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Abstract—This paper investigates the impact of spatial channel
correlation on the outage probability of intelligent reflecting
surface (IRS)-assisted single-input single-output (SISO) commu-
nication systems. In particular, we derive a novel closed-form
expression of the outage probability for arbitrary phase shifts
and correlation matrices of the indirect channels. To shed light on
the impact of the spatial correlation, we further attain the closed-
form expressions for two common scenarios met in the literature
when the large-scale fading coefficients are expressed by the
loss over a propagation distance. Numerical results validate
the tightness and effectiveness of the closed-form expressions.
Furthermore, the spatial correlation offers significant decreases
in the outage probability as the direct channel is blocked.

Index Terms—Intelligent reflecting surface, outage probability,
spatial correlation.

I. INTRODUCTION
Intelligent reflecting surface (IRS), which relies on the

recent advancements of meta-materials, is being recognized
as a promising technology in the future wireless networks
not only due to its significant gains in spectral and energy
efficiency but with the ultimate goal for the smart propagation
environment control [1]. Specifically, an IRS consists of low-
cost, nearly passive reflecting elements that can reconfigure the
interaction with impinging electromagnetic waves. Owing to
its promising benefits, IRS has received substantial attention as
the literature reveals. Most works have focused on the phase-
shift matrix design with/without the transmit beamforming
using the instantaneous channels and different communication
objectives as [2]–[5] and reference therein.

While the majority of previous works have improved our
knowledge of IRS-assisted systems, they have relied on the
common assumption of tractable independent and identically
distributed (i.i.d.) Rayleigh fading channel model and/or in
the asymptotic regime regarding the size of IRS (the number
of its elements goes to infinity) for a tractable performance
analysis [6]. To address this less realistic conjecture, few
works have taken into account the spatial correlation among
the phase shifts, being inevitable in practice, for instance [5].
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Recently, this consideration was further grounded by showing
that that i.i.d. Rayleigh fading only appears in rare cases
and by deriving a spatially correlated Rayleigh fading model
following the IRS-design principles [7]. In parallel, although
IRSs are suggested for coverage improvement, most existing
works concern the study of common performance metrics such
as the achievable rate and the bit error rate while the important
outage probability has been neglected. As far as the authors
are aware, the outage probability in IRS-enhanced single-
input single-output (SISO) scenarios has been investigated
only in [8]–[10] without accounting for the spatial correlation.

Motivated by these research gaps, in this paper, we obtain
the outage probability for SISO systems for an arbitrary (finite)
number of phase shifts by focusing on the impact of channel
correlation while including the presence of both direct and
indirect propagation channels. Our main contributions are
summarized as follows: (𝑖) By focusing on practical aspects
including the effect of spatially correlated Rayleigh fading
and the consideration of a finite number of IRS elements,
we formulate the system model and derive the closed-form
expression on the outage probability conditioned on the phase-
shift matrix, which is a function only of the channel statistics.
Our proposed closed-form expression allows the study of
the impact of different spatial correlation structures on the
outage probability. We further prove that the equal phase-
shift selection provides the minimum outage probability at the
asymptotic regime regarding the number of IRS elements. (𝑖𝑖)
We provide analytical expressions of the outage probability
under either equal or random phase shifts. These scenarios
concretely unveil the impact of the spatial correlation. (𝑖𝑖𝑖)
Our closed-form expressions are verified by Monte-Carlo
simulations and confirm that the IRS phase-shift selection
and its correlation are of paramount importance to the system
performance when the direct channel is blocked. Furthermore,
the equal phase-shift design is close to the optimal one based
on perfect channel state information (CSI).

Notation: Upper and lower bold letters denotes matrices and
vectors. A diagonal matrix is diag(x) with x in the diagonal
and tr(·) is the trace of a matrix. CN(·, ·) denotes the circularly
symmetric Gaussian distribution while U(𝑎, 𝑏) is the uniform
distribution in the range [𝑎, 𝑏]. I𝑁 is the identity matrix of size
𝑁 ×𝑁 . The expectation and variance of a random variable are
E{·} and Var{·}. The Euclidean norm is ‖ · ‖, the superscript
(·)𝐻 is the Hermitian transpose, and ◦ is the Hadamard
product. mod (·) is the modulus operation and b·c is the floor
function. Γ(𝑚, 𝑛) =

∫ ∞
𝑛

𝑡𝑚−1𝑒−𝑡𝑑𝑡 and Γ(𝑛) =
∫ ∞
0 𝑡𝑚−1𝑒−𝑡𝑑𝑡

are the upper incomplete Gamma function and the Gamma
function. Finally, sinc(𝑥) = sin(𝜋𝑥)/(𝜋𝑥) is the sinc function.
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II. SYSTEM MODEL AND CHANNEL CAPACITY
This paper considers a system with one single-antenna

source sending signals to one single-antenna destination. An
IRS with 𝑁 phase-shift elements is deployed between source
and destination to enhance communication reliability.

A. Channel Model
Even though the propagation channels vary over time and

frequency, we assume a block-fading channel model, where
the channels are static and frequency flat in each coherence
interval. We denote ℎsd ∈ C the channel between the source
and the destination, hsr ∈ C𝑁 the channel vector between the
source and the IRS, and hrd ∈ C𝑁 the channel vector between
the IRS and the destination. Notably, we take into account
for correlated Rayleigh channel model. Mathematically, the
channels are described as

ℎsd ∼ CN(0, 𝛽sd), hsr ∼ CN(0,Rsr), hrd ∼ CN(0,Rrd), (1)

where 𝛽sd ∈ C,Rsr ∈ C𝑁×𝑁 , and Rrd ∈ C𝑁×𝑁 are the large-
scale fading coefficient and the covariance matrices, respec-
tively. Note that for the sake of clarity, we have incorporated
the large-scale fading coefficients 𝛽sr ∈ C and 𝛽rd ∈ C of
the assisted link inside Rsr and Rrd. The channel model (1)
is aligned with an infinitesimal small source, which radiates
isotropically in the IRS [11]. Henceforth, ℎsd is also called
the direct channel and hsr, hrd comprise the indirect or else
the cascaded channel.1 The considered channels in (1) are of
practical interest for the performance analysis of IRS-assisted
systems, where IRSs are fabricated as a planar array [7].

B. Data Transmission
The received complex baseband signal at the destination,

formulated under a first-order IRS reflection assumption, is
given by 𝑦 =

√
𝜌h𝐻

sr ΘΘΘhrd𝑠+
√
𝜌ℎsd𝑠+ �̃�, where 𝜌 is the transmit

power allocated by the source, 𝑠 is the transmit data symbol
with E{|𝑠 |2} = 1, and �̃� ∼ CN(0, 𝜎2) is the additive Gaussian
noise. Also, ΘΘΘ = diag

(
𝑒 𝑗 \1 , . . . , 𝑒 𝑗 \𝑁

)
, is the phase-shift

matrix, where \𝑛 ∈ [−𝜋, 𝜋],∀𝑛, is the phase shifts induced by
the IRS. By assuming coherent combination as in [2], [10],
we obtain the channel capacity for arbitrary phase shifts as

𝐶 = log2

(
1 + 𝜌

𝜎2

��ℎsd + h𝐻
sr ΘΘΘhrd

��2) , [b/s/Hz]. (2)

The channel capacity in (2) is a function of the instantaneous
channels varying upon the time and frequency plane, which
can be very accurately known when the coherence intervals
and pilot sequences are sufficiently long. We use this channel
capacity to analyze the outage probability in a closed-form
expression, which will depend only on channel statistics.

III. OUTAGE PROBABILITY ANALYSIS
From (2), we now consider the outage probability of the

network, which is defined as 𝑃 = Pr(𝐶 < b), where b

[b/s/Hz] is the target rate. By setting 𝑧 = 𝜎2 (
2b − 1

)
/𝜌, the

1For the given phase shifts, an optimization problem with the covariance
matrices as variables of an ℓ𝑝−norm problem [12] can be formulated and
solved to match the covariance matrix model in (1) with measurement data.
If only the spatial correlation among the IRS elements is considered, the
covariance matrices can be estimated by averaging the outer product over
many different channel realizations.

outage probability is recast to an equivalent signal-to-noise
ratio requirement as

𝑃 = Pr
( ��ℎsd + h𝐻

sr ΘΘΘhrd
��2 < 𝑧

)
. (3)

In this paper, the moment-matching method is used to manip-
ulate the outage probability as follows.

Theorem 1. For a given 𝑧, the outage probability (3) is
obtained in closed form as a function of the phase-shift matrix:

𝑃 (ΘΘΘ) = 1 − Γ (𝑘𝑎, 𝑧/𝑤𝑎)/Γ (𝑘𝑎), (4)

where the shape parameter 𝑘𝑎 and the scale parameter 𝑤𝑎

are respectively given by

𝑘𝑎 =

(
𝛽sd + tr(Θ̃ΘΘ)

)2

𝛽2
sd + 2𝛽sdtr(Θ̃ΘΘ) +

(
tr(Θ̃ΘΘ)

)2 + 2tr
(
Θ̃ΘΘ

2) , (5)

𝑤𝑎 =𝛽sd + tr(Θ̃ΘΘ) +
2tr

(
Θ̃ΘΘ

2)
𝛽sd + tr(Θ̃ΘΘ)

, (6)

with Θ̃ΘΘ = RrdΘΘΘ
𝐻RsrΘΘΘ.

Proof. Let us define a new random variable 𝑋 =
��ℎsd +

h𝐻
sr ΘΘΘhrd

��2. Its mean value is computed by the independence
of the direct and indirect channels as

E{𝑋} = E
{
|ℎsd |2

}
+ E

{��h𝐻
sr ΘΘΘhrd

��2} = 𝛽sd + E
{��h𝐻

sr ΘΘΘhrd
��2}

= 𝛽sd + E
{
h𝐻

sr ΘΘΘhrdh𝐻
rdΘΘΘ

𝐻hsr
}
= 𝛽sd + tr

(
RrdΘΘΘ

𝐻RsrΘΘΘ
)
. (7)

Its second moment, denoted by E{𝑋2}, is computed as

E{𝑋2} = E
{ ��ℎsd + h𝐻

sr ΘΘΘhrd
��4 }

= E
{��� |ℎsd |2 + ℎ∗sdh𝐻

sr ΘΘΘhrd + ℎsdh𝐻
rdΘΘΘ

𝐻hsr +
��h𝐻

sr ΘΘΘhrd
��2 ���2}. (8)

Let us define 𝑎 = |ℎsd |2, 𝑏 = ℎ∗sdh𝐻
sr ΘΘΘhrd, 𝑐 = ℎsdh𝐻

rdΘΘΘ
𝐻hsr,

and 𝑑 =
��h𝐻

sr ΘΘΘhrd
��2. Thus, (8) is recast as

E{𝑋2} = E{|𝑎 |2} +E{|𝑏 |2} +E{|𝑐 |2} + 2E{𝑎𝑑} +E{|𝑑 |2}, (9)

where E{|𝑎 |2} = 2𝛽2
sd by [13, Lemma 9]. Also, we obtain

E{|𝑏 |2} = E{𝑎𝑑} = E{|𝑐 |2} = 𝛽sdtr
(
RrdΘΘΘ

𝐻RsrΘΘΘ
)
, (10)

due to the independence among the channels. The last expec-
tation of (9) is computed as

E{|𝑑 |2} = E

R1/2

sr ΘΘΘhrd
4

����� h𝐻
sr ΘΘΘhrdR1/2
sr ΘΘΘhrd

 h𝐻
rdΘΘΘ

𝐻hsrR1/2
sr ΘΘΘhrd


�����2 .

(11)

Let us define 𝑡 = h𝐻
sr ΘΘΘhrd/

R1/2
sr ΘΘΘhrd

, then by conditioning on
hrd, 𝑡 is a circularly symmetric Gaussian variable. Furthermore,
thanks to the normalization factor

R1/2
sr ΘΘΘhrd

 and the use of
the circular symmetric property, we have 𝑡 ∼ CN(0, 1). Hence,
(11) is manipulated as

E{|𝑑 |2} = E
{R1/2

sr ΘΘΘhrd
4 |𝑡 |4

} (𝑎)
= E

{R1/2
sr ΘΘΘhrd

4
}
E{|𝑡 |4}

(𝑏)
= 2

��tr(RrdΘΘΘ
𝐻RsrΘΘΘ

) ��2 + 2tr
( (

RrdΘΘΘ
𝐻RsrΘΘΘ

)2)
, (12)
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Fig. 1: The outage probability v.s. shape and scale parameters.

where (𝑎) is obtained by the fact that ΘΘΘhrd and 𝑡 are indepen-
dent; (𝑏) is obtained by the use of [13, Lemma 9] to compute
the forth moment of random variables. Combining the results
of (8)-(12), we obtain

E{𝑋2} = 2𝛽2
sd + 4𝛽sdtr

(
RrdΘΘΘ

𝐻RsrΘΘΘ
)

+ 2
��tr(RrdΘΘΘ

𝐻RsrΘΘΘ
) ��2 + 2tr

( (
RrdΘΘΘ

𝐻RsrΘΘΘ
)2)

. (13)

By exploiting the identity Var {𝑋} = E{𝑋2} − |E{𝑋}|2 along
with the results in (7) and (13), we obtain

Var {𝑋} = 𝛽2
sd + 2𝛽sdtr

(
RrdΘΘΘ

𝐻RsrΘΘΘ
)

+
(
tr
(
RrdΘΘΘ

𝐻RsrΘΘΘ
) )2 + 2tr

( (
RrdΘΘΘ

𝐻RsrΘΘΘ
)2)

. (14)

We match the random variable 𝑋 to a Gamma distribution with
the shape and scale parameters as 𝑘𝑎 =

(E{𝑋 })2

Var{𝑋 } , 𝑤𝑎 =
Var{𝑋 }
E{𝑋 } .

Exploiting (7) and (14), the result is as in the theorem. �

We emphasize the advantage of the closed-form expression
obtained in (4) since it can describe different spatial correlation
models and enables their study. From the mathematical point
of view, this is a generalized version of [10] concerning
uncorrelated Rayleigh channels. Unlike previous works relying
on the instantaneous CSI to optimize the phase shifts, e.g.,
[14], the proposed phase-shift design utilizing (4) as the utility
function is independent of the small-scale fading coefficients
and is stable for a long period of time. The phase shifts do not
need optimization at every coherence interval but only when
the large-scale statistics change.

Remark 1. The closed-form expression in Theorem 1 is ob-
tained for the coexistence of both direct and indirect channels.
The outage probability in (4) can be also applied in the case
of no direct channel between the source and the destination.
Especially, the closed-form expression is still computed by (4),
but the shape and scale parameters are obtained from (5) and
(6) with 𝛽sd = 0. Moreover, the methodology used in this paper
can be extended to account for imperfect CSI and/or multi-
user multiple-input multiple-output (MIMO) scenarios. For
instance, the imperfect CSI for the SISO system is considered
by utilizing the aggregated channel, i.e., ℎsd + h𝐻

sr ΘΘΘhrd, which
comprises both the direct and indirect channels. We note that
despite the complex structure of the IRS-assisted channels, the
linear minimum mean square error estimation can be exploited
to compute the moments of non-Gaussian distributions, and
then to obtain the channel estimate in the pilot training

phase, by applying similar analytical steps as in [15]. These
investigations are left for future work.

Below, we provide a specific example with the real corre-
lation matrices that describes properly the IRS structure [7].

Example 1. Under the assumption in [7], i.e., for a rectan-
gular phase-shift array with 𝑁 = 𝑁𝑉 𝑁𝐻 where 𝑁𝑉 and 𝑁𝐻

are the elements to per row and per column, respectively, and
under isotropic Rayleigh fading, we express Rsr and Rrd as

Rsr = 𝛽sr𝑑𝐻 𝑑𝑉 R and Rrd = 𝛽rd𝑑𝐻 𝑑𝑉 R, (15)

where the size of each phase shift element is 𝑑𝐻 × 𝑑𝑉 ,
where 𝑑𝑉 is the vertical height and 𝑑𝐻 is the horizontal
width. The matrix R denotes the spatial correlation at the
IRS whose (𝑛, 𝑚)-th coefficient is 𝑟𝑛𝑚 = sinc (2‖u𝑛 − u𝑚‖/_),
where u𝛼 = [0, mod (𝛼 − 1, 𝑁𝐻 )𝑑𝐻 , b(𝛼 − 1)/𝑁𝐻 c𝑑𝑉 ]𝑇 ,
𝛼 ∈ {𝑛, 𝑚}; _ is the wavelength of a plane wave. Thus,
we obtain tr(Θ̃ΘΘ) = 𝛽sr𝛽rdd2

Hd2
Vtr

(
RΘΘΘHRΘΘΘ

)
and tr

(
Θ̃ΘΘ

2)
=

𝛽2
sr𝛽

2
rdd4

Hd4
Vtr

( (
RΘΘΘHRΘΘΘ

)2)
. By ignoring the spatial correlation,

i.e., Rsr = 𝛽sr𝑑𝐻 𝑑𝑉 I𝑁 and Rrd = 𝛽rd𝑑𝐻 𝑑𝑉 I𝑁 , we obtain
tr(Θ̃ΘΘ) = 𝑁𝛽sr𝛽rd𝑑

2
𝐻
𝑑2
𝑉

and tr
(
Θ̃ΘΘ

2)
= 𝑁𝛽2

sr𝛽
2
rd𝑑

4
𝐻
𝑑4
𝑉

.

The example shows that Theorem 1 can be applied for
various covariance matrices by adjusting the inputs of the
incomplete/complete Gamma functions. For the spatially un-
correlated fading, the closed-form expression is directly pro-
portional to the array gain, which can be easily observed by
neglecting the spatial correlation, which is however inevitable
in practical systems enabled by IRSs. Since the shape and scale
parameters are non-negative, we now introduce the optimal
phase-shift design at an asymptotic regime as in Corollary 1.

Corollary 1. For the spatial correlation channel model (15),
the equal phase-shift selection minimizes the outage probabil-
ity as the number of IRS elements goes large.

Proof. We first take the first-order derivative of the outage
probability with respect to 𝑤𝑎 as

𝜕𝑃(ΘΘΘ)
𝜕𝑤𝑎

=
−1

Γ(𝑘𝑎)
𝜕Γ(𝑘𝑎, 𝑧/𝑤𝑎)

𝜕𝑤𝑎

=
−𝑧𝑘𝑎𝑒−𝑧/𝑤𝑎

Γ(𝑘𝑎)𝑤𝑘𝑎+1
𝑎

< 0, (16)

by exploiting [16]. For a given shape parameter 𝑘𝑎, the
obtained result in (16) indicates that the outage probability
is a decreasing function of the scale parameter 𝑤𝑎, which is
positive based on (6). As 𝑁 grows, both the numerator and
denominator of the shape parameter scale up with the same
order, i.e. (tr(Θ̃ΘΘ))2, while the scale parameter is dominated by
tr(Θ̃ΘΘ). Thus, when 𝑁 is sufficiently large, we obtain

𝑘𝑎 → 1, 𝑤𝑎 → tr
(
Θ̃ΘΘ

)
. (17)

Moreover, by utilizing the spatial structure in (15), we have
tr
(
Θ̃ΘΘ

)
≥ 0 and one obtains

tr
(
Θ̃ΘΘ

)
= 𝛽sr𝛽rd𝑑

2
𝐻 𝑑2

𝑉

��� 𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑟𝑛𝑚𝑟𝑚𝑛𝑒 𝑗 (\𝑛−\𝑚)
���

≤ 𝛽sr𝛽rd𝑑
2
𝐻 𝑑2

𝑉

𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑟𝑛𝑚𝑟𝑚𝑛,

(18)
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which is maximized when \𝑛 = \𝑚,∀𝑛, 𝑚. By combining (16)–
(18), we conclude the proof. �

Corollary 1 gives a simple and effective phase-shift selection
at the asymptotic regime. By means of the channel hardening
property [7], [17], this may be also a good (but suboptimal)
phase-shift design in the case of a finite number of phase
shifts. For the sake of completeness, Fig. 1 plots the outage
probability as a bivariate function of both shape and scale
parameters. For simplicity, we set 𝛽sd = 𝛽sr = 𝛽rd = 1 and
𝑧 = 2. The outage probability decreases monotonically with
𝑘𝑎 and 𝑤𝑎, thus, as a hint, a good selection of the phase
shifts results in high values of the shape and scale parameters.
Besides, Fig. 1 proves the correctness of Corollary 1.

We now investigate two well-established scenarios regarding
the finite number of phase shifts. The first one, described by
Corollary 2, corresponds to an identical phase shifts design,
which is a low-cost setup [1]. Another popular scenario
(Corollary 3) concerns the randomness of phase shifts [2].
Corollary 2. If the phase shifts are equal, 𝑖.𝑒., \1 = . . . = \𝑁 ,
the outage probability is computed as in (4) with

𝑘𝑎 =

(
𝛽sd + tr

(
RrdRsr

) )2

𝛽2
sd+2𝛽sdtr

(
RrdRsr

)
+
(
tr
(
RrdRsr

))2+2tr((RrdRsr)2)
, (19)

𝑤𝑎 =𝛽sd + tr
(
RrdRsr

)
+

2tr
( (

RrdRsr
)2)

𝛽sd + tr
(
RrdRsr

) . (20)

Proof. From the assumption \𝑛 = \𝑚,∀𝑛, 𝑚 = 1, . . . , 𝑁, we
recast tr

(
Θ̃ΘΘ

)
as

tr
(
Θ̃ΘΘ

)
=

𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑟𝑛𝑚sr 𝑟𝑚𝑛
rd = tr

(
RrdRsr

)
, (21)

where 𝑟𝑛𝑚sr and 𝑟𝑚𝑛
rd are the (𝑛, 𝑚)−th element of the matrices

Rsr and Rrd, respectively. Similarly, tr
(
Θ̃ΘΘ

2)
is written as

tr
(
Θ̃ΘΘ

2)
=

𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

(
𝑁∑︁
𝑘=1

𝑟𝑛𝑘rd 𝑟𝑘𝑚sr

) (
𝑁∑︁
𝑘=1

𝑟𝑚𝑘
rd 𝑟𝑘𝑛sr

)
= tr

( (
RrdRsr

)2)
.

(22)

By using (21)- (22) into (5)- (6), we conclude the proof. �

A simple phase-shift setup as in Corollary 2 annihilates
the advantage of the phase-shift matrix; however, the outage
probability is still a function of spatial correlation.

Corollary 3. If the phase shifts are uniformly distributed,
i.e., \𝑛 ∼ U(−𝜋, 𝜋),∀𝑛, the outage probability is obtained
in closed form as in (4) with

𝑘𝑎 =
(𝛽sd + a)2

𝛽2
sd + 2𝛽sda + [ + 2𝛿

, 𝑤𝑎 = 𝛽sd +
𝛽sda + [ + 2𝛿

𝛽sd + a
, (23)

where the deterministic values a, [, and 𝛿 are independent of
the phase shifts and expressed in closed form as

a =tr
(
Rrd ◦ Rsr

)
, (24)

[ =
(
tr
(
Rrd ◦ Rsr

) )2 + tr
(
Rrd ◦ Rsr

(
Rrd ◦ Rsr

)𝐻 )
− tr

(
Rrd ◦ Rsr ◦ Rrd ◦ Rsr

)
, (25)

𝛿 =tr
( (

Rrddiag
(
rsr

) )2) + tr
( (

Rsrdiag
(
rrd

) )2)
− tr

(
Rrd ◦ Rsr ◦ Rrd ◦ Rsr

)
, (26)

where rrd, rsr ∈ C𝑁 are the diagonal vector of Rrd and Rsr.
Proof. First, we calculate the mean value of (7) with respect
to the phase shifts as

a = E
{
tr
(
RrdΘΘΘ

𝐻RsrΘΘΘ
)}

=

𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑟𝑛𝑚sr 𝑟𝑚𝑛
rd E

{
𝑒 𝑗 (\𝑛−\𝑚)}

=

𝑁∑︁
𝑛=1

𝑟𝑛𝑛sr 𝑟
𝑛𝑛
rd = tr

(
Rrd ◦ Rsr

)
. (27)

In (27), the final result is obtained by the fact that
E
{
𝑒 𝑗 (\𝑛−\𝑚)} = 1, if 𝑛 = 𝑚. Otherwise, E

{
𝑒 𝑗 (\𝑛−\𝑚)} = 0.

Consequently, the mean value E{𝑋} is obtained as

E{𝑋} = 𝛽sd + a. (28)

Next, we derive [ = E
{ (

tr
(
RrdΘΘΘ

𝐻RsrΘΘΘ
) )2 }

as

[ = E
{( 𝑁∑︁

𝑛=1

𝑁∑︁
𝑚=1

𝑟𝑛𝑚rd 𝑟𝑚𝑛
sr 𝑒 𝑗 (\𝑛−\𝑚)

)2}
(𝑎)
=

𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑁∑︁
𝑛′=1

𝑁∑︁
𝑚′=1

𝑟𝑛𝑚rd 𝑟𝑚𝑛
sr 𝑟𝑛

′𝑚′

rd 𝑟𝑚
′𝑛′

sr E
{
𝑒 𝑗 (\𝑛−\𝑚+\𝑛′−\𝑚′ )}

(𝑏)
=

𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑟𝑛𝑛rd 𝑟𝑛𝑛sr 𝑟
𝑚𝑚
rd 𝑟𝑚𝑚

sr +
𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑟𝑛𝑚rd 𝑟𝑚𝑛
sr 𝑟𝑚𝑛

rd 𝑟𝑛𝑚sr

−
𝑁∑︁
𝑛=1

(
𝑟𝑛𝑛rd

)2 (
𝑟𝑛𝑛sr

)2
, (29)

where (𝑏) is obtained by computing the expectation in (𝑎)
via considering all the values of \𝑚, \𝑛, \𝑚′ , and \𝑛′ such that
\𝑛−\𝑚+\𝑛′−\𝑚′ = 0. The result in (25) is obtained after some
algebraic manipulations on the last equation of (29). Moreover,
𝛿 = E

{
tr
( (

RrdΘΘΘ
𝐻RsrΘΘΘ

)2)} is obtained similarly as

𝛿 =

𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑁∑︁
𝑛′=1

𝑁∑︁
𝑚′=1

𝑟𝑛𝑛
′

rd 𝑟𝑛
′𝑚

sr 𝑟𝑚𝑚′

rd 𝑟𝑚
′𝑛

sr E
{
𝑒 𝑗 (\𝑚−\𝑛′+\𝑛−\𝑚′ )}

=

𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑟𝑛𝑚rd 𝑟𝑚𝑚
sr 𝑟𝑚𝑛

rd 𝑟𝑛𝑛sr +
𝑁∑︁
𝑛=1

𝑁∑︁
𝑚=1

𝑟𝑛𝑛rd 𝑟𝑛𝑚sr 𝑟𝑚𝑚
rd 𝑟𝑚𝑛

sr

−
𝑁∑︁
𝑛=1

(
𝑟𝑛𝑛rd

)2 (
𝑟𝑛𝑛sr

)2
. (30)

By inserting (24)–(26) into (14), we obtain

Var {𝑋} = 𝛽2
sd + 2𝛽sda + [ + 2𝛿. (31)

Plugging (28) and (31) into the expressions of the shape and
scale parameters, we obtain the result. �

Unlike the deterministic setup in Corollary 2, the result
exhibited by Corollary 3 presents the outage probability when
the phase shifts follow the common uniform distribution.
Notably, the same methodology can be apparently extended
to other phase shifts distributions with i.i.d. elements.

IV. NUMERICAL RESULTS
We consider a network setting, similar as in [7] with

𝛽sd = −90 dB, 𝛽sr𝑑𝐻 𝑑𝑉 = −84 dB, and 𝛽rd𝑑𝐻 𝑑𝑉 = −75 dB.
Also, the number of IRS elements is 𝑁 = 196. The carrier
frequency is 3 Ghz and the system bandwith is 10 Mhz; the
noise variance is −94 dBm with the noise figure being 10 dB.
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(𝑎) (𝑏) (𝑐)
Fig. 2: The outage probability v.s. the target rate in different scenarios: (𝑎) both channels are present (E-Correlated); (𝑏) only
the indirect channel (E-Correlated); and (𝑐) the different covariance matrices (Uncorrelated, Exp-Correlated, E-Correlated).

The transmitter power is 8 dBm. In Fig. 2𝑎 and Fig. 2𝑏, the
covariance matrices are defined as in (15) with 𝑑𝐻 = 𝑑𝑉 =

_/40, denoted as E-Correlated. Fig. 2𝑐 compares the outage
probability with the different covariance matrices comprising
the E-Correlated, spatially uncorrelated fading (denoted as
Uncorrelated), and exponential correlation with correlation
magnitude 0.95 (denoted as Exp-Correlated) [5].

Figure 2𝑎 depicts the outage probability with the existence
of both direct and indirect channels. All the analytical results
match well with Monte-Carlo simulations. Interestingly, the
outage probability varies slightly with the different selections
of the phase shifts due to the dominance of the direct channel.
Both the uniformly random and equal phase shifts have small
impacts on the outage probability. Hence, the IRS improves
coverage marginally under these conditions. In addition, the
optimal phase-shift design by exploiting the entire information
on the perfect CSI [2], [10] has a small gain compared to the
suboptimal in Corollary 1 based on the channel statistics only.

Figure 2𝑏 shows the outage probability when the direct
channel is blocked. The system is very sensitive to phase shift
selection. The outage probability becomes quite high when
the phase shifts are uniformly distributed since the random
phase shifts can produce either constructive or destructive
combinations of the received signals. The gap between the
equal and optimal phase shifts is large, so an IRS is quite
advantageous by phase optimization.

Figure 2𝑐 illustrates the impact of correlated fading on the
outage probability with \𝑛 = 𝜋/4,∀𝑛. When a direct channel
exists, the channel correlation does not affect significantly the
outage probability because the direct channel has a strong ef-
fect and does not allow the cascaded channel to exhibit its con-
tribution. However, in the case of direct signal blockage, the
correlation among the IRS elements clearly presents a severe
impact on the outage probability. In particular, E-Correlated
yields lower outage probability (better performance) than Exp-
Correlated for the parameter settings.

V. CONCLUSION

We derived the outage probability of IRS-supported SISO
communication systems under spatially correlated Rayleigh
fading. Actually, for a given phase-shift matrix, we achieved to
obtain its expression in closed-form by means of its channel
statistics. Hence, we shed light on the impact of IRS cor-
relation and its reflect beamforming matrix. The tightness of
the analytical results was verified by Monte-Carlo simulations.
The outage probability is more sensitive to the phase-shift

matrix when the direct channel is blocked while the correlation
has a significant impact under the same conditions.
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