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Abstract

We study the problem of the nonparametric estimation for the density m of the stationary
distribution of a d-dimensional stochastic differential equation (X¢):c[o,r). From the contin-
uous observation of the sampling path on [0,7], we study the estimation of w(x) as T' goes
to infinity. For d > 2, we characterize the minimax rate for the LZ-risk for the pointwise
estimation over a class of anistropic Holder functions 7 with regularity 8 = (81, ..., 8a4). For
d > 3, our finding is that, having ordered the smoothness such that 51 < ... < 4, the minimax
rate depends on the fact that B2 < 3 or S2 = f3. This rate is (%)“’ in the first case and
(%)7 in the second, for an explicit exponent v depending on the dimension and on f3, the
harmonic mean of the smoothness over the d directions after having removed ;1 and (2, the
smallest ones. We also show that kernel based estimators achieve the optimal minimax rate.
Finally we show that, in the bi-dimensional case, the kernel density estimators achieves the
rate l"%T and this is optimal in the minimax sense.

Non-parametric estimation, stationary measure, minimax rate, convergence rate, ergodic
diffusion, anisotropic density estimation.

1 Introduction

In this work, we propose kernel density estimators for estimating the invariant density associated
to a stochastic differential equation. More precisely, we study the inference for the d-dimensional
process

X; = Xo+ /Ot b(Xs)ds + /Ot a(Xs)dWs, t€]0,T], (1)

with b: R?* -5 R%, ¢ : R —» R4 x R? and W = (Wi, t > 0) a d-dimensional Brownian motion.

Stochastic differential equations are very attractive for statisticians nowadays, as they model
stochastic evolution as time evolves. These models have a variety of applications in many disciplines
and emerge in a natural way in the study of many phenomena. We can found examples of these
applications in astronomy [61], mechanics [46], physics [56], geology [28], ecology [38], biology
[58] and epidemiology [10]. Some other examples are economics [16], mathematical finance [40],
political analysis and social processes [20] as well as neurology [37], genetic analysis [48], cognitive
psychology [64] and biomedical sciences [14].

Due to the importance of the stochastic differential equations, inference for such a model has
been widely investigated. Authors studied parametric and non-parametric inference starting from
continuous or discrete observations, under various asymptotic frameworks such as small diffusions
asymptotics on a fixed time interval and long time interval for ergodic models. Some landmarks
in the area are the books of Kutoyants [45], Iacus [41], Kessler et al [42] and Hopfner [39]. In the
meantime, there have been a big amount of papers on the topic. Among them, we quote Comte et
al [22], Dalalyan and Reiss [23], Genon-Catalot [31], Gobet et al [33], Hoffmann [36], Larédo [49]
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and Yoshida [66].

The in-depth study on stochastic differential equations lead the way for statistical inference for
more complicated models such as SDEs driven by Lévy processes (see for example [53]), diffusions
with jumps ([5], [6], [52], [60]), stochastic partial differential equations ([2], [19]), diffusions with
mixed effects ([57], [25]) and Hawkes processes ([11], [27], [4])-

In this paper we propose a kernel density estimator and we aim at finding the convergence rates
of estimation for the stationary measure 7 associated to the process X solution to (1). Moreover,
we will discuss the optimality of such rates.

The estimation of the invariant measure is a problem already widely faced in many different

contexts by many authors, we quote [54], [24], [17], [67], [1] and [15] among them. One of the rea-
sons why nowadays this problem attracts the attention of many statisticians is the huge amount
of numerical methods connected to it, the Markov Chain Monte Carlo method above all. In [47]
and [55], for example, it is possible to find an approximation algorithm for the computation of the
invariant density while the analysis of the invariant distributions is used to to analyze the stability
of stochastic differential systems in [35] and [15]. It can also be used in order to estimate the drift
coefficient in a non-parametric way (see [51] and [59]).
As it is easy to see, the estimation of the invariant measure is at the same time a long-standing
problem and a highly active current topic of research. For this reason, but not only, kernel estima-
tors are widely employed as powerful tools. For example in [15] and [18] some kernel estimators are
used to estimate the marginal density of a continuous time process, in [8], [7] and [50] they are used
in a jump-diffusion framework where the last is, in particular, an application for the estimation of
the volatility.

In a context closer to ours, in [23] and [62] kernel density estimators have been used for the
study of the convergence rate for the estimation of the invariant density associated to a reversible
diffusion process with unit diffusion part. In particular in [23] the authors prove, as a by-product
of their study, some convergence rates for the pointwise estimation of the invariant density under
isotropic Holder smoothness constraints. The convergence rate they found are IO%T when the

dimension d is equal to 2 and (%)Wfﬁ% for d > 3, where (3 is the common smoothness over the d
different directions. Strauch extended their work in [62], by building adaptive kernel estimators to
estimate the invariant density over anisotropic Holder balls. They achieve the same convergence
rates as in [23], up to replace 3 with /3, the harmonic mean over the d different directions. As the
smoothness properties of elements of a function space may depend on the chosen direction of R,
the notion of anisotropy plays an important role.

In this work we aim at estimating the invariant density = by means of the kernel estimator 7,
assuming to have the continuous record of the process X solution to (1) up to time 7. We first of
all prove the following upper bound for the mean squared error, for d > 3

235
. e TV amri=s  for By < fBs,
sup E[|7p,r(z) —w(z)|2] < ( T)2¢ B 3 )
(a,b)ex ~ (%)2B3+d_2 for B = fo,

where X is a class of coefficients for which the stationarity density has some prescribed regularity,
b1 < B < ... < B4 and (3 is the harmonic mean over the smoothness after having removed the

two smallest. In particular, we have BL = ﬁ Yo é and so it clearly follows that 83 > 3. It
N >

yields that the convergence rate we find is in general faster than the one proposed in [62]. It is
quite surprising that the presence of the logarithm in the convergence rate depends on whether or
not B2 = B3. The reason why it happens is that we have different ways of bounding the variance.
Tt derives in different possible degrees of freedom for the bandwidth h = (hy, ..., hq), which allows
us to get rid of the logarithm only in some particular cases (see Remark 1).

We also prove the following upper bound, in the bidimensional context:

logT'

sup E[\ﬁh,T(m)—w(aﬁ)|z]< T
(a,b)ex ~

The convergence rate here above is the same as in [23] and [62]. However, the problem of the
optimality of such a rate was still an open question, so far. The only results we are aware of,
in this context, are some lower bounds for the sup-norm risk (see for example [62], or [8] for an
analogous result in the jump-framework). In this paper we obtain a minimax lower bound on
the L2-risk for the pointwise estimation with the same rate %. To do that, we introduce the



minimax risk
Rr:=inf sup E[(Tr(20) — T(ap) (z0))?],
TT (a,b)eX
where the infimum is taken over all the possible estimators of the invariant density. Then, we show
that log T
og
R > .
=TT
It means that, for d = 2, it is not possible to propose an estimator whose convergence rates is
better than the one we found for the kernel density estimator we proposed.

Regarding the case d > 3 we prove that, in general, the following lower bound holds true:

1 283
Ry > ()72,

Then, when By < 3, it is possible to improve the result here above by showing

IOLT 2’2B372
Rr > ( T )2Patd-2,
These results highlight how crucial the condition gy < (3 is. They imply that, on a class of
diffusions X whose invariant density has the prescribed regularity, it is not possible to find an
estimator with rates of estimation faster than in (2). It follows that the kernel density estimator
we propose achieves the best possible convergence rates.

It is worth remarking that the upper bound for the mean squared error is based on an upper
bound on the transition density and on the mixing properties of the process. Because of the last, the
constants involved depend on the coefficients and it is in general very challenging to understand
how the constant can be controlled uniformly. However, relying on the theory of Lyapounov-
Poincaré as introduced in [12], we prove a mixing inequality uniform on the class of coefficient
(a,b) € ¥ (see Proposition 1).We remark that the Lyapounov-Poincaré method can be extended
to get uniform mixing inequality also in more general frameworks, such as the jump context.

We therefore get a minimax upper bound on the risk of the estimator @, 7. We complement it by
obtaining a minimax lower bound on the risk of the estimator 7, 7 as well.

The outline of the paper is the following. In Section 2 we introduce the model and we provide
the assumptions on it, while in Section 3 we propose the kernel estimator and we state the upper
bounds for the mean squared error. Section 4 is devoted to the statements of the lower bounds
which complement the result given in the previous section. In Section 5 we prove the upper bounds
stated in Section 3 while Section 6 is devoted to the proof of the lower bounds. Some technical
results are moreover showed in the appendix.

2 Model Assumptions

We want to estimate in a non parametric way the invariant density associated to a d-dimensional
diffusion process X. In the sequel we assume that a continuous record of the process X7 =
{X:,0<t<T} up to time T is available. The diffusion is a strong solution of the following
stochastic differential equation:

Xt:Xo—s—/otb(Xs)ds—i—/Ota(Xs)dWs, te 0,17, (3)

where b: R? — R4 a: R — R? x RY and W = (W, t > 0) is a d-dimensional Brownian motion.
The initial condition X and W and L are independent. We denote @ := a - a”.
We denote with |.| and < .,. > respectively the Euclidian norm and the scalar product in R?, and

for a matrix in R? ® R? we denote its operator norm by |..

A1: The functions b(x) and a(x) are bounded globally Lipschitz functions of class C*, such that
for all x € R?,

0 0 .
la(x)] < ag, |b(z)]| < by, \a—xzb(xﬂ < by, \a—xza(xﬂ <ai, forie{l,...,d},



where ag > 0, by > 0, a; >0, by > 0 are some constants. Moreover, for some @y > 0,

a?nianXd S ZL(I)

where Igxq denotes the d x d identity matriz.

A2 (Drift condition) : .
There exist C > 0 and p > 0 such that < z,b(z) > < —C|z|, Va : |z| > p.

The assumptions here above involve the ergodicity of the process and they are needed in order
to show the existence of a Lyapounov function. Hence, the process X admits a unique invariant
distribution g and the ergodic theorem holds (see Lemma 2 below). We suppose that the invariant
probability measure p of X is absolutely continuous with respect to the Lebesgue measure and
from now on we will denote its density as m: du = wdzx.

As in several cases the regularity of some function g : R? — R depends on the direction in
R? chosen, we decide to work under anisotropic smoothness constraints. In particular, we assume
that the density m we want to estimate belongs to the anisotropic Holder class Hq(f8, £) defined
below.

said to belong to the anisotropic Hélder class Hq(B, L) of functions if, for all i € {1,...,d},

Definition 1. Let 8 = (B1,...,84), Bi > 0, L = (L1,...,Lq), L; > 0. A function g : R? — R is

[P g(+ter) = DIg()|| < LB vee R,

for DFg denoting the k-th order partial derivative of g with respect to the i-th component, |f;]
denoting the largest integer strictly smaller than (B; and eq,...,eq denoting the canonical basis in
R%.

This leads us to consider a class of coefficients (a,b) for which the stationary density 7 = (4 )
has some prescribed Holder regularity.
Definition 2. Let 8 = (81,--,84), Bi = 0 and L = (L1,....,La), Li > 0, 0 < apmin < ap and
a1>0, bg>0, by >0, C>0, p>0.

We define X(8, L, @min, a0, a1,bo, b1, C, p) the set of couple of functions (a,b) where a : R —
RY®@R? and b : R — R? are such that

e a and b satisfy Assumption A1 with the constants (min, ao, a1, bo, b1),
o b satisfies Assumption A2 with the constants (C,p),
o the density mp) of the invariant measure associated to the stochastic differential equation
(3) belongs to Ha(B,2L).
In the sequel we will use repeatedly some known results about the transition density and the
ergodicity of diffusion processes. For such a reason we state them.

Lemma 1. Assume that Suppose that A1-A2 hold true. Then, there exists a transition density
pi(x,y) such that, for T >0, there exist cr > 1 such that for any t € [0, T] and any pair of points
z,y € RY x RY, we have

_ly—=? _ly—=)?

c;lt_%e i < py(m,y) < cpt”Ze  Aed . (4)

Moreover, the constants cp depends only on T, min, a9, a1, b, by and d.

Lemma 2. Suppose that A1-A2 hold true. Then, process X admits a unique invariant measure 7
and it is exponentially B-mizing.

These results are classical. For the estimate in Lemma 1 see for example Proposition 5.1 in [32]
(or Section A.2.3. in [9]), while the ergodic property stated in Lemma 2 can be found in Theorem
1 of [65].



3 Estimator and upper bounds

Given the observation X7 of a diffusion X, solution of (3), we propose to estimate the invariant
density ™ € Hq(B, L) by means of a kernel estimator. We therefore introduce some kernel function
K : R — R satisfying

/K(x)dm =1, ||K|, <oo, supp(K)C[-1,1], /K(m)xld:ﬂ =0, (5)
R R

for all I € {0,..., M} with M > max; 3;.
For j € {1,...,d}, we denote by X] the j-th component of X;. A natural estimator of 7 at
r = (21,...,274)7 € R? in the anisotropic context is given by

1 T, — X 1 (7
nr(T) = 7/ K(———%)du =: —/ Kp(x — X,)du. (6
7 T in Jo ngl S — 7 ), ( )

The multi-index h = (hq, ..., hg) is small. In particular, we assume h; < 1 for any 7 € {1, ...,d}.

We now want to discuss the convergence rates achieved from the estimator defined in (6) when a
continuous record of the process X is available.

In order to get minimax upper bound on the risk of the estimator 75 r we will need to apply a
mixing inequality uniform on the class of coefficients (a,b) € (8, L, amin, a0, a1, by, b1, C, p). The
following lemma will be useful in this sense. In the sequel, we will denote as E the expectation
with rapport to the stationary process (X;)¢>0, whose invariant probability is 7 = 7(44)-

Lemma 3. Let § = (61,-.-75d); Bi >0, L= (ﬁh...,ﬁd), L;>0,0 < amin < ag, ar >0, by >
0,01 >0, C >, p > 0. Let K be a compact subset of R4, There exists a constant C > 0 independent
of (a,b) € ¥ := E(B,,C,amm,ao,al,bo,bl,é,ﬁ) such that, for all measurable function ¢ : K — R
bounded, we have

|E[p(X:)p(Xo)] — m(¢)?| < Ce™9 o]l . (7)

As immediate consequence of the fact that K is compactly supported we get the proposition
below, which ensures the uniformity of the constants involved in the mixing properties of the
process.

Proposition 1. Let us consider the same notation as in Lemma 3. Then, there exist constants
Pmiz > 0 and Chip > 0 such that Vh = (hq, ..., hq) with h; <1,

B [Kn(z — X)En(x — Xo)] — w(Kn)?| < Cpnige™me" Ky ®)

Moreover, the constants Ciy and pmi are uniform over the set of coefficients (a,b) € 2.

3.1 Upper bounds

As in low dimension and in high dimension the proposed estimator performs differently, we start
considering what happens for d > 3.
In the sequel, we will denote as 3 the harmonic mean over the d — 2 largest components:

1 1 1

In the next theorem we provide the convergence rate for the pointwise estimation of the invariant
density in high dimension. Its proof can be found in Section 5.

Theorem 1. Suppose that d > 3. Consider 0 < amin < ag and a; > 0, bg > 0,67 > 0, C > 0,
p > 0 and denote X := E(ﬁ,ﬁ,amm,ao,al,bo,bl,é,ﬁ). If By < Bo < ... < By, then there exist
¢ >0 and Ty > 0 such that, for T > Ty, the optimal choice for the multidimensional bandwidth h
yields the following convergence rates.

o If Bo < f33, then

logT  __28
sup E|fnr(z) — w(@)[2] < o —om) Fati2,

(a,b)ex



e [f otherwise By = B3, then

28
sup E[‘ﬁ-th(z) - 7T(£L‘)|2] < C(f)253+3_2'
(a,b)eS

We underline that, with the notation E, we always mean the expectation with respect to the
invariant measure 7 linked to the coefficients (a, b).

In the isotropic context we have, in particular, B3 = /3, where 3 is the common smoothness
over the d directions. The convergence rate we derive is therefore the same as in [23], being equal

to (L)7FHas,

The asymptotic behavior of the estimator and so the proof of Theorem 1 is based on the stan-
dard bias -variance decomposition. Hence, we need an upper bound on the variance, as in next
proposition.

Proposition 2. Suppose that A1 - A2 hold for some amin, ag, a1, by, b1, C and p; that d > 3 and
that m € Ha(B,L). Suppose moreover that B1 < ... < B4, and let kg = max{i € {1,...,d} | p1 =
o= B} If o is the estimator given in (6), then there exist , ¢ > 0 and Ty > 0 such that, for
T > Ty, the following hold true.

o I[fkg=1 and po < B3 or kg = 2, then

(10)

o [fky >3, then

Var(ip,r(zr)) <

(11)

o If otherwise kg = 1 and B2 = B3, then

1

(&
VaT’ ﬁ' X <<——.
( h,T( )) = T\/%leél hl

Moreover, the constants ¢ and Ty are uniform over the set of coefficients

(a, b) S 2(5, E, amin7a07a17b05 bla éa ﬁ)

We first of all shed light to the fact that, in the right hand side of (10), it would have been
possible to remove the contribution of no matter which two bandwidths. We arbitrarily choose to
remove the contribution of the first two as h; and hy are associated, in the bias term, to 8 and
B2. Indeed, as we order the smoothness, $; and (2 are the smallest ones and so they provide the
strongest constraints.

One can remark that the bound on the variance for Sy < P3 in the proposition here above is
the same as the one for jump diffusion processes (see Proposition 1 in [3]). The reason why it
happens is that both propositions rely on the exponential S-mixing of the considered process and
on a bound on the transition density. Comparing Lemma 1 with Lemma 1 of [7] it is possible to
see that the upper bound for the transition density associated to a jump-diffusion consists in two
terms: one derives from the gaussian component while the other is due to the presence of jumps.
It is worth noting that in our computations the contribution of the second is always negligible
compared to the one coming from the first.

We now study the behaviour of our estimator in low dimension. In particular for d = 2 the
following theorem holds true.



Theorem 2. Suppose that d = 2. Consider 0 < amin < ag, a1 > 0, by > 0,b1 > 0, C, j and

= E(b’,ﬁ,amimamahbo,bl,é,ﬁ). Then, there exist ¢ >0 and To > 0 such that, for T > Ty,
the optimal choice for the multidimensional bandwidth h yields the following convergence rates.
logT'

sup E[\ﬁh,T(x)—w(m)|2]< T
(a,b)ex ~

To conclude the part regarding the upper bounds on the mean squared error associated to
our estimator (6) when a continuous record of the process is available, we are left to discuss the
mono-dimensional case. It is known that, under our hypothesis, the proposed kernel estimator

achieves the parametric rate = and such a rate is optimal (see for example [44] or Theorem 1 in
[43]).

4 Lower bounds

One may wonder if the convergence rates found by using kernel density estimators are optimal or
if it is possible to improve them by using other density estimators. We aim at showing that the
convergence rates found in Theorems 1 and 2 are optimal. We will focus first on the case d > 3.
In order to do that, we will start computing a lower bound in a general case. After that, we will
show it is possible to improve it, up to ask 2 < Ss.

We can write down the expression of the minimax risk for the estimation, at some point zg,
of an invariant density m belonging to the anisotropic Holder class H4(f,2L). Let zg € R? and
3(B, L, amin, a0, a1, b, b1, C, p) as in Definition 2 here above. We define the minimax risk

R (B, L, Gmin, ag, a1, bo, br, C, p) := inf sup i E[(7r(z0)—m(ap) (20))?], (12)
T (a,b)€S(B,L,amin,a0,a1,b0,b1,C,5)

where the infimum is taken on all possible estimators of the invariant density, based on X; for
t € [0,7]. The following lower bound will be showed in Section 5.

Theorem 3. Let = (B1,...,B84), 1 <1 <--- < Ba, B2 >2, L= (L1,...,La), Li > 0. Consider
0 < amin < ag and a; >0, bg > 0,by > 0. Then, there exist C, p, ¢ > 0 and Ty > 0 such that, for
T 2 TO; _

2833

~ 1.
Rr(B, L, amin, ao, a1, bo,b1,C, p) > C(T)wﬁd’z-

Theorem 3 implies that, on a class of diffusions X whose invariant density belongs to Hq(8,2L),
___Bs
it is not possible to find an estimator with a rate of estimation better than 7' 283+d-2 |

Comparing the result here above with the second point of Theorem 1 we observe that the conver-
gence rate we found in the lower bound is the same as the in upper bound, when S5 = 3. When
B2 < Bs, instead, it is possible to improve the lower bound previously obtained, as gathered in the
following theorem. Its proof can be found in Section 5.

Theorem 4. Let § = (B1,..-,84), 0 < 1 < -+ < Ba, P2 > 2, and P2 < PB3. Moreover,
L=(Ly,...,L4q), L;i >0. Consider 0 < amin < ag and a; >0, by > 0,b1 > 0. Then, there exist

C, p, ¢ >0 and Ty > 0 such that, for T > Ty,

logT', __26s _

RT(67£7amin7a07a17b07b17é7p~) Z C( )233+d72' (13)

We will see that the condition B2 < B3 is crucial in order to recover a logarithm in the lower
bound. Comparing the lower bounds in Theorems 3 and 4 with the upper bounds in Theorem 1 it
follows that the kernel density estimator we proposed in (6) achieves the best possible convergence
rate.

It is possible to ensure an analogous lower bound in the bi-dimensional case, which ensure the
optimality of the convergence rate found in Theorem 2.



Theorem 5. Letd =2, 3 = (81,62), 0 < B1 < Ba, B2 > 2, L = (L4,L2), L; > 0. Consider
0 < amin < ag and a; >0, bg > 0,b1 > 0. Then, there exist C, p, ¢ > 0 and Ty > 0 such that, for
T > T,
logT

T ):

RT(57£7amin7a07a17b07bl7éap~) Z C(

We deduce that also in the bi-dimensional case the estimator proposed in (6) achieves the best
possible convergence rate.

5 Proofs upper bounds stated in Section 3

This section is devoted to the proof of all the results stated in Section 3, about the behaviour of
the estimator proposed in (6), assuming that a continuous record of the process X is available. As
Theorem 1 is a consequence of Proposition 2, we start proving Proposition 2.

5.1 Proof of Proposition 2

Proof. In the sequel, the constant ¢ may change from line to line and it is independent of T.
From the definition (6) and the stationarity of the process we get

T T
Var(wpr(z)) = %/0 /0 k(t — s)dtds,

where
kE(u) := Cov(Kp(z — Xo), Kp(x — X4)).

We deduce that -
1
Var(inn(@) < ~ / 1 (s)|ds.
T 0

We want to use different way to upper bound the variance, relying on the bound on the transition
density gathered in Lemma 1 and on the mixing properties of the process as in Lemma 2. Hence,
we split the time interval [0, 7] into 4 pieces:

[0,T] = [0,01) U[d1,02) U [d2, D) U [D, T,

where 61, 2 and D will be chosen later, to obtain an upper bound on the variance as sharp as
possible. We will see that the bound on the variance will depend on kg only on the interval [d1, d2).
For this reason we start considering what happens on [0, d;) without taking into account the fact
that ko can be larger or smaller than 3.

e For s € [0,01), from Cauchy -Schwartz inequality and the stationarity of the process we get

|k(s)| < Var(Ky(x — XO))%Var(Kh(ac - XS))% =Var(Kp(z — Xp)) < /Rd(Kh(z — y))zﬂ(y)dy.

As m € Hy(B, L), its infinitive norm is bounded. Using also the definition of K given in (6) it

follows c

d
Hl:l hy

o 051
/O 4 < e (15)

e For s € [01,02), taking d; < 1, we use the definition of transition density, for which

[k(s)] < (14)

which implies

K < [ Kala =)l [ Rae =) lps(o. )i/ w0y

We now act differently according on the value of ky. If kg = 1 and By < B3 or kg = 2, then we
introduce g¢s(v5..-y5|y1, Y5, y) as below:

2 12
‘?/1_?// | ‘?}2 -y5 |
o r—n1lm — Ao Y2 Y2l”

1
qs(yéy/d|y/1;yé,y) =€ s X e 5 X ﬁe

_ \yg—y;’;lZ 1 _ Iyd—y,’ilz
Ao =5 X .o X —=e NS
S



From Lemma 1 we know it is
/ Co / AT
Ps(y:y') < 0s(Y3--Yalyr. 2. y)-

Let us stress that

sup  sup / as(Y3---Yaly1, Y2. y)dys...dyg < ¢ < oo. (16)
s€(0,1) y1,yb,yERI+2 JRA=2
Then,
co
|k(s)| < ;/d IKn(z —y)| /d IKn(x —y")las(ys--valyr, ya, y)dy' 7 (y)dy. (17)
R R

Using the definition of K, and (16) we obtain

/d IKn(x — y")lgs(ys--valy1, y2, ) dy'
R

c 1 Y1 — 2 / 1 Yy — T2 / AN ’ AN,
<—— | —K —K s (Y Yalyl, vh, y) dys...dyl) dyh d
<o /R KT L KU 45 Waevalyns v, y)dys.--dya)dyz dyn

c 1

—_— yi 1 / 1 yé — T2 / /
< K 2K d d
- szg h; /R hy ( h1 ) & ho ( Ry )dys dyy

c
< ——.
Hj23 h;

It is worth underlining that, here above, it would have been possible to remove the contribution of
no matter which couple of bandwidth. We choose to remove hy and hy because they are associated,
in the bias term, to the smallest values of the smoothness (5 and (2) and so they provide the
strongest constraints.

It implies that, when kg = 1 and 2 < B3 or kg = 2, we get

c 1
[O[p—— -
HjZS hj S
and so 5 )
[ s < [t L - st lostd) o
51 51 Hj23 h; s szs h;

where the constant ¢ does not depend on the coefficient (a,b) € ¥. We now consider what happens
on [§1,02) when kg > 3 or kg = 1 and 2 = f3. In analogy to what done before we introduce
@s(Ypys1---YalY1s -+ Yy, » ¥) which is such that

1 —ul 12 Wk — U |2 [Wkgt1— Yy 4112 yg—v?
_)\O\m vl g ko 0 1 — Ao kot1T o+ 1 _)\0\ dsd\

/ / / /
=e s X...Xe E X —e X...X—¢
CIs(yko-H yd|y17 aykovy) \/g \/g
Using again Lemma 1 we can write

/ _ko / !, /
ps(yay ) < Cos 2 qs(yk0+1"'yd|yla "'aykovy)

and as before we have

/ / / / / /
sup sup / @5 (Yot 1---YalY1s -+ Yo » ¥) AYpog41---AYy < € < 00,
5€(0,1) 1,y yERITFO JRIF0

Acting as in (17) and below it follows

k,
k) < o™ [ Baa =)l [ 1Ku@ =)k el ey 0) w0y (20

k 1
< csffo

2 -
Hl2k0+1 hy



Hence, when kg > 3, we have

52 62 k
/ Ik (s)|ds < L/ s Fds< — ¢ 5 F (21)

51 [liskgs fu Js, T I iskgs1
We remark that, for kg = 1, the reasoning here above still applies. However, as 1 — % = % is now
positive, we obtain
02
¢ 1
|k(s)]|ds < 63. (22)
/61 lez hy

As the bound no longer depends on d;1, we can choose to take §; = 0.

e For s € [62, D) we use the same estimation for any value of kg, but for kg = 1, B2 = 3. We still
consider the bound on the transition density gathered in Lemma 1. Such a bound is not uniform
in ¢ big. However, for t > 1, it is

pe(y,y) =/ Pi—1(y, 2)pi(z,y)dz
Rd
R C

< c/ p_1(y,2)dz < c.
Re 2

We deduce, for all ¢,

y—y'|?
pe(y,y) < ot e T e (23)
It follows
_4
kol <e [ Kata=w)l [ il =)l + Day'(u)ay (24)

< c(s_% +1).

We therefore get

vl

D
/ le(s)|ds < e(65.~F + D). (25)

02
When ky = 1 and 2 = f3, instead, we act analogously we did in the previous interval in order to
get (20). We choose to remove, in particular, the contribution of the first three bandwidths. We

obtain, Vs € [0, D),
1

sz4 hi

where the final constant comes from (23), as now s can be larger than 1. It follows

k(s)] < e(s™% +1), (26)

p 1
/52 ol < e + D). (27)

e For s € [D, T] we exploit the mixing properties of the process, as stated in Proposition 1. The
following control on the covariance holds true:

1
p )Qe—ps7

k()] < c|[Kn(z — )% e < cf
=1 Ny

oo

for p and ¢ positive constants which are uniform over the set of coeflicients (a,b) € X. It entails
4 1
/ |k(s)|ds < c(di)Qe*pD. (28)
D Hj:l h;
We now put all the pieces together. For kg = 1 and By < 83 or kg = 2 we collect together (15),
(19), (25) and (28). We deduce

Var(inr(z)) <

(

b (Jlog(80)] + log(8)) £ ) F + D4 (=2 P). (20)
1 2 .
[T Issh ’ [T by

Nlo

10



We now want to choose 1, d2 and D for which the estlmatlon here above is as sharp as possible.
To do that, we take 01 := hiha, d2 == ([[;53 7y )d z and D : [max(—%log(ngzl h;),1) A TY.
Replacing them in (29) we obtain

d
c 1 Z i=1 | IOg(hj)|
Var(ip,r(z)) < =( + =2 + > |log(hj)|+1)
T sz3 hj sza hj Hg>3 J Z
d
< EZ;‘:1 | log(hy)
- T ngs hj

If otherwise kg > 3, we consider (21) instead of (19) which, together with (15), (25) and (28)
provides

ko
. c 51 6177 1—4 1 9 —»D
Var(inr(z)) < 7 ( + +0y 2+ D+ (=g—)%e ). (30)
T e skera b [T by

We observe that the balance between the first two terms is achieved for d§; := ( fil hl)% Then,
we can choose d2 = 1. We moreover take D := [max(—% log(l_[;l:1 hj),1) A T], as before. It yields

(P )™ 1 1
T Ihizi T ?i1hl)liﬁ(nlzko+1hl)

)

as we wanted.
To conclude, by (22) with §; = 0, (27) and (28) we have proven that when kg = 1 and 82 = 83 we
have

) ¢ o3 1 1 o
Va?”(TFh’T(‘I)) < f h + — + D + (di) e P )
M2 6 [Ty [[i=1h
E( vV hghg + 1 ) - E 1
T T Lzl VhehsIlisali” T Vhehs[]sy
where the last estimation follows by having chosen d := hohs. The parameter D is moreover chosen

as above. Remarking that all the constants are uniform over the set of coefficient (a,b) € ¥, the
result is proven. O

5.2 Proof of Theorem 1

Proof. From the usual bias-variance decomposition it is
Ellftnr(2) = n(2)]’] < |Elfnr(@)] = 7()]* + Var(in,r(z)).

An upper bound for the variance is gathered in Proposition 2. Regarding the bias, a standard
computation (see for example the proof of Proposition 1.2 of [63] or Proposition 1 of [21]) provides

d
Bl ()] = (@) <Y n7, (31)

with the constant ¢ that does not depend on x, nor on (a,b) € X.
The result is then obtained by looking for the balance between the two terms.
We start considering the case where kg = 1 and 82 < (3 or kg = 2. Thanks to Proposition
2 we know the bound (10) holds true. After simple computations (as in the proof of Theorem
1 of [3]) it is easy to see that the balance is achieved by choosing the rate optimal bandwidth
h* = ((%)al, ceny (%)“‘1), with

s g P (32)
B1(263 +d —2) B2(263 +d — 2)

11



and B

_ B
Bi(263 +d —2)

Replacing the value of h* in the upper bounds of the variance and of the bias we get

al vie{3,..d}. (33)

logT .28
E{|#7(2) - 7(2)?] < o Zom) Fsi

with the same constant ¢ for all (a,b) € X.
When ky = 1 and 3> = B3 the bias-variance decomposition consists in

c 1

d
E[|7nr(z) —7(z)*] < e Ry S -
‘; ! T mnlz4 hl

As By = B3 we choose hy = hg, such that the upper bound on the variance gathered in Proposition

2 becomes simply %ﬁ Then, similar computations as above implies that the balance is
>3

achieved by choosing h*(T) := ((£)*, ..., (%)), with a; as in (32), as = a3 with a; as in (33),

for j > 3. It yields

283
sup B[, r(x) — m(@)’] < e(7) 2.
(a,b)ES T
Assuming now that ky > 3, we have
¢ 8 c 1
El[#nr(x) = m(@)’] < e h) + = )
j=1 ! Thlo (Hlengl hl)
where we have already chosen to take h; = hy = ... = hg,. We now look for the rate optimal
bandwidth by setting h; := (%)“l and searching a1, ag,+1, .. , aq such that the bias and variance

are balanced. It consists in solving the following system:

a1 = a5 vl € {k‘o-i-l,...,d} (34)
1-— al(ko - 2) - ZlZ’fo-f—l a; = 2&161.
As a consequence of the first d — kg equations, we can write
_ b
a; = 6—a1, vie{ko+1,..,d}. (35)
1
Hence, the last equation becomes
1
28101 = 1 — a1 (ko —2) — Brax Y 3 (36)
I>kot1 1t
d—Fk
=1—ai(ko —2) — fra1— 2,
Bk
where 3, is the mean smoothness over By, 41, ... , B4 and it is such that Bik = ﬁ > iket1 é
We also observe that, as é = Tiz 2123 é, it is
ko—2 d-—k d—2
LAV (37)

B1 B B3

Hence, (36) can be seen as
d—2
261 =1 —a1pr——,
Ps

which leads to the choice B
B3
B1(2B3 +d —2)

a; =

12



Thanks to the first d — kg equations in the system it follows
_ Bs

aq = ————————

Bi(263 +d —2)

Plugging the rate optimal bandwidth A* in the bound of the mean squared error and recalling that
the constant ¢ does not depend on (a,b) € X, we obtain

vie {ko+1,..d}.

) ) 1,28
sup B[, r(z) — m(2)7] < e(7)2s+72,
(a,b)ex

as we wanted. O

Remark 1. As the situation is complicated, it is worth highlighting how the optimal bandwidths
depend on the smoothness.

o When By < B3, h1 and hs are arbitrarily small while hs, ... , hq are fized. In this case there
is the logarithm in the rate.

e When By = B3 we have two possibilities for the bandwidths, depending on (1. In both cases
we remove the logarithm in the rate.

— If B1 < B2, then hy can be arbitrarily small while ho, ... , hq are fized.

— If B1 = Ba, then all the bandwidths hy, ... , hq are fized.
It is interesting to see that when we have two degrees of freedom on the bandwidths it is impossible to
remove the logarithm in the convergence rate, while having one degree of freedom on the bandwidths

s enough to modify the convergence rate: it is the same it would have been without any degree of
freedom on the bandwidths.

5.3 Proof of Theorem 2

Proof. The proof relies, as before, on the bias-variance decomposition. Concerning the bias, (31)
still holds true. We need to provide an upper bound on the variance, based on Lemma 1 and
Proposition 1, as before. The main difference compared to the proof of Proposition 2 is that we
now split the integral over [0, T] in three pieces:

[0, 7] = [0,6) U[5, D) U [D, T),

where 6 and D will be chosen later. On the first and on the last piece we act as in the proof of
Proposition 2 and so (15) and (28) keep holding. Regarding the interval [, D), we act on it as we
did on [d2, D). From (24), recalling that now d = 2, we obtain

D D
/ |k(s)|ds§c/ (s7' +1)ds < ¢(|log D| + | log 6| + D).
5 5
Putting all the pieces together we get

1
+|1ogD|+|log‘5|+D+(7h " )2e=rP)
1 ho

C
X _c
Var(7p,r(z)) < T(h1 "

IN

2 2

C

7 (14> loghy| + 3 [log(| log Ay )
j=1

j=1

2
< CZ]‘:1 | log hy|
— T 9

where we have opportunely chosen 6 = hi1hs and D := [max(—% log(hy ha),1) AT]. Tt follows

2 28 28 022':1 | log h

Bllfnr(2) = 7(@)P) < b + ehde  “2EL 2B
To conclude it is enough to observe that the optimal choice for the bandwidth consists in taking
hj = (k’%T)‘”, with a; > ﬁ for [ = 1,2, which provides the wanted convergence rate. O
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6 Proof of the lower bounds stated in Section 4

This section is devoted to the proof of the lower bounds, as stated in Section 4.

6.1 Proof of Theorem 3

The proof of Theorem 3 is based on the two hypothesis method, as explained for example in
Section 2.3 of Tsybakov [63] and follow the standard scheme provided in Section 6 of [3]. We
start by making explicit link between the drift and the stationary measure. Then, we provide two
priors depending on some calibration parameters and, to conclude, we find some conditions on the
calibration such that it is possible to prove a lower bound for the minimax risk introduced in (12).
First, remark that if a drift b belongs to the class of coefficients X(8, £, amin, o, a1, bo, b1, C, p)
then it is possible to check that the translated drift z — b(a+h) belongs to (8, L, amin, ao, a1, by, b1, C~’/27 0)
with p/ = max(p + |h|, 2|h|%) As a consequence, it is sufficient to prove the theorem in the
case where xg = (0,...,0), and the general case can be deduced by translation. A second re-
mark, is that if X is solution of (3) where the coefficients (a,b) satisfies Al with the constants
(@min, a0, a1, b, b1), then the diffusion ¢ a;lilnXt satisfies the assumption Al with the constants
(1, a0/ @min, @1, b0/ @min, b1). Hence, it is possible to assume without loss of generality that ami, = 1.
In the proof, we will lower bound the risk on the subclass of model (3) given by the following
simpler stochastic differential equation, for which the diffusion coefficient a = ;x4 is constant :

and where b is any drift function such that (Izxq,b) € (8, £, 1, ag, a1, by, by, C, p).

Proof. e Explicit link between the drift and the stationary measure.
We first of all need to introduce A, the generator of the diffusion X solution of (38):

1 & o2
_ - bz
2 ijzzl axiaxj )+ Z aml (39)

We now introduce a class of function that will be useful in the sequel:

z;—Fo00

C::{f:Rd%R,feCQ(]Rd) such that Vi € {1,...,d} lim f(z)=

lim 0 f(z)=0and fx)dz < oo} .
Rd

x;—+too axz

We denote furthermore as A* the adjoint operator of A on L?(R? dx) which is such that, for
f9€C,

A f(x)g(x)dx = / f(x)A*g(
The form of A* is known (see for example Lemma 2 in [3] remarking that, in our case, the discrete

part of the generator A is zero and so we do not have its adjoint in A*):

. d 89
Atg(x) = &ng Z 5‘% b, Z_( ).

If g : R* — R is a probability density of class C2, solution of A*g = 0, then it can be checked by
Ito’s formula it is an invariant density for the process we are considering. When the stationary
distribution 7 is unique, therefore, it can be computed as solution of the equation A*7m = 0. As
proposed for example in [3] and in [26], we consider 7 as fixed and b as the unknown variable.
We therefore want to compute a function b = b, solution to A*g = 0. For g € C and g > 0, we
introduce for all z € R? and for all i € {1, ...,d},

1 0

1
g(x) 2 0x

by () = (@) (40)

14



and by (x) = (b (), ..., b(x)). It is enough to remark that, for b} (x) defined as above it is

o bt 1 10% b () dg
9y _+ 1079, Y
Ox; T = g(z) 2 0x2 (z) g(x) dz; (z)

(41)

to see that the function b, here above introduced is actually solution of A*g(x) = 0, for any « € R
We know that 7 is solution to A*w(x) = 0 for b = b, and so it is a stationary measure for the
process X whose drift is b,. However, if b, satisfies A1-A2 then, from Lemma 2, we know there
exists a Lyapounov function and that the stationary measure of the equation with drift coefficient
by is unique. It follows it is equal to .

Hence, we need b, to be a function satisfying A1-A2. We introduce some assumptions on m for
which the associated drift b, has the wanted properties.

A3: Let 7 : RY — R a probability density with regularity C? such that, for any = = (z1,...,24) €
RY 7m(z) = ¢, H?:l mi(x;) > 0, where ¢, is a normalization constant. We suppose moreover that
the following holds true for each j € {1,...,d}:

—_

limy 400 mi(y) = 0 and limy 400 7% (y) = 0.

2. There exists € > 0 and R > 0 such that, for any y : |y| > %,

2(y)
j(y)

3. There exists a constant c¢; such that, for any y € R,

i (y)
i (y)

3

< —ésgn(y).

3

| <e.

4. There exists a constant ¢y such that, for any = € R,

0%m
0% (@) < camle)

The properties listed here above have been introduced in order to make the associated drift function
satisfying A1-A2 so that, up to know that m(, ) € Ha(B3,2L), it would follow (I4xq,b) € X. It is
easy to see from the definition of b, given in (40) that, having 7 in a multiplicative form, we get

_ Lmi()
2 7T'l(ZZ?z)

|§%::I;Oa

b7 ()]

where we have used the third point of A3. The drift function is also clearly lipschitz. Moreover
from (41), the third and the fourth points of A3 and the just proven boundedness of b, we have

b S
7‘—(£ZE)| S Cl +Clb0 =: bl.

| ami 2

In order to show that also the A2 holds true we need to investigate the behaviour of z;b% (x). From

the second point of A3, which holds true for any ; such that |z;| > %, it is

~

I .
BT e gn(e) = — il

xlb;(x) = <-3

~—

2 ﬂi(l‘i
Using also the boundedness of b% showed before, it follows

d d d
x-be(xz) = leb;(ac) = Z xbt () + Z z;b ()
1=1 wi:|azi|>% wi:\wi\g%
d R
<= Y |ml+—=e< —alz|+ e

Vd

zi:|mi|>%

15



where the last inequality is a consequence of the fact that, for |x| > R, there has to be at least
a component z; such that |z;| > %. Hence, we can use the sup norm and compare it with the
euclidean one. Moreover, as |z| is lower bounded by R, it exists a constant C; > 0 such that

—c1|z] + 2 < =Ch|z|.

The proposed drift b, is therefore a bounded lipschitz function that satisfies A2, up to know that
on the linked invariant density the properties gathered in A3 hold true. In the next step we propose
two priors with the prescribed properties.

e Construction of the priors.

We want to provide two drift functions belonging to (3, £) and, to do it, we introduce two prob-
ability densities defined on the purpose to make A3 hold true. We set 7(9)(z) := ¢, ]_[Z:1 Th0(Tk)s
where ¢, is the constant that makes 7 a probability measure. For any y € R we define
Tk0(y) := f(nlyl), where

eIl if || > 1
fl@):=¢ele!] ifl<lz[<1
1 if [z] < 3

and 7 is a constant in (0, %) which plays the same role as € did in A3, as it can be chosen as small
as we want. In particular we choose 1 small enough to get 7(9) € H4(8, L£). Moreover, we assume
f to be a C™ function that satisfies | f(¥)(z)| < 2e~1®l for k = 1,2.

It is easy to see that my satisfies A3, as it is clearly positive and in a multiplicative form. The
first point holds true by construction. We observe then that, for y such that |y| > %, we have
Wg»,o(y) = —nsgn(y)m;o(y) for any j € {1,...,d}. Therefore, point 2 of A3 is satisfied for y such

that |y| > %, up to take R := %.

Regarding point 3 of A3, it clearly holds true for y such that |y| > % and |y| < % for what said
before and as the derivative is zero, respectively. When ﬁ < |yl < %, point 3 of A3 is satisfied

thanks to the condition |f/(x)| < 2e~1*l. An analogous reasoning can be applied to ensure the
validity of the fourth point of A3

As 70 is an invariant density belonging to Hq(f,2£) and satisfying A3, the associated coeffi-
cients are such that (Idxd,b(o)) € X(p, L, l,ao,al,?)o,l;hChR) C X for some C, p, with bo, b1, C1
and R as above. To provide the second hypothesis, we introduce the probability measure 7(1). We
are given it as 79 to which we add a bump: let K : R — R be a C° function with support on
[—1,1] and such that

K(0) =1, /1 K(z)dz = 0. (42)

We set

d xr; — ,Il
ﬂ(l)(x) — 70 (z) + MLT ll;[l[(( ;ll(T)O)’ (43)

where zg = (2}, ...,2d) € R? is the point in which we are evaluating the minimax risk, as defined
n (12), My and hy(T) will be calibrated later and satisfy My — oo and, VI € {1,...,d}, h(T) — 0
as T — oo. From the properties of the kernel function given in (42) we obtain

/ =W (z)dx :/ 7O (z)de = 1.
R R

Moreover, as 7(®) > 0, K has support compact and ﬁ — 0, for T big enough we can say that

71 > 0 as well. The fact of the matter consists of calibrating Mt and h;(T) such that both the
densities 7(?) and 7(1) belong to the anisotropic Holder class Hq(,2£) (according with Definition
2) and the laws P(®) and P() are close.

To do that, we need to evaluate the difference between the two proposed drifts. We introduce the
following set of R%:

K = [zh — hi(T), zd + by (T)] X ... x [z — ha(T), 28 + ha(T)].

Then, for T' large enough,
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1. For any = € K% and Vi € {1, ...,d}: bgl)(ac) = bz(-o)(x).

2. For any x € Ky and Vi € {1, ...,d}: \bgl)(x)—bgo)(xﬂ < = 2?21 1~ where c is a constant
independent of T '

Before proceeding with the proof of these two points we introduce some notations:

v x—xl
Flle) = (el dr)i= a0 - 100 = o TR,

As the support of K is in [—1,1], for any z € K¢ both dr(z) and its derivatives are 0 and, in
particular, 7(9) (z) = 7)) (z). We can therefore write, using the linearity of the operator I?,

1

b(l)( ) ﬂ(())( )

I [W(O)](x) +

I'ldr)(z) = b\ (x) + I'ldr)(z) = b (x).

_1 _
7O (z) 70 (z)
Regarding the second point here above, we observe that on K1 we have

20 _ ()

1 - dr 0 1 =
5wl 7O+ ——Fldy] = b0 4 — Fi[dr].

W_po _ b b s oy, Lo
b (@ = ( Vi[O ——Fi[dy] = 5 i m

D 70 e
For how we have defined 7 = 7(9 4 dp, we see first of all it is lower bounded away from 0.

Moreover we know that 7(?) satisfies Assumption A3 and so bl(-o) is bounded. Furthermore, we
have the following controls on dp:

1
hj(T) '

odr
ldr|lo < H

Ox;

o0

It follows that, for any x € K,

1 0, € : L1
b — ,
| zz: J MT ; hj(T)

where the last inequality is a consequence of the fact that, Vj € {1,...,d}, h;(T) — 0 for T — oo
and so, if compared with the second term in the equation here above, all the other terms are
negligible.

Then, it is possible to show that also (Igxq,b")) belongs to ¥, up to calibrate properly My
and h;(T), for ¢ € {1,...,d}. We recall that we already know that b satisfies A1-A2. Due to

points 1 and 2 above also b(1) is bounded, up to ask that Z] 1 h R = = o(Mr). Remark also that

we have < bV (z), z >< —C|z| for |z| > j for T large enough, using that b and b(®) coincide on
K. Moreover, after some computations we have

|00 =) < gl + X ldrl Ha{;z;

ye{z1,...,xq}

1 odr 62dT

iy Hay > o
y/G{r Ta} >

v,y €{z1,...,xa}

odr
oy’

N

»—ll\')‘ o

Hence, to get that HVb(l)H < by it is sufficient that

c 1
My h? (45)
for T going to co. Furthermore, requiring that
1
— < ehy(T)% Vie{l,..,d}, (46)
My
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it is easy to derive the Holder regularity of 7(1) starting from the regularity of 7(%), as proved for

example in Lemma 3 of [3]. It follows that, under condition (46), (which implies also Z‘;:l > %T) =

o(Mr), as 3; > 1 for any j) and (45), both (Iyxg4,b®) and (Igxa, b)) belong to .

e Choice of the calibration

Before we keep proceeding, we introduce some notations. We denote as Py (respectively P;) the law
of a stationary solution (X;)s>0 of (38) whose drift coefficient is b(®) (respectively b(*)). Moreover
we will note IP’((JT) the law of (X¢);c(0,7], solution of the same stochastic differential equation as here
above. The corresponding expectation will be denoted as EEZ)Xd’b@) (respectively ]EEZ)xd,b“)))'
To find a lower bound for the risk we will need to use that there exist C' and A > 0 such that, for
all T large enough,

1
By (2" > D)= ¢, (47)
(T)
where we have introduced the notation Z(T) : P(T) To ensure its validity it is enough to remark

that the proof of Lemma 4 in [3] is the same even in absence of j jumps. Hence, we know (47) holds
true if

supT/Rd\b(l)( ) — b (2) 27 (2) dz < .

T>0

From points 1 and 2 above, it is equivalent to ask

sup T H h (T

S
ISH

sup T (48)

T>0

Then, as (Igxq, b)) and (Idxd,b(l)) belong to Y, we have

. 1 N 1 -
R(r(20)) > SE() o [(Fr(wo) = 7 (@0))?] + SE() o [(Fr(wo) — 7O (20))?]

2 2
1_ _ 1 1 -
2 §Egzd)xd,b<o>)[(7TT($0) - W(l)(l‘o))ZZ(T)] + EEEId)Xd,b(O))[(ﬂ'T(IO) - (20))?]

(1)

v

1 N N
= 53 Bl o [(Fr(20) =70 (20))* + (Fr (w0) — 7 (20))* L 7 31
for all A > 1. We remark it is

7 (ag) — 70 (29) 1
2

(77 (20) — 7 (20))? + (Fr(20) — 7 (20))? > (

and so we obtain
1

R(7r(z0)) > 87\(77(1)(%) — W(O)(mo))Q}P’gT)(Z(T) >

) >, (49)
T

> =

where we have used (47) and that, by Construction, 7 (z0) — 7O (z) = N% H;j:l K(0) = ﬁT

M2 , subject to the constraints (46) and (48). To do

that, we suppose at the beginning to saturate (46) for any j € {1,...,d}. From the order of 5 we
obtain

Hence, we have to find the largest choice for

I (T) = ho(T) % < ha(T) < ... < ha(T). (50)

We plug it in (48) and we observe that the biggest term in the sum is % In order to make

it as small as possible, we decide to increment hq(T") up to get hq(T) = ho(T), remarking that it
is not an improvement to take hy(7') also bigger than ho(T") because otherwise % would

be the biggest term, and it would be larger than %%(T) for hq(T) = ho(T). Therefore, we take

hi(T) = hao(T) and hy(T) = (ﬁ)% for I > 2. With this choice (45) is always satisfied as 8y > 2.

Moreover, we have
1 1 d=2
[[m(®) = ()™ F = ()%
My
1>3

- 1 -
ﬁE(Idxd,bw))[(ﬂT(IO) - W(l)( 0)) 1{z(T>> L }} E(Z)Xd b(o>)[(7rT(»T0) - W(O)( 0))? 1{z(T)



And so condition (48) turns out being

1 d—2
supT e th —SupT (MT) Az < ¢
T1>3
B3

It leads us to the choice M7y = T'28s+d-2 It implies

2 B3

R(r(zo)) 2 ()72,

as we wanted.

6.2 Proof of Theorem 4

Proof. Following the same ideas as in the proof of Theorem 3 we construct a prior supported by two
different models corresponding to two drift functions 5(9) and "), and with associated stationary
probabilities 7(°) and 7#(). However, the shape of the bump used in the construction of 7(1), given
below by (54), is different with the one used in the proof of Theorem 3 and defined in (44)

In the construction of the prior, the first two components are treated differently than the other
ones. For this reason, we introduce cylindrical coordinates (r,0,xs,...,z4) that translates into
the Cartesian coordinates (r cos(6),rsin(6), z3,...,xq). We recall the expression of the Laplacian

in cylindrical coordinates Am = %% (rg—:) + T12 602 + Zk 3 a 2 and of the divergence operator

Vg =100 4 106 4 sl 2K where € is the vector field 5 = 6@ + £y + Y04 £1E, with
&, = (cos(f),sin(0),0,...,0)T, 69 = (—sin(#),cos(0),0,...,0)T, and (€x)k=1... 4 is the canonical
Cartesian basis of R?. For 7 smooth stationary probability of the diffusion dX; = b(X;)dt + dW;

the condition Aj7 = 0 can be written as

%Aw — V- (xb) =0 (51)

which yields in cylindrical coordinates to

10 or 1 0%r 4 o92r 1 6‘(r7rbr) 7rb9 ka
ror (r&")+7“2 00° +207,3*? o Z "

Given a stationary probability m = 7(r, 3,...,24) > 0 independent of 6, we see that the drift b
solution of (52) is given by b = b, + bgép + >0, b€, with

)

w Or

1 om (53)
b, = Vk > 3.

T 83319

e Construction of the priors. As in the proof of Theorem 3, the prior is based on two points
(7 7(T)). First, we define 7(?). Let 1 : [0,00) — [0,00) be a smooth function, vanishing on
[0,1/2] and satisfying ¢(x) = x for > 1. We let

W(O)(T» x3,...,&d) = Cy e~ () H e~ (ekl)

S RA—2 7O (r, 25, ..., xq)r drdfdzs . ..dzy = 1. Remark
that for n — 0, we have ¢, = O(n?). Using that ¢ has bounded derivatives and vanishes near
0 one can check that (z1,...,24) — 7O (y/2? + 22, 23,...,24) is a smooth function and that

H - (/23 + 22, 23, .. ,:Ed)H = O(c,) = O(n?) for all 1 < k < d and [ > 0. Hence, we can

where 1 > 0 and ¢, is such that f[o ) x [0,27)

Choose n small enough such that 7(9) ¢ Ha(B,L). The drift function b associated to 7(® given
by (53) is such that b (r,z3,...,2q) = —m'(r) = —yif r > 1 and b;ﬁo) (r,z3,...,2q) = —nsgn(zk)
for || > 1. By computation analogous to the ones before, there exists C' > 0 and p > 0 such that
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< b (z),z >< —Clx| for > j. Moreover, ||b(O H + ||Vb O)H (n). Hence, if n is chosen

small enough, (Lixq, b(o)) 6 3(68,L,1,a0,a1,b0/2,b1/2, C, p) C E(ﬂ L 1, a9, a1,bo, b1, C, D).
The construction of 7(7) is more elaborate. We add a bump centered at 0 to 7(9). Let K : R — R
be a smooth function with support on [—1, 1] and satisfying (42). We set 7(1) = 7(9) 4 ﬁdT where

ﬂUz
dr(r, 23, .., %d) = Jppi () e (T) (T H K (54)

where 0 < Tmin(T) < Pmax(T)/4 < rmax(T) < hs(T) < -+ < hy(T) will be calibrated later and
goes to zero with a rate polynomial in 1/T. In the following we will suppress the dependence in T
of Tmin, "max, (j)3<j<a in order to lighten the notations. The function J, , ... : [0,00) = Ris a
smooth function with support on [0, 7ax| satisfying the following properties:

J,

rein T 1S CONStaNt on [0, rmin /4] and decreasing on [rmin/4, rmax) with J, (0) >1 (55)

Tmin,"max

In(rmax/7) + 1
< < _—
0 < T e (1) < € ( EYC T A 1> , (56)
Ty (1) ¢
minsTmax <
‘ or = (In(Tmax/Tmin) ) (7 A Trin) (57)
(1) c(k)
mins’ max < vk > 1 58
Fmpe ] < e ez %)

where the constants ¢ and c(k) are independent of ryin, Tmax- The existence of such function
T rmax 18 POStponed to Lemma 5, and we give in Remark 2 some hints underneath its construc-
tion. Remark that 7(1) is a probability measure for T large enough, as the mean of dr is zero and
71 is positive if T is large enough, as we assume 1/Mp — 0.

We denote by b)) the drift function associated to 7(!) through the relations (53). We now
prove the following lemma.

Lemma 4. We have,

/d bV (\fa2 + a2 23, ... xq) — 0O (/22 + 22 23, .., 24)
R

2 d
drr . dog < e—Ali=sl 5o

M2 1 (:mar)
1 1
p») _ b(O)H <« St 60
H oo = Mr | rpin In(f2e) T s hs (00)
1 1
p) _ b(O)H P D 61
HV v oo = My |17, In(Tme) * h (61)

Proof. ® We start with the proof of (59). Recalling 7(1) = 7(®) + dTT and using (53), we deduce

d od 1 od
(1) _ p0) _ T T & T s
b 4@ = Tt A4Tﬂ41>§£: Ty ry (62)

In the evaluation of the L2 norm of b() —b(®) we start by the contribution of the radial component.
From (62), we have
dr 1 odr
() _ p(0) — p(0) -
w0\ M ) T Mg

Remarking that 71 and 7(9) coincides out of the compact set Kp = {r < rmax} x [0,27] X
H?=3[fhi, h;], we deduce that b and b(®) are equal on K$. Thus,

Hb(l) — b(O)H2 = |b(1)(r z ZTq) — b (r,x x )|2rdrd9dx dx
r T 9 X r s L3y ey dd r s 3y .y dlid 3. d

C
SW

= (Il(T) + I(T)), (63)

8dT(T, T3y .. ,.’Ed)
or

2
|dT(r7$3;-~-7$d)|2+ ‘ ] rdrdfdzs .. .dxg
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where we used that 7(!) is lower bounded independently of 7" on the compact set K, for T' large
enough, and the boundedness of b(*). Using the definition of dr given by (54), and (56), we have

Tmax d ]
L(T) = / [/ (r)\zrdr/ H K(ﬂ)zdxg ...dxyg
0 a(—hihi) g T

In(7max/7) +1 2 d
— /\ 1 d h;
In(max/Tmin) ) " (g )
Tmax/ \V4 ln(rlr\ax/Ttxlltl Tmax 1 1 2
/ rdr + / (n(rmax/r) i > rdr
Tmax/\/ ]n(Tmax/Tmin) ln(rmax/rmin)

2 d—3
< c|lK|%

:m

<K T h

0

@
Il
w

2
hl T?nax + /T'max ln( ln(rmax/Tmin)) +1 rdr
1 (rmax /Tmm) T'max/w /IH(T‘max/T'min) ln(rmax /Tmin)

2 d73
<c| K|

< |22 T h

:m

@
Il
w

7’12nax + /Tmax c rdr
1 (Tmax/rmln) Tmax/\/ ln("'max/rmin) ln(rmax/’rmin)

<c||KI2Y T b _ Tme (64)

In(T'max/Tmin)

:m

@
Il
w

AA AA
=h

Using now (57),

Tmax d
IQ(T) = / |78erm7rma)(( ) |2’I”d?"/ d K( il )deg e dxd
0 [ hi,hi] i=3

2 d
< c|| K |24 3’ d hi
cl H ( In( rmax/Tmm))(r/\rmm > e (g )

Tmin 1 Tmax r
2(d—-3
el « m>mr/r»44 e L

E&

X2

Il
w

Tmax
1+1In
11’1 Tmax/rmm)) |: * (rmm ):|

gczrida(

;z& i z&

<k 2 () oo (65)
i—3 (ln(rmax/rmin))
Collecting (63), (64) and (65), we deduce
d
h;
(M _ < [Ti—s
HbT STAme) (66)

We now compute the contribution of by, for k > 3 in the L? norms of b(*) — b(®), Using (62), we
have

Wﬁ—ﬁﬁﬁxﬁ/

(1L(T) + I3(T)). (67)

(’)dT(r, T3y ... ,xd)
axk

2
|dT(r,x3,...,xd)|2—|— ‘ ] rdrdfdxs ... dzg

M2

We have to upper bound I3(T") which is the new term. From the definition of dr, we have

Tmax d
Z; Tk 2
k:/‘ mmme%M/ KO | IR GE)P d% g
0 15[ ha s H h; h

i=3

- e (n(ra/r) +1 )2 y
< HKHigd 4) HK/”io/o (H(’I’/T‘)-i— A 1) rdr <H1—3 z)

ln(rmax/rmin) h%
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where we used (57). Now by exactly the same computation yielding to (64), we have,

(d—4 2 Hz T12nax
I < IR K 255 i .
max min

Using that rmax < hg, we deduce

d
h
I < e 20 g2, Alimali (68)

 In(rmax/Tmin)

Collecting (67), (64) and (68) we get

d
hi
bV — b(O)H <o Alizshi 69
H Mz 7 In(fmex) (69)
Eventually, the upper bound (59) is a consequence of (66), (69) and bél) = bgo) =0
e We now prove (60). Using again 7(1) = 7(9) + dTT and (53), we have
ad 4 ||od
b b<0>H <= |ld ar T
| ldrl.. (Tl

By the definition (54) of dr with (55), we have ||dr||,, < ¢ and H 9dr || < < 4 for k > 3. Using

(58), we have || %2 ddr ||Oo < W The upper bound (60) follows.

e Finally, we prove (61). By (53) and 7(!) = 7(®) + £ e have after some computations

(“)d
1 _ <0>H <L{ gar
ZRERY LSl + Z ldz |
ye{r,zs,....zq}
M 0yoy’ '
Ty G{T T3, v,y €{r,zs,....za} YoYU oo

The upperbound (61) follows from ‘ aii‘égj < ¢/(hihj), % < ¢/(hirmin In(722x)) and
Haang < C/ "min Il(:f:]%)) O]

We can now discuss the conditions ensuring that (Igxgq,b(")) € E(B,L1,a0,a1,b07b17C~’7p~).
Using that J,_,, r... 1S constant in a neighbourhood of zero, we deduce that (z1,...,2z4) —

7MW (/a? + 23, 23,...,24) is a smooth function and by (54) with (58) we have

0 o c(k)
——aW (/a2 + 22, x3, .. + | (2} + 23,23, .. <— =2
afﬂlfﬂ- ( z] + X3, 13, axd) aIQﬂ- ( z] + 23, 13, axd) My ln(:.:?:)rlknina
oF c(k)
= W )2 2
T T+ x5,T3,...,24)| < , Vk>1Vvle{3,...,d}.
8% ( 1 2543 ) MThf { }
Then, the following condition is sufficient to ensure that (1) € H(,2L):
1 1
— < I (Fmax/Tmin), for [ = 1,2 and, —— < eoh?', Vi € {3,...,d}, 70
i Eormm N(Tmax /T or an S eoh, e { } (70)

for some constant £y > 0 small enough. Remark also that we have < b()(z),z >< —C|z| for
|x] > p for T large enough, using that b and b coincide on K%. Moreover, to get that for T
large enough, Hb(l) ||OO < by and HVb(l)H < b it is sufficient that

T—o00

—0. (71)

N I
My |2, In(fmax) = h2

min Tmax

Thus, we have (Igxa, b)) € (8, £, 1, aq, a1, bo, b1, C, p) as soon as (70) and (71) are valid.
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e Choice of the calibration and proof of (13).
Repeating the proof of (49) we have

1

RT(57£7 a07a17b0ab170 p) ~ M27

as soon as supysg T [pa b (2) — b ()27 (2) dz < co. From (59) this condition is implied by

[ hi
sup T’ . < 0. 72
750 MR () (72

Now, we search 1/Mp — 0 tending to zero as slow as possible subject to the existence of 0 < ryi, <

Tmax/4 < Tmax < hg < -+ < hg satisfying (70)—(71) and (72). For I > 3, we set by = (M;EO)UBL,

Tmax = h3 and Ty = (MTEO)l/ﬁ"’ We have log(rmax/rmm) ~T oo (ﬂl2 L )ln(MT) — 00 using
Ba < B3. Since B; < B2, we deduce that the conditions M— < 50rmm ln(rmax/rmm) forl =1,2
hold true when T is large enough. Hence, (70) is satisfied, and with these choices (71) becomes a
consequence of B3 > [ > 2. Replacing h;, mmin, "max by their expression in function of My, the
condition (72) writes,

1
sup T — < 00,

>0 NP P (M)

B
and is satisfied for the choice My = (T/1n(T)) F+(@% . This yields to

283

Rr(B,L,1,a9,a1,by,b1,C, p) = (T/In(T)) 2Pa+i—2

To complete the proof Theorem 4, it remains to show the existence of the function J,

Tmin;Tmax *

This is done in the next lemma. O

Lemma 5. There exists a smooth function J,
such that (55)—(58) hold true.

: R — [0, 00) with compact support on [0, rmax]

minsTmaz *

Proof. We let ¢ : [0,00) — [0,1] be a smooth function with @014 = 0 and @iu/2,0) = 1. We
define piecewise the function J, as follows,

min;"max

erinarmax (’r) = O? fOI“ r Z Tmax >

1 Tmax d
ranin s Tmax (7“) = 1 ) / ‘P(l - T/Tmax)%, for Tmax/2 <7 < rmax,

n(rmax/'rmin

1 rmax/2 gy
‘]7"min77"max (’r‘) — erim?«max (Tmax/2) + 71n(7‘max/’f‘min) /7: 77 for Tmi11/2 S T S Tmax/za
1

T'min/2 d
i enin s Tmax (r) = i anin s Tmax (Tmin/2) + ) / ‘P(r/rmin)lv for 0 <7 < 7pin/2.
- r

ln(rmax/rmin

Using the definition of ¢, one can check that the derivative of the function J is smooth and that
J is decreasing with J'(r) = 0 for |r| < rmin/4. By simple computation we have,

i () = m for Tmax/2 < 7 < Tmax, (73)
Trmin e (7)) = 1+ (I)l(llr/jin;:jizgmin)’ for 0 <7 < rmin/2, (75)
where @1 (u f @(1—5)% and @y(u f1/2 ¢(s)% are smooth functions on [0, 1].

Thus, usmg monotonocity of J,.
1. We deduce that (55) is true.

Using (73)—(75) and that ®; and @5 are bounded on [0, 1], we deduce (56). The condition (57)
follows again from (73)—(75) and the boundedness of ®] and ®,. The condition (58) is shown by
differentiating k times the representations (73)—(75) and using rmin < Tmax- O

and ¢ > 0, we have J. .. r... (0 ) > rnin T (Tmin/2) >

min, " max
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Remark 2. The idea underneath the construction of the bump (r,8) — Jy ., »...(r) in Lemma 5 is
the following. Having in mind (51), we have constructed a smooth bump, with radius rpq., height

greater than 1, and solution of AJ, =0 on the torus r € [Tmin/2, "'maz/2]-

minsTmaz

6.3 Proof of Theorem 5

Proof. The proof of Theorem 5 heavily relies on the proof of Theorem 4. As done above, we prove
the theorem in the case where o = (0,0) and a,,,, = 1. We will lower bound the risk on the
subclass of model (3) given by

dX; = b(Xy)dt + dWr,

where b is any drift function such that (Igxq,b) € 2(3, £, 1, ag, a1, b, by, C, p). Following the proof
of Theorem 4 we introduce cylindrical coordinates (r,#) that translates into the Cartesian coordi-
nates (rcos(),rsin(d)). In two dimensions (52) is written without the sum over k and the drift
b solution of (52) is given by b = b,.€, + bpéy with €, = (cos(6),sin())T, & = (—sin(#), cos(d),)T

and 18
T
b= -2 py=0.
w or o
e Construction of the priors. Let 4 : [0,00) — [0,00) be a smooth function, vanishing on

[0,1/2] and satisfying ¢(x) = = for x > 1 as in the proof of Theorem 4. We let

70 (r) = cne*’“"(r),

where > 0 and ¢, is such that f[o 00)x [0,27) 7O (r)r drdd = 1. Again, for 1 small enough we

have 7(®) € Hy(B,L). Moreover, acting as in the proof of Theorem 4, it is easy to see that
(]Idxd7 b(o)) S Z(ﬁ, L,1,a9,a1, 1)()/27 b1/2, é, ﬁ) C Z(B, L,1,a9,a1,bg,b1, é, [3)

Regarding the construction of 7(!) is more elaborate, as before we add a bump centered at 0
to (0. We set

7T(1) — 7'('(0) —+ ﬁjrjy\lxx(T))TI!lax(T) (T'),
where J,. .7y () 18 the function introduced in the proof of Theorem 4 which satisfies (55),
(56), (57) and (58) and whose existence has been proven in Lemma 5. We recall that 0 < ry;y(T) <
Tmax (1) /4 < rmax(T") will be calibrated later and go to zero with a rate polynomial in 1/7. We
denote by b1 the drift function associated to 7(1).
Following the proof of Lemma 4 in the bi-dimensional context it is easy to see that the following

bounds hold true.
/Rd bV (y/a2? + 22) — b (/22 + 22)

2
dridxrs < c

1
M2 ln( Tmax )

Tmin

1
p) _ b<o>H c
H o = My Tipin In(7max)’
1
Vb Vb<0>H P
H 0o = Mg 2, In(Lmex)

Tmax

Moreover we still have, for any k& > 1,

o (1) 9" . /2 < c(k)
axlw x? +332 ’ =T (\/ 23 +23) e ln(;,“‘a")rr’;m

Then, the following condition is sufficient to ensure that (1) € Hy(8,2L):

1
— < 50Tmm In("max/Tmin ), for { = 1,2 and (76)
My

for some constant g > 0 small enough. As before, if (76) holds true it is sufficient that

(& 1 T— 00

My 12 I (Tmax )

min Tmax

0 (77)
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to obtain (Ixq,bM)) € X(B, L, 1, a9, a1, bo, by, C, p).
e Choice of the calibration and proof of (13).
Repeating the proof of (49) we clearly have

RT(Bﬂca 1,0/0,0/1,1)0,1)1,0, p~) Z 520
MT

as soon as su T [, b0 (z) — O (2)|27(9) (2) dz < oo, which is implied b
Pr>o0d Jr p Y

supl ——+——
7o MEIn(Zms)

Tmin

< 0. (78)

We look for 1/Myp tending to zero as slow as possible subject to the existence of 0 < Ty <
Pmax/4 < Tmax satisfying (76)-(77) and (78). We set rmin = (3702)"% and ruax = (5705) /%77
for any arbitrary v > 0. It follows log(rmax/"min) ~T— 00 (% — (é — 7)) In(Mr) — oo as v > 0.

Since 1 < o, we clearly have from the definition of ry;, and 7. that the conditions ﬁT <

EOTfifin In(max/Tmin ), for I = 1,2 hold true when T is large enough. Hence, (76) is satisfied. The
same can be said about (77), recalling we have assumed f2 > 2. Replacing ruyin and rpax by their
expression in function of My, condition (78) writes,

1
—_— ,
T>0 M% IH(MT) >

and is satisfied for the choice M = (%)%. It provides

log T
T )

RT(57£3 17a07a17b07b1307p~) Z

as we wanted.

A Appendix: proof of technical results

This section is devoted to the proof of the results which are more technical and for which some
preliminaries are needed.

A.1 Proof of Lemma 3

Recalling Lemma 2, the main novelty is to prove that the control (7) is uniform on the class of
coefficients (a,b) € X. To simplify the proof, we first strengthen the hypothesis on the coefficients
of the diffusion by assuming that they are infinitely differentiable with bounded derivatives or any
order, together with the condition (a,b) € X.

The proof of (7) relies on the theory of Lyapunov-Poincaré inequalities introduced in [12]. We
recall some definitions related to these functional inequalities. First, if f € C?(R% R) we define
L(f) = A(f?)—2fA(f) where A is the generator of the diffusion, and we have I'(f) = (Vf)TaVf =
aT 2.

Definition 3. (Lyapunov-Poincaré Inequality [12]) Let W be a C*(R%,R) function such that W >
1, W € L%(n), AW € L%(w). The probability = satisfies a W -Lyapunov-Poincaré inequality if
there exists Cprp > 0 such that for all f € C?*(R4R), with f bounded and Vf bounded, and
Jga f(z)m(x)dz = 0 we have

| W@ < Cup [ W)@~ f@RAW (@))r(@)d. (79)

Rd

We can now state a result of [12]. For the sake of completeness, we give a detailed proof adapted
to our context of this result.
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Lemma 6 (Bakry et al. [12]). Assume that the W -Lyapunov-Poincaré inequality holds true with
some constant Cpp > 0. Then, for any ¢ : R — R bounded function with [z, o(x)m(z)dz =0, we
have
/ [Pi(p) (@) (w)dw < e/ Crr / ? (x)W (z) (a)dz, (80)
Rd Rd

where (Py)y is the semi-group associated to the process X .

Proof. e First, we establish some properties on the stationary density « that will be useful in the
sequel. Using Friedman [30], we know that,

it c |z —y|?
‘(Wpt(xay)‘ S f@nz (81)
fori4+j <2 forall T >0,te€ (0,T) for some ¢ > 0 depending on T. Using the invariance of m,
7(y) = Jga 7(2)pi(z, y)dz, we deduce that m € C*(R%,R), and that 7 is bounded, with bounded
derivatives. ,

From Lemma 1, we know that for 7" > 0, and ¢ € (0,T), we have p;(z,y) > %e*%7 where
cr depends on T, and ¢ depends only on the coefficients of the stochastic differential equation.

Hence, we deduce from the invariance of m again that

—2|x|? 2|y|?

e _lz—yl? _
ﬂy:/ﬁxpTamydacZ/ e T dx > / e T g(x)dre T .
W)= [ m@rads > [ e Fontwdez 1 | e @)

As T can be chosen arbitrarily large and using 7 > 0, we deduce the lower bound

Ve >0,3C. > 0,¥y € R%, 7(y) > Ce v/, (82)

e We now prove (80). Remark that by a density argument we can assume that ¢ is C? and
compactly supported. We let P,"" be the adjoint in L2(R?, ) of the operator P;, which is given

by the expression
1

()

and A*™ the generator of the semi group (P,""):>¢ (details can be found e.g. in [34]). If f is C?

then .,
R Ry . of
ASTf = 5 Z Qj,j dz,0z, + ; b; sz (84)

1<i,j<d

P (@) = = [ frwmte. i, (53)

with b} = —b; + Z] 1 a;; Lo Zl 1( )&J ; as soon as the expression in the right hand side of

(84) belongs to L2(r). We know that if f i is in the domain of A*™ then ¢ — PP7(f) is differentiable
L2 mad GF) = FLA(D) = AT )

As in [12], we define I; = [, (P, 2T/V( )r(z)dz. By formal differentiation, we get for
t>0,
6[,5 .. * *, 7T
5= 2| PUTo(x) AT P o)W (z)w(x)dx. (85)
R4

This differentiation can be justified by proving that 2 (P"™(¢))? = 2P"¢ x A*™P;""¢ is dom-
inated by a function in L'(Wr). Using (83) and that « is invariant we get |P,""(¢)| < |l¢|l
Also, [A*" P/ p| = |P;"" A*™ | is bounded by [|A* | < oo, using (84) and the fact that ¢ is
compactly supported. Since W € L!(n), we deduce (85). Then, using that A*™ is a differential
operator by (84), we have A*™((P;""(¢))?) = 2P (¢)A*™(P}"™ (¢)) + T'(P,"" (v)). Hence,

0l

ot = / AP @) — T (@)W (a)m(o)

Using (81) with ¢ = 1 and j = 0, and the fact that ¢ is compactly supported we deduce that
from the differentiation of (83), |V, P,"" (¢)(z)| < T T z) 7l o ||‘P||oofy

2 2
|z] / [z

t(dfﬁﬁe_T < qatnyze” 27, where we used (82) with & > 0 small enough. Thus, I'(P;""(¢)) €

o
€supp(p)
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LY(Wr) and we can write

81} *, 7 *,T0 _ *T T )mlx)dx
E:/RdA ((PF™0)?) (2)W (z)(z)da /RdF(Pt (@)W (z)m(x)d

- / (P ™ )2 () AW () () e — / D (B ™ ()W () ()d
Rd

Ra

= Ad[(Pt*’”w)2(x)AW(x) — TP ()W ()] () da.

Now we use the Lyapunov-Poincaré inequality with f = P;"" () and get & dI‘ < —(1/Cprp)I;. From
Gronwall’s lemma it yields I; < e_t/C“’Io and since W > 1,

/ (PI™(0)())?m(2)de < Iy < e t/Cer Ly = 7t/Cur / ()W ()7 (x)da.
R4 Rd

By duality between P; and P;°" in L?(7), we deduce (80). O

Lemma 7. Assume that a and b are C* with bounded derivatives and (a,b) € . Then, for ¢
bounded with [;, ¢(x)n(x)dr =0, and all t > 0,

/Rd [Pi() (@)]Pm(w)dz < ce™° ||l |2, | (86)

where the constant ¢ > 0 is uniform over the class X.

Proof. The main idea of the proof is that it is possible to show that for all (a,b) € X, the stationary
probability 7 satisfies a W-Lyapunov-Poincaré inequality with the same function W and same
constant Cpp. Following [12], the existence of W-Lyapunov-Poincaré inequality is related to the
existence of classical Lyapunov functions.

e First, we construct a Lyapunov function V' independent of (a,b) € ¥. We let x € C°(R%, R)
such that 0 < y(z) < |z| and x(x) = |=| for |z| > 1 and we set V(z) = e%X(*) for some g9 > 0
which will be calibrated later. We have for |z| > 1, VV(x) = eoﬁV(x) and thus,

V@) =2 3 ) (1) + @ V(@) < 2, ba) >
001

1<ij<d

||

Using that for |z| > 1, |8r?j<;/rj | = |e€°‘w|{€%fﬁrj €0 mg + = < eolel{e2 + 25“}, and that

< z,b(x) >< —C|z| for || > p by Assumption A2, we get,

24,

AV (z) < —CeoV (z Z|am |{Eo+| ‘

for all |z| > pV 1. Using |a; ;j(x)] = [(aa®); ;(z)| < |a(z)|* < a} by Assumption A1, we deduce

d*a? I 2

AV (z) < —CeoV (z)[1 — + m}]
Now, we set ¢g = 2d§a2, and deduce for x| > pV 1V Ad” a"
C
AV(z) < — Z’QEOV(:@.

~ 2 2
We then define &« = Cep/2, R = pV 1V 4'%% and B = ef[1d%adel Vx| + 1d*adey x
’ as%i,szH + boeo || Vx|, + @] where the notation by is introduced in Assumption Al.
o0

SUP1<i,j<d
We can check that |[AV (z) + oV (z)| < B for |z| < R, and in turn V is a Lyapunov function :

AV(z) < —aV(z) + Blyz<ry, Yz €R% (87)
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e We now prove that (79) holds true with the same function W and constant Crp for all
coefficients (a,b) € X. Using Proposition 3.6 in [12] with (87), it is sufficient to find R’ > 0 large
enough such that

{v <28/a} C B(O,R)) (88)
m(B(0,R)) > 1/2 (89)

and the local Poincaré inequality is valid on B(0, R’) with some constant xg/: for all f € C! with
bounded derivative,

i ; x)m(x)dr 2
/B(o,R/)f (z)m(z)dz < kg /Rd L(f)m(x)dx + ~BO.R)) (/B(OR/) f(x)m(x)d > . (90)

If the conditions (88)—(90) are valid, then by Proposition 3.6 in [12] we deduce the Lyapunov-
Poincaré Inequality (79) with W = V + (Bkp — 1)+ and 1/Crp = 2a(1 — %) x (1+
(Brr —1)4) "

To get (88), using the expression of V' it is sufficient to take R’ > (é In(28/a)) V1. Considering
(89), we take the expectation with respect to 7 in (87) and obtain

0= AV(@)r(z)de < —a | V(x)n(z)de+ 8 | =(x)dz,
Rd Rd Rd
and thus 5
/]Rd V(z)r(x)dx < o (91)

We deduce flm\>1 esolelr(z)de < [p. V(z)m(z)de < g Using the Markov inequality, this yields,
for any ' > 1, n({z | || > R'}) < e—EoR’g_ It entails that R’ > é In(28/a) is sufficient for the
condition (89) to hold true. We set R’ = (% In(28/a)) V1, and now we have to check the condition

(90). From the Poincaré inequality on the ball B(0, R’) endowed with the Lebesgue measure (see
e.g. Theorem 4.9 in [29]) and the Proposition 4.2.7 in [13], we know that if

l/er <m(z) <cr, Vze B(0,R), (92)

for some ¢, > 0 then,

2
A(Q}.y)f (z)m(x)dx < CER /B(O,R/) IV fI*m(x)dx + ~(BO. ) (/B(O’R/)f(w)ﬂ(x)da) ,

where C' is some universal constant. As the matrix @ is lower bounded by Assumption A1, we
have |V f|? < a,} T(f), and we deduce that (90) holds true with s, = CR'c3. Consequently, by
Proposition 3.6 in [12], the Lyapunov-Poincaré inequality holds true. Moreover, the constant Crp
in (79) is independent of (a,b) € X, as soon as we can find a constant ¢, in (92) independent of

(a,b). Using the invariance of 7 and (4) with ¢ = 1, gives for = € B(0, R’),

Cfl/ m(y)ele v tmindy < 7(x) < 01/ m(y)eley/ ad) gy,
B(0,R’) Rd
12 2
01_1/ 7"(9)674}% /a"‘i“dy <7(z) < 01/ 7(y)dy
B(0,R’) Rd
1 ,
017176—4}% 2/&;211in S ﬂ-(g;) S c1, (93)

2

where in the last line we used (89).

Hence, we have proved the W-Lyapunov-Poincaré inequality (79) with the same function W
and constant Cpp for all (a,b) € X.

e Eventually, we deduce (86) by applying Lemma 6, together with the upper bound

Wy < [ V(r(@de + (em ~1)s < 5/a+ (Brm - s

R4 R4

where in the last inequality we used (91). O
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We now prove Lemma 3.

Proof. First, remark that by a density argument, we can assume in the proof that ¢ is a smooth
function supported on K. The inequality (7) is a consequence of (86) in Lemma 3, but the latter
requires that the coefficients of the S.D.E. are of class C2. Hence, an approximation of the initial
S.D.E. by one with smoother coefficients is required. For (a,b) in ¥ = X(ag, a1, bo, b1, Gmins Chb, b )
we introduce the following smooth approximations of a and b. Let 1 be a smooth function supported
on the unit ball of R% with fR n(z)dz = 1, and we set a,, = a x 1, b, = bx1n,, where * is the
convolution operator and 7, () = nn(n-). As (a,b) € X, we deduce that

C
lla = anllog + 116 = bnlloe < - (94)

Moreover, for all n large enough, (a,,b,) € ¥’ = X(2ao, 2a1, 2bg, 2b1, Amin/2, C’b/2, Qﬁ’b).

We denote by X™ the solution of the S.D.E. (3) with the coefficients (an, b,) in place of (a,b),
and by 7, the unique stationary distribution of X™. In the sequel of the proof, we also emphasize
the dependence on the initial condition of the process (3) by denoting as E, (resp. E;) the

expectation computed when the process starts with the initial condition Xo = = (resp. Xo faw ).
Since a,, and b, are smooth coefficients, by Lemma 7, we have

/Rd [Exlp(X)] = ma(0))” ma(2)dz < ce™° [lo]1%, (95)

where the constant ¢ = ¢y is independent of n and (a,b) € 3. Using classical estimates for
solutions of stochastic differential equations with (94), it is possible to show
dec't
sup E, [| X7 — Xi|] < ,
z€R? n

V> 0,Vn > 1, (96)

and with some constant ¢/ > 0.
Now, we write

B (XD (X0)] = | Pp)a)o(o)m(a)da
= [ Bl Olp@nde + 05

!/
3 el ')

where we used (96). On the compact K we can find a constant cx such that cl}l <7 < cg,
¢t < mn < cx (in the same way as we obtained (93)), using (95), we deduce

[ LX) = ) (o < o™t ol (97)
We deduce
B [p(X00(X0)] = [ male)e(@yn(a)da
+0 ([ Balotx?) - ma@let@meiie) + 0 fil 1.0
— o)) + Ol el Ve /@) + O(C ol ) (98)

n

where in the last line we used (97). It remains to find some upper bound on |7, (p) — 7(¢)|. We
write for ¢ > 0

Tn(p) = m(p) = mn(p) — Eo(p(X)) + Ea(p(X{)) — Pi(p) (@) + Pu(0)(2) — m(0)

and integrate on the compact set K with respect to the Lebesgue measure to find

vol(K)|mn () = m(#)] < ek |7 () = Ba(o(X{ )l i,y +

/K B (p(X7) = Pi() (@) do + e | Pe(p) (2) = (@)L () »
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where we used that on K, m and 7, are lower bounded by 1/cx. From (96), we deduce

Vol (K) 1 (9) = ()] < e [7(9) = Ea(@(X0))lpicmy +

vol(K) S
n

+cx | P(p)(x) — W(@)HLl(w) )

In the last equation, we specify ¢ = y/log(n). The first term on the right hand side goes to zero
by (95), the second one goes to zero immediately, while the last one goes to zero by the mixing
property of the process X (see Lemma 2). We deduce that

[T () = 7(9)] < enlp, K, a,b), (99)

for some sequence e, (¢, K, a,b) —=5 0 (let us stress that this convergence is not uniform with

respect to (a,b) € ¥, K, or the function ¢).
Gathering (98) and (99), we have

B C/ec/t
[Er [ (X0 (Xo)] = ()] < chc el Ve + = = [9lloe 19/ + 1]l 2l K 0,0)

where the constant ¢ does not depend on n. Letting n — oo, we deduce (7).
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