
KUMMER THEORY FOR p-ADIC FIELDS

FLAVIO PERISSINOTTO AND ANTONELLA PERUCCA

ABSTRACT. Let K be a p-adic field, namely a finite extension of the field of p-
adic numbers Qp. If G is a finitely generated subgroup of K×, we describe how to
compute the degrees of the Kummer extensions K(ζn,

n
√
G)/K(ζn) for all positive

integers n. Moreover, we compare a Kummer extension of number fields with the
corresponding Kummer extensions of p-adic fields which arise by completion.

1. INTRODUCTION

Kummer theory is a topic of significant classical interest in number theory, and pro-
gress has recently been made for number fields, see e.g. [2, 7, 5, 1]. In this article we
make detailed computations concerning Kummer theory of p-adic fields (namely, the
finite extensions of the field of p-adic numbers Qp).

We fix some p-adic field K and a finitely generated subgroup G of K×. For all positive
integers N, n such that n | N we consider the Kummer extension K(ζN ,

n
√
G)/K(ζN).

We may compute the degrees

(1) [K(ζN ,
n
√
G) : K(ζN)]

for a given pair n,N with a finite procedure. Given the prime factorization n =∏
ℓ|n ℓ

e, by Kummer theory the above degree is the product of the degrees

(2) [K(ζN ,
ℓe
√
G) : K(ζN)] =

[K(ζℓe ,
ℓe
√
G) : K(ζℓe)]

[K(ζℓe ,
ℓe
√
G) ∩K(ζN) : K(ζℓe)]

.

To compute the numerator in (2), we show more generally how to compute at once all
the degrees

(3) [K(ζℓE ,
ℓe
√
G) : K(ζℓE)]

for all positive integers E ⩾ e with a finite procedure, see Section 3 (the result of the
computation is an explicit formula for the degree with parameters E and e). We rely
on the method for number fields, adapting it to the specificities of p-adic fields (the
case ℓ = p requires a different definition of the divisibility parameters). We point out
that, for ℓ = p, the number of steps in our finite procedure depends on the divisibility
of certain elements (so we cannot bound it if we have no bounds on the divisibility of
those elements).
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As for the denominator in (2), we show more generally how to compute the degree

[K(ζn,
n
√
G) ∩K(ζN) : K(ζn)]

for all positive integers N, n such that n | N , see Section 5. These degrees measure
the entanglement between Kummer extensions and cyclotomic extensions, which is
described explicitly in Section 4 (see Theorem 11). It turns out that we can compute
the degrees in (3) for all ℓ, E, e with a finite procedure. However, as discussed before
Remark 16, we can only compute (1) for all N, n with a finite procedure up to assuming
that the multiplicative order of p modulo N for all N is known.

It is also a natural question to compare Kummer extensions of number fields to the
corresponding Kummer extensions of p-adic fields obtained by completion (complet-
ing number fields with respect to the non-zero prime ideals of their ring of integers).
In the last section we prove in particular (see Theorem 24) that there is set of primes
of the number field of positive density such that the local Kummer degree is the same
as the global Kummer degree.

2. PRELIMINARIES ON p-ADIC FIELDS

A very valuable introduction to the theory of p-adic fields is [8]. We fix an algebraic
closure Q̄p of Qp, and some p-adic field K ⊆ Q̄p. We write [K : Qp] = ef , where e
is the ramification index and f is the degree of the maximal unramified subextension
of K/Qp. The residue field of K is the finite field Fpf . Let OK be the ring of integers
of K, and let π ∈ OK be a uniformizer. We call vK the valuation on K extending the
normalized valuation on Qp and such that vK(π) = 1/e.

Cyclotomic extensions of Qp (see [8, Chapter IV, §4] for more details). For every
positive integer n we denote by ζn a root of unity in Q̄p of order n, and by µn the
group of roots of unity of order dividing n. We write µ∞ for the group of all roots
of unity inside Q̄p. Remark that for every positive integer n the cyclotomic extension
Qp(ζn)/Qp is abelian.
Supposing p ∤ n, this cyclotomic extension is unramified at p and it is cyclic because
its Galois group is isomorphic to the one of Fp(ζn)/Fp. In particular, for every positive
integer z there exists n coprime to p such that z is the degree of Qp(ζn)/Qp.
For every positive integer k the cyclotomic extension Qp(ζpk)/Qp has degree φ(pk)
and it is totally ramified at p. If p ̸= 2, then it is cyclic, while for every k ⩾ 2 the
Galois group of Q2(ζ2k)/Q2 is isomorphic to Z/2Z × Z/2k−2Z. Moreover, if n is
coprime to p, then we have Qp(ζn) ∩ Qp(ζpk) = Qp. Thus for every positive integer
N we know the structure of the Galois group of Qp(ζN)/Qp. In particular, for p ̸= 2
(respectively, p = 2), this group can be generated by 2 (respectively, 3) elements.
Considering the supernatural numbers p∞ and p∞0 :=

∏
ℓ prime,ℓ ̸=p ℓ

∞, the cyclotomic
fields Qp(ζp∞) and Qp(ζp∞0 ) are then linearly disjoint over Qp.
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Roots of unity and the unit group. Define µK := µ∞ ∩ K and τ := #(µK), and
for any prime ℓ write τℓ := ℓvℓ(τ). For every ℓ ̸= p we have vℓ(τ) = vℓ(p

f − 1) hence
(pf − 1) | τ . Moreover, Qp(ζτp) ⊆ K implies that φ(τp) | e. Notice that τ is even
because Z ⊆ K. We also define dp := [K(ζp) : K], noticing that dp | (p− 1) and that
dp = 1 if p | τ . The unit group of OK is the group

(4) O×
K
∼= µpf−1 × (1 + πOK) ∼= µK × Zef

p

where Zef
p is an additive group and the second isomorphism is induced by the p-adic

logarithm (see for example [9, Chapter 5 §4.5]). For any prime number ℓ ̸= p we
consider the projection map

Projℓ : O×
K → µτℓ

induced by (4) and by the projection µK → µτℓ . Since µτℓ ⊆ µpf−1, for every α ∈ O×
K

the ℓ-adic valuation of the order of Projℓ(α), which we call hℓ(α), is the same as the
ℓ-adic valuation of the order of (α mod π) ∈ F×

pf
. We clearly have hℓ(α) ⩽ vℓ(τ).

Notice that for almost all ℓ, and in particular if ℓ ∤ τ , we have hℓ(α) = 0.

3. THE ℓ-ADIC KUMMER DEGREES

We fix a p-adic field K and a prime number ℓ. If z is a positive integer, we say that
α ∈ K× is ℓz-divisible if α has some ℓz-th root in K× (which implies ℓz | e · vK(α)).
Only the elements in O×

K can be ℓ∞-divisible, namely ℓz-divisible for every z. By (4)
we get the following:

Remark 1. The p∞-divisible elements are the roots of unity in K of order coprime to
p, namely µpf−1. For ℓ ̸= p, the ℓ∞-divisible elements are those α ∈ O×

K such that
(α mod π) ∈ F×

pf
has order coprime to ℓ. In general, α ∈ O×

K equals a root of unity of
order ℓhℓ(α) times an ℓ∞-divisible element of K×. If α /∈ O×

K , then vK(α) ̸= 0 and for
all ℓ not dividing e · vK(α) we have αζ /∈ K×ℓ for every ζ ∈ µK .

Remark 2. By the previous remark we reduce to study elements that are pZ-divisible
for some largest non-negative integer Z. To determine Z, we can test for pz-divisibility
by increasing z ⩾ 1. The p-adic logarithm is explicit hence we can apply the second
isomorphism in (4) to check the pz-th divisibility of an element in O×

K . Another way
to check this is with Hensel’s Lemma. Indeed, α ∈ O×

K is a pz-th power if and only
if there exists u ∈ O×

K such that vK(upz − α) > 2z/e, see [3, Theorems 9.1 and
9.3]. By expanding u =

∑
i⩾0 uiπ

i and α as power series in π (where the coefficients
are zero or roots of unity in µpf−1) we are left to check solvability for a system with
finitely many polynomial equations in Fpf [(u1 mod π), . . . , (u2z mod π)]. Notice that
the number of steps required to determine whether an element is pz-divisibile depends
on z.
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We fix some finitely generated subgroup G of K×, aiming at computing the degree
and the structure of the Galois group of K(ζℓM , ℓ

m√
G)/K(ζℓM ) for all positive integers

m ⩽ M (all at once). We define

D(ℓM , ℓm) := [K(ζℓM ,
ℓm
√
G) : K(ζℓM )],

and we notice that D(ℓM , ℓm) is a power of ℓ.

Remark 3. There can be arbitrarily large integers n such that there are elements x
in K× \ µK satisfying xℓn ∈ G and xℓn−1

/∈ G (thus [2, Lemma 12] does not hold
for p-adic fields). If ℓ ̸= p, this phenomenon is due to the ℓ∞-divisible elements that
are not roots of unity. If ℓ = p, we may consider as an example a subgroup of O×

Qp

(thanks to (4) we may work in µQp×Zp): if G is generated by (1, 1) and (1,
∑∞

i=0 aip
i),

where the sequence of coefficients ai ∈ {0, . . . , p− 1} is not eventually periodic, then
x := (1,

∑∞
i=n aip

i−n) is such that xpn ∈ G and xpn−1
/∈ G.

3.1. The p-adic Kummer degree. We define p-divisibility parameters for G. These
parameters differ from those for number fields [2, Section 3] but they allow to extend
[2, Theorem 18] (and [2, Lemma 19] if p = 2 and ζ4 /∈ K).

If log : O×
K → µK × Zef

p is the isomorphism in (4), we also have the isomorphism

ϕ : K× → µK × Zef
p × Z

x 7→ (log(xπ−e·vK(x)), e · vK(x)) .

By composing ϕ with projection maps we define ϕ0 : K× → Zef
p and ϕ1 : K× → Z

and ϕp : K
× → µτp . If a ∈ Zef

p × Z is not zero, we can define vp(a) as the minimum
of the p-adic valuation of the non-zero entries of a.

Suppose that G is torsion-free and non trivial, and let r > 0 be its rank. In particular,
ϕ0(G)× ϕ1(G) is isomorphic to G. Consider the Zp-module

ϕ′
0(G) = Zp(ϕ0(G)× ϕ1(G)) ⊆ Zef+1

p .

where we identify Zef
p × Z with the obvious subgroup of Zef+1

p . Recall that, given
an n × m matrix A with n ⩾ m over a principal ideal domain, there is an algorithm
that gives two invertible matrices M1 and M2 such that M1AM2 is in Smith normal
form. This means that M1AM2 is diagonal with entries {αi} where, for some index
1 ⩽ k ⩽ m, we have αi = 0 for i > k and αi | αi+1 for 0 ⩽ i ⩽ k. Using this
algorithm, we can find a set of Zp-linearly independent elements γ1, · · · , γs (where
s ⩽ min(ef + 1, r)) such that vp(γ1) ⩽ · · · ⩽ vp(γs) and moreover

vp

(
s∑

i=1

aip
−vp(γi)γi

)
= 0

holds for all ai ∈ {0, · · · , p − 1} that are not all zero. We define the d-parameters of
p-divisibility of G as the tuple (d1, · · · , ds) where di := vp(γi).
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Let B := {b1, . . . , br} be a basis of G. We consider the matrix M ∈ GLr(Zp) that maps
ϕ′
0(B) to the vectors γ1, · · · , γs, 0, · · · , 0 and the matrix M ′ ∈ GLr(Z/τpZ) such that

M ≡ M ′ mod τp. For all i = 1, . . . , r we define hi ∈ Z⩾0 as the p-adic valuation of
the order of the i-th entry of

M ′

ϕp(b1)
...

ϕp(br)

 .

Theorem 4. If G is torsion-free with positive rank r, then for any positive integer n
there exists a basis g1, · · · , gr of G such that

gi = Apdi
i ξi for 1 ⩽ i ⩽ s and gi ∈ ξiK

×pn for s < i ⩽ r

where ξi ∈ µK has order phi and Ai ∈ K× and the Ai’s are strongly p-independent.

Proof. We let B and M be as above, and we suppose without loss of generality that
n ⩾ max(ds, vp(τ)). Since M is invertible, we may choose M ′ ∈ GLr(Z) such that
(M ′ mod pn) = (M mod pn). We let M ′ act on (Z× Zef

p )r and set g′i := M ′(ϕ′
0(bi)).

Then g′1, . . . , g
′
r is a basis of ϕ′

0(G) that satisfies vp(g′i) = di for i ⩽ s and vp(g
′
i) ⩾ n

otherwise. Moreover, we have

vp

(
s∑

i=1

aip
−dig′i

)
= 0

for all ai ∈ {0, · · · , p− 1} that are not all zero. Thanks to this property, the elements
Ai := ϕ−1((1, p−dig′i)) for 1 ⩽ i ⩽ s are strongly p-independent in K×. We also have
ϕ−1((1, g′i)) ∈ K×pn for s < i ⩽ r.

Since G ∩ µK = {1} there exists unique a basis B′ = {g1, · · · , gr} of G such that
ϕ′
0(B′) = M ′ϕ′

0(B). The basis B′ is as requested because we have ϕ(gi) = (ζi, g
′
i) for

some root of unity ζi whose τp-part ξi has order phi , as n ⩾ vp(τp). □

Corollary 5. With the above notation, suppose w.l.o.g. that M ⩾ vp(τ) and (applying
Theorem 4 with n = m) call H := ⟨g1, . . . , gs⟩. Let h := max(hs+1, · · · , hr), setting
h = 0 if r = s. Then we have

K(ζpM ,
pm
√
G) = K(ζpmax(M,m+h) ,

pm
√
H).

In particular, we have

D(pM , pm) = pmax(M,m+h)−M [K(ζpmax(M,m+h) ,
pm
√
H) : K(ζpmax(M,m+h))] .

Proof. For i = s + 1, · · · , r we have K(ζpM , pm
√
gi) = K(ζpM , ζpm+hi ) and the state-

ment follows. □
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Remark 6. The given basis of H satisfies the assumptions of [2, Theorem 14], there-
fore, to compute the Kummer degree

[K(ζpN ,
pn
√
H) : K(ζpN )]

for any positive integers n ⩽ N we may apply [2, Theorem 18] (and [2, Lemma 19] if
p = 2 and ζ4 /∈ K) to H with parameters of p-divisibility (d1, · · · , ds;h1, · · · , hs). By
inspecting those degree formulas, for all integers n ⩽ N large enough we have

D(pN , pn) = D(pn, pn) and D(pn+1, pn+1) = psD(pn, pn)

and therefore we only need to compute finitely many degrees to determine D(pM , pm)
for all positive integers m ⩽ M .

Example 7. Consider the subgroup of Q×
p generated by g1, g2, where ϕ(g1) = (1, 1, 0)

and ϕ(g2) = (1,
∑∞

i=0 aip
i, 0), the sequence of coefficients ai ∈ {0, . . . , p − 1} being

not eventually periodic. Then we have H = ⟨g1⟩, d1 = 0 and h1 = h2 = 0. Then for
every M ⩾ m ⩾ 1 we have D(pM , pm) = pm.

3.2. The ℓ-adic Kummer degree for ℓ ̸= p. We fix some prime ℓ ̸= p. We define
dℓ(G) as follows: if G ⊆ O×

K , then dℓ(G) = ∞; if G ̸⊆ O×
K , then dℓ(G) is the

minimum of vℓ(e · vK(α)) by varying α ∈ G \ O×
K .

Firstly, we reduce to the case where 1 is the only element of G that is ℓ∞-divisible.
Denote by H the subgroup of K× consisting of the ℓ∞-divisible elements, and consider
the subgroup GH/H of K×/H . Any class in GH/H is represented by an element of
K× of the form ζπD for some root of unity ζ ∈ µK whose order is a power of ℓ and
some non-negative integer D. Call Gℓ the group consisting of these representatives,
which is a finitely generated subgroup of K× such that Gℓ ∩ H = {1}. Moreover,
remark that K(ζℓn ,

ℓn
√
G) = K(ζℓn ,

ℓn
√
Gℓ) and dℓ(G) = dℓ(Gℓ).

Secondly, we may suppose without loss of generality that Gℓ is torsion-free. Indeed,
suppose that the torsion group of Gℓ is generated by ζℓh for some h > 0 and write
Gℓ = ⟨ζℓh⟩ ×G′

ℓ for some torsion-free subgroup G′
ℓ of Gℓ. Then we have

K(ζℓM , ℓm
√
Gℓ) = K(ζmax(ℓM ,ℓh+m),

ℓm
√
G′

ℓ) .

Since the unit group consists of products of roots of unity and ℓ∞-divisible elements,
we may now suppose w.l.o.g. that Gℓ∩O×

K = {1}. As we may clearly suppose that Gℓ

is non-trivial, we have reduced to the case where Gℓ is cyclic, being generated by an
element β /∈ O×

K such that vℓ(e · vK(β)) = dℓ(G). We can formally apply to Gℓ = ⟨β⟩
the theory presented in [2, Section 3], where the ℓ-divisibility parameters of Gℓ are
those of β, namely (dℓ(G), hℓ(β)), where ℓhℓ(β) is the order of a root of unity ζ such
that βζ is a power of exponent ℓdℓ(G). Supposing w.l.o.g. that M ⩾ max(m, vℓ(τ)), [2,
Theorem 18] gives

vℓ
(
D(ℓM , ℓm)

)
= max(0, hℓ(β)− δ +m−M) + δ
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where δ = max(0,m− dℓ(G)).

Remark 8. Suppose that Gℓ = ⟨β⟩ is as above. We have dℓ(G) = 0 for almost all
primes and we have hℓ(β) = 0 if τℓ = 0. Therefore, for all but finitely many primes
ℓ ̸= p we have D(ℓM , ℓm) = ℓm for every m ⩽ M . In general, for ℓ ̸= p and for all
n ⩽ N large enough (in particular, if n ⩾ hℓ(β) + dℓ(G)) we have

D(ℓN , ℓn) = D(ℓn, ℓn) and D(ℓn+1, ℓn+1) = ℓD(ℓn, ℓn) .

Therefore we only need to compute finitely many degrees to know D(ℓM , ℓm) for all
primes ℓ ̸= p and for all positive integers m ⩽ M .

Example 9. For the group G = ⟨35, 98⟩ inside Q×
7 we have D(2, 2) = 2 and D(3, 3) =

9 because G2 = ⟨−7⟩ and G3 = ⟨ζ3, 7⟩.

4. KUMMER EXTENSIONS INSIDE CYCLOTOMIC EXTENSIONS

We consider a p-adic field K and work within an algebraic closure Q̄p containing K.
The largest Kummer extension of K is the largest abelian extension of exponent τ ,
namely KKum := K( τ

√
a : a ∈ K×). We study the entanglement field

KEnt := KKum ∩K(µ∞) .

We also define

KEnt,p := KKum ∩K(µp∞) KEnt,p0 := KKum ∩K(µp∞0
) .

Lemma 10. Suppose that ζℓz ∈ K for some prime ℓ and for some z ⩾ 1. Let K(β)/K
be a cyclic extension of degree ℓz, and let σ be a generator of its Galois group. Then
α :=

∑ℓz

i=1 ζ
i
ℓzσ

i(β) is such that K(α) = K(β) and αℓz ∈ K×.

Proof. We have αℓz =
∏

i ζ
−i
ℓz α =

∏
i σ

i(α) ∈ K, we have α ̸= 0 because the σi(β)’s
are K-independent, and we have K(α) = K(β) because the σi(α)’s are distinct. □

We remark that τ/τp = pf − 1 and hence τ = pf − 1 if p ∤ τ .

Theorem 11. The extension KEnt/K is finite and abelian of exponent τ . Moreover,
we have

KEnt = KEnt,p0KEnt,p and KEnt,p0 ∩KEnt,p = K .

The extension KEnt,p0/K is cyclic of degree τ , and we have KEnt,p0 = K(ζ(pfτ−1)).
We can write KEnt,p0 = K(γ0) such that γτ

0 ∈ K×, setting

γ0 :=

{
ζτ2 if p ∤ τ
αζτ2/τp if p | τ ,

where, letting q be a prime such that vp(ord(p mod q)) ⩾ 2vp(τ) + vp(f), the element
α is as in Lemma 10 for the cyclic subextension of K(ζq)/K of degree τp.
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Letting r ⩾ 3 be the greatest integer such that (ζ2r + ζ−1
2r )

2 ∈ K, we have

KEnt,p =


K(ζp) = K( p−1

√
−p) if p ̸= 2 and p ∤ τ

K(ζ2r) = K(ζ4, ζ2r + ζ−1
2r ) if p = 2 and 4 ∤ τ

K(ζτ2p ) otherwise

and Gal(KEnt,p/K) ≃


Z/dpZ if p ̸= 2 and p ∤ τ
(Z/2Z)2 if p = 2 and 4 ∤ τ
Z/τpZ otherwise .

Proof. Since KEnt,p0/K is unramified while KEnt,p/K is totally ramified, we have
KEnt,p0 ∩ KEnt,p = K. Clearly we have KEnt,p0KEnt,p ⊆ KEnt, while the other in-
clusion follows from the fact that K(µ∞) = K(ζp∞0 , ζp∞) and that KEnt,p0 , KEnt,p

are the largest Kummer subextensions of K(ζp∞0 )/K and K(ζp∞)/K respectively. In-
deed, it suffices to show that any cyclic Kummer subextension of KEnt is contained in
KEnt,p0KEnt,p, which can be done by working within a finite cyclotomic extension and
decomposing the radical generating the Kummer extension.

The remaining assertions are easy to prove. First of all, KEnt,p0 = K(ζ(pfτ−1)) and
KEnt,p0/K is cyclic of degree τ (this is the unique unramified extension of K of degree
τ ). It is clear that γτ

0 ∈ K× and KEnt,p0 = K(γ0) if p ∤ τ , while the same assertions
hold by Lemma 10 if p | τ (notice that the choice of q does not matter).

If 2 ̸= p ∤ τ , the largest extension of K of degree dividing τ inside K(ζp∞) is K(ζp),
as (p − 1) | τ and the only subextension of Qp(ζp∞)/Qp of degree coprime to p is
Qp(ζp)/Qp. Similarly, the cases p = 2 and p | τ arise from the structure of the
extension Qp(ζp∞)/Qp. Finally, recalling e.g. from [4, §5.6] that (ζp − 1)p−1 = −p,
we have K(ζp) = K( p−1

√
−p). □

Remark 12. Define

γ :=


p−1
√
−p if p ̸= 2 and p ∤ τ

ζ2r + ζ−1
2r if p = 2 and 4 ∤ τ

ζτ2p otherwise .

According to this case distinction, γdp , γ2, or γτp belongs to K×. We have KEnt =
K(RK) where RK := ⟨γ0, γ⟩ or, if p = 2 and 4 ∤ τ , RK := ⟨ζ4, γ0, γ⟩. Notice that the
quotient RKK

×/K× is finite.

Example 13. For p ̸= 2 we have Gal(Qp Ent/Qp) ≃ (Z/(p− 1)Z)2 and hence

Qp Ent = Qp(ζp(pp−1−1)) = Qp(
p−1
√
ζp−1,

p−1
√
−p) = Qp( p−1

√
zp,

p−1
√
−p)

for any zp ∈ Z×
p whose residue in F×

p has order p− 1, e.g. z3 = −1 and z5 = 2.
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5. COMPUTING THE ENTANGLEMENT

Let K be a p-adic field, and fix a finitely generated subgroup G of K×. The aim of this
section is computing the degrees

B(N, n) := [K(ζn,
n
√
G) ∩K(ζN) : K(ζn)]

adapting the method for number fields, for which we refer to [7, 5].

Theorem 14. For all positive integers n,N such that n divides N we have

(5) K(ζn,
n
√
G) ∩K(ζN) = K(ζn, HN,n)

for some computable group HN,n (generated over K× by at most two elements and
possibly ζ4) such that

H
gcd(n,τ)
N,n ⊆ K× ⊆ HN,n ⊆ K×

Ent ∩K(ζN)
× .

Moreover, if RK is as in Remark 12 and S denotes the finite set of the subgroups of
RKK

× containing K×, then HN,n belongs to S, and we may take

HN,n := Hn ∩K(ζN) where Hn :=
n
√
GK×n ∩K×

Ent .

Proof. We have H
gcd(n,τ)
n ⊆ K× (recall that KEnt/K has exponent τ ) and

K(ζn,
n
√
G) ∩K(ζ∞) = K(ζn, Hn) .

Then (5) holds for HN,n := Hn ∩ K(ζN). Notice that Hn is the largest M ∈ S

satisfying M ⊆ n
√
GK×n. We finish the proof by observing that this condition is

equivalent to M τ ⊆ n
√
GτK×τ and it can be computed because RK and G are finitely

generated. □

Remark 15. Let t be the largest integer such that K(ζp) = K(ζpt) if p ̸= 2 and
K(ζ4) = K(ζ2t) if p = 2. We can write

#µK(ζN )∩KEnt
=


p2vp(τ)−a(pfτ/b − 1) if p ̸= 2, p | τ or p = 2, 4 | τ
pt(pfτ/b − 1) if p ̸= 2, p ∤ τ , p | N or p = 2, 4 ∤ τ , 4 | N
pfτ/b − 1 if p ̸= 2, p ∤ τ , p ∤ N or p = 2, 4 ∤ τ , 4 ∤ N

where 0 ⩽ a ⩽ vp(τ) depends on N only through vp(N) and b | τ depends on N
only through the multiplicative order of p modulo gcd(N, p∞0 ). Then we have HN,n =
Hn ∩M ′K×, where M ′ ⊆ RK is, with the above case distinction: ⟨γb

0, γ
pa⟩; ⟨γb

0, γ⟩ if
p ̸= 2 and ⟨ζ4, γb

0, γ⟩ if p = 2; ⟨γb
0⟩.

We remark that the group Hn can be computed with a finite procedure for all n ⩾ 1.
Indeed, for every n | m the group Hn is a subgroup of Hm. Also notice that the ℓ-part
of Hn/K

× is Hℓvℓ(n)/K× and it is trivial if ℓ ∤ τ . For every ℓ | τ there is some integer
Bℓ such that HℓBℓ contains Hℓv for every v ⩾ 1 (this integer Bℓ can easily be computed
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in terms of the ℓ-divisibility parameters of G). Consequently, Hn = Hgcd(n,B) where
B =

∏
ℓ|τ ℓ

Bℓ .

Fixing n, the group HN,n ∩K(ζp∞) is determined by vp(N), and

HN,n ∩K(ζp∞) = HpN,n ∩K(ζp∞)

holds if vp(N) ⩾ 2vp(τ). Moreover, the group HN,n ∩ K(ζp∞0 ) depends on N only
through the multiplicative order of p modulo N ′ := gcd(N, p∞0 ). Indeed, this group is
determined by µK(ζN′ ) ∩Hn (because K(ζN ′)/K corresponds to an extension of finite
fields), and we recall that µK(ζN′ ) is isomorphic to the multiplicative group of Fpf (ζN ′),
whose order only depends on pf and the multiplicative order of p modulo N ′. This
leads to a finite but not explicit case distinction. If one accepts it, then we have shown
that HN,n can be determined for all N, n at once and hence all degrees B(N, ℓm) for
all integers m and N such that ℓm | N can be computed at once. Therefore (accepting
the above case distinction), thanks to the considerations in Remark 8, the degrees of
the Kummer extensions K(ζN ,

n
√
G)/K(ζN) can be determined for all n | N at once

with an explicit finite procedure.

Remark 16. We can compute at once the groups HN,n for all N, n that are powers of
one fixed prime number ℓ. It suffices to compute Hℓz (see the proof of Theorem 14) for
every z, namely determining the largest subgroup M ∈ S such that M τ ⊆ ℓz

√
GτK×τ .

Notice that

M τ ⊆ (
ℓz
√
Gτ ∩K×)K×τ

and that we can replace G by Gℓ as done in Section 3.2. Then we easily conclude
because ℓz

√
Gτ

ℓ ∩ K× is finitely generated and can be computed for all z (it does not
depend on z provided that z is sufficiently large).

Example 17. We continue Example 9, showing that [Q7(ζ18,
6
√
G) : Q7(ζ18)] = 6

by computing B(18, 2) = 1 and B(18, 3) = 3. Notice that [Q7(ζ18) : Q7] = 3 hence
B(18, 2) = 1 and B(18, 3) ∈ {1, 3}. To conclude, observe that ζ18 ∈ Q7(

3
√
G) because

76 · 102 ∈ G and ord(102 mod 7) = 3, thus the residue field of Q7(
3
√
G) contains the

18-th roots of unity.

Example 18. For the group ⟨−1⟩ ⊆ Q×
3 and for any positive integers Z ⩾ z, clearly

B(2Z , 2z) is 2 if Z = z, and it is 1 otherwise. As RQ3 = ⟨ζ4,
√
−3⟩, we have H2z =

⟨ζ4⟩Q×
3 . Thus for 2z | N we have HN,2z ∈ {H2z ,Q×

3 } and it is H2z if and only if
ζ4 ∈ Q3(ζN), i.e. 4 | (3ord(3 mod N) − 1) or, equivalently, 2 | ord(3 mod N).

We conclude by considering the structure of the Galois group of the Kummer exten-
sions:
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Remark 19. Fix some positive integers N, n such that n | N . Considering the prime
decomposition of n =

∏
ℓe, observe that

(6) Gal(K(ζN ,
n
√
G)/K(ζN)) =

∏
ℓ|n

Gal

(
K(ζℓe ,

ℓe
√
G)

K(ζℓe ,
ℓe
√
G) ∩K(ζN)

)
.

By Theorem 14 we have

K ′ := K(ζℓe ,
ℓe
√
G) ∩K(ζN) = K(ζℓe , HN,ℓe).

The size of the cyclic components of the factor in (6) corresponding to the prime ℓ = p
can be then computed with the method described in [1, Theorem 6] with parameters of
p-divisibility

(∞, d1, · · · , ds;h, h1, · · · , hs)

with h = max(hs+1, · · · , hr), where the hi and di are as in Theorem 4 applied to
the group G over the field K ′. Consider now the factors in (6) for primes ℓ ̸= p. If
G ⊆ O×

K′ , then each factor is cyclic as it corresponds to a cyclotomic extension. If
G ̸⊆ O×

K′ , then each factor can be reduced to the product of at most two cyclic groups,
again applying [1, Theorem 6] with parameters of ℓ-divisibility

(∞, dℓ(G);h, hℓ(β))

defined in Section 3.2 for the group G and over the field K ′. Notice that h = hℓ(β) = 0
if ℓ ∤ #(µK′) and dℓ(G) = 0 for almost all primes as seen in Remark 8. Therefore
there are only finitely many primes ℓ ̸= p for which the factor is not cyclic of order ℓe.

Notice that, if we accept the case distinction to compute HN,ℓe for all N and e at once,
we can also compute the group structure of the Galois group of the Kummer extension
K(ζN ,

n
√
G)/K(ζN) for all N and n at once.

6. COMPLETIONS OF KUMMER EXTENSIONS OF NUMBER FIELDS

In this section k is a number field and α ∈ k× is not a root of unity. If ℘ is a non-
zero prime ideal of the ring of integers Ok over the rational prime p, we write k℘ for
the corresponding completion of k and we identify k with a subfield of k℘. If ℓ is a
prime number and M ⩾ m are positive integers, we consider the Kummer extension
of number fields

k(ζℓM , ℓm
√
α)/k(ζℓM )

and the corresponding Kummer extension of p-adic fields

k℘(ζℓM , ℓm
√
α)/k℘(ζℓM ) .

Let ℓ ̸= p. For almost all primes ℘ we have v℘(α) = 0, and in this case the above exten-
sion of local fields is a cyclotomic extension, uniquely determined by hℓ,℘(α), namely
the ℓ-adic valuation of the order of (α mod ℘). For a fixed ℘, we have hℓ,℘(α) = 0 for
almost all primes ℓ (as α is ℓ∞-divisible if ℓ ∤ N(℘)− 1 = pf − 1). If we fix ℓ instead,
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a prime ℘ is such that hℓ,℘(α) > 0 if and only if ℓ divides the order of (α mod ℘) in
(Ok/℘)

×. There are infinitely many such ℘, even a set with positive density [6].

Remark 20. Let Cl(k) be the class group of k and hk the class number. Let h, d be
the ℓ-divisibility parameters of α, meaning that α = ζℓhβ

ℓd , where β ∈ k× and d is
maximal (we refer the reader to [2]). If ℓ ∤ hk, there exists a prime ℘ of k such that
gcd(v℘(β), ℓ) = 1, else d would not be maximal. Consequently, the parameter d℘ of ℓ-
divisibility of β in k℘ is the same as the one in k. In general, supposing that v℘(β) ̸= 0,
consider the order of [℘] in Cl(k) and denote by n its ℓ-adic valuation: the parameter
d℘ can be any integer between d and d+ n.

Example 21. Let k = Q(
√
−5) and ℓ = 2. Since hk = 2, we could have d℘ = d + 1.

This happens for α = 2 −
√
−5 and ℘ = (3,

√
−5 + 1), noticing that d = 0 and

(α) = (3,
√
−5 + 1)2.

If ℓ is odd (respectively, ℓ = 2) we define t as the largest integer for which k(ζℓ) =
k(ζℓt) (respectively, k(ζ4) = k(ζ2t)) and, for a non-zero prime ideal ℘ of Ok, we call
t℘ the largest integer for which k℘(ζℓ) = k℘(ζℓt℘ ) (respectively, k℘(ζ4) = k℘(ζ2t℘ )).

Theorem 22. We keep the above notation, and suppose that ℓ ∤ hk. Consider the set P
of non-zero prime ideals a ⊆ Ok for which vℓ(va(α)) = d. Fix some positive integers
m ⩽ M such that M ⩾ minP ta. If the extension

k(ζℓM , ℓm
√
α)/k(ζℓM )

is not a cyclotomic extension, there exists ℘ ∈ P such that the corresponding extension

k℘(ζℓM , ℓm
√
α)/k℘(ζℓM )

has the same degree and it is also not a cyclotomic extension.

Proof. Let A := [k(ζℓM , ℓm
√
α) : k(ζℓM )], which is a power of ℓ. Since the given

extension is not cyclotomic, we must have d < m. Since M ⩾ t, by [2, Theorem 18]
we get

vℓ(A) =

{
m− (M − h) if d ⩾ M − h

m− d if d < M − h .

Consider a prime ℘ ∈ P for which t℘ is minimal, so M ⩾ t℘ (we have P ̸= ∅
by Remark 20). The ℓ-divisibility parameters of α in k℘ are h℘ and d. We show
that A℘ := [k℘(ζℓM , ℓm

√
α) : k℘(ζℓM )] equals A by applying [2, Theorem 18] also to

compute A℘. If h℘ = h, then A = A℘ as all the parameters in the formula are the same.
Else, we claim that d ⩽ M − h℘ and we conclude because vℓ(A℘) = m− d = vℓ(A).
To prove the claim, we show that d ⩽ t℘−h℘ in case h℘ > h (respectively, d ⩽ t℘−h

in case h℘ < h). For h℘ > h, the claim holds because βℓd/ζ mod ℘ has oder coprime
to ℓ for some root of unity ζ of order ℓh℘ (since h℘ > 0, we conclude by considering
the order of (β mod ℘), whose ℓ-adic valuation is at most t℘). For h℘ < h the claim
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holds because βℓd/ζ−1
ℓh

ζ has order coprime to ℓ for some root of unity ζ of order ℓh℘ ,
and again the order of (β mod ℘) has ℓ-adic valuation at most ℓt℘ . □

Theorem 23. Fix a prime number ℓ and positive integers m ⩽ M . There is a set of
primes ℘ of k of positive density such that

[k(ζℓM , ℓm
√
α) : k(ζℓM )] = [k℘(ζℓM , ℓm

√
α) : k℘(ζℓM )] .

Proof. Set ℓDℓ := [k(ζℓM , ℓm
√
α) : k(ζℓM )]. The degree of the local extension at ℘

divides ℓDℓ . So the statement is clear if Dℓ = 0, and we suppose that Dℓ ⩾ 1.

If ℓ = 2, we suppose that ζ4 ∈ k or that M > 1. Then, without loss of generality, we
may assume that M ⩾ t. Consider the primes ℘ of k such that v℘(α) = 0 and remark
that h℘ is the ℓ-adic valuation of the order of (α mod ℘). The conditions t℘ ⩾ M and
h℘ = t℘ − (m − Dℓ) imply that k℘(ζℓM , ℓm

√
α)/k℘(ζℓM ) is cyclotomic of degree ℓDℓ .

By the Chebotarev density theorem and the density results in [6] the primes satisfying
t℘ = M and h℘ = t℘ − (m−Dℓ) admit the density

1

[k(ζℓM ) : k]
− 1

[k(ζℓM+1) : k]
− 1

[k(ζℓM ,
ℓm
√
αℓDℓ−1

) : k]
+

1

[k(ζℓM+1 ,
ℓm
√
αℓDℓ−1

) : k]
.

This density is positive because ζℓM+1 /∈ k(ζℓM ) (as M ⩾ t) and αℓDℓ /∈ k(ζℓM ) (as
Dℓ ⩾ 1).

We are left with the case ℓ = 2, ζ4 /∈ k and M = 1 hence m = Dℓ = 1. We may
similarly consider the primes ℘ of k for which 4 ∤ #µk℘and

√
α /∈ k℘, which have

density at least 1/4. □

Now consider a more general Kummer extension k(ζN , n
√
α)/k(ζN) where n and N

are positive integers such that n | N . We generalize Theorem 23:

Theorem 24. Let n,N be positive integers such that n | N . There is a set of primes ℘
of k of positive density such that

[k(ζN ,
n
√
α) : k(ζN)] = [k℘(ζN ,

n
√
α) : k℘(ζN)] .

Proof. Let T be the greatest integer for which k(ζN) = k(ζT ). Up to replacing N ,
we may assume that N = T . For a prime ℘ of k, consider the prime factorization
n =

∏
ℓmℓ and observe that

(7) [k℘(ζN ,
n
√
α) : k℘(ζN)] =

∏
ℓ|n

[k℘(ζℓmℓ , ℓmℓ
√
α) : k℘(ζℓmℓ )]

[k℘(ζℓmℓ , ℓmℓ
√
α) ∩ k℘(ζN) : k℘(ζℓmℓ )]

.

Suppose that ℘ is such that N | #µk℘ and ℓvℓ(N)+1 ∤ #µk℘ for every ℓ | N . For such
℘ the denominators in (7) are 1 because we have k℘(ζℓmℓ ) = k℘(ζN). We additionally
require that, for every ℓ | N , the ℓ-adic local Kummer extension has degree

ℓDℓ := [k(ζN ,
ℓmℓ
√
α) : k(ζN)].
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If Dℓ = 0, this condition holds because the degree of the local extension divides ℓDℓ . If
Dℓ > 0 and if we exclude the finitely many primes ℘ for which v℘(α) ̸= 0, the above
condition means that the order of (α mod ℘) has ℓ-adic valuation vℓ(N)− (mℓ −Dℓ),
because the extension k℘(ζN , ℓmℓ

√
α)/k℘(ζN) is cyclotomic.

We conclude by proving that there is a set of primes ℘ of positive density such that
the following holds: we have N | #µk℘; for every ℓ | N , we have ℓvℓ(N)+1 ∤ #µk℘;
if Dℓ > 0, the order of (α mod ℘) has ℓ-adic valuation vℓ(N) − (mℓ −Dℓ). We may
restrict to the positive density of primes ℘ that split completely in k(ζN , E

√
α), where

E :=
∏

ℓ:Dℓ>0

(mℓ −Dℓ) .

We are left to select those primes that, for every ℓ, satisfy the following condition: they
do not split in k(ζNℓ, E

√
α) and, if Dℓ > 0, they do not split in k(ζN ,Eℓ

√
α). Notice that

these two fields have degree ℓ over k(ζN , E
√
α). Indeed, by the definition of Dℓ, for

every ℓ such that Dℓ ⩾ 1 we have that ℓmℓ−Dℓ
√
α ∈ k(ζN) but ℓmℓ−Dℓ+1√

α /∈ k(ζN). In
particular, the conditions for different primes ℓ involve field extensions that are linearly
disjoint. So we are left to check that the density of primes ℘ satisfying the condition
for one single ℓ is positive. This holds because not splitting in any of the two given
extensions of degree ℓ gives density 1 − 1

ℓ
if the two fields are the same and density

(1− 1
ℓ
)(1− 1

ℓ
) if the two fields are different hence linearly disjoint. □

Remark 25. For any number field extension L(γ)/L and for any prime ℘ of L, we
have [L(γ) : L] ⩾ [L℘(γ) : L℘]. Then Theorem 24 implies

[k(ζN ,
n
√
α) : k(ζN)] = min

℘⊆Ok
℘ prime

[k℘(ζN ,
n
√
α) : k℘(ζN)].

Example 26. Remark 25 does not hold for a subgroup G of k× in place of α. For
k = Q and G = ⟨2, 5⟩, the Kummer extension Q(ζ9,

3
√
G)/Q(ζ9) has degree 9, while

for every prime p the extension Qp(ζ9,
3
√
G)/Qp(ζ9) has degree strictly less than 9: the

degree is at most 3 for p ̸= 3 and it is 1 for p = 3. (For p = 3 notice that 2 and 5
are cubes in Q3. For p ̸= 3 we can use the results of Section 3.2, considering Gℓ for
ℓ = 3. Indeed, if p /∈ {2, 3, 5} then G3 is a subgroup of µQp hence it is cyclic, while if
p = 2, 5 the group G3 is torsion free and hence it is cyclic.)
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[2] DEBRY, C. - PERUCCA, A.: Reductions of algebraic integers, J. Number Theory, 167 (2016),
259–283.

[3] CONRAD, K. Hensel’s Lemma, unpublished lecture notes, https://kconrad.math.
uconn.edu/blurbs/gradnumthy/hensel.pdf.
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