KUMMER THEORY FOR p-ADIC FIELDS

FLAVIO PERISSINOTTO AND ANTONELLA PERUCCA

ABSTRACT. Let K be a p-adic field, namely a finite extension of the field of p-
adic numbers Q,,. If G is a finitely generated subgroup of K *, we describe how to

compute the degrees of the Kummer extensions K (C,,, ¥/G)/K(¢,) for all positive
integers n. Moreover, we compare a Kummer extension of number fields with the
corresponding Kummer extensions of p-adic fields which arise by completion.

1. INTRODUCTION

Kummer theory is a topic of significant classical interest in number theory, and pro-
gress has recently been made for number fields, see e.g. [2, (7,5, [1]. In this article we
make detailed computations concerning Kummer theory of p-adic fields (namely, the
finite extensions of the field of p-adic numbers Q,,).

We fix some p-adic field K and a finitely generated subgroup G of K *. For all positive
integers N, n such that n | N we consider the Kummer extension K (Cy, VG) /K (Cy).
We may compute the degrees

(1) (K (Cv, V@) 2 K (Cy)]

for a given pair n, N with a finite procedure. Given the prime factorization n =
IT tn ¢¢, by Kummer theory the above degree is the product of the degrees

(K (Cpey V@) 2 K (Ge)] '
[K (¢, VG)NK(Cy)  K(Gee)]

To compute the numerator in (2)), we show more generally how to compute at once all
the degrees

3) (K (G, VG) : K(Ge)

for all positive integers £/ > e with a finite procedure, see Section |3|(the result of the
computation is an explicit formula for the degree with parameters £ and e). We rely
on the method for number fields, adapting it to the specificities of p-adic fields (the
case ¢ = p requires a different definition of the divisibility parameters). We point out
that, for / = p, the number of steps in our finite procedure depends on the divisibility
of certain elements (so we cannot bound it if we have no bounds on the divisibility of
those elements).

) [K (¢, VG) : K(Cy)] =

1
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As for the denominator in (2]), we show more generally how to compute the degree
[K(Gun VG) NE (Cv) K (Ga)

for all positive integers N, n such that n | N, see Section [5| These degrees measure
the entanglement between Kummer extensions and cyclotomic extensions, which is
described explicitly in Section [] (see Theorem [IT)). It turns out that we can compute
the degrees in (3)) for all ¢, E/, e with a finite procedure. However, as discussed before
Remark[I6] we can only compute (I)) for all NV, n with a finite procedure up to assuming
that the multiplicative order of p modulo N for all N is known.

It is also a natural question to compare Kummer extensions of number fields to the
corresponding Kummer extensions of p-adic fields obtained by completion (complet-
ing number fields with respect to the non-zero prime ideals of their ring of integers).
In the last section we prove in particular (see Theorem [24) that there is set of primes
of the number field of positive density such that the local Kummer degree is the same
as the global Kummer degree.

2. PRELIMINARIES ON p-ADIC FIELDS

A very valuable introduction to the theory of p-adic fields is [8]. We fix an algebraic
closure Q, of Q,, and some p-adic field K C Q,. We write [K : Q,] = ef, where e
is the ramification index and f is the degree of the maximal unramified subextension
of K/Q,. The residue field of K is the finite field IF,s. Let Ok be the ring of integers
of K, and let m € Ok be a uniformizer. We call vk the valuation on K extending the
normalized valuation on Q,, and such that vy (7) = 1/e.

Cyclotomic extensions of Q, (see [8, Chapter IV, §4] for more details). For every
positive integer n we denote by (,, a root of unity in Q, of order n, and by y, the
group of roots of unity of order dividing n. We write j, for the group of all roots
of unity inside Q,. Remark that for every positive integer n the cyclotomic extension
Q,(¢n)/Q, is abelian.

Supposing p { n, this cyclotomic extension is unramified at p and it is cyclic because
its Galois group is isomorphic to the one of IF,,(¢,,) /FF,,. In particular, for every positive
integer z there exists n coprime to p such that z is the degree of Q,((,,)/Q,.

For every positive integer & the cyclotomic extension Q,((,+)/Q, has degree p(p*)
and it is totally ramified at p. If p # 2, then it is cyclic, while for every £ > 2 the
Galois group of Qy((or)/Qy is isomorphic to Z/27 x 7/2%27Z. Moreover, if n is
coprime to p, then we have Q,((,) N Q,((,») = Q,. Thus for every positive integer
N we know the structure of the Galois group of Q,((y)/Q,. In particular, for p # 2
(respectively, p = 2), this group can be generated by 2 (respectively, 3) elements.
Considering the supernatural numbers p> and pj° := [], prime.££p (>, the cyclotomic
fields Q,((pe~) and Q,((pee) are then linearly disjoint over Q.
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Roots of unity and the unit group. Define py := o N K and 7 := #(uk), and
for any prime ¢ write 7, := (%("). For every { # p we have v,(7) = v,(p’ — 1) hence
(pf — 1) | 7. Moreover, Q,(¢,,) C K implies that ¢(7,) | e. Notice that 7 is even
because Z C K. We also define d,, := [K((,) : K], noticing that d,, | (p — 1) and that
d, = 1if p | 7. The unit group of O is the group

4) O = ppry x (1+70k) = pg x Z/

where Z]";f is an additive group and the second isomorphism is induced by the p-adic
logarithm (see for example [9, Chapter 5 §4.5]). For any prime number ¢ # p we
consider the projection map

Proj, : Of — i,

induced by (4) and by the projection g — fir,. Since ji,, C p,r 1, forevery o € O
the ¢-adic valuation of the order of Proj,(«), which we call h(«), is the same as the
(-adic valuation of the order of (a mod 7) € F ;. We clearly have (o) < v,(7).

Notice that for almost all ¢, and in particular if £ { 7, we have hy(«) = 0.

3. THE ¢/-ADIC KUMMER DEGREES

We fix a p-adic field K and a prime number ¢. If z is a positive integer, we say that
a € K* is (*-divisible if o has some ¢*-th root in K* (which implies ¢ | e - vg ().
Only the elements in O can be (*°-divisible, namely (*-divisible for every z. By ()
we get the following:

Remark 1. The p*°-divisible elements are the roots of unity in /& of order coprime to
p, namely pu,r 4. For £ # p, the (>°-divisible elements are those o € O such that
(a mod 7) € F; has order coprime to (. In general, v € O equals a root of unity of

order £"(®) times an ¢>°-divisible element of K*. If o ¢ O, then v (a) # 0 and for
all £ not dividing e - v () we have af ¢ K> for every ¢ € .

Remark 2. By the previous remark we reduce to study elements that are pZ-divisible
for some largest non-negative integer 2. To determine Z, we can test for p*-divisibility
by increasing z > 1. The p-adic logarithm is explicit hence we can apply the second
isomorphism in () to check the p*-th divisibility of an element in O};. Another way
to check this is with Hensel’s Lemma. Indeed, o € Oy is a p*-th power if and only
if there exists u € OF such that vg(uP” — ) > 2z/e, see [3, Theorems 9.1 and
9.3]. By expanding u = .. u;m and o as power series in 7 (where the coefficients
are zero or roots of unity in ,s_1) we are left to check solvability for a system with
finitely many polynomial equations in IF,,¢ [(u; mod ), ..., (u2. mod 7)]. Notice that
the number of steps required to determine whether an element is p*-divisibile depends
on z.
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We fix some finitely generated subgroup G of K*, aiming at computing the degree
and the structure of the Galois group of K ((yr, VG) /K (o) for all positive integers
m < M (all at once). We define

DM ) = [K (Cor, VG) - K(Cor)],
and we notice that D(¢(* (™) is a power of /.

Remark 3. There can be arbitrarily large integers n such that there are elements x
in K*\ pg satisfying 2" € G and 2" ¢ G (thus [2, Lemma 12] does not hold
for p-adic fields). If ¢ # p, this phenomenon is due to the /*°-divisible elements that
are not roots of unity. If / = p, we may consider as an example a subgroup of Oép
(thanks to (@) we may work in jug, X Z,): if G is generated by (1,1) and (1, >, a;p’),
where the sequence of coefficients a; € {0, ..., p — 1} is not eventually periodic, then
z = (1,35 a;p"") is such that 27" € G and 2*" ¢ G.

3.1. The p-adic Kummer degree. We define p-divisibility parameters for GG. These
parameters differ from those for number fields [2, Section 3] but they allow to extend
[2, Theorem 18] (and [2, Lemma 19] if p = 2 and (4 ¢ K).

If log : Ox — ux X Z;f is the isomorphism in (4)), we also have the isomorphism
.o ef
¢ K* — ug X Zp X 7.
z — (log(zm=¢%@) e vp(z)).
By composing ¢ with projection maps we define ¢y : K* — ng and ¢, : K* — Z

and ¢, : K* — p,,. If a € Z;f X Z is not zero, we can define v,(a) as the minimum
of the p-adic valuation of the non-zero entries of a.

Suppose that G is torsion-free and non trivial, and let » > 0 be its rank. In particular,
®0(G) x ¢1(G) is isomorphic to G. Consider the Z,-module

#6(G) = Zp(d0(G) x ¢1(G)) C Z/ .

where we identify Z;f x 7 with the obvious subgroup of Zf;f +1. Recall that, given
an n X m matrix A with n > m over a principal ideal domain, there is an algorithm
that gives two invertible matrices M; and M, such that M7 AM, is in Smith normal
form. This means that M; AM, is diagonal with entries {«;} where, for some index
1 <k < m,wehave a; = 0fori > k and «; | a4 for 0 < 7 < k. Using this
algorithm, we can find a set of Z,-linearly independent elements i, - - - ,7s (Where
s < min(ef + 1,r)) such that v,(y;) < --- < v,(7s) and moreover

Up <Z am‘””””%) =0
=1

holds for all a; € {0,--- ,p — 1} that are not all zero. We define the d-parameters of
p-divisibility of G as the tuple (dy, - - - , ds) where d; = v,(7;).
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Let B := {by,...,b,} be abasis of G. We consider the matrix M € GL,(Z,) that maps
¢, (B) to the vectors vy, - - ,7s,0,-- -, 0 and the matrix M € GL,(Z/1,Z) such that
M = M'mod 7,. Foralli = 1,...,r we define h; € Z as the p-adic valuation of
the order of the -th entry of

$p(D1)
M’ :
Pp(br)

Theorem 4. If GG is torsion-free with positive rank r, then for any positive integer n
there exists a basis g1, - - , g of G such that

di . n .
gi=AV"¢ forl1 <i<s and g; € EK7P fors<i<r

where &; € g has order pi and A; € K* and the A;’s are strongly p-independent.

Proof. We let B and M be as above, and we suppose without loss of generality that
n > max(ds, v,(7)). Since M is invertible, we may choose M’ € GL,(Z) such that
(M’ mod p™) = (M mod p"). We let M’ act on (Z x Z&/)" and set g] := M’ (¢ (b;)).
Then g1, ..., g, is a basis of ¢;(G) that satisfies v,(g;) = d; fori < s and v,(g}) > n
otherwise. Moreover, we have

Up <i aip_dig7';> =0

=1

for all a; € {0,--- ,p — 1} that are not all zero. Thanks to this property, the elements
A; = ¢ H((1,p %g)) for 1 < i < s are strongly p-independent in K. We also have
o 1(1,4)) € K" fors <i<r.

Since G N pux = {1} there exists unique a basis B = {g1,-- -, g.} of G such that
op(B') = M'¢y(B). The basis B is as requested because we have ¢(g;) = ((;, g;) for
some root of unity ¢; whose 7,-part &; has order p"i, as n > v,(7,). 0

Corollary 5. With the above notation, suppose w.l.o.g. that M > v,(7) and (applying
Theorem[|with n = m) call H := (g1, ..., gs). Let h := max(hgy1,--- , h,), setting
h =0ifr = s. Then we have

K (¢, "VG) = K (Cpmaxtarmen,"VH).
In particular, we have

D(pM7 pm) = pmaX(M7m+h)_M [K(Cpmax(]bl,m+h) 5 pT:/E) . K(Cpmax(hf,nz+h) )] .

Proof. Fori = s +1,--- ,r we have K ((,um, »1/q;) = K((pm, C,m+n;) and the state-
ment follows. 0
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Remark 6. The given basis of H satisfies the assumptions of [2, Theorem 14], there-
fore, to compute the Kummer degree

[K(CPN’ p"\/ﬁ) : K(CpN)]

for any positive integers n < N we may apply [2, Theorem 18] (and [2, Lemma 19] if
p=2and (4 ¢ K)to H with parameters of p-divisibility (d,--- ,ds; hy,- - , hs). By
inspecting those degree formulas, for all integers n < N large enough we have

DY, p")=D@(",p") and D", p") =p*D(",p")
M m)

and therefore we only need to compute finitely many degrees to determine D(p™, p
for all positive integers m < M.

Example 7. Consider the subgroup of Q) generated by g1, g2, where ¢(g1) = (1, 1,0)
and ¢(g2) = (1, 0y a;p", 0), the sequence of coefficients a; € {0,...,p — 1} being
not eventually periodic. Then we have H = (¢1), d; = 0 and h; = hy = 0. Then for
every M > m > 1 we have D(p™, p™) = p™.

3.2. The /-adic Kummer degree for / # p. We fix some prime ¢ # p. We define
de(QG) as follows: if G C Op, then dy(G) = oo; if G € Op, then dy(G) is the
minimum of v(e - vg(«)) by varying a € G\ Op.

Firstly, we reduce to the case where 1 is the only element of GG that is />°-divisible.
Denote by H the subgroup of K consisting of the /°°-divisible elements, and consider
the subgroup GH/H of K*/H. Any class in GH/H is represented by an element of
K of the form (7 for some root of unity ( € ux whose order is a power of ¢ and
some non-negative integer D. Call G, the group consisting of these representatives,
which is a finitely generated subgroup of K* such that G, N H = {1}. Moreover,
remark that K (g, VG) = K((n, V/Gy) and do(G) = dy(Gy).

Secondly, we may suppose without loss of generality that GG, is torsion-free. Indeed,
suppose that the torsion group of G, is generated by (,» for some A > 0 and write
Gy = (i) x G, for some torsion-free subgroup GG, of G,. Then we have

K(CZI\J’ Zm\/ G[) = K(Cmax(éM,Z’L+7'L)> [m\/ G%) .

Since the unit group consists of products of roots of unity and />°-divisible elements,
we may now suppose w.l.o.g. that G,N Oy = {1}. As we may clearly suppose that G,
is non-trivial, we have reduced to the case where G is cyclic, being generated by an
element 5 ¢ Oj such that vy(e - v (5)) = de(G). We can formally apply to G, = (53)
the theory presented in [2, Section 3], where the ¢-divisibility parameters of GG, are
those of 3, namely (dy(G), he(/3)), where ¢"(%) is the order of a root of unity ¢ such
that B¢ is a power of exponent /%(%) Supposing w.l.o.g. that M > max(m, v,(7)), [2,
Theorem 18] gives

v (DM, €™)) = max (0, he(B) — 6 +m — M) +§
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where 6 = max(0,m — dy(G)).

Remark 8. Suppose that G, = () is as above. We have d;(G) = 0 for almost all
primes and we have hy(5) = 0 if 7, = 0. Therefore, for all but finitely many primes
¢ # p we have D((M (™) = ¢™ for every m < M. In general, for £ # p and for all
n < N large enough (in particular, if n > hy(8) + dyo(G)) we have

DN, "y =D((", ¢y and  D(", ") = ¢D(em, ).

Therefore we only need to compute finitely many degrees to know D(¢* (™) for all
primes ¢ # p and for all positive integers m < M.

Example 9. For the group G = (35, 98) inside Q we have D(2,2) = 2and D(3,3) =
9 because Gy = (—7) and G3 = ((3,7).

4. KUMMER EXTENSIONS INSIDE CYCLOTOMIC EXTENSIONS

We consider a p-adic field K and work within an algebraic closure Q, containing K.
The largest Kummer extension of K is the largest abelian extension of exponent T,
namely Kk := K(V/a : a € K*). We study the entanglement field

Kgyt = Kxkum N K(,uoo) .
We also define
KEnt,p ‘= Kkum N K(Mp"") KEnt,po = Kxum N K(/’LPSO) :

Lemma 10. Suppose that ;- € K for some prime { and for some z > 1. Let K(3)/K
be a cyclic extension of degree (%, and let o be a generator of its Galois group. Then

a =Y CLo'(B) is such that K (o) = K(8) and o € K*.

Proof. We have o = [[, (;'a = [, 0%(a) € K, we have o # 0 because the o¢(3)’s
are K-independent, and we have K («) = K ([3) because the o'()’s are distinct.  []

We remark that 7/7, = p/ —landhence T =p/ — lifptr.

Theorem 11. The extension K,/ K is finite and abelian of exponent T. Moreover,
we have
KEnt = KEnt,pQKEnt,p and KEnt,po N KEnt,p =K.

The extension Kgnp,/K is cyclic of degree T, and we have Kguip, = K(Cpir_1)).
We can write Kpp , = K (o) such that v € K*, setting

Yo 1= CT2 lfp )( T
a<7'2/7'p lfp ’ T,

where, letting q be a prime such that v,(ord(p mod q)) > 2v,(7) + v,(f), the element
a is as in Lemmal 10| for the cyclic subextension of K((,)/K of degree T,.
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Letting r > 3 be the greatest integer such that ((or + (5")? € K, we have

K(¢) = K("~/=p) ifp#2andpfT
Kintp =  K(Cr) = K(G, G + () ifp=2and4{7
K (CTE) otherwise

Z)dyZ  ifp#2andptT
and Gal(Kgnp/K) ~ < (Z/27)* ifp=2and 41T
Z|t,Z  otherwise.

Proof. Since Kyt p,/K is unramified while Kpy /K is totally ramified, we have
Kentpo N Kintp = K. Clearly we have Kgut p, KEntp & Kgnt, While the other in-
clusion follows from the fact that K (pio) = K(Cpee,(pee) and that Kgnepy, Kentp
are the largest Kummer subextensions of K ((ye)/K and K ((pe~)/ K respectively. In-
deed, it suffices to show that any cyclic Kummer subextension of Kg, is contained in
KEnt po KEnt p» Which can be done by working within a finite cyclotomic extension and
decomposing the radical generating the Kummer extension.

The remaining assertions are easy to prove. First of all, Kgnep, = K(((rr—1)) and
Kt p, /K is cyclic of degree 7 (this is the unique unramified extension of K of degree
7). Itis clear that 7] € K* and Kgyp, = K () if p { 7, while the same assertions
hold by Lemma if p | T (notice that the choice of ¢ does not matter).

If 2 # p 1 7, the largest extension of K of degree dividing 7 inside K () is K((,),
as (p — 1) | 7 and the only subextension of Q,((,~)/Q, of degree coprime to p is
Q,(¢)/Q,. Similarly, the cases p = 2 and p | 7 arise from the structure of the
extension Q,((y=)/Q,. Finally, recalling e.g. from [4}, §5.6] that ((, — 1)P~! = —p,

we have K ((,) = K(»+/=p). O
Remark 12. Define

r/=p ifp#2andpiT
vi=< (o + (Gt ifp=2and4fT
Gr2 otherwise .

According to this case distinction, vdp, ~2, or v belongs to K*. We have K, =
K(Rg) where R := (y9,7) or,if p=2and 4 1 7, Rx := ((4,70,7)- Notice that the
quotient Ry K* /K> is finite.

Example 13. For p # 2 we have Gal(Q, gui/Q,) ~ (Z/(p — 1)Z)* and hence
Qp Ent — @p(gp(pp_lfl)) = @p( p_\/l Cpfb P7M> = ( \/_p7 \/_)

for any z, € Z, whose residue in 7 has order p — 1, e.g. z3 = —1 and 25 = 2.



KUMMER THEORY FOR p-ADIC FIELDS 9

5. COMPUTING THE ENTANGLEMENT

Let K be a p-adic field, and fix a finitely generated subgroup GG of K. The aim of this
section is computing the degrees

B(N,n) := [K (G, VG) N K (Cn) = K(G)]
adapting the method for number fields, for which we refer to [7, 5].

Theorem 14. For all positive integers n, N such that n divides N we have
(5) K (G, VG) N K(Cr) = K (G, Hyv )
for some computable group Hy ,, (generated over K* by at most two elements and
possibly (4) such that

HEW"™ C K C Hyp © Ky MK (C)*
Moreover, if Ry is as in Remark[I2)and S denotes the finite set of the subgroups of
Ry K™ containing K*, then Hy ,, belongs to S, and we may take

Hy, = H,NK(n) where H, = VGK*"N K}, .

Proof. We have HE"™ C K* (recall that Ky /K has exponent 7) and
K (Gay VG) N K (Co) = K (Guy Hn) -

Then (§) holds for Hy, := H, N K((y). Notice that H, is the largest M € S
satisfying M C v GK*™. We finish the proof by observing that this condition is
equivalent to M C /GTK*™ and it can be computed because Ry and G are finitely
generated. U

Remark 15. Let ¢ be the largest integer such that K((,) = K((y) if p # 2 and
K({) = K(Co) if p = 2. We can write

PO = 1) ifp# 2 p|Torp =247

i (Coniea = § PP = 1) ifp#2,pf7.p| Norp=2417.4|N
plT—1 ifp#2.ptr.pt Norp=24f7. 44N

where 0 < a < wv,(7) depends on N only through v,(N) and b | 7 depends on N
only through the multiplicative order of p modulo ged (N, p3°). Then we have Hy,, =
H, N M'K*, where M’ C Ry is, with the above case distinction: (v3,v7"); (78, ~) if
p # 2and (C4, 76, 7) if p = 25 (16)-

We remark that the group H,, can be computed with a finite procedure for all n > 1.
Indeed, for every n | m the group H,, is a subgroup of H,,. Also notice that the /-part
of H,/K* is Hu,m /K> and it is trivial if £ { 7. For every ¢ | 7 there is some integer
By such that H 5, contains Hy. for every v > 1 (this integer B, can easily be computed
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in terms of the /-divisibility parameters of (). Consequently, H,, = Hgyeq(n,5) Where
B - HK‘T KBZ.

Fixing n, the group Hy ,, N K ({p~) is determined by v, (), and
Hypn D K(Cp“) = Hynn N K(Cp“’)

holds if v,(N) > 2v,(7). Moreover, the group Hy,,, N K ((y) depends on N only
through the multiplicative order of p modulo N’ := ged (N, pg°). Indeed, this group is
determined by ik (¢,,) N H, (because K (Cx+)/K corresponds to an extension of finite
fields), and we recall that 11k ¢ ) is isomorphic to the multiplicative group of I, (Cav),
whose order only depends on p/ and the multiplicative order of p modulo N’. This
leads to a finite but not explicit case distinction. If one accepts it, then we have shown
that Hy , can be determined for all NV, n at once and hence all degrees B(XV, (™) for
all integers m and N such that ¢ | N can be computed at once. Therefore (accepting
the above case distinction), thanks to the considerations in Remark @ the degrees of
the Kummer extensions K ((x,¥/G)/K (Cx) can be determined for all n | N at once
with an explicit finite procedure.

Remark 16. We can compute at once the groups Hy, for all N, n that are powers of
one fixed prime number ¢. It suffices to compute H- (see the proof of Theorem|[14]) for
every z, namely determining the largest subgroup M € S such that M7 C VGTK*.
Notice that

M™C (VG nK*)K*T

and that we can replace G' by G, as done in Section 3.2 Then we easily conclude
because 4/G7 N K* is finitely generated and can be computed for all z (it does not
depend on 2 provided that z is sufficiently large).

Example 17. We continue Example @ showing that [Q7((1s, V@) - Q7(¢18)] = 6
by computing B(18,2) = 1 and B(18,3) = 3. Notice that [Q;((is) : Q7] = 3 hence
B(18,2) = 1and B(18,3) € {1, 3}. To conclude, observe that (;5 € Q;(+/G) because
76102 € G and ord(10? mod 7) = 3, thus the residue field of Q;(+/G) contains the
18-th roots of unity.

Example 18. For the group (—1) C Q3 and for any positive integers Z > z, clearly
B(2%,2%)is 2if Z = z, and it is 1 otherwise. As R, = ({4, vV—3), we have Hy: =
(C4)Q5. Thus for 2* | N we have Hyo: € {Hs-,Q3 } and it is Hs- if and only if
G € Q3(Cy),ie. 4| (304G med N) 1) or, equivalently, 2 | ord(3 mod N).

We conclude by considering the structure of the Galois group of the Kummer exten-
sions:
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Remark 19. Fix some positive integers N, n such that n | N. Considering the prime
decomposition of n = [] ¢¢, observe that

K(Ge, VG)
Gal Ns N Gal y ‘
6) (K (Cv, VG) /K (Cn) p ( K(Ce, VG N K<<N>>

By Theorem [I4] we have
= K(Ge, VG) N K(Cn) = K (e, Hyve)-

The size of the cyclic components of the factor in (6) corresponding to the prime ¢ = p
can be then computed with the method described in [1, Theorem 6] with parameters of
p-divisibility
(00,dy, -+ dg;h by, -+ hy)

with h = max(hgy1,- -, h,), where the h; and d; are as in Theorem {4| applied to
the group G over the field K’. Consider now the factors in (6)) for primes ¢ # p. If
G C Of., then each factor is cyclic as it corresponds to a cyclotomic extension. If
G ¢ Op., then each factor can be reduced to the product of at most two cyclic groups,
again applying [1, Theorem 6] with parameters of ¢-divisibility

(00, de(G); b, he(13))

defined in Section[3.2]for the group G and over the field K. Notice that i = hy(8) = 0
if ¢ { #(ur) and dy(G) = 0 for almost all primes as seen in Remark [8| Therefore
there are only finitely many primes ¢ # p for which the factor is not cyclic of order ¢¢.

Notice that, if we accept the case distinction to compute H y ¢ for all N and e at once,
we can also compute the group structure of the Galois group of the Kummer extension
K({n, VG)/K((y) for all N and n at once.

6. COMPLETIONS OF KUMMER EXTENSIONS OF NUMBER FIELDS

In this section £ is a number field and o« € £ is not a root of unity. If © is a non-
zero prime ideal of the ring of integers O, over the rational prime p, we write k, for
the corresponding completion of k and we identify k with a subfield of k. If £ is a
prime number and M > m are positive integers, we consider the Kummer extension

of number fields
k(Corr, V) [k(Conr)
and the corresponding Kummer extension of p-adic fields

ko (Conr s V) [k (Conr) -

Let ¢ # p. For almost all primes o we have v,,(«) = 0, and in this case the above exten-
sion of local fields is a cyclotomic extension, uniquely determined by £, (), namely
the (-adic valuation of the order of (o mod g). For a fixed p, we have hy () = 0 for
almost all primes / (as « is (*-divisible if £ N(p) — 1 = p/ — 1). If we fix £ instead,
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a prime g is such that by ,(a)) > 0 if and only if ¢ divides the order of (o mod g) in
(Ok/p)*. There are infinitely many such p, even a set with positive density [6]].

Remark 20. Let Cl(k) be the class group of k and hy, the class number. Let h, d be
the (-divisibility parameters of «, meaning that o« = (yn B, where 8 € k* and d is
maximal (we refer the reader to [2]). If ¢  hy, there exists a prime @ of k such that
ged(vy(B), €) = 1, else d would not be maximal. Consequently, the parameter d,, of (-
divisibility of /3 in k,, is the same as the one in k. In general, supposing that v, (3) # 0,
consider the order of [p] in Cl(k) and denote by n its ¢-adic valuation: the parameter
d,, can be any integer between d and d + n.

Example 21. Let k£ = Q(1/—5) and ¢ = 2. Since hj, = 2, we could have d, = d + 1.
This happens for « = 2 — /=5 and p = (3,+/—5 + 1), noticing that d = 0 and
() = (3, V/=5+ 1)

If ¢ is odd (respectively, ¢/ = 2) we define ¢ as the largest integer for which k((,) =
k(Cyt) (respectively, k(Cy) = k((at)) and, for a non-zero prime ideal p of Oy, we call
t,, the largest integer for which k,((s) = k,((pe ) (respectively, kg, (Cs) = ko (Coto))-

Theorem 22. We keep the above notation, and suppose that { t hy. Consider the set P
of non-zero prime ideals a C Oy, for which vy(vs(a)) = d. Fix some positive integers
m < M such that M > minp t,. If the extension

k(Conry V) [k(Comr)

is not a cyclotomic extension, there exists © € P such that the corresponding extension

ko (Genr, V@) [k (Coar)

has the same degree and it is also not a cyclotomic extension.

Proof. Let A := [k((, /) @ k((pn)], which is a power of /. Since the given
extension is not cyclotomic, we must have d < m. Since M > t, by [2, Theorem 18]
we get

m—d ifd< M —h.

Consider a prime o € P for which ¢, is minimal, so M > t, (we have P # ()
by Remark 20). The (-divisibility parameters of « in k, are h, and d. We show
that A, := [ko(Conr, V) © k()] equals A by applying [2, Theorem 18] also to
compute A,,. If b, = h, then A = A, as all the parameters in the formula are the same.
Else, we claim that d < M — h,, and we conclude because vy(A,,) = m — d = v(A).
To prove the claim, we show that d < t,, — h,, in case hy, > h (respectively,d < t, —h
in case hy, < h). For hy, > h, the claim holds because ﬁéd /¢ mod g has oder coprime
to ¢ for some root of unity ¢ of order £" (since h,, > 0, we conclude by considering
the order of (5 mod p), whose ¢-adic valuation is at most t,,). For h, < h the claim

W(A>:{m—(M—h) ifd>M-—h
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holds because 5% /C Z‘hlg‘ has order coprime to ¢ for some root of unity ¢ of order /¢,
and again the order of (8 mod p) has ¢-adic valuation at most £'¢. 0

Theorem 23. Fix a prime number { and positive integers m < M. There is a set of
primes ¢ of k of positive density such that

[k(Cor, V) = k()] = kg Gor, V) : kip(Gor)].

Proof. Set (Pt .= [k(Com, “\/a) : k(Cm)]. The degree of the local extension at o
divides /7. So the statement is clear if D, = 0, and we suppose that D, > 1.

If ¢ = 2, we suppose that (, € k or that M > 1. Then, without loss of generality, we
may assume that )/ > ¢. Consider the primes @ of & such that v, () = 0 and remark
that h,, is the (-adic valuation of the order of (v mod ). The conditions ¢, > M and
h, = t, — (m — Dy) imply that k,({pr, “v/a)/k,(Cor) is cyclotomic of degree ¢7¢.
By the Chebotarev density theorem and the density results in [6] the primes satisfying
t, =M and h, =t, — (m — D,) admit the density

1 1 1 1

[(Cone) k] [R(Covn) S k] [k(Coar V) 1] [k(Conrr, V™ T 1 K]
This density is positive because (o1 & k(Car) (as M > t) and of”* ¢ k(Cr) (as
Dy, >1).

We are left with the case { = 2, (4 ¢ kand M = 1 hence m = D, = 1. We may
similarly consider the primes @ of k for which 4 { #, and /o ¢ k,, which have
density at least 1/4. O

Now consider a more general Kummer extension k((y, {/«)/k(Cx) where n and N
are positive integers such that n | N. We generalize Theorem 23}

Theorem 24. Let n, N be positive integers such that n | N. There is a set of primes ¢
of k of positive density such that

[k (G, /) = k(Cw)] = [k (Qw, /) = kp(Cn)] -

Proof. Let T be the greatest integer for which k({y) = k({r). Up to replacing N,
we may assume that N = 7. For a prime @ of k, consider the prime factorization
n = [] ™ and observe that

"y _ [ (Come, V@) & K (Gme)]
M koG, V@) k)] = %—[ Tl ") M E () hGon)]

Suppose that @ is such that N | #,, and €N 2, for every ¢ | N. For such
¢ the denominators in (7) are 1 because we have k,((ym) = k,(Cn). We additionally
require that, for every ¢ | N, the /-adic local Kummer extension has degree

0P = [k(Cw, [m\é/a) L k(Cw)]-
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If D, = 0, this condition holds because the degree of the local extension divides /¢, If
D, > 0 and if we exclude the finitely many primes @ for which v,(«) # 0, the above
condition means that the order of (o mod g) has ¢-adic valuation vy(N) — (my — Dy),
because the extension &, (Cy, “'vVa)/k,(Cy) is cyclotomic.

We conclude by proving that there is a set of primes @ of positive density such that
the following holds: we have N | #u, ; for every ¢ | N, we have (¢ 4 2y,
if Dy > 0, the order of (o mod g) has ¢-adic valuation v,(N) — (m, — D,). We may
restrict to the positive density of primes o that split completely in k((y, /), where

E = H (mg—Dg).

0:Dy>0

We are left to select those primes that, for every ¢, satisfy the following condition: they
do not split in k(Cyy¢, /@) and, if D, > 0, they do not split in k((x, "/«). Notice that
these two fields have degree ¢ over k(Cy, ¥/«). Indeed, by the definition of Dy, for
every ¢ such that D, > 1 we have that ™ /o € k(Cy) but “" ""/a ¢ k(Cy). In
particular, the conditions for different primes ¢ involve field extensions that are linearly
disjoint. So we are left to check that the density of primes g satisfying the condition
for one single £ is positive. This holds because not splitting in any of the two given
extensions of degree ¢ gives density 1 — % if the two fields are the same and density
(1 —$)(1 — ) if the two fields are different hence linearly disjoint. O

Remark 25. For any number field extension L(y)/L and for any prime o of L, we
have [L(v) : L] > [Ly(7) : Ly]. Then Theorem 24]implies

B (G, /) - k(Cn)] = min [k (Cy, Va) : ko(Cn))-

© prime

Example 26. Remark [25| does not hold for a subgroup G of k£ in place of a. For
k= Qand G = (2,5), the Kummer extension Q(Cy, vG)/Q((y) has degree 9, while
for every prime p the extension Q,((o, V'G)/Q,((y) has degree strictly less than 9: the
degree is at most 3 for p # 3 and it is 1 for p = 3. (For p = 3 notice that 2 and 5
are cubes in Q3. For p # 3 we can use the results of Section considering G for
¢ = 3. Indeed, if p ¢ {2, 3,5} then G5 is a subgroup of 1, hence it is cyclic, while if
p = 2,5 the group (3 is torsion free and hence it is cyclic.)
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