proposition
3 and Proposition 4. It is also based on the discussion on the conditions on the discretization step
located after the statement of Theorem 4.

7.5 Proof of Theorem 5

Proof. The proof is a straightforward consequence of the bias-variance decomposition, Proposition
5 and Proposition 4, with ϕn,l(t) = t for l = 1, 2. Again, it is also based on the discussion on the
conditions on the discretization step located after the statement of Theorem 5.
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