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We construct a two-channel scattering model for the triangular network of valley Hall states in
interlayer-biased minimally twisted bilayer graphene from symmetry arguments and investigate elec-
tronic transport in a four-terminal setup. In the absence of forward scattering, a single phenomeno-
logical parameter tunes the network between a triplet of chiral zigzag modes and pseudo-Landau
levels. Moreover, the chiral zigzag modes give rise to robust Aharonov-Bohm resonances in the lon-
gitudinal conductance in the presence of a perpendicular magnetic field or an in-plane electric field.
Interestingly, we find that when both a magnetic field and an in-plane electric field are applied, the
resonances of different zigzag branches split depending on their propagation direction relative to the
in-plane electric field. We further demonstrate that while the Hall response vanishes in the chiral
zigzag regime, a finite Hall response is obtained without destroying the Aharonov-Bohm resonances
in the longitudinal response, by weakly coupling different zigzag branches, which also gives rise to

Hofstadter physics at accessible magnetic fields.

I. INTRODUCTION

In recent years, twisted bilayer graphene!? has at-
tracted great interest from the condensed-matter com-
munity. In this system, two graphene layers are rota-
tionally mismatched, giving rise to a moiré pattern in
the layer stacking. In a large part, this interest was mo-
tivated by the experimental discovery of superconductiv-
ity and correlated phases® '3 at the “magic” twist angle
(6 ~ 1°). For tiny twist angles (8 ~ 0.1°) also known as
minimally twisted bilayer graphene (mTBG), the moiré
pattern grows so large that it becomes energetically fa-
vorable to shrink hexagonal stacking regions where lo-
cally all carbon atoms are eclipsing (AA stacking) in fa-
vor of expanding the Bernal-stacked regions (AB or BA
stacking) where only atoms of different sublattices over-
lap, at the expense of intralayer strain'#'5. The relaxed
structure is then given by a triangular tiling of alternat-
ing AB and BA regions, see Fig. 1(a), whose vertices
correspond to AA regions. The latter act as topological
defects, giving rise to three AB/BA domain walls inter-
secting at each node!®. Upon application of an interlayer
bias, e.g., due to an electric field perpendicular to the
layers, a local gap is opened in the Bernal-stacked re-
gions, while the AA regions remain metallic. When the
Fermi level lies in the local gap, one can thus think of
mTBG as a triangular lattice of quantum dots. More-
over, the AA regions are coupled via the AB/BA domain
walls which support two chiral modes per valley and spin,
and which are helical in the sense that states in opposite
valleys counterpropagate, see Fig. 1(b). The existence of
these chiral modes can be understood from the change
in valley Chern number ANy = —ANg/ = +2 across
an AB/BA or BA/AB domain wall, respectively. Here,
the valley Chern number is defined locally in real space
and momentum space, and therefore it is not necessarily
quantized'”'®. Nevertheless, the change in valley Chern
number across a domain wall is quantized'”. From the

bulk-boundary correspondence'®, we require two chiral

modes per valley and spin that propagate along the do-
main walls, where the propagation direction is opposite
for opposite valleys. The low-energy physics is thus cap-
tured by a triangular network of chiral modes where the
AA regions act as scattering centers'®2027 which is illus-
trated in Fig. 1(c). Assuming the valleys are decoupled,
we have (for each spin) two triangular networks of oppo-
site orientation, related by time-reversal symmetry. For
a given valley, this system is reminiscent of a triangular®®
Chalker-Coddington oriented network??:30.

Recently, robust Aharonov-Bohm (A-B) oscillations
attributed to the network were observed in transport ex-
periments in interlayer-biased mTBG??. The A-B oscil-
lations were observed on top of a constant plateau and
persisted at finite temperatures below the local gap. In
addition, oscillations of the Hall resistivity were also ob-
served. The latter are not robust against temperature
and can be qualitatively understood in terms of network
bands of alternating electron and hole character. On the
theory side, microscopic calculations demonstrated that
the network hosts so-called one-dimensional (1D) chiral
zigzag (ZZ) modes®!2. In this regime, the network (for
a given valley and spin) effectively splits in three inde-
pendent families of 1D chiral modes, where each fam-
ily consists of modes propagating in parallel, giving rise
to a nested Fermi surface between valleys®3. Moreover,
in the presence of a magnetic field perpendicular to the
graphene layers, scattering between parallel ZZ modes
gives rise to robust A-B oscillations in the longitudinal
conductance®?. However, given the 1D nature of these
chiral ZZ modes, one expects a vanishing Hall response,
at odds with experiment. In this paper, we show that
this dilemma is resolved when different ZZ branches are
weakly coupled, in which case the A-B oscillations persist
and the Hall response can be nonzero.

This paper is organized as follows. In Sec. II, we in-
troduce the network model. We take a phenomenologi-



cal approach and obtain the general constraints on the
S matrix from symmetry arguments. First, we consider
the case without forward scattering at the nodes. In this
case, the S matrix depends on a single parameter, which
tunes the network in mTBG between a triplet of one-
dimensional chiral zigzag modes®' 3% and pseudo-Landau
levels?!. We then allow for forward scattering and dis-
cuss different processes between zigzag modes. Coupling
between parallel zigzag channels only warps the Fermi
surface, while a gap is generically opened due to scat-
tering between zigzag modes that propagate in different
directions. In Sec. III, we investigate electronic transport
in the chiral zigzag regime in a four-terminal setup in the
presence of a magnetic field perpendicular to the layers,
as well as when a uniform in-plane electric field is ap-
plied to the system. Here, forward scattering gives rise to
Aharonov-Bohm oscillations in the longitudinal conduc-
tance, and we show that resonances of different zigzag
branches are split by the in-plane electric field. This
gives rise to magneto-electric Aharonov-Bohm oscilla-
tions. Similar such oscillations were recently observed in
mTBG by STM measurements®!. We also discuss mag-
netotransport in the percolating regime, i.e., when differ-
ent zigzag branches are coupled, giving rise to Hofstadter
physics at experimentally accessible magnetic fields. Fi-
nally, we present our conclusions in Sec. IV.

II. NETWORK MODEL

The network in mTBG consists of scattering nodes
(AA stacking regions) that form a triangular lattice and
links between these nodes (AB/BA domain walls), as il-
lustrated in Fig. 1(a). Each link hosts two valley Hall
channels (for a given valley and spin) [Fig. 1(b)] such
that each scattering node has six incoming and six out-
going modes, as shown in Fig. 1(c). We label the nodes
by a pair of indices (m,n) with position ml; +nls, where
lio = I(—1/2,+£+/3/2) are moiré lattice vectors with
| = a/2sin(0/2) ~ 14(6°)~! nm the moiré lattice con-
stant and a ~ 0.25 nm the graphene lattice constant
of graphene. The scattering amplitudes of the incoming
modes at node (m,n) are then written as

I I 1 t
Amnp = (almn; A1y A2mny A2y A3mns a3mn) ) (1)

where the numbers 1, 2, and 3 indicate the link as defined
in Fig. 1(d) and the primed amplitudes belong to the
second channel (not be confused with the valley). The
outgoing amplitudes are defined in the same way, and
denoted as b,,,,,. They are related to the incoming modes
via the S matrix,

bmn = Samna (2)

which characterizes the nodes of the network. Current
conservation at a node is expressed as STS = 1.

In this work, we do not consider intervalley scattering
as the moiré pattern varies slowly on the interatomic scale

FIG. 1. (a) Ilustrative example of the TBG lattice for § =
7.34° where atoms of top and bottom layers are shown as
black and orange dots. Note that this is not a minimal twist
angle. The AB, BA, and AA stacking domains are shown as
gray, white, and brown regions and Nx = —Ng/ ~ *£1 is
the local valley Chern number in the presence of an interlayer
bias U. (b) Dispersion along domain walls between two semi-
infinite AB and BA regions, calculated with the four-band
continuum model for U/v, = 0.1, showing two chiral modes
(blue and red lines) per valley and spin. (c) Network of valley
Hall states (for a single valley and spin) where domain walls
and AA regions correspond to links and scattering nodes of
the network, respectively. (d) Unit cell of the network.

for small twists. Hence, we consider two independent
networks, one for each valley, with opposite orientations
as the valleys are related by time-reversal symmetry.

A. S matrix

To find the S matrix, we take a phenomenological ap-
proach, where we constrain its form with unitarity and
the symmetries of mMTBG in the presence of an interlayer
bias®>36. The symmetries of interlayer-biased TBG are
given by C5 and Cs rotations about the z axis with re-
spect to the center of an AA region, and time-reversal
symmetry T. While C'5 symmetry conserves the valley,
both C5 and T flip the valley index. Within one valley,
the symmetries are therefore given by C5 and CoT. The
former corresponds to a cyclic permutation of the incom-
ing amplitudes a; — ag — a3 — aq, see Fig. 1(d). Tt
follows that the S matrix can be written as

Sf S Sp
S= s s;p s |, (3)

S| Sy Sf
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FIG. 2. Network bands in the absence of forward scattering along high-symmetry lines [see inset in (d)] for the K valley (solid
black) and K’ valley (dashed red). Here, we have shifted the energy by an overall constant E;/12. (a) Chiral zigzag regime.
(b) Coupled zigzag modes. (c) Indirect gap opening. (d) Regime close to flatbands showing graphene-like bands.

where sy, s, and s; contain the amplitudes for forward
scattering and right and left deflections by 120°, subject
to SIS = 14. Furthermore, when additionally Cy or
T is conserved, it can be shown (see App. A) that the
amplitudes of different valleys are related as follows:

sy = 5'f7 (4)
T: Sr(l) = (52(7-))ta sy = (%), (5)

such that when the combined symmetry CoT is con-
served, we have for a given valley

02 : Sr(l) = 5;(1),

OQT: Sf = (Sf)t. (6)
One can show that these conditions reduce the number
of free parameters of the S matrix to six real parameters
(not including a global phase). We demonstrate this ex-
plicitly in App. A, where we construct the most general S
matrix using a scattering basis that transforms properly
under C3 and Cs.

Sy = (Sl)ta

B. Network bands

The incoming modes of a given node are related to
outgoing modes of neighboring nodes,
2rE/E; (

/
Amn = € b1m71n717 b1m71n717 (7)

, /
bam+1n, b2m+1n7 b3mn+1, b3m”+1) ’

where E; = hv/l ~ 30060° (v/vg) meV, with vg =
10 m st the Fermi velocity of graphene, is the energy
scale of the network. The network modes pick up a dy-
namical phase as they propagate along a link with veloc-
ity v, which we assume is equal for the two valley Hall

states. For a clean network with translational invariance,

the Bloch theorem gives?%-37

bim—1n-1 bimn
b2m+1n = M(k) men ’ (8)
bSmn+1 k b3mn k

with M(k) = diag (e™*2, e, e'*2) where k; = k-1; (j =
1,2,3) and I3 = —(I; 4+ 12). If we now combine Eqgs. (2)
and (8), we obtain

[M (k) & ]12] Sap = eiiZﬂ—E/El ag, (9)

such that the network energy bands are given by the
phase of the eigenvalues of [M(k) ® 15]S.

In mTBG, the scattering parameters likely depend on
the Fermi energy, as well as the interlayer bias, twist an-
gle, etc., which alter the microscopic details of the chiral
modes and the scattering nodes. In this work, we assume
the S matrix is independent of energy, which we estimate
should hold for energy windows that are small compared
to the local gap induced by the interlayer bias.

C. Chiral zigzag modes and pseudo-Landau levels

As a first approximation, we consider the case without
forward scattering, i.e., sy = 0 in Eq. (3). This is a
good approximation if the localization length of the chiral
modes is not too small relative to the moiré scale. In this
case, there can be a large wavefunction overlap between
incoming and outgoing modes for deflections®®. Hence,
we only need to determine s, subject to s,s; = 0 and
sis, + s5(s.)t = 1. These conditions are satisfied up to



an overall phase by

. e*NPy  /Pa
" ~V/Pina —e /Py )’

with s; = (S,-)t and where Py (Pdgl and Pd22) is the
intrachannel (interchannel) deflection probability, where

2Pg1 + Pa21 + Pz = 1 and Py = v/ Py21Py22. Hence,
there are two parameters, e.g., Py; and ¢ with 0 < Py <
1/4. Equation (9) gives the secular equation

(10)

1=+ X [Na(k) — a(k)*] (1 — 4P4 sin® ¢)
+2ix3 (2\/13d1 sin qs)S —0,

with A = e?7F/Fi and a(k) = et 4 e*2 + ¢'*3 which
is invariant under Cj5. Solving for A yields the network
energy bands F(k). Since the energy enters via the dy-
namical phase, the spectrum is periodic and thus un-
bounded. In mTBG, the network exists only in a fi-
nite energy range where the gap is opened by the in-
terlayer bias. We can simplify our analysis by defining
sin ¢’ = 24/Py; sin ¢ which has a real solution for ¢’ be-
cause 0 < Py; < 1/4. Hence, we find that Eq. (11) is
equivalent to Py; = Pja1 = Pyas = 1/4 with ¢ — ¢’ and
we only have to consider this special case. In the follow-
ing, we drop the prime for convenience. Furthermore, by
inspection, we observe that all distinct cases are obtained
for ¢ € [0,7/2] since the substitution ¢ — 7™ — ¢ leaves
the secular equation invariant and ¢ — —¢ is equivalent
to A = —\ which is a constant energy shift.

In two limiting cases, we find that Eq. (11) yields an
analytical solution: ¢ = 0 and ¢ = w/2. For ¢ = 0, the
network bands are given by

(11)

E,;(k)= % (2mn + k;), (12)
where n is an integer, ;7 = 1,2,3, and which is shown
in Fig. 2(a). The network modes are given in this case
by three chiral modes with velocity v/2 that propagate
in the l; directions. When ¢ > 0, these modes hy-
bridize [Fig. 2(b)]. However, certain crossings at the T,
K, and K’ points in the moiré Brillouin zone (MBZ) are
symmetry-protected by CoT and C3 symmetry. At the T
point, the secular equation Eq. (11) reduces to

(A2 +2iAsing — 1) (A\> —iAsing —1)° =0,  (13)

such that there always is a doubly-degenerate mode at
the T' point which becomes triply degenerate for the spe-
cial case ¢ = 0. Increasing ¢ further, an indirect band
gap opens at ¢ = 7/6, see Fig. 2(c). Hence, in the ab-
sence of forward scattering, the network is metallic for
0 < ¢ < 7/6 and gapped for 7/6 < ¢ < 7/2. Further-
more, for ¢ = /2 — €, we find in lowest order of €

hw

Enj:t ~ I

[27771 + %(4]' -7+ % |f(k — kOj)\] , (14)
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FIG. 3. (a) Triplet of 1D chiral zigzag modes (¢ = 0) along
directions l; (j = 1, 2, 3) where solid (dashed) lines correspond
to ay+ (a—) superpositions of valley Hall states along the same
link [Eq. (15)]. (b) Pseudo-Landau levels (¢ = 7/2) with the
effective honeycomb lattice superimposed.

where ko; = (47/31)(j — 1)e, and f(k) = 1 + etFh +
e~z At ¢ = 7/2 (¢ = 0) there are three doubly-
degenerate flatbands per period E; that are equally sep-
arated by E;/3. For finite €, the degeneracy is lifted and
each pair of network bands resembles those of graphene
with only nearest-neighbor hopping, see Fig. 2(d). How-
ever, in this case the spectrum of each pair is shifted in
momentum space by ko;.

To understand these results physically, we perform a
basis transformation, U = 13®e""7v/%¢¢7:/2 The new
basis corresponds to superpositions of the two valley Hall
states on the same link,

1 . )

_ /2 ' 7@¢/2) 15
a ae da'e ,
2= 5 (e (15)
and we obtain

55 5 5y
USU' = |35, 5 5 |, (16)

5 8 &

where 5 remains zero, and

5, = (O F?S(b) ’ 5 = <zsmq§ O) ' (17)
0 ising cos¢ 0

Thus, in the new basis, we see that for ¢ = 0 there
are only interchannel deflections to the right (left) for
ay (a—) modes. This gives rise to a chiral zigzag mo-
tion in the network, as shown in Fig. 3(a), where a
(a—) modes correspond to solid (dashed) arrows. We call
these modes chiral zigzag (ZZ) modes3!32. Moreover, be-
cause of the ZZ motion, they effectively have a velocity of
v/2 as it takes twice as long compared to direct propaga-
tion between two nodes. In the flatband limit (¢ = 7/2)
we find that the network modes in the new basis form
two sets of decoupled trimers, given by clockwise (coun-
terclockwise) triangular orbits around AB (BA) regions
for a_ (a4) modes. Hence, the network is localized and
we obtain flatbands which are known in the literature
as pseudo-Landau levels?'. Note that CoT symmetry
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FIG. 4. Regions in the (Pg1, Pa2) plane consistent with uni-
tarity as well as C'3 and CT symmetry. For a given value of
Py3, the allowed region corresponds to the area bounded by
the curve and the Py axis. The density plot shows the total
forward scattering probability Py = Ps1+ P2 and the dashed
(dotted) line corresponds to Py = Pa1 (Ps2 = 3P41) where
the latter gives the maximal value of Pyo for a given Pyo.

is conserved on the whole, because the orbits rotate in
opposite directions. For a given orientation, we obtain
three pseudo-Landau levels per network period as each
orbit consists of three parts, giving three possible super-
positions with a different energy. Furthermore, pseudo-
Landau levels of opposite orientation can be thought of
as two sublattices of an effective honeycomb lattice, see
Fig. 3(b). In this way, the spectrum for ¢ = 7/2—¢ is un-
derstood in terms of nearest-neighbor hoppings t; = €/3
and ty = t5 = €2™/3¢/3 on a honeycomb lattice, where €
is the amplitude for a chiral ZZ process.

In the absence of forward scattering, we conclude
that the network model already captures two phenomena
which were known from band-structure calculations: chi-
ral zigzag modes?'33 and pseudo-Landau levels?!. Next,
we demonstrate how the network model can be used to
understand interference oscillations in magnetotransport
in terms of couplings between zigzag modes.

D. Coupling of zigzag modes

In the limit of tiny twist angles § ~ 0.1°, the local-
ization length of the chiral modes decreases as the do-
main walls become more sharply defined due to lattice
relaxation'®3?. Hence, we expect that forward scattering
becomes more likely. Therefore, we consider the following

(b) Pr=004Ppz=0

(c) Prn=0Ppz=001

FIG. 5. (a) Schematic showing scattering processes between
parallel ZZ channels. (b)—(c) Network energy bands in the
MBZ for A = ¢ = 0 with (b) Pr1 = 0.04 and Py = 0, and
(c) Ps1 =0 and Pfe = 0.04.

parameterization®?

—e—i(¢+X)

. et(d+x) /pf1
f _ /Pf2

. — e'*\/Py VP2
" ~V/Pp —e7 Py )’

v ) (18)
Pf1
(19)

with s; = (s,)" and where Py; (Pys) is the probability for
intrachannel (interchannel) forward scattering, and Py
(Pa2) is the probability for intrachannel (interchannel)
deflections. Here, the phase shift ¢ is an independent real
parameter. The S matrix is unitary for 2(Py; + Ps2) +
Pp1+Pgy = 1and cos x = (Pa2 — Pa1) /2\/Ps1Pa1, where
we take y > 0. Moreover, x has to be real which implies
2\/Pp1Py1 > |Pg2 — Py1|. Hence, we obtain an upper
bound on Py as illustrated in Fig. 4, where we show
the allowed regions in the (Pg1, Ps2) plane for different
values of Pyo and where we have superimposed the value
of Py = Py1 + Pya. These regions are bounded by

Pyy <24/ Py (1= Pya2) — 3Py, (20)

which is independent of ¢. Note that this parameteri-
zation is not the most general. An explicit construction
of the general S matrix is given in App. A. However,
we believe this parameterization suffices to capture the
network physics in mTBG. Henceforth, we consider four
independent scattering parameters that can be chosen as
(;5, Pfl, Pfg, and A= Pd1 - Pdg.

To investigate the effect of forward scattering on the
chiral zigzag modes, we make the same basis transforma-
tion as in Eq. (16). In the new basis, we find that the S
matrix can be written as

5 = .f* —zgi - 16+ sin ¢ éiC(?qu 1)
gt —f 0 cos¢ 6+ sing



with
f= @ cos¢>—|—i\/PT£1 sin(¢ + x), (22)
g =/Pj2 sin¢ + i\/Ps1 cos(¢+x), (23)
5i=\/1§i Pd2- (24)

In the ZZ regime (¢ = J_ = 0) we have y = 7/2 and
g = 0, such that only parallel zigzag channels are coupled
due to intrachannel forward scattering in the a4 basis
with probability | f|?, which is illustrated in Fig. 5(a). In
this case, the spectrum becomes (j = 1,2, 3)

Enjt(k) =

hi 1+1\ K
7” [% <n—|— 4> + 53 + arcsin Fj (k)| ,

(25)

where

Fj:\/Pfl COSqJ‘—\/PfQ sinqj, (26)
where g; = k;/2+ k41 with k4 = k1 and which is shown
in Figs. 5(b) and (c). Note that the accidental triple
degeneracy at the I', K, and K’ points is not lifted by
forward scattering, such that it cannot open a gap. In-
deed, forward scattering only results in an overall energy
shift at the high-symmetry points, as F;(I) = /P
and Fl(ﬂ:[_{) = FQ(:I:[_() = —Fg(ﬂ:f_() = —\/Pfl. Fur-
thermore, we observe that the Fermi surface becomes
warped depending on the type of forward scattering,
see Fig. 5. For example, in the absence of interchannel
forward scattering (Pre = 0) the bands are symmetric
in k, which follows from F(k,,—ky) = Fa(ks,k,) and
F3(ky, —ky) = F3(kz, ky).

In general, however, the three chiral zigzag channels
are coupled through several processes, which are illus-
trated in Fig. 6(a), (b), and (c). For example, one
such process is due to interchannel forward scattering
in the ay basis with probability |g|? [Fig. 6(a)]. Conse-
quently, the bands belonging to different zigzag branches
hybridize except at the T', K, and K’ points of the MBZ
where the crossing is protected by C3 and CoT symme-
try, see Fig. 6(d). Moreover, for ¢ = 0 there is always an
accidental triply degenerate crossing at high-symmetry
points regardless of the value of A, which prevents a gap
from being opened, as shown in Fig. 6(e).

The nesting between the Fermi surfaces of opposite
valleys, which was first investigated with the continuum
model?3, can thus be understood from the 1D nature of
the zigzag channels. By comparing the network energy
bands to microscopic band-structure calculations?!33, we
estimate that ¢ % A = 0 for mTBG and that forward
scattering increases in the presence of lattice relaxation,
as evidenced by the deformation of the Fermi contour.

III. TRANSPORT IN THE PRESENCE OF
EXTERNAL FIELDS

We now study electronic transport through the net-
work in the presence of a magnetic field B = Be, per-

/
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FIG. 6.

(a)—(c) Scattering between different chiral zigzag
branches. (a) Interchannel forward scattering where a4+ (a—)
modes are solid (dashed) arrows. (b) Intrachannel deflections.
(c) Interchannel deflections that are opposite to zigzag pro-
cesses. (d) Network bands and density of states (DOS) for
¢ =02, A =Ps — Psz =0, and Py; = Py = 0.05 and (e)
for ¢ =0, A =04, Pr1 = 0.1, and Pso = 0. The gray line
in the DOS corresponds to the constant DOS (4/.A) (6/E;) in
the chiral ZZ regime, where A is the moiré cell area.

pendicular to the graphene layers, as well as a uniform
in-plane electric field £ = Ee,.

In the gauge A = Bxe,, a Peierls phase +®p(z) is ac-
cumulated along a downward /upward diagonal link start-
ing at a node with horizontal position z, with

Op(zr) = g (JQ + ;) : (27)

where ® = BA is the flux through a moiré cell, A =
V312/2 is the moiré cell area, and ®; = h/e. In this
gauge, no Peierls phase is accumulated along horizontal
links. This is illustrated in Fig. 7(a). We introduce the
in-plane electric field in the network model via the dy-
namical phase!® with the substitution £ — E — V(x)
where V(z) = e€ (z —1/4). Note that the total phase
after propagation, e.g., along a diagonal link,

1 2 [rotl/2 2o Vo
—_— —_— = 2
hv/dsV = /xo dz V(x) 2 B (28)
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FIG. 7. (a) Peierls phase in the Landau gauge A = Buze,
accumulated after propagation along links. (b) Staircase po-
tential with step height V4 along the x direction.

with Vy = e€l/2, is the same for the staircase potential

V(z)=Vo Y nlf(z—nl/2) - 0(z — (n+1)1/2)], (29)

n

as shown in Fig. 7(b).

We want to emphasize that both the magnetic and
in-plane electric field break the symmetries of the trian-
gular network, i.e., the former breaks time-reversal sym-
metry and the latter breaks rotation symmetry. Hence,
there are less constraints on the S matrix in general. We
therefore consider the regime where the magnetic length
is large compared to the dimensions of the scattering re-
gion. We further assume that the variation of the po-
tential in the scattering region is small on the scale of
the confinement energy. In this regime, we expect that
the symmetries are conserved locally, such that the S
matrix approximately maintains its form dictated by Cs
and CoT symmetry. At minimal twists 0 ~ 0.1°, the di-
ameter of the scattering region is a fraction «(f) < 1 of
the moiré length I due to lattice relaxation'*'%39, Hence,
our assumption is reasonable for [p > al, where g is the
magnetic length, which is equivalent to ®/®¢ < a~2, as
well as Vo/E; < a~!. Note that it is still possible that
the S matrix gains an « dependence due to V(x). We do
not consider such a dependence in this work.

A. Four-terminal setup

We calculate the transmission functions in a four-
terminal setup with length L = NI and width M =
V3MI, which is shown in Fig. 8. Hence, we need to
calculate the total S matrix of the open system. To this
end, we divide the network along the x direction in 2N +1
transverse slices, labeled by n = 1,...,2N 4 1. If each
node is equivalent, odd (even) numbered slices always
have S matrix S7 (S2), as illustrated in Fig. 8. These S

up lead o ¢

AR AN
2/ ANA A A g
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>/ AN A A A >
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1 2 3 down lead 2N 2N +1

FIG. 8. Four-terminal setup with width W = V3MIl and
length L = NI, shown here for M = 2.

matrices are explicitly given in App. C. Hence, the total
S matrix can be written as

S251XS2X~'~XS1XSQX51, (30)

2N 41 factors

where the operation x refers to combining S matrices
and which is explicitly defined in App. C. The total S
matrix then becomes

4M  4M+2 2N 2N

r.  tLr tou top 4MA42
t r t t 4M
g _ | trL R tRU tRD ’ (31)
tvr tur rv tup| 2N
tpr tpr tpu TD 2N

where t,5 are matrices that contain scattering ampli-
tudes from lead (8 to lead o with r,, = to«, and where the
labels L, R, U, and D correspond to the left, right, up,
and down leads, see Fig. 8. Here, we show the number
of rows and columns above and on the right side of the
matrix, respectively. Note that Eq. (31) gives the S ma-
trix for one valley, and that Sk (®) = [Sk/(—®)]". The
transmission functions then become

Top(®)= > Tr(tf stas) , = Tha(—2), (32)
T=K,K'

where the transmission of different valleys is generally not
equal in the four-terminal setup. Remember that the to-
tal network (disregarding spin) consists of two decoupled
networks, one for each valley, related by time reversal.

In the Landauer-Biittiker formalism, the current at
lead « is given in linear response by*!42

In=> Gag (Vo = V3), (33)
B



where V,, is the voltage at lead o and
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Gap = e dE T,p 5E —To5(EF), (34)

h

where f; is the Fermi-Dirac distribution, Er the Fermi
level, and «,8 = L,R,U,D. We then determine the
longitudinal conductances G, and Gy, as well as the
transverse responses G, and Gy, from Eq. 33 for the
case where a current is applied between opposite leads
(Ir = —I1, and Iy = —Ip). More details can be found
in App. C.

Finally, we briefly address the symmetry constraints
on the conductivity tensor ¢. The Onsager reciprocal
relations are given by 0,;(®) = 0;;(—®) (i,j = x,y) or
o(®) = o(—®)! such that o is symmetric when time-
reversal symmetry is preserved. In addition, for the bulk
network C3 symmetry implies 0 = R(27/3)cR(—27/3)
such that 0, = 0yy and o,y = —0y, in the absence of
an in-plane electric field. The latter also hold within a
single valley as C3 conserves the valley. In general, we
can write 0,y /y, = 05+ oy where oy = (04y — 0yz) /2
is the Hall response and og = (04y + 0ye) /2. While the
Hall response o vanishes in the presence of time-reversal
symmetry, the symmetric (Drude) part og can be finite
even when time-reversal symmetry is preserved in the ab-
sence of rotation symmetry*3#4. Since the four-terminal
setup breaks C3 symmetry, we find that og is generally
nonzero in the coordinate system of Fig. 8. Furthermore,
for a given value of g one can always find new coordi-
nates (2/,y')" = O(z,y)" with OO" = 1 such that o5 — 0,
while o — det O oy transforms as a pseudoscalar.

B. Chiral zigzag regime

In the chiral ZZ regime, different ZZ branches are de-
coupled (¢ = A = 0) and the network corresponds to
three decoupled quasi-1D systems (for each valley and
spin). We show the longitudinal conductance in this
regime in Fig. 9 as a function of the magnetic flux through
a moiré cell & and the potential step height V. We
find Aharonov-Bohm (A-B) resonances that are split in
the presence of an in-plane electric field. Since each ZZ
branch propagates in a different direction, they accumu-
late a different phase in the potential V(x), while the
phase due to the magnetic field is the same for every
branch. Hence, A-B resonances originating from different
77 branches are affected differently by the in-plane elec-
tric field. We demonstrate this explicitly for a small sys-
tem for which the transmission can be calculated analyt-
ically. Because the ZZ branches are decoupled, the total
transmission function can be written as T' = T1 + 1>+ T3,
where T} is the transmission of the ZZ branch that prop-
agates in the I; direction (j = 1,2, 3).

Consider a network strip of length L = 3//2 and in-
finite width. The amplitudes of Feynman paths for the
l; branch, illustrated in Fig. 10(a), are given up to an
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FIG. 9. Zero-temperature conductance G, and Gy, of the
four-terminal setup with N = M = 10 as a function of the
magnetic flux ® per moiré cell and the slope of the scalar po-
tential V(z) = 2Voax/l. Here, Go = 4e?/h and the scattering
parameters are ¢ = A =0 and Py, = Py = 0.4.

overall phase by

Ay = f4, (35)
Ay = fH(8Pyf) cos [71' (% + %)} ; (36)
Apy1 = fH8PLf)™ cos™ [w (% + %)} , (37)

where the index labels the path length 3nl, such that per
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FIG. 10. Network strip of length L = 3[/2 and infinite width,
where we show the amplitudes of some of the shortest Feyn-
man paths in the chiral zigzag regime (¢ = A = 0) for the I
(a), l2 (b), and I3 (c) zigzag branches.

transverse unit cell
T (Vo) = > |Anl? (38)
n=1
4
1 —4(1 — Py)% Py cos? [7r (q,% + %)}

and T»(Vp) = T1(=Vy), see Fig. 10(b). Also, T3 = 2
since there are two incoming modes per transverse unit
cell that belong to the I3 branch, which are always trans-
mitted as they are chiral in the transport direction. The
total transmission becomes

T =2+1T1(Vo) + T1(—Vo), (40)

which is independent of energy. This follows from the fact
that interfering paths in the chiral ZZ regime always have
the same length, and therefore the dynamical phase en-
ters as an overall phase factor in the amplitudes. In turn,
this implies that the A-B resonances are not smeared out
at finite temperatures3?4°, see Eq. (34).

We see that the potential enters in the transmission
through ®/®; — ®/®y + 3V, /E;, which also holds in
larger systems for an arbitrary Feynman path. The res-
onance condition is thus given by

P + 3VO o n

— 4+ 2= 41
q)o El m’ ( )

with n and m # 0 coprime integers and where the +
(—) sign corresponds to the I; (I3) ZZ branch. Hence,
an in-plane electric field separates the A-B resonances of
different ZZ modes. This gives rise to the fractal pattern
in the conductance shown in Fig. 9. Moreover, along any
resonant path in the (®,V) plane, there are additional
resonances when the resonance conditions of different ZZ
branches are satisfied simultaneously.

In the four-terminal setup, G, and G, also display
broad antiresonances and resonances corresponding to
the dark and bright vertical bands in Fig. 9, respectively,
that are independent of V. These are due to the I3 ZZ
modes which propagate along the x direction of the four-
terminal setup shown in Fig. 8. For this ZZ branch, the
relative phase of interfering paths is unaffected by the po-
tential V(z). We illustrate this in Fig. 10(c), where we
show a long network strip with width W = v/3l. Here,
the amplitudes of the three shortest paths for transmis-
sion in the y direction of the I3 branch are

By = (=) (42)
By = (—f*)38P; cos <7r§)0> , (43)
Bz = (—f*)%4P, [16Pd cos? (W;) — 1} , (44)

up to overall phases. Hence, the resonances are indepen-
dent of Vj, giving rise to the background in G,. The an-
tiresonances seen in G, are understood in the same way,
as some of the I3 ZZ modes which contribute a constant
transmission in the z direction, can now also transmit to
the up and down leads.

From these results, we can make some predictions of
magnetotransport in the ZZ regime at a potential hill
that varies slowly on the moiré scale. Initially, the in-
crease of the potential gives rise to resonances along lines
in the (®,V}) plane given by Eq. (41). Resonant paths
have either a positive or negative slope, depending on
their respective ZZ branch. However, at the other end
of the barrier, the sign of Vj is changed. Therefore, res-
onances across the whole barrier appear only when two
resonant paths of opposite slope intersect, which occurs
only for rational numbers

(I>3V0 ny no2
— 20 = (22 22 4
(50 ) = (2. 22) (45)

Finally, we find that the total transverse response
Gy = (Gs + Gu) /2 vanishes in the ZZ regime. Within
a single valley, the Hall response G vanishes while the
symmetric transverse response Gg is nonzero in the pres-
ence of an in-plane electric field but opposite in each val-
ley. This is allowed since both the four-terminal setup
and the potential V(z) break C3 symmetry.
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FIG. 11. (a) Hofstadter butterfly for Vo = 0, ¢ = 1, and Py; = Py2 = A = 0. (b) Longitudinal conductance and (c) Hall
conductance for the four-terminal setup with N = M = 10, for the same scattering parameters as in (a) with Go = 4¢*/h.

C. Percolating regime

When different zigzag branches become coupled (¢ # 0
or A # 0) the network corresponds to a true two-
dimensional percolating system. In this case, the pres-
ence of a perpendicular magnetic field gives rise to net-
work Landau levels at small ®/®, and Hofstadter physics
when ®/® ~ 1, where

B 210 (6°)? Tesla, (46)
P
such that the Hofstadter regime is experimentally acces-
sible for minimal twist angles 8 ~ 0.1°. For simplicity, we
only consider the case without an in-plane electric field
in this section (Vo = 0).

In Figs. 11(a) and 12(a), we show the magnetic network
bands at zero momentum, i.e., the Hofstadter butterfly
(see App. B). The case shown in Fig. 11 corresponds to a
gapped network, which requires 7/6 < ¢ < 7/2 without
forward scattering®®. Note that there are two bands of
states with opposite spectral flow, indicative of a nontriv-
ial topological phase”#%. Indeed, the two-channel trian-
gular network in the presence of CyT" symmetry hosts a
valley anomalous Floquet insulator*®. When the network
is metallic at zero flux, several magnetic gaps develop at
finite flux, as shown in Fig. 12. If the Fermi level lies
in the magnetic gap, we expect a vanishing longitudinal
response and a quantized Hall response. This is shown
in Fig. 11(b) and (c) for the gapped network, and in
Fig. 12(b) and (c) for weakly-coupled ZZ branches. Note
that the Hofstadter pattern in the response matches well
to the magnetic bands. However, as we consider a finite
system, the Hall conductance Gy is not perfectly quan-
tized. Indeed, due to tunneling processes the longitudinal
conductance does not vanish completely in the magnetic
gaps. Such finite-size effects also limit the resolution of
the Hofstadter pattern.

Finally, we address the temperature dependence of the
conductance, which is shown in Fig. 13 for the same scat-

tering parameters as in Fig. 12. As we mentioned before,
the A-B oscillations due to chiral zigzag processes are due
to interferences between paths that accumulate the same
dynamical phase, while contributions from scattering be-
tween different zigzag branches do accumulate a relative
phase. Hence the latter are suppressed at finite temper-
atures due to averaging over dynamical phases, which is
demonstrated in Fig. 13(a), where we introduced a net-
work temperature scale T, = kp/E; ~ 3400 (6°) K. On
the other hand, the Hall response shown in Fig. 13(b) is
always suppressed with temperature since processes giv-
ing rise to the A-B oscillations do not contribute to the
Hall response. At this point, we would like to point
out some similarities to mesoscopic A-B rings. Similar
to the network, one can find two kinds of interferences
in A-B rings, namely those between paths accumulating
the same or a different dynamical phase*®®'. The lat-
ter give rise to so-called universal conductance fluctua-
tions which are sensitive to system parameters such as the
electron density. In contrast, the former are due to time-
reversed paths and their contributions survive ensemble
averaging®®. In the network, however, contributions in-
dependent of the dynamical phase do not correspond to
interference between time-reversed paths because they
occur within a single valley. In this respect, the A-B
physics of the network is less robust since irregularities
of the lattice or the electron density can locally alter the
dynamical phase3?.

The one-channel model exhibits a similar phenomenol-
ogy, as shown in Figs. 13(c) and (d) and Fig. 14. At
temperatures T' < 7T;, all possible periods are present,
but as the temperature is increased, only contributions
independent of the dynamical phase survive. This gives
rise to a change in periodicity from 2®, to ®¢ as the
temperature is increased. There are also some differ-
ences in comparison with the two-channel case. Firstly,
the oscillations in the longitudinal conductance do not
appear on a constant background and the main period-
icity at zero temperature always corresponds to two flux
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FIG. 13. Temperature dependence of the magnetoconduc-
tance. (a,c) Longitudinal response as a function of the mag-
netic flux ® per moiré cell for Er/E; = 0.1 [horizontal dashed
line in Fig. 12(b)] for the one and two channel network, respec-
tively, with T; ~ 3400 (6°) K. Network parameters correspond
to Figs. 12 and 14. For visibility, the curves are shifted by
increments of 0.6 with increasing temperature. (b,d) Hall re-
sponse as a function of the Fermi energy for B = 4(0°)"> T
[vertical dashed line in Fig. 12(c)].

quanta per moiré cell, as opposed to one flux quantum
in the chiral zigzag regime. Secondly, the energy bands
obtained with the one-channel theory do not reproduce
microscopic band structure calculations?'33. In contrast,
the two-channel theory reproduces the energy dispersion
and predicts robust A-B oscillations in the longitudinal
response. Hence, we believe the observed A-B oscilla-
tions in the experiment of Ref. 25 can be understood
in terms of scattering between parallel zigzag channels.
Moreover, while the Hall response vanishes in the chiral
zigzag regime, a finite Hall response is obtained when dif-
ferent zigzag branches are weakly coupled. At the same

time, the A-B oscillations persist and tend to dominate
at sufficiently high temperatures.

IV. CONCLUSIONS

We constructed a two-channel network model for the
network of valley Hall states that emerges in minimally
twisted bilayer graphene in the presence of an interlayer
bias. To this end, we constrained the S matrix of a single
scattering node with the symmetries of the bilayer sys-
tem. In the absence of forward scattering, we find that
the model is characterized by a single scattering param-
eter, given by the relative phase shift that is acquired
after deflections at a scattering node. This parameter
tunes the network between pseudo-Landau levels and chi-
ral zigzag modes, such that both phenomena are captured
by a single network theory. We proceeded to include for-
ward scattering and studied how additional scattering
processes affect the chiral zigzag modes. We find that
there are two regimes, depending on the couplings be-
tween zigzag modes. In the chiral zigzag regime, only
parallel zigzag modes are coupled, such that the network
effectively decouples into sets of quasi one-dimensional
systems. On the other hand, scattering between zigzag
modes that propagate in different directions gives rise to
a two-dimensional percolating network.

Subsequently, we used the network model to study
electronic transport in the presence of a perpendicular
magnetic field for a four-terminal setup. In the zigzag
regime, we find that forward scattering gives rise to ro-
bust Aharonov-Bohm oscillations in the longitudinal con-
ductance, while the Hall response vanishes. We also in-
vestigated the effect of a uniform in-plane electric field
in this regime. Surprisingly, we find that the electric
field leads to exactly the same oscillations at zero mag-
netic field. Moreover, when both the magnetic and elec-
tric field are present, the Aharonov-Bohm resonances of
different chiral zigzag modes can be separated. Hence,
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FIG. 14. (a) Hofstadter butterfly of the one-channel triangular network with CoT symmetry for P; = 0.7. (b) Longitudinal
and (c) Hall response for the four-terminal setup with N = 30 and M = 60, for the same parameters as in (a) with Go = 4e?/h.

this effect could be a further confirmation for the exis-
tence of chiral zigzag modes in the network. In order
to obtain a finite Hall response, we introduced a weak
coupling between different zigzag modes. In this case,
the network supports Hofstadter physics at experimen-
tally accessible magnetic fields. Furthermore, when the
coupling between the different zigzag branches is not too
strong, the Aharonov-Bohm resonances survive and are
expected to dominate at finite temperatures.

To conclude, we demonstrated how one can construct a
scattering model for the topological network that emerges
in minimally twisted bilayer graphene under an inter-
layer bias, using the symmetries of the system. We then
performed four-terminal transport calculations with this
network model. Our results are consistent with previ-
ous transport experiments and suggest possible new ex-
periments to further probe the nature of the topological
network in minimally twisted bilayer graphene.
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Appendix A: General scattering matrix

We first consider the one-channel case. We construct
incoming modes in a single valley that are angular mo-

mentum L, eigenstates. These modes form an irreducible
representations of the C'3 group,

1 m —m
amZ*g(al-H? az+n""asz),

—i27/3

(A1)

withn =e where m = 0, &+ corresponds to the L,
eigenvalue. They are thus eigenstates of C5 (a; — as —
as — ap) with e*izTﬂLz/ham = n"a,,. Since the angular
momentum is conserved, we have

e+ 0 0

f=p
+

a4+
bo | =1 0 €% 0 ap |, (A2)
b_ 0 0 e*- a_
S

with &,, real. In the original basis, S = V1SV with

n
1 (A3)

*

1 n*
V=—1[11
L n

If in addition, C5 symmetry is present, the eigenstates
of the full S matrix, including both valleys, are given by

1
aly) = NG (am £ az,) , (A4)
where the prime indicates the other valley and which
transform properly under both C5 and C3. In this basis,
we thus have



g &0 o
b(H 0 s’ o
b 0 0 e
801 o o o
by 0 0 0
b 0 0 0

where the valleys are decoupled if both eigenstates ac-
quire the same phase shift ff{f ) = f,(n_ ), Indeed,

1
by = —— (b,&j) + b,<;>) A6
7 (AG)
i€l 4 igly) il gigly)
= ¢ —;—e am—l—e 26 ar. (A7)

The S matrix in the original basis is now obtained with

the transformation
(v
Ve \v —v )’
giving S = §'.

Finally, we consider time-reversal symmetry. Time re-
versal flips the valley and L., and exchanges incoming
and outgoing modes:

(A8)

am = (V)™ b= (al)" (A9)

We find the following condition on the S matrix in the

angular momentum basis,
S=Ps'p, (A10)

where the underline denotes the total S matrix contain-
ing both valleys and

001
010
p— |10V , (A11)
0 0 -1
0 -1 0
10 0

with P2 = 1 and which implies {ii) = %) Moreover,
in the original basis, we have

S=(Q'PQ) [(Q'Q)'s' (@'Q)| (QTPQ),  (A12)
where (Q'Q)' 8* (Q'Q) = S. This yields,
sp =8}, Sy = 51, s; = 5. (A13)

When both C5 and T are present, we conclude that
the S matrix for the single-channel network has one real
parameter up to a global phase.

13
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FIG. 15. Magnetic unit cell (dashed rectangle) of the network

in a perpendicular magnetic field for the Landau gauge A =
Be,, shown for a commensurate flux with ¢ = 5.

We generalize this approach to k channels per link.
The S matrix in the L, basis now takes the form

S = Uy (k) ® Ug(k) ® U_(k), (A14)

where U,,(k) is a unitary matrix of dimension k, giv-
ing 3k? real parameters. The U matrices describe scat-
tering processes between channels with the same angu-
lar momentum. Similarly as before, the unitary matri-
ces are equal for the even and odd C5 states in the ab-
sence of intervalley coupling, while T' symmetry implies
Us(k) = U_(k)* and Ug(k) = Uy(k)t. If CoT is con-
served, there are [k? — k(k —1)/2] + k* = k(3k +1)/2
real parameters. For the network in mTBG (k = 2) there
are six parameters (not including a global phase) and an
explicit expression can be obtained with

X 1 cos @ e'®2 gin 0
U@)=c#2| ¢ , . (A15
(2)=e (—e‘“’ﬁ? sinf e~ 1 cosf ( )

where ¢o = 7/2 for Uy.

Appendix B: Magnetic network bands and
Hofstadter butterfly

In the Landau gauge A = Bze,, the commensura-
tion condition is obtained by demanding that the Peierls
phase returns to itself after a translation x — x + ¢l,
where ¢ is a positive integer. We find

o o
7T—2q:27rp = — =

p
P Bl
0 Py ¢ (B1)



where p is an integer and where all possible cases are
obtained by taking p and g coprime. Thus, the magnetic
unit cell has dimensions ¢l x v/3l, which is illustrated in
Fig. 15 for ¢ = 5. If we label the amplitudes of incoming
and outgoing modes in the magnetic cell as

Aq = (al,l, all,lﬂ c..,0Q1.3, a/173’ cee,02¢,3, (1/2%3) s (BQ)
B, = (b1,17b/1,1, .. .7b1,3,b’173, o ,quyg,b’Qq,‘g) , (B3)

respectively, where the first index labels the scattering
nodes and the second index labels the channels, as shown
in Fig. 1(d). Here, we label the nodes by their horizontal
position = nl/2 with n = 1,...,2¢. In this basis, the
total S matrix becomes

Sy=12,®8, (B4)

where S is the S matrix for a single node, which is given
in Eq. (3), and B, = S;4,. Incoming and outgoing
modes are also related by

e_iEAq = My(k,®)B; = My(k, (I))S‘ZA‘J’ (BS)

where M,(k, ®) is a 12¢ x 12¢ matrix that connects in-
coming and outgoing amplitudes of different nodes. For
example, we have

ail = €igb3,1, (B6)
ap o = eCeFetlpy, o (B7)
a3 = eisefikmqlefiky\/gleq’B’ (B8)
a1 = €i€b4,1, (B9)
a2 = eiseiky\/gleiq“’(l)blg, (B10)
a3 = eifefi(bp(l)bl’g, (B11)

and similar for the other channel. The magnetic network
bands are then obtained by calculating the phase of the
eigenvalues of the matrix M,(k, ®)S,. The Hofstadter
butterflies shown in Figs. 11, 12, and 14 are obtained by
collecting the spectra for different fluxes at k = 0.

Appendix C: Four-terminal setup

Here, we give a detailed overview of the calculation
of the total S matrix for the four-terminal setup of the
scattering network as shown in Fig. 8 with length L = NI
and width W = M+/3l, where M,N = 1,2,.... The
incoming and outgoing modes at the first column of nodes
in Fig. 8 are related by

1 1 1 1
(bﬁﬁ?) - (’fﬁf t(%f?) (“%3) ()
br tRL TR ar
I —— |
S1 in Fig. 8

where a(Ll) (ag)) contain amplitudes of incoming modes
at the left-hand (right-hand) side of the first section as

14

shown in Fig. 8 and similar for outgoing modes. Here,
the S matrix for the first column is given by
T t
r t/
S = In, |, (C2)
t 7!
t !

where any omitted entries correspond to zeros and which
has dimension (4M + 1)N, where N, is the number of
chiral channels per link. We have also defined

r= (O O), t= <Sl Sf>7 (C3)
Sr S| Sf Sr

T/ = O Sr s t/ = 1 0 . (04)
0 S 0 Sf

The second column in Fig. 8 also contains modes of the
up and down leads. Hence, we can write

(2) (2) L(2) (2 L2 (2)
) (TG e e e (o
il R I el N I
8 I Al
bp tpr thbr thu Th ap
S> in Fig. 8
with
S Sf Sp
r t
r t
]lNC
Sr Sf Si
52: Sp S Sf
t r!
t r!
S Sp Sf
Sf Sy S
Sf S Sr

(C6)
where again omitted entries are zero and which has di-
mension (4M + 3)N.. Incoming and outgoing modes of
different columns are related by

(n)

ap’ = O[nb(Ln+1), a(Ln+1) = Bnbg’{n)7 (07)



where for the clean network

i(e—=Vn)/2
a, = elE=Va/2,

with ¢ =

El/hv the dynamical phase,

= ETVIA(-1)"Hnd), (C8)

Vo =

21V (z,)/Er = 2wnVy/E; the value of the scalar po-

tential at =, = (I/2)(n +

1/2) [Fig. 7(b)], and A(z) =

1y ® [exp (—izmo,/Po) ® 1] gives the Peierls phase in

the Landau gauge A

= Bze,. In the presence of smooth

charge disorder, the matrices «,, and 3,, will also contain

random phases.

The total S matrix for the first and second column is

denoted as (S7 X S9)r.

Hence, we can write

O\ (e (o)
AT A ) B,
o | = |y o, oDl | o |
o)\, ey AT el
(S1x82); !
(1)

where we eliminated ap

, a(LQ), bg), and b(LQ), giving

WD 0 0@ (o)
" =, QP (C11)
t(LIr)J = tiRalQQI)tL()J’ (C12)
M) P2, (13)
1 1),(1)
t%)L = RLﬁ Q( )tg%Lv (C14)
r = BlQl Yoyt (C15)
s :tRU t(2) ) 8,QY (1) atty, (C16)
1 =2 1) g, Q0 (1) W2 (C17)
|
1
b(L) rp  tor  trua
4
bs%) tr TR trUa
b(Uz) _ | tvza tora run
b§j‘) tvr2 tur2 TU21
bg) tpr1 tpr,1 touit
bg) tpr2 tpr2 tpuz21

where the total S matrix for the two columns now has
dimension (4M + 5)N.. Here, we used

a? = ab'?, 8 = Bob'?), (C30)

to obtain Eq. (C29) where
rr, =i + 8 0, Qurit gt (C31)
tor =t anQat\h, (C32)

;JL = L51Q1 RL’ (C18)
0 =2 442 8,0 M a2, (C19)
0 _ <2>+t( ) 5100 D 12). (C20)
t =2 + 28100V art?) (C21)
t(DI)L = t(QLﬁ Q(I)tgu (C22)
(D42 42 Bng)rg) 12 (C23)
@) <2) ) 5100012 (C24)
rp = <2 LA TRt (C25)
with

Qg) = |:112MNC — rg)alrg)ﬁl} - , (C26)
Qg) = []1(2M+1)NC - T(Lz)ﬁﬂ“g)oq} ) (C27)

Assuming identical scattering nodes throughout the sam-
ple, we obtain the combined S matrix for the (25 — 1)th
and (27)th column in a similar way where j = 1,..., N.
For example, for the third and fourth column, we have

3 II IT II II 3
by R A A AN A
pH Ao Gy 6| [ G
o S B o B I D
O B A P B
bp ipr lpr tpo ™D a
(S1XS2)1g

where the scattering matrix in Eq. (C28) contains
the same expressions (C10)-(C25) with phase matrices
ay, f1 — as, f3. If we now combine the two two-column
S matrices in Egs. (C9) and (C28), we obtain

true topai toLpa ar,
(4)
tru2 trD,1 trRD1 Gp
r t t (2)
U,12 lUD,11 lUD,12 gy (029)
4
ruo2 tup21 tup,22 aé)
2
tpu12 TDp,a1  TD,12 asj)
4
tpus22 TD21 TD,22 a%)

trug = t(L?] + tLR 2Q2T;I)ﬂ2tRU7

(
lruz = t(LROQta(LI(IJ), (
trp1 = t(LI)D + t(IRazQﬂ(LH)ﬁﬂg)Da (
trpa = tW @t (C36

trr =1 H)ﬁletRU (
TR = ( Dy t(H 52@17" athIB7 (
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trua = tap BoQut), (C39) rpas = o) + 150 BoQurly sty (C66)
tru2 =t H) H)ﬁzQﬂ“ 04215(ng7 (C40)  with

@
tRD,1 = t 52Q1tRD7 (C41) I 11 !

Q= {]leNC —rDagriV g, } , C67
tRDQ —t( D)+tRL62Q1T OéthBy (042) " - —1 ( )
tUL,l = t( )L + t(IROZQQ TLI)/BQtRL7 (043) Q2 = |:]1(2M+1)NC - TEH)B2T%)O‘2:| . (068)

(IT) @
turz =typPalutiy, (C44) The S matrix of the total system can therefore be ob-
tur1 = t( QQQthIR)’ (C45) tained by first combining pairs of sections given by S
I ., 1 and S3. Then we combine all the two-column S matri-
ture = typ 1ty B2QirR a2tpg, (C46) (o5 with Egs. (C7) for even n, as we have illustrated for
roal = rI(] + tha Q2TSI)BQtRU7 (C47)  n = 2. Note that in each step, the S matrix grows as two
M (m more incoming and outgoing modes are added from the
ruae = typoeQatyy, (C48) up and down leads. In the last step, we add one more
TU21 = tglL)ﬁngt%L, (C49) section given by S; where we use
TU22 = 7“1(] )+ t(H)Blerg)azt(lel}, (C50) agN) = a2Nb(L2N+1), a(LQNH) = 52Nng), (C69)
_ Lm0 () o (1)
tup.n =typ + typoalery” Patkp, (C51) such that the total S matrix of the four-terminal sys-
tup.i2 = téRQQQthB, (C52) tem has dimension (4M + 2N 4 1)N.. The transmission
(In (M functions then become
tup21 =ty B2Qitrps (C53)
_ T T
typas = t(H) (H)ﬁQer OéQtng, (C54) Tag(q)) =Tr [taﬁtaﬂ] kTt Tr [taﬁtoéﬂ] K (C70)
K K
torg =0, + s Qe (C55) = T35 (2) + 16 (~@) = Tpa(~2),  (CTY)
tpre = tDLﬁngtg:, (C56) with 7, = tae and where «,8 = L,R,U, D label the
" — 4 Ot (Im) (C57) leads. Here, the transmission of valley K’ follows from
DR1 = tDRA2K2 LR, S/ (®) = [Si(—®)]". The current at each lead is given
tpra = t(H) (H)ﬁle (1) agt(ﬁ%, (C58) in linear response by*"
11 I
tDU 11 = t( ) + t( DRO2 QQT( ) S‘B)U’ (C59> Ia _ ZGaﬁ (Va o VB) (072)
tpui2 = = ¢{! R@2Q2t227 (C60) B
i I
tpu21 = = ! )52Q1t§¢%], (C61) with >~ I, =0, V, is the voltage at lead «, and
tpu2e = tgl,} + t(H)52Q1 g)a2t(LI[IJ)7 (C62) 962 af,
roan =1 + ey, (C63) Gap =7 | dETas ( 8E> (©73)
M (In
a2 = tpraeQatyp, (C64) 5 the conductance between leads B and « with fy the
roor =t 8,Q:t %, (C65)  Fermi-Dirac distribution. Since the total current has to
vanish, Eqgs. (C72) are overdetermined. Therefore, we
take lead R as the reference, for example, and obtain
I, Grr+Gru +Grp —-Gru ~GLp VL
Iy | = -Guy Gur +Gur+Gup —Gup Vu |- (C74)
Ip —GpL —Gpu Gpr +Gpr+Gpu) \Vp
If we now consider the case where Iy, = —Ip and Iy = —Ip, one finds*!

I, = Gy (VL - VR) + ny (VU — VD) R (075)
Iy = ny (VL — VR) + ny (VU — VD) , (076)



where we defined the conductances

(Gpr + Gutr) (Grp + Gru)

17

Geoe = Grr + S5 s (077)
G G G G

G,y = Gup + (GLp + RD)E( vr + UR)’ (C78)

Gy = GrpGru ; GLUGRD7 (C79)

Gyo — GprGur — GULGDR7 (C80)

Y
with

Y(®) =Grp +Gru + Grp + Gru (C81)

=GprL+Gur+Gpr+ Gur =X(—9), (C82)

since Zﬁ Gpa = ZB Gap and Go5(®) = Ggo(—®) (o, =L, R,U, D).
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FIG. 16. Zero-temperature conductance G, and Gy, of the
four-terminal setup as a function of the magnetic flux ® per
moiré cell and the slope of the potential V(y) = 2Vyy/l for
the same parameters as Fig. 9

Hence, we see that the Omnsager relations G,;(®) =
Gji(—®) (i,j = ,y) hold only if we sum up the trans-
mission of both valleys (Eq. (C71)). Note that we have
written the longitudinal conductances in Egs. (C77) and
(C78) as the sum of a direct contribution (i.e., the two-
terminal part) and a contribution that can be interpreted
as a weighted probability to transmit to the longitudinal
lead via the transverse leads. As such, the longitudinal
conductance is not given by the sum of the conductance
of each valley separately, since it also contains incoherent

(

scattering between the valleys via the leads. In such pro-
cesses, one first transmits in one valley to a transverse
lead followed by a transmission to the longitudinal lead
in the other valley. Finally, we obtain the Hall response

Gay — Gya

Gu = 5

(C83)

Appendix D: Dependence on the direction of the
electric field

To investigate the dependence on the direction of the
in-plane electric field, we also performed four-terminal
calculations for a constant electric field in the y direction,
as defined in Fig. 8. This is shown in Fig. 16. We find
that the resonances in G, are similar as for the electric
field along the x direction, except for the scale on the ver-
tical axis. This is because the valley Hall channels along
diagonal links accumulate a larger phase between nodes
for the potential V' (y) as compared to V(z) for the same
electric field strength, since they span a larger distance
in the y direction. In contrast, the zigzag branch that
propagates along the z direction is affected differently,
which is clear from the square (anti)resonance pattern in
Gyy (Gaz) as compared to the vertical lines in Fig. 9.
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