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Abstract

We aim at estimating in a non-parametric way the density 7 of the stationary distribution
of a d-dimensional stochastic differential equation (Xt)icp,r), for d > 2, from the discrete
observations of a finite sample Xy, ... , X, with 0 =10 < t1 < ... < t, =: T,,. We propose
a kernel density estimation and we study its convergence rates for the pointwise estimation
of the invariant density under anisotropic Holder smoothness constraints. First of all, we find
some conditions on the discretization step that ensures it is possible to recover the same rates
as when the continuous trajectory of the process was available. As proven in the recent work
[5], such rates are optimal and new in the context of density estimator. Then we deal with
the case where such a condition on the discretization step is not satisfied, which we refer to as
intermediate regime. In this new regime we identify the convergence rate for the estimation of
the invariant density over anisotropic Holder classes, which is the same convergence rate as for
the estimation of a probability density belonging to an anisotropic Holder class, associated to
n iid random variables X1, ..., X,,. After that we focus on the asynchronous case, in which each
component can be observed in different moments. Even if the asynchrony of the observations
implies some difficulties, we are able to overcome them by considering some combinatorics
and by proving some sharper bounds on the variance which allow us to lighten the condition
needed on the discretization step.

Non-parametric estimation, stationary measure, discrete observation, convergence rate, er-
godic diffusion, anisotropic density estimation, asynchronous framework.

1 Introduction

In this paper we aim at estimating the invariant density belonging to an anisotropic Holder class
starting from the discrete observation of the d-dimensional process

X, =Xy + /Ot b(Xs)ds + /Ot a(Xs)dWs, t€]0,T], (1)

for d > 2; with b: R? — R% a: R? — R? x R and W = (W;,t > 0) a d-dimensional Brownian
motion.

The model presented in (1) is interesting from a theoretical point of view and because of its
applications in many fields. For example, it has application in biology [64] and epidemiology [12]
as well as in physics [61] and mechanics [48]. Some other classical examples are neurology [41],
mathematical finance [43] and economics [18].

Because of the importance of the model, statistical inference for stochastic differential equations
has been widely investigated in a lot of different context: disposing of continuous or discrete
observations; on a fixed time interval or on long time intervals; in the parametric or in the non
parametric frameworks.
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Hence, there have been a big amount of papers on the topic. Among them, we quote Comte et

al [26], Dalalyan and Reiss [27], Genon-Catalot [33], Gobet et al [36], Hoffmann [40], Kessler [44],
Larédo [50], Marie and Rosier [54] and Yoshida [70].
The detailed study on stochastic differential equations leads the way for statistical inference for
more complicated models such as stochastic partial differential equations ([3], [24]), diffusions with
mixed effects ([63], [28]), SDEs driven by Lévy processes ([56]), diffusions with jumps ([10], [11],
[55], [66]), Hawkes processes ([13], [30], [9]) and diffusions with discontinuous coefficients ([57], [51],
[52]).

In this paper we focus on the non parametric estimation of the invariant density starting from
the discrete observations of the stochastic differential equation in (1). In particular, we will consider
at the beginning the case where the data is synchronously available and we will study, then, the case
where the observations are given asynchronously. The asynchronous case is extremely important for
the applications; see for example Chapters 3 and 4 of [23] and [2] for respectively autoregressive and
log-Gaussian statistical approaches, whilst [19] proposes a recurrent neural network approaches.
All of these models are applied on asynchronous financial market closing prices. It relies on the fact
that any two assets rarely trade at the same instant. The treatment of non-synchronous trading
effects dates back to Fisher [31]. For several years researchers focused mainly on the effects that
stale quotes have on daily closing prices. Campbell et al. (Chapter 3 of [22]) provides a survey
of this literature. Some other examples in which the authors deal with asynchronicity are [17]
and [62]. In [39] the authors consider the problem of estimating the covariance of two diffusion
processes when they are observed at discrete times in a non-synchronous manner.

In this context, we aim at proposing a kernel density estimator based on the discrete observa-
tions of (1) and we aim at finding the convergence rates of estimation for the stationary measure
7 associated to it, assuming that it belongs to an anisotropic Holder class. As the smoothness
properties of elements of a function space may depend on the chosen direction of R?, the notion
of anisotropy plays an important role. We will present some conditions that the discretization
step needs to satisfy in order to recover the same (optimal) convergence rate achievable when a
continuous trajectory of the process X was available and we will discuss the convergence rates we
find in the intermediate regime, which is when the discretization step is not small enough and so
the discretization error is not negligible.

With regard to the literature already existing about the estimation of the invariant measure, it
is important to say that it is a problem already widely faced in many different frameworks by many
authors. See for example [16], [20], [29], [1], [58] and [71]. The reason why such a problem results
very attractive is the huge amount of physical applications and numerical methods connected to
it, such as the Markov Chain Monte Carlo method. For example, the analysis of the invariant
distributions is used to to analyze the stability of stochastic differential systems in [38] and [16].
In [49] and [60], instead, it is possible to find an approximation algorithm for the computation of
the invariant density. The non-parametric estimation of the invariant density can also be used in
order to estimate the drift coefficient in a non-parametric way (see [54] and [65]).

As a consequence, kernel estimators are widely employed as powerful tools: in [16] and [21] some
kernel estimators are used to estimate the marginal density of a continuous time process. They are
used also in more complicated model, such as in jump-diffusion framework (see [7], [8] and [53]).

Some references in a context closer to ours are [27], [68] and [5]. In all three papers kernel
density estimators have been used for the study of the convergence rate for the estimation of the
invariant density associated to a reversible diffusion process with unit diffusion part (in the first
two works) or to the same stochastic differential equation as in (1) (in the third one). They are all
based on the continuous observation of the process considered.

In particular in [5] the invariant density = has been estimated by means of the kernel estimator
7y, assuming to have the continuous record of the process X solution to (1) up to time T and
the following upper bound for the mean squared error has been showed, for d > 3:

283
log T 2B3+d—2 for 52 < 63
sup_Ellfnr(@) —n@)f < 4 U T
(a,b)ex ~ (%)253+d—2 for B2 = s,

where X is a class of coefficients for which the stationarity density has some prescribed regularity,
b1 < B < ... < B4 and (3 is the harmonic mean over the smoothness after having removed the

two smallest. In particular, it is BL = ﬁ D3 é and so it clearly follows that 53 > 3. It has
5 >

also been proven that the convergénce rates here above are optimal.



In this paper, we propose to estimate the invariant density 7 starting from the discrete obser-
vations of the process X by means of the kernel estimator 7y, ,,, which is the discretized version of
7in,r (see Section 4.1). Then, we prove an upper bound on the variance which is composed of two
terms. The first is the same as when the continuous trajectory of the process was available, while
the second is the discretization error. Depending on the fact that the second is negligible with
respect to the first or the vice-versa, we get a condition on the discretization step to recover the
continuous convergence rates or the new convergence rate in the intermediate regime. In particular,
for d > 3, we show the following:

283
. log T \ 355 ra—3 if /32 < 53 and An < h*h* d, log B* ’

sup E[7pn(z) — 7(x)]?] < (%% 7)263 < hih3y iy 3
(a,b)ex ~ (TLn)T%Jrid—z for By = B3 and A,, < hih},

where ¥ and f33 are as in [5], A,, is the discretization step and h*(T},) = (h§(Ty), ..., h(T},)) is the
rate optimal choice for the bandwidth h (see Theorem 1 and the discussion below for details about
the dependence of h* in T},).
On the other side, when the condition above on the discretization step are not respected, we obtain
~ 2 _ 28
sup_E[[fyn(e) - (@) ] < -5,
(a,b)ex ~

We remark that the convergence rate in the intermediate regime is the same as for the estimation of
a probability density belonging to an anisotropic Holder class, associated to n iid random variables
X1, ..., X, An analogous result is showed also in the bi-dimensional case.

After that, we focus on the asynchronous frameworks, in which each component can be observed in
a different moment. Such a context implies many difficulties, as in this way even the choice of the
estimator to propose appears challenging. The idea is to introduce d functions ¢, : [0,7] — R
such that

Pna(t) =sup {th|tL <t},

where (t!); are the instants of time in which the component X' is observed, for I € {1,...,d}. In
this way it is possible to write the sums as integrals and to propose an estimator which is the
natural adaptation of 7y, -, the one considered in the continuous framework in [5]. Moreover, the
non-synchronicity involves some other challenges in the computation of the upper bound on the
variance, one above all the fact that the observation times are not ordered, which entails some
issues in the bound of the transition density. We are able to overcome such issues by considering
some combinatorics and by proving some technical sharp bounds which allows us to show that, in
the asynchronous context, the condition A,, < hjhj is enough to recover the variance obtained in
the continuous case, for 8y < f3.

From both our findings here above and the results in [5] it appears clearly that the first two
components do not have the same weight as all the others. Hence, we decide to deal with a different
framework, in which the first two components are observed continuously and all the others are
observed in a discrete way. In this context we are able to remove, under a non restrictive condition
on A, the discretization error in the bound on the variance and to recover the same convergence
rates as when the continuous trajectory of the process was available. We also show the bias term,
which generally does not provide any condition on the discretization step and it is easier to deal
with, surprisingly gives in this case a stronger constraint, which derives from the asynchronicity of
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the problem. However, it is enough to ask A,, < (%)253:% to recover the same convergence
rate as when the continuous trajectory of the processnis available.

The outline of the paper is the following. In Section 2 we introduce the model and we list the
assumptions we will need in the sequel, while in Section 3 we recall the results in the case where
the continuous trajectory of the process X is available. In Section 4 we consider the synchronous
framework. We propose the kernel estimator and we state the upper bounds for the variance
which will result in conditions on the discretization step to obtain the continuous regime and in
the convergence rates in the intermediate regime. Section 5 is devoted to the statement of our
results in the asynchronous framework. In Section 6 we prove the results stated in Section 4 while
Section 7 is devoted to the proof of results under asynchronicity.



2 Model Assumptions

We aim at proposing a non-parametric estimator for the invariant density associated to a d-
dimensional diffusion process X. In the sequel, we will recall what happens when a continuous
record of the process X7 = {X;,0 <t < T} up to time T is available. After that, we will be
working in a high frequency setting and we will wonder which conditions on the discretization step
will ensure the achievement of the same results as in the continuous case. The diffusion is a strong
solution of the following stochastic differential equation:

X:=Xo + /Ot b(X)ds + /Ot a(Xs)dWs, t€]0,T], (2)

where b: R? — R4 a: R — R? x RY and W = (W, t > 0) is a d-dimensional Brownian motion.

The initial condition X, and W are independent. We denote @ := a - a”.

We denote with |.| and < .,. > respectively the Euclidian norm and the scalar product in R9,
and for a matrix in R? ® R? we denote its operator norm by |.|.
A1l: The functions b(x) and a(z) are bounded globally Lipschitz functions of class C1, such that
for all z € R,

(@) < a0, [be)| < bo. |-b(@)] < by, | a(e)| <ar, fori € {1,....d).

81‘,‘

where ag > 0, bg >0, a1 > 0, by > 0 are some constants. Moreover, for some G, > 0,

a2 ded S &(:c)

min
where Iy q denotes the d x d identity matriz.

A2 (Drift condition) : .
There exist Cy, > 0 and pp > 0 such that < x,b(x) > < —Cylz|, Vo : |z| > pp.

Under the assumptions Al - A2 the process X admits a unique invariant distribution p and
the ergodic theorem holds. We suppose that the invariant probability measure p of X is absolutely
continuous with respect to the Lebesgue measure and from now on we will denote its density as 7:
dp = mdzx.

We want to estimate the invariant density 7 belonging to the anisotropic Holder class Hq(5, £)
defined below.

Definition 1. Let 8 = (B1,...,84), Bi > 0, L = (L1,...,Lq), L; > 0. A function g : R — R is
said to belong to the anisotropic Hélder class Hq(B, L) of functions if, for all i € {1,...,d},

|Digll.. < Li Vk=0,1,..., B,

HDZLﬁiJg(. + tei) N DimiJg(')Hoo < »Cz‘t Bi—1Bi] Vt € R,

for ng denoting the k-th order partial derivative of g with respect to the i-th component, |p;]
denoting the largest integer strictly smaller than (B; and eq,...,eq denoting the canonical basis in
R%.

This leads us to consider a class of coefficients (a, b) for which the stationary density m = (4
has some prescribed Holder regularity.

Definition 2. Let 3 = (f1,...,84), 0 < 1 < ... < Bg and L = (L1,...,La), Li >0, 0 < amin < ao
and a; >0, bg >0, by >0, C >0, p>0.

We define E(ﬂ,E,amm,amahbo,bl,é, p) the set of couple of functions (a,b) where a : R —
RY®@R? and b : R4 — R? are such that

e a and b satisfy A1 with the constants (amin, ao, a1, bo,b1),

o b satisfies A2 with the constants (C, p),



o the density ) of the invariant measure associated to the stochastic differential equation

(2) belongs to Ha(B,L).

We aim at estimating the invariant density 7 starting from discrete observations of the process
X. In particular, we want to find some conditions that the discretization step has to satisfy in
order to recover the same convergence rates we had when a continuous record of the process was
available. Moreover, one may wonder which are the convergence rates in intermediate regime, i.e.
when the discretization step goes to zero but the associated error is not negligible. In order to
answer to these questions we recall what happens when the whole trajectory of the process X is
available, as detailed discussed in [5]. This is the purpose of next section.

3 Continuous observations

When a continuous trajectory of X is available, it is natural to estimate the invariant density = €
Ha(B, L) by means of a kernel estimator. We therefore introduce some kernel function K : R — R
satisfying

/ K(z)dr =1, [K|, <oo, supp(K)C [-1,1], /K(:L’)xldx =0, (3)
R R
for all I € {0,..., M} with M > max; 3;.

For j € {1,...,d}, we denote by X/ the j-th component of X;. A natural estimator of 7 at
x = (r1,...,24)T € R? in the anisotropic context is given by

1 /T o, — X
wnr(r) = ——— K (20—, 4
@) TH7:1 hy Jo 7n1_:[1 ( hn ) @

The multi-index h = (hq, ..., hq) is small. In particular, we assume h; < 1 for any ¢ € {1, ...,d}.

For d > 3, from Theorem 1 of [5] we have the following convergence rate for the kernel estimator
proposed in (4) and for the optimal bandwidth given below, in (6):

283
. log T35, +a—2 if By < B
sup_ Ellinr(z) —r@)F < {7 L
(a,b)ex ~

()P0 if By = P,

where X is the set defined in Definition 2 and 35 is such that

11 i 1
By d-2445;
Moreover, from Theorems 3 and 4 of [5] we know they are optimal.

Regarding the bi-dimensional case we know, from Theorem 2 in [5] that the following holds true

N logT
sup_El|fnr(z) - 7)) < =2
(a,b)ex ~

and the convergence rate here above is optimal (see Theorem 5 of [5]).

We now suppose that the continuous record of the process, up to time 7', is no longer available. In
its place, we dispose of the discretization of the process at the instants 0 =ty <t; <...<t, =T,
given by Xy, ..., X;,. The first goal of Section 4 is to find some conditions the discretization step
has to satisfy in order to recover the same convergence rates as in this section.

4 Discrete observations, synchronous framework

In this section we suppose that we observe a finite sample X;,,..., Xy, , with 0 =ty <t; < ... <
t, =: T,,. The process X is solution of the stochastic differential equation (2). Every observation



time point depends also on n but, in order to simplify the notation, we suppress this index. We
assume the discretization scheme to be uniform which means that, for any i € {0,...,n — 1}, it is
tiv1 —t; =: A,. We will be working in a high-frequency setting i.e. the discretization step A,, — 0
for n — oo. We assume moreover that T,, = nA,, — oo for n — oo and that A,, > n~* for some
ke (0,1).

4.1 Construction estimator

As in Section 3, we propose to estimate the invariant density = € H4(5, £) associated to the process
X, solution to (2). To do that, we propose a kernel estimator which is the discretized version of
the one introduced in (4). For z = (1, ...,24) € R%, we define

n—1

nA”Hz 1hl i=0

=
= —ZKh(x—Xti),
n =0

with K a kernel function as in (3).

ﬁ'h,n(x) =

d
IT ¢ (tz‘+1 —ti) (5)
=1

In this context we have two objectives:

1. Find some conditions on A, to get the same convergence rates we had when a continuous
record of the process was available.

2. Find the convergence rates in the intermediate regime (A,, tends to zero but the discretization
error is not negligible).

To achieve them, we have to study the behaviour of the mean squared error E[|#,, n(z) — m(z)|?]
when d > 3 and when d = 2, and we have deal with two asymptotic regimes. The idea mainly
consists in some upper bounds for the variance of the estimator. The difference, with respect to
the continuous case, is that now we get an extra term which derives from the discretization.

If the new discretization term is negligible compared to the others, then the convergence rates are
the same they were in the continuous case; otherwise we will find new convergence rates.

4.2 Main results, synchronous framework

The asymptotic behaviour of the estimator proposed in (5) is based on the bias-variance decom-
position. To find the convergence rates it achieves we need a bound on the variance, as stated
in the following propositions. We recall that the estimator performs differently depending on the
dimension d. In this paper we provide the main results for d > 2.

Proposition 1. Suppose that A1-A2 hold with some constant 0 < i < ag and a; > 0, by >
0,b1 > 0,Ch, pp and that © € Hq(B, L), for d > 3. Suppose moreover that p1 = P2 = ... = Pi, <
Bro+1 < ... < Ba, for some ko € {1,...,d}. If 7ty is the estimator proposed in (5), then there exist

¢ >0 and Ty > 0 such that, for T, > Ty, the following holds true.
o If kg =1 and B2 < B3 or kg = 2, then

d
) c 2o llog(hy)l e A,
Var(nn(x)) < o =g
n 1=3 M L
o [fky >3, then
1 c A,

Var(ip,(z)) <

c
—_— + P .
k -z d
T (02 )% (Mispgga 1) o Tl P

e [f otherwise kg = 1 and (B = B3, then
c 1 n c A,
Ty [lysg avhohs — T T2, b

Moreover, the constant c is uniform over the set of coefficients (a,b) € .

Var(ip,r(z)) <




Proposition 1 leads us to the first main result of this section.

Theorem 1. [Discretization term negligible/

Suppose that A1-A2 hold and that 71 € Hq(B,L), for d > 3, with /1 < B2 < ... < Bq. Let
h* = (h},...,h}) be the rate optimal choice for the bandwidth h as given in (6). Then, there exist
c >0 and Ty > 0 such that, for T,, > Ty, the following hold true.

o If Bo < Bs and A, < hihs 30, |log h3|, then

28-
sup E[|#tnn (@) — m(2)|?] < (log T/T,) Fsri-2.
(a,b)ex ~

e If otherwise By = B3 and A, < hihs, then
283

sup EHﬁ'h*’n(m) — F(l‘)|2] < T’; 23 +d—2
(a,b)EX ~

Comparing the results here above with the ones included in Section 3 of [5] we deduce that, when
the discretization step satisfies the constraint A, < hih3 Zj=1 |log R} | (or A, < hih}% respectively)

it is possible to recover the same optimal convergence rates we had when the trajectory of the
process was observed continuously.

As seen in the proof of Theorem 1 of [5], for 82 < B3 the rate optimal choice for the bandwidth h
is given by hy = (*%&12)%  while for 8 = B3 it is h} = ()% with

o Bz

T Bi(2B3+d —2)

We remark that, according to [5], it is also possible to improve the choice of hj and h} in the case

B2 < B3. However, in order to make the condition on the discretization step as weak as possible,
it is convenient to choose hih} as large as possible, which leads us to the choice gathered in (6).

Hence, replacing the optimal choice for the bandwidth as in (6) one can recover the same upper
bound for the mean squared error as in Theorem 1 of [5] when the following conditions hold:

for any j € {1, ...,d}. (6)

log T,

L(L.{.L
T )2133+d72 A1 B2 Jog T, for By < B3,
n

A, < (
1 . B3 (1,1
A, f (T7)263+3d—2(ﬁ11+312) for By = (3.

When such conditions are not respected, instead, we get a different convergence rate. It is achieved

__B___ _
by choosing the optimal bandwidth as h;(n) := (1)%®%9  where 3 is the harmonic mean over
the d different smoothness:

1
1’84

d

I =

£

J

It leads us to the following result.

Theorem 2. [Discretization term non-negligible/

Suppose that A1-A2 hold and that m € Hq(B,L) for d > 3, with 81 < ... < B4. Assume that the
conditions on the discretization step gathered in Theorem 1 are not respected, and so one of the
following holds

log T \ 5523 (A + )
o A, > () sta2 i TR  log Ty, and PBa < 3.

A Iy Bt gnd 8, —
o Ap > (7-)%s and Bz = Ps.



Then, there exist ¢ > 0 and Ty > 0 such that, for T, > Ty,
~ 2 _ 28
sup E[|7tnn(z) — m(2)|"] <n 254,

(a,b)ex ~

where B is the harmonic mean of the smoothness over the d direction, defined as
1k
d B;

s

Jj=1

It is interesting to remark that it is also the convergence rate for the estimation of a probabil-
ity density belonging to an Holder class, associated to n independent and identically distributed
random variables X7, ..., X,,.

For d = 2, analogous results hold. In particular, we have the following proposition.

Proposition 2. Suppose that A1-A2 hold and that d = 2. If m € Ho(5, L) and 7y, ., is the estimator
proposed in (5), then there exist ¢ > 0 and Ty > 0 such that, for T,, > Ty,

d
. 1 A,
~ < - ; pu—
Va’l"(ﬂ'h,n(x)) =T Z | IOg(hJ)‘ + Tn h1h2’

n ]:1

where the constant c is uniform over the set of coefficients (a,b) € X.

As before, it leads us to a condition on A,, that allows us to recover the continuous convergence
rate gathered in Theorem 2 of [5], in the continuous case.

Theorem 3. Suppose that A1-A2 hold and that 7 € Ho(B,L). Let h* = (hi,h}) be the rate
optimal choice (6) for the bandwidth h. Then, here exist ¢ > 0 and Ty > 0 such that, for T,, > Ty,
the following hold true.

o If A, <hihy Y2 |loght| = (%% )5 log Ty, then

N log T,
sup_E[[f () = ()| < o=
(a7b)62 n
o If otherwise A, > (1051%)% log T, then
. 2 1, 25
sup K[|t n(2) — m(2)[7] < ()22
(a,b)eT n

In this section we have found the convergence rates for the estimation of the invariant density
starting from the discrete observation of the process X. Such observations are, in this section, all
taken at the same instant. One may wonder if it is possible to recover the same results when the
process X is observed asynchronously. The goal of next section is to answer to such a question. In
particular, as in the main results of this section we have discovered that the first two components
of the process do not have the same weight as the others, we may think it is possible to improve
the result by observing continuously X! and X? and discretely and asynchronously all the others
components.

5 Main results, asynchronous framework

In this section we assume d > 3 and we suppose that the components of the process X are observed
asynchronously, i.e. in different instants. As we have seen that the first two components have a
different weight compared to the others, we will consider two different cases. First of all we will
assume that all the components are discretely observed in different moments and we will see that,

X __2B3
up to require the discretization step to satisfy the condition A, < (1"%731) 283+d—-2 it is possible to
__283
obtain the continuous convergence rate (loii)?ﬁs“—?. After that, we will assume that the first

two components are continuously observed while the others d—2 are discretely and asynchronously
observed, in order to lighten the condition on A,, to get the same bound on the variance.



5.1 Discrete asynchronous observations

We assume that we dispose of the discrete observations X

tl""’thl for any I € {1,...,d}, with
1 n
0< tll <...< tfl < T,. We also define

A, := sup sup  (t,, — ).
1=1,...d i=0,....n—1

We remark it would have been possible to consider a different number of points on the different
directions, having in particular n; observations for the coordinate X'. We have decided to take
ni1 = ... = ng in order to lighten the notation.

Before we proceed with the statements of our results, we introduce some functions. First of all
we observe that we have defined d partition of [0,7},] and so, for any u € [0,T,], there exist some
indexes i1, ..., 14 such that u € [tél , tél +1), depending on the considered direction. We introduce then
the following d functions ¢n : [0,7,] — R such that ¢, (u) :=t! , for any I € {1,...,d}. Thanks
to these functions we can write the sums in the form of integrals. It leads us to the following
estimator, which is the natural adaptation of the one in (4):

d l

1 . 2= X
o () = / K( Pl ) du
0= e

1
. ?/0 [T 5n (e = XL, ).
n 1=1

Then, the following result holds true.

Proposition 3. Suppose that A1-A2 hold with some constant 0 < Gmin < ag and a; > 0, by >
0,01 > 0,Ch, pp and that 7 € Ha(B,L), for d > 3. Let 1 < ... < Bq and let h* = (hi,...,h};) be
the rate optimal choice for the bandwidth h given in (6). We suppose moreover that A,, < %h*{hﬁ,
then there exist ¢ > 0 and Ty > 0 such that, for T,, > Ty,

d
- |log(h;
Var(ei (o) < - Do 080
n Hl=3hl

Moreover, the constant c is uniform over the set of coefficients (a,b) € X.

Comparing the bound here above with the results gathered in Proposition 1 it appears clearly
that asking the condition A, < ih*{h; is enough both in the synchronous and asynchronous
frameworks to recover the same bound on the variance as in the continuous case, which is optimal
for B2 < 3. We remark it is not worth extending Proposition 3 to remove the logarithm (which
leads to the optimal convergence rate in the case 82 = f3), as the strongest condition derives in
any case from the bias part. In particular, the following bound on the bias holds true.

Proposition 4. Suppose that A1 holds and that a and b are C® with bounded derivatives. If
m € Ha(B, L), with By > 1, then there exists ¢ > 0 such that for all T,, >0, 0 < h; < 1,

d
(B[ 7, (@)] - 7(2)] < > b+ eV/A,
=1

We remark that Proposition 4 still holds true if some of the components are observed continu-
ously. This will be useful in next section.
Surprisingly the bias term, which is generally easier to deal with and does not generate any con-
dition, in this setting provides a constraint on the discretization step stronger than the one on
the variance. The condition derives from the fact that the different components are observed in
different moments. From Propositions 3 and 4 next theorem easily follows.

Theorem 4. Suppose that A1-A2 hold, that a and b are C* with bounded derivatives. If m €

2. ~
Halp, L), with fy 2 1 and A, < (%)Wﬁ, then there exist C', p, ¢ > 0 and Ty > 0 such
that7 fOT Tn 2 TQ, )
logT,, . 283 _
sup E[j#f 7. (2) — 7(2)]?] < o(—o ) Boria
(abez " N



The theorem here above relies on the fact that the condition on the discretization step gathered
in Proposition 3 is negligible compared to the one in Proposition 4. Indeed, after having replaced
the value of the optimal bandwidth as in (6), we have that
log T},

n

1 1
)25 +d 2(13 +E)_

hihy = (——
As B; > 1 Vi, it is i + 6—12 < 2, from which we derive that

log T, )W(ﬁl e, >(10ng)2/332f?1—2_

T, Ty

(——

253
Hence, if A, < (logT )23s+d 2 then it is also A,, < hihj.
We now wonder if it is p0551b1e to lighten the condition on the discretization step by observing
continuously the first two components of the process. This is discussed in the next section.

5.2 What if two out of d components are continuously observed?

We suppose that the first two components of the process X are continuously observed, while we
only dispose of discrete observations for the other d — 2 components. In particular, we consider the
asynchronous case, for which each of the last d — 2 directions is observed in a different moment.
Therefore, the continuous trajectories of X' and X? are available, as well as the discrete observa-
tions th , "”thln for any [ € {3,...,d}, with 0 <t} < ... <t < T,. As before, the discretization
step is defined as

A, = sup sup  (t,, — ).

1=3,...,d i=0,...,n—1

Before we proceed with the statements of our results, we introduce the kernel estimator in this
context. Using the notation introduced in previous section we have

1 Tn xm - d :0 1(u)
T, (T) = 7(1/ I & HK 7)du
T, Hl:l hy m=1,2 1=3
*/ I &n. (= HKhl o1 () AU
m=1,2

What is unexpected is that, up to observe continuously X' and X2, it is possible to recover the
same upper bound on the variance as in Proposition 2 of [5], where all the components of the
process X were continuously available. Indeed, as we will see in the proposition below, to dispose
of the trajectories of the first two components of X and to ask a not restrictive condition on A,
is enough to make the condition on the discretization term of Proposition 1 disappear.

Proposition 5. Suppose that A1-A2 hold and that m € Hq(B, L) with f1 < ... < Bq. Let h* =
(hi,...,h5) be the rate optimal choice for the bandwidth h given in (6) and suppose that A, <

2
%(HZZ3 hf)ﬁ = %(%)215%@2, then there exist ¢ > 0 and Ty > 0 such that, for T,, > T,

_ ¢ Xja |log(h)]
— d %
In Hl:B hi

Moreover, the constant c is uniform over the set of coefficients (a,b) € .

Var(mp- 1, (2))

One can see, comparing the proposition here above with Proposition 2 of [5] that, when
ko = 1,2, not having the continuous record of the last (d — 2) components does not interfere
in the computations of the upper bound of the variance, up to requiring the mild condition on
the discretization step requested here above. Therefore, in contrast with the results gathered in
Proposition 1 and Theorem 1, even when hih} Z?Zl |log 1| < Ay, the bound on the variance is
the same it would have been with a continuous record of the whole process. Regarding the condi-
tion appearing here above, we remark it is hih3 2?21 | log h| < (IL>s hz*)d%2 as it is equivalent to

_ B3 1. T . . . .
ask (%) a3 (1 + 73 log T, < (IOgT )2B3+d-2 which holds true in a pure anisotropic context,

10



for which Bg(é + %)% > 1. The smoothness are indeed ordered and so the harmonic mean over
By and fs is strictly smaller than the harmonic mean (3, computed over the other d —2 smoothness.

Regarding the bias term, it is easy to see that the bound gathered in Proposition 4 still holds
true when ¢, ;(t) =t for | = 1,2 and so with 7, 7, (x) instead of 7}, 1, (). It yields the following
theorem

Theorem 5. Suppose that A1-A2 hold, that a and b are C3 with bounded derivatives. If T €
Ha(B, L), with B1 > 1, then there exist C, p, ¢ > 0 and Ty > 0 such that, for T,, > Ty,

d
[E[mn,T, ()] = m(2)] < CZ W+ eV/A.

283
If moreover A,, < (10%7%) 2B3+d=2  then

log T, ) 25325372 .

T,

sup E[|7n,, (2) — m(2)[*] < (
(a,b)ex ~

We remark that, in the theorem here above, the condition on the discretization step is given
by the bias term, while the one deriving from the bound on the variance gathered in Proposition
5 is negligible, as 83 > 1 and so

log T}, ) 25;5372 < (log T,
T, - T,

( )TFaa

It implies that, even if the bound on the variance gathered in Proposition 5 allows us to lighten
the conditions on the discretization step to recover the continuous variance, the final condition
on the discretization step to recover the continuous convergence rate is the same as for X' and
X? discretely observed. The reason why it happens is that the bias term, which is generally the
easier term to deal with and does not provide any condition on the discretization step, is not at
all negligible in the asynchronous context. It provides some motivations for the improvement of
the bound gathered in Proposition 4, as future perspective.

The proofs of all the propositions stated in this section can be found in Section 7.

6 Proof main results, synchronous framework

This section is devoted to the proof of our main results in the case where all the components are
observed at the same time.

6.1 Proof of Proposition 1

Proof. The proof of Proposition 1 heavily relies on the proof of the upper bound on the variance
of (4), in the continuous case. Intuitively, the integrals in Proposition 2 of [5] will be now replaced
by sums, that we will split in order to use some different bounds on each of them. The main tools
are the exponential ergodicity of the process as gathered in Proposition 1 of [5] and a bound on
the transition density as in Proposition 5.1 of [35]. From the definition of our estimator 7, ,,, using
also the fact that we are considering a uniform discretization step, it follows

n—1
Z Ki(z — Xi,)A)
n =0

Var(inn(z)) = Var( ni

n—1

A2 ;
= 28— J) o ae — o), Kl — X))
n j*O
Jsq Jsg

S0 S S SR

= Jj=js;+1  J=js,+1  j=jp+1
=11+ Is + I3 + 14,

11



having introduced 0 < js, < js, < jp <n —1 and set 1 = A, Js,, 02 = Anjs,, D = A, jp and
k(t) :== Cov(Kp(z — Xo), Kp(z — Xy)).

Recall also that t; = A,j. The quantities js,, js,, jp (and consequently d1, d2 and D) will be
chosen later, in order to get an upper bound on the variance as sharp as possible. We will provide
some bounds for I7, and I, which do not depend on kg, while we will bound differently I and I3
depending on whether or not kg is larger than 3. For j small we use Cauchy-Schwarz inequality,
the stationarity of the process, the boundedness of 7 and the definition of the kernel function to
obtain

C

H?:l hy

k(t)] < Var(Rao = X0)#Var (8o = X, )8 < [ (Ko —9)Pr(ody < 7

It follows ]
A2 c A2 1
|II| <= d = (j51 + 1)- (8)
i 3=0 [Ti=1 T2 Hl 1h

For j € [js, + 1, js,] we act differently depending on kg as done for s € [41,d2) in Proposition 2 of
[5]. For kg =1 and 33 < B3 or ko = 2 it provides (see Equation (15) in [5])

c 1
k()| < -
szs hj s
that, for s = ¢;, becomes
c
k(t)| < —
)| < T
It yields
2 Jsg Jsy
no =gy 41 =3 n Ll B

We recall that t; can be seen as A,, j. Therefore,

]
1 _ ¢ 5, c Apjs, c ]
Z%f ~log(72) = 3 log(") = 3~ loa($").

J=js, Jé:1 Ay nJsy A, 01
It follows . ) 5
L] < c————log(=2). 9
| 2| = Tn leg hl g(§1> ( )

When ko > 3 instead, acting as to get (17) in [5] and taking s = t;, we obtain

c _ko
k(t))] < ——t; 7.
Hl2k0+1 hy

Therefore,

Js
A2n c _ko
[la] < —5— T t
"g=isH1 Hizkgsa T

Jso
— A" 1 A*%O -7%0
T I noJ
n Hl>k0+1 l jij51+1

1— ko
< A, 2 1 ‘1_%0
sc J
T, lekoﬂ hi "
s
1
=c (10)
Ty Hl2k0+1 h

12



where we have used that, as kg > 3, 1 — % is negative.
To conclude the analysis of I, we assume that kg = 1 and S = f3. In this case the estimation

here above still holds but, as 1 — % = % is now positive, it provides

1
52 1
|IQ‘ S 072
Ty lez i

We now deal with I3. With the same bound on the covariance as in (20) of Proposition 2 in [5] we
get in any case, but for kg = 1 and By = S,

(11)

Therefore, taking s = t;,

A%n jD a4
Il < Smt 3 el ) (12)

A Jip 4 . Jip
Sezr( DL ASTEE XD
;<1 j:j52+1 t;>1, j=js,+1
<c ?(An 352-;-1 +Jp)

c  1-4

= 7 (8

D).
T, +D)

For kg = 1 and 33 = f3, instead, (22) of [5] provides

1
|k(s)] < c(s™% +1).
Hl>4
It follows _
A2 1 JD 3
I < Eon? (% +1).

T2 h
n ]._[l24 l J=js,+1

Acting as above we obtain
1 1
|I5] < ( — + D). (13)
Hl>4 hy 52

To conclude, we need to evaluate the case where j € [jp + 1,n — 1]. In this interval we use the
exponential ergodicity of the process, as in Proposition 1 of [5]. It follows

k()] < c||Kn(z— )% e < _C s

o0
(T F)?
for ¢ and p positive constant uniform over the set of coefficients (a,b) € X. It implies

n—1

AN 1 _
[Ta] < et > e (14)
Tn (Hl 1 ) j=jp+1
< Cﬁ %B*PATL(J'D‘FD
Tn (Hl:l hi)?
AV Sy

Crm =g €
Ty (Hl:l hl)2

From (8), (9), (12) and (14) we obtain the following bound for the case kg = 1 and 2 < (3 or
ko =2
c 1 P —d 1
Var(fpn(z)) < =—[———(61 + A,) + log( ) 46 P4 D+ —— PP
Ty [Hld=1 hy Hl>3 (Hflz1 hy)? ]

13



It is easy to see that, except for the term TiﬁAn, the bound is the same as in the continuous
™ ll=1

case (see (22) in [5]). Hence, also the optimal choice for the parameters d;, d; and D should

be the same as in the continuous case, for which §; = hihg, 0y := (Hj>3 hj)ﬁ and D :=

[max(—% log(]_[?:1 hj), 1) AT]. Recalling that js,, js, and jp have to be some integers, we can not

propose exactly the same choice as above but we can take

max(—2lo d,lhj AT
Joy = LhiZQJv I8y = LTJ’ ip = L[ ( p g(l;[i_ ) 1) }J

It yields

o Sy llog(h)l e 1
Ty leg hy T, H?:l h; "

as we wanted.

When kg > 3, instead, we replace the bound gathered in (9) with the one in (10). It follows

Var(inn(z) < —| LIS SN S N S S P P e PP

h, > = 1 n 1 2 .

! T T | S ¢ )2

Again, every term but TiﬁAn was already present in the proof of Proposition 2 of [5] (see
mlli=1

(23)) and so the best choice would be to take the parameters as before. With this purpose in mind
we choose

2 d
s Mn® o e los(T ). ) AT]
Jé1 ¢ An ) Jo * An ) JD - An .
It follows 1 1
C C
Var(fpn(z)) < - - TR N
T (T2 ) ™50 (TLisggsa b)) Tr Tlizy

We are left to study the case where kg = 1 and B2 = 5. Here, from (8), (11), (13) and (14) we
obtain

1
c 1 62 1
Var(fpa (@) < s [ =g (61 + Ap) + =2— + +D+ ———e "P].

O | iza P 1,0, by 53 (I o)

We take 4
j —1 j L thth j L L[max(_% log(szl hj)a 1) A T]
o1 5 9o -+ An ) D - An

to get

< i; + L;A
> Tn 1/h2h3 Hl24 hl Tn H;izl hl n-

All the constant are uniform over the set of coefficients (a,b) € X. The proof of Proposition 1 is
then complete. O

Var(itpn(z))

6.2 Proof of Theorem 1

Proof. We will act differently depending on k.

B3 (141
e For ky = 1 and B3 < f3 or kg = 2, when A,, < hjh} ijl |log | = (%)21’3&4(51 53) log T,
the result is a straightforward consequence of the bias variance decomposition and of the bound
on the variance gathered in Proposition 1. The rate optimal choice of the bandwidth h* as in (6)
provides

d *
¢ g llog(hf)] e 1
I3 hi T I, by

d *
ilel \log(hz”.
T T Ilsshy

IA
-3

n

Var(wnn(x))
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Hence,

d d
R «28; | € Dy |log(h])]
sup E[|fnn(x) —w(@)]] <e) h; + = —t2
(a,b)ex ; ! Ty sz3 hi

log T,

= )7al<zz§§id72>

n

___283
e For kg > 3, when A, < (hih}) = (h})? = (£ )P1@%+i-2)  we get the continuous convergence rate
by the bias-variance decomposition and the second point of Proposition 1, choosing hi = ... = hj

B
and hj(T,) : (Tin)m@f?sid—% for any [ € {1, ...,d}.

The reasoning is the same for kg = 1 and 82 = 33, recalling that we no longer have h] = hj (as 81 <

B3 L1
B2) and so the condition on the discretization step becomes A,, < hih3 =: (TL) ra (B TR O

6.3 Proof of Theorem 2

Proof. Even if the final result is the same for any kg, the proof of Theorem 2 is substantially
different depending on the ordering of the smoothness and so on the value of kq.
;

e We start assuming kg = 1 and f2 < 3 or kg = 2. When A, > (l(’s’;iT”)ﬁsfd—?(ﬁjL%)log T,
the form of the rate optimal bandwidth is no longer as in the continuous case. We observe that
T, = n/A,, and

1 1 d d-2

—t == - —

pi B2 B B

and so the condition here above is equivalent to ask

1 @
A, > (IOng)(E)m7 (15)
with _ _ _ _
1 1 d d-2 d—(d—2
B R = N
285 +d—2"51 B2’ 2B3+d—-2"8 B3 B(263 +d—2)
From the bias variance decomposition together with Proposition 1 we now obtain
(o) - m(@P] < 0312 4 € Di 080l e 1
h,n - > ; e — n-
2N L e T m
We look for the rate optimal choice of the bandwidth by choosing ay, ... , ag such that h; = (%)‘”.
We get the following bound
) — n(o)f? < 3 (Lo + ¢ Timatlogn o] (1)
Thn(z) —m(x)]"] <c — - —
= A Tliss (™ P Il ()™
d
1 954, € 1 logn c 1
<c (7)26]% + = o + = )
Z n nlog(nAn)(%)Ha leg(%)“l anZl(%)al

Il
-

J

having used the condition on A,, gathered in (15). We recall we have assumed nA, — oo for
n — oo and that A, > n~* for some k € (0,1). It follows that log(nA,) < (1 — k)logn, which

implies loglz’sgn) < ¢. Then, we observe that the balance between the three terms in (17) is achieved

3 B d=2
for hy(n) = (£)% @70 In this way [[i53 = (+)2+ 5 | which implies in particular that the

second term in the right hand side of (17) is upper bounded by

1,1 B d=2
(7)14»0( 2B+d B3

1 B(B3+d—2)  B(d—2)
7) B3 (2B+d) B3 (28+d) (18)

—~
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which is clearly the size of the other terms as well, after having replaced the rate optimal choice
for hy(n).

B3 1
e We now consider the case where A, > (%)2534—41 (3 t5) and B2 = B3. We start assuming

that kg = 1. We can write

A > (),

with « as in (16). From the bound on the variance gathered in Proposition 1 and the bias-variance
decomposition easily follows the wanted result, acting as above.

" T () _ (et
When ko > 3 it is 81 = B2 and so A, > (A )2 ta=2i TP = (=) PRt As T, = nA,, the

n

previous condition is equivalent to ask A, > ( )T+a | with
_ %W
B1(263 +d —2)

We underline that « is exactly the same as in (16), having now 8; = 2. The previous remark,

together with the second point of Proposition 1 leads to the following bound for the mean squared
error, for kg > 3:

1 c A
E[ |t (2) — <th2ﬁJ+— O —
; k —Z d
n([L2, M) Hl>ko+1 h o Tn [li=1 fu
. c 1 c 1
< CZ hzﬂj + = + =
= J IR ey k -2 d
j n() ™ (12, ) N PR TR | (R
__B_
As before, we choose the rate optimal bandwidth as hy(n) = (1)ZCFFD. As B = ... = By, it
follows in particular that hi(n) = ... = hy,(n). Replacing the value of hj(n) in the bound of the

mean squared error we get

3 3 kg—2 3 ,d—k 3
Ell it (@) — (@] < (=) 55 + o(+) 1 e R 4 o(Lymwiath),
’ - n n n
recalling that §y, is the mean smoothness over Brko+1, --- , Ba and it is such that Bik = ﬁ leko-l-l i

We remark that
k0—2+d—k0 _d=2

B1 B  Bs

Then, using also (18), we have that the exponent of % in the second term here above is

L B (d - 2) - 28
1+a 284+d Bs 28 +d
Remarking that the constant ¢ does not depend on (a,b) € 3, it follows
sup ]EH’ﬁ—h,n(x) - F(.’E)|2] < C(l) 2/?5.,17
(a,b)ex n
as we wanted. .

6.4 Proof of Proposition 2

Proof. The proof follows the procedure to bound the variance for d = 2 proposed in the continuous
case (see Theorem 2 of [5]). We split the sum in three terms:

ZKh An)
S+ S -k (19)

T j=0 j=js+1 j=jp+1
2211+I2+I3.

Var(ipn(z)) = Var
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Now we act on I; and I5 as we did on I; and Iy (defined in the proof of Proposition 1, respectively.

It provides
1

Tn hl h2

‘Il| < = (5+An)» (20)

(o}

= 1
Ij)| < —— ¢ PP, 21
| 3| = Tn (h1h2)26 ( )

Regarding I, we act here as we did on I3 in Proposition 1. Recalling that here d = 2 we get
_d 1
[k(t)] < elt; * +1) < e +1). (22)
J
We need to consider separately what happens when ¢; is larger or smaller than 1.
~ Z&n/ jD 1
Bl<eqy 2, G+
Jj=js+1

Z& jD 1 jD
n
sepl 2 g+ > )
t;<1,j=js+1 t;>1,j=js+1
c
T—(|10gD|+|log5|+D)

hihso

[max(f% log(h1h2),1)AT]

Putting all the pieces together, one can see that the choice js := | "1™ | and jp := | X
leads to the wanted result. O

6.5 Proof of Theorem 3

Proof. The scheme we follow to prove Theorem 3 is the one provided in the proof of Theorem 1.
We start considering the case where

log T, 1 log T,
M)(ﬁ+%) IOng = ( 8 n)B lo nga

2
An < hihs Y [loghj| = (= T

j=1
where we have used that, from the proof of Theorem 2 of [5], hj(T},) = (10%77%)111 with a; >
and that, for d = 2, 1( +ﬁ12) 1

From the bias variance decomposmon together with Proposition 2, taking the rate optimal choice
hj (T,) as above directly follows

1
2p

log T, log(log T, log T,
og n+cog(0g n)_cog n

Ellftnn(2) = m(@)] < e=- L,

It A, > (k’E‘F—T’L)% log T}, instead, it is also A, > (%)Fi(log(nAn)). Using the bias variance
decomposition and Proposition 2 we obtain

2
. X 5 c c A,
Blfnnle) = (o)) < o +3%) + 73 loghyl + 75

1 _72 | log h| c
h251 h2’82 1 j=1 )
(™ +hy™) + C(n) log(nA,,) * nhyho

_B
We choose the rate optimal bandwidth hy(n) := (1)%®559  for [ = 1,2. We have already discussed

log n

the behaviour of nA,,, saying in particular that ; -<cin the proof of Theorem 2. It yields

Ellinn(@) - (@) < o()F + c@)“ﬁ% b))
n n n
1
n

28 1 3 1. 28+d—2

< (=) +C(H)Eﬂ + (=) e

which is what we wanted, as d = 2. O
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7 Proof main results, asynchronous framework

In Section 5 we assume to observe the components of the process X in different moments. In
particular, we assume that all the components are observed asynchronously in Section 5.1 and we
show that the condition A,, < hjh3 is enough to obtain the same variance as when the continuous
record of the process was available. In Section 5.2, instead, we suppose that the trajectory of the
first two components is observed continuously and that ensures the possibility to get the continuous
variance with a weaker condition on the discretization step. As the proof of the results is easier
when the first two components are observed in the same moment, we start by proving the results
gathered in Proposition 5, assuming that the first two components are continuously observed.

7.1 Proof of Proposition 5

Proof. In analogy to the previous proofs, we introduce

d x! d l
. X’” Xe i) Ty — X" T — Xy i(s)
k.0 = Con T wEeg S Tae ™t T o 2 [ ("ot
m=1,2 = m=1,2 =3
such that
Tn
Var(mp~ T, / / (t,8)1s<idsdt
= ?3/0 /0 k(t,s)1s<t (1@75\3;1;@ >9_, [log hyl
1 +1 2 +1 _ dsdt
hihy Z?Zl\logh§\ﬁlt—8|§(HJ>3 J)d p) (szgh;)di2§|t—s|§D D<|t S\STn)

4
= Z I
j=1

with h* the rate optimal choice of the bandwidth as in the proof of Theorem 1 of [5], given by (6).
We start considering I;. Here, acting as in Proposition 1 in order to get (7), we obtain

|k(t, s)] < ———.
|

Therefore, after the change of variable ¢t — t' :=t — s, we have

n h h Z_‘] 1|logh| c
Il_TQ/ / T — _at'ds (23)

l 1hl
< ihfhs Zj:l \logh;f\ _c Zj:l \loghﬂ
Ty Hz:1 hl T, Hl:3 hz

We now study I», which is the most complicated term we have to deal with. Intuitively, we would
like to bound the variance as in the interval [d1,d2) in the proof of Proposition 2 of [5]. It relies
on a bound for the transition density (as in Proposition 5.1 of [35] or Lemma 1 of [5]). In order
to use it we need to know the ordering between the quantities s, ¢, ©n 3(5), ... , ©n,d(8), @n.3(t),

.y ©n.a(t). We know that s < t, ¢n(s) < s and ¢, (t) < ¢ for any [ € {3,...,d}. Moreover,
it is possible to have ¢, (t) < s < ¢, but it implies ¢, ;(t) = ¢©ni(s). Then, we can consider a
permutation ws, ... , wg of ¢, 3(8), ... , ©n,q(s) which is such that w3 < ... < wy. In particular,
we denote by ws < ... < wy a reordering of ¢, ;(t) and o an element of the permutation group
on {3,...,d} such that w; = @, ,;)(t) for all i € {3,...,d}. In the same way we introduce the
permutation ws, ... , Wq of @, 3(t), ... , n,q(t) which is properly ordered, i.e. w3 < ... < wgy. In
particular, we introduce ¢ which is an element of the permutation group such that w; = ¢, 5(;)(s)
for all 7 € {3,...,d}. In order to admit the possibility that ¢, ;(t) < s, and then ¢, ;(t) = @n(s)
for some index [, we say that @, € {ws, ..., wq} for j < h and w41 > s. It follows that

w3 <L wg < s < Whgr Lo L wg <t

18



Hence we can write, for [ < h, 1, = w,(; for some 7(l) € {3, ...,d}. We now introduce the following
vectors, which represent the positions in the instants previously discussed. At the instant w; we
have the vector ¢/, for j € {3,...,d}. The vector z is instead connected to the time s, while Z is
connected to t. At the time w; we have the vectors ¢/, for j € {h +1,...,d}. We remark that y;
is the l-component of the vector y’, which gives the position at the instant w;. We observe that,

as w; = wy(;) for I < h and so we can write, for any | < h, 7t sy =Y ET)(l))' We have

[k(t, s)| < |k(t, 8)|+

d 2 —Xx! . T — Xm d Xy - X! s
B [] w20 [T Osl [ k(=5 [[R(—22D)), e
m=1,2 1=3 m=1,2 m 1=3
where
d l d
- Ty — X z; — X - _Xm omi(s
Foos) = E[ [ k=0 [[ k(249 ] & HK 2 Xty

(25)
We aim at proving that |k(t, s)| < m We write the expectation in (25) using the law of
the random vector (Xuw,, Xuw, - -+, Xwy» Xsy Xy Xag, X¢). For simplicity, we assume that all
the instants appearing in this vector are different ws < wy < -+ <wg < § < Wp1 < -+ < Wg < t
and in turn the law of this vector admits a density as product of the transition density of the
process X. If we are not in the situation where all the instants are distinct, it is possible to slightly
move some values of ws, ..., wq, Wy, ..., Wy in order to get different instants, and then conclude
by a density argument in order to get the upper bound on |I~c(s, t)|. With these considerations, we
can write

2
(e, )] < /Rdeh:n(x el [ T K ) /. H|Kh* ~z)|
. 11

Rd(d—2)
X H| hE ay U(T(l)) 0'(7' 1)) |Ad(d " H |Kha(l) Te(l) — ya(l))‘
l=h+1
><pw47w3(y Y Pws—ws (U YP) X oo X Dy g U YD) Ps—wy (¥, 2) (26)

X D 1—s(2 0T X oo X Pig—ivg (T GNPy (0%, )7 (y®)dzdy?...dy dzdy" T ..dy?.

‘We bound
R
H ”( (z)) ‘7(7'(1)) - cr'r(l H Kha(l)( a(l) — ya(l))|
=3 I=h+1
h
= \HKh;(,)(l“a(z z) H Kham Ts(1 ya(l))'
1=3 I=h+1
c c
S * = * 7
sz3 h&(z) lezs hi
it follows
d 2
) < e [ 1T B o = ) T K oty = i) [ TT B, G = 2)
Hl>3h Rd n][_'[1 g ww o © Rd 7nH:1 '

< P 0 P 040 X X D 0 P 2) (20
Ra(d—
X py—s(yd, 2 (y?)dzdy®...dytds.
Using Gaussian upper bounds on the transition density (Proposition 5.1 in [35]), we have

c

(t—

ptfs(yd72) S S)qtfs(g?n~~~72d|§17227yd)7
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with

(21> (32—9$)> 1 (z3-v$H)? 1 (24-vD)?
. sz = .d —Xo —Xo B W i 2P —Xo
Qt—s(Z3, ...y 2|21, Z2,y%) =€ = e s e = X ..X e s
Vit—s t—s
We observe that
~ ~ 1~ o~ dy 7~ ~
sup sup / Gi—s(Z3, .y 2al 21, Z2,y%)d23...d2q < c, (28)
t—s€(0,1) y¢,2;,22€RI+2 JRI-2

remarking that t — s € (0,1) as

o<t-s<([[r)7 <1

Jj=3

Moreover, we easily bound

2
/ T &ns, (@ — Zm)dzrd2e < c.
R? m=1

Replacing everything in (27) we obtain

d
9 < /RdH i om = o) [Loc o =) 29)

x /M ., prl—wlfl(yl‘l,yl)ps—wd(yd7Z)?T(y3)dzdy3---dyd-
RAI=2) 124

We aim at showing that the integral here above is upper bounded by a constant. To do that we use
the first point of Lemma 2, which is stated and proven at the end of this section. We remark that
in our case r = d— 1 and, in particular, uy, ..., u,_1,u, are in this case y3, ...,y%, z while ¢; = qo = r
and, for [ > 3, ¢, = o~ 1(I). We obtain

c 1
|k(t,s)| <
t—s Hl>3
Using again the first point of Lemma 2, there exists a constant ¢ such that
—Xm d X!
El [] me HK 7“” Wy <e, Vu
m=1,2 1=
and it implies recalling (24) that
c 1
|k(t, s)] < = tc
t—s[li>3M

In the equation above we have also used that, thanks to the first point of Lemma 2, there exists a
constant ¢ > 0 such that

l
XSDW a(s) )” <c

Xn - X d
hw Lt) IIEL H K h )HK hy -

1=3 m=1,2 m =3

It yields

I < — S ——— | o dsdt.
2= Tg/o /0 (leg hit—s ) hihy Y4, [log bt | <|t—s|< (1,55 h7) T2

We apply the change of variable t — s =: ¢'. It follows

_2

c 1 (szsh;)UFZ 1

|Io| < —dt’ (30)
T, Hl>3h hihy S0, Nloghy| T

c Ej:l |log hj| (31)

ST, [Li>s M
ERSAL A )
B Tn Hl>3
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Regarding I3, it is

1 Ty Ty
I3 := Ti,%/o /0 k(t75)1(nj23 h;)d%§|t75|§DdtdS'

We can write k(t, s) as in (26). The only difference is that now s and ¢ are distant to each other,
which implies that ¢, ;(s) < ¢, (t) for any [ € {3,...,d} and so, in particular, the ordering of the
quantities previously introduced is the following:

wgggwdgsgﬁgggﬁldgt

This holds true because

t—s| > ([[r))™  and A, < (] 07

Jj=3 Jj=3

Hence, we have

t s) </ H ‘Kh*, m — Zm ‘/Rd(d 2)H| how x(, ya(l) |/ H IKhT,L m = Zm)|

d—1

d
x TT1En: , (a0 = 350 1Pws—ws (U " Pus—ws 5 5°) X ooe X Purg gy 0y ) Ps g (4%, 2)
RA(d=2) ;- @

X P —s(2,5%) X oo X pioy—ivg (G G0, (50, 2) 7 (v )dzdy®...dy dzdi...dy.
We remark that the largest interval of time above is w3 — s. We use on it the rough estimation
d

3 c “Xo (Zl~—?7?)2 c
Pis—s(2,7°) < ——— | ]e " T < — T
(w3 — s)2 ey (w3 — s)2
It follows
d 2
k(t,s Ky (2 — 2 Ky (o) — ! / Ky (2, — Z
F(t.9)] < (wg_sg/wﬂ o =zl [ TLHo oo =)l [, TL B, (o =)
d d
-1 1
X/]Rd(d 2)H| s x"(l) ytf(l |Hp“” —wi (¥ l,y)ps,wd(yd7z)
1= =4

X Hmliwl_l @ 3P, (G, D) (y®) dzdy® . dydzdg®...di".

We apply twice the first point of Lemma 2 (having on each integral r = (d—1) as we are considering
the integrals in 43, ...,y%, 2z and in §°, ..., 7%, 2). It implies

k(t, )| € — 4.
(w3 —s)2
We now observe that it is
6 5| < It — 5|+ i35 — 5| < A+ [i5 — 5| < 5 ([T A)7= + [y — sl (33)
>3
It follows 1 .
- =2 -
W3 —s| > [t —s| - §(th)d’2 2 §(th)d’2
>3 1>3
Moreover,

|wg —s| < |t —s| < D.

From the change of coordinates s — s’ := ¢t — s we obtain

T, D
C " C
— — ds'dt
T2/ / —(s— +e)ds

I3

IN

I/\
::1
S‘

M\n.
S
w
=
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which is the order we wanted.

We are left to study Iy, where D < |t — s| < T,,. Here we want to use the fact that the process
is exponential S-mixing. To do that, we use the definition of the covariance. We introduce the
notation K+ (t) := Kp:(z — X;). Then we need to study, up to reorder the components,

Cov(Kps (5)Kny (8)Knz (w3)... Kz (wa), Kn; () Kng (£) Kng (03)... Kps (0a) ),
where wy < ... <wg <s<w3<..<wg<t,D<|t—s| <T. We define
9(Xay) = E[Kps () Kpg (1) Kns (W03) ... Kps (0a) | X g |-
It follows we can write the covariance as

E[th (S)Kh* (S)Kh* (w?’)"'KhZ (wd)KhI (t)KhE (t)th (7I’3)Kh2 (’Lbd)}-i-
- E[Kh* ( )Kh* ( )K}@ (w3 "Kh(*i (wd)}E[Kh* (t)Kh; (t)th (11)3)Kh2 (’Lbd)]
K, (Xay)] — E[Kny () Kz () Kng (ws)... K (wa) [Elg( X, )]

= E[Kn; () Kny () Knz (w3 (wa)g
—E[Kh;(s)Kh (8) Ky (w3)...Kpx (wa)(9(Xay) — 7(g))]
K (s)Kny (8) Kny (ws)... K (wa) (Piy—s9(Xs) — 7(g))]-

From the S-mixing gathered in Proposition 1 of [5] we easily obtain

Wq

1P,y —sg(Xs) = m(g)llr < e ||g]|

Therefore,

oo 1P —59(Xs) = m(9)]l 1a

d
k(t,s)] < [T || K
=1

c

S —a
L= 7
&

e P gl

6*%’@3*5)7

<
T (T kp)?

where we have also used that, from the definition of g, it is ||g| ., . Moreover, acting as

Hd g
in (33) and remarking that (]];>5 hl)df2 < D, we easily get
|ws —s| > |t —s| — A,.

With the change of variable s — s’ := t — s we obtain

R N 35
<Hllh*2T2/ / )

T 1)

Putting all the pieces together, using in particular (23), (30), (34) and (35), it yields

d d
_ c Z‘:l‘IOghﬂ c Z-:1|10gh"f| c 1 D c B
Var(mp- 1, (x)) < ?73 T ! T — ¥ ! + . + T e pD
no Il=sh no Ih=sh n [Ti—s 1 " n(ILi=1 A7)
By choosing D := [max(—% log(H;i 1 hj),1) AT,) we obtain the wanted result. O

7.2 Proof of Proposition 3

Proof. The proof of Proposition 3 follows the route of Proposition 5. We introduce now

d z — X! ) d .
k(t,s) :== COU(H K(%%HK(%))’
! l

=1 =1



such that

2 n
Var(th. 1, (z)) = ﬁ/o /0 k(t, s)1s<idsdt.
n

We write

» 2 Ty t
Var (. 1, (x)) = ﬁ/o /0 k(t, 8)loct (Lje—s|<ning

g Sl <1972 T ()72 <l T I PSIIST )

4 ~
j=1

with h* the rate optimal choice of the bandwidth given by (6). Regarding I;, exactly as in (23)
we have

d *
. i2j=1|loghj|

I
d
ST [li=sP
In order to bound I we order the quantities ¢, 1(5), - , ©n.a(8); Pn1(t); - » Pn.a(t) in a way
similar to the proof of Proposition 5 above, introducing wy, ... , wg, W1, ... , Wy. In a similar

way as before, o and & are elements of the permutation group such that w; = ¢, ,;)(s) and
W; = i) (t) for all i € {1,...,d}. Moreover, as A,, < 1hih} and |t — s| > hih3, we have

Wy < < wg <5<y < . < g <t
It means that, in the notation introduced in the proof of Proposition 5, h is equal to 0. We also
introduce the vectors, which represent the positions in the instants w; and @;. At the instant w;
we have the vector y7, for j € {1,...,d}, while the time @, are associated to the vectors §7, for
j €{1,...,d}. As before, we observe we can write

d Ty — Xl + d T — Xl
~ o e
[k(t,s)| < [k(t, )| + B[] K(hi;“()mE[H K(hi;’l()m
=1 =1
< lk(t, )] + ¢,
h
wnere ) . N ]
k(t,s) == E[HK son z(t) HK wn R NIO) O Tenal)yy
=1

Hence, we have

d d

k(t, )] < /]Rdz H |Kh;(l) (xa(l) - y(ly(l))| /]Rd2 H |Kha(z) (xﬁ(l) - gé’(l))|pw2_wl (yl, yZ)pw:s—wz (y27 yd)
=1 =1

(36)

X oo X Pug—wg (U YDy —wa (9 GY) X X Py (3 Gy )y dy? . dy gt d

As it is important to remove the contribution of the two smallest bandwidth, we need to reorder
the components to §. To do that we introduce 6!, the inverse of the permutation &, and we write

a' l
k(. 5)| < / H|Kh o @o) = Vo) / H|Khl 2= 5 OV Pus (4 )P (5% 47)

d—1

X ... X pwd_wdfl(y Y )pwl_wd(y 1 ) X ..o X pmd_wdfl(gdfl,gd)ﬂ(yl)dyldy2...dyddgjl...dgd.
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L1

We use the upper bound Hfl:3 ‘Kh;k (1 — 9] (l))‘ <C/ H;i:?) hj and we integrate with respect to
—1

the variables gjla (l), l=3,...,dto get

51 _5-1(2
f.9)) < /RH‘ T ’/ K~ 37O Ky ez~ )
=3

X Puss—wn (U ) Pus s (V75 57) X oo X Dy, ("5 y%)
» i 51 51
X Piss, —wa Y TP —ae, (5 ) (y")dy dy?..dy?dy”  Mdg” @, (37)
where 4, = min(671(1),571(2)) and i* = max(6=1(1),671(2)). Using a Gaussian bound on the
transition density

T

Pwi*fwd(ydﬂji*)]?ﬁmf@i* (ZJ ,f/i )

c 571 ~571(1) 1) 5712
SHQ((% ())j?éla(yj ()J#2|y yl ()7?42 ()) (38)

where

N ¢! ~571(1) 1) 512
(@ e @ Vi Lyt O P) =

(.J;* 1/J)2 d c(yJ 71/3 )2
R Tug T
Vi, = wa H H :
VWi —wa oy Ve — Wi
J#5 (i)

We now prove that

(1 5711 d ~5711) ~571(2
B )supl() /Rz(d L1 ((yj i, (3 Dz lyhgy Dogs ))
(ye, ~<7 D 5771 @) cRate

SH

d
[Tdw; )@ @) <c. (39)
j=2

j=1
J#2

To prove (39), assume, in order the simplify the notations, that i, = ¢=1(1) and i* = 572(2), as
the other case can be proved symmetrically. Then, the integral in the left hand side of (39) is
~—1 ~—1 =—1
Wl M _yd)2 Wl B _y7 ()2
/ H T H ﬁ f[ f[ e
\/ Ws-1(1) — Wd
R2(d—1) \/w —1 1) —U}d \/w —1(2) —1(1) =2

j=1
J#2

-1 -1
Integrating with respect to the measures H] 3 (QU (1))H;l 3d(y (2)), we get that the last

integral is upper bounded by

o — —1 —1
(yg 1(1)—7/‘21)2 (9; ) y; (1))2
Ye—1(1) " Wd Pe—1(2)" P5=1(1) _1
(a
/ Vv Ws—1(1) —wd H dy2 )d (2 ).
VWe—1(1) = Wa 557 \/We—1(2) — Wg-1(1)
()

Then, integrating with respect to dg]g
lowing upper bound for the LHS of (39),

, the convolution of Gaussian kernels yields to the fol-

IO R N o S
By—1(g)—"d e . @y1 (2 11 s
/ /Ws1(1) —was — — dy;
\/U) — Wq \/U)a-fl(z) — w571(1)
Using that \/w;,fl(l) —wy < \/w(}fl(g) — wy and that the first exponential inside the integral
above is smaller than 1, we deduce that (39) holds true. Using (37)—(39) we deduce

—W -
3

- C i iy
|k(t7 S)| < H h* T — wa /]Rd2 H ‘Kh*(l) .’L‘g yo‘(l) ‘ / ‘Kh* T, — yl ( ))Kh (1;2 — y2 ( ))
=3 *

51 51
X Doy (U Y2 Py s (U2 U)X oo X Doy, (L y D)y dy dy?.dy?dg Vg .
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Using that 7 is bounded, and the second point of Lemma 2 with ¢; = ¢=1(i) for i € {1,...,d} we
deduce 1 1
c c

I;t,s < —
|( ) wi*_wdHlZ?)h;‘ w1—wdng3h

which implies
c 1
k(t,s)| < —= - +ec
|k(t, 5)] F——— | R

In order to bound I we also observe that
|t—8| < |t—@1|+‘w1—wd|+‘wd—s
S |'U~}1 — 'wd| + 2An
~ 1 * %
< | — wq| + §h1h2~

It implies
1 1

— < .
[ —wal = Jt—s| - Shihs

As a consequence

dsdt.

I _2_
il Tg/ /|’5—8| 1h*h*Hz>3 b Slim sl <3 (T h) 7

By the change of variable t — s =: t/, we obtain

IL| L L
et y
hth t' — $hih} [Iis5h
< LZ]’:IHOgh;'.
T T Ilssh

Regarding Is, it is

- 1 Ty t
=72 k(t, s)1 a2 dsdt.
’ Tr%/() /0 (t,9) (szgh;)dz?gn—sgp 5

We can write k(t, s) as in (36). We use the rough estimation

- C
P —wy (Y4 7Y) <

vl

(01 — wq)

We replace it in (36) and we recall we have already proven that the everything else is upper bound

by a constant. It implies
c

|k(t, s)| < +ec. (40)

vl

(01 — wq)

Acting as before it is easy to see that
. [
|y —wg| > [t —s| — 24, > |t—s| — §h1h2 > §|t— s].

From the change of coordinates ¢’ := ¢ — s we obtain

Ty C
< +c)dt'ds
T2 _/ Hz>3 R} )d ] t 2

< — h )25 4 D
< Tn((ll;[g ! + D)

= = (([Ir™!

>3

25



which is the order we~wanted.
We are left to study Iy, which the case where D < |t — s| < T),. Here we act as in order to bound
1, in the proof of Proposition 5. To do that, we introduce

g(Xﬁ)l) = E[th ('Lbl)Khz (’lI}d)le’[)l].
It follows we can write the covariance as
E[Kp; (w1) .. Knz (wa)9( X, )] — E[Kpy (w01)... Kps (wa) |E[g( X, )]
= E[Kp; (w1)...Kpz (wa)(9(Xa,) — 7(9))]
= E[Kn; (w1)... Kny (wa) (P, —w,9(Xwa) = 7(9))]-

From the S-mixing gathered in Proposition 1 of [5] we get Therefore,

d
k(t,s)| < H (| Kn:

=1

C
-
| P
< —0— < e~ P(@1—wa)
(ITi=1 1)?

As before, it is clearly |w; — wg| > |t — s| — 2A,,. Hence,

5 ¢ 1 Tn Thn ,
I, < diiz/ / e P ePAndtds'
(T= pp)? Ta Jo Jp
c oD

00 ”Pﬂ)l—wdg(de) - 7T(9)||L1

<

e el g (41)

= d £19 €
Tn(ITi= P7)
Putting all the pieces together, it yields

d X d y
¢ 2oj—1 |loghj| +£Zj:1 |loghj| ¢ 1 D c =D
—_—— . .

Var(if 1, (z) < 7 == L S AT . —
Tn Hl:S hf Tn Hl:S h? Ty HZ:S h? Tn Tn(Hl:1 h?)

By choosing D := [max(—% log(l_[j:1 hj), 1) A T,,] we obtain the wanted result. O

7.3 Proof of Proposition 4

Proof. From the expression of 7}, 1~ () given in Section 4 we have

" (S P
Em%mhfﬁ ﬂﬂmmzmwwﬁ. (42)
n =1

Hence, we focus on E {Hld:l Kp, (z; — Xi)n l(t))}for t €10,7,]. We denote by wy; < wy < -+ < wy

a reordering of (¢ (t))i=1,....4, and let o an element of the permutation group such that w; =

©On,o()(t) foralli € {1,...,d}. With this notations, E [H;i:l Kp, (2 — Xfan L(t)):| =E [Hle K, (T () — ngi))

and we now show the following control

d

d
E [H Kh(r(i) (x(,(i) — ngl))‘| — /Rd w(y) H Khi (:El — zi)dzl ...dzg
i=1 1=1

<cvVA,, (43)

for some constant ¢ independent of (w;); and (h;);.
In the proof of (43) we can assume by a density argument that w; < w;11 fori=1,...,d — 1.
In this case, we write

d d d—1
E H Khd(’[,) (md(i) - ngl))l = /Rdz 7T(yl) H Kha(i) (‘ch(i) - y;(z)) H Pwiy1—w; (yz’ yH_l)dyl s dyd
=1 =1 =1
d .
- /R (H Kb (30 = yg(”) Ewan Wy Yo @) Wo Waca) - Yoy (44)
=1
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where for any function ¢ we have set
g(wi)%d)(y;(l)’ ce ’yg(d)) = /Rd(d_l) ¢(y1) H Pwiyr—w; (yiv yi+1)d§/\1 s d@\da (45)
with 7" = (y})jeq1,....d}\{o(5)}- Applying Lemma 1 below with ¢ = 7, and (44), we deduce
d .
= H K, (@o(i) — XE,EZ))}
i=1

ot o 1(d
/ (HKM,) (To(i) — ya@)) nyy oy ())dyi<1>~--dy§<d)+0(\/An).

-1
Changing the notation z; =y @ , which is such that ya(z) = Zo(i), We get

lHKhm) To(i) — X‘” ]—/ <Hth(l) To(i) — a(i))) (21,05 2d)d20(1) - - - dzgay + O(V Ap)

i=1

/(HKh -—zl> (zl,...7zd)dzl...zd—ﬁ—O(\/Ain).
i=1

This implies (43). Then, recalling (42), and E [H7:1 K, (z; — X! (t ))} =E [ngl K, (To) — X{,’,E”)}

Pn,l
we deduce that

d
E[ﬁ-g,Tn (33)] - /]Rd (H Kh,i (l‘i — ZJ) 7T(2’1, . ,Zd)dzl L. 2d

The proposition follows from the following upper bound on the bias of the synchronous case (see

[8])

<cVA,.

d
(HKh -—zz> (21, ..y 24)d21 .. 24 — T(T1,...,2Tq) chhf
i=1

O

Lemma 1. Suppose that A1 holds and that a and b are C® with bounded derivatives. Let ¢ : R — R
be a bounded C' function with bounded derivatives and let us denote

s 1 o '(d
d(wi)m(y};u)w-wyffl(d)) = §(wi)i,¢>(?/i(1)a e 7yi(d)) — oy ( ), o Ya ( ))-

Then, there exists some constant C' such that we have

d
/Rd (H\Khom@am—yéuﬂ‘) [ n ) - | vy -y < OV/B
i=1

The constant C' is independent of (h;);.

Proof. Let us denote by g.(z) the density of a centred Gaussian variable with covariance matrix
a. We recall the approximation of the diffusion transition density by the Gaussian kernel given in
[37]. Specifying s = 1/N and T' =1 in the notations of the statement of Theorem 3 [37], we have
for all s <1,

s (2, 2") = ga(z)s(z — 2')| < CVisgrgras(z — 2'), (46)

where Ao > 0 and C > 0 are some constant and @ = a - a”. This leads us to introduce a Gaussian
approximation of (45)

d—1

ooy Vo) = /Rd(d_l) S") [T 9w s —wnya @ = y))dg .. dg?. (47)
1=1
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With this notation, we split d(wi)i,¢(yi(1), e ,yg(d)) as 212:1 dggi)i@(yé(l), - 7yg(d)), with

dgw)l)“@g(y},(l), e 7110 ) g(wl)“qb(yg(ly e ,yg(d)) - Sg;i)i,¢(y(1y(1)7 ‘e ,yg(d)% (48)
2 o (1 o 1(d
dgw)l)qu(y}y(l)v cee 7ya‘ ) g(wl) ¢)(yg(1)7 s 7yg(d)) - d)(yl ( )7 - Yq ( )) (49)

The lemma is a consequence of the following upper bound for [ € {1, 2},

d
/Rd (H ‘th,m (To(i) = Yo(iy) ’) ‘d(w yo(l), . ,yg(d))‘ dy}fu) : --dyi(d) < CVA,. (50)
i=1
e We first prove (50) with [ = 1. Comparing (45) with (47), we can write

d—1
1 A )
dgufi)ivd)(yi(l),...,yf,’(d))=/Rd(d_l) ORI | I R Ty

k=11<i<k

k k:+1)

X I:p’w)c+1*wk (y )y - g(’u)k_*_l*wk)&(yk)(yk-‘rl - yk)] H g(wl+1—w7)d(y1)(yz+1 y )dgl A d:/g\d

k<i<d—1

Using (46) and a Gaussian upper bound of the transition density, we deduce

‘dﬁi)”ﬁ(y;(l), e ,yff(d))‘ < C sup VWit — w;X

1,..,d-1

/ ’¢(y1)| H g(w,+1—w7))\gld(yl+1 - yl)d/y\l ... dzj\d,
R(@-1) 1<i<d—1

= C\/T H g(wi+17wi)>\01d(yi+1 - yz)dﬂl . dg/jd,

RAETD i la—1

for some constant Ag > 0. It yields,

d
i (1) 1 d 1 d
/Rd (H Kh,) (@o() — ya(i))) ‘d(wi)i,¢(yo'(1)7 e 7%(@)‘ AYs(1y - - - Wo(a)

< CVA / HK’%@) (T (4) yo'z H J(wipr—wi)ro1d(Y L _yBdyt .. dy?. (51)

1<i<d—-1

From Lemma 2 2) with r = d, u* = y® fori = 1...,d, and ¢; = 0~1(i) we deduce that the last
integral is upper bounded by some constant, and in turn that (50) holds true for I = 1.
e We now prove (50) with [ = 2. In the integral defined by the right hand side of (47) we

make a change of variables, replacing the variables (3!,...,7%) = (ylj)je{l,_4,7d}7le{1,.“,d}\{o(j)} by
new integration variables (zlj )i<i<dz2<j<d defined in the following way. For j = d, we define
24 = (2¢,...,23) through the change of variable
d—1 d _ ,d-1
d . Y= Yo(d) ~ Yo(a)
— 2= ——=——forle{l,...,d o(d)}, - =28 29
Ui 1 m { }\{ ( )} O’(d) o(d) m
and more generally for 2 < j < d we define 27 through the formulae
) ) yj _ yj—l
yl = 2 = for L€ {1,....d} \ {o(d).o(d — 1).....0(j)},
Wy Wwj—1
g y—y
77 s =2t forl € {o(d),o(d—1),...,0(j)}.
yi T e {o(d),o(d—1) ()}
From these definitions we have
dgt,..., dgt = H dylj:dz dde j— Wi—1) d/2

j=
le{l,..., d}\{ff(])}
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Moreover by construction 27 = \/y%% for all j € {2,...,d}. We deduce that (47) can be
Wi

written after change of variables as
d—1
g(c;'w)m(y;(l), . ,y,‘i(d>) = /Rd(d N o(7') H Ga) (T Th)dz? .. d2Y,
_ et

where 37 = 37(22,..., 2% y;(l), . ,yg(d)) is a notation for the expression of (y!,...,y?) as a func-

2

tion of the new variables 22, ..., 2% They are given by the explicit expression

o~ (1 i—o 1(1)— ut1+0"1(1 g - _
U ® + Z'ZL:O =1 \/wu+0_1(l)+1 = Wyto-1(1)% A ( )a lfj >0 l(l)a
~j ot cp - —
=1y O iti=071(0),
() o ()—j—1 u j o - _
g V=t O i — wagg T i <o),

This leads us to introduce the following notation which stresses the dependence upon the time
intervals w1 — w,. We set for s1,...,84-1 > 0,

—1 . —1 —1
yp Vi O s s T O i > o),

:/y\lj(sla"'vsdfl) yla_l(l)7 1f] —U_1<l)a (52)
—1 — . .
vy @ E:Z:;(l)_]_l surj T i j <o),

and we define
d—1

§G (5155 8d-1) :/ $F (51, 50-1)) [ [ a7 s1.susn (2 T)d22 . d2. (53)

Rd(d—1) i

With these notations, gjlj = ’y\lj(\/wg —W1,...,4/Wqg — wq—1) for all 1 < 4,1 < d, and
f(ci)i)i’(b(yi(l), . ,yg(d)) =EG(Vwy — w1, ...,/ Wg — wg_1). (54)

For (s1,...,84-1) = (0,...,0) these quantities have simpler expressions. Let us denote y* =
1 1 .
(yy . Yy (d)), and remark that from (52), we have 77(0,...,0) = y*, forall 1 < j < d. It

follows
£€G(0,...,0) :/

Rd(d—1)

d—1
o(y*) [T gaqe (=" T)d2? .. d=? = 6(y*) (55)
j=1

where we have used that y* does not depend on the integration variable and that the Gaussian
kernel integrates to one. We deduce from (54)—(55),

g(ci’i)i,d)(ytlr(l)’ T 7yg(d)) - (b(y*)‘ = ‘fG(\/wQ — Wiy, \/wd —wg—1) —&£9(0,..., 0)‘

d
0 —
< V Anz sup 7£G(817"'75d71)

T3 0<sn s <V, 105

(56)

where we used \/w; —w;—1 < VA, for all 2 < j < d. From the definition (52), we have ‘g—g; <

025:2 |z%||. Using that ¢ and a are C! functions, bounded with bounded derivative, and that
a > a2 Id, we deduce from (53) that

8@(82, .. .,Sd)

d d—1
w3 j
< C/RM § ST 120 TT a@ sr,san (A2 dz.
T u=2 j=1

aSj
Used that a is a bounded function under Assumption Al, we deduce that the last integral is
bounded independently of si,...,54_1, and thus |sup, . | w < C. In turn, (56)
peecrSd— J
implies,

’fai)i,¢(y<l7(1)v - ,yfi(d)) - qb(y*)‘ < CVA,,

for a constant C independent of (w;); and y(ly(l), e ,yg(d). Recalling (49) and the notation y* =
(y(lr—l(l)7 .. ,y‘l’_l(d)), this is the upper bound ‘dgi)i)i ¢(y(1r(1), A yg(d))‘ < C+V/A,, and we deduce

50) with { = 2 by integration. O
(50) y integ
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Lemma 2. 1) Let r > 1 be an integer and q1,...,q- € {1,...,d}. Then, we have

r—1
/RM H | Kn, (z; —ul) prﬁl —w, (W W T dut L du” < C (57)
i=1 j=1

for some constant C' independent of (h;); and (w;);.
2) The same upper bound holds true if we replace the transition densities py, ., —w,; by Gaussian
kernels giw, ,\ —w;)rord-

Proof. We only prove the first point as the proof of the second is similar. Using the Gaussian
upper bound on the transition density (e.g. see Proposition 5.1 in [35])

witl_yd|?
we deduce that the left hand side of (57) is smaller than
. d - . r—1 1 —ko(uﬁjli__u])z d r i

Rdy.g | K, (2 — ul )|EW6 1 };[1 ]1;[1 !

which is equal to
d - (uitl_uiy?
CH / i (@ = i) H (wj1 —wy)1/2 7/\0+17%du cedug | (58)
i=1 =1

Tt is sufficient to show that for all ¢ € {1,...,d} the integrals in the product (58) are smaller than

some constant independent of (h;); and (w;);. : We successively integrate in uf, u! =" ... uf*" using
. J J
the change of variables u] — zi = \;m for j =r,r—1,...,q; + 1. Next, we successively
— JHL_yd
integrate in u;, ..., ul ! , using the change of variable u — zj = — % We deduce that the

Vwitr—w;
integrals appearing in (58) are upper bounded by CfR Ky, (x; — ul*)du}” < C. This proves the
lemma. O

7.4 Proof of Theorem 4

Proof. The proof is a straightforward consequence of the bias-variance decomposition, Proposition
3 and Proposition 4. It is also based on the discussion on the conditions on the discretization step
located after the statement of Theorem 4. O

7.5 Proof of Theorem 5

Proof. The proof is a straightforward consequence of the bias-variance decomposition, Proposition
5 and Proposition 4, with ¢, ;(t) =t for [ = 1,2. Again, it is also based on the discussion on the
conditions on the discretization step located after the statement of Theorem 5. O
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