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Abstract

We study the problem of the nonparametric estimation for the density π of the stationary
distribution of a d-dimensional stochastic differential equation (Xt)t∈[0,T ]. From the contin-
uous observation of the sampling path on [0, T ], we study the estimation of π(x) as T goes
to infinity. For d ≥ 2, we characterize the minimax rate for the L2-risk for the pointwise
estimation over a class of anistropic Hölder functions π with regularity β = (β1, ..., βd). For
d ≥ 3, our finding is that, having ordered the smoothness such that β1 ≤ ... ≤ βd, the minimax
rate depends on the fact that β2 < β3 or β2 = β3. This rate is ( log T

T
)γ in the first case and

( 1
T

)γ in the second, for an explicit exponent γ depending on the dimension and on β̄3, the
harmonic mean of the smoothness over the d directions after having removed β1 and β2, the
smallest ones. We also show that kernel based estimators achieve the optimal minimax rate.
Finally we show that, in the bi-dimensional case, the kernel density estimators achieves the
rate log T

T
and this is optimal in the minimax sense.

Non-parametric estimation, stationary measure, minimax rate, convergence rate, ergodic
diffusion, anisotropic density estimation.

1 Introduction

In this work, we propose kernel density estimators for estimating the invariant density associated
to a stochastic differential equation. More precisely, we study the inference for the d-dimensional
process

Xt = X0 +

∫ t

0

b(Xs)ds+

∫ t

0

a(Xs)dWs, t ∈ [0, T ], (1)

with b : Rd → Rd, a : Rd → Rd × Rd and W = (Wt, t ≥ 0) a d-dimensional Brownian motion.
Stochastic differential equations are very attractive for statisticians nowadays, as they model

stochastic evolution as time evolves. These models have a variety of applications in many disciplines
and emerge in a natural way in the study of many phenomena. We can found examples of these
applications in astronomy [61], mechanics [46], physics [56], geology [28], ecology [38], biology
[58] and epidemiology [10]. Some other examples are economics [16], mathematical finance [40],
political analysis and social processes [20] as well as neurology [37], genetic analysis [48], cognitive
psychology [64] and biomedical sciences [14].

Due to the importance of the stochastic differential equations, inference for such a model has
been widely investigated. Authors studied parametric and non-parametric inference starting from
continuous or discrete observations, under various asymptotic frameworks such as small diffusions
asymptotics on a fixed time interval and long time interval for ergodic models. Some landmarks
in the area are the books of Kutoyants [45], Iacus [41], Kessler et al [42] and Höpfner [39]. In the
meantime, there have been a big amount of papers on the topic. Among them, we quote Comte et
al [22], Dalalyan and Reiss [23], Genon-Catalot [31], Gobet et al [33], Hoffmann [36], Larédo [49]
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and Yoshida [66].
The in-depth study on stochastic differential equations lead the way for statistical inference for
more complicated models such as SDEs driven by Lévy processes (see for example [53]), diffusions
with jumps ([5], [6], [52], [60]), stochastic partial differential equations ([2], [19]), diffusions with
mixed effects ([57], [25]) and Hawkes processes ([11], [27], [4]).

In this paper we propose a kernel density estimator and we aim at finding the convergence rates
of estimation for the stationary measure π associated to the process X solution to (1). Moreover,
we will discuss the optimality of such rates.

The estimation of the invariant measure is a problem already widely faced in many different
contexts by many authors, we quote [54], [24], [17], [67], [1] and [15] among them. One of the rea-
sons why nowadays this problem attracts the attention of many statisticians is the huge amount
of numerical methods connected to it, the Markov Chain Monte Carlo method above all. In [47]
and [55], for example, it is possible to find an approximation algorithm for the computation of the
invariant density while the analysis of the invariant distributions is used to to analyze the stability
of stochastic differential systems in [35] and [15]. It can also be used in order to estimate the drift
coefficient in a non-parametric way (see [51] and [59]).
As it is easy to see, the estimation of the invariant measure is at the same time a long-standing
problem and a highly active current topic of research. For this reason, but not only, kernel estima-
tors are widely employed as powerful tools. For example in [15] and [18] some kernel estimators are
used to estimate the marginal density of a continuous time process, in [8], [7] and [50] they are used
in a jump-diffusion framework where the last is, in particular, an application for the estimation of
the volatility.

In a context closer to ours, in [23] and [62] kernel density estimators have been used for the
study of the convergence rate for the estimation of the invariant density associated to a reversible
diffusion process with unit diffusion part. In particular in [23] the authors prove, as a by-product
of their study, some convergence rates for the pointwise estimation of the invariant density under
isotropic Hölder smoothness constraints. The convergence rate they found are log T

T when the

dimension d is equal to 2 and ( 1
T )

2β
2β+d−2 for d ≥ 3, where β is the common smoothness over the d

different directions. Strauch extended their work in [62], by building adaptive kernel estimators to
estimate the invariant density over anisotropic Hölder balls. They achieve the same convergence
rates as in [23], up to replace β with β̄, the harmonic mean over the d different directions. As the
smoothness properties of elements of a function space may depend on the chosen direction of Rd,
the notion of anisotropy plays an important role.

In this work we aim at estimating the invariant density π by means of the kernel estimator π̂h,T
assuming to have the continuous record of the process X solution to (1) up to time T . We first of
all prove the following upper bound for the mean squared error, for d ≥ 3

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] <
∼

( log T
T )

2β̄3
2β̄3+d−2 for β2 < β3,

( 1
T )

2β̄3
2β̄3+d−2 for β2 = β3,

(2)

where Σ is a class of coefficients for which the stationarity density has some prescribed regularity,
β1 ≤ β2 ≤ ... ≤ βd and β̄3 is the harmonic mean over the smoothness after having removed the
two smallest. In particular, we have 1

β̄3
:= 1

d−2

∑
l≥3

1
βl

and so it clearly follows that β̄3 ≥ β̄. It

yields that the convergence rate we find is in general faster than the one proposed in [62]. It is
quite surprising that the presence of the logarithm in the convergence rate depends on whether or
not β2 = β3. The reason why it happens is that we have different ways of bounding the variance.
It derives in different possible degrees of freedom for the bandwidth h = (h1, ..., hd), which allows
us to get rid of the logarithm only in some particular cases (see Remark 1).
We also prove the following upper bound, in the bidimensional context:

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] <
∼

log T

T
.

The convergence rate here above is the same as in [23] and [62]. However, the problem of the
optimality of such a rate was still an open question, so far. The only results we are aware of,
in this context, are some lower bounds for the sup-norm risk (see for example [62], or [8] for an
analogous result in the jump-framework). In this paper we obtain a minimax lower bound on
the L2-risk for the pointwise estimation with the same rate log T

T . To do that, we introduce the
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minimax risk
RT := inf

π̃T
sup

(a,b)∈Σ

E[(π̃T (x0)− π(a,b)(x0))2],

where the infimum is taken over all the possible estimators of the invariant density. Then, we show
that

RT ≥
log T

T
.

It means that, for d = 2, it is not possible to propose an estimator whose convergence rates is
better than the one we found for the kernel density estimator we proposed.
Regarding the case d ≥ 3 we prove that, in general, the following lower bound holds true:

RT ≥ (
1

T
)

2β̄3
2β̄3+d−2 .

Then, when β2 < β3, it is possible to improve the result here above by showing

RT ≥ (
log T

T
)

2β̄3
2β̄3+d−2 .

These results highlight how crucial the condition β2 < β3 is. They imply that, on a class of
diffusions X whose invariant density has the prescribed regularity, it is not possible to find an
estimator with rates of estimation faster than in (2). It follows that the kernel density estimator
we propose achieves the best possible convergence rates.

It is worth remarking that the upper bound for the mean squared error is based on an upper
bound on the transition density and on the mixing properties of the process. Because of the last, the
constants involved depend on the coefficients and it is in general very challenging to understand
how the constant can be controlled uniformly. However, relying on the theory of Lyapounov-
Poincaré as introduced in [12], we prove a mixing inequality uniform on the class of coefficient
(a, b) ∈ Σ (see Proposition 1).We remark that the Lyapounov-Poincaré method can be extended
to get uniform mixing inequality also in more general frameworks, such as the jump context.
We therefore get a minimax upper bound on the risk of the estimator π̂h,T . We complement it by
obtaining a minimax lower bound on the risk of the estimator π̂h,T as well.

The outline of the paper is the following. In Section 2 we introduce the model and we provide
the assumptions on it, while in Section 3 we propose the kernel estimator and we state the upper
bounds for the mean squared error. Section 4 is devoted to the statements of the lower bounds
which complement the result given in the previous section. In Section 5 we prove the upper bounds
stated in Section 3 while Section 6 is devoted to the proof of the lower bounds. Some technical
results are moreover showed in the appendix.

2 Model Assumptions

We want to estimate in a non parametric way the invariant density associated to a d-dimensional
diffusion process X. In the sequel we assume that a continuous record of the process XT =
{Xt, 0 ≤ t ≤ T} up to time T is available. The diffusion is a strong solution of the following
stochastic differential equation:

Xt = X0 +

∫ t

0

b(Xs)ds+

∫ t

0

a(Xs)dWs, t ∈ [0, T ], (3)

where b : Rd → Rd, a : Rd → Rd × Rd and W = (Wt, t ≥ 0) is a d-dimensional Brownian motion.
The initial condition X0 and W and L are independent. We denote ã := a · aT .
We denote with |.| and < ., . > respectively the Euclidian norm and the scalar product in Rd, and
for a matrix in Rd ⊗ Rd we denote its operator norm by |.|.

A1: The functions b(x) and a(x) are bounded globally Lipschitz functions of class C1, such that
for all x ∈ Rd,

|a(x)| ≤ a0, |b(x)| ≤ b0, |
∂

∂xi
b(x)| ≤ b1, |

∂

∂xi
a(x)| ≤ a1, for i ∈ {1, . . . , d},
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where a0 > 0, b0 > 0, a1 > 0, b1 > 0 are some constants. Moreover, for some amin > 0,

a2
minId×d ≤ ã(x)

where Id×d denotes the d× d identity matrix.

A2 (Drift condition) :
There exist C̃ > 0 and ρ̃ > 0 such that < x, b(x) >≤ −C̃|x|, ∀x : |x| ≥ ρ̃.

The assumptions here above involve the ergodicity of the process and they are needed in order
to show the existence of a Lyapounov function. Hence, the process X admits a unique invariant
distribution µ and the ergodic theorem holds (see Lemma 2 below). We suppose that the invariant
probability measure µ of X is absolutely continuous with respect to the Lebesgue measure and
from now on we will denote its density as π: dµ = πdx.

As in several cases the regularity of some function g : Rd → R depends on the direction in
Rd chosen, we decide to work under anisotropic smoothness constraints. In particular, we assume
that the density π we want to estimate belongs to the anisotropic Hölder class Hd(β,L) defined
below.

Definition 1. Let β = (β1, ..., βd), βi ≥ 0, L = (L1, ...,Ld), Li > 0. A function g : Rd → R is
said to belong to the anisotropic Hölder class Hd(β,L) of functions if, for all i ∈ {1, ..., d},∥∥Dk

i g
∥∥
∞ ≤ Li ∀k = 0, 1, ..., bβic,∥∥∥Dbβici g(.+ tei)−Dbβici g(.)

∥∥∥
∞
≤ Li|t|βi−bβic ∀t ∈ R,

for Dk
i g denoting the k-th order partial derivative of g with respect to the i-th component, bβic

denoting the largest integer strictly smaller than βi and e1, ..., ed denoting the canonical basis in
Rd.

This leads us to consider a class of coefficients (a, b) for which the stationary density π = π(a,b)

has some prescribed Hölder regularity.

Definition 2. Let β = (β1, ..., βd), βi ≥ 0 and L = (L1, ...,Ld), Li > 0, 0 < amin ≤ a0 and
a1 > 0, b0 > 0, b1 > 0, C̃ > 0, ρ̃ > 0.

We define Σ(β,L, amin, a0, a1, b0, b1, C̃, ρ̃) the set of couple of functions (a, b) where a : Rd →
Rd ⊗ Rd and b : Rd → Rd are such that

• a and b satisfy Assumption A1 with the constants (amin, a0, a1, b0, b1),

• b satisfies Assumption A2 with the constants (C̃, ρ̃),

• the density π(a,b) of the invariant measure associated to the stochastic differential equation
(3) belongs to Hd(β, 2L).

In the sequel we will use repeatedly some known results about the transition density and the
ergodicity of diffusion processes. For such a reason we state them.

Lemma 1. Assume that Suppose that A1-A2 hold true. Then, there exists a transition density
pt(x, y) such that, for T ≥ 0, there exist cT > 1 such that for any t ∈ [0, T ] and any pair of points
x, y ∈ Rd × Rd, we have

c−1
T t−

d
2 e
− |y−x|

2

ta2
min ≤ pt(x, y) ≤ cT t−

d
2 e
− |y−x|

2

4ta2
0 . (4)

Moreover, the constants cT depends only on T, amin, a0, a1, b0, b1 and d.

Lemma 2. Suppose that A1-A2 hold true. Then, process X admits a unique invariant measure π
and it is exponentially β-mixing.

These results are classical. For the estimate in Lemma 1 see for example Proposition 5.1 in [32]
(or Section A.2.3. in [9]), while the ergodic property stated in Lemma 2 can be found in Theorem
1 of [65].
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3 Estimator and upper bounds

Given the observation XT of a diffusion X, solution of (3), we propose to estimate the invariant
density π ∈ Hd(β,L) by means of a kernel estimator. We therefore introduce some kernel function
K : R→ R satisfying∫

R
K(x)dx = 1, ‖K‖∞ <∞, supp(K) ⊂ [−1, 1],

∫
R
K(x)xldx = 0, (5)

for all l ∈ {0, ...,M} with M ≥ maxi βi.
For j ∈ {1, ..., d}, we denote by Xj

t the j-th component of Xt. A natural estimator of π at
x = (x1, ..., xd)

T ∈ Rd in the anisotropic context is given by

π̂h,T (x) =
1

T
∏d
l=1 hl

∫ T

0

d∏
m=1

K(
xm −Xm

u

hm
)du =:

1

T

∫ T

0

Kh(x−Xu)du. (6)

The multi-index h = (h1, ..., hd) is small. In particular, we assume hi < 1 for any i ∈ {1, ..., d}.

We now want to discuss the convergence rates achieved from the estimator defined in (6) when a
continuous record of the process X is available.

In order to get minimax upper bound on the risk of the estimator π̂h,T we will need to apply a

mixing inequality uniform on the class of coefficients (a, b) ∈ Σ(β,L, amin, a0, a1, b0, b1, C̃, ρ̃). The
following lemma will be useful in this sense. In the sequel, we will denote as E the expectation
with rapport to the stationary process (Xt)t≥0, whose invariant probability is π = π(a,b).

Lemma 3. Let β = (β1, . . . , βd), βi ≥ 0, L = (L1, . . . ,Ld), Li > 0, 0 < amin ≤ a0, a1 > 0, b0 >
0, b1 > 0, C̃ >, ρ̃ > 0. Let K be a compact subset of Rd. There exists a constant C > 0 independent
of (a, b) ∈ Σ := Σ(β,L, amin, a0, a1, b0, b1, C̃, ρ̃) such that, for all measurable function ϕ : K → R
bounded, we have ∣∣E[ϕ(Xt)ϕ(X0)]− π(ϕ)2

∣∣ ≤ Ce−t/C ‖ϕ‖2∞ . (7)

As immediate consequence of the fact that K is compactly supported we get the proposition
below, which ensures the uniformity of the constants involved in the mixing properties of the
process.

Proposition 1. Let us consider the same notation as in Lemma 3. Then, there exist constants
ρmix > 0 and Cmix > 0 such that ∀h = (h1, . . . , hd) with hi < 1,∣∣E [Kh(x−Xt)Kh(x−X0)]− π(Kh)2

∣∣ ≤ Cmix e
−ρmixt ‖Kh‖2∞ . (8)

Moreover, the constants Cmix and ρmix are uniform over the set of coefficients (a, b) ∈ Σ.

3.1 Upper bounds

As in low dimension and in high dimension the proposed estimator performs differently, we start
considering what happens for d ≥ 3.
In the sequel, we will denote as β̄3 the harmonic mean over the d− 2 largest components:

1

β̄3
:=

1

d− 2

∑
l≥3

1

βl
. (9)

In the next theorem we provide the convergence rate for the pointwise estimation of the invariant
density in high dimension. Its proof can be found in Section 5.

Theorem 1. Suppose that d ≥ 3. Consider 0 < amin ≤ a0 and a1 > 0, b0 > 0, b1 > 0, C̃ > 0,
ρ̃ > 0 and denote Σ := Σ(β,L, amin, a0, a1, b0, b1, C̃, ρ̃). If β1 ≤ β2 ≤ ... ≤ βd, then there exist
c > 0 and T0 > 0 such that, for T ≥ T0, the optimal choice for the multidimensional bandwidth h
yields the following convergence rates.

• If β2 < β3, then

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] ≤ c( log T

T
)

2β̄3
2β̄3+d−2 .
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• If otherwise β2 = β3, then

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] ≤ c( 1

T
)

2β̄3
2β̄3+d−2 .

We underline that, with the notation E, we always mean the expectation with respect to the
invariant measure π linked to the coefficients (a, b).

In the isotropic context we have, in particular, β̄3 = β, where β is the common smoothness
over the d directions. The convergence rate we derive is therefore the same as in [23], being equal

to ( 1
T )

2β
2β+d−2 .

The asymptotic behavior of the estimator and so the proof of Theorem 1 is based on the stan-
dard bias -variance decomposition. Hence, we need an upper bound on the variance, as in next
proposition.

Proposition 2. Suppose that A1 - A2 hold for some amin, a0, a1, b0, b1, C̃ and ρ̃; that d ≥ 3 and
that π ∈ Hd(β,L). Suppose moreover that β1 ≤ ... ≤ βd, and let k0 = max{i ∈ {1, . . . , d} | β1 =
· · · = βi}. If π̂h,T is the estimator given in (6), then there exist , c > 0 and T0 > 0 such that, for
T ≥ T0, the following hold true.

• If k0 = 1 and β2 < β3 or k0 = 2, then

V ar(π̂h,T (x)) ≤ c

T

∑d
j=1 | log(hj)|∏

l≥3 hl
. (10)

• If k0 ≥ 3, then

V ar(π̂h,T (x)) ≤ c

T

1

(
∏k0

l=1 hl)
1− 2

k0 (
∏
l≥k0+1 hl)

. (11)

• If otherwise k0 = 1 and β2 = β3, then

V ar(π̂h,T (x)) ≤ c

T

1√
h2h3

∏
l≥4 hl

.

Moreover, the constants c and T0 are uniform over the set of coefficients

(a, b) ∈ Σ(β,L, amin, a0, a1, b0, b1, C̃, ρ̃).

We first of all shed light to the fact that, in the right hand side of (10), it would have been
possible to remove the contribution of no matter which two bandwidths. We arbitrarily choose to
remove the contribution of the first two as h1 and h2 are associated, in the bias term, to β1 and
β2. Indeed, as we order the smoothness, β1 and β2 are the smallest ones and so they provide the
strongest constraints.

One can remark that the bound on the variance for β2 < β3 in the proposition here above is
the same as the one for jump diffusion processes (see Proposition 1 in [3]). The reason why it
happens is that both propositions rely on the exponential β-mixing of the considered process and
on a bound on the transition density. Comparing Lemma 1 with Lemma 1 of [7] it is possible to
see that the upper bound for the transition density associated to a jump-diffusion consists in two
terms: one derives from the gaussian component while the other is due to the presence of jumps.
It is worth noting that in our computations the contribution of the second is always negligible
compared to the one coming from the first.

We now study the behaviour of our estimator in low dimension. In particular for d = 2 the
following theorem holds true.
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Theorem 2. Suppose that d = 2. Consider 0 < amin ≤ a0, a1 > 0, b0 > 0, b1 > 0, C̃, ρ̃ and
Σ := Σ(β,L, amin, a0, a1, b0, b1, C̃, ρ̃). Then, there exist c > 0 and T0 > 0 such that, for T ≥ T0,
the optimal choice for the multidimensional bandwidth h yields the following convergence rates.

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] <
∼

log T

T
.

To conclude the part regarding the upper bounds on the mean squared error associated to
our estimator (6) when a continuous record of the process is available, we are left to discuss the
mono-dimensional case. It is known that, under our hypothesis, the proposed kernel estimator
achieves the parametric rate 1

T and such a rate is optimal (see for example [44] or Theorem 1 in
[43]).

4 Lower bounds

One may wonder if the convergence rates found by using kernel density estimators are optimal or
if it is possible to improve them by using other density estimators. We aim at showing that the
convergence rates found in Theorems 1 and 2 are optimal. We will focus first on the case d ≥ 3.
In order to do that, we will start computing a lower bound in a general case. After that, we will
show it is possible to improve it, up to ask β2 < β3.

We can write down the expression of the minimax risk for the estimation, at some point x0,
of an invariant density π belonging to the anisotropic Holder class Hd(β, 2L). Let x0 ∈ Rd and
Σ(β,L, amin, a0, a1, b0, b1, C̃, ρ̃) as in Definition 2 here above. We define the minimax risk

RT (β,L, amin, a0, a1, b0, b1, C̃, ρ̃) := inf
π̃T

sup
(a,b)∈Σ(β,L,amin,a0,a1,b0,b1,C̃,ρ̃)

E[(π̃T (x0)−π(a,b)(x0))2], (12)

where the infimum is taken on all possible estimators of the invariant density, based on Xt for
t ∈ [0, T ]. The following lower bound will be showed in Section 5.

Theorem 3. Let β = (β1, . . . , βd), 1 < β1 ≤ · · · ≤ βd, β2 > 2, L = (L1, . . . ,Ld), Li > 0. Consider
0 < amin ≤ a0 and a1 > 0, b0 > 0, b1 > 0. Then, there exist C̃, ρ̃, c > 0 and T0 > 0 such that, for
T ≥ T0,

RT (β,L, amin, a0, a1, b0, b1, C̃, ρ̃) ≥ c (
1

T
)

2β̄3
2β̄3+d−2 .

Theorem 3 implies that, on a class of diffusions X whose invariant density belongs to Hd(β, 2L),

it is not possible to find an estimator with a rate of estimation better than T
− β̄3

2β̄3+d−2 .
Comparing the result here above with the second point of Theorem 1 we observe that the conver-
gence rate we found in the lower bound is the same as the in upper bound, when β2 = β3. When
β2 < β3, instead, it is possible to improve the lower bound previously obtained, as gathered in the
following theorem. Its proof can be found in Section 5.

Theorem 4. Let β = (β1, . . . , βd), 0 < β1 ≤ · · · ≤ βd, β2 > 2, and β2 < β3. Moreover,
L = (L1, . . . ,Ld), Li > 0. Consider 0 < amin ≤ a0 and a1 > 0, b0 > 0, b1 > 0. Then, there exist
C̃, ρ̃, c > 0 and T0 > 0 such that, for T ≥ T0,

RT (β,L, amin, a0, a1, b0, b1, C̃, ρ̃) ≥ c (
log T

T
)

2β̄3
2β̄3+d−2 . (13)

We will see that the condition β2 < β3 is crucial in order to recover a logarithm in the lower
bound. Comparing the lower bounds in Theorems 3 and 4 with the upper bounds in Theorem 1 it
follows that the kernel density estimator we proposed in (6) achieves the best possible convergence
rate.

It is possible to ensure an analogous lower bound in the bi-dimensional case, which ensure the
optimality of the convergence rate found in Theorem 2.
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Theorem 5. Let d = 2, β = (β1, β2), 0 < β1 ≤ β2, β2 > 2, L = (L1,L2), Li > 0. Consider
0 < amin ≤ a0 and a1 > 0, b0 > 0, b1 > 0. Then, there exist C̃, ρ̃, c > 0 and T0 > 0 such that, for
T ≥ T0,

RT (β,L, amin, a0, a1, b0, b1, C̃, ρ̃) ≥ c (
log T

T
).

We deduce that also in the bi-dimensional case the estimator proposed in (6) achieves the best
possible convergence rate.

5 Proofs upper bounds stated in Section 3

This section is devoted to the proof of all the results stated in Section 3, about the behaviour of
the estimator proposed in (6), assuming that a continuous record of the process X is available. As
Theorem 1 is a consequence of Proposition 2, we start proving Proposition 2.

5.1 Proof of Proposition 2

Proof. In the sequel, the constant c may change from line to line and it is independent of T .
From the definition (6) and the stationarity of the process we get

V ar(π̂h,T (x)) =
1

T 2

∫ T

0

∫ T

0

k(t− s)dt ds,

where
k(u) := Cov(Kh(x−X0),Kh(x−Xu)).

We deduce that

V ar(π̂h,T (x)) ≤ 1

T

∫ T

0

|k(s)|ds.

We want to use different way to upper bound the variance, relying on the bound on the transition
density gathered in Lemma 1 and on the mixing properties of the process as in Lemma 2. Hence,
we split the time interval [0, T ] into 4 pieces:

[0, T ] = [0, δ1) ∪ [δ1, δ2) ∪ [δ2, D) ∪ [D,T ],

where δ1, δ2 and D will be chosen later, to obtain an upper bound on the variance as sharp as
possible. We will see that the bound on the variance will depend on k0 only on the interval [δ1, δ2).
For this reason we start considering what happens on [0, δ1) without taking into account the fact
that k0 can be larger or smaller than 3.
• For s ∈ [0, δ1), from Cauchy -Schwartz inequality and the stationarity of the process we get

|k(s)| ≤ V ar(Kh(x−X0))
1
2V ar(Kh(x−Xs))

1
2 = V ar(Kh(x−X0)) ≤

∫
Rd

(Kh(x− y))2π(y)dy.

As π ∈ Hd(β,L), its infinitive norm is bounded. Using also the definition of Kh given in (6) it
follows

|k(s)| ≤ c∏d
l=1 hl

(14)

which implies ∫ δ1

0

|k(s)| ≤ c δ1∏d
l=1 hl

. (15)

• For s ∈ [δ1, δ2), taking δ2 < 1, we use the definition of transition density, for which

|k(s)| ≤
∫
Rd
|Kh(x− y)|

∫
Rd
|Kh(x− y′)|ps(y, y′)dy′π(y)dy.

We now act differently according on the value of k0. If k0 = 1 and β2 < β3 or k0 = 2, then we
introduce qs(y

′
3...y

′
d|y′1, y′2, y) as below:

qs(y
′
3...y

′
d|y′1, y′2, y) := e−λ0

|y1−y
′
1|

2

s × e−λ0
|y2−y

′
2|

2

s × 1√
s
e−λ0

|y3−y
′
3|

2

s × ...× 1√
s
e−λ0

|yd−y
′
d|

2

s .
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From Lemma 1 we know it is

ps(y, y
′) ≤ c0

s
qs(y

′
3...y

′
d|y′1, y′2, y).

Let us stress that

sup
s∈(0,1)

sup
y′1,y

′
2,y∈Rd+2

∫
Rd−2

qs(y
′
3...y

′
d|y′1, y′2, y)dy′3...dy

′
d ≤ c <∞. (16)

Then,

|k(s)| ≤ c0
s

∫
Rd
|Kh(x− y)|

∫
Rd
|Kh(x− y′)|qs(y′3...y′d|y′1, y′2, y)dy′ π(y)dy. (17)

Using the definition of Kh and (16) we obtain∫
Rd
|Kh(x− y′)|qs(y′3...y′d|y′1, y′2, y)dy′

≤ c∏
j≥3 hj

∫
R

1

h1
K(

y′1 − x1

h1
)

∫
R

1

h2
K(

y′2 − x2

h2
)(

∫
Rd−2

qs(y
′
3...y

′
d|y′1, y′2, y)dy′3...dy

′
d)dy

′
2 dy

′
1

≤ c∏
j≥3 hj

∫
R

1

h1
K(

y′1 − x1

h1
)

∫
R

1

h2
K(

y′2 − x2

h2
)dy′2 dy

′
1

≤ c∏
j≥3 hj

.

It is worth underlining that, here above, it would have been possible to remove the contribution of
no matter which couple of bandwidth. We choose to remove h1 and h2 because they are associated,
in the bias term, to the smallest values of the smoothness (β1 and β2) and so they provide the
strongest constraints.
It implies that, when k0 = 1 and β2 < β3 or k0 = 2, we get

|k(s)| ≤ c∏
j≥3 hj

1

s
(18)

and so ∫ δ2

δ1

|k(s)|ds ≤
∫ δ2

δ1

c∏
j≥3 hj

1

s
ds = c

log(δ2)− log(δ1)∏
j≥3 hj

, (19)

where the constant c does not depend on the coefficient (a, b) ∈ Σ. We now consider what happens
on [δ1, δ2) when k0 ≥ 3 or k0 = 1 and β2 = β3. In analogy to what done before we introduce
qs(y

′
k0+1...y

′
d|y′1, ..., y′k0

, y) which is such that

qs(y
′
k0+1...y

′
d|y′1, ..., y′k0

, y) := e−λ0
|y1−y

′
1|

2

s ×...×e−λ0

|yk0
−y′k0

|2

s × 1√
s
e−λ0

|yk0+1−y
′
k0+1|

2

s ×...× 1√
s
e−λ0

|yd−y
′
d|

2

s .

Using again Lemma 1 we can write

ps(y, y
′) ≤ c0s−

k0
2 qs(y

′
k0+1...y

′
d|y′1, ..., y′k0

, y)

and as before we have

sup
s∈(0,1)

sup
y′1,...,y

′
k0
,y∈Rd+k0

∫
Rd−k0

qs(y
′
k0+1...y

′
d|y′1, ..., y′k0

, y)dy′k0+1...dy
′
d ≤ c <∞.

Acting as in (17) and below it follows

|k(s)| ≤ c0s−
k0
2

∫
Rd
|Kh(x− y)|

∫
Rd
|Kh(x− y′)|qs(y′k0+1...y

′
d|y′1, ..., y′k0

, y)dy′ π(y)dy (20)

≤ cs−
k0
2

1∏
l≥k0+1 hl

.
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Hence, when k0 ≥ 3, we have∫ δ2

δ1

|k(s)|ds ≤ c∏
l≥k0+1 hl

∫ δ2

δ1

s−
k0
2 ds ≤ c∏

l≥k0+1 hl
δ

1− k0
2

1 . (21)

We remark that, for k0 = 1, the reasoning here above still applies. However, as 1− k0

2 = 1
2 is now

positive, we obtain ∫ δ2

δ1

|k(s)|ds ≤ c∏
l≥2 hl

δ
1
2
2 . (22)

As the bound no longer depends on δ1, we can choose to take δ1 = 0.
• For s ∈ [δ2, D) we use the same estimation for any value of k0, but for k0 = 1, β2 = β3. We still
consider the bound on the transition density gathered in Lemma 1. Such a bound is not uniform
in t big. However, for t ≥ 1, it is

pt(y, y
′) =

∫
Rd
pt− 1

2
(y, z)p 1

2
(z, y′)dz

≤ c
∫
Rd
pt− 1

2
(y, z)e−2λ0|y−z|2dz

≤ c
∫
Rd
pt− 1

2
(y, z)dz ≤ c.

We deduce, for all t,

pt(y, y
′) ≤ c0t−

d
2 e−λ0

|y−y′|2
t + c. (23)

It follows

|k(s)| ≤ c
∫
Rd
|Kh(x− y)|

∫
Rd
|Kh(x− y′)|(s− d2 + 1)dy′π(y)dy (24)

≤ c(s− d2 + 1).

We therefore get ∫ D

δ2

|k(s)|ds ≤ c(δ1− d2
2 +D). (25)

When k0 = 1 and β2 = β3, instead, we act analogously we did in the previous interval in order to
get (20). We choose to remove, in particular, the contribution of the first three bandwidths. We
obtain, ∀s ∈ [δ2, D),

|k(s)| ≤ c(s− 3
2

1∏
l≥4 hl

+ 1), (26)

where the final constant comes from (23), as now s can be larger than 1. It follows∫ D

δ2

|k(s)|ds ≤ c( 1∏
l≥4 hl

1

δ
1
2
2

+D). (27)

• For s ∈ [D,T ] we exploit the mixing properties of the process, as stated in Proposition 1. The
following control on the covariance holds true:

|k(s)| ≤ c ‖Kh(x− ·)‖2∞ e−ρs ≤ c( 1∏d
j=1 hj

)2e−ρs,

for ρ and c positive constants which are uniform over the set of coefficients (a, b) ∈ Σ. It entails∫ T

D

|k(s)|ds ≤ c( 1∏d
j=1 hj

)2e−ρD. (28)

We now put all the pieces together. For k0 = 1 and β2 < β3 or k0 = 2 we collect together (15),
(19), (25) and (28). We deduce

V ar(π̂h,T (x)) ≤ c

T
(

δ1∏d
l=1 hl

+
1∏

j≥3 hj
(| log(δ1)|+ | log(δ2)|)+δ

1− d2
2 +D+(

1∏d
j=1 hj

)2e−ρD). (29)
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We now want to choose δ1, δ2 and D for which the estimation here above is as sharp as possible.

To do that, we take δ1 := h1h2, δ2 := (
∏
j≥3 hj)

2
d−2 and D := [max(− 2

ρ log(
∏d
j=1 hj), 1) ∧ T ].

Replacing them in (29) we obtain

V ar(π̂h,T (x)) ≤ c

T
(

1∏
j≥3 hj

+

∑d
j=1 | log(hj)|∏

j≥3 hj
+

1∏
j≥3 hj

+

d∑
j=1

| log(hj)|+ 1)

≤ c

T

∑d
j=1 | log(hj)|∏

j≥3 hj
.

If otherwise k0 ≥ 3, we consider (21) instead of (19) which, together with (15), (25) and (28)
provides

V ar(π̂h,T (x)) ≤ c

T
(

δ1∏d
l=1 hl

+
δ

1− k0
2

1∏
j≥k0+1 hj

+ δ
1− d2
2 +D + (

1∏d
j=1 hj

)2e−ρD). (30)

We observe that the balance between the first two terms is achieved for δ1 := (
∏k0

l=1 hl)
2
k0 . Then,

we can choose δ2 = 1. We moreover take D := [max(− 2
ρ log(

∏d
j=1 hj), 1) ∧ T ], as before. It yields

V ar(π̂h,T (x)) ≤ c

T

(
∏k0

l=1 hl)
2
k0∏

l≥1 hl
=

1

T

1

(
∏k0

l=1 hl)
1− 2

k0 (
∏
l≥k0+1 hl)

,

as we wanted.
To conclude, by (22) with δ1 = 0, (27) and (28) we have proven that when k0 = 1 and β2 = β3 we
have

V ar(π̂h,T (x)) ≤ c

T
(

δ
1
2
2∏

l≥2 hl
+

1

δ
1
2
2

∏
l≥4 hl

+D + (
1∏d

j=1 hj
)2e−ρD)

≤ c

T
(

√
h2h3∏
l≥2 hl

+
1√

h2h3

∏
l≥4 hl

) =
c

T

1√
h2h3

∏
l≥4 hl

,

where the last estimation follows by having chosen δ2 := h2h3. The parameter D is moreover chosen
as above. Remarking that all the constants are uniform over the set of coefficient (a, b) ∈ Σ, the
result is proven.

5.2 Proof of Theorem 1

Proof. From the usual bias-variance decomposition it is

E[|π̂h,T (x)− π(x)|2] ≤ |E[π̂h,T (x)]− π(x)|2 + V ar(π̂h,T (x)).

An upper bound for the variance is gathered in Proposition 2. Regarding the bias, a standard
computation (see for example the proof of Proposition 1.2 of [63] or Proposition 1 of [21]) provides

|E[π̂h,T (x)]− π(x)|2 ≤ c
d∑
j=1

h
βj
j , (31)

with the constant c that does not depend on x, nor on (a, b) ∈ Σ.
The result is then obtained by looking for the balance between the two terms.
We start considering the case where k0 = 1 and β2 < β3 or k0 = 2. Thanks to Proposition
2 we know the bound (10) holds true. After simple computations (as in the proof of Theorem
1 of [3]) it is easy to see that the balance is achieved by choosing the rate optimal bandwidth
h∗ := (( log T

T )a1 , ..., ( log T
T )ad), with

a1 >
β̄3

β1(2β̄3 + d− 2)
, a2 >

β̄3

β2(2β̄3 + d− 2)
(32)
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and

al =
β̄3

βl(2β̄3 + d− 2)
∀l ∈ {3, ..., d} . (33)

Replacing the value of h∗ in the upper bounds of the variance and of the bias we get

E[|π̂h,T (x)− π(x)|2] ≤ c( log T

T
)

2β̄3
2β̄3+d−2 ,

with the same constant c for all (a, b) ∈ Σ.
When k0 = 1 and β2 = β3 the bias-variance decomposition consists in

E[|π̂h,T (x)− π(x)|2] ≤ c
d∑
j=1

h
βj
j +

c

T

1√
h2h3

∏
l≥4 hl

.

As β2 = β3 we choose h2 = h3, such that the upper bound on the variance gathered in Proposition
2 becomes simply c

T
1∏
l≥3 hl

. Then, similar computations as above implies that the balance is

achieved by choosing h∗(T ) := (( 1
T )a1 , ..., ( 1

T )ad), with a1 as in (32), a2 = a3 with aj as in (33),
for j ≥ 3. It yields

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] ≤ c( 1

T
)

2β̄3
2β̄3+d−2 .

Assuming now that k0 ≥ 3, we have

E[|π̂h,T (x)− π(x)|2] ≤ c
d∑
j=1

h
βj
j +

c

T

1

hk0−2
1 (

∏
l≥k0+1 hl)

,

where we have already chosen to take h1 = h2 = ... = hk0
. We now look for the rate optimal

bandwidth by setting h∗l := ( 1
T )al and searching a1, ak0+1, ... , ad such that the bias and variance

are balanced. It consists in solving the following system:{
a1β1 = alβl ∀l ∈ {k0 + 1, ..., d}
1− a1(k0 − 2)−

∑
l≥k0+1 al = 2a1β1.

(34)

As a consequence of the first d− k0 equations, we can write

al =
β1

βl
a1, ∀l ∈ {k0 + 1, ..., d} . (35)

Hence, the last equation becomes

2β1a1 = 1− a1(k0 − 2)− β1a1

∑
l≥k0+1

1

βl
(36)

= 1− a1(k0 − 2)− β1a1
d− k0

β̄k
,

where β̄k is the mean smoothness over βk0+1, ... , βd and it is such that 1
β̄k

= 1
d−k0

∑
l≥k0+1

1
βl

.

We also observe that, as 1
β̄3

= 1
d−2

∑
l≥3

1
βl

, it is

k0 − 2

β1
+
d− k0

β̄k
=
d− 2

β̄3

. (37)

Hence, (36) can be seen as

2β1a1 = 1− a1β1
d− 2

β̄3

,

which leads to the choice

a1 =
β̄3

β1(2β̄3 + d− 2)
.
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Thanks to the first d− k0 equations in the system it follows

al =
β̄3

βl(2β̄3 + d− 2)
∀l ∈ {k0 + 1, ..., d} .

Plugging the rate optimal bandwidth h∗ in the bound of the mean squared error and recalling that
the constant c does not depend on (a, b) ∈ Σ, we obtain

sup
(a,b)∈Σ

E[|π̂h,T (x)− π(x)|2] ≤ c( 1

T
)

2β̄3
2β̄3+d−2 ,

as we wanted.

Remark 1. As the situation is complicated, it is worth highlighting how the optimal bandwidths
depend on the smoothness.

• When β2 < β3, h1 and h2 are arbitrarily small while h3, ... , hd are fixed. In this case there
is the logarithm in the rate.

• When β2 = β3 we have two possibilities for the bandwidths, depending on β1. In both cases
we remove the logarithm in the rate.

– If β1 < β2, then h1 can be arbitrarily small while h2, ... , hd are fixed.

– If β1 = β2, then all the bandwidths h1, ... , hd are fixed.

It is interesting to see that when we have two degrees of freedom on the bandwidths it is impossible to
remove the logarithm in the convergence rate, while having one degree of freedom on the bandwidths
is enough to modify the convergence rate: it is the same it would have been without any degree of
freedom on the bandwidths.

5.3 Proof of Theorem 2

Proof. The proof relies, as before, on the bias-variance decomposition. Concerning the bias, (31)
still holds true. We need to provide an upper bound on the variance, based on Lemma 1 and
Proposition 1, as before. The main difference compared to the proof of Proposition 2 is that we
now split the integral over [0, T ] in three pieces:

[0, T ] = [0, δ) ∪ [δ,D) ∪ [D,T ),

where δ and D will be chosen later. On the first and on the last piece we act as in the proof of
Proposition 2 and so (15) and (28) keep holding. Regarding the interval [δ,D), we act on it as we
did on [δ2, D). From (24), recalling that now d = 2, we obtain∫ D

δ

|k(s)|ds ≤ c
∫ D

δ

(s−1 + 1)ds ≤ c(| logD|+ | log δ|+D).

Putting all the pieces together we get

V ar(π̂h,T (x)) ≤ c

T
(

δ

h1 h2
+ | logD|+ | log δ|+D + (

1

h1 h2
)2e−ρD)

≤ c

T
(1 +

2∑
j=1

| log hj |+
2∑
j=1

| log(| log hj |)|)

≤
c
∑2
j=1 | log hj |
T

,

where we have opportunely chosen δ = h1h2 and D := [max(− 2
ρ log(h1 h2), 1) ∧ T ]. It follows

E[|π̂h,T (x)− π(x)|2] ≤ ch2β1

1 + ch2β2

2 +
c
∑2
j=1 | log hj |
T

.

To conclude it is enough to observe that the optimal choice for the bandwidth consists in taking
h∗l = ( log T

T )al , with al ≥ 1
2βl

for l = 1, 2, which provides the wanted convergence rate.
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6 Proof of the lower bounds stated in Section 4

This section is devoted to the proof of the lower bounds, as stated in Section 4.

6.1 Proof of Theorem 3

The proof of Theorem 3 is based on the two hypothesis method, as explained for example in
Section 2.3 of Tsybakov [63] and follow the standard scheme provided in Section 6 of [3]. We
start by making explicit link between the drift and the stationary measure. Then, we provide two
priors depending on some calibration parameters and, to conclude, we find some conditions on the
calibration such that it is possible to prove a lower bound for the minimax risk introduced in (12).

First, remark that if a drift b belongs to the class of coefficients Σ(β,L, amin, a0, a1, b0, b1, C̃, ρ̃)
then it is possible to check that the translated drift x 7→ b(x+h) belongs to Σ(β,L, amin, a0, a1, b0, b1, C̃/2, ρ̃

′)

with ρ̃′ = max(ρ̃ + |h|, 2|h| C̃+b0
C̃

). As a consequence, it is sufficient to prove the theorem in the

case where x0 = (0, . . . , 0), and the general case can be deduced by translation. A second re-
mark, is that if X is solution of (3) where the coefficients (a, b) satisfies A1 with the constants
(amin, a0, a1, b0, b1), then the diffusion t 7→ a−1

minXt satisfies the assumption A1 with the constants
(1, a0/amin, a1, b0/amin, b1). Hence, it is possible to assume without loss of generality that amin = 1.

In the proof, we will lower bound the risk on the subclass of model (3) given by the following
simpler stochastic differential equation, for which the diffusion coefficient a = Id×d is constant :

dXt = b(Xt)dt+ dWt. (38)

and where b is any drift function such that (Id×d, b) ∈ Σ(β,L, 1, a0, a1, b0, b1, C̃, ρ̃).

Proof. • Explicit link between the drift and the stationary measure.
We first of all need to introduce A, the generator of the diffusion X solution of (38):

Af(x) :=
1

2

d∑
i,j=1

∂2

∂xi∂xj
f(x) +

d∑
i=1

bi(x)
∂

∂xi
f(x). (39)

We now introduce a class of function that will be useful in the sequel:

C :=

{
f : Rd → R, f ∈ C2(Rd) such that ∀i ∈ {1, ..., d} lim

xi→±∞
f(x) = 0,

lim
xi→±∞

∂

∂xi
f(x) = 0 and

∫
Rd
f(x)dx <∞

}
.

We denote furthermore as A∗ the adjoint operator of A on L2(Rd, dx) which is such that, for
f, g ∈ C, ∫

Rd
Af(x)g(x)dx =

∫
Rd
f(x)A∗g(x)dx.

The form of A∗ is known (see for example Lemma 2 in [3] remarking that, in our case, the discrete
part of the generator Ad is zero and so we do not have its adjoint in A∗):

A∗g(x) =
1

2

d∑
i=1

∂2

∂x2
i

g(x)− (

d∑
i=1

∂ bi

∂xi
g(x) + bi

∂ g

∂xi
(x)).

If g : Rd → R is a probability density of class C2, solution of A∗g = 0, then it can be checked by
Ito’s formula it is an invariant density for the process we are considering. When the stationary
distribution π is unique, therefore, it can be computed as solution of the equation A∗π = 0. As
proposed for example in [3] and in [26], we consider π as fixed and b as the unknown variable.
We therefore want to compute a function b = bg solution to A∗g = 0. For g ∈ C and g > 0, we
introduce for all x ∈ Rd and for all i ∈ {1, ..., d},

big(x) =
1

g(x)

1

2

∂g

∂xi
(x) (40)
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and bg(x) = (b1g(x), ..., bdg(x)). It is enough to remark that, for big(x) defined as above it is

∂ big
∂xi

(x) =
1

g(x)

1

2

∂2g

∂x2
i

(x)−
big(x)

g(x)

∂ g

∂xi
(x) (41)

to see that the function bg here above introduced is actually solution of A∗g(x) = 0, for any x ∈ Rd.
We know that π is solution to A∗π(x) = 0 for b = bπ and so it is a stationary measure for the
process X whose drift is bπ. However, if bπ satisfies A1-A2 then, from Lemma 2, we know there
exists a Lyapounov function and that the stationary measure of the equation with drift coefficient
bπ is unique. It follows it is equal to π.

Hence, we need bπ to be a function satisfying A1-A2. We introduce some assumptions on π for
which the associated drift bπ has the wanted properties.

A3: Let π : Rd → R a probability density with regularity C2 such that, for any x = (x1, ..., xd) ∈
Rd, π(x) = cn

∏d
j=1 πj(xj) > 0, where cn is a normalization constant. We suppose moreover that

the following holds true for each j ∈ {1, ..., d}:

1. limy→±∞ πj(y) = 0 and limy→±∞ π′j(y) = 0.

2. There exists ε̃ > 0 and R > 0 such that, for any y : |y| > R√
d
,

π′j(y)

πj(y)
≤ −ε̃ sgn(y).

3. There exists a constant c1 such that, for any y ∈ R,

|
π′j(y)

πj(y)
| ≤ c1.

4. There exists a constant c2 such that, for any x ∈ Rd,

|∂
2π

∂x2
i

(x)| ≤ c2π(x)

The properties listed here above have been introduced in order to make the associated drift function
satisfying A1-A2 so that, up to know that π(a,b) ∈ Hd(β, 2L), it would follow (Id×d, b) ∈ Σ. It is
easy to see from the definition of bπ given in (40) that, having π in a multiplicative form, we get

|biπ(x)| = |1
2

π′i(xi)

πi(xi)
| ≤ c1

2
=: b̃0,

where we have used the third point of A3. The drift function is also clearly lipschitz. Moreover
from (41), the third and the fourth points of A3 and the just proven boundedness of bπ we have

|∂b
i
π

∂xi
(x)| ≤ c2

2
+ c1b̃0 =: b̃1.

In order to show that also the A2 holds true we need to investigate the behaviour of xib
i
π(x). From

the second point of A3, which holds true for any xi such that |xi| > R√
d
, it is

xib
i
π(x) =

xi
2

π′i(xi)

πi(xi)
≤ −xi

2
ε̃ sgn(xi) = − ε̃

2
|xi|.

Using also the boundedness of biπ showed before, it follows

x · bπ(x) =

d∑
i=1

xib
i
π(x) =

d∑
xi:|xi|> R√

d

xib
i
π(x) +

d∑
xi:|xi|≤ R√

d

xib
i
π(x)

≤ −c̃
d∑

xi:|xi|> R√
d

|xi|+
R√
d
c ≤ −c1|x|+ c2,

15



where the last inequality is a consequence of the fact that, for |x| > R, there has to be at least
a component xi such that |xi| > R√

d
. Hence, we can use the sup norm and compare it with the

euclidean one. Moreover, as |x| is lower bounded by R, it exists a constant C1 > 0 such that

−c1|x|+ c2 ≤ −C1|x|.

The proposed drift bπ is therefore a bounded lipschitz function that satisfies A2, up to know that
on the linked invariant density the properties gathered in A3 hold true. In the next step we propose
two priors with the prescribed properties.

• Construction of the priors.
We want to provide two drift functions belonging to Σ(β,L) and, to do it, we introduce two prob-

ability densities defined on the purpose to make A3 hold true. We set π(0)(x) := cη
∏d
k=1 πk,0(xk),

where cη is the constant that makes π(0) a probability measure. For any y ∈ R we define
πk,0(y) := f(η|y|), where

f(x) :=


e−|x| if |x| ≥ 1

∈ [1, e−1] if 1
2 < |x| < 1

1 if |x| ≤ 1
2

and η is a constant in (0, 1
2 ) which plays the same role as ε̃ did in A3, as it can be chosen as small

as we want. In particular we choose η small enough to get π(0) ∈ Hd(β,L). Moreover, we assume
f to be a C∞ function that satisfies |f (k)(x)| ≤ 2e−|x| for k = 1, 2.
It is easy to see that π0 satisfies A3, as it is clearly positive and in a multiplicative form. The
first point holds true by construction. We observe then that, for y such that |y| > 1

η , we have

π′j,0(y) = −η sgn(y)πj,0(y) for any j ∈ {1, ..., d}. Therefore, point 2 of A3 is satisfied for y such

that |y| > R√
d
, up to take R :=

√
d
η .

Regarding point 3 of A3, it clearly holds true for y such that |y| > 1
η and |y| < 1

2η for what said

before and as the derivative is zero, respectively. When 1
2η ≤ |y| ≤

1
η , point 3 of A3 is satisfied

thanks to the condition |f ′(x)| ≤ 2e−|x|. An analogous reasoning can be applied to ensure the
validity of the fourth point of A3

As π(0) is an invariant density belonging to Hd(β, 2L) and satisfying A3, the associated coeffi-
cients are such that (Id×d, b

(0)) ∈ Σ(β,L, 1, a0, a1, b̃0, b̃1, C1, R) ⊂ Σ for some C̃, ρ̃, with b̃0, b̃1, C1

and R as above. To provide the second hypothesis, we introduce the probability measure π(1). We
are given it as π(0) to which we add a bump: let K : R → R be a C∞ function with support on
[−1, 1] and such that

K(0) = 1,

∫ 1

−1

K(z)dz = 0. (42)

We set

π(1)(x) := π(0)(x) +
1

MT

d∏
l=1

K(
xl − xl0
hl(T )

), (43)

where x0 = (x1
0, ..., x

d
0) ∈ Rd is the point in which we are evaluating the minimax risk, as defined

in (12), MT and hl(T ) will be calibrated later and satisfy MT →∞ and, ∀l ∈ {1, ..., d}, hl(T )→ 0
as T →∞. From the properties of the kernel function given in (42) we obtain∫

Rd
π(1)(x)dx =

∫
Rd
π(0)(x)dx = 1.

Moreover, as π(0) > 0, K has support compact and 1
MT
→ 0, for T big enough we can say that

π(1) > 0 as well. The fact of the matter consists of calibrating MT and hl(T ) such that both the
densities π(0) and π(1) belong to the anisotropic Holder class Hd(β, 2L) (according with Definition
2) and the laws P(0) and P(1) are close.
To do that, we need to evaluate the difference between the two proposed drifts. We introduce the
following set of Rd:

KT := [x1
0 − h1(T ), x1

0 + h1(T )]× ...× [xd0 − hd(T ), xd0 + hd(T )].

Then, for T large enough,
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1. For any x ∈ Kc
T and ∀i ∈ {1, ..., d}: b(1)

i (x) = b
(0)
i (x).

2. For any x ∈ KT and ∀i ∈ {1, ..., d}: |b(1)
i (x)−b(0)

i (x)| ≤ c
MT

∑d
j=1

1
hj(T ) , where c is a constant

independent of T .

Before proceeding with the proof of these two points we introduce some notations:

Ii[π](x) :=
1

2

∂π

∂xi
(x), dT (x) := π(1)(x)− π(0)(x) =

1

MT

d∏
l=1

K(
xl − xl0
hl(T )

). (44)

As the support of K is in [−1, 1], for any x ∈ Kc
T both dT (x) and its derivatives are 0 and, in

particular, π(0)(x) = π(1)(x). We can therefore write, using the linearity of the operator Ii,

b
(1)
i (x) =

1

π(0)(x)
Ĩi[π(0)](x) +

1

π(0)(x)
Ĩi[dT ](x) = b

(0)
i (x) +

1

π(0)(x)
Ĩi[dT ](x) = b

(0)
i (x).

Regarding the second point here above, we observe that on KT we have

b
(1)
i −b

(0)
i = (

1

π(1)
− 1

π(0)
)Ĩi[π(0)]+

1

π(1)
Ĩi[dT ] =

π(0) − π(1)

π(1)

1

π(0)
Ĩi[π(0)]+

1

π(1)
Ĩi[dT ] =

dT
π(1)

b
(0)
i +

1

π(1)
Ĩi[dT ].

For how we have defined π(1) = π(0) + dT , we see first of all it is lower bounded away from 0.

Moreover we know that π(0) satisfies Assumption A3 and so b
(0)
i is bounded. Furthermore, we

have the following controls on dT :

‖dT ‖∞ ≤
c

MT
,

∥∥∥∥∂dT∂xj

∥∥∥∥
∞
≤ c

MT

1

hj(T )
.

It follows that, for any x ∈ KT ,

|b(1)
i − b

(0)
i | ≤

c

MT
(1 +

d∑
j=1

1

hj(T )
) ≤ c

MT

d∑
j=1

1

hj(T )
,

where the last inequality is a consequence of the fact that, ∀j ∈ {1, ..., d}, hj(T ) → 0 for T → ∞
and so, if compared with the second term in the equation here above, all the other terms are
negligible.

Then, it is possible to show that also (Id×d, b
(1)) belongs to Σ, up to calibrate properly MT

and hi(T ), for i ∈ {1, ..., d}. We recall that we already know that b(0) satisfies A1-A2. Due to

points 1 and 2 above also b(1) is bounded, up to ask that
∑d
j=1

1
hj(T ) = o(MT ). Remark also that

we have < b(1)(x), x >≤ −C̃|x| for |x| ≥ ρ̃ for T large enough, using that b(1) and b(0) coincide on
Kc
T . Moreover, after some computations we have∥∥∥∇b(1) −∇b(0)

∥∥∥
∞
≤ c

MT

[
‖dT ‖∞ +

∑
y∈{x1,...,xd}

‖dT ‖∞

∥∥∥∥∂dT∂y
∥∥∥∥
∞

+
1

MT

∑
y,y′∈{x1,...,xd}

∥∥∥∥∂dT∂y
∥∥∥∥
∞

∥∥∥∥∂dT∂y′
∥∥∥∥
∞

+
∑

y,y′∈{x1,...,xd}

∥∥∥∥ ∂2dT
∂y∂y′

∥∥∥∥
∞

]

≤ 1

MT

d∑
i,j=1

c

hihj
≤ 1

MT

c

h2
1

.

Hence, to get that
∥∥∇b(1)

∥∥ ≤ b1 it is sufficient that

c

MT

1

h2
1

→ 0 (45)

for T going to ∞. Furthermore, requiring that

1

MT
≤ εhi(T )βi ∀i ∈ {1, ..., d} , (46)

17



it is easy to derive the Holder regularity of π(1) starting from the regularity of π(0), as proved for
example in Lemma 3 of [3]. It follows that, under condition (46), (which implies also

∑d
j=1

1
hj(T ) =

o(MT ), as βj > 1 for any j) and (45), both (Id×d, b
(0)) and (Id×d, b

(1)) belong to Σ.

• Choice of the calibration
Before we keep proceeding, we introduce some notations. We denote as P0 (respectively P1) the law
of a stationary solution (Xt)t≥0 of (38) whose drift coefficient is b(0) (respectively b(1)). Moreover

we will note P(T )
0 the law of (Xt)t∈[0,T ], solution of the same stochastic differential equation as here

above. The corresponding expectation will be denoted as E(T )

(Id×d,b(0))
(respectively E(T )

(Id×d,b(1))
).

To find a lower bound for the risk we will need to use that there exist C and λ > 0 such that, for
all T large enough,

P(T )
0 (Z(T ) ≥ 1

λ
) ≥ C, (47)

where we have introduced the notation Z(T ) :=
dP(T )

1

dP(T )
0

. To ensure its validity it is enough to remark

that the proof of Lemma 4 in [3] is the same even in absence of jumps. Hence, we know (47) holds
true if

sup
T≥0

T

∫
Rd
|b(1)(x)− b(0)(x)|2π(0)(x) dx <∞.

From points 1 and 2 above, it is equivalent to ask

sup
T≥0

T
c

M2
T

(

d∑
j=1

1

h2
j (T )

)|KT | = sup
T≥0

T
c

M2
T

(

d∏
l=1

hl(T ))(

d∑
j=1

1

h2
j (T )

) <∞. (48)

Then, as (Id×d, b
(0)) and (Id×d, b

(1)) belong to Σ, we have

R(π̃T (x0)) ≥ 1

2
E(T )

(Id×d,b(1))
[(π̃T (x0)− π(1)(x0))2] +

1

2
E(T )

(Id×d,b(0))
[(π̃T (x0)− π(0)(x0))2]

≥ 1

2
E(T )

(Id×d,b(0))
[(π̃T (x0)− π(1)(x0))2Z(T )] +

1

2
E(T )

(Id×d,b(0))
[(π̃T (x0)− π(0)(x0))2]

≥ 1

2λ
E(T )

(Id×d,b(0))
[(π̃T (x0)− π(1)(x0))21{Z(T )≥ 1

λ}] +
1

2
E(T )

(Id×d,b(0))
[(π̃T (x0)− π(0)(x0))21{Z(T )≥ 1

λ}]

=
1

2λ
E(T )

(Id×d,b(0))

[
[(π̃T (x0)− π(1)(x0))2 + (π̃T (x0)− π(0)(x0))2]1{Z(T )≥ 1

λ}
]
,

for all λ > 1. We remark it is

(π̃T (x0)− π(1)(x0))2 + (π̃T (x0)− π(0)(x0))2 ≥ (
π(1)(x0)− π(0)(x0)

2
)2

and so we obtain

R(π̃T (x0)) ≥ 1

8λ
(π(1)(x0)− π(0)(x0))2P(T )

0 (Z(T ) ≥ 1

λ
) ≥ c

M2
T

, (49)

where we have used (47) and that, by construction, π(1)(x0) − π(0)(x0) = 1
MT

∏d
l=1K(0) = 1

MT
.

Hence, we have to find the largest choice for 1
M2
T

, subject to the constraints (46) and (48). To do

that, we suppose at the beginning to saturate (46) for any j ∈ {1, ..., d}. From the order of β we
obtain

h1(T ) = h2(T )
β2
β1 ≤ h2(T ) ≤ ... ≤ hd(T ). (50)

We plug it in (48) and we observe that the biggest term in the sum is
∏
l 6=1 hl(T )

h1(T ) . In order to make

it as small as possible, we decide to increment h1(T ) up to get h1(T ) = h2(T ), remarking that it

is not an improvement to take h1(T ) also bigger than h2(T ) because otherwise
∏
l 6=2 hl(T )

h2(T ) would

be the biggest term, and it would be larger than
∏
l 6=1 hl(T )

h1(T ) for h1(T ) = h2(T ). Therefore, we take

h1(T ) = h2(T ) and hl(T ) = ( 1
MT

)
1
βl for l ≥ 2. With this choice (45) is always satisfied as β2 > 2.

Moreover, we have ∏
l≥3

hl(T ) = (
1

MT
)
∑
l≥3

1
βl = (

1

MT
)
d−2

β̄3 .
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And so condition (48) turns out being

sup
T
T

1

M2
T

∏
l≥3

hl(T ) = sup
T
T

1

M2
T

(
1

MT
)
d−2

β̄3 ≤ c.

It leads us to the choice MT = T
β̄3

2β̄3+d−2 . It implies

R(π̃T (x0)) ≥ (
1

T
)

2 β̄3
2β̄3+d−2 ,

as we wanted.

6.2 Proof of Theorem 4

Proof. Following the same ideas as in the proof of Theorem 3 we construct a prior supported by two
different models corresponding to two drift functions b(0) and b(1), and with associated stationary
probabilities π(0) and π(1). However, the shape of the bump used in the construction of π(1), given
below by (54), is different with the one used in the proof of Theorem 3 and defined in (44)

In the construction of the prior, the first two components are treated differently than the other
ones. For this reason, we introduce cylindrical coordinates (r, θ, x3, . . . , xd) that translates into
the Cartesian coordinates (r cos(θ), r sin(θ), x3, . . . , xd). We recall the expression of the Laplacian

in cylindrical coordinates ∆π = 1
r
∂
∂r

(
r ∂π∂r

)
+ 1

r2
∂2π
∂θ2 +

∑d
k=3

∂2π
∂x2
k

and of the divergence operator

∇ · ξ = 1
r
∂(rξr)
∂r + 1

r
∂ξθ
∂θ +

∑d
k=3

∂ξk
∂xk

where ξ is the vector field ξ = ξr~er + ξθ~eθ +
∑d
k=3 ξk~ek with

~er = (cos(θ), sin(θ), 0, . . . , 0)T , ~eθ = (− sin(θ), cos(θ), 0, . . . , 0)T , and (~ek)k=1,...,d is the canonical
Cartesian basis of Rd. For π smooth stationary probability of the diffusion dXt = b(Xt)dt + dWt

the condition A∗bπ = 0 can be written as

1

2
∆π −∇ · (πb) = 0 (51)

which yields in cylindrical coordinates to

1

r

∂

∂r

(
r
∂π

∂r

)
+

1

r2

∂2π

∂θ2
+

d∑
k=3

∂2π

∂x2
k

=
1

r

∂ (rπbr)

∂r
+

1

r

∂(πbθ)

∂θ
+

d∑
k=3

∂(πbk)

∂xk
. (52)

Given a stationary probability π = π(r, x3, . . . , xd) > 0 independent of θ, we see that the drift b

solution of (52) is given by b = br~er + bθ~eθ +
∑d
k=3 bk~ek with

br =
1

π

∂π

∂r
, bθ = 0,

bk =
1

π

∂π

∂xk
, ∀k ≥ 3.

(53)

• Construction of the priors. As in the proof of Theorem 3, the prior is based on two points
(π(0), π(T )). First, we define π(0). Let ψ : [0,∞) → [0,∞) be a smooth function, vanishing on
[0, 1/2] and satisfying ψ(x) = x for x ≥ 1. We let

π(0)(r, x3, . . . , xd) = cηe
−ηψ(r)

d∏
k=3

e−ηψ(|xk|),

where η > 0 and cη is such that
∫

[0,∞)×[0,2π)×Rd−2 π
(0)(r, x3, . . . , xd)r drdθdx3 . . . dxd = 1. Remark

that for η → 0, we have cη = O(ηd). Using that ψ has bounded derivatives and vanishes near

0 one can check that (x1, . . . , xd) 7→ π(0)(
√
x2

1 + x2
2, x3, . . . , xd) is a smooth function and that∥∥∥ ∂l

∂xlk
π(0)(

√
x2

1 + x2
2, x3, . . . , xd)

∥∥∥
∞

= O(cη) = O(ηd) for all 1 ≤ k ≤ d and l ≥ 0. Hence, we can

choose η small enough such that π(0) ∈ Hd(β,L). The drift function b(0) associated to π(0) given

by (53) is such that b
(0)
r (r, x3, . . . , xd) = −ηψ′(r) = −η if r > 1 and b

(0)
k (r, x3, . . . , xd) = −η sgn(xk)

for |xk| > 1. By computation analogous to the ones before, there exists C̃ > 0 and ρ̃ > 0 such that
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< b(0)(x), x >≤ −C̃|x| for x ≥ ρ̃. Moreover,
∥∥b(0)

∥∥
∞ +

∥∥∇b(0)
∥∥
∞ = O(η). Hence, if η is chosen

small enough, (Id×d, b(0)) ∈ Σ(β,L, 1, a0, a1, b0/2, b1/2, C̃, ρ̃) ⊂ Σ(β,L, 1, a0, a1, b0, b1, C̃, ρ̃).
The construction of π(T ) is more elaborate. We add a bump centered at 0 to π(0). LetK : R→ R

be a smooth function with support on [−1, 1] and satisfying (42). We set π(1) = π(0) + 1
MT

dT where

dT (r, x3, . . . , xd) = Jrmin(T ),rmax(T )(r)×
d∏
i=3

K(
xi

hi(T )
), (54)

where 0 < rmin(T ) < rmax(T )/4 < rmax(T ) ≤ h3(T ) ≤ · · · ≤ hd(T ) will be calibrated later and
goes to zero with a rate polynomial in 1/T . In the following we will suppress the dependence in T
of rmin, rmax, (hj)3≤j≤d in order to lighten the notations. The function Jrmin,rmax

: [0,∞)→ R is a
smooth function with support on [0, rmax] satisfying the following properties:

Jrmin,rmax
is constant on [0, rmin/4] and decreasing on [rmin/4, rmax] with Jrmin,rmax

(0) ≥ 1 (55)

0 ≤ Jrmin,rmax(r) ≤ c
(

ln(rmax/r) + 1

ln(rmax/rmin)
∧ 1

)
, (56)∣∣∣∣∂Jrmin,rmax

(r)

∂r

∣∣∣∣ ≤ c

(ln(rmax/rmin))(r ∧ rmin)
, (57)∣∣∣∣∂kJrmin,rmax

(r)

∂rk

∣∣∣∣ ≤ c(k)

(ln(rmax/rmin))rkmin

, ∀k ≥ 1, (58)

where the constants c and c(k) are independent of rmin, rmax. The existence of such function
Jrmin,rmax is postponed to Lemma 5, and we give in Remark 2 some hints underneath its construc-
tion. Remark that π(1) is a probability measure for T large enough, as the mean of dT is zero and
π(1) is positive if T is large enough, as we assume 1/MT → 0.

We denote by b(1) the drift function associated to π(1) through the relations (53). We now
prove the following lemma.

Lemma 4. We have,∫
Rd

∣∣∣∣b(1)(
√
x2

1 + x2
2, x3, . . . , xd)− b(0)(

√
x2

1 + x2
2, x3, . . . , xd)

∣∣∣∣2 dx1 . . . dxd ≤ c
∏d
i=3 hi

M2
T ln( rmax

rmin
)
, (59)

∥∥∥b(1) − b(0)
∥∥∥
∞
≤ c

MT

[
1

rmin ln( rmax

rmax
)

+
1

h3

]
, (60)

∥∥∥∇b(1) −∇b(0)
∥∥∥
∞
≤ c

MT

[
1

r2
min ln( rmax

rmax
)

+
1

h2
3

]
. (61)

Proof. • We start with the proof of (59). Recalling π(1) = π(0) + dT
MT

and using (53), we deduce

b(1) − b(0) =
dT

MTπ(1)
b(0) +

1

MTπ(1)

d∑
k=3

∂dT
∂xk

~ek +
1

MTπ(1)

∂dT
∂r

~er. (62)

In the evaluation of the L2 norm of b(1)−b(0), we start by the contribution of the radial component.
From (62), we have

b(1)
r − b(0)

r = b(0)
r

(
dT

MTπ(1)

)
+

1

MTπ(1)

∂dT
∂r

.

Remarking that π(1) and π(0) coincides out of the compact set KT = {r ≤ rmax} × [0, 2π] ×∏d
i=3[−hi, hi], we deduce that b(1) and b(0) are equal on Kc

T . Thus,∥∥∥b(1)
r − b(0)

r

∥∥∥2

2
=

∫
KT

|b(1)
r (r, x3, . . . , xd)− b(0)

r (r, x3, . . . , xd)|2rdrdθdx3 . . . dxd

≤ c

M2
T

∫
KT

[
|dT (r, x3, . . . , xd)|2 +

∣∣∣∣∂dT (r, x3, . . . , xd)

∂r

∣∣∣∣2
]
rdrdθdx3 . . . dxd

=:
c

M2
T

(I1(T ) + I2(T )), (63)
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where we used that π(1) is lower bounded independently of T on the compact set KT , for T large
enough, and the boundedness of b(0). Using the definition of dT given by (54), and (56), we have

I1(T ) =

∫ rmax

0

|Jrmin,rmax(r)|2rdr
∫
∏d
i=3[−hi,hi]

d∏
i=3

K(
xi
hi

)2dx3 . . . dxd

≤ c ‖K‖2(d−3)
∞

∫ rmax

0

(
ln(rmax/r) + 1

ln(rmax/rmin)
∧ 1

)2

rdr

(
d∏
i=3

hi

)

≤ c ‖K‖2(d−3)
∞

(
d∏
i=3

hi

)[∫ rmax/
√

ln(rmax/rmin)

0

rdr +

∫ rmax

rmax/
√

ln(rmax/rmin)

(
ln(rmax/r) + 1

ln(rmax/rmin)

)2

rdr

]

≤ c ‖K‖2(d−3)
∞

(
d∏
i=3

hi

) r2
max

ln(rmax/rmin)
+

∫ rmax

rmax/
√

ln(rmax/rmin)

(
ln(
√

ln(rmax/rmin)) + 1

ln(rmax/rmin)

)2

rdr


≤ c ‖K‖2(d−3)

∞

(
d∏
i=3

hi

)[
r2
max

ln(rmax/rmin)
+

∫ rmax

rmax/
√

ln(rmax/rmin)

c

ln(rmax/rmin)
rdr

]

≤ c ‖K‖2(d−3)
∞

(
d∏
i=3

hi

)
r2
max

ln(rmax/rmin)
. (64)

Using now (57),

I2(T ) =

∫ rmax

0

|∂Jrmin,rmax
(r)

∂r
|2rdr

∫
∏d
i=3[−hi,hi]

d∏
i=3

K(
xl

hl(T )
)2dx3 . . . dxd

≤ c ‖K‖2(d−3)
∞

∫ rmax

0

(
1

(ln(rmax/rmin))(r ∧ rmin)

)2

rdr

(
d∏
i=3

hi

)

≤ c ‖K‖2(d−3)
∞

(
d∏
i=3

hi

)
1

(ln(rmax/rmin))2

[∫ rmin

0

1

r2
min

rdr +

∫ rmax

rmin

r

r2
dr

]

≤ c ‖K‖2(d−3)
∞

(
d∏
i=3

hi

)
1

(ln(rmax/rmin))2

[
1 + ln(

rmax

rmin
)

]

≤ c ‖K‖2(d−3)
∞

(
d∏
i=3

hi

)
1

(ln(rmax/rmin))
(65)

Collecting (63), (64) and (65), we deduce∥∥∥b(1)
r − b(0)

r

∥∥∥2

2
≤ c

∏d
i=3 hi

M2
T ln( rmax

rmin
)
. (66)

We now compute the contribution of bk for k ≥ 3 in the L2 norms of b(1)− b(0). Using (62), we
have ∥∥∥b(1)

k − b
(0)
k

∥∥∥2

2
≤ c

M2
T

∫
KT

[
|dT (r, x3, . . . , xd)|2 +

∣∣∣∣∂dT (r, x3, . . . , xd)

∂xk

∣∣∣∣2
]
rdrdθdx3 . . . dxd

:=
c

M2
T

(I1(T ) + I3(T )). (67)

We have to upper bound I3(T ) which is the new term. From the definition of dT , we have

I3 =

∫ rmax

0

|Jrmin,rmax(r)|2rdr
∫
∏d
i=3[−hi,hi]

 d∏
i=3

i6=k

K(
xi
hi

)2

 |K ′(xk
hk

)|2 1

h2
k

dx3 . . . dxd

≤ ‖K‖2(d−4)
∞ ‖K ′‖2∞

∫ rmax

0

(
ln(rmax/r) + 1

ln(rmax/rmin)
∧ 1

)2

rdr

(∏d
i=3 hi
h2
k

)
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where we used (57). Now by exactly the same computation yielding to (64), we have,

I3 ≤ c ‖K‖2(d−4)
∞ ‖K ′‖2∞

∏d
i=3 hi
h2
k

r2
max

ln(rmax/rmin)
.

Using that rmax ≤ hk, we deduce

I3 ≤ c ‖K‖2(d−4)
∞ ‖K ′‖2∞

∏d
i=3 hi

ln(rmax/rmin)
(68)

Collecting (67), (64) and (68) we get∥∥∥b(1)
k − b

(0)
k

∥∥∥2

2
≤ c

∏d
i=3 hi

M2
T ln( rmax

rmin
)
. (69)

Eventually, the upper bound (59) is a consequence of (66), (69) and b
(1)
θ = b

(0)
θ = 0.

• We now prove (60). Using again π(1) = π(0) + dT
MT

and (53), we have

∥∥∥b(1) − b(0)
∥∥∥
∞
≤ c

MT

[
‖dT ‖∞ +

∥∥∥∥∂dT∂r
∥∥∥∥
∞

+

d∑
k=3

∥∥∥∥∂dT∂xk

∥∥∥∥
∞

]
.

By the definition (54) of dT with (55), we have ‖dT ‖∞ ≤ c and
∥∥∥∂dT∂xk

∥∥∥
∞
≤ c

hk
for k ≥ 3. Using

(58), we have
∥∥∂dT
∂r

∥∥
∞ ≤

c
rmin ln( rmax

rmin
)
. The upper bound (60) follows.

• Finally, we prove (61). By (53) and π(1) = π(0) + dT
MT

, we have after some computations

∥∥∥∇b(1) −∇b(0)
∥∥∥
∞
≤ c

MT

[
‖dT ‖∞ +

∑
y∈{r,x3,...,xd}

‖dT ‖∞

∥∥∥∥∂dT∂y
∥∥∥∥
∞

+

1

MT

∑
y,y′∈{r,x3,...,xd}

∥∥∥∥∂dT∂y
∥∥∥∥
∞

∥∥∥∥∂dT∂y′
∥∥∥∥
∞

+
∑

y,y′∈{r,x3,...,xd}

∥∥∥∥ ∂2dT
∂y∂y′

∥∥∥∥
∞

]
.

The upperbound (61) follows from
∥∥∥ ∂2dT
∂xi∂xj

∥∥∥
∞
≤ c/(hihj),

∥∥∥ ∂2dT
∂xi∂r

∥∥∥
∞
≤ c/(hirmin ln( rmax

rmin
)) and∥∥∥∂2dT

∂r2

∥∥∥
∞
≤ c/(r2

min ln( rmax

rmin
)).

We can now discuss the conditions ensuring that (Id×d, b(1)) ∈ Σ(β,L, 1, a0, a1, b0, b1, C̃, ρ̃).
Using that Jrmin,rmax is constant in a neighbourhood of zero, we deduce that (x1, . . . , xd) 7→
π(1)(

√
x2

1 + x2
2, x3, . . . , xd) is a smooth function and by (54) with (58) we have∣∣∣∣ ∂k∂xk1 π(1)(
√
x2

1 + x2
2, x3, . . . , xd)

∣∣∣∣+

∣∣∣∣ ∂k∂xk2 π(1)(
√
x2

1 + x2
2, x3, . . . , xd)

∣∣∣∣ ≤ c(k)

MT ln( rmax

rmin
)rkmin

,∣∣∣∣ ∂k∂xkl π(1)(
√
x2

1 + x2
2, x3, . . . , xd)

∣∣∣∣ ≤ c(k)

MThkl
, ∀k ≥ 1,∀l ∈ {3, . . . , d}.

Then, the following condition is sufficient to ensure that π(1) ∈ H(β, 2L):

1

MT
≤ ε0r

βl
min ln(rmax/rmin), for l = 1, 2 and,

1

MT
≤ ε0h

βl
l , ∀l ∈ {3, . . . , d}, (70)

for some constant ε0 > 0 small enough. Remark also that we have < b(1)(x), x >≤ −C̃|x| for
|x| ≥ ρ̃ for T large enough, using that b(1) and b(0) coincide on Kc

T . Moreover, to get that for T
large enough,

∥∥b(1)
∥∥
∞ ≤ b0 and

∥∥∇b(1)
∥∥ ≤ b1 it is sufficient that

c

MT

[
1

r2
min ln( rmax

rmax
)

+
1

h2
3

]
T→∞−−−−→ 0. (71)

Thus, we have (Id×d, b(1)) ∈ Σ(β,L, 1, a0, a1, b0, b1, C̃, ρ̃) as soon as (70) and (71) are valid.
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• Choice of the calibration and proof of (13).
Repeating the proof of (49) we have

RT (β,L, 1, a0, a1, b0, b1, C̃, ρ̃) &
1

M2
T

,

as soon as supT≥0 T
∫
Rd |b

(1)(x)− b(0)(x)|2π(0)(x) dx <∞. From (59) this condition is implied by

sup
T≥0

T

∏d
i=3 hi

M2
T ln( rmax

rmin
)
<∞. (72)

Now, we search 1/MT → 0 tending to zero as slow as possible subject to the existence of 0 < rmin <
rmax/4 < rmax ≤ h3 ≤ · · · ≤ hd satisfying (70)–(71) and (72). For l ≥ 3, we set hl = ( 1

MT ε0
)1/βl ,

rmax = h3 and rmin = ( 1
MT ε0

)1/β2 . We have log(rmax/rmin) ∼T→∞ ( 1
β2
− 1

β3
) ln(MT ) → ∞ using

β2 < β3. Since β1 ≤ β2, we deduce that the conditions 1
MT
≤ ε0r

βl
min ln(rmax/rmin), for l = 1, 2

hold true when T is large enough. Hence, (70) is satisfied, and with these choices (71) becomes a
consequence of β3 > β2 > 2. Replacing hi, rmin, rmax by their expression in function of MT , the
condition (72) writes,

sup
T≥0

T
1

M
2+(d−2)/β3

T ln(MT )
<∞,

and is satisfied for the choice MT = (T/ ln(T ))
β3

2β3+(d−2) . This yields to

RT (β,L, 1, a0, a1, b0, b1, C̃, ρ̃) & (T/ ln(T ))
− 2β3

2β3+(d−2) .

To complete the proof Theorem 4, it remains to show the existence of the function Jrmin,rmax .
This is done in the next lemma.

Lemma 5. There exists a smooth function Jrmin,rmax : R→ [0,∞) with compact support on [0, rmax]
such that (55)–(58) hold true.

Proof. We let ϕ : [0,∞) → [0, 1] be a smooth function with ϕ|[0,1/4] = 0 and ϕ|[1/2,∞) = 1. We
define piecewise the function Jrmin,rmax

as follows,

Jrmin,rmax
(r) = 0, for r ≥ rmax,

Jrmin,rmax(r) =
1

ln(rmax/rmin)

∫ rmax

r

ϕ(1− r/rmax)
dr

r
, for rmax/2 ≤ r ≤ rmax,

Jrmin,rmax
(r) = Jrmin,rmax

(rmax/2) +
1

ln(rmax/rmin)

∫ rmax/2

r

dr

r
, for rmin/2 ≤ r ≤ rmax/2,

Jrmin,rmax
(r) = Jrmin,rmax

(rmin/2) +
1

ln(rmax/rmin)

∫ rmin/2

r

ϕ(r/rmin)
dr

r
, for 0 ≤ r ≤ rmin/2.

Using the definition of ϕ, one can check that the derivative of the function J is smooth and that
J is decreasing with J ′(r) = 0 for |r| ≤ rmin/4. By simple computation we have,

Jrmin,rmax
(r) =

Φ1(r/rmax)

ln(rmax/rmin)
, for rmax/2 ≤ r ≤ rmax, (73)

Jrmin,rmax(r) =
Φ1(1/2) + ln( rmax

2r )

ln(rmax/rmin)
, for rmin/2 ≤ r ≤ rmax/2, (74)

Jrmin,rmax
(r) = 1 +

Φ1(1/2) + Φ2(r/rmin)

ln(rmax/rmin)
, for 0 ≤ r ≤ rmin/2, (75)

where Φ1(u) =
∫ 1

u
ϕ(1− s)dss and Φ2(u) =

∫ 1/2

u
ϕ(s)dss are smooth functions on [0, 1].

Thus, using monotonocity of Jrmin,rmax
and ϕ ≥ 0, we have Jrmin,rmax

(0) ≥ Jrmin,rmax
(rmin/2) ≥

1. We deduce that (55) is true.
Using (73)–(75) and that Φ1 and Φ2 are bounded on [0, 1], we deduce (56). The condition (57)

follows again from (73)–(75) and the boundedness of Φ′1 and Φ′2. The condition (58) is shown by
differentiating k times the representations (73)–(75) and using rmin ≤ rmax.
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Remark 2. The idea underneath the construction of the bump (r, θ) 7→ Jrmin,rmax
(r) in Lemma 5 is

the following. Having in mind (51), we have constructed a smooth bump, with radius rmax, height
greater than 1, and solution of ∆Jrmin,rmax

= 0 on the torus r ∈ [rmin/2, rmax/2].

6.3 Proof of Theorem 5

Proof. The proof of Theorem 5 heavily relies on the proof of Theorem 4. As done above, we prove
the theorem in the case where x0 = (0, 0) and amin = 1. We will lower bound the risk on the
subclass of model (3) given by

dXt = b(Xt)dt+ dWt,

where b is any drift function such that (Id×d, b) ∈ Σ(β,L, 1, a0, a1, b0, b1, C̃, ρ̃). Following the proof
of Theorem 4 we introduce cylindrical coordinates (r, θ) that translates into the Cartesian coordi-
nates (r cos(θ), r sin(θ)). In two dimensions (52) is written without the sum over k and the drift
b solution of (52) is given by b = br~er + bθ~eθ with ~er = (cos(θ), sin(θ))T , ~eθ = (− sin(θ), cos(θ), )T

and

br =
1

π

∂π

∂r
, bθ = 0.

• Construction of the priors. Let ψ : [0,∞) → [0,∞) be a smooth function, vanishing on
[0, 1/2] and satisfying ψ(x) = x for x ≥ 1 as in the proof of Theorem 4. We let

π(0)(r) = cηe
−ηψ(r),

where η > 0 and cη is such that
∫

[0,∞)×[0,2π)
π(0)(r)r drdθ = 1. Again, for η small enough we

have π(0) ∈ H2(β,L). Moreover, acting as in the proof of Theorem 4, it is easy to see that
(Id×d, b(0)) ∈ Σ(β,L, 1, a0, a1, b0/2, b1/2, C̃, ρ̃) ⊂ Σ(β,L, 1, a0, a1, b0, b1, C̃, ρ̃).

Regarding the construction of π(1) is more elaborate, as before we add a bump centered at 0
to π(0). We set

π(1) = π(0) +
1

MT
Jrmin(T ),rmax(T )(r),

where Jrmin(T ),rmax(T ) is the function introduced in the proof of Theorem 4 which satisfies (55),
(56), (57) and (58) and whose existence has been proven in Lemma 5. We recall that 0 < rmin(T ) <
rmax(T )/4 < rmax(T ) will be calibrated later and go to zero with a rate polynomial in 1/T . We
denote by b(1) the drift function associated to π(1).
Following the proof of Lemma 4 in the bi-dimensional context it is easy to see that the following
bounds hold true.∫

Rd

∣∣∣∣b(1)(
√
x2

1 + x2
2)− b(0)(

√
x2

1 + x2
2)

∣∣∣∣2 dx1dx2 ≤ c
1

M2
T ln( rmax

rmin
)
,

∥∥∥b(1) − b(0)
∥∥∥
∞
≤ c

MT

1

rmin ln( rmax

rmax
)
,∥∥∥∇b(1) −∇b(0)

∥∥∥
∞
≤ c

MT

1

r2
min ln( rmax

rmax
)
.

Moreover we still have, for any k ≥ 1,∣∣∣∣ ∂k∂xk1 π(1)(
√
x2

1 + x2
2)

∣∣∣∣+

∣∣∣∣ ∂k∂xk2 π(1)(
√
x2

1 + x2
2)

∣∣∣∣ ≤ c(k)

MT ln( rmax

rmin
)rkmin

.

Then, the following condition is sufficient to ensure that π(1) ∈ H2(β, 2L):

1

MT
≤ ε0r

βl
min ln(rmax/rmin), for l = 1, 2 and (76)

for some constant ε0 > 0 small enough. As before, if (76) holds true it is sufficient that

c

MT

1

r2
min ln( rmax

rmax
)

T→∞−−−−→ 0 (77)
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to obtain (Id×d, b(1)) ∈ Σ(β,L, 1, a0, a1, b0, b1, C̃, ρ̃).
• Choice of the calibration and proof of (13).
Repeating the proof of (49) we clearly have

RT (β,L, 1, a0, a1, b0, b1, C̃, ρ̃) &
1

M2
T

,

as soon as supT≥0 T
∫
R2 |b(1)(x)− b(0)(x)|2π(0)(x) dx <∞, which is implied by

sup
T≥0

T
1

M2
T ln( rmax

rmin
)
<∞. (78)

We look for 1/MT tending to zero as slow as possible subject to the existence of 0 < rmin <
rmax/4 < rmax satisfying (76)–(77) and (78). We set rmin = ( 1

MT ε0
)1/β2 and rmax = ( 1

MT ε0
)1/β2−γ

for any arbitrary γ > 0. It follows log(rmax/rmin) ∼T→∞ ( 1
β2
− ( 1

β2
− γ)) ln(MT ) → ∞ as γ > 0.

Since β1 ≤ β2, we clearly have from the definition of rmin and rmax that the conditions 1
MT
≤

ε0r
βl
min ln(rmax/rmin), for l = 1, 2 hold true when T is large enough. Hence, (76) is satisfied. The

same can be said about (77), recalling we have assumed β2 > 2. Replacing rmin and rmax by their
expression in function of MT , condition (78) writes,

sup
T≥0

T
1

M2
T ln(MT )

<∞,

and is satisfied for the choice MT = ( T
log T )

1
2 . It provides

RT (β,L, 1, a0, a1, b0, b1, C̃, ρ̃) &
log T

T
,

as we wanted.

A Appendix: proof of technical results

This section is devoted to the proof of the results which are more technical and for which some
preliminaries are needed.

A.1 Proof of Lemma 3

Recalling Lemma 2, the main novelty is to prove that the control (7) is uniform on the class of
coefficients (a, b) ∈ Σ. To simplify the proof, we first strengthen the hypothesis on the coefficients
of the diffusion by assuming that they are infinitely differentiable with bounded derivatives or any
order, together with the condition (a, b) ∈ Σ.

The proof of (7) relies on the theory of Lyapunov-Poincaré inequalities introduced in [12]. We
recall some definitions related to these functional inequalities. First, if f ∈ C2(Rd,R) we define
Γ(f) = A(f2)−2fA(f) where A is the generator of the diffusion, and we have Γ(f) = (∇f)T ã∇f =
|aT∇f |2.

Definition 3. (Lyapunov-Poincaré Inequality [12]) Let W be a C2(Rd,R) function such that W ≥
1, W ∈ L2(π), AW ∈ L2(π). The probability π satisfies a W -Lyapunov-Poincaré inequality if
there exists CLP > 0 such that for all f ∈ C2(Rd,R), with f bounded and ∇f bounded, and∫
Rd f(x)π(x)dx = 0 we have∫

Rd
f2(x)W (x)π(x)dx ≤ CLP

∫
Rd

[W (x)Γ(f)(x)− f(x)2AW (x)]π(x)dx. (79)

We can now state a result of [12]. For the sake of completeness, we give a detailed proof adapted
to our context of this result.
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Lemma 6 (Bakry et al. [12]). Assume that the W -Lyapunov-Poincaré inequality holds true with
some constant CLP > 0. Then, for any ϕ : Rd → R bounded function with

∫
Rd ϕ(x)π(x)dx = 0, we

have ∫
Rd

[Pt(ϕ)(x)]2π(x)dx ≤ e−t/CLP
∫
Rd
ϕ2(x)W (x)π(x)dx, (80)

where (Pt)t is the semi-group associated to the process X.

Proof. • First, we establish some properties on the stationary density π that will be useful in the
sequel. Using Friedman [30], we know that,∣∣∣∣ ∂i+j∂xiyj

pt(x, y)

∣∣∣∣ ≤ c

t(d+i+j)/2
e−
|x−y|2
ct (81)

for i + j ≤ 2, for all T > 0, t ∈ (0, T ) for some c > 0 depending on T . Using the invariance of π,
π(y) =

∫
Rd π(x)pt(x, y)dx, we deduce that π ∈ C2(Rd,R), and that π is bounded, with bounded

derivatives.

From Lemma 1, we know that for T > 0, and t ∈ (0, T ), we have pt(x, y) ≥ cT
td/2 e

− |x−y|
2

ct , where
cT depends on T , and c depends only on the coefficients of the stochastic differential equation.
Hence, we deduce from the invariance of π again that

π(y) =

∫
Rd
π(x)pT (x, y)dx ≥

∫
Rd

cT
T d/2

e−
|x−y|2
cT π(x)dx ≥ cT

T d/2

∫
{|x|≤1}

e
−2|x|2
cT π(x)dxe−

2|y|2
cT .

As T can be chosen arbitrarily large and using π > 0, we deduce the lower bound

∀ε > 0,∃Cε > 0,∀y ∈ Rd, π(y) ≥ Cεe−ε|y|
2

. (82)

• We now prove (80). Remark that by a density argument we can assume that ϕ is C2 and
compactly supported. We let P ∗,πt be the adjoint in L2(Rd, π) of the operator Pt, which is given
by the expression

P ∗,πt (f)(x) =
1

π(x)

∫
Rd
f(y)π(y)pt(x, y)dy, (83)

and A∗,π the generator of the semi group (P ∗,πt )t≥0 (details can be found e.g. in [34]). If f is C2

then

A∗,πf =
1

2

∑
1≤i,j≤d

ãi,j
∂2f

∂xi∂xj
+

d∑
i=1

b∗i
∂f

∂xi
(84)

with b∗i = −bi +
∑d
j=1

∂ãj,i
∂xj

+ 1
π

∑d
i=1( ∂π∂xj )ãj,i as soon as the expression in the right hand side of

(84) belongs to L2(π). We know that if f is in the domain of A∗,π then t 7→ P ∗,πt (f) is differentiable
in L2(π) and ∂

∂tP
∗,π
t (f) = P ∗,πt A∗,π(f) = A∗,πP ∗,πt (f).

As in [12], we define It =
∫
Rd(P ∗,πt ϕ(x))2W (x)π(x)dx. By formal differentiation, we get for

t > 0,
∂It
∂t

= 2

∫
Rd
P ∗,πt ϕ(x)A∗,πP ∗,πt ϕ(x)W (x)π(x)dx. (85)

This differentiation can be justified by proving that ∂
∂t (P

∗,π
t (ϕ))2 = 2P ∗,πt ϕ × A∗,πP ∗,πt ϕ is dom-

inated by a function in L1(Wπ). Using (83) and that π is invariant we get |P ∗,πt (ϕ)| ≤ ‖ϕ‖∞.
Also, |A∗,πP ∗,πt ϕ| = |P ∗,πt A∗,πϕ| is bounded by ‖A∗,πϕ‖∞ <∞, using (84) and the fact that ϕ is
compactly supported. Since W ∈ L1(π), we deduce (85). Then, using that A∗,π is a differential
operator by (84), we have A∗,π((P ∗,πt (ϕ))2) = 2P ∗,πt (ϕ)A∗,π(P ∗,πt (ϕ)) + Γ(P ∗,πt (ϕ)). Hence,

∂It
∂t

=

∫
Rd

[A∗,π((P ∗,πt ϕ)2)(x)− Γ(P ∗,πt (ϕ))]W (x)π(x)dx.

Using (81) with i = 1 and j = 0, and the fact that ϕ is compactly supported we deduce that

from the differentiation of (83), |∇xP ∗,πt (ϕ)(x)| ≤ c
t(d+1)/2

1
π(x) ‖π‖∞ ‖ϕ‖∞

∫
y∈supp(ϕ)

e−
|x−y|2
ct dy ≤

c′

t(d+1)/2
1

π(x)e
− |x|

2

ct ≤ c′

t(d+1)/2 e
− |x|

2

2ct , where we used (82) with ε > 0 small enough. Thus, Γ(P ∗,πt (ϕ)) ∈
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L1(Wπ) and we can write

∂It
∂t

=

∫
Rd
A∗,π((P ∗,πt ϕ)2)(x)W (x)π(x)dx−

∫
Rd

Γ(P ∗,πt (ϕ))W (x)π(x)dx

=

∫
Rd

(P ∗,πt ϕ)2(x)AW (x)π(x)dx−
∫
Rd

Γ(P ∗,πt (ϕ))W (x)π(x)dx

=

∫
Rd

[(P ∗,πt ϕ)2(x)AW (x)− Γ(P ∗,πt (ϕ))W (x)]π(x)dx.

Now we use the Lyapunov-Poincaré inequality with f = P ∗,πt (ϕ) and get ∂It
∂t ≤ −(1/CLP )It. From

Gronwall’s lemma it yields It ≤ e−t/CLP I0 and since W ≥ 1,∫
Rd

(P ∗,πt (ϕ)(x))2π(x)dx ≤ It ≤ e−t/CLP I0 = e−t/CLP
∫
Rd
ϕ(x)2W (x)π(x)dx.

By duality between Pt and P ∗,πt in L2(π), we deduce (80).

Lemma 7. Assume that a and b are C2 with bounded derivatives and (a, b) ∈ Σ. Then, for ϕ
bounded with

∫
Rd ϕ(x)π(x)dx = 0, and all t > 0,∫

Rd
[Pt(ϕ)(x)]2π(x)dx ≤ ce−t/c ‖ϕ‖2∞ , (86)

where the constant c > 0 is uniform over the class Σ.

Proof. The main idea of the proof is that it is possible to show that for all (a, b) ∈ Σ, the stationary
probability π satisfies a W -Lyapunov-Poincaré inequality with the same function W and same
constant CLP . Following [12], the existence of W -Lyapunov-Poincaré inequality is related to the
existence of classical Lyapunov functions.
• First, we construct a Lyapunov function V independent of (a, b) ∈ Σ. We let χ ∈ C∞(Rd,R)

such that 0 ≤ χ(x) ≤ |x| and χ(x) = |x| for |x| ≥ 1 and we set V (x) = eε0χ(x) for some ε0 > 0
which will be calibrated later. We have for |x| ≥ 1, ∇V (x) = ε0

x
|x|V (x) and thus,

AV (x) =
1

2

∑
1≤i,j≤d

ãi,j(x)
∂2V

∂xi∂xj
(x) + ε0V (x) <

x

|x|
, b(x) > .

Using that for |x| ≥ 1, | ∂2V
∂xi∂xj

| = |eε0|x|{ε2
0
xixj
|x|2 − ε0

xixj
|x|3 + ε0

|x|1{i=j}}| ≤ e
ε0|x|{ε2

0 + 2ε0
|x| }, and that

< x, b(x) >≤ −C̃|x| for |x| ≥ ρ̃ by Assumption A2, we get,

AV (x) ≤ −C̃ε0V (x) +
ε0

2
V (x)

∑
i,j

|ãi,j(x)|{ε0 +
2

|x|
},

for all |x| ≥ ρ̃ ∨ 1. Using |ãi,j(x)| = |(aaT )i,j(x)| ≤ |a(x)|2 ≤ a2
0 by Assumption A1, we deduce

AV (x) ≤ −C̃ε0V (x)[1− d2a2
0

2C̃
{ε0 +

2

|x|
}].

Now, we set ε0 = C̃
2d2a2

0
, and deduce for |x| ≥ ρ̃ ∨ 1 ∨ 4d2a2

0

C̃
:

AV (x) ≤ − C̃bε0

2
V (x).

We then define α = C̃ε0/2, R = ρ̃ ∨ 1 ∨ 4d2a2
0

C̃
and β = eε0R[ 1

2d
2a2

0ε
2
0 ‖∇χ‖

2
∞ + 1

2d
2a2

0ε0 ×

sup1≤i,j≤d

∥∥∥∂2
xi,xjχ

∥∥∥
∞

+ b0ε0 ‖∇χ‖∞ + α] where the notation b0 is introduced in Assumption A1.

We can check that |AV (x) + αV (x)| ≤ β for |x| ≤ R, and in turn V is a Lyapunov function :

AV (x) ≤ −αV (x) + β1{|x|≤R}, ∀x ∈ Rd. (87)
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• We now prove that (79) holds true with the same function W and constant CLP for all
coefficients (a, b) ∈ Σ. Using Proposition 3.6 in [12] with (87), it is sufficient to find R′ > 0 large
enough such that

{V ≤ 2β/α} ⊂ B(0, R′) (88)

π(B(0, R′)) > 1/2 (89)

and the local Poincaré inequality is valid on B(0, R′) with some constant κR′ : for all f ∈ C1 with
bounded derivative,∫

B(0,R′)

f2(x)π(x)dx ≤ κR′
∫
Rd

Γ(f)π(x)dx+
1

π(B(0, R′))

(∫
B(0,R′)

f(x)π(x)dx

)2

. (90)

If the conditions (88)–(90) are valid, then by Proposition 3.6 in [12] we deduce the Lyapunov-

Poincaré Inequality (79) with W = V + (βκR′ − 1)+ and 1/CLP = 2α(1 − π(B(0,R′)c)
π(B(0,R′)) ) × (1 +

(βκR′ − 1)+)−1.
To get (88), using the expression of V it is sufficient to take R′ ≥ ( 1

ε0
ln(2β/α))∨1. Considering

(89), we take the expectation with respect to π in (87) and obtain

0 =

∫
Rd
AV (x)π(x)dx ≤ −α

∫
Rd
V (x)π(x)dx+ β

∫
Rd
π(x)dx,

and thus ∫
Rd
V (x)π(x)dx ≤ β

α
. (91)

We deduce
∫
|x|≥1

eε0|x|π(x)dx ≤
∫
Rd V (x)π(x)dx ≤ β

α . Using the Markov inequality, this yields,

for any R′ ≥ 1, π({x | |x| ≥ R′}) ≤ e−ε0R
′ β
α . It entails that R′ > 1

ε0
ln(2β/α) is sufficient for the

condition (89) to hold true. We set R′ = ( 1
ε0

ln(2β/α))∨1, and now we have to check the condition
(90). From the Poincaré inequality on the ball B(0, R′) endowed with the Lebesgue measure (see
e.g. Theorem 4.9 in [29]) and the Proposition 4.2.7 in [13], we know that if

1/cπ ≤ π(x) ≤ cπ, ∀x ∈ B(0, R′), (92)

for some cπ > 0 then,∫
B(0,R′)

f2(x)π(x)dx ≤ Cc3πR′
∫
B(0,R′)

|∇f |2π(x)dx+
1

π(B(0, R′))

(∫
B(0,R′)

f(x)π(x)dx

)2

,

where C is some universal constant. As the matrix ã is lower bounded by Assumption A1, we
have |∇f |2 ≤ a−1

minΓ(f), and we deduce that (90) holds true with κ′R = CR′c3π. Consequently, by
Proposition 3.6 in [12], the Lyapunov-Poincaré inequality holds true. Moreover, the constant CLP
in (79) is independent of (a, b) ∈ Σ, as soon as we can find a constant cπ in (92) independent of
(a, b). Using the invariance of π and (4) with t = 1, gives for x ∈ B(0, R′),

c−1
1

∫
B(0,R′)

π(y)e−|x−y|
2/a2

mindy ≤ π(x) ≤ c1
∫
Rd
π(y)e−|x−y|

2/(4a2
0)dy

c−1
1

∫
B(0,R′)

π(y)e−4R′2/a2
mindy ≤ π(x) ≤ c1

∫
Rd
π(y)dy

c−1
1

1

2
e−4R′2/a2

min ≤ π(x) ≤ c1, (93)

where in the last line we used (89).
Hence, we have proved the W-Lyapunov-Poincaré inequality (79) with the same function W

and constant CLP for all (a, b) ∈ Σ.
• Eventually, we deduce (86) by applying Lemma 6, together with the upper bound∫

Rd
W (x)π(x)dx ≤

∫
Rd
V (x)π(x)dx+ (βκR′ − 1)+ ≤ β/α+ (βκR′ − 1)+

where in the last inequality we used (91).
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We now prove Lemma 3.

Proof. First, remark that by a density argument, we can assume in the proof that ϕ is a smooth
function supported on K. The inequality (7) is a consequence of (86) in Lemma 3, but the latter
requires that the coefficients of the S.D.E. are of class C2. Hence, an approximation of the initial
S.D.E. by one with smoother coefficients is required. For (a, b) in Σ = Σ(a0, a1, b0, b1, amin, C̃b, ρ̃b),
we introduce the following smooth approximations of a and b. Let η be a smooth function supported
on the unit ball of Rd with

∫
R η(x)dx = 1, and we set an = a ? ηn, bn = b ? ηn, where ? is the

convolution operator and ηn(·) = nη(n·). As (a, b) ∈ Σ, we deduce that

‖a− an‖∞ + ‖b− bn‖∞ ≤
c

n
. (94)

Moreover, for all n large enough, (an, bn) ∈ Σ′ = Σ(2a0, 2a1, 2b0, 2b1, amin/2, C̃b/2, 2ρ̃′b).
We denote by Xn the solution of the S.D.E. (3) with the coefficients (an, bn) in place of (a, b),

and by πn the unique stationary distribution of Xn. In the sequel of the proof, we also emphasize
the dependence on the initial condition of the process (3) by denoting as Ex (resp. Eπ) the

expectation computed when the process starts with the initial condition X0 = x (resp. X0
law
= π).

Since an and bn are smooth coefficients, by Lemma 7, we have∫
Rd

[Ex[ϕ(Xn
t )]− πn(ϕ)]

2
πn(x)dx ≤ ce−t/c ‖ϕ‖2∞ (95)

where the constant c = cΣ′ is independent of n and (a, b) ∈ Σ. Using classical estimates for
solutions of stochastic differential equations with (94), it is possible to show

sup
x∈Rd

Ex [|Xn
t −Xt|] ≤

c′ec
′t

n
,∀t > 0,∀n ≥ 1, (96)

and with some constant c′ > 0.
Now, we write

Eπ [ϕ(Xt)ϕ(X0)] =

∫
Rd
Pt(ϕ)(x)ϕ(x)π(x)dx

=

∫
Rd
Ex[ϕ(Xn

t )]ϕ(x)π(x)dx+O(
c′ec

′t

n
‖ϕ‖∞ ‖ϕ

′‖∞),

where we used (96). On the compact K we can find a constant cK such that c−1
K ≤ π ≤ cK ,

c−1
K ≤ πn ≤ cK (in the same way as we obtained (93)), using (95), we deduce∫

K

|Ex[ϕ(Xn
t )]− πn(ϕ)|2 π(x)dx ≤ c2Kce−t/c ‖ϕ‖

2
∞ . (97)

We deduce

Eπ [ϕ(Xt)ϕ(X0)] =

∫
K

πn(ϕ)ϕ(x)π(x)dx

+O

(∫
K

|Ex[ϕ(Xn
t )]− πn(ϕ)|ϕ(x)π(x)dx

)
+O(

c′ec
′t

n
‖ϕ‖∞ ‖ϕ

′‖∞)

= πn(ϕ)π(ϕ) +O(cK ‖ϕ‖2∞
√
ce−t/(2c)) +O(

c′ec
′t

n
‖ϕ‖∞ ‖ϕ

′‖∞), (98)

where in the last line we used (97). It remains to find some upper bound on |πn(ϕ)− π(ϕ)|. We
write for t > 0

πn(ϕ)− π(ϕ) = πn(ϕ)− Ex(ϕ(Xn
t )) + Ex(ϕ(Xn

t ))− Pt(ϕ)(x) + Pt(ϕ)(x)− π(ϕ)

and integrate on the compact set K with respect to the Lebesgue measure to find

vol(K)|πn(ϕ)− π(ϕ)| ≤ cK ‖πn(ϕ)− Ex(ϕ(Xn
t ))‖L1(πn) +∫

K

|Ex(ϕ(Xn
t ))− Pt(ϕ)(x)| dx+ cK ‖Pt(ϕ)(x)− π(ϕ)‖L1(π) ,
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where we used that on K, π and πn are lower bounded by 1/cK . From (96), we deduce

vol(K)|πn(ϕ)− π(ϕ)| ≤ cK ‖πn(ϕ)− Ex(ϕ(Xn
t ))‖L1(πn) +

vol(K)
c′ec

′t

n
+ cK ‖Pt(ϕ)(x)− π(ϕ)‖L1(π) ,

In the last equation, we specify t =
√

log(n). The first term on the right hand side goes to zero
by (95), the second one goes to zero immediately, while the last one goes to zero by the mixing
property of the process X (see Lemma 2). We deduce that

|πn(ϕ)− π(ϕ)| ≤ εn(ϕ,K, a, b), (99)

for some sequence εn(ϕ,K, a, b)
n →∞−−−−→ 0 (let us stress that this convergence is not uniform with

respect to (a, b) ∈ Σ, K, or the function ϕ).
Gathering (98) and (99), we have

∣∣Eπ [ϕ(Xt)ϕ(X0)]− π(ϕ)2
∣∣ ≤ c2K ‖ϕ‖2∞√ce−ct/2 +

c′ec
′t

n
‖ϕ‖∞ ‖ϕ

′‖∞ + ‖ϕ‖∞ εn(ϕ,K, a, b)

where the constant c does not depend on n. Letting n→∞, we deduce (7).
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[39] Höpfner, R., (2014). Asymptotic Statistics with a view to stochastic processes. Walter de
Gruyter, Berlin/Boston.

[40] Hull, J. (2000) Options, Futures and Other Derivatives, Prentice-Hall, Englewood Cliffs, NJ.

[41] Iacus, S. M., (2010). Simulation and inference for stochastic differential equations. With R
examples. Springer.

[42] Kessler, M., Lindner, A. and Sørensen, M., Editors (2012). Statistical methods for stochastic
differential equations. CRC press. Taylor & Francis Group. Boca Raton.

[43] Kutoyants, Y. A. (1998). Efficient density estimation for ergodic diffusion processes. Statistical
Inference for Stochastic Processes, 1(2), 131-155.

[44] Kutoyants, Y. A. (2004). On invariant density estimation for ergodic diffusion processes.
SORT: statistics and operations research transactions, 28(2), 0111-124.

[45] Kutoyants, Y.A., (2004). Statistical inference for ergodic diffusion processes. Springer, London.

[46] Kushner, H.J. (1967) Stochastic Stability and Control, Academic Press, New York.

[47] Lamberton, D., Pages, G., (2002). Recursive computation of the invariant distribution of a
diffusion. Bernoulli 8(3), pp.367-405.

[48] Lange, K. (2002) Mathematical and Statistical Methods for Genetic Analysis, Springer-Verlag,
New York.
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