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Abstract

The content of this thesis is situated between number theory and cryptology. It contributes
in several directions of mathematical cryptanalysis and arithmetic geometry, by the use of
explicit and computational methods in number theory. The thesis is divided into four main
parts, describing four different works.

The first part of this thesis treats cryptographic multilinear maps, introduced in the early
2000s, as extension of bilinear pairings on abelian varieties following a survey by Boneh and
Silverberg (Contemp. Math. 2003). The difficulties of constructing efficient cryptographic
multilinear maps from algebraic geometry led cryptographers to obtain multilinear maps
from the notion of graded encoding systems, following the formalism of Garg, Gentry and
Halevi (Eurocrypt 2013), backgrounded from ideas on fully homomorphic encryption. To
this date, there are three candidate constructions. Their security however is rather poorly
understood and many attacks have flourished over the past years. In this thesis, we consider
the CLT13 Scheme, proposed by Coron, Lepoint and Tibouchi (Crypto 2013), constructing
multilinear maps over the integers. A vulnerability of this scheme was detected by Gentry,
Lewko and Waters (Crypto 2014), by exploiting the composite-ring structure of the plaintext
space, enabling a simple two-dimensional lattice attack to reveal secret information. At the
same time, the authors suggested a simple countermeasure to prevent this line of attack. By
relying on high-dimensional lattice reduction, we design new cryptanalysis against CLT13,
overriding the countermeasure of Gentry, Lewko andWaters by several orders of magnitude.
Combined with the Cheon et al. attack (Eurocrypt 2015), we reveal all secret parameters of
CLT13. By applying our cryptanalysis to concrete instantiations of CLT13-based construc-
tions, certain parameter ranges are found unsecure.

The second work presented in this thesis isolates the Hidden Lattice Problem as a more
general problemappearing in several cryptographic scenarios, amongwhich theHidden Sub-
set Sum Problem, studied by Nguyen and Stern (Crypto 1999). The Nguyen-Stern algorithm
for the Hidden Subset Sum Problem builds on the use of orthogonal lattices, which have
shown powerful in public-key cryptanalysis. After extending their algorithm to our more
general setting, our main contribution is to present, based on duality in lattice theory, a new
algorithm for the Hidden Lattice Problem, providing a competitive alternative to the cel-
ebrated Nguyen-Stern orthogonal lattice attack. For both algorithms, we provide practical
parameters, based on heuristic and rigorous studies of the geometry of the underlying lat-
tices. The generality of our definition for the Hidden Lattice Problem allows encompassing
multiple number-theoretic problems of cryptographic interest. For these problems, our new
algorithm leads to a valuable alternative to the state-of-the-art algorithms.
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The third work presented in this thesis aims at extending the powerful cryptanalysis by
Cheon et al. (Eurocrypt 2015) against the multiparty Diffie-Hellman protocol instantiated un-
der the aforementioned CLT13 Scheme. To do so, we formulate, independently of the CLT-
framework, a general problem on simultaneous diagonalization of special matrices of low-
rank, which we call “incomplete”. Based on techniques from linear algebra, our major contri-
bution is the design of efficient algorithms for this problem, providing explicit and practical
parameters. We recognize that our algorithms also apply to solve the Approximate Common
Divisor Problem based on the Chinese Remainder Theorem (CRT-ACD Problem). In partic-
ular, our algorithms lead to quadratic improvements in the input length for the CRT-ACD
Problem, and some cases of the Cheon et al. attack.

The last work included in this thesis studies Edwards curves, a normal form for elliptic
curves, first introduced by Edwards (Bull. Amer. Math. Soc. 2007). This model for elliptic
curves has been proposed for elliptic-curve cryptography by thework of Bernstein and Lange
(Asiacrypt 2007), by exploiting the efficient Edwards point arithmetic. Their work includes a
construction of the Edwards model from the Weierstrass model. While not directly oriented
towards cryptographic targets, our study of the Edwards model is of arithmetic-geometric
nature. Our main contributions include abstract constructions for the Edwards model, an
explicit generalization of the Bernstein-Lange construction, as well as general properties of
geometric nature. From an analytic perspective, we complement our study with extensive
computer calculations related to the ranks of rational elliptic curves in a family related to Ed-
wards curves. Part of our statistical data is based on our extension of an algorithm involving
L-functions and relying on thewell-knownBirch and Swinnerton-Dyer Conjecture for elliptic
curves.
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CHAPTER1
Introduction

1.1 Framework and objects of study

The content of this thesis is situated between number theory and cryptography. To give the
reader an idea for the topics of interest in this thesis, let us briefly describe them and explain
their relevance for modern number theory and cryptography.

Algorithms for lattice problems

Geometry of numbers is the area of number theory dealing with lattices and convex bodies,
and originated in important work of many mathematicians, such as Fermat, Euler, Lagrange
andMinkowski (see e.g. [Cas71] for an introduction). Lattices not only have a rich history, but
occupy today a fundamental place in number theory and computer science, with a variety of
applications.

One of the most famous computational problems on lattices is the shortest vector prob-
lem, or shortly, SVP. The problem asks to compute a non-zero vector of minimal Euclidean
norm in a lattice. In high dimensions this is difficult, and exact algorithms are expensive
(see e.g. [AKS01] for a randomized algorithm). This is why approximation algorithms are
frequently employed. Such algorithms are based on lattice reduction, which issued from
the revolutionary article by Lenstra, Lenstra and Lovasz [LLL82] from 1982, leading to the
LLL-reduction algorithm. This algorithm allows to compute somewhat short and nearly or-
thogonal bases of lattices efficiently. This solves an approximate-version of SVP, in that the
norm of the shortest basis vector computed by LLL is an approximation of the norm of an
actual shortest non-zero vector in the lattice. Many variations of the LLL algorithm have ap-
peared in the literature (see e.g. [GHGKN06a, CN11]). The theory of lattice reduction gains
a lot of interest among cryptographers and number theorists and serves in many applica-
tions (such as factoring integer polynomials or simultaneous Diophantine approximation, as
described in [LLL82]). Moreover, it is soon recognized as a fundamental ingredient in lattice-
based cryptanalysis, by a range of works (see e.g. [NS01]). Also many constructions based on
lattices have been proposed, making lattices even more interesting. The first cryptographic
constructions based on lattices are proposed by Ajtaj in 1996, [Ajt96]. Subsequent works in-
clude the well-studied public-key encryption scheme NTRU [HPS98] by Hoffstein, Pipher
and Silverman, and the corresponding signature schemes NTRUSign [HHGP+03]. The se-
curity of these schemes is based on the hardness of lattice problems, such as SVP. In 2005,

1



2 CHAPTER 1. INTRODUCTION

Regev introduces another public-key encryption scheme whose security is proven under the
hardness of the Learning with Errors Problem (LWE), [Reg05]. The LWE Problem is later
used to build even more advanced cryptographic primitives, such as the fully homomorphic
encryption scheme by Gentry [Gen09].

Today, post-quantum cryptography largely benefits from the theory of lattices and lattice-
based cryptography is entirely devoted to constructions involving lattices. Some construc-
tions based on lattices are important candidates for post-quantum cryptography, as they ap-
pear to be resistant against classical as well as quantum attacks, unlike discrete logarithm or
factoring-based constructions. Moreover, their simple design makes them a strong candidate
for the NIST supported by the NIST Post-Quantum Cryptography Standardization Compet-
ition.

In this thesis, we largely deal with lattice problems and the design of algorithms for them.
These algorithms, based on lattice reduction, are shown powerful in the area of cryptanalysis
against cryptographicmultilinearmaps, andmore general problems of interest in algorithmic
number theory. By studying and comparing the geometry of certain lattices, we derive new
and competitive algorithms.

Cryptographic Multilinear Maps and their cryptanalysis

The goal of study for cryptographic multilinear maps is to generalize bilinear pairings to higher
degrees of linearity. Bilinear pairings over elliptic curves, or more generally, abelian vari-
eties, have been extensively studied (see e.g. [Gal05] for an exposition) and are at the heart
of pairing-based cryptography. Moreover, they come with a range of powerful applications,
such as, non-interactive key exchange among three users (see [Jou04]), generalizing the DH
key exchange from [DH82], identity-based encryption [BF01], and short signatures [BLS01].
Thus, it is a natural question to see to what extent such applications hold in the multilinear
framework. A survey put forward by Boneh and Silverberg [BS03] points out the difficulties
of constructing multilinear maps of degree higher than 2 from natural maps in algebraic geo-
metry.

Inspired by the work on fully homomorphic encryption [Gen09], the work of Gentry et
al. [GGH13a] makes a step forward in this direction, by introducing the notion of graded en-
coding system. Such a system is somehow functionally equivalent to a cryptographic multi-
linear map, and targets very similar applications. The construction by Gentry et al. leads to
the GGH13 multilinear map scheme. Shortly after, two alternative constructions of graded
encoding schemes appeared in the literature; the CLT13 scheme by Coron, Lepoint and Ti-
bouchi [CLT13] and the GGH15 scheme by Gentry, Gorbunov and Halevi [GGH15]. To this
date, those are the only multilinear map schemes described.

The security of the current constructions of multilinear maps is still today rather poorly
understood, and many powerful attacks have appeared over the last years. An important
family of attacks against multilinear maps are so-called “zeroizing attacks” (see [CHL+15,
CGH+15, HJ16, CLLT16]), which efficiently recover the secret parameters from encodings of
zero and break the key exchange protocols. However, more complex constructions based on
multilinear maps are not necessarily broken, giving hope for these constructions to be use-
ful. For example, for indistinguishability obfuscation (iO) (see e.g. [GGH+13b] for GGH13),
low-level encodings of zero are generally not available, preventing zeroizing attacks. A range
of attacks has appeared in the works [CGH+15, MSZ16, CLLT17, CGH17, CVW18]. In gen-
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eral, the above attacks only apply against branching programs with a simple structure, and
breaking more complex constructions (such as dual-input branching programs) is currently
infeasible.

In this thesis, we deal with the CLT13 multilinear map scheme and contribute to new
cryptanalysis in several directions. We extend an attack by Gentry et al. [GLW14], as well as
the powerful attack by Cheon et al. [CHL+15].

Topics in Arithmetic and Geometry of Elliptic Curves

Elliptic curves are fundamental objects among algebraic geometers, number theorists, and
cryptographers. Problems in Diophantine geometry, which deals with polynomial equations
in algebraic geometry and algebraic number theory, are often related to elliptic curves. Still
today, they form an active area of research with a number of open questions.

In number theory, one of the most famous examples using the theory of elliptic curves is
the proof of Fermat’s Last Theorem, by Taylor-Wiles (see [Wil95, TW95] and [Gou94] for an
exposition). As shown by the proof (e.g. the modularity theorem, known as the Taniyama-
Shimura-Weil conjecture), elliptic curves find ramifications within the theory of modular
forms and Galois representations. Elliptic curves are also especially important in analytic
number theory, with the study of their L-functions (or L-series). Most importantly, the con-
jecture by Birch and Swinnerton-Dyer on the rank of an elliptic curve is one of the most im-
portant open questions in number theory and mathematics.

With theworks by Koblitz andMiller (see [Kob87,Mil86]), elliptic curves entered in use in
cryptography, andwidened 20 years later, to form elliptic-curve cryptography (ECC). Cryptosys-
tems over elliptic curves share similarities with protocols over abelian groups, and rely on the
hardness of the discrete logarithm problem, which has a natural analogue (ECDLP) on the
group of points on elliptic curves defined over a finite field. Conjecturally, ECDLP is harder
to solve than DLP in the multiplicative group of a finite field. Modern ECC includes a Diffie-
Hellman key exchange over elliptic curves (ECDH) as well as a digital signature algorithm
(ECDSA). While ECC is also under the threat of classical exponential attacks and quantum
polynomial attacks (Schor’s quantum algorithm, [Sho97]), it continues to be an active area
of research among cryptographers. For security or efficiency reasons in cryptography, it is
of great importance to select good representations of elliptic curves. Next to the Weierstrass
model, which is probably the best-known model, many other models of elliptic curves exist.
For example, Koblitz, Montgomery, Edwards, or Hessian curves. Such models often prevent
side-channel attacks, which allow the attacker to learn private data from the algorithm (see
e.g. [JQNP01, BL07] and more generally, [Lan05]). Also, protocols, such as digital signatures,
are designed over different models than the Weierstrass model (see e.g. [BDL+11]). Other
well-known algorithms using elliptic curves are Schoof’s point counting algorithm on elliptic
curves over finite fields [Sch85] and Lenstra’s algorithm for integer factorization [Len87].

In this thesis, we consider Edwards curves, introduced in theworks ofH. Edwards [Edw07]
and proposed for cryptographic use by Bernstein and Lange, [BL07]. While our questions of
interest do not directly target cryptographic applications, we study questions of arithmetic-
geometric flavour on these curves. Also, we provide statistics for the ranks of these curves.
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1.2 Main contributions and results of the thesis

The contributions described in this thesis build on four different works:

First, we present new contributions to cryptanalysis of cryptographic multilinear maps.
This is joint work with Jean-Sébastien Coron, published at Asiacrypt 2019, [CN19a]. We
provide a description in Section 1.2.1.

Second, we investigate the Hidden Lattice Problem and its ramifications to cryptographic
contexts. This is joint work with Gabor Wiese and an article has been submitted. We provide
a description in Section 1.2.2.

Third, we contribute to new algorithms in number-theoretic and cryptographic contexts,
by studying the problem of simultaneously diagonalizing incomplete matrices. This is joint
work with Jean-Sébastien Coron and Gabor Wiese, published at the Fourteenth Algorithmic
Number Theory Symposium 2020, [CNW20a]. We provide a description in Section 1.2.3.

Last, we contribute to several generalizations and new results on questions related to Ed-
wards curves. We report on work in progress, based on joint work with Samuele Anni. We
provide a description in Section 1.2.4.

1.2.1 Cryptanalysis of a Multilinear Map Scheme

1.2.1.1 CLT13 Multilinear maps and their cryptanalysis

The CLT13multilinear map scheme is a graded encoding scheme constructed over the ring of
integers Z. We give a high-level description of this scheme here, and postpone more details
to Chapter 3, Section 3.2. Let n ≥ 1 be an integer regarded as a dimension ensuring correct-
ness and security of the scheme. The instance generation of CLT13 generates n distinct secret
“large” prime numbers p1, . . . , pn of bit size η, and publishes x0 =

∏n
i=1 pi; the values n and

η are so that direct factorization of x0 is intractable in classical polynomial time. Further, one
generates n distinct secret “small” prime numbers g1, . . . , gn of bit size α. We do not make
the words “large” and “small” precise here, but the reader should interpret a significant size
difference between α and η. The plaintext ring is the composite ring Z/GZ '

⊕n
i=1 Z/giZ

where G =
∏n
i=1 gi. Therefore, plaintext elements are vectors m = (m1, . . . ,mn) with com-

ponents defined modulo {gi}i. Let κ ∈ Z≥1 be the multilinearity degree of the multilinear
map constructed by the scheme. While the prime numbers {gi}i define the plaintext ring,
the prime numbers {pi}i define the encoding ring. For k ∈ {1, . . . , κ}, an encoding at level k
of (mi)i ∈

⊕
i Z/giZ is an integer c ∈ Z satisfying congruences c ≡ (rigi + mi)z

−k (mod pi)
for all 1 ≤ i ≤ n, for “small” random integers {ri}i; we refer to {ri}i as the “noise” in the
encodings – this is why CLT13 (and more generally, graded encoding schemes) is regarded
as a noisy multilinear map model. The integer z is random and invertible modulo x0 (with
inverse z−1) and is kept secret. Amain feature of graded encoding schemes is that the encod-
ing space supports homomorphic operations; for example, two encodings at the same level
can be added, and the underlying plaintexts get added in the plaintext ring. Similarly, the
product of two encodings at level i and j gives an encoding of the product plaintexts at level
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i + j, in general (i.e. up to a technical constraint on the size of the parameters). Encodings
of level k = κ are called top-level encodings and play an important role – one can publicly test
whether they encode the zero message or not. By the homomorphic property, this function-
ality also allows testing equality of messages. Let us briefly outline how zero-testing for a
top-level encoding c works. One defines and publishes a zero-testing parameter, denoted by
pzt. It is not important to state the exact formula for pzt at this point; it is defined modulo x0

and is a multiple of zκ. Zero-testing of a top-level encoding c (recall, that this is an integer
satisfying the above congruences, for k = κ) consists in computing c · pzt ∈ Z/x0Z (using the
Chinese Remainder Theorem) and checkingwhether the result (i.e. the unique representative
in [0, x0) ∩ Z), commonly denoted by ω, is small enough compared to x0. The expression for
pzt contains the term zκ, so that it is canceled with the denominator in the encoding c. We de-
note by ν the number of bits that can be extracted from zero-testing; i.e. the ν most significant
bits of ω only depend on the plaintext messages, and not on the noise in the encodings.

1.2.1.2 Our contribution

Analysis of the attack from [GLW14]

In [GLW14, Appendix B], the authors observe that instantiating CLT13 with independent
slots leads to a simple lattice-based attack in dimension 2, which efficiently recovers the
(secret) plaintext ring

⊕n
i=1 Z/giZ. Namely, in this case, the attacker can obtain encodings

of messages of which all slots are zero, except one. In simplified notation, assuming that the
underlingmessage is non-zeromodulo gi0 and zeromodulo all other primes {gi}i 6=i0 (without
loss of generality, wemay assume i0 = 1), then by correct zero-testing, the attacker can derive
an equation of the form

gi0ω ≡ u0 (mod x0) (1.1)
for certain specific integers ω and u0, and where u0 is significantly smaller than x0, and ω has
approximately the size of x0. Here ω and x0 are public and gi0 and u0 are secret. Since the
prime gi0 is rather small, lattice reduction applied to a lattice of dimension two constructed
from ω and x0 then allows computing the secret prime gi0 .

To prevent this line of attack, [GLW14] considers the following countermeasure: instead
of working with a single slot defined modulo gi0 , work modulo several primes {gi : i ∈ I} for
some I ⊆ {1, . . . , n}; in this way one does not have a message which is non-zero modulo a
single isolated prime, i.e. either it is zero modulo gi0 and all other prime gi with i ∈ I , or it is
non-zero modulo all of them. Let θ := #I ; thus, every slot is defined modulo a product of θ
primes {gi}i, which gives a total of bn/θc plaintext slots, instead of n. It is easy to see that the
above mentioned attack continues to hold for gi0 replaced by g =

∏
i∈I gi, that is, an attacker

can again derive an equation of the type

gω ≡ u (mod x0) (1.2)

for certain specific integers ω and u, with u again somewhat smaller than x0. However, for a
sufficiently large set I (i.e. sufficiently large θ), g is too large to be recovered by lattice reduction
and the attack is thwarted. Our first contribution is a rigorous study of the 2-dimensional
attack indicated in [GLW14]. More precisely, let ν be the number of extracted bits from zero-
testing. We explain that under the simplified condition

αθ < ν/2 (1.3)
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one can reveal g and thus its prime factors g1, . . . , gθ, by a two-dimensional lattice attack. We
refer to Proposition 3.3.1 and the subsequent analysis.

Breaking the countermeasure from [GLW14]

We extend the attack mentioned above, to break the countermeasure for even larger values
of θ. Our new attack is based on lattice reduction in higher dimensions and is described
in two settings. The first setting amounts to a linear improvement on Equation (1.2), while
the second one gives a quadratic improvement on Equation (1.2). For simplicity, we here
provide a more extensive summary for the first setting; the second one works similarly with
appropriate generalizations. Let ` ≥ 1 be another integer, and consider ` encodings {cj : 1 ≤
j ≤ `} where the corresponding message vectors {mj = (mji)i : 1 ≤ j ≤ `} only have θ
non-zero components modulo the primes {gi}i. Then, the previous attack corresponds to the
case ` = 1. For 1 ≤ i ≤ θ, we let m̂i = (mji)j ∈ Z` be the vector corresponding to the ith
non-zero component of {mj}j . Instead of deriving an equation similar to Equation (1.2), an
attacker can now derive, after multiple zero-testing evaluations, a vector equation modulo x0

in dimension `, and we justify that it can be written under the form

ω ≡
θ∑
i=1

αim̂i +R (mod x0) . (1.4)

Here, ω ∈ Z` is a vector corresponding to the zero-tested values of the encodings {cj}j , {αi}i
are certain integers (each satisfying a specific congruence relation modulo the prime factors
of x0) and R ∈ Z` is a certain vector with rather small (compared to x0) entries and which
we regard as a noise term. Abstracting the specific CLT13-based framework, we justifiedly
recognize Equation (1.4) as a variant of the hidden subset sum problem, studied by Nguyen
and Stern in [NS99], for which they propose an algorithm relying on the powerful notion of
the orthogonal lattice. Our Equation (1.4) while being close to a hidden subset sum-type equa-
tion, nevertheless presents crucial deviations from this problem (for instance, the presence of
structured coefficients {αi}i and the presence of a non-zero noise vector R), which allow us
to follow a different path of attack. For our attack, we mainly consider two lattices which we
put in relation. First, we consider the (scaled variant of the) latticeL = L(ω, x0) in dimension
` + 1, constructed from the public data ω and x0, consisting of elements (u, v) ∈ Z` × Z or-
thogonal to (ω, 1) ∈ Z` × Z over Z/x0Z, that is, 〈(u, v), (ω, 1)〉 = 〈u, ω〉+ v ∈ x0Z; the attacker
can easily compute a basis of L. Next, we consider the lattice Λ := {u ∈ Z` : 〈u, m̂i〉 ≡ 0
(mod gi), 1 ≤ i ≤ θ}, which, if none of the message vectors m̂i is a multiple of gi, has volume
g =

∏θ
i=1 gi – a key fact for our cryptanalysis. This lattice is of course not known in advance

(in the language of Section 1.2.2 of this chapter, we shall call it hidden), as the primes {gi}i
and the messages {m̂i}i are secret. Following the intuition of [NS99], we argue that suffi-
cently short vectors (u, v) ∈ L must have u ∈ Λ. In fact, as in the case of the hidden subset
sum problem in [NS99], one would be tempted to expect, from short vectors (u, v) of L, the
stronger property, that u ∈ Λ0 where Λ0 is the lattice of vectors that are Z-orthogonal to the
vectors m̂i, that is u has inner product zero over Z with all the vectors {m̂i}i. This require-
ment is however too strong in view of the extra congruence relations on the coefficients {αi}i,
which explainswhywe only obtain theweaker orthogonality overZ/giZ for all i. We compute
short vectors in L by lattice reduction and derive that heuristically, under the approximate
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condition (1 + 1/`)αθ < ν one can compute a reduced basis {(uj , vj)}j of L having the first
` (projected) vectors {uj}j in Λ. Since Λ has volume g, we reveal g as the determinant of the
` × ` matrix, say U , formed by the vectors {uj}j . Note that for moderately large values of `,
the mentioned bound gives the simpler condition

αθ < ν , (1.5)

which improves Equation (1.2) by a factor 2.
The second setting of our attack aims at further improving Equation (1.5). Therefore, we

introduce yet another integer parameter d ≥ 1 and consider products of encodings of the
form cj · dk for 1 ≤ j ≤ ` and 1 ≤ k ≤ d, where as previously, the underlying messages of
the encodings {cj}j have only θ non-zero components modulo the primes {gi}i. In that case,
we justify that using a variant of the previous lattice attack (i.e. running lattice reduction on
a generalization of L), this time in dimension `+ d, the bound asymptotically improves to:

αθ = O(ν2) (1.6)

The above bound also applies when a vector of zero-testing elements is available, instead of
a single zero-test parameter pzt. We refer the reader to Section 3.3.6 for a precise description
of the lattice attacks and Algorithm 3 for a description of the algorithm.

Our lattice attack not only applies for a much larger range of parameters than [GLW14],
but is also more powerful. Namely, in addition to recovering the secret plaintext ring, we
also show how to recover the plaintext messages {m̂i}i and thus {mj}j , up to a scaling factor.
We propose two algorithms for this purpose, relying once on the factorization of g, feasible
as its prime factors are not too large, and once on the Chinese Remainder Theorem without
requiring factorization of g. For the precise content, we refer to Algorithms 4 and 5. Both
algorithms make use of the matrix U derived from the vectors {uj}j obtained by our lattice
attack.

Our practical experiments (see Chapter 3, Section 3.3.8) confirm the theory. Concretely,
for the original parameters from [CLT13], our attack takes a few seconds for θ = 40, and a
few hours for θ as large as 160, while the original attack from [GLW14] only works for θ = 1.
Finally, we propose a set of secure parameters for CLT13 multilinear maps that heuristically
prevents our extended attack. For λ = 80 bits of security, we recommend to take θ ≥ 1789.

Recovering all the secret parameters of CLT13

For the range of parameters satisfying Equation (1.6), we next show how to combine our al-
gorithm with the Cheon et al. attack from [CHL+15], in order to reveal all secret parameters
of CLT13, when instantiated with independent slots. More precisely, assuming that multiple
intermediate-level encodings {cj}j of partially zeromessages are available, our approach con-
sists in applying our lattice attack to generate intermediate-level encodings of zero. To do so,
note that we crucially rely on computing relatively short vectors {uj}j in Λ. By the linearity of
the inner product, we easily see that for every j, the inner product of uj with cj is an encoding
of zero (at the same level than cj), with mildly larger noise than for the encoding cj . Sub-
sequently, we can apply the original Cheon et al. attack on these newly-created encodings of
zero, which reveals the secret prime factors {pi}i of x0, and in particular, all the secret CLT13
parameters. This also contributes to an open problem described in [CFL+16, Section 4], that
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of cryptanalyzing CLT13 when no encodings of zero are available beforehand. Namely, the
attack by Cheon et al. requires to have encodings of zero available to the attacker, which we
create by our lattice-based attack in the first place.

We can summarize our complete cryptanalysis of CLT13multilinearmapswith independ-
ent slots as follows.

Proposition. Consider the standard CLT13 notation with G =
∏n
i=1 gi for prime numbers {gi}i

defining the plaintext ring, and x0 =
∏n
i=1 pi for prime numbers {pi}i defining the encoding ring.

Let ` ≥ 1 and 1 ≤ θ ≤ n be integers. Let {cj : 1 ≤ j ≤ `} be encodings of elements {mj : 1 ≤ j ≤ `}
such that mji 6≡ 0 (mod gi) for 1 ≤ i ≤ θ and 1 ≤ j ≤ `. Let {m̂i : 1 ≤ i ≤ θ} be the vectors
corresponding to the non-zero entries of {mj}j . Assume the asymptotic bound αθ = O(ν2).

(i) There exists an algorithm (Algorithm 3), which on input the encodings {cj}j , computes the
secret factor g =

∏θ
i=1 gi of G in heuristic polynomial time.

(ii) There exists an algorithm (Algorithm 4), which on input the encodings {cj}j , computes mul-
tiples {λim̂i}i with λi 6≡ 0 (mod gi) for 1 ≤ i ≤ θ, in sub-exponential time.
There exists an algorithm (Algorithm 5), which on input the encodings {cj}j , computes a vector
λm̂ such that gcd(λ, g) = 1 and m̂ ≡ m̂i (mod gi) for all 1 ≤ i ≤ θ, in polynomial time.

(iii) There exists an algorithm (Algorithm 6), which on input the encodings {cj}j and a sufficiently
large set of encodings, which is disjoint from the set {cj}j , computes the prime factors {pi}i of
x0 in polynomial time.

Application to CLT13-based constructions

Finally, we show how our attack impacts the parameters of several schemes based on CLT13
multilinear maps with independent slots. More precisely, we here consider the constructions
from [GLW14, GLSW15, Zim15] and [FRS17]. First, we investigate the “multilinear subgroup
elimination assumption”, considered in [GLW14] and [GLSW15]. Following the line of our
lattice-based attack, we describe a distinguishing attack for the range of parameters given by
Equation (1.6). In [Zim15], Zimmerman describes a technique of program obfuscation based
on composite-order multilinear maps and without relying on matrix branching programs.
We explain that when instantiated with CLT13, the technique is subject to the constraint in
Equation (1.6). Finally, we consider the construction from [FRS17] by Fernando et al. for pre-
venting certain attacks against matrix branching programs, also described on CLT13 with
independent slots. We argue how our lattice attack allows the recovery of the secret CLT13
plaintext ring for the range of parameters given by Equation (1.6). We note however that
breaking the indistinguishability of the branching program remains an open problem. We
describe these applications in Section 3.3.10.

In summary, our lattice-based attack breaks the countermeasure proposed in [GLW14]
for a wide range of parameters, and comes with interesting cryptanalytic by-products: the
recovery of the secret information about the plaintext messages, as well as the technique to
generate encodings of zero, enabling the Cheon et. al attack to compute all the secret para-
meters. Further, concrete instantiations of CLT13 multilinear maps are found insecure in the
range of parameters targeted by our attack, and therefore subjected to a new parameter se-
lection.
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1.2.2 The Hidden Lattice Problem

1.2.2.1 Motivation

The security of many cryptographic schemes based on lattices relies on the assumption of
the intractability to efficiently solve certain computational lattice problems, often based on
short vectors. Thus, it is natural to consider lattices possessing generating sets consisting
of short vectors. The geometry of such lattices is usually impacted by the existence of such
vectors. For example, for the hidden subset sum problem, one considers a public vector,
say v ∈ Zm, such that every entry of v is a (binary) subset sum modulo a public integer
N ; in vector notation, this reads v ≡

∑n
i=1 αivi (mod N) for some integer n < m, a set of

hidden binary vectors B = {vi}i ⊆ {0, 1}m and hidden integers {αi}i. The problem then
asks to compute {vi}i and {αi}i, given v and N . It is likely that the binary vectors {vi}i
are linearly independent, thus generating a lattice L ⊆ Zm of rank n. Although the lattice L
admits infinitelymany bases (if n > 1) containing arbitrarily large vectors, the existence of the
particularly “small” basis B heavily impacts the geometry of L. The problem of computing
{vi}i such that v ≡

∑
i αivi (mod N) can beweakened to the problem of computing any basis

of L such that v ∈ L (mod N) and L =
⊕

i Zvi.

1.2.2.2 Our contribution

We first propose a formal definition for the hidden lattice problem, following [NS99]. Our
definition is however a bit more general and contains more parameters. Then we describe
two algorithms for it, which we analyse theoretically, heuristically and practically. Finally,
we give two variations of the problem and list a number of concrete applications.

To define the hidden lattice problem, we first define “small” lattices. We quantify this
notion by a positive real parameter µ: consider that a lattice L is µ-small if it possesses a basis
B satisfying σ(B) := ((#B)−1 ·

∑
v∈B ‖v‖2)1/2 ≤ µ. Note that #B is the same for every

basis and is equal to the rank of L. Of course, there are many ways to define small lattices,
and our choice of σ is not a canonical one. However, we justify that this “measure” suits
our theoretical study nicely. Lattices admitting bases consisting of binary vectors (as in the
hidden subset sum problem), or more generally, vectors with bounded entries, all fall into
our family of small lattices for appropriate choices of µ. It is clear by this definition, that, for
every lattice L there exists µ ∈ R such that L is µ-small. Further, if L is µ-small then L is also
µ′-small for every µ′ ≥ µ. As such, our definition of being µ-small might seem uninteresting
at first sight; however, for the purpose of our study, we consider µ to be rather small, in which
case, a lattice L being µ-small becomes a strong assumption on L. As is customary in many
computational problemswe alsoworkmoduloN ∈ Z andwrite v ∈ L (mod N) if there exists
w ∈ L such that v−w ∈ (NZ)m. IfM ⊆ Zm, thenM ⊆ L (mod N) means v ∈ L (mod N) for
all v ∈ M. For the hidden lattice problem, we assume that one knows a basis of some lattice
M such thatM ⊆ L (mod N) and L is small; this generalizes the setting of the hidden subset
sum problem. Formally, we define the hidden lattice problem (HLP) as follows.

Definition (HiddenLattice Problem, seeDefinition 4.1.2). Letµ ∈ R≥1, integers 1 ≤ r ≤ n ≤ m
and N ∈ Z. Let L ⊆ Zm be a µ-small lattice of rank n. Further, let M ⊆ Zm be a lattice of rank r
such that M ⊆ L (mod N).

The Hidden Lattice Problem (HLP) is the task to compute from the knowledge of n,N and a
basis of M, a basis of the completion of any µ-small lattice Λ of rank n such thatM ⊆ Λ (mod N).
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Here we used the following piece of notation: let LQ (resp. LR) be the Q-span (resp. R-
span) of L in Rm; the completion L of L is LQ ∩ Zm = LR ∩ Zm and we say that L is complete if
L = L. We will see that L is very often equal to L: it is the hidden lattice to be revealed. We
analyse for which values of µ a generic HLP can be expected to be solvable.

Algorithms for the HLP

Wedescribe two algorithms for the HLP, whichwe denote by Algorithm I and II, respectively.
Our algorithms rely on the public latticesM⊥N of vectors orthogonal toMmoduloN (we call
this theN -orthogonal lattice ofM), andMN consisting of vectors lying inMmoduloN (we call
this theN -congruence lattice ofM), respectively. For both algorithms, we employ in first place
a lattice reduction algorithm (e.g. LLL) on bases of M⊥N and MN to compute certain lattices
NI and NII, from which the completion of the hidden lattice L is revealed in a second step.

Our first algorithm (Algorithm I, or Algorithm 7) is a direct adaptation of the orthogonal
lattice algorithm proposed by Nguyen and Stern [NS99] in the context of the hidden subset
sum problem. In fact, we notice that this algorithm extends to our more general setting. It
is based on the orthogonal lattice, which was formally introduced in [NS97] as a strong tool
for lattice-based cryptanalysis. More precisely,M⊥N naturally contains L⊥, a relatively small
lattice of rankm−n, of whichwe identify a sublatticeNI of the same rank by lattice reduction,
provided that the parameters satisfy appropriate conditions. From N⊥I , the completion of L
is then revealed by computing (N⊥I )⊥ = L, which solves the HLP.

Our main contribution is to propose an alternative algorithm (Algorithm II, or Algorithm
8), based on the (public) lattice MN , which lies in LN , by assumption. In this case, we ex-
plain how to recognize and compute n linearly independent short vectors, and thus an entire
sublattice NII of rank n generated by those vectors, lying in L directly, if the parameters are
suitable. We again compute these vectors (thus NII) by lattice reduction on MN . More pre-
cisely, we derive an explicit lower bound on the norm of the vectors lying inMN but outside
LQ, which gives us a criterion for establishing an explicit parameter selection. To obtain the
completion L from NII, it is enough to complete NII. We observe experimentally that this
can be carried out locally atN , speeding up our algorithm. Our new algorithm is therefore a
competitive alternative to the celebrated orthogonal lattice algorithm.

We finally show that both algorithms are related by duality theory. Namely, the lattices
M⊥N (considered for Algorithm I) andMN (considered for Algorithm II) are dual up to scalar
multiplication by N , that is, M⊥N = N(MN )∨, where the symbol (·)∨ stands for the dual
operator. Using celebrated transference results for the successive minima of dual lattices, we
explain how to bridge both algorithms theoretically.

Analysis of our algorithms

We provide a heuristic analysis of our algorithms based on the Gaussian Heuristic for “ran-
dom lattices”. Namely, for random instances of the HLP, we can consider all the lattices to
behave like random lattices. For Algorithm I, we follow the intuition of [NS99]: short enough
vectors u ∈M⊥N (which we compute by lattice reduction) must lie in L⊥. Since L⊥ has rank
m − n, we expect to find m − n such vectors. For Algorithm II, we derive an explicit lower
bound on the norm of the vectors lying in MN but outside LQ, which gives us a criterion for
establishing an explicit parameter selection. In both cases, it turns out that the HLP is solv-
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able when the size difference betweenN and µ is sufficiently large, which we read by explicit
lower bounds for N in terms of µ, resp. upper bounds for µ in terms of N . For example,
both algorithms detect hidden lattices of size µ = O(N

r(m−n)
nm ) up to some terms which dif-

fer according to the algorithm. In the balanced case m = 2n = 4r, this gives µ = O(N1/4).
To quantify the gap between N and µ in a compact formula, we propose a definition for an
arithmetic invariant attached to the problem, defined by:

∆ := log

(
N r/n

µm/(m−n)

)
(1.7)

We can derive an explicit lower bound for ∆ from our heuristic analyses. The larger ∆ is,
the easier it is to compute a solution by our algorithms. In this respect, ∆ behaves much
like an inverse-density, a handy and well-studied invariant for knapsack-type problems (see
e.g. [LO85, NS99]). Asymptotically, our heuristic analyses behave differently for the two al-
gorithms, which we see when establishing a growth comparison of the error terms in our
bounds.

Proposition. (i) There exists an algorithm (Algorithm I, or Algorithm 7) which on input N and
a basis ofM, computes a basis of L in heuristic polynomial time under the asymptotic condition
∆ = O(n`) whenm = O(n`) for every ` ≥ 1.

(ii) There exists an algorithm (Algorithm II, or 8) which on input N and a basis of M, computes
a basis of L in heuristic polynomial time under the asymptotic condition ∆ = O(n`) when
m = O(n`) for every ` ≥ 1.

Along with our heuristic analyses, we also establish proven results, not relying on the
Gaussian Heuristic. Note that a rigorous proof was not included in [NS99]. To do so, we rely
on a discrete counting technique. For a fixed µ-small basis B of L (sampled from some set
Ω of collections of vectors) and a given integer N , we denote by H(B) a finite sample set of
hidden lattice problems constructed from B and N . To an element of H(B), one can natur-
ally associate a hidden lattice problem with hidden lattice L. On each of these problems, we
theoretically run either Algorithm I or Algorithm II, and denote the subset ofH(B) for which
Algorithm I (resp. Algorithm II) successfully computes a basis of L byHI(B) (resp.HII(B)).
Since we rely on the LLL algorithm with reduction parameter δ ∈ (1/4, 1), our more com-
plete notation is Hδ,I(B) (resp. Hδ,II(B)). Our technique aims at maximizing the proportion
#Hδ,I(B)/#H(B) and similarly for Algorithm II. More concretely, we prove an explicit ver-
sion of the following theorem, for which we refer the reader to Chapter 4, Section 4.6.

Theorem (see Theorems 4.6.1, 4.6.2). Let n,m, µ and N be as in the hidden lattice problem. Let
δ ∈ (1/4, 1) and ε ∈ (0, 1). There exist explicit numbersNI andNII, depending on n,m, µ, ε, δ, such
that if N > NI (resp. N > NII), then for every basis B chosen from Ω, at least (1− ε)#H(B) of the
hidden lattice problems constructed fromH(B) are solvable by Algorithm I (resp. by Algorithm II) by
running LLL with reduction parameter δ.

Variations of the HLP

Some variations of the hidden lattice problem as defined above are of interest for us. First,
we study the case where given vectors lie in a small lattice modulo N only up to unknown
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short “noise” vectors; we call this the noisy hidden lattice problem (NHLP). We notice that we
can cancel the effect of the noise, by reducing the NHLP to aHLPwith a “larger” (in the sense
of size and dimension) hidden lattice, and apply our previous algorithms without changes.
We also consider a decisional version (DHLP) of the hidden lattice problem, asking about the
existence of a µ-small lattice L containing M modulo N . This problem, although not asking
for the computation of L lies at the heart of many cryptanalytic settings, and may thus be
of interest to cryptanalysts. We recognize that the existence of such L strongly impacts the
geometry of M⊥N (or MN ) and, consequently, our algorithms solve the decisional version
heuristically.

Applications of the HLP

Finally, we describe applications of the HLP together with some improvements implied by
our Algorithm II. Our applications first show, how several computational problems all rely
on the more general HLP, which can be understood as a central problem for their hardness.
We describe applications to [CP19, CG20, CN19a, CNT10, BNNT11].

We first consider the approximate common divisor problem based on the Chinese Re-
mainder Theorem (CRT-ACD). For this problem, Coron andPereira havedevised an algorithm
in [CP19], which highlights a tight link to the hidden lattice problem. As second application,
we consider the hidden subset sum problem from [NS99]. As already mentioned in our mo-
tivational Section 1.2.2.1, [NS99] describes a two-step algorithm similar to our Algorithm I.
Recently, Coron and Gini [CG20] showed that the second step actually has exponential com-
plexity, and propose a polynomial-time alternative. Here the first step remains unchanged
and is still based on the orthogonal lattice algorithm, as in [NS99].

We also notice that the contribution described in Section 1.2.1.2 (see [CN19a]), namely our
cryptanalysis of CLT13, fits in the framework of the HLP. Namely, the derived equations de-
scribe a NHLP. As pointed out in Section 1.2.1.2, due to the extra structure in the coefficients,
the public vectors (i.e. the public lattice M) can be seen to carry extra structure. In the nota-
tion of Section 1.2.1.2, one could therefore view Λ as being the hidden lattice, for which we
computed the hidden volume. Our algorithms for NHLP thus extend the framework of the
cryptanalysis of CLT13. Finally, we see that the HLP plays a central role in [CNT10, BNNT11]
as well.

1.2.3 Simultaneous Diagonalization of Incomplete Matrices and Applications

1.2.3.1 A problem motivated from cryptanalysis

As already mentioned above, the cryptanalysis of CLT13 multilinear maps by Cheon et al. is
an efficient attack with devastating consequences. Namely, it reveals all the secret informa-
tion given access to certain public sets of encodings. Let us here in brief review the attack
and raise a natural question. Let us consider for simplicity the CLT13 multilinear maps with
a multilinearity degree κ = 3. Let n be the number of prime factors dividing the public mod-
ulus x0. For the Cheon et al. attack, one considers three disjoint setsA,B and C of encodings,
where the setA = {αj : 1 ≤ j ≤ n} containsn encodings of zero at level 1, the setB = {β1, β2}
contains two encodings at level 1, and the set C = {γk : 1 ≤ k ≤ n} contains n encodings at
level 1. At this stage, it is crucial for the elements inA (or in any of the sets, but for simplicity
we consider them in A) to encode zero, as then, all the product encodings of the type αβγ
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with (α, β, γ) ∈ A×B×C, are encodings of zero at the top-level κ, by the homomorphic mul-
tiplication property of CLT13. By public evaluations coming from zero-testing of encodings,
the attacker can construct two n×nmatricesW1 andW2 satisfying factorizations of the form
W1 = P ·U1 ·Q andW2 = P ·U2 ·Q, where P is a certain matrix of which the rows correspond
to the encodings in A, U1 and U2 are certain diagonal matrices of which the diagonal entries
correspond to the encodings inB, andQ is a certain matrix of which the columns correspond
to the encodings in C. Provided that at least one amongW1,W2 is invertible overQ (sayW2),
one can then evaluate over Q the matrix product:

W1 ·W−1
2 = P · (U1U

−1
2 ) · P−1 (1.8)

and compute the eigenvalues of W1W
−1
2 , which reveal the diagonal entries of the product

U1U
−1
2 . From these diagonal entries, one can reveal the secret factorization of x0 by comput-

ing greatest common divisors.
We see that the above attack requires n encodings of zero (considered to lie inA), because

the matrix P must have n rows in order to be inverted in Equation (1.8). Studying cryptana-
lysis of CLT13multilinear maps along the lines of the Cheon et al. attack, when only a limited
number of encodings is available to the attacker is an interesting problem. This is also true
in a broader sense not specific to CLT13: algorithms with the smallest possible input length
are highly desirable.

Motivated by this context, we consider the problem of decreasing the number of encod-
ings of zero (i.e. the cardinality ofA) required for the attack. Note that this would be trivial to
achieve by increasing the multilinear map degree κ. Indeed, by taking κ = 4, the set A could
be built from products of level-1 encodings of the form α · α′j , where only a single encoding
of zero α is required; then every encoding in A would encode zero at level 2. Therefore, we
are interested in the following problem: Is it possible to factor x0 in polynomial time, given access
to fewer encodings of zero, still with multilinearity degree κ = 3 ?

Let us briefly comment on the last question. Following the above lines of attack, we can
still compute the matrices W1 = P · U1 · Q and W2 = P · U2 · Q as above, but now the
matrix P has only, say p < n rows, where p is the number of encodings of zero considered in
A; therefore P is not invertible anymore and we cannot compute Equation (1.8) as above to
recover the diagonal entries ofU1U

−1
2 . Note that computing linear combinations of encodings

within the set A would not work, since the matrix P would still be of rank p < n. In other
words, the matrix P is in some sense incomplete and some information is missing to recover
the diagonal entries of U1U

−1
2 . We can also consider the symmetric version of the problem,

of having only q < n encodings in the set C, which amounts the matrix Q to have only q < n
columns instead of n. In both cases, the original Cheon et al. attack does not apply.

1.2.3.2 Our contribution

Motivated by the question of, for example, lowering the number of public encodings in the
Cheon et al. attack, we study this problem at amore abstract level. In order to compensate the
loss of rows in P , we may consider a larger number, say t ≥ 2 of matrix factorizations. More
precisely, instead of only assuming the existence of W1 = PU1Q and W2 = PU2Q as in the
Cheon et al. attack, we start from the assumption that a sufficiently long list of matrices, say
Wa = PUaQ for every a ∈ {1, . . . , t}, is public, with P a matrix of size p× n, {Ua}a diagonal
n× nmatrices and Q another matrix.
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In more precise terms, we formulate the following computational problem from linear
algebra, see Definition 5.1.1.

Definition (Problems A,B,C,D, see Definition 5.1.1). Let n ≥ 2, t ≥ 2 and 2 ≤ p, q ≤ n be
integers. Let {Ua : 1 ≤ a ≤ t} be diagonal matrices in Qn×n. Let {Wa : 1 ≤ a ≤ t} be matrices
in Qp×q andW0 ∈ Qp×q such thatW0 has full rank and there exist matrices P ∈ Qp×n of full rank
p and Q ∈ Qn×q of full rank q, such that W0 = P · Q and Wa = P · Ua · Q for 1 ≤ a ≤ t. We
distinguish the following cases:

(A) p = n and q = n (B) p = n and q < n

(C) p < n and q = n (D) p < n and q = p

In each of the four cases, the problem states as follows:

(1) Given the matrices {Wa : 0 ≤ a ≤ t}, compute {(u1,i, . . . , ut,i) : 1 ≤ i ≤ n}, where for
1 ≤ a ≤ t, ua,1, . . . , ua,n ∈ Q are the diagonal entries of matrices {Ua : 1 ≤ a ≤ t} as above.

(2) Determine whether the solution is unique.

In the above definition, we distinguish four problems that we label by A,B,C andD, and
that distinguish the sizes of the matrices P andQwith respect to n. For example, for Problem
A, the matrices P and Q have size n× n, and thus Problem A with t = 1 exactly interpolates
the framework of the Cheon et al. cryptanalysis against CLT13. Yet, we note a slight structural
difference here. Namely, we assume that a matrixW0 = PQ is also public (we will call such
a matrix a “special input”). This is not a restriction but makes calculations a little simpler.
For example, Problem A is straightforward for any t ≥ 1 by simultaneous diagonalization
ofW−1

0 Wa = Q−1UaQ for every a. This directly reveals the tuples of diagonal entries of the
matrices {Ua}a instead of quotients of diagonal entries, as in the Cheon et al. attack. Problems
B and C applied to the CLT13 formalism then exactly correspond to the problem described
above. Note that these problems are equivalent because of their symmetry in p and q: any
algorithm for one solves the other upon transposing. Problem D considers least possible
public information as both P and Q are of smaller size.

Of interest for us is to devise algorithms for Problems C and D and describe theoretical
and practical values for p as a function of n. We refer to the matrices {Wa}a as “incomplete”,
as the low-rank matrices P and/or Q “steal” information. Of interest is of course the case
when p is much smaller than n. For example in Problem D, the public matrices {Wa}a have
size p× p, thus solving this problem for moderate t and p small compared to n is of interest.

Our main contribution is the description of efficient algorithms for Problems C and D,
and we show how to minimize the parameters p and twith respect to n. We further propose
two concrete applications of our algorithms. First, we consider the multi-prime approximate
common divisor problem based on Chinese Remainders, where we significantly improve on
a previous algorithm by Coron and Pereira. Second, as alluded to in our motivation for these
problems, we describe an improved cryptanalysis of CLT13 multilinear maps à la Cheon et
al. However, we believe that our algorithms are also of independent interest and hope that
more applications are to be found.
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Algorithms for Problems C and D

We describe practical algorithms for Problems C and D, by studying these problems indi-
vidually.

Our approach to Problem C is to use the invertibility of Q. More precisely, we can write
Wa = PUaQ = PQQ−1UaQ = W0Za with Za = Q−1UaQ, for every 1 ≤ a ≤ t. As W0 is
not invertible, we cannot recover the matrices {Za}a directly. However, we interpret this as
a system of linear equations to solve for {Za}a. This system is, in general, underdetermined
and does not yield the matrices {Za}a uniquely. Namely, the relationWa = W0Za determines
Za up to perturbations from elements in the kernel ofW0, which by assumption is of dimen-
sion n − p. That means, for every a, we can write Za = Ya + EXa for a certain computable
matrix Ya, an unknown matrix Xa, and where E stands for a basis matrix for the kernel of
W0. However, noticing that the matrices {Za}a commute among each other helps us produce
extra linear equations, enabling us compute such matrices {Xa}a efficiently. This enables to
recover the matrices {Za}a uniquely, and simultaneous diagonalization eventually yields the
diagonal entries of {Ua}a. We determine exact bounds on the parameters to ensure that our
system of linear equations has at least as many linear equations as variables; further, by a
simple minimization problem, we justify that asymptotically this is achieved for p and t of
size O(

√
n).

For Problem D, we can no longer use the invertibility of Q, as it is a matrix of size n × p
only. Instead, our approach is to reduce ProblemD to ProblemC by “augmenting” thematrix
Q with well-chosen extra columns, so that it becomes invertible. Our algorithm for Problem
D can hence be seen to function in two steps – first an augmentation technique for the matrix
Q building a valid input for Problem C, and second, running our algorithm for Problem C

on that input. On the theoretical side, the extra columns that we augment Q with, come by
considering the n × n matrix B = QW−1

0 P − 1n, which we justify to have rank n − p. Any
rank factorization of B, say B = B1B2 with B1 ∈ Qn×n−p and B2 ∈ Qn−p×n, then gives
rise to a suitable augmentation Q′ = [Q|B1] ∈ GL(n,Q) of Q. First, we prove that PB1 is
the zero matrix, which implies that PQ′ = [PQ|PB1] = [W0|0] =: W ′0 is a known matrix
(a special input matrix). Further, we justify that it is sufficient to compute matrices {Va}a
satisfying Va = PUaB1 for every 1 ≤ a ≤ t. Namely, this implies the identities PUaQ′ =
[PUaQ|PUaB1] = [Wa|Va] =: W ′a for every a, which are then known, and describe a valid
input of Problem C with the augmented matricesW ′0, and {W ′a}a. The computation of such
matrices {Va}a is doable by standard linear algebra considerations but requires some extra
information to be available beforehand and we justify that p can be set close to (2/3)n, which
turns out to be a theoretical and practical barrier for the augmentation process. Therefore,
our parameters for solving Problem D are a little weaker than those for Problem C.

We provide implementations of our algorithms in SageMath and confirm our theoretical
findings in practice. In summary, our first contribution is the following.

Proposition. (i) There exists an algorithm (Algorithm 10)which on inputmatricesW0 and {Wa}a
as in Problem C computes the diagonal entries of the matrices {Ua}a under the asymptotic con-
dition p = O(

√
n).

(ii) There exists an algorithm (Algorithm 11) which on input matricesW0 and {Wa}a as in Problem
D computes the diagonal entries of the matrices {Ua}a under the asymptotic condition p =
O(2n/3).
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An improved algorithm for the CRT-ACD Problem

The CRT-ACD Problem is a variant of an approximate common divisor problem based on
the Chinese Remainder Theorem. We will omit a formal definition of the problem at this
stage, and postpone this to Definition 2.2.7. Let N =

∏n
i=1 pi be a composite squarefree

integer for certain prime numbers {pi}i. We should think of these primes to be rather large
so that factoring N directly is intractable. Then, in simplified terms, the problem states as
follows: givenN and a sufficiently large set S of integers {xs : s ∈ S} such that their reduction
modulo each of the primes {pi}i is “small” (which shall mean, that the unique representative
in [0, pi) ∩ Z is somewhat small compared to pi), factor N completely, that is, compute the
prime numbers {pi}i. This problem is made formal by also describing the sizes of the primes
{pi}i and residues of the elements in S. The choice of N and the set S are fixed beforehand.

In [CP19], Coron and Pereira have proposed an algorithm for the CRT-ACD Problem
which works in two steps: first, a lattice-based algorithm relying on lattice reduction, and
second, an algorithm which is close to the Cheon et al. attack for CLT13, as discussed above.
This algorithm crucially relies on having a set S of sizeO(n), where n is the number of primes
dividingN . In fact, we recognize that the algorithm by Coron and Pereira relies on solving a
certain instance of Problem A, deduced from the lattice-based first step, which can be shown
to succeed as soon as the size of N (or of each prime {pi}i) is sufficiently larger than the size
of the residues of elements from S. Thus, we contribute to an improved algorithm for the
CRT-ACD Problem by modifying the input in a way that the lattice-based first step gives rise
to an input of ProblemC, rather thanA. Solving this problemwith our algorithm for Problem
C, allows us to squeeze the size of the public set S from O(n) down to O(

√
n), which gives a

quadratic improvement on the number of input samples.
Proposition. LetN =

∏n
i=1 pi and S a set of CRT-ACD samples forN . There is an efficient algorithm

(Algorithm 12) which factors N with #S = O(
√
n).

We also illustrate our improvement by concrete parameters for instances for which N
could not be factored earlier.

Improved cryptanalysis of CLT13 multilinear maps

As alluded to during themotivational part of this section, we apply our new algorithms to the
Cheon et al. attack against the CLT13 scheme. We envisage to lower the number of encodings.
In particular, we treat two questions: first that of lowering the number of public encodings of
zero, and, that of lowering the total number of encodings. Following the description of the
Cheon et al. attack above, it is nearly straightforward to see that this can be achieved by solving
instances of Problem C and D, instead of A, as in the original attack. By our algorithms, we,
therefore, improve the Cheon et al. attack as follows.
Proposition. Consider the standard CLT13 notation with x0 =

∏n
i=1 pi for prime numbers {pi}i

defining the encoding ring.
(i) There exists an efficient algorithm that factors x0 given O(

√
n) encodings of zero.

(ii) There exists an efficient algorithm that factors x0 given O(4n/3) encodings.
The precise algorithm description for these improvements is done in Algorithm 13. We

again illustrate our algorithmby concrete parameterswhich could not be broken by theCheon
et al. attack.
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1.2.4 Questions related to Edwards Curves

1.2.4.1 Motivation

Twisted Edwards curves over a fieldK are defined by the equation ax2 + y2 = 1 + dx2y2 for
distinct elements a ∈ K, d ∈ K {0, 1}, and we denote them by Ead. When a = 1, the curve
is simply called Edwards curve and denoted by Ed. Edwards curves, originally introduced
by the work of Harold Edwards [Edw07], are birationally equivalent to elliptic curves. With
the work of Bernstein-Lange and Bernstein et al. [BL07, BBJ+08], Edwards curves entered
elliptic-curve cryptography in the early 2000’s and compete still today with many other mod-
els for elliptic curves, such as Montgomery curves, Hessian curves, or Huff curves. From
a purely arithmetic-geometric viewpoint, it is an interesting question to study properties of
these models. This may contribute, for example, to the understanding how to construct new
models for elliptic curves. In our work, we study general properties related to elliptic curves
in Edwards form.

1.2.4.2 Our contribution

Abstract constructions of the Edwards and twisted Edwards models

Given an elliptic curveE defined over a fieldK such thatE(K) contains a point P of order 4,
the construction by Bernstein-Lange [BL07] of an Edwards curve birationally equivalent to E
is explicit. More precisely, E is assumed to be inWeierstrass form and the construction of the
Edwards model, birationally equivalent to E, is explicit in the coefficients of the Weierstrass
form ofE and the coordinates of P . We establish this result more abstractly, by relying on the
Riemann-Roch theorem. An elliptic curve over K is a pair (E,O) where E is a non-singular
curve overK of genus 1 andO is aK-rational point. Note that such a result would be trivial by
using the construction of the Weierstrass model of (E,O) by the Riemann-Roch theorem (see
e.g. [Sil09, Chapter III, §3., Proposition 3.1]) and then invoking Bernstein-Lange’s construction
of the Edwards model from the Weierstrass model. We do not do this here, and our proof is
independent of the Weierstrass model of (E,O).

Theorem 1.2.1 (see Theorem 6.4.1). Let (E,O) be an elliptic curve defined over a perfect fieldK of
characteristic different from 2. Assume that there exists P ∈ E(K) of order 4. Define the divisors

D1 := 2(O)− 2(2P ) , D2 := 2(O)− (P )− (3P ) ∈ DivK(E)

(i) The Riemann-Roch spaces L(D1) and L(D2) are one-dimensional overK.
(ii) Let x, y ∈ K(E)× be generators of L(D1) and L(D2), respectively. The functions x2y2 and
x2 + y2 − 1 in K(E)× are multiples of each other, i.e. there exists d ∈ K \ {0, 1} such that x2y2 =
1 + dx2y2.
(iii) The map φ : E(K) → P2(K), Q 7→ [x(Q) : y(Q) : 1], gives a birational equivalence from E
to the Edwards curve Ed defined over K. In particular, x, y from (ii) are coordinate functions for the
Edwards model of (E,O).

The spaces L(D1), resp. L(D2) are the Riemann-Roch spaces associated with the rational
divisorsD1, resp.D2. In a sense, the divisorD1 is associatedwith the 2-torsion ofE, whileD2

is associated with the 4-torsion of E. By the Riemann-Roch Theorem we can show that these
vector spaces have dimension 1 over K. The idea of the proof is to show that the functions
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x2y2 and x2 + y2 − 1 lie in a 1-dimensional vector space, and are thus multiples of each
other. We achieve this by explicitly computing the divisors of these functions. The map φ
is understood as the Edwards coordinate function for E, giving a birational map between E
and the Edwards model.

The twisted model of Edwards curves was introduced in [BL07]. More precisely, for
squarefree a ∈ K, the curve Ead is a quadratic twist of the Edwards curve Ed/a. Alternat-
ively, twists of curves can be interpreted from a purely cohomological point of view, by using
Galois cohomology. In this language, a twist of a curve C/K corresponds to a certain equival-
ence class in a cohomology group constructed from the action of the absolute Galois group on
the automorphism group of C. We recall this construction precisely in Theorem 6.4.2. When
C is the Edwards curve Ed/a, we therefore obtain a cohomological result, establishing Ead is a
quadratic twist of Ed/a (we refer to Theorem 6.4.3).

Explicit construction of Edwards curves from 2-torsion points

An elliptic curve E over K with a K-rational point of order 4 is birationally equivalent to
an Edwards curve Ed over K. The curve Ed and the birational map are made explicit by
Bernstein-Lange [BL07, Theorem 2.1] (see also [BBJ+08, Theorem 3.3]). Not every elliptic
curve has aK-rational point of order 4, thus, it is a natural question to ask how the result gen-
eralizes without this assumption. By removing this 4-torsion assumption, we are constrained
to work over extensions of K. We prove the following theorem. Here, e1, e2, e3 denote the
x-coordinates of theK-points of order 2 on E, and we use the notation eij := ei − ej ∈ K

×.

Theorem (see Theorem 6.6.5). Let E be an elliptic curve defined over a fieldK of characteristic not
2 and assume that E(K)[2] ' {O, (e1, 0), (e2, 0), (e3, 0)}. If Ed is an Edwards curve birationally
equivalent to E, then

d ∈

{(√
e12 ±

√
e13√

e32

)4

,

(√
e21 ±

√
e23√

e31

)4

,

(√
e31 ±

√
e32√

e21

)4
}

(1.9)

Define z1 = e12e13, z2 = e21e23, z3 = e31e32. The Edwards curves are defined over the extensions
of K given by K1 := K(

√
z1), K2 := K(

√
z2), K3 := K(

√
z3), respectively, and birationally

equivalent to E overK(
√
e12,
√
e13),K(

√
e21,
√
e23),K(

√
e31,
√
e32), respectively.

Moreover, we describe the extensions {Ki}i explicitly, depending on the size of E(K)[2],
the K-rational 2-torsion subgroup of E, (see Theorem 6.6.5). In particular, our description
depends on the discriminant of E. Intuitively, we associate a pair of Edwards curves defined
over the extensionKi to the 2-torsion point (ei, 0) of E, and repeat this for every i ∈ {1, 2, 3}.
This theorem comeswith several byproducts, whichwe now list. First, note that the formulae
in Equation (1.9) do not require the knowledge of any 4-torsion point onE, which is however
the case for [BL07]. This provides an easier construction of the Edwards model forE, directly
from the 2-torsion.

Next, we use these formulae to refine a previous result on isomorphism classes of Ed-
wards curves. Namely, all the Edwards curves Ed with d given in Equation (1.9) are iso-
morphic overK. Isomorphisms of Edwards curves have been studied byAhmadi andGranger
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in [AG12], and we recall their main result in Proposition 6.3.5. Essentially, it says that iso-
morphic Edwards curves Ed and Ed′ are related as follows:

d′ ∈

d, 1

d
,

(
1± d1/4

1∓ d1/4

)4

,

(
1±
√
−1d1/4

1∓
√
−1d1/4

)4
 =: Σ(d) . (1.10)

It is easy to deduce this result from Equation (1.9). For example, one notices that for every
i ∈ {1, 2, 3}, two expressions within the same formula (distinguished by the sign on the
numerator) are inverses of each other. Moreover, we observe that there is a natural Galois
action on Edwards curves, which is compatible with that on the K-points of E. For σ ∈
GK , we denote by σ(Ed) := Eσ(d) the σ-conjugate Edwards curve of Ed. By interpreting the
coefficient d by Bernstein-Lange’s construction functorially, i.e. as map d : P 7→ dP , we easily
obtain that dPσ = σ(dP ), where P σ denotes the action of σ on the point P ∈ E(K). We then
show the following theorem, refining the result of Ahmadi and Granger (see Equation (1.10))
with the Galois-action.

Theorem (see Theorem 6.7.5). Let E be an elliptic curve overK and let S, T ∈ E(K) be points of
order 4. Let σ ∈ Gal(K/K). The following hold:

(i) if S = ±T σ then dS = σ(dT )

(ii) if S 6= ±T σ and 2S = 2T σ then dS = 1/σ(dT )

(iii) if 2S 6= 2T σ then dS =
(

1−εσ(dT )1/4

1+εσ(dT )1/4

)4
for some ε ∈ K with ε4 = 1.

Moreover, if j(E) 6= 0, 1728, then the the implications (i), (ii), (iii) are equivalences.

Finally, we describe how our formulae in Equation (1.9) relate to a modular function, con-
sidered by Edwards. Recall that in his original exposition [Edw07], Edwards introduces a
modular function parametrizing Edwards curves, in a certain sense. It can be defined on
the complex upper-half plane by d(τ) = ϑ2(2τ)4/ϑ3(2τ)4, where ϑ2(τ) =

∑
n∈Z q

(n+1/2)2 and
ϑ3(τ) =

∑
n∈Z q

n2 are classical theta constants derived by specializing the Jacobi theta func-
tions at 0. This function was also considered in [KK98] and shown to be a generator for the
function field of the modular curve X1(4) over C (see [KK98, Theorem 3]). By our formu-
lae in Equation (1.9) we are able to obtain an expression of d(τ) in terms of the half-periods
e1(τ) = ℘(ω1/2), e2(τ) = ℘(ω2/2), e3(τ) = ℘((ω1 + ω2)/2), corresponding to the Weierstrass
℘-function of the complex elliptic curve C/(Z + τZ). Such a result is for example known for
the modular-λ function, which can be derived from isomorphism classes of Legendre curves
y2 = x(x− 1)(x−λ). We show for example that both functions are related via λ(τ) = d(τ/2).
We refer to Section 6.6.4 for the detailed results.

Rank statistics and invariants for the Edwards family

Studying the ranks of certain families of elliptic curves is of interest in many aspects. For ex-
ample, Zagier and Kramarz [ZK87] study the ranks in the family x3 +y3 = m for cubefree in-
tegersm. These curves are birationally equivalent to the elliptic curvesE(m) : y2 = x3−432m2.
Extensive computations of the rank of E(m) form up to 7000 support their conjecture, claim-
ing that curveswith rank at least 2 occurwith positive density. Watkins [Wat07] subsequently
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extends the data from [ZK87] tom ≤ 107 and shows that the density is more likely to tend to
zero.

For our work, we consider the family of elliptic curves Ea,d over the rational numbers,
given by y2 = x3 + 2(a+ d)x2 + (a− d)2x, with a, d ∈ Z, a 6= d, and d 6= 0, 1. These curves are
birationally equivalent to twisted Edwards curves Ead, thus, we call this the Edwards family.
Mostly, we are interested in the case a = 1; let Ed := E1,d. Our first result is a complete
description of the torsion subgroup of Ed, showing that most curves in the family {E1,d}d
have torsion group Z/4Z.

Theorem (see Theorem 6.9.1). Let d ∈ Z such that d 6= 0, 1 and let Ed be the elliptic curve defined
by y2 = x3 + 2(1 + d)x2 + (1− d)2 with d ∈ Z. Then

Ed(Q)tors '


Z/4Z× Z/2Z if d is a square
Z/8Z if d is not a square and d = 1− (t2 − 1)2, for some t ∈ Z

Z/4Z if d is not a square and d 6= 1− (t2 − 1)2, for every t ∈ Z

We next derive an explicit description for invariants attached to the Edwards family, in-
cluding the j-invariant of Ea,d, the discriminant and the conductor N(Ea,d) of Ea,d. When
a = 1, we prove that N(E1,d) can be compactly described by a relatively simple formula: up
to a power of 2, N(E1,d) is equal to the radical of d(d − 1). We then provide statistical data
for the family of curves {E1,d}d based on computer calculations in SageMath and Magma.
While this part is in progress, we report preliminary results for 20000 curves, which we put
in comparison with a bigger database for elliptic curves ([LMF20a]). Finally, we design a gen-
eral simple algorithm, conditioned on the Birch and Swinnerton-Dyer Conjecture for elliptic
curves, to compute the (analytic) order of the Shafarevich-Tate group for the curves in the
considered family.
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1.3 Roadmap of the thesis

Chapter 1 is the current section, in which we have introduced the reader to the main contri-
butions gathered in this thesis.

In Chapter 2, we provide the reader with backgroundmaterial for the following chapters.
We cover basics on Euclidean lattices and the arithmetic of elliptic curves, with focus on com-
putational aspects.

In Chapter 3, we first give an overview of cryptographic multilinear maps. The second
part of the chapter contains the details for our cryptanalysis against CLT13, extending a two-
dimesnional lattice-attack by Gentry, Lewko and Waters.

In Chapter 4, we study the Hidden Lattice Problem as a generalization of a fundamental
problem underlying the Nguyen-Stern algorithm for the Hidden Subset Sum Problem. We
describe and compare two algorithms and discuss their relevance to more general crypto-
graphic contexts, giving a competitive alternative to the state-of-the-art algorithms.

In Chapter 5, we study the problem of simultaneously diagonalizing certain incomplete
matrices. We study this problem formally, describe algorithms for it, and discuss the theor-
etical and practical impact in cryptanalysis.

In Chapter 6, we study general properties of the (twisted) Edwards model of elliptic
curves. We provide new explicit formulae for the construction of the Edwards model and
describe properties related to the rank for related elliptic curves in a family.
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CHAPTER2
Preliminary Background

2.1 Notation

For a set R, we denote by #R its cardinality. For r, s ∈ Z≥1, we denote by Rr×s the set of r× s
matrices with entries in R. We write 1r for the r × r identity matrix and 0r×s for the zero
matrix of size r × s. For the latter, we drop the index r × s and simply write 0 when the size
is clear from the context. For A ∈ Rr×s and B ∈ Rr×s

′ , [A|B] ∈ Rr×(s+s′) is the augmented
matrix obtained by concatenating the columns of A and B. When R is an associative ring
with a unit 1, we denote by GL(n,R) the general linear group of n × n invertible matrices
over R and by SL(n,R) the special linear group of n× nmatrices over R of determinant 1.

We say that n ∈ Z≥1 has bit size β if 2β−1 ≤ n ≤ 2β−1. For simplified asymptotic analyses
we will use the notation n ≈ 2β . The same notation is used for non-rigorous approximations,
such as heuristics.

We use standard Landau notation for asymptotic behaviours of real functions and com-
plexity theroy. For two real functions f, g, we write f(n) = O(g(n)) if |f(n)| ≤ C|g(n)| for
an absolute constant C > 0 and all sufficiently large n ≥ n0. We write f(n) = Ω(g(n)) if
|f(n)| ≥ C|g(n)| for an absolute constant C > 0 and all sufficiently large n ≥ n0. We write
f(n) = Θ(g(n)) if C1|g(n)| ≤ f(n) ≤ C2|g(n)| for some absolute constants C1, C2 > 0 and all
sufficiently large n ≥ n0. We write f(n) = ω(g(n)) if for every C > 0, there exits n0 such that
|f(n)| ≥ C|g(n)| for every n ≥ n0.

2.2 Part I: Computational Aspects of Geometry of Numbers

This part captures background material for some techniques used in Chapters 3, 4 and 5.
Geometry of Numbers is the branch of mathematics dealing with lattices and convex bod-

ies. We are interested in computational aspects of this theory, involving the theory of lattice
reduction. For complete introductions, we refer for example to [Cas71, NV10].

2.2.1 Euclidean Lattices

For general references on Euclidean lattices, lattice reduction, and applications is crypto-
graphy, we refer the reader to the corresponding chapters in [HPS08], and [Gal12], for ex-
ample.

23
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Basic Definitions

A Euclidean lattice1 is a pair (Λ,〈·, ·〉) where Λ is a finitely generated free abelian group and
〈·, ·〉 is a real-valued symmetric bilinear pairing Λ× Λ → R. We sometimes consider rational
lattices or integral lattices, in which cases the symmetric bilinear form 〈·, ·〉 takes rational,
resp. integral values. To 〈·, ·〉 we associate the quadratic form q : Λ → R defined by q(x) =
〈x, x〉 = ‖x‖2, where ‖x‖ is called the norm or length of x. By defining the R-vector space
V := Λ ⊗Z R, one views Λ as a subgroup of V , and the pairing 〈·, ·〉 extends to a symmetric
bilinear form V × V → R. On V , one has all the usual notions of Euclidean geometry giving
rise to a geometric interpretation to Λ.

Often and especially for computational purposes, it is more convenient to define lattices
starting directly from a finite-dimensional Euclidean vector space V ' Rm, equipped with
the standard inner product 〈x, y〉 =

∑m
i=1 xiyi for x = (xi)1≤i≤m, y = (yi)1≤i≤m ∈ V . A

Euclidean lattice Λ ⊆ V is then an additive discrete subgroup of (V,+, 0). Discreteness of Λ
means that for every x ∈ Λ, there is an open neighbourhood U such that Λ ∩ U = {x} (one
often takes U an open disc, i.e. for every x ∈ Λ, there exists ε > 0 such that the intersection
of Λ and the disc U := B(x, ε) centered at x and of radius ε only contains x). Euclidean
lattices are also co-compact, meaning that the quotient (Λ⊗R)/Λ is compact. This quotient is
identified with the torus (R/Z)n where n ≥ 0 is the dimension of the R-vector space Λ ⊗ R.
Thereby, it follows that Λ ' Zn. Lattices are specified by their bases: one shows that Λ ⊆ V is
a lattice if and only if there exists a collectionB = {b1, . . . , bn} ⊆ V of R-linearly independent
vectors such that

Λ =
n∑
i=1

Zbi =

{
n∑
i=1

aibi : ai ∈ Z , 1 ≤ i ≤ n

}
.

There is an isomorphism of abstract groups Λ ' Zn, and we call n the rank of Λ, and m the
dimension of Λ, and one has 0 ≤ n ≤ m. We say that Λ has full rank if n = m. The set B is
a Z-basis (or simply a basis) of Λ. We often use basis matrices, obtained by writing the basis
vectors either in the rows or columns of amatrix. When n ≥ 2, there are infinitelymany bases
for Λ. Two matrices S, T ∈ Rn×m (where the vectors are written in rows) generate the same
lattice Λ if and only if there is exists a unimodular transformation U ∈ GL(n,Z) such that
S = UT . We define

Vol(Λ) =
√

det(BBT ) ,

where B is any basis matrix of Λ. For a full-rank lattice, this simplifies to Vol(Λ) = | det(B)|.
This definition is independent of the choice of the basis, and we call Vol(Λ) the volume of Λ
(or determinant of Λ). Geometrically, the volume of a lattice is that of one of its fundamental
parallelepipeds, defined for a basisB = {b1, . . . bn} of Λ as the set

F(B) =

{
n∑
i=1

aibi : ai ∈ [0, 1) , 1 ≤ i ≤ n

}
.

The volume of Λ is the volume of F(B). In the language above, one defines the volume
of Λ more directly as follows: the quotient group (Λ ⊗ R)/Λ ' Rn/Λ is a Lie group and
with a canonical Λ-invariant measure; then Vol(Λ) is the total measure of Rn/Λ. Hadamard’s
Inequality gives an upper bound on Vol(Λ).

1Throughout this thesis, we simply write lattice for a Euclidean lattice. We will not consider any other class of
more general lattices, such as structured lattices in rings of integers of number fields.
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Proposition 2.2.1 (Hadamard’s Inequality). Let Λ be a lattice. For any basisB of Λ, one has:

Vol(Λ) ≤
∏
b∈B
‖b‖ .

Equality holds if and only if the basis vectors are pairwise orthogonal.
We say that Λ′ is a sublattice of Λ if Λ′ ⊆ Λ and Λ′ is a lattice. Then Λ′ has rank n′ ≤ n. If

n′ = n, we say that Λ′ is a full rank sublattice. In this case, the index (Λ : Λ′) as subgroups is
finite and equals Vol(Λ′)/Vol(Λ). In particular, Vol(Λ′) ≥ Vol(Λ).

For 1 ≤ i ≤ n, let λi(Λ) denote the infimumof the real numbersR such that the closed ball
of radius R around 0 ∈ Λ contains at least i linearly independent vectors of Λ. The numbers
λi(Λ), for 1 ≤ i ≤ n, are called the successive minima of Λ. They are achieved in Λ, that is, there
exist linearly independent lattice points x1, ...xn ∈ Λ such that ‖xi‖ = λi(Λ) for all 1 ≤ i ≤ n.
It is clear that λ1(Λ) ≤ λ2(Λ) ≤ . . . ≤ λn(Λ). These are important invariants describing
the geometry of Λ, and understanding how large these numbers are is often very useful.
Minkowski’s theorems give upper bounds in terms of Hermite’s constant. For an integer
n ≥ 1, Hermite’s constant γn (in dimension n) is defined by supλ1(Λ)2/Vol(Λ)2/n, where the
supremum is taken over all rank-n lattices Λ. Computing the exact value of γn is not easy and
is only known for 1 ≤ n ≤ 8 and n = 24. For example, γ2 =

√
4/3. Therefore finding good

approximations for γn is a natural question. For example, one has: γn ≤ (4/3)(n−1)/2 = γn−1
2

(Hermite’s Inequality) and γn ≤ 1 + n/4, for every n ≥ 1. The following upper bound is
linear in n:

γn ≤
2

3
n , n ≥ 2 . (2.1)

Asymptotically, one has n/(2πe) ≤ γn ≤ n/(πe+ o(1)) as n tends to infinity.
Minkowski’s First Theorem andMinkowski’s Second Theorem give the following upper bounds

on the first minimum of Λ.

Theorem 2.2.2 (Minkowski). Let Λ ⊆ Rm be a lattice of rank n.
(i) (Minkowski’s First Theorem)

λ1(Λ) ≤ √γn ·Vol(Λ)1/n

(ii) (Minkowski’s Second Theorem, [NV10, Chapter 2, Theorem 5])

(
r∏
i=1

λi(Λ)

)1/r

≤ √γn ·Vol(Λ)1/n , 1 ≤ r ≤ n .

Minkowski’s First Theorem is a consequence of the classical Minkowski Convex Body
Theorem and a result by Blichfeldt (see e.g. Theorem 4 and Lemma 8 in [NV10, Chapter 2]).
Since the successive minima can be unbalanced, one cannot have general upper bounds for
the other minima separately. However, Minkowski’s Second Theorem gives an upper bound
for the geometric mean of the first consecutive successive minima of Λ. Note also that for
r = 1 it gives Minkowski’s First Theorem.
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Dual lattices

For a lattice Λ ⊆ Qm, its dual lattice2 Λ∨ is defined as the group HomZ(Λ,Z) of Z-linear maps
Λ → Z. Equivalently, Λ∨ is identified with the set of vectors x ∈ Qm, for which the inner
product with elements of Λ is an integer, that is, there is an isomorphism:

{v ∈ Q
m : 〈x, v〉 ∈ Z, ∀x ∈ Λ} ∼−→ Λ∨ = HomZ(Λ,Z) .

A proof of this fact can be read off from [Con, Theorem 2.7] by takingm = 1,M = Λ, R = Z

and K = Q therein. The argument generalizes for m > 1: an isomorphism is given by
v 7→ φv ∈ Λ∨, where φv maps x to 〈x, v〉. In the literature, the dual lattice is often directly
defined by {v ∈ Qm : 〈x, v〉 ∈ Z, ∀x ∈ Λ}, which from a practical point of view is better
suited, since elements are indeed vectors. Under this identification, there is a natural pairing
Λ× Λ∨ → Z, (v, w) 7→ 〈v, w〉.

Intuitively, dual lattices have “inverse” behaviours. For example, if B ∈ Qn×m is a basis
matrix for Λ (again, with basis vectors as rows), then B∨ := (BT (BBT )−1)T is a basis matrix
forΛ∨, called the dual basis ofB. For lattices of full rank, this givesB∨ = (B−1)T . In particular,
dilating Λ by a non-zero constant k, shrinks the dual lattice by k, i.e. (kΛ)∨ = k−1Λ∨. This
also implies Vol(Λ∨) = 1/Vol(Λ) and (Λ∨)∨ = Λ. The successive minima {λi(Λ∨)}i of Λ∨ are
related to those of Λ by the following transference theorem due to Banaszczyk.

Theorem 2.2.3 ([Ban93], Theorem 2.1). For every lattice Λ ⊆ Rm of rank m, one has for all 1 ≤
j ≤ m, the inequality

1 ≤ λj(Λ)λm−j+1(Λ∨) ≤ m .

In cryptographic contexts one often considers, for a matrix A ∈ Zn×m and an integer q
(typically a prime number), the lattices Λ⊥q(A) := {x ∈ Zm : Ax ≡ 0 (mod q)} and Λq(A) :=
{x ∈ Zm : x ≡ AT v (mod q), v ∈ Zn}. They both contain qZm and are for this reason
referred to as q-ary lattices. It follows that they have full rank m. These lattices are dual up
to the scaling factor q, that is, Λq(A) = q(Λ⊥q(A))∨ and Λ⊥q(A) = qΛq(A)∨ (see e.g. [Mic11,
Exercise 10]). This can be established directly, by writing down basis matrices for Λq(A) and
Λ⊥q(A). Note the analogy with Definition 4.3.1 in Chapter 4.

2.2.2 Lattice Reduction

Some lattice bases are much more interesting to deal with than other bases. These bases con-
sist of almost orthogonal and short vectors. The theory of lattice reduction aims at computing
such bases, called reduced bases. There are various algorithms for lattice reduction, which dif-
fer mainly in their output quality and efficiency. To give some insight, consider the Shortest
Vector Problem (or shortly, SVP). It asks to compute a vector of norm λ1(Λ) in a latticeΛ. This is
a hard problem, and lattice reduction algorithms typically solve this problem only approxim-
ately (i.e. they solve the milder problem Approx-SVP, versus Exact-SVP). In particular, they
compute a vector of norm cλ1(Λ) for c > 1. The closer one wishes c to be to 1, the more costly
the algorithm will be. The two algorithms we will discuss below achieve c exponential in the
rank of Λ in polynomial time (LLL-based algorithms), or else, smaller c in exponential time
(BKZ-based algorithms).

2sometimes also called polar or reciprocal lattice
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Lagrange-Gauss and LLL reduction

For a lattice of rank 2, one uses Lagrange-Gauss reduction, a 2-dimensional generalization of
Euclid’s algorithm for computing greatest common divisors. On input a basis {b1, b2} of Λ,
the algorithm returns a reduced basis {b′1, b′2} of Λ with ‖b′i‖ = λi(Λ) for i = 1, 2. In particular,
it solves SVP exactly. For higher ranks, a generalization is the polynomial-time LLL reduction
algorithm (LLL), due to Lenstra, Lenstra and Lovász in 1982, [LLL82]. We refer to [NV10] for
a complete survey. We recall the definition of LLL-reduced bases here (see e.g. [LLL82]). For
a basis B = {bi : 1 ≤ i ≤ n} of Λ, denote by {b∗i : 1 ≤ i ≤ n} the associated Gram-Schmidt
orthogonalization, that is:

b∗i = bi −
∑

1≤j<i
µi,jb

∗
j , 1 ≤ i ≤ n ,

where µi,j = 〈bi, b∗j 〉/〈b∗j , b∗j 〉with 〈·, ·〉 denoting the standard Euclidean inner product.

Definition 2.2.4. Let B = {bi : 1 ≤ i ≤ n} be a basis for Λ and {b∗i : 1 ≤ i ≤ n} the associated
Gram-Schmidt orthogonal basis. Let δ ∈ (1/4, 1]. Then B is said δ-LLL reduced if it satisfies the
conditions:

(i) (Size Condition) |µi,j | ≤ 1/2, for all 1 ≤ j < i ≤ n.

(ii) (Lovász Condition) ‖b∗i ‖2 ≥ (δ − µ2
i,i−1)‖b∗i−1‖2, for all 2 ≤ i ≤ n.

Note that there are equivalent ways to state the Lovász Condition. The two conditions in
the definitionmake the resulting basis vectors reasonably short and close to being orthogonal.
The reduction parameter δ ∈ (1/4, 1] is often set to be 3/4, while 0.99 in practice. We refer
to the algorithm producing δ-LLL reduced bases as δ-LLL. In the case δ = 1, the algorithm
is not guaranteed to run in polynomial time. The LLL-algorithm has many good properties
and we will rely on the following theorem.

Theorem 2.2.5 (LLL). Let Λ be a lattice in Rm of positive rank n. Let {bi : 1 ≤ i ≤ n} be a basis of
Λ. Let δ ∈ (1/4, 1). The δ-LLL algorithm computes a δ-LLL reduced basis {b′i : 1 ≤ i ≤ n} of Λ. In
particular, the vectors {b′i : 1 ≤ i ≤ n} satisfy

‖b′j‖ ≤ c(n−1)/2λi(Λ)

for all 1 ≤ j ≤ i ≤ n, and where c = 1/(δ − 1/4).

Note that when i = j = 1 in Theorem 2.2.5, one obtains that

‖b′1‖ ≤ c(n−1)/2‖x‖ , ∀ x ∈ Λ \ {0} . (2.2)

Wewill always use the LLL algorithm on integer lattices, i.e. contained in Zm. In this case, the
following formulae are used to bound the complexity of LLL. Let {bi}i be a basis of Λ ⊆ Zm

with vectors of norm at mostX ∈ Z≥2. By [Gal12, Corollary 17.5.4], LLL computes, on input
{bi}i, a reduced basis of Λ, in O(n5m log(X)3) bit operations. In [NS09], using the L2-variant
of the LLL algorithm, the complexity was improved to

O(n4m(n+ log(X)) log(X)) , (2.3)

which is only quadratic in log(X) (hence the name L2) and relies on naive integer multiplic-
ation. We also refer to [NSV11] for a variant of LLL with complexity quasi-linear in log(X).
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BKZ Reduction

Another frequently used lattice reduction algorithm is the BKZ algorithm, a block-variant of
LLL, designed upon the notion of block Korkin-Zolotarev reduced bases, [Sch87, SE94]. See also
[GHGKN06b] and [GN08a]. This type of reduction is generally much stronger than LLL-
reduction. Besides a reduction parameter, the BKZ-algorithm also uses a block-size 2 ≤ β ≤ n
(for a lattice of rank n). After LLL-reducing the input basis, it relies on an enumeration sub-
routinewhich iteratively finds a shortest vector in certain local projected lattices (thus solving
an Exact-SVP Problem). Therefore the running time is exponential in n. In general, a block-
size β ≤ 25 is very efficient, but beyond that barrier, the subroutine becomes less practical
and the running time increases in large dimensions. In [CN11], the authors describe BKZ 2.0
based on several optimizations, allowing to run higher block-sizes. In general, the running
time remains exponential in n. For a fixed block-size and when restricted to polynomially
many iterations, the running time of BKZ is polynomial time, and the output quality of the
reduced basis can be guaranteed as shown in [LN20]. Wewill for this thesis rely on a heuristic
complexity, detailed in the subsequent paragraph. However, it is known that lattice reduction
behaves much better in practice than what theory predicts, [GN08b].

Heuristics

Wewill sometimes rely on heuristic arguments, such as heuristic analyses for our algorithms
for lattices. Whenever we make a heuristic analysis later, we assume that a lattice reduction
algorithm outputs a basis {b′i}i of Λ with

‖b′i‖ ≤ ιnλi(Λ) , 1 ≤ i ≤ n , (2.4)

where ι > 1 is the root Hermite factor depending on the reduction algorithm3. By Theorem
2.2.5, we have ιn = c(n−1)/2 for the LLL algorithm, and ιn = 1/2(γβ)

n−1
β−1 (i+ 3)1/2 for the BKZ

algorithm with block-size β (see [Sch87]).
Heuristically, we can bound the complexity of BKZ from below, by means of an upper

bound on ι. Namely, a root Hermite factor ι is (heuristically) achieved within time at least
2Θ(1/ log(ι)) by using BKZ with block-size β = Θ(1/ log(ι)), see [HPS11a].

For a full-rank lattice Λ ⊆ Rn and a measurable body K ⊆ Rn, the Gaussian Heuristic (see
e.g. [HPS08, Section 6.5.3]) predicts that #(Λ ∩ K) is approximately Vol(K)/Vol(Λ). When
applied to Euclidean balls, one therefore heuristically approximates λ1(Λ) by√

n

2πe
·Vol(Λ)1/n .

For a “random” lattice Λ, this is proven with overwhelming probability, [Ajt06]. Although
there exists a precise mathematical formulation of "random" lattices using the Haar measure,
we will not enter in this discussion. For a precise setting, we refer to [Ajt06]. As noticed in
[MO90], the number of integral points in high-dimensional spheres strongly depends on the
location of its center, therefore the heuristic can be rejected in some cases. When considering

3Sometimes we also write the condition as ‖b′i‖ ≤ 2ιnλi(Λ), in which case the root Hermite factor is 2ι
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“random” lattices, we will heuristically assume all the minima to be approximately equal,
that is:

λk(Λ) ≈
√

n

2πe
·Vol(Λ)1/n , 1 ≤ k ≤ n . (2.5)

We will sometimes also rely on Equation (4.32) when Λ is not of full rank. Moreover, for an
even simpler analysis, we sometimes drop the factor in front of Vol(Λ)1/n.

2.2.3 Computational Problems of cryptographic interest

2.2.3.1 The Hidden Subset Sum Problem

For an integer n ≥ 1, the classical subset sum problem [LO85] asks, given n integers α1, . . . , αn
and a target sum s, to compute weights x1, . . . , xn ∈ {0, 1} such that

∑n
i=1 αixi = s. It is

customary to study this problem with a modulus N , which is public. To attack the problem,
it is common to turn it into a (shortest vector) lattice problem, by constructing a certain lattice
depending on {αi}i and s (and N if available). Computing {xi}i then corresponds to the
computation of a somewhat short vector in that lattice (see e.g. [LO85]). The hidden subset sum
problem (HSSP) is a vector variant of the classical subset sum problem and states as follows
(see [NS99, CG20]):

Definition 2.2.6 (Hidden subset sum problem, HSSP). Let n,m ∈ Z≥1 with n ≤ m, andN ∈ Z.
Let v ∈ Zm be such that v ≡

∑n
i=1 αixi (mod N) with αi ∈ Z and xi ∈ {0, 1}m, for all 1 ≤ i ≤ n.

The HSSP states as follows: given v and N , compute vectors {xi}i ∈ {0, 1}m and integers {αi}i
such that v ≡

∑n
i=1 αixi (mod N).

In contrast to the classical subset sum problem, the weights {αi}i are hidden. In small di-
mensions, the problem is not uniquely solvable, but when n,m are large, the solution is likely
unique. The origins of this problem lie in protocols based on the discrete logarithm problem,
such as a fast random generation method by Boyko, Peinado and Venkatesan [BPV98]. The
security of this generator depends on the HSSP, which was formally studied by Nguyen and
Stern in 1999, [NS99]. They provide a lattice-based algorithm for the hidden subset sumprob-
lem, relying on the orthogonal lattice, introduced as a strong tool for cryptanalysis in [NS97]. In
[CG20], Coron and Gini notice that the algorithm in [NS99] has exponential time complexity
in large dimensions, and provide a polynomial-time variant.

We consider the HSSP mostly in Chapter 4, in the context of the Hidden Lattice Problem,
but already mention it in Chapter 3 as analogy to our problem of study.

2.2.3.2 Approximate Common Divisor Problems

The goal of approximate common divisor problems (ACD) is to reveal a secret (prime) integer p,
not from exact multiples of p (in which case the problem would be easy), but “approximate”
multiples of p, that is, integers of the form qip+ ri (for i ∈ S, some finite set of indices), where
{ri}i are somewhat “small” integers, referred to as “noise”. Formally, the problem is be stated
including parameters describing the sizes of the involved integers.

Approximate common divisor problems have gained a lot of interest in cryptography and
were first used to build a fully homomorphic encryption scheme [VDGHV10]. In [CH13],
Cohn and Heninger study generalizations of the approximate common divisor problem via
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lattices. The paper [GGM16] surveys and compares algorithms for the ACD Problem based
on lattices. Namely, many lattice attacks against the ACD Problem have been introduced
[CN12, CNT12, DT14] after that a first lattice attack was studied in [VDGHV10].

The CRT-ACD Problem

In this work, we consider the multi-prime version (CRT-ACD Problem) from [CP19], inter-
preted as a factorization problemwith constraints based on the Chinese Remainder Theorem
(CRT). We formally state the CRT-ACD Problem as follows (see e.g. [CP19, Definition 3]):

Definition 2.2.7 (CRT-ACD Problem). Let n, η, ρ ∈ Z≥1. Let p1, . . . , pn be distinct η-bit prime
numbers and N =

∏n
i=1 pi. Consider a non-empty finite set S of integers in Z ∩ [0, N) such that for

every x ∈ S:
x ≡ xi (mod pi) , 1 ≤ i ≤ n

integers xi ∈ Z satisfying |xi| ≤ 2ρ.
The CRT-ACD problem states as follows: given the set S, the integers η, ρ and N , factor N

completely, i.e. reveal the prime numbers p1, . . . , pn.

To keep track of the parameters, one also refers to the problem as (γ, η, ρ)-CRT-ACD. In
the literature, many definitions also mention probability distributions according to which
the integers are chosen. For ACD Problems, this is typically the uniform distribution. An
instance of the (γ, η, ρ)-CRT-ACDProblem is thus created as follows: one chooses {x1, . . . , xn}
uniformly distributed in [−2ρ, 2ρ] ∩ Z, and for every vector (x1, . . . , xn) one computes, by
the Chinese Remainder Theorem, x ∈ Z ∩ [0, N) such that x ≡ xi (mod pi) for every 1 ≤
i ≤ n. Repeating this for many vectors (x1, . . . , xn) gives rise to the set S in Definition 2.2.7,
consisting of the CRT-representations x associated to (x1, . . . , xn).

The size η of the primes {pi}i is large, so that direct factorization of N is (classically)
intractable. The size of ρ is typically much smaller. Also, the larger the set S is, the more
information is available and the easier the problem is.

The algorithm of Coron and Pereira [CP19]

Coron and Pereira propose an algorithm for the CRT-ACD Problem for the case #S = n+ 1.
Their algorithm proceeds in two steps, which are referred to as, the “orthogonal lattice at-
tack” following [NS99] and the “algebraic attack” following [CHL+15]. We briefly review
their algorithm and refer to [CP19, Section 4.3] for the original description.

Let S = {x1, . . . , xn, y} and x = (x1, . . . , xn) ∈ Sn. Then, the vector b = (x, y · x) ∈ Z2n

is public, and by the Chinese Remainder Theorem, letting x ≡ x(i) (mod pi) and y ≡ y(i)

(mod pi) for all 1 ≤ i ≤ n, one has

b ≡
n∑
i=1

ci(x
(i), y(i)x(i)) =:

n∑
i=1

cib
(i) (mod N)

for some integers c1, . . . , cn. If the vectors {x(i)}i areR-linearly independent, then so are {b(i)}i
and generate a 2n-dimensional lattice L of rank n. Importantly, by Definition 2.2.7, the vec-
tors {b(i)}i are reasonably short vectors, of `2-norm approximately 22ρ, where ρ is considered
much smaller than η.
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Step 1: Orthogonal lattice attack. The first step of the algorithm is, in rough terms, to re-
veal (a basis of) the lattice L from the knowledge of b and N . This is precisely what the
“orthogonal lattice attack” from [NS99] aims at: on input b and N , it computes a basis of the
completion L = LQ ∩ Z2n of L, where LQ denotes the Q-span of L, that is

∑n
i=1 Qb

(i). To
achieve this, one performs lattice reduction on the lattice (Zb)⊥N of vectors v ∈ Z2n such that
〈v, b〉 ≡ 0 (mod N). The latticeL⊥ is a sublattice thereof. Lattice reduction on (Zb)⊥N reveals
a sublattice ofL⊥ ⊆ (Zb)⊥N , fromwhich the completion ofL is revealed by computing the or-
thogonal complement. The parameters are chosen accordingly, and one essentially requires
the condition 2ρ < η.

Step 2: Algebraic attack. Upon finding a basis {b′(i)}i of L, the authors proceed with tech-
niques from linear algebra. The idea is to imitate the attack of Cheon et al. against the CLT13
multilinear map scheme (see [CHL+15] and Chapter 3), by computing the eigenvalues of a
well-chosen matrix. More precisely, let us denote by {b′(i)}i the basis of L computed in Step
1. This basis is related to the basis {b(i)}i of L via an (unknown) invertible base change mat-
rix Q ∈ Qn×n. We denote the basis matrix of L computed by the orthogonal lattice attack as
[W0|W1] ∈ Zn×2n, with blocksW0 ∈ Zn×n andW1 ∈ Zn×n. By the design of the vectors {b(i)}i,
defined by b(i) = (x(i), y(i)x(i)), one has by letting P = [x(1)| . . . |x(n)] ∈ Zn×n with columns
{x(i)}i, the following matrix relations

W0 = P ·Q , W1 = P · U1 ·Q (2.6)

where U1 is n× n diagonal with entries {y(i)}i. The matrixW0 is invertible (over Q) and one
computes the eigenvalues {y(i)}i of

W1W
−1
0 = PU1P

−1 .

Using y ≡ y(i) (mod pi) for every 1 ≤ i ≤ n, one factors N by the gcd-computations gcd(y −
y(i), N) for all i.

Algorithm. In summary, the algorithm is as follows.

Algorithm 1 Algorithm for the CRT-ACD Problem [CP19] with #S = n+ 1

Parameters: The CRT-ACD parameters (Definition 2.2.7)
Input: An integer N =

∏n
i=1 pi and a set S as in Definition 2.2.7 with #S = n+ 1

Output: The prime factors {pi : 1 ≤ i ≤ n} of N
1: Write the elements in S as x1, . . . , xn, y and let x = (x1, . . . , xn). Construct the vector
b = (x, y · x) ∈ Z2n from S

2: Run the “orthogonal lattice attack” on b and N and denote by [W0|W1] ∈ Zn×2n the
computed basis of the lattice L, where L is the lattice generated by {b(i) : 1 ≤ i ≤ n}

3: Compute the eigenvalues {y(i)}i ofW1W
−1
0

4: for 1 ≤ i ≤ n do
5: Compute and return gcd(y − y(i), N)
6: end for

In Chapter 4, we consider the CRT-ACD Problem as an application of the Hidden Lattice
Problem and will improve the first step of the algorithm of [CP19]. In particular, we design a
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new algorithm to reveal the lattice L from b and N . In Chapter 5, we will again consider the
CRT-ACD Problem, andmainly improve the second step of the algorithm of [CP19]. Together
with a meaningful rewriting of the problem statement, we propose an efficient algorithm
working with #S = O(

√
n), instead of #S = O(n).

2.3 Part II: Computational Aspects of Elliptic Curves

In this part, we gather some background on elliptic curves, which we consider in Chapter
6. The theory of elliptic curves occupies a fundamental place in number theory and crypto-
graphy. We refer to [Sil09, Sil94, Hus04, Was03] for complete introductions.

2.3.1 Basic Definitions

An elliptic curve E defined over a field K is a pair (E,O) where E is a non-singular pro-
jective curve over K of genus 1 and O a K-rational point on E. The point O is often omit-
ted and we write E/K to say that E is defined over K. A rational function on E is a map
φ : E(K) → P1(K) and the set (which is a field) of rational functions is denoted by K(E),
called the function field of E. One says that P ∈ E(K) is a pole of φ if φ(P ) = ∞. Otherwise,
P is a regular point and its image under φ is [φ(P ) : 1]. Using the Riemann-Roch theorem
for curves (see e.g. [Sil09, Chapter II, §5, Theorem 5.4]), one shows that there exist rational
functions x, y on E inducing the (affine) longWeierstrass equation for E:

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 ,

with a1, a2, a3, a4, a6 ∈ K. Since elliptic curves are projective, we will always implicitly mean
the projective closure of the above equation, given by the equation Y 2Z+a1XY Z+a3Y Z

2 =
X3+a2X

2Z+a4XZ
2+a6Z

3, with [X : Y : Z] ∈ P2(K). ThenO = [0 : 1 : 0] is the unique point
with Z = 0, the point at infinity. To pass to affine coordinates one sets (x, y) = (X/Z, Y/Z)
with Z 6= 0. For simplicity, we mostly work with affine models.

The set of K-points (x, y) ∈ K2 satisfying the Weierstrass equation of E, together with
O, is denoted by E(K). It carries the structure of an abelian group with neutral element O.
The group law is written additively and we denote it by +. There are explicit formulas for
the addition law in terms of the Weierstass equation. We refer to the Weierstrass equation
as a model for E; there are other models. In many cryptographic applications, one uses the
Montgomery or Edwards model, [Mon87, Edw07]. In Chapter 6 we study properties of the
Edwards model andmore backgroundwill be provided therein. When char(K) 6= 2, 3,E can
be given by a short Weierstrass equation y2 = x3 + a4x+ a6.

We often work withK = Q. By Mordell’s Theorem, E(Q) is finitely generated, therefore,
there exists a non-negative integer r = r(E) and a finite group T = T (E) such that E(Q) '
Zr ⊕ T . We call r the algebraic rank of E or theMordell-Weil rank; it is the Z-rank of E(Q), also
denoted by rkZ(E(Q)). The group T =: E(Q)tors is the torsion subgroup of E, consisting of
points of finite order, that is,∪m≥1E[m], whereE[m]denotes them-torsion subgroup ofE(Q),
containing the points P such thatmP = O, the points of orderm. Computing the rank of E is
generally a more involved problem and is related to the conjecture of Birch and Swinnerton-
Dyer, which we discuss below. Mazur’s Theorem classifies possible torsion subgroups for
E over Q: E(Q)tors ' Z/nZ for n = 1, . . . , 10 or n = 12, or E(Q)tors ' Z/2nZ × Z/2Z for
n = 1, . . . , 4.
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Invariants of elliptic curves. The discriminant ∆(E) ∈ K× of E is essentially the discrim-
inant of the cubic polynomial in x and the property of E being non-singular is equivalent to
∆(E) being non-zero. The j-invariant j(E) of E is defined by c3

4/∆(E), where c4 is a classical
constant, explicit in the coefficients {ai}i of the Weierstrass equation. The j-invariant classi-
fies isomorphism classes of elliptic curves over K. Elliptic curves over K can be isomorphic
over K without being isomorphic over K. In this case, they are twists of each other. In par-
ticular, we say that E/K is a quadratic twist of E′/K if there exists an isomorphism E → E′

defined over a quadratic extension ofK and E and E′ are non-isomorphic overK.
Let K = Q. If the coefficients defining the Weierstrass form of E are integral, one can

reduce them modulo a prime p. The resulting curve is an elliptic curve over Fp if and only if
p - ∆(E), in which case p is called a prime of good reduction. Otherwise, the reduced curve is
singular and p is called a prime of bad reduction. The primes of bad reduction are therefore
finitely many. The behaviour of the reduction of E at bad primes is measured by the con-
ductor of E, denoted byN(E). It can be computed byN(E) =

∏
p|∆′(E) p

fp(E) where {fp(E)}p
are certain integer exponents, described explicitly in terms of Kodaira symbols, classifying the
possible reduction types of E over local fields. Here, ∆′(E) denotes the minimal discriminant
of E, which can be computed efficiently using an algorithm of Tate (see [Sil94, Chapter IV,
§9]). More details are found in [Sil94, Chapter IV]. The conductor appears in many formulas,
as for example, in the context of modular forms and L-functions for elliptic curves.

2.3.2 L-functions of elliptic curves

L-functions of elliptic curves are generating functions recording information about the re-
duction of the elliptic curve modulo every prime number, and allow to produce global in-
formation about E(Q).

Let E/Q be an elliptic curve given by an integral Weierstrass equation. For a prime num-
ber p of good reduction, let4 ap := ap(E) = p + 1 − #E(Fp), where #E(Fp) is the number
of points on the modulo-p-reduction of E. By Hasse’s Theorem, |ap| ≤ 2

√
p. Schoof’s point

counting algorithm [Sch85] efficiently computes #E(Fp), thus ap is efficiently computable.
For primes p of bad reduction, we distinguish the cases of additive, split multiplicative and
non-split multiplicative reduction, and define:

ap := ap(E) =


0 E has additive reduction at p
1 E has split multiplicative reduction at p
−1 E has non split multiplicative reduction at p

.

Wedefine theHasse-WeilL-series (orL-function) ofE by the followingEuler product, defined
for s ∈ C:

L(E, s) =
∏

p|∆(E)

(1− app−s)−1 ·
∏

p-∆(E)

(1− app−s + p1−2s)−1 (2.7)

UsingHasse’s Theorem, one shows thatL(E, s) converges for<(s) ≥ 3/2. Themodularity
theorem [TW95, Wil95] shows that it has meromorphic continuation to all of C. In particular,
the function is defined at s = 1. This is the important case in the Birch and Swinnerton-Dyer

4This notation is not to confuse with the labeling of the coefficients of the Weierstrass equation.
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Conjecture. One can show that L(E, s) can be written as

L(E, s) =
∑
n≥1

an
ns

,

where an := an(E) is defined by the following arithmetic function:{
a1 = 1

apk = apapk−1 − χ(p)papk−2 if p is prime and k ≥ 2
, (2.8)

where χ(p) = 1 if p - N(E) and χ(p) = 0 if p | N(E). For composite n =
∏s
i=1 p

ki
i , we extend

an multiplycatively and set an =
∏s
i=1 apki .

2.3.3 The Birch and Swinnerton-Dyer Conjecture

Birch and Swinnerton-Dyer [BSD65] formulated a conjecture about the algebraic rank of E,
by extensive computer calculations (which is quite impressive given the time it dates back).
Today it is one of the most important open problems in number theory and is part of the
Millenium Problems [Wil06]. In modern language, it can be stated in two parts. The first
part gives a conjectural formula for the algebraic rank of E in terms of the L-series of E.
The second part conjectures an explicit formula depending on other invariants of E, that we
introduce briefly below:

• One denotes by ΩE the real period of E, defined by
∫
R
|ω(E)|, where ω(E) = dx/(2y +

a1x+ a3) is the invariant differential on E (given by the usual Weierstrass equation).

• One defines the regulator RE of E as follows. By the Mordell-Weil Theorem, the group
E(Q)/E(Q)tors is isomorphic to Zr, where r is the rank of E. It is called the Mordell-
Weil lattice. It is equipped with the Néron-Tate height pairing 〈·, ·〉 on E(Q) defined by
〈P,Q〉 = 1

2(ĥ(P +Q)− ĥ(P )− ĥ(Q)), for points P and Q, and where ĥ is the canonical
height function on E. The regulator of E is the volume5 of the Mordell-Weil lattice
E(Q)/E(Q)tors. Denoting by P1, . . . , Pr a Z-basis of E(Q)/E(Q)tors, it is equal to RE =
| det(A)| where A = (〈Pi, Pj〉)i,j=1,...,r. Note that when r = 0 then RE = 1, and when
r = 1 then RE = ĥ(P ) where P is a generator for E(Q)/E(Q)tors.

• One defines the global Tamagawa number cE ofE as follows. For a prime p, letE0(Qp) de-
note the subgroup ofE(Qp) of points such that their reduction inE(Fp) is non-singular.
The local Tamagawa number at p is defined by the integer cE,p = #(E(Qp)/E0(Qp)). In
particular, if E has good reduction at p, then cE,p = 1. The global Tamagawa number is
defined by cE =

∏
p|∆(E) cE,p.

Conjecture 2.3.1 (Birch and Swinnerton-Dyer, BSDConjecture). LetE be an elliptic curve defined
over Q.

(i) The order of vanishing ords=1L(E, s) of L(E, s) at s = 1 is equal to rkZ(E(Q)), the algebraic
rank of E. The quantity ords=1L(E, s) is called the analytic rank of E.

5This is defined in exactly the same way as in Section 2.2.1.
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(ii) The Shafarevich-Tate groupX(E) is finite and

L(r)(E, 1)

r!
=

#X(E) · ΩE ·RE · cE
(#E(Q)tors)2

, (2.9)

where r := ords=1L(E, s) and L(r)(E, 1) denotes the rth derivative of L(E, s) evaluated at
s = 1.

Wewill introduce the Shafarevich-Tate group of E in the following section. part (i) of the
conjecture is often referred to as the weak BSD Conjecture. It says that the leading term in the
Taylor expansion around s = 1 of L(E, s) is of the form c(s − 1)r, where r = rkZ(E(Q)) and
c is a non-zero constant. The constant c is described in part (ii). In Section 6.9 of Chapter 6
we will rely on Conjecture 2.3.1 to approximate the order of the Shafarevich-Tate group of E,
based on a truncation method for the L-series of E.

Part of the BSD Conjecture is known in special cases. Kolyvagin [Kol88] showed that
if ords=1L(E, s) ≤ 1 then point (i) of BSD Conjecture holds andX(E) is finite. Bhargava,
Skinner and Zhang [BSZ14] proved that point (i) of the BSD Conjecture holds for at least 66%
of elliptic curves over Q, ordered by height.

2.3.4 Shafarevich-Tate group, Selmer group and isogeny-descent

We now define the Shafarevich-Tate group and Selmer group of E, following [Sil09, Chapter
X]. These groups are often encountered when computing rational points on E, and appear
in the proof of the weak Mordell-Weil theorem, saying that E(Q)/mE(Q) is finite for every
integerm.

Shafarevich-Tate group. Let E be an elliptic curve over Q. A principal homogeneous space
for E is a pair (C, µ) where C/Q is a smooth curve and µ : C(Q) × E(Q) → C(Q) is a free
and transitive group action of E(Q) on C(Q). Two principal homogenous spaces (C, µ) and
(C ′, µ′) are equivalent if there is aQ-isomorphismC → C ′which is compatiblewith the group
action of E(Q) on C(Q) and C ′(Q). For the sequel, we just write C instead of (C, µ). The set
of principal homogeneous spaces for E/Q up to equivalence is called the Weil-Châtelet group
of E/Q, denoted by WC(E/Q). The group E(Q) acts on itself, giving up to equivalence, the
trivial class [E] inside WC(E/Q). A criterion to know which homogeneous spaces are trivial
is given in [Sil09, Chapter X, Proposition 3.3]: [C] is trivial in WC(E/Q) (i.e. [C] = [E]) if and
only if C(Q) 6= ∅. Let GQ = Gal(Q/Q) be the absolute Galois group of Q. By [Sil09, Chapter
X, §3, Theorem 3.6], we identify WC(E/Q) with a certain cohomology group:

WC(E/Q)
∼−→ H1(GQ, E(Q)) . (2.10)

Wewill omit the construction of this bijection; it says that two equivalent homogenous spaces
on the left correspond to the same class of a certain 1-cocycle on the right. More background
on Galois cohomology is found in [Sil09, Appendix B]. Importantly, this bijection also gives
a group structure to WC(E/Q).

The Shafarevich-Tate group and Selmer group of E are described in terms of local con-
siderations. Let p be a finite or infinite place of Q. Let GQp = Gal(Qp/Qp) be the absolute
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Galois group of Qp, acting on E(Qp). For every p, we choose an embedding Q ↪→ Qp, indu-
cing an embedding Q ↪→ Qp. Hence we have an injection GQp ↪→ GQ, σ 7→ σ|

Q
. This induces

a restriction map in cohomology resp : H1(GQ, E(Q))→ H1(GQp , E(Qp)).

Definition 2.3.2. The Shafarevich-Tate group of E is the subgroup of WC(E/Q) given by

X(E/Q) := ker

{
WC(E/Q)

∏
p resp
−−−−−→

∏
p

WC(E/Qp)

}
.

This is the group that we denoted byX(E) in Conjecture 2.3.1. The elements ofX(E/Q)
are those equivalence classes of principal homogeneous spacesC/Q forE such that the equi-
valence class of C/Qp is trivial for every p, i.e. C/Q is everywhere locally trivial. By the above
fact, this is equivalent to C(Qp) 6= ∅ for every p. In view of the bijection in Equation (2.10), it
is direct to defineX(E/Q) from a cohomological viewpoint.

It is not known whetherX(E/Q) is finite, except in special cases. This is a conjecture
[Sil09, Chapter X, §5, Conjecture 4.13]. IfX(E/Q) is finite then its order is a square. This
follows because of the existence of an alternating bilinear pairing onX(E/Q), due to Cassels
and Tate (see [Sil09, Chapter X, §5, Theorem 4.14]). Remark that this is not true in general for
abelian varieties.

φ-Selmer group. Wenowdefine the φ-Selmer group ofE, for an isogeny of elliptic curves φ.
Let φ : E → E′ be an isogeny of elliptic curves, a morphism such that φ(O) = O. For example,
one can let φ = [m], scalar multiplication by m, for every m ∈ Z. We let E(Q)[φ] := ker(φ).
There is a short exact sequence of GQ-modules 0 → E(Q)[φ] → E(Q)

φ−→ E′(Q) → 0. The
associated long exact sequence in cohomology is

0→ E(Q)[φ]→ E(Q)
φ−→ E′(Q)

δ−→ H1(GQ, E(Q)[φ])→ H1(GQ, E(Q))→ H1(GQ, E
′(Q)) ,

where δ is the connecting homomorphism. We extract the fundamental short exact sequence

0→ E′(Q)/φ(E(Q))
δ−→ H1(GQ, E(Q)[φ])→ H1(GQ, E(Q))[φ]→ 0 . (2.11)

Repeating the same for the GQp-module E(Qp) and E′(Qp), gives the exact sequences, for
every p:

0→ E′(Qp)/φ(E(Qp))
δ−→ H1(GQp , E(Qp)[φ])→ H1(GQp , E(Qp))[φ]→ 0 . (2.12)

Note that in (2.11) and (2.12) the last terms are identifiedwithWC(E/Q)[φ] andWC(E/Qp)[φ],
respectively, via Equation (2.10). Both sequences induce the commutative diagram:

0
E′(Q)

φ(E(Q))
H1(GQ, E[φ]) WC(E/Q)[φ] 0

0
∏
p

E′(Qp)

φ(E(Qp))

∏
pH

1(GQp , E[φ])
∏
p WC(E/Qp)[φ] 0

∏
p resp

f ∏
p resp

where we have abbreviated E[φ] for both E(Q)[φ] and E(Qp)[φ]. The left-most vertical map
is induced by the inclusion E′(Q) ↪→ E′(Qp).
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Definition 2.3.3. The φ-Selmer group of E is defined as the subgroup of H1(GQ, E[φ]) given by
the kernel of f (the diagonal arrow):

Sel(φ)(E/Q) := ker

{
H1(GQ, E(Q)[φ])→

∏
p

WC(E/Qp)

}
.

The Snake Lemma applied to the diagram

0
E′(Q)

φ(E(Q))
H1(GQ, E[φ]) WC(E/Q)[φ] 0

0 0
∏
p WC(E/Qp)[φ]

∏
p WC(E/Qp)[φ] 0

f
∏
p resp

id

yields the following fundamental exact sequence, relating the φ-Selmer group and the φ-
torsion subgroup of the Shafarevich-Tate group of E:

0→ E′(Q)

φ(E(Q))
→ Sel(φ)(E/Q)→X(E/Q)[φ]→ 0 .

The φ-Selmer group is finite (see [Sil09, Chapter X, §4, Theorem 4.2]) and is effectively com-
putable in practice. This is the main ingredient in the proof of the weak Mordell-Weil The-
orem: applied to φ = [m] : P 7→ mP it yields the finiteness of E(Q)/mE(Q). Remark that
the same procedure can be repeated with the dual isogeny φ∨ : E′ → E, and one similarly
defines Sel(φ

∨)(E′).

Isogeny descent. The computation of the φ-Selmer group of E becomes very explicit when
φ is a 2-isogeny φ : E → E′. This is called a descent via 2-isogenies. Namely, in this case the
principal homogeneous spaces can be written down explicitly. We state it in the following
theorem.
Theorem 2.3.4 (Theorem 4.9, Chapter X.4 in [Sil09]). Let E : y2 = x3 + ax2 + bx over Q

and E′ : y2 = x3 − 2ax2 + (a2 − 4b)x over Q which is 2-isogenous to E via φ : E → E′ with
ker(φ) = {O, (0, 0)}. Consider the set S = {∞} ∪ {p ∈ N prime : p | 2b(a2 − 4b)} and

Q(S) := {λ ∈ Q
×/(Q×)2 : vp(λ) ≡ 0 mod 2 ∀p 6∈ S} ,

a subgroup of Q×/(Q×)2. For every λ ∈ Q(S), define the homogenous space for E:

Cλ : λW 2 = λ2 − 2aλZ2 + (a2 − 4b)Z4 (2.13)

(i) There is an exact sequence 0 → E′(Q)/φ(E(Q))
δ−→ Q(S) → WC(E/Q)[φ], where δ is the

connecting homomorphism sending (X,Y ) 7→ X mod (Q×)2, O 7→ 1 mod (Q×)2, (0, 0) 7→
a2 − 4b mod (Q×)2, and Q(S)→WC(E/Q)[φ] sends λ to the equivalence class of Cλ.

(ii) The φ-Selmer group of E is Sel(φ)(E/Q) = {λ ∈ Q(S) : Cλ(Qp) 6= ∅ ∀p ∈ S}.

(iii) The map ψλ : Cλ(Q) → E′(Q), (Z,W ) 7→ (λ/Z2,−λW/Z3) satisfies δ(ψλ(P )) ≡ λ
(mod (Q×)2) for P ∈ Cλ(Q).

The quartic polynomial definingCλ describes a hyperelliptic curvewith affine coordinates
(Z,W ). In Chapter 6, we rely on this proposition in the context of elliptic curves birationally
equivalent to Edwards curves.
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CHAPTER3
Cryptanalysis of a Multilinear Map Scheme

Cryptographic multilinear maps were introduced relatively recently and find many interest-
ing applications. We first give a high-level introduction to cryptographic multilinear maps.
We next give a brief overview of the CLT13 Scheme with its main functionalities and discuss
known attacks against the scheme, such as the powerful Cheon et al. attack from Eurocrypt
2015. Our contributions in this chapter are based on an attack described by Gentry, Lewko
and Waters [GLW14] against CLT13. This is a simple lattice attack in dimension 2, and a
countermeasure was described. We propose a new attack based on higher dimension lat-
tice reduction that breaks the countermeasure from [GLW14] for a wide range of parameters
and extends the 2-dimensional attack. Combinedwith the Cheon et al. attack, our new attack
leads to the recovery of all the secret parameters of CLT13, assuming that low-level encodings
of almost zero plaintexts are available to the attacker. We conclude this chapter by showing
how to apply our attack against concrete constructions based on composite-order CLT13.

Section 3.3 is based on joint work [CN19a] with Jean-Sébastien Coron, which has been
published in the proceedings of Asiacrypt 2019. We closely follow the exposition of [CN19a].

3.1 Introduction

3.1.1 Multilinear Maps in Cryptography

The revolutionary work “NewDirections in Cryptography” by Diffie andHellman [DH82] in
1976 is the foundation of public-key cryptography: theDiffie-Hellman key exchange protocol,
enabling Alice and Bob to communicate securely over an unsecure channel. About thirty
years later, Joux [Jou04]made use of bilinear pairings (on elliptic curves) in order to generalize
the Diffie-Hellman key exchange protocol to three users, say Alice, Bob and Charlie (by fol-
lowing conventional names). This constructionworks as follows. LetG = 〈g〉 andGT be cyclic
groups (GT is said a target group) and e : G×G→ GT a symmetric non-degenerate bilinear
pairing. Upon agreement of Alice, Bob and Charlie on g, they compute A = ga, B = gb and
C = gc for secretely chosen integers a, b, c, respectively. Once those values are publicly trans-
mitted, Alice, Bob and Charlie can compute the common shared key gabc := e(g, g)abc ∈ GT .
Namely, upon receiving B and C, Alice can compute gabc as e(B,C)a = e(gb, gc)a, and very
similarly can do Bob and Charlie. An eavesdropper would need to recover a, given g and
gabc, known as the bilinear computational Diffie-Hellman problem, as a direct generalization

39



40 CHAPTER 3. CRYPTANALYSIS OF A MULTILINEAR MAP SCHEME

of the computational Diffie-Hellman problem.
Multilinear maps attempt to generalize bilinear pairings to a higher-degree multilinear-

ity. In [BS03], Boneh and Silverberg survey about cryptographic multilinear maps and their
applications in cryptography. More precisely, following [BS03, Definition 2.1], a symmetric
multilinear map of multilinearity-degree κ ∈ Z≥2 is a map e : Gκ → GT for cyclic groups G
and GT , such that

(1) G and GT have the same prime order

(2) for every a1, . . . , aκ ∈ Z and g1, . . . , gκ ∈ G: e(ga11 , . . . , gaκκ ) = e(g1, . . . , gκ)
∏

1≤i≤κ ai

(3) e is non-degenerate, in the sense that, if g is a generator of G, then e(g, . . . , g) is a gen-
erator of GT

In order this object to be of cryptographic interest, one requires further that

(4) the groups G and GT admit efficiently computable group operations

(5) e is efficiently computable

(6) the discrete logarithm problem in G is hard

Under these conditions, e is called a cryptographic κ-linear map. For instance, these assump-
tions are all valid for bilinear pairings, realized as the Weil or Tate pairing on elliptic curves
over sufficiently large finite fields. By “efficiently computable” wemean that the correspond-
ing operations can be carried out by algorithms whose running time is polynomial in the
input length. Solving the discrete logarithm problem in a finite cyclic group G of order q
means, given g ∈ G and ga ∈ G for some a ∈ {0, . . . , q − 1}, to compute a. It is enough to en-
sure the hardness of this problem inG only, as it implies the hardness inGT . Namely, writing
h = ga ∈ G and letting h? = e(h, g . . . , g) and g? = e(g, . . . , g), one has that h? = (g?)a ∈ GT ,
i.e. a is also a discrete logarithm in GT . Note that the definition above restricts to prime order
groups G,GT because it is known that the discrete logarithm problem in a composite order
group is reduced to the discrete logarithm problem in its prime order subgroups, by an al-
gorithm of Pohlig-Hellman. For simplicity, we only treat the symmetric case; the asymmetric
case consists in having different source groups G1, . . . , Gκ of the same prime order.

The paper [BS03] however points to a rather pessimistic conclusion on the existence of
higher-degree multilinear maps from algebraic geometry, as for example, generalizations of
elliptic curve bilinear pairings.

3.1.2 Graded Encoding Schemes

A breakthrough was obtained in 2009 by Gentry’s fully homomorphic encryption scheme,
[Gen09]. Fully homomorphic encryption (FHE) allows to add and multiply ciphertexts, with
the underlying plaintexts being added and multiplied, without the need of being decrypted.
In 2013, this led Garg, Gentry and Halevi to the observation that FHE ciphertexts behave like
group exponents for multilinear maps, and formally introduced the notion of a graded encod-
ing scheme, [GGH13a]. Informally, one here considers a family of cyclic groups G0, . . . , Gκ
of the same prime order q, carrying efficiently computable group operations, together with
bilinear pairings ei,j : Gi × Gj → Gi+j for all i, j such that i + j ≤ κ. If gi+j = e(gi, gj),
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then, addition of exponents within Gi corresponds to gai gbi = ga+b
i , whereas multiplication

(whenever i+ j ≤ κ) corresponds to e(gai , gbj) = gabi+j .
We omit the precise definition of a κ-graded encoding system and refer to [GGH13a,

Definition 2]. In light of their conceptual differences with “ideal” multilinear maps as pro-
posed in [BS03], the construction of graded encoding schemes is viewed as an approximation
of cryptographic multilinear maps. Roughly speaking, the authors consider rings instead of
groups in order to be able to both add and multiply. An encoding of a ring element will
be of the form ga. From this definition, the authors in [GGH13a] propose the first plausible
construction of a cryptographic multilinear map, based on ideal lattices. Although graded en-
coding schemes present some conceptual differences, they achieve similar goals than crypto-
graphic multilinear maps, raising imminent interest in the cryptographic community.

Shortly after, two more constructions of graded encoding schemes appeared in the lit-
erature. In 2013, Coron, Lepoint and Tibouchi [CLT13] present an analogous construction
(called CLT13) but over the integers, based on the fully homomorphic encryption scheme
from [VDGHV10]. Two years later, a third family was published by Gentry, Gorbunov and
Halevi [GGH15] (referred to as GGH15), based on the LWE Problem with matrix encodings.

In this chapter, we mainly work with the CLT13 Scheme. We postpone a more detailed
overview of this construction to the next section.

3.1.3 Some applications of Multilinear Maps

The vast interest for building efficient multilinear maps is certainly due to their large number
of applications. Here we mention some without however entering in their details.

In light of the above discussion on Joux’s 3-party Diffie-Hellman key exchange [Jou04],
the most straightforward application of multilinear maps probably is a non-interactive one-
round multiparty Diffie-Hellman key exchange. Following the construction of Joux with a cryp-
tographic n-linear map, one directly constructs a one-round key exchange protocol for n+ 1
users. In [GGH13a], this construction is also adapted to work for graded encoding schemes.

Other applications include different types of encryption, such as attribute-based encryp-
tion, witness encryption, and functional encryption. See for example, [GGH+13d, GGSW13,
GGH+13c]. Another strong application of multilinear maps is indistinguishability obfusca-
tion (iO), which followed almost immediately after the GGH13 scheme was introduced (see
[GGH+13c]). At rough level, iO aims at publishing programswhose functionality depends on
certain secrets, without the source code of the programs revealing those secrets. More form-
ally, an obfuscator for a certain program C can be thought of as a function O which outputs a
modified program O(C) while not changing the functionality of C (i.e. O(C) and C compute
the same output for all inputs), and such that for any two programs C and C′ with the same
functionality, one cannot distinguish between their obfuscationsO(C) andO(C′) (i.e.O(C) and
O(C′) are computationally indistinguishable). Indistinguishability obfuscation is commonly
formalized in the language of matrix branching programs following [GGH13a]. We will recall
this notion in more detail at the end of this chapter (see Section 3.3.10).

3.2 The CLT13 multilinear map

We review some details of the CLT13 multilinear map scheme over the integers, by Coron,
Lepoint and Tibouchi (see [CLT13]).
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3.2.1 The CLT13 multilinear Map

Let n ∈ Z≥1, which we regard as a dimension for the CLT13 scheme. This integer should
be set large enough to ensure correctness and security. The instance generation of CLT13
generates n distinct secret “large” prime numbers p1, . . . , pn of bit size η, and publishes the
modulus x0 =

∏n
i=1 pi. We let γ denote the bit size of x0; therefore γ ≈ n · η. One also

generates n distinct secret “small” prime numbers g1, . . . , gn of bit size α. We do not make
the words “large” and “small” precise here, but the reader should interpret a significant size
difference between α and η. The plaintext ring is composite, i.e. a plaintext is an element
m = (m1, . . . ,mn) of the ring Z/GZ '

⊕n
i=1 Z/giZ where G =

∏n
i=1 gi.

Let κ ∈ Z≥1 be the multilinearity degree, i.e. we construct a κ-linear map. For k ∈
{1, . . . , κ}, an encoding at level k of the plaintextm is an integer c ∈ Z such that

c ≡ rigi +mi

zk
(mod pi) , for all 1 ≤ i ≤ n (3.1)

for “small” random integers {ri}i of bit size ρ; we refer to {ri}i as the noise in the encodings.
Here z is a random secret integer which is invertible modulo x0 and which is the same for
all encodings. We refer to encodings of level k = κ as top-level encodings, or encodings at
the last level. Remark that since the primes {pi}i are secret, the user cannot directly encode
messages using Equation (3.1). For this reason, the public parameters also include a certain
set of level-zero encodings of randommessages, and the user generates a level-zero encoding
by computing a random subset-sum of those public level-zero encodings.

The CLT13 multilinear map supports homomorphic properties. From Equation (3.1), it is
clear that two encodings at the same level can be added, and the underlying plaintexts get
added in Z/GZ. For example, let c1 be an encoding of m(1) = (m

(1)
i )i and c2 an encoding

of m(2) = (m
(2)
i )i at the same level k ∈ {1, . . . , κ}, then c1 + c2 ≡ (rigi + m

(1)
i + m

(2)
i )/zk

(mod pi) for all 1 ≤ i ≤ n, where ri := r
(1)
i + r

(2)
i is the noise corresponding to the addition

of the encodings c1 and c2, with self-explaining notation; thus, c1 + c2 encodesm(1) +m(2) at
level k. In particular, the sum of κ level-1 encodings is an encoding at level κ. Similarly, the
product of two encodings at level i and j gives an encoding of the product plaintexts at level
i+ j, as long as the numerators in Equation (3.1) do not grow too large, i.e. they must remain
smaller than each pi.

Let us now describe how zero-testing for a top-level encoding cworks. The instance gen-
eration publishes the zero-testing parameter pzt, defined as

pzt :=
n∑
i=1

hiz
κ(g−1

i mod pi)
x0

pi
mod x0 , (3.2)

where {hi}i ⊆ Z are “small” random integers of bit size nh (denoted by β in [CLT13]), and
g−1
i mod pi is the multiplicative inverse of gi in (Z/piZ)× for 1 ≤ i ≤ n. Zero-testing of a
top-level encoding c then consists in multiplying c by pzt and checking whether the result is
significantly smaller than x0. More precisely, we publicly compute:

ω := pzt · c mod x0 ≡
n∑
i=1

hi(ri +mi(g
−1
i mod pi))

x0

pi
(mod x0) (3.3)
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andwe consider that c encodes the zeromessage if ω (i.e. the representative in (−x0/2, x0/2]∩
Z) is “small” compared to x0. Namely, if mi = 0 for all 1 ≤ i ≤ n, that is, m is the zero-
message, then we obtain from Equation (3.3):

ω ≡
n∑
i=1

hiri
x0

pi
(mod x0) ,

and since {hi}i and {ri}i are “small”, the resulting ω will be “small” compared to x0. More
precisely, let ρ∞ be the maximum bit size of the noise integers {ri}i in the encodings. Then
{hirix0/pi}i have bit size roughly γ − η + nh + ρ∞, and letting

ν := η − nh − ρ∞ , (3.4)

they have bit size roughly γ−ν bits. Consequently, whenmi = 0 for all i, ω has bit size roughly
γ − ν bits; whereas when mi 6= 0 for some i, we expect that ω is of full size modulo x0, that
is, γ bits. The parameter ν in Equation (3.4) corresponds to the number of bits that can be
extracted from zero-testing; namely from Equation (3.3), the ν most significant bits of ω only
depend on the plaintext messages mi, and not on the noise ri. We refer to [CLT13, Lemma
3] for precise bounds needed for correct zero-testing. On input κ, the instance generation
of CLT13 outputs the parameters (n, η, α, ρ, nh, ν, x0, pzt) together with a strong randomness
extractor.

Note that to obtain a proper zero-testing procedure, one needs to use a vector of n elements
pzt; namely using a single pzt there exist encodings c with mi 6= 0 while pzt · c is “small”
modulo x0. In this case, an integer matrix H = (hij)ij ∈ Zn×n with small infinity norm is
sampled instead of the vector (hi)i ∈ Zn. For simplicity, in this chapter, we mainly consider a
single pzt, as it is usually the case in constructions over CLT13 multilinear maps. We refer to
[CLT13, Section 3.1] for the precise setting of the parameters.

3.2.2 Cryptanalysis of CLT13 multilinear maps

3.2.2.1 Cryptanalysis of Multilinear Maps

We now review some important cryptanalysis of the CLT13 scheme, and provide details for
the powerful attack proposed by Cheon et al. [CHL+15]. First, let us briefly recall some of the
history for the cryptanalysis of current multilinear map constructions.

Over the last years, numerous powerful attacks have appeared against all three proposals
of multilinear maps [GGH13a, CLT13, GGH15]. An important family of attacks against mul-
tilinear maps are so-called “zeroizing attacks”, which recover in polynomial time the secret
parameters from encodings of zero, using linear algebra. For the non-interactive multipart-
ite Diffie-Hellman key exchange, the zeroizing attack proposed by Cheon et al. [CHL+15] at
Eurocrypt 2015 recovers all secret parameters of CLT13; the attack can be extended to en-
coding variants where encodings of zero are not directly available [CGH+15]. Shortly after,
a new proposal [CLT15] replacing CLT13 and claiming tentative fixes against the Cheon et
al. attack, appeared, but was shown insecure, in [CFL+16]. The zeroizing attack from [HJ16]
also breaks the Diffie-Hellman key exchange over GGH13. Finally, the key exchange over
GGH15 was also broken in [CLLT16], using an extension of the Cheon et al. zeroizing attack.
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Even though direct multipartite key exchange protocols are broken for the three known
families of multilinear maps, more complex constructions are not necessarily broken. For
example, for indistinguishability obfuscation (iO), low-level encodings of zero are generally
not available, hence preventing zeroizing attacks. However the Cheon et al. attack against
CLT13 was extended in [CGH+15] to matrix branching programs where the input can be
partitioned into three independent sets. The attack was extended in [CLLT17] to branching
programs without a simple input partition structure, using a so-called tensoring technique.
For obfuscation based on GGH13, Miles, Sahai and Zhandry [MSZ16] introduced “annihil-
ation attacks” that break a certain class of matrix branching programs; the attack was later
extended in [CGH17] to break the [GGH+13b] obfuscation under GGH13, using a variant of
the input partitioning attack. Finally, Chen, Vaikuntanathan and Wee described in [CVW18]
an attack against iO over GGH15. In general, the above attacks only apply against branch-
ing programs with a simple structure, and breaking more complex constructions (such as
dual-input branching programs) is currently infeasible.

3.2.2.2 The Cheon et al. attack against CLT13 with encodings of zero

Clearly, one way to break CLT13 is by factoring x0, which is doable in classic sub-exponential
time via ECM [Len87], or in quantum polynomial time using Shor’s algorithm [Sho97]. The
Cheon et al. attack factors x0 in polynomial time on a classical computer, when sufficiently
many encodings of zero are available1 to the attacker. From the factorization of x0, all the
other secret parameters can be computed. This breaks the CLT13-multiparty Diffie-Hellman
key exchange. The attack has been extended to matrices of encodings in [CGH+15], which
we will not recall here.

We now recall how the attack works; we refer to [CHL+15] for full details. For simplicity
of exposition, we consider trilinear maps, i.e. the case κ = 3; the attack is easily extended to
κ > 3. Consider disjoint sets A = {αj : 1 ≤ j ≤ n}, B = {β1, β2} and C = {γk : 1 ≤ k ≤ n} of
encodings at level 1 and where all encodings in A encode zero. Therefore, there are #A = n
public encodings of zero and #(A∪B∪C) = 2n+2 encodings in total. Following the CLT13-
notation introduced above, we write

αj ≡ αji/z (mod pi) , βa ≡ βai/z (mod pi) , γk ≡ γki/z (mod pi)

for all i, j, k ∈ {1, . . . , n} and a ∈ {1, 2}. Because αjβaγk encodes zero at level 3 (since the
encodings in A encode zero), correct zero-testing ensures that the zero-test equations ω(a)

jk =
pzt(αjβaγk), given by the matrix notations

ω
(a)
jk =

n∑
i=1

pzt,iαjiβaiγki =
[
αj1 · · ·αjn

] βa1pzt,1
. . .

βanpzt,n


γk1

...
γkn


with pzt,i = (hi(g

−1
i mod pi) · x0/pi for 1 ≤ i ≤ n defining the zero-test parameter, hold over

Z instead of Z/x0Z. Writing these relations out for all indices (j, k) ∈ {1, . . . , n}2, the n × n
matrices

Wa := (ω
(a)
jk )1≤j,k≤n , a ∈ {1, 2} (3.5)

1Such encodings are for instance public in the rerandomization procedure of CLT13.
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satisfy the matrix equalities

Wa = P · Ua ·Q , a ∈ {1, 2} (3.6)

for secret matrices P,Q of full rank n (corresponding to encodings of A and C, respectively)
and diagonal matrices U1, U2 containing the elements {βaipzt,i : 1 ≤ i ≤ n}. If at least one of
W1,W2 is invertible over Q (sayW2), the attacker computes the eigenvalues of the product

W1 ·W−1
2 = P (U1U

−1
2 )P−1 ,

by factoring the characteristic polynomial (over Q). By similarity, these eigenvalues coincide
with those of U1U

−1
2 which are {β1i/β2i : 1 ≤ i ≤ n}. These ratios are now enough to factor

x0 completely: namely, writing β1i/β2i = xi/yi for coprime integers xi, yi and using that
βa ≡ βai/z (mod pi), one obtains xiβ2 − yiβ1 ≡ (xiβ2i − yiβ1i)/z ≡ 0 (mod pi) for 1 ≤ i ≤ n,
and therefore, one reveals the primes {pi}i by computing gcd(xiβ2−yiβ1, x0) = pi (this holds
with high probability, as it is likely that, the only 1 ≤ j ≤ n such that this gcd is pj is j = i).
In summary, this attack recovers all secret prime factors {pi}i of x0 in polynomial time, given
as input the set A of level-one encodings of zero and the sets B and C. The running time of
this algorithm is polynomial time and relies on basic algorithms from linear algebra. We give
a summary in Algorithm 2.

Algorithm 2 Cheon et al. attack against CLT13 with encodings of zero
Parameters: The CLT13 parameters with κ = 3
Input: Disjoint sets A,B,C of encodings at level one, where the encodings in A encode zero,

and #A = #C = n and #B = 2; and x0 =
∏n
i=1 pi

Output: The prime factors {pi : 1 ≤ i ≤ n} of x0

1: for a ∈ {1, 2} do
2: Construct the matrixWa ∈ Zn×n as in Equation (3.5)
3: end for
4: Compute the eigenvalues {β1i/β2i}i ofW1W

−1
2 (assuming invertibility ofW2)

5: for 1 ≤ i ≤ n do
6: Compute coprime integers xi, yi such that β1i/β2i = xi/yi
7: Compute and return gcd(xiβ2 − yiβ1, x0), where B = {β1, β2}
8: end for

3.3 Cryptanalysis of CLT13 with Independent Slots

3.3.1 Introduction

Many constructions based on multilinear maps require independent slots in the plaintext so
that multiple computations can be performed in parallel over the slots. Such constructions
are usually based on CLT13 multilinear maps, since CLT13 inherently provides a composite
encoding space

⊕n
i=1 Z/giZ for small prime numbers {gi}i. However, a vulnerability was

identified at Crypto 2014 by Gentry, Lewko and Waters, with a 2-dimensional lattice-based
attack, and the authors have suggested a simple countermeasure. In this section, we identify
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an attack based on higher dimension lattice reduction that breaks the author’s countermeas-
ure for a wide range of parameters. Combinedwith the Cheon et al. attack recalled in Section
3.2.2.2, this leads to the recovery of all the secret parameters of CLT13, assuming that low-level
encodings of almost zero plaintexts are available. We show how to apply our attack against
various constructions over composite-order CLT13. For the [FRS17] construction, our attack
enables to recover the secret CLT13 plaintext ring for a certain range of parameters; however,
breaking the indistinguishability of the branching program remains an open problem.

Multilinear maps with independent slots. Many constructions based on multilinear maps
require independent slots in the plaintext so that multiple computations can be performed
in parallel over the slots when evaluating the multilinear map. For example, [GLW14] and
[GLSW15] use independent slots to obtain improved security reductions for witness encryp-
tion and obfuscation. Multilinear maps with independent slots were also used in the circuit
based constructions of [AB15, Zim15]. The construction from [FRS17], which gives a power-
ful technique for preventing zeroizing attacks against iO, is also based on multilinear maps
with independent slots.

The CLT13 multilinear map scheme inherently supports a composite integer encoding
space, with a plaintext ringZ/GZ '

⊕n
i=1 Z/giZ for small secret primes gi’s andG = g1 · · · gn.

For example, in the construction from [FRS17], every branching program works independ-
ently modulo each gi. In that case, the main difference with the original CLT13 is that the
attacker can obtain encodings of subring elements which are zero modulo all gi’s except one;
for example, in [FRS17] this would be done by carefully choosing the input so that all branch-
ing programswould evaluate to zero except one. Whereas in the original CLT13 construction,
one never provides encodings of subring elements; instead one uses an “all-or-nothing” ap-
proach: either the plaintext element is zeromodulo all {gi}i, or it is non-zeromodulo all {gi}i
(with high probability).

The attack and countermeasure from [GLW14]. AtCrypto 2014, Gentry, Lewko andWaters
observed that using CLT13 with independent slots leads to a simple lattice attack in dimen-
sion 2, which efficiently recovers the (secret) plaintext ring

⊕n
i=1 Z/giZ (see [GLW14, Ap-

pendix B]). Namely, when using CLT13 with independent slots, the attacker can obtain en-
codings where all slots are zero modulo gi except one. For example, for a matrix branching
program evaluation as in [FRS17], the result of the program evaluation could have the form:

A(x) ≡
n∑
i=1

hi · (ri +mi · (g−1
i mod pi)) ·

x0

pi
(mod x0)

wheremi = 0 for all i exceptmi0 6= 0 for some 1 ≤ i0 ≤ n. This implies:

gi0A(x) ≡ hi0(ri0gi0 +mi0)
x0

pi0
+
∑
i 6=i0

gi0hiri
x0

pi
(mod x0)

and therefore gi0A(x) mod x0 is “small” (significantly smaller than x0). Since gi0 is very small,
we can then recover gi0 using lattice reduction in dimension 2, while normally the {gi}i are
secret in CLT13. Moreover, once we know gi0 , we can simply multiply the evaluation by
gi0 to obtain a “small” result, even if the evaluation of the branching program is non-zero
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modulo gi0 ; in particular, this cancels the effect of the protection against input partitioning
from [FRS17].

The countermeasure considered in [GLW14, Appendix B] is to give many “buddies” to
each gi, so that we do not have a plaintext element which is non-zeromodulo a single isolated
gi. Then, either an encoding is 0 modulo gi and all its prime buddies gi0 , or it is (with high
probability) non-zero modulo all of them. In other words, instead of using individual {gi}i
to define the plaintext slots, every slot is defined modulo a product of θ primes for some
1 ≤ θ < n. Therefore, we obtain a total of bn/θc plaintext slots (instead of n). While the above
attack can be extended by multiplying A(x) by the θ corresponding primes, for large enough
θ the right-hand side of the equation is not “small” anymore and the attack is thwarted.

3.3.2 Our contributions

We identify an attack based on higher dimension lattice reduction that breaks the counter-
measure from [GLW14, Appendix B] for a wide range of parameters, with significant impact
on the security of CLT13 multilinear maps with independent slots.

Analysis of the attack from [GLW14]. We first provide a theoretical study of the above
attack, in order to derive a precise bound on θ as a function of the CLT13 parameters, where θ
is the number of primes {gi}i for each plaintext slot. Note that such an explicit boundwas not
given in [GLW14]. We argue that, when ν denotes the number of bits that can be extracted
from zero-testing in CLT13, the 2-dimensional lattice attack requires the following simplified
condition on the parameters:

αθ <
ν

2
, (3.7)

where α is the bit size of the primes {gi}i.

Breaking the countermeasure from [GLW14]. Our main contribution in this chapter is to
extend the 2-dimensional attackmentioned above and to break the countermeasure for larger
values of θ. Our attack is based on lattice reduction in higher dimensions, by using a variant of
the orthogonal lattice attack exploited in [NS99] for solving the hidden subset sum problem.
In this extension, we use ` encodings {cj : 1 ≤ j ≤ `} where the corresponding plaintexts
have only θ non-zero components modulo the primes {gi}i (instead of ` = 1 in the attack
from [GLW14]). Constructing and reducing a certain public lattice in dimension ` + 1, we
show that our attack requires the simplified condition

(
1 + 1

`

)
αθ < ν for the parameters.

Therefore, for moderately large values of `, this entails the simpler condition αθ < ν, which
gives an improvement of (3.7) by a factor 2.

In the same vein, we show how to further improve this condition by considering products
of encodings of the form cj · dk for 1 ≤ j ≤ ` and 1 ≤ k ≤ d, where, as previously, the
plaintexts of the encodings {cj}j have only θ non-zero components modulo the primes {gi}i.
In that case, using a variant of the previous lattice attack, this time in dimension ` + d, the
bound improves to:

αθ = O(ν2)

The above bound also applies when a vector of zero-testing elements is available, instead of
a single zero-test parameter pzt. While the original attack from [GLW14] recovers the secret
plaintext ring of CLT13, we additionally recover the plaintext messages {mj : 1 ≤ j ≤ `} for
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the encodings {cj : 1 ≤ j ≤ `}, up to a scaling factor.

We provide in Section 3.3.8 the result of practical experiments for our attack. For the
original parameters of [CLT13], our attack takes a few seconds for θ = 40, and a fewhours for θ
as large as 160, while the original attack from [GLW14] onlyworks for θ = 1. In summary, our
attack is more powerful than the attack in [GLW14], as it allows much larger values for θ, and
additionally recovers secret information about the plaintext messages. Finally, we propose a
set of secure parameters for CLT13 multilinear maps that prevents our extended attack. For
example, for λ = 80 bits of security, we recommend to take θ ≥ 1789.

Recovering all the secret parameters of CLT13. For the range of parameters derived in our
extended high-dimensional attack, we show how to combine our algorithm with the Cheon
et al. attack from [CHL+15], in order to reveal all secret parameters of CLT13. More precisely,
when intermediate-level encodings of partially zero messages are available, our approach
consists in applying our lattice attack to generate intermediate-level encodings of zero; then
the Cheon et al. attack is applied on these newly-created encodings of zero, to recover all
secret parameters.

Application to CLT13-based constructions. Finally, we show how our attack affects the
parameter selection of several schemes based on CLT13 multilinear maps with independent
slots, namely the constructions from [GLW14, GLSW15, Zim15] and [FRS17]. For the [FRS17]
construction, our lattice attack enables to recover the secret CLT13 plaintext ring for a certain
range of parameters; however, breaking the indistinguishability of the branching program
remains an open problem.

3.3.3 Basic Attack against CLT13 with Independent Slots

In this section, we review the basic attack identified in [GLW14] based on 2-dimensional lat-
tice reduction, as well as the proposed countermeasure. We then provide a detailed analysis
of the parameters for this attack.

3.3.3.1 The basic attack from [GLW14]

When using CLT13 with independent slots, the attacker can obtain encodings of plaintext
elements where all slots are zero modulo gi except one. For example, in the [FRS17] construc-
tion where each branching program works modulo gi, the attacker can choose the input so
that the resulting evaluation is 0 modulo all primes {gi}i except one, say g1, without loss of
generality. Let c be a level-κ encoding of a plaintext m = (m1, . . . ,mn) where mi = 0 for all
2 ≤ i ≤ n. From Equation (3.3), we then obtain the following zero-testing evaluation:

ω ≡ h1 ·m1 · (g−1
1 mod p1) · x0

p1
+

n∑
i=1

hi · ri ·
x0

pi
(mod x0)

which implies, by multiplying by g1:

g1 · ω ≡ h1 ·m1 ·
x0

p1
+

n∑
i=1

g1 · hi · ri ·
x0

pi
(mod x0) .
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As the integers hi and ri are “small”, one sees that g1 · ω mod x0 is significantly smaller than
x0. Using a lattice reduction in dimension 2 for a well-chosen lattice, this implies that we can
recover g1 and similarly the other {gi}i, while normally the {gi}i are secret in CLT13. This
eventually recovers the plaintext ring for CLT13. We analyze the attack below.

The proposed countermeasure. To prevent the attack, the following countermeasure was
suggested by the authors: instead of using individual primes {gi}i to define the plaintext
slots, every slot is defined modulo a product of θ primes {gi}i, where 2 ≤ θ < n. Therefore, a
plaintext element cannot be non-zero modulo a single prime gi; it has to be non-zero modulo
at least θ primes {gi}i. Assuming for simplicity that θ divides n, this gives a total of n/θ
plaintext slots instead of n.

Therefore, the original CLT13-plaintext ring R = Z/g1Z × · · · × Z/gnZ can be rewrit-
ten as R =

⊕n/θ
j=1Rj , where for all 1 ≤ j ≤ n/θ, the subrings Rj are such that Rj '⊕θ

i=1 Z/g(j−1)θ+iZ. We can assume that the attacker can obtain encodings of random sub-
ring plaintexts in Rj for any 1 ≤ j ≤ n/θ. In that case, the attacker obtains an encoding c of
m = (m1, . . . ,mn) ∈ R where mi ≡ 0 (mod gi) for all i ∈ {1, . . . , n} \ {(j − 1)θ + 1, . . . , jθ}.
In that case we will say thatm has non-zero support of length θ. Following the lines of attack
and assuming that the zero components are in the first slot, one would now multiply by the
product g1 . . . gθ instead of only g1. Consequently the product g1 · · · gθ · ω grows and g1 . . . gθ
can eventually not be recovered by lattice reduction anymore.

3.3.3.2 Analysis of the basic attack

We now analyze the attack from [GLW14] in more details, and derive an explicit bound on
the parameter θ, as a function of the other CLT13 parameters.

Given an integer 1 ≤ θ < n (the attack mentioned in Section 3.3.3.1 is obtained for θ = 1),
we consider a message having non-zero support of length θ; without loss of generality, we
can assume that it is of the form m = (m1, . . . ,mn) ∈ Zn with 0 ≤ mi < gi such that mi = 0
for θ+ 1 ≤ i ≤ n, i.e. we assume that the non-zero support ofm is located in the first slot. We
consider a level-κ encoding c ofm, satisfying

c ≡ rigi +mi

zκ
(mod pi) , 1 ≤ i ≤ n

with integers {ri}i of bit size ρ∞. From zero-testing, we then obtain from Equation (3.3):

ω ≡ pzt · c ≡
θ∑
i=1

hi(g
−1
i mod pi)mi

x0

pi
+

n∑
i=1

hiri
x0

pi
(mod x0)

By multiplying by g :=
∏θ
i=1 gi this leads to:

gω ≡
θ∑
i=1

himi
g

gi

x0

pi
+

n∑
i=1

ghiri
x0

pi
(mod x0) (3.8)

Letting u =
∑θ

i=1 himi(g/gi)(x0/pi) +
∑n

i=1 ghiri(x0/pi), this simplifies to

gω ≡ u (mod x0) (3.9)
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Since the integers hi and ri are “small” in order to ensure correct zero-testing, the integer u
is “small” in comparison to x0. More precisely, the proposition below shows that if g · u is a
bit smaller than x0, then we can recover g and u by lattice reduction in dimension 2.

Proposition 3.3.1. Let g, ω, u ∈ Z≥1 andx0 ∈ Z≥1 be such that gω ≡ u (mod x0) and gcd(ω, x0) =
gcd(u, g) = 1. Assume that g · u < x0/10. Given ω and x0 as input, one can recover g and u in
polynomial time.

Proof. Without loss of generality we can assume g ≤ u, as otherwise we can apply the al-
gorithm with uω−1 ≡ g (mod x0). Let B ∈ Z≥1 such that u ≤ Bg ≤ 2u. When the bit size
of g and u is unknown, such a B can be found by exhaustive search in polynomial time. We
consider the lattice L ⊆ Z2 of vectors (Bx, y) such that xω ≡ y (mod x0). From gω ≡ u
(mod x0) it follows that L contains the vector v = (Bg, u). We show that v is a shortest non-
zero vector in L. By Minkowski’s Theorem (Theorem 2.2.2), we have λ1(L) ≤

√
2Vol(L).

From Hadamard’s Inequality (Proposition 2.2.1) together with Vol(L) = Bx0, we obtain:

λ2(L) ≥ Vol(L)

λ1(L)
≥
√

Vol(L)√
2

=

√
Bx0√

2
>
√

5Bgu ≥
√

5u.

Moreover, we have that ‖v‖ = ((Bg)2 + u2)1/2 ≤
√

5u. This implies that ‖v‖ < λ2(L) and
consequently v is a multiple of a shortest non-zero vector in L: we write v = kv′ with ‖v′‖ =
λ1(L), and k ∈ Z\{0}. Letting v′ = (Bv1, v2), we have g = kv1 and u = kv2. Hence k divides
both g and u. Since gcd(g, u) = 1 one has k = ±1. This shows that v is a shortest non-zero
vector of L. By running Lagrange-Gauss reduction on the matrix of row vectors:[

B ω
0 x0

]
one obtains in polynomial time a length-ordered basis {b1, b2} of L satisfying ‖b1‖ = λ1(L)
and ‖b2‖ = λ2(L), which enables to recover g and u.

Using the same notations as in Section 3.2.1, g =
∏θ
i=1 gi has approximate bit size θ · α,

while u has an approximate bit size γ − η + nh + ρ∞ + θα. From the condition g · u <
x0/10 of Proposition 3.3.1, we obtain, by dropping the term log2(10), the simplified condition
γ− η+nh + ρ∞+ θα+ θα < γ. Writing as ν = η−nh− ρ∞ as in Section 3.2.1 for the number
of bits that can be extracted during zero testing, the attack works under the condition

2αθ < ν . (3.10)

3.3.4 An extended attack against CLT13 with Independent Slots

We now describe a high-dimensional lattice reduction attack revealing the secret plaintext
ring of CLT13 as for [GLW14], but improving the bound on θ derived in Equation (3.10).

Outline of our new attack. The main difference between our new attack and Section 3.3.3.1
is that this time we work with several messages instead of a single one, thus relying on high-
dimensional lattice reduction instead of dimension 2. As a result, our new attack not only
improves the bound (3.10), but also recovers multiples of the underlying plaintext messages,
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which was not the case for [GLW14].

Let ` ≥ 1 be an integer. Assume that we have ` level-κ encodings {cj}j of plaintext ele-
ments mj = (mj1, . . . ,mjn) for 1 ≤ j ≤ `, where each message has non-zero support of
length θ. Without loss of generality, we can assume that the first θ components of eachmj are
non-zero, that is,mji = 0 for all θ+ 1 ≤ i ≤ n and all 1 ≤ j ≤ `. We consider the zero-testing
evaluations ωj = pzt · cj mod x0 of these encodings, which gives as previously:

ωj ≡
θ∑
i=1

hi(rji +mji(g
−1
i mod pi))

x0

pi
+

n∑
i=θ+1

hirji
x0

pi
(mod x0) , 1 ≤ j ≤ `

for integers {rji}i,j . We can now rewrite the above equation as:

ωj ≡
θ∑
i=1

αi ·mji +Rj (mod x0) , 1 ≤ j ≤ ` (3.11)

for some integers {αi}i, where for each ωj , the integer Rj is significantly smaller than x0.
We can view Equation (3.11) as an instance of a “noisy” hidden subset sum problem.

In [NS99], the authors consider the hidden subset sum problem, as introduced in Definition
2.2.6. Given a positive integerN , and a vector v = (v1, . . . , v`) ∈ Z`with entries in {0, . . . , N−
1}, find integers α1, . . . , αn ∈ {0, . . . , N − 1} such that there exist vectors x1, . . . , xn ∈ Z` with
entries in {0, 1} satisfying:

v ≡ α1x1 + α2x2 + · · ·+ αnxn (mod N)

In our case, the weights α1, . . . , αn are hidden as in [NS99], but for each equation we have
an additional hidden noisy term Rj . Moreover, the weights αi = hi(g

−1
i mod pi)x0/pi have a

special structure, instead of being random in [NS99]. Thanks to this special structure, using
a variant of the orthogonal lattice approach from [NS99], we can recover the secret product
g = g1 · · · gθ and the plaintext elements {mji}i up to a scaling factor.

A preliminary result on lattices. Based on Hadamard’s Inequality (Proposition 2.2.1), we
prove the following simple lemma.

Lemma 3.3.2. Let 1 ≤ n ≤ d be integers and letL ⊆ Zd be a lattice of rankn ≥ 2. Let x1, . . . , xn−1 ∈
L be linearly independent. Then for every vector y ∈ L not in the linear span of x1, . . . , xn−1, one has
‖y‖ ≥ Vol(L)/

∏n−1
i=1 ‖xi‖.

Proof. Since x1, . . . , xn−1, y ∈ L are linearly independent, they generate a rank-n sublattice
L′ of L and hence Vol(L) ≤ Vol(L′) as Vol(L) divides Vol(L′). By Hadamard’s Inequality,
Vol(L) ≤ Vol(L′) ≤ ‖y‖ ·

∏n−1
i=1 ‖xi‖. The bound follows.

3.3.5 Our first lattice-based attack

Setting. In this section, we describe our first attack based on a variant of the hidden subset-
sum problem. We consider plaintext elements m1, . . . ,m` ∈ Zn and write mji for the i-th
entry of the j-th message, where 0 ≤ mji < gi for all 1 ≤ i ≤ n and 1 ≤ j ≤ `. As previously,
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we assume thatmji = 0 for all θ+ 1 ≤ i ≤ n. We writeM for the matrix of row vectorsmj for
1 ≤ j ≤ `; and we will denote its columns by m̂i for 1 ≤ i ≤ n, that is,M =

[
m̂1 · · · m̂n

]
∈

Z`×n. By construction, the vectors {m̂i : θ + 1 ≤ i ≤ n} are all zero. We also assume that for
all 1 ≤ i ≤ θ, m̂i 6≡ 0 (mod gi). For 1 ≤ j ≤ `, we let cj denote an encoding of mj at the last
level κ, satisfying cj ≡ z−κ(rjigi + mji) (mod pi) for all 1 ≤ i ≤ n, and where where rji ∈ Z

are ρ∞-bit integers. Letting c = (cj)1≤j≤`, this gives a vector equation over Z`:

c ≡ z−κ (giri + m̂i) (mod pi) , 1 ≤ i ≤ n (3.12)

for ri = (rji)1≤j≤`. Let pzt be the zero-testing parameter, as defined in Equation (3.2). From
zero-testing we obtain the following equations:

ωj ≡ cj · pzt ≡
θ∑
i=1

himji(g
−1
i mod pi)

x0

pi
+

n∑
i=1

hirji
x0

pi
(mod x0) , 1 ≤ j ≤ `

which can be rewritten as ωj ≡
∑θ

i=1 αimji + Rj (mod x0), where we use the shorthand
notations:

αi := hi(g
−1
i mod pi)

x0

pi
, 1 ≤ i ≤ θ (3.13)

Rj :=
n∑
i=1

hirji
x0

pi
, 1 ≤ j ≤ `

As a vector equation, this reads:

ω ≡ pzt · c ≡
θ∑
i=1

αim̂i +R (mod x0) (3.14)

with ω = (ωj)1≤j≤`; the vectors m̂i, for 1 ≤ i ≤ θ, are as above, and R = (Rj)1≤j≤`. The
components of R have approximate bit size ρR = γ − η + nh + ρ∞. Using, as in Section 3.2.1,
ν := η−nh−ρ∞ as the number of bits that can be extracted, we have therefore ρR = γ−ν. As
explained above, Equation (3.14) is similar to an instance of the hidden subset sum problem,
so we describe a variant of the orthogonal lattice attack considered in [NS99], which recovers
the secret CLT13 plaintext ring and the hidden plaintexts {m̂i : 1 ≤ i ≤ θ}, up to a scaling
factor. For the sequel, we assume that g1, . . . , gθ are distinct, and that gcd(gi, hix0/pi) = 1, for
every 1 ≤ i ≤ θ.

The orthogonal lattice L. To ω and x0, we associate the lattice L := L(ω, x0) of vectors
(Bu, v) ∈ Z`+1, with u ∈ Z` and v ∈ Z, such that (u, v) is orthogonal to (ω, 1) modulo x0,
where B ∈ Z≥1 is a constant, which serves as scaling factor and that will be determined
later in our analysis. Since L contains the sublattice x0Z

`+1, it has full-rank ` + 1. Note that
this lattice is known (i.e. we can easily construct a basis for it) since ω and x0 are given. Our
attack is based on the fact thatL contains a rank-` sublatticeL′, generated by reasonably short
vectors {(Bui, vi) : 1 ≤ i ≤ `} of L, which can be used to reveal the secret product

g :=
θ∏
i=1

gi .
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More precisely, for every vector (Bu, v) ∈ L, we obtain from Equation (3.14) and the
linearity of the inner product:

〈u, ω〉+ v ≡
θ∑
i=1

αi〈u, m̂i〉+ 〈u,R〉+ v ≡ 0 (mod x0)

and therefore, the vector (〈u, m̂1〉, . . . , 〈u, m̂θ〉, 〈u,R〉+v) is orthogonalmodulox0 to the vector
a = (α1, . . . , αθ, 1). To obtain balanced components, we use another scaling constantC ∈ Z≥1

and consider the vector:

pu,v := (C〈u, m̂1〉, . . . , C〈u, m̂θ〉, 〈u,R〉+ v)

Following the original orthogonal lattice attack from [NS99], if a vector (Bu, v) from L

is short enough, then the associated vector pu,v = (Cx, y) will also be short, and if (x, y)
becomes shorter than a shortest non-zero vector orthogonal to a modulo x0, we must have
pu,v = 0, which implies 〈u, m̂i〉 = 0 for all 1 ≤ i ≤ θ. We will see that in our setting, because
of the specific structure of the coefficients {αi}i from Equation (3.13), we only get 〈u, m̂i〉 ≡ 0
(mod gi) for all 1 ≤ i ≤ θ. Therefore, by applying lattice reduction to L, we expect to recover
the latticeΛ of vectors uwhich are orthogonal to all m̂imodulo gi; since by assumption m̂i 6≡ 0
(mod gi) for all 1 ≤ i ≤ θ, the lattice Λi := {u ∈ Z` : 〈u, m̂i〉 ≡ 0 (mod gi)} has volume gi, and
since g1, . . . , gθ are distinct primes, the lattice Λ =

⋂θ
i=1 Λi has volume equal to

∏θ
i=1 gi = g.

In particular, any basis for this lattice reveals g by computing its determinant.

The lattice A⊥. Henceforth, we must study the short vectors in the lattice of vectors ortho-
gonal to a modulo x0. More precisely, we consider the lattice A⊥ of vectors (Cx, y) in Zθ+1,
such that (x, y) is orthogonal to a = (α1, . . . , αθ, 1)modulo x0; therefore pu,v ∈ A⊥. The lattice
A⊥ has full-rank θ+ 1 and satisfies Vol(A⊥) = Cθx0. Namely, we have an abstract group iso-
morphism A⊥ ' (CZ)θ ⊕ x0Z, sending (Cx, y) to (Cx, 〈x, a〉+ y). As mentioned previously,
the components {αi}i of a have a particular structure. Namely, by Equation (3.13), we have:

gi · αi ≡ hi ·
x0

pi
(mod x0)

for all 1 ≤ i ≤ θ. As a consequence, A⊥ contains the θ linearly independent short vectors
qi = (0, . . . , 0, Cgi, 0, . . . , 0,−si), where si := hi · x0/pi. Using C := 2ρR−α, we obtain the
approximate bound ‖qi‖ ' C · 2α.

Let us now derive a condition on the Euclidean norm of pu,v so that it belongs to the
sublattice of A⊥ generated by the short vectors {qi : 1 ≤ i ≤ θ}. From Lemma 3.3.2, if
‖pu,v‖ < Vol(A⊥)/

∏θ
i=1 ‖qi‖, then pu,v must belong to the linear span generated by the {qi}i;

further since by assumption, the gi’s are distinct primes and gcd(si, gi) = 1 for all 1 ≤ i ≤ θ,
this implies that it must belong to the sublattice generated by the {qi}i. In that case, we have:

〈u, m̂i〉 ≡ 0 (mod gi) , 1 ≤ i ≤ θ (3.15)

From Vol(A⊥) = Cθx0 and ‖qi‖ ' C2α, the condition ‖pu,v‖ < Vol(A⊥)/
∏θ
i=1 ‖qi‖ gives the

simplified condition:
‖pu,v‖ < 2γ−αθ (3.16)
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Short vectors in L. We now study the short vectors of L; more precisely, we explain that L
contains ` linearly independent short vectors of norm approximately 2ρR+αθ/`. We show that
these vectors can be derived from the lattice Λ of vectors u ∈ Z` satisfying Equation (3.15).
This is a full-rank lattice of dimension ` and volume g =

∏θ
i=1 gi, with g ' 2αθ. Therefore,

we heuristically expect Λ to contains ` linearly independent vectors of norm approximately
(VolΛ)1/` ' 2αθ/`. We show that from any short u ∈ Λ, we can generate a vector (u, v) with
small v, and orthogonal to (ω, 1) modulo x0, and consequently a short vector (Bu, v) ∈ L.
For this, we write 〈u, m̂i〉 = kigi with ki ∈ Z, and we have:

〈u, ω〉+ v ≡
θ∑
i=1

αi〈u, m̂i〉+ 〈u,R〉+ v ≡
θ∑
i=1

ki · gi · αi + 〈u,R〉+ v (mod x0)

≡
θ∑
i=1

ki · si + 〈u,R〉+ v (mod x0)

It suffices to let v := −〈u,R〉 −
∑θ

i=1 kisi to obtain 〈u, ω〉 + v ≡ 0 (mod x0); the vector (u, v)
is then orthogonal to (ω, 1) modulo x0, and thus (Bu, v) ∈ L. We obtain |v| ' ‖u‖ · 2ρR ;
therefore letting B := 2ρR , we get ‖(Bu, v)‖ ' 2ρR‖u‖. In summary, the lattice L contains a
sublattice L′ of rank `, generated by ` vectors of norm roughly 2ρR+αθ/`. That the recovered
vectors are indeed linearly independent is the content of the following lemma.

Lemma 3.3.3. Let {(Buj , vj) : 1 ≤ j ≤ `+ 1} be a basis of the lattice L and assume that the vectors
{puj ,vj : 1 ≤ j ≤ `} belong to the sublattice of A⊥ generated by {qi : 1 ≤ i ≤ θ}. Then the vectors
{uj : 1 ≤ j ≤ `} are R-linearly independent.

Proof. Let B = {(Buj , vj) : 1 ≤ j ≤ ` + 1} be a basis of L. By contradiction, assume that the
vectors {uj : 1 ≤ j ≤ `} are linearly dependent. For every 1 ≤ j ≤ `, we consider the vector
puj ,vj associated with (Buj , vj). Since {puj ,vj : 1 ≤ j ≤ `} belong to the lattice generated by
{qi : 1 ≤ i ≤ θ}, there exist integers {βij}i,j such that puj ,vj =

∑θ
i=1 βijqi for every 1 ≤ j ≤ `.

The definition of the vectors {qi : 1 ≤ i ≤ θ} gives puj ,vj = (Cβ1jg1, . . . , Cβθjgθ,−
∑θ

i=1 βijsi)
for every 1 ≤ j ≤ `, and from the definition of puj ,vj , we conclude, by equalizing the compon-
ents, the relations βijgi = 〈uj , m̂i〉 and−

∑θ
i=1 βijsi = 〈uj , R〉+vj for every 1 ≤ j ≤ `, 1 ≤ i ≤

θ. Combining both relations leads to vj = −
∑θ

i=1
si
gi
〈uj , m̂i〉−〈uj , R〉, for 1 ≤ j ≤ `. Thus, we

see that if {uj : 1 ≤ j ≤ `} are linearly dependent over R, then so are {(Buj , vj) : 1 ≤ j ≤ `},
which contradicts the fact that B is a basis of L.

Recovering g =
∏θ
i=1 gi. In this part, we establish heuristic conditions on the parameters,

under which lattice reduction is expected to reveal g =
∏θ
i=1 gi. We rely on the heuristic

bounds fromSection 2.2.2, and for an even simpler analysis, we omit the factor
√

(`+ 1)/(2πe),
which comes from the Gaussian Heuristic in Equation (4.5). We denote the root Hermite factor
by 2ι(`+1), for some positive constant ι depending on the lattice reduction algorithm.

Therefore, by applying lattice reduction to L, we expect that the first ` vectors {(Buj , vj) :
1 ≤ j ≤ `} of a reduced basis belong to L′ and have norm approximately:

‖(Buj , vj)‖ ' 2ρR+αθ/` · 2ι(`+1) , 1 ≤ j ≤ ` . (3.17)
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With C = 2ρR−α as suggested before, we have approximately ‖pui,vi‖ ' ‖(Bui, vi)‖ for all 1 ≤
i ≤ `. From the condition given by Equation (3.16), we obtain that ui ∈ Λ if ‖pui,vi‖ < 2γ−α·θ;
therefore combining with Equation (3.17) we get the approximate condition:

ρR +
αθ

`
+ ι(`+ 1) < γ − αθ .

Using ρR = γ − ν where ν is the number of bits that can be extracted from zero-testing, this
condition becomes

αθ

(
1 +

1

`

)
+ ι(`+ 1) < ν . (3.18)

In summary, when (3.18) is satisfied, we expect to recover a basis {ui : 1 ≤ i ≤ `} ofΛ; then
since Vol(Λ) = g =

∏θ
i=1 gi, the absolute value of the determinant of the basis matrix reveals

g. Let us add a remark concerning this line of attack. In fact, our algorithm only reveals a
full-rank sublattice of Λ, instead of Λ. Thus wewould only recover a non-trivial multiple of g,
instead of g. However, in the results of our implementation, the revealed sublattice is always
equal to Λ, and thus we recover g precisely.

From Equation (3.18), we observe that ` can be kept relatively small (say ` ' 10), as larger
values of `would not significantly improve the bound; this implies that the lattice dimension
` + 1 on which LLL is applied can be kept relatively small. Moreover for LLL, experiments
show that 2ι ' 1.021 so that ι is approximately 0.03, and therefore for such small values of `,
the term ι(`+1) is negligible. Thus we can use the simpler approximate bound for our attack:

αθ < ν (3.19)
Note that this gives a factor 2 improvement compared to the previous bound given by Equa-
tion (3.10), following the attack of [GLW14]. In the next subsection we will see how to get a
much more significant improvement, with an asymptotic bound αθ = O(ν2).

A proven variant. The above analysis is heuristic only, in that, it is subjected to heuristic
bound for lattice reduction. Below we describe a proven variant that can recover a vector u
such that 〈u, m̂i〉 ≡ 0 (mod gi) for all 1 ≤ i ≤ θ, using LLL. Although we only recover a
single vector u instead of a lattice basis, this will be enough when combined with the Cheon
et al. attack to recover all secret parameters of CLT13 (see Section 3.2.2.2). As the proof of the
proposition is lengthy, we postpone it to Section 3.3.11, as appendix.
Proposition 3.3.4. Let `, θ ∈ Z≥1, x0 ∈ Z≥1 and let gi ∈ Z≥2 be distinct α-bit prime numbers for
1 ≤ i ≤ θ and some α ∈ Z≥1. For 1 ≤ i ≤ θ, let αi ∈ Z such that gi · αi ≡ si (mod x0), for
si ∈ Z satisfying |si| ≤ 2ρR , for some ρR ∈ Z≥1 and assume that gcd(gi, si) = 1. For 1 ≤ i ≤ θ, let
m̂i ∈ Z` be vectors with entries in [0, gi) ∩ Z such that m̂i 6≡ 0 (mod gi), and let R ∈ Z` such that
‖R‖∞ ≤ 2ρR . Let ω ∈ Z` such that ω ≡

∑θ
i=1 αim̂i +R (mod x0). Assume that

αθ

(
1 +

1

`

)
+
`+ θ

2
+ log2(`

√
`+ 1 · θ) + 4 < log2(x0)− ρR . (3.20)

Given the integers `, θ, ρR, x0 and the vector ω, one can recover in polynomial time a vector u ∈ Z`

such that 〈u, m̂i〉 ≡ 0 (mod gi) for all 1 ≤ i ≤ θ, satisfying

‖u‖ ≤ 2`/2
√
`(`+ 1)

(
θ∏
i=1

gi

)1/`

.
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We remark that by replacing log2(x0) − ρR by γ − ρR = ν, we recover, up to additional
logarithmic terms, the approximate bound established in Equation (3.18).

3.3.6 Extended Orthogonal Lattice Attack

We shall now describe an extended attack that significantly improves the bound on θ estab-
lished in Equation (3.19). Let `, d ≥ 1 be integers. As previously, we will assume that an
attacker has encodings {cj}j of plaintext elementsmj = (mj1, . . . ,mjn) for 1 ≤ j ≤ `, where
only the first θ components of each mj are non-zero, that is, mji = 0 for θ + 1 ≤ i ≤ n.
However, we assume that these encodings are at level κ − 1, and that we also have an addi-
tional set of d level-1 encodings {c′k : 1 ≤ k ≤ d} of plaintext elements xk = (xk1, . . . , xkn)
for 1 ≤ k ≤ d. By computing the top-level κ product encodings, we can therefore obtain the
following zero-testing evaluations:

ωjk ≡ (cj · c′k) · pzt ≡
θ∑
i=1

himjixki(g
−1
i mod pi)

x0

pi
+

n∑
i=1

hirjki
x0

pi
(mod x0) (3.21)

for some integers rjki. Since every encoding {cj}j encodes a message with non-zero support
of length θ, the product encodings {cjc′k}j,k maintain their zero slots. Note that the same
remains valid if the encodings {cj}j are at even lower levels, because they can be raised to
level κ− 1 without removing their zero slots. As previously, we rewrite Equation (3.21) as:

ωjk ≡
θ∑
i=1

αikmji +Rjk (mod x0)

where we have written αik = hixki(g
−1
i mod pi)

x0
pi

for 1 ≤ i ≤ θ and 1 ≤ k ≤ d, and Rjk =∑n
i=1 hirjkix0/pi for all 1 ≤ j ≤ ` and 1 ≤ k ≤ d. As before, for 1 ≤ i ≤ θ, we denote

by m̂i ∈ Z` the vector with components mji for 1 ≤ j ≤ `, and similarly ωk and Rk the
corresponding vectors inZ`. We assume that m̂i 6≡ 0 (mod gi) for all i. The previous equation
can then be rewritten as:

ωk ≡
θ∑
i=1

αikm̂i +Rk (mod x0) (3.22)

The difference with Equation (3.14) from our first lattice attack is that the vectors {m̂i}i now
satisfy d equations for 1 ≤ k ≤ d, instead of a single equation, as was the case in Section 3.3.5.
With more constraints on the vectors {m̂i}i, we can therefore break the countermeasure from
[GLW14] for much higher values of θ. In order to derive a condition on the parameters, we
proceed as previously. Namely, the lattices considered in Section 3.3.5 now admit natural
higher-dimensional analogues.

The orthogonal lattice L. As previously, for a scaling constant B ∈ Z≥1, we consider the
lattice L of vectors (Bu, v) ∈ Z`+d, with u ∈ Z` and v ∈ Zd, such that (u, v) is orthogonal
to the d vectors {(ωk, ek) : 1 ≤ k ≤ d} modulo x0, where ek ∈ Zd is the kth unit vector for
1 ≤ k ≤ d. This gives for all 1 ≤ k ≤ d and all (Bu, v) ∈ L, writing v = (v1, . . . , vd):

〈u, ωk〉+ vk ≡
θ∑
i=1

αik〈u, m̂i〉+ 〈u,Rk〉+ vk ≡ 0 (mod x0)
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and therefore (〈u, m̂1〉, . . . , 〈u, m̂θ〉, 〈u,R1〉+ v1, . . . , 〈u,Rd〉+ vd) is orthogonal overZ/x0Z to
the coefficient-vectors ak = (α1k, . . . , αθk, ek), for 1 ≤ k ≤ d. Again, using a scaling constant
C ∈ Z≥1, we let pu,v = (C〈u, m̂1〉, . . . , C〈u, m̂θ〉, 〈u,R1〉+ v1, . . . , 〈u,Rd〉+ vd).

The lattice A⊥. To bound the norm of the vector pu,v, we must study the short vectors in
the lattice of vectors orthogonal to the vectors ak modulo x0 (instead of single vector a). As
previously, we consider the latticeA⊥ of vectors (Cx, y) ∈ Zθ+d such that (x, y) is orthogonal
to the d vectors {ak : 1 ≤ k ≤ d}modulo x0; therefore pu,v ∈ A⊥. The lattice A⊥ has full-rank
θ + d and volume Cθxd0. As previously, the components {αik}ik in the vectors {ak}k have a
special structure, since they satisfy the congruence relations

gi · αik ≡ hi · xik ·
x0

pi
(mod x0)

for all 1 ≤ i ≤ θ and 1 ≤ k ≤ d. Therefore, letting sik = hi · xik · x0/pi, the lattice A⊥ contains
the θ short vectors qi = (0, . . . , 0, Cgi, 0, . . . , 0,−si1, . . . ,−sid) for 1 ≤ i ≤ θ. UsingC = 2ρR−α,
we get as previously ‖qi‖ ' C · 2α.

We now derive a bound on ‖pu,v‖ so that pu,v belongs to the sublattice generated by the
θ vectors {qi : 1 ≤ i ≤ θ}. We expect a reduced basis of A⊥ to have the first θ vectors
with approximately the same norm as the vectors {qi : 1 ≤ i ≤ θ}, and to have the last d
vectors with norm U satisfying (C · 2α)θ · Ud ' Vol(A⊥). Using Vol(A⊥) = Cθxd0, this gives
U ' x0/2

αθ/d. This implies that, heuristically, if ‖pu,v‖ < U , then pu,v must belong to the
sublattice generated by the θ vectors {qi : 1 ≤ i ≤ θ}. As previously, in that case we have that
for all 1 ≤ i ≤ θ:

〈u, m̂i〉 ≡ 0 (mod gi) . (3.23)

Short vectors inL. Let us now study the short vectors ofL; as previously, we can argue that
L contains ` linearly independent short vectors of Euclidean norm approximately 2ρR+αθ/`,
which can be derived from the the lattice Λ of vectors u ∈ Z` satisfying Equation (3.23). Sim-
ilarly to the previous case, because the lattice Λ heuristically contains ` linearly independent
vectors of Euclidean norm approximately (det Λ)1/` ' 2αθ/`, the lattice L contains ` linearly
independent vectors of norm roughly 2ρR+αθ/`. Therefore, by applying lattice reduction to
the lattice L, we expect that the first ` vectors {(Bui, vi) : 1 ≤ i ≤ `} of the basis have norm
roughly:

‖(Bui, vi)‖ ' B · 2αθ/` · 2ι(`+d)

where 2ι(`+d) is the Hermite factor. Putting B = 2ρR and C = 2ρR−α, this now asymptotically
amounts to ‖pui,vi‖ ' ‖(Bui, vi)‖. From the condition ‖pui,vi‖ < U , we get the condition
ρR + αθ

` + ι(`+ d) < γ − αθ
d , which further gives, using ρR = γ − ν:

αθ ·
(

1

`
+

1

d

)
+ ι(`+ d) < ν (3.24)

Remark that with d = 1, Equation (3.24) gives Equation (3.18). Since, as bivariate function
of `, d, the left-hand side of (3.24) is concave and symmetric in both variables ` and d, the
optimum is to take ` = d. With this choice, we obtain the bound:

2αθ

`
+ 2ι` < ν (3.25)
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Recovering g =
∏θ
i=1 gi. When the above condition on the parameters is satisfied, then, as

previously, we heuristically expect to recover a basis {ui : 1 ≤ i ≤ `} of the lattice Λ. As
Vol(Λ) = g =

∏θ
i=1 gi, the absolute value of the determinant of the basis matrix reveals then

reveals the secret product g. In particular, it follows that the attack requires ` > 2αθ/ν, and
we must therefore have the following bound on ι:

ι <
ν2

4αθ

Heuristically, achieving a Hermite factor of 2ι2` requires complexity 2Θ(1/ι) using BKZ reduc-
tion with block-size β = Θ(1/ι), [HPS11b]. The attack has therefore complexity 2Θ(αθ/ν2); the
attack has therefore (heuristic) polynomial-time complexity under the condition:

αθ = O(ν2)

This gives a significant improvement of our previous bound given by Equation (3.19). Con-
versely, one expects that the attack is prevented under the condition:

θ = ω

(
ν2

α
log λ

)
(3.26)

In Section 3.3.8 we provide a concrete set of parameters for CLT13 multilinear maps with
independent slots. We will see that Condition (3.26) requires a much higher value for θ than
the condition 2θα ≥ ν for preventing the attack from [GLW14], described in Section 3.3.3.
For instance, for λ = 80 bits of security, the bound 2θα ≥ ν already holds for θ = 2, while a
concrete application of Condition (3.26) requires θ ≥ 1789.

Analogy of the attacks. We remark that our extended attacks share similarities with the
2-dimensional attack from Section 3.3.3. For `, d ∈ Z≥1, our extended lattice attack works by
reducing the (`+ d)-dimensional lattice

L(`,d) = {(Bu, v) ∈ Z
` × Z

d : 〈(u, v), (ωk, ek)〉 ≡ 0 (mod x0), 1 ≤ k ≤ d} ,

where B ∈ Z≥1 is fixed. With this notation, the three attacks work by reducing the lattices
L(1,1), L(`,1) and L(`,d), respectively. Note that L(1,1) is the lattice {(Bu, v) ∈ Z2 : uω + v ≡ 0
(mod x0)}. For the extended attacks, the ` × ` top-left submatrix of a reduced basis of L(`,d)

(divided by B) has determinant ±g. Note that this coincides with the 2-dimensional case
` = d = 1: the first entry (divided by B) of the first vector in a reduced basis equals ±g (i.e. a
“1×1 submatrix” of determinant±g). As such, our higher-dimensional attacks are consistent
generalizations of the 2-dimensional attack.

Summary. Wehave described a lattice-based attack, which under the conditionαθ = O(ν2),
and given as input a collection of encodings (or products of encodings) of messages with
non-zero support of length θ, outputs the secret plaintext ring of CLT13. More precisely, our
extended lattice attack with the improved bound αθ = O(ν2) can be described as follows. We
provide in [CN19b] the source code in Sage [S+17].
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Algorithm 3 Lattice Attack against CLT13 with Independent Slots
Parameters: Integers `, d ≥ 1, 0 < θ ≤ n, and the CLT13 parameters
Input: Sets of level-κ encodings {cj · c′k mod x0 : 1 ≤ j ≤ `, 1 ≤ k ≤ d} where cj encodes a

message of non-zero support of length θ
Output: A basis of the lattice of vectors orthogonal to {m̂i}i modulo {gi}i, and g =

∏θ
i=1 gi

1: for 1 ≤ k ≤ d do
2: Compute the vector ωk ∈ Z` with (ωk)j = cj · c′k · pzt mod x0

3: end for
4: Let B = 2ρR and compute a LLL-reduced basis of the lattice L(`,d) ⊆ Z`+d of vectors
{(Bu, v) ∈ Z` × Zd : 〈(u, v), (ωk, ek)〉 ≡ 0 (mod x0), 1 ≤ k ≤ d}, where ek ∈ Zd is the kth
unit vector for 1 ≤ k ≤ d. Denote by {(Buj , vj) : 1 ≤ j ≤ `+ d} the LLL-reduced basis

5: Form the matrix U ∈ Z`×` of vectors {uj : 1 ≤ j ≤ `}
6: Return U and | det(U)|

Variant withmultiple pzt. Inmany concrete constructions based on composite order multi-
linear maps, intermediate-level encodings of almost zero plaintexts are not necessarily avail-
able. We refer to Section 3.3.10 for the application of our attacks to concrete constructions. In
order to get around this assumption, we consider a variant of the above attack, wherewe have
multiple zero-testing elements pzt instead of a single one. Namely, as described in [CLT13],
in order to get a proper zero-testing procedure, one needs to use a vector of n elements pzt.
We denote by pzt,k for 1 ≤ k ≤ n those zero-testing elements:

pzt,k =
n∑
i=1

hikz
κ(g−1

i mod pi)
x0

pi
mod x0

for corresponding integers hik. As previously, we assume that we have encodings {cj}j of
plaintext elements mj = (mj1, . . . ,mjn) for 1 ≤ j ≤ `, where only the first θ components
of each mj are non-zero, that is, mji = 0 for θ + 1 ≤ i ≤ n. We can now assume that
these encodings are at the last level κ. Thanks to the multiple zero-testing elements, we can
therefore obtain the following zero-testing evaluations:

ωjk ≡ cj · pzt,k ≡
θ∑
i=1

hikmji(g
−1
i mod pi)

x0

pi
+

n∑
i=1

hikrjki
x0

pi
(mod x0)

for some integers {rjki}, which is similar to Equation (3.21) with hik = hi ·xki. Therefore, the
same attack applies and the secret g =

∏θ
i=1 gi can be recovered in heuristic polynomial-time

under the condition αθ = O(ν2).

3.3.7 Revealing information about the plaintext elements

We show that our attack not only reveals the secret CLT13 plaintext ring, but also information
about the secret plaintext elements {m̂i : 1 ≤ i ≤ θ}. Namely, the orthogonal lattice attack
also constructs a matrix U of rows {uj : 1 ≤ j ≤ `} orthogonal to the vectors {m̂i : 1 ≤ i ≤ θ}
modulo the primes {gi}i (i.e. a basis of the lattice Λ, following the notation of the previous
section). We now explain how one can use the matrix U in order to recover scalar multiples
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of the plaintext vectors {m̂i : 1 ≤ i ≤ θ}. We describe two algorithms: one by computing the
factorization of g and hence with sub-exponential running time, and one without computing
the factorization of g and polynomial running time.

A sub-exponential-time algorithm. Our first algorithm relies on factoring g =
∏θ
i=1 gi to

reveal the primes {gi}i in first place; this is feasible if these primes are small enough. For
example, for the concrete parameters proposed in [CLT13], the {gi}i are 80-bit primes; which
makes the factorization of g straightforward. From the knowledge of a basis matrix U of
the lattice of vectors u with 〈u, m̂i〉 ≡ 0 (mod gi) for all 1 ≤ i ≤ θ, it suffices to compute
the Z/giZ-kernel of the ` × ` matrix Ugi , by which we denote the reduction of U mod gi;
assuming that m̂i 6≡ 0 (mod gi), we have that ker(Ugi) has dimension 1 over over Fgi and
therefore, we recover a non-trivial multiple λim̂i of the original messages m̂i modulo gi, for
1 ≤ i ≤ θ. Using the ECM factorization algorithm [Len87], the factorization of g =

∏θ
i=1 gi

can be computed in time exp(c
√
α lnα) for some positive constant c and where α is the bit

size of each prime gi. The cost of this attack is clearly dominated by the factorization of g,
which gives a sub-exponential time algorithm.

Algorithm 4 Compute (with factoring) multiples of hidden CLT13 plaintexts
Parameters: Integer ` ≥ 1, 0 < θ ≤ n and the CLT13 parameters
Input: g =

∏θ
i=1 gi and a basis matrix U ∈ Z`×` of the lattice of vectors u with 〈u, m̂i〉 ≡ 0

(mod gi) with m̂i 6≡ 0 (mod gi), for all 1 ≤ i ≤ θ
Output: vectors λim̂i ∈ Z` with λi ∈ Z, λi 6≡ 0 (mod gi) for 1 ≤ i ≤ θ
1: Factor g using the ECM algorithm and return {gi : 1 ≤ i ≤ θ}
2: for 1 ≤ i ≤ θ do
3: Form the matrix Ugi ∈ (Z/giZ)`×`, a representative of U modulo gi
4: Compute and return a basis vector of the Z/giZ-kernel of Ugi
5: end for

Apolynomial-time algorithm. Alternatively, wemay avoid the factorization of g and obtain
a polynomial time algorithm which reveals a non-trivial multiple of a vector m̂, such that
m̂ ≡ m̂i (mod gi) for all 1 ≤ i ≤ θ. In other terms, m̂ is the image of the vectors {m̂i} under
the componentwise Chinese Remainder isomorphism (

∏θ
i=1 Z/giZ)` → (Z/gZ)`. To do so,

we can compute the integer right kernel of the matrix U(g) := [U | g · 1`], where 1` denotes
the identity matrix in dimension `. We obtain the following corresponding proposition.

Proposition 3.3.5. Let `, θ ∈ Z≥1. Let g1, . . . , gθ be distinct prime numbers. For 1 ≤ i ≤ θ, let
m̂i ∈ Z`∩ [0, gi)

` be vectors such that m̂i 6≡ 0 (mod gi). Let {uj : 1 ≤ j ≤ `} be a basis of the lattice
of vectors u ∈ Z` such that 〈u, m̂i〉 ≡ 0 (mod gi) for all 1 ≤ i ≤ θ. Then, given g =

∏θ
i=1 gi and

the vectors {uj : 1 ≤ j ≤ `}, one can compute in polynomial time a vector λ · m̂ ∈ Z` ∩ [0, g)` with
gcd(λ, g) = 1, such that m̂ ≡ m̂i (mod gi) for all 1 ≤ i ≤ θ.

Proof. By the Chinese Remainder Theorem, there exists a unique vector m̂ ∈ Z` ∩ [0, g)` such
that m̂ ≡ m̂i (mod gi) for all 1 ≤ i ≤ θ. Consider the composition ofmapsZ` π−→ (Z/gZ)`

φ−→
Z/gZ, where π is reductionmodulo g and φ sends u to 〈u, m̂〉. By the Chinese Remainder The-
orem, the map φ corresponds to a vector of maps φ = (φ1, . . . , φθ) : (

∏
i Z/giZ)` →

∏
i Z/giZ
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with components φi : (Z/giZ)` → Z/giZ for 1 ≤ i ≤ θ. Let 1 ≤ i ≤ θ; since m̂i 6≡ 0 (mod gi),
the map φi is surjective with kernel ker(φi) = im(Ugi) where Ugi ≡ U (mod gi) (with the con-
gruence being understood entrywise). Since gi is prime, ker(φi) = im(Ugi) is a Z/giZ-vector
space of dimension ` − 1. It follows that the kernel of Ugi has dimension 1 over Z/giZ. This
holds for all 1 ≤ i ≤ θ, so by the Chinese Remainder Theorem, the kernel ofUg, withUg being
the matrix U reduced modulo g, is a free Z/gZ-module of rank 1, generated by m̂. In particu-
lar, there exists k ∈ Z` such that (m̂, k) belongs to the Z-kernel of the matrix U(g) = [U |g · 1`].
The integer kernel of this matrix can be computed in polynomial time from g and U and the
left `× ` submatrix of the Hermite normal form of the basis of the Z-kernel gives in the first
row a vector λm̂with λ ∈ (Z/gZ)×.

Algorithm 5Compute (without factoring) amultiple of a hidden plaintext vector with Z/giZ-
residues the hidden CLT13 plaintexts
Parameters: Integer ` ≥ 1, 0 < θ ≤ n and the CLT13 parameters
Input: g =

∏θ
i=1 gi and a basis matrix U ∈ Z`×` of the lattice of vectors u with 〈u, m̂i〉 ≡ 0

(mod gi) with m̂i 6≡ 0 (mod gi), for all 1 ≤ i ≤ θ
Output: a vector λm̂ ∈ Z` with λ ∈ Z such that gcd(λ, g) = 1 and m̂ ≡ m̂i (mod gi) for

1 ≤ i ≤ θ
1: Form the matrix U(g) := [U | g · 1`] ∈ Z`×2`

2: Compute the Z-right kernel of U(g) in Hermite normal form. Denote by U⊥(g) ∈ Z`×2`

this matrix.
3: Return the first row of the `× `matrix U⊥(g)

3.3.8 Concrete parameters and practical experiments

Concrete parameters. Below we provide concrete parameters for CLT13 multilinear maps
with independent slots, for various values of the security parameter λ. We start from the
same concrete parameters as provided in [CLT13]; we assume that the encoding noise is set
so that the number of extracted bits is ν = 2λ + 12 and we take α = λ. We then provide the
minimum value of θ that ensures the same level of security against lattice attacks; see Table
3.1. As in [CLT13], the goal is to ensure that the best attack takes at least 2λ clock cycles.

While in Table 3.1 the number of independent slots nslots = bn/θc appears to be relatively
small, it is always possible to increase the number of independent slots by increasing the
value of n.

Instantiation λ n η γ = n · η ν θ nslots

Small 52 1080 1981 2.1 · 106 116 540 2
Medium 62 2364 2055 4.9 · 106 136 1182 2
Large 72 8250 2261 18.7 · 106 156 1472 5
Extra 80 26115 2438 63.7 · 106 172 1789 14

Table 3.1: Concrete parameters for CLT13 multilinear maps with independent slots
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θ α ν ` = d dimension running time
Basic attack 1 80 172 1 2 ε

Extended attack 2 80 172 2 4 ε

Extended attack 40 80 172 39 78 10 s
Extended attack 100 80 172 100 200 11 min
Extended attack 160 80 172 163 326 11 hours

Table 3.2: Running time of our LLL-based attack, as a function of the parameter θ, for the
“Extra” parameters of CLT13

Practical experiments. Wehave run our extended attack from Section 3.3.6 with the “Extra”
parameters of CLT13 from Table 3.1, for increasing values of θ. Note that for such parameters,
the original attack from [GLW14] only applies for θ = 1. To improve efficiency, we give as
input to LLL a truncatedmatrix basis, wherewe keep only the νmost significant bits. Table 3.2
shows that our attack works in practice for much larger values of θ than the original attack
from [GLW14], which can only work for θ = 1. The line “Basic attack” corresponds to the
attack from [GLW14], while the lines “Extended attack” refer to our attack from Section 3.3.6.
The column “dimension” is the lattice dimension in which our algorithm is run, and we have
chosen the symmetric case ` = d as suggested in Section 3.3.6. The quantity ε in the running
time refers to a negligible time. The source code in SageMath [S+17] is available in [CN19b].

3.3.9 Application to the Cheon et al. Attack

In this section, we consider the Cheon et al. attack against CLT13, recalled in Section 3.2.2.2.
We show how to adapt this attack to the setting of CLT13 with independent slots when com-
bined with our lattice-based attack: we assume that no encodings of zero are available to the
attacker (otherwise the Cheon et al. attack would apply immediately), but as previously, the
attacker can obtain low-level encodingswhere only 0 < θ ≤ n components of the plaintext are
non-zero. In particular, this contributes to a cryptanalysis of CLT13 multilinear maps when
no encodings of zero are available beforehand; for instance, this was considered as an open
problem in [CFL+16].

3.3.9.1 Adaptation of the Cheon et al. attack to our cryptanalysis

We now show how to adapt the Cheon et al. attack when no encodings of zero are available,
but the attacker can obtain low-level encodings where only θ components of the underlying
plaintexts are non-zero. The attack goes in two steps. From the given encodings, the attacker
first generates encodings of zero by running the orthogonal lattice attack from Section 3.3.6.
In second place, the attacker applies the original Cheon et al. attack on these newly created
encodings of zero, to reveal the prime factors {pi : 1 ≤ i ≤ n} of x0.

We work in the following setting, with κ = 4. Let ` ≥ 1 be an integer and consider a set

Y = {yj : 1 ≤ j ≤ `}

of level-one encodings of certain messages m1, . . . ,m` ∈ Zn, where only the first θ com-
ponents of each mj are non-zero. Moreover, we consider as in Section 3.2.2.2, three sets
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A = {αj : 1 ≤ j ≤ n}, B = {β1, β2} and C = {γk : 1 ≤ k ≤ n} of level-one encodings
of non-zero messages.

First step: orthogonal lattice attack. The first step of the attack consists in generating an
encoding of zero from the non-zero encodings in the public set Y, which we achieve by our
lattice attack. Denote by y ∈ Z` the vector of encodings (y1, . . . , y`) constructed from Y. We
show that the orthogonal lattice attack from Section 3.3.5 can compute a short vector u ∈ Z`

such that y′ := 〈u, y〉 =
∑`

j=1 ujyj is a level-one encoding of zero. For all 1 ≤ j ≤ `, we write

yj ≡
rji · gi +mji

z
(mod pi) , 1 ≤ i ≤ n, (3.27)

with the usual CLT13 notation from Section 3.2.1, and wheremji = 0 for θ+ 1 ≤ i ≤ n. Note
that our orthogonal lattice attack from Section 3.3.5 uses level-κ encodings; therefore it can
be applied on level-κ encodings of the form ej = yj ·α1 ·β1 ·γ1 mod x0 (remember that we use
κ = 4) for level-one encodings (α1, β1, γ1) ∈ A × B × C. By combining with Equation (3.27)
this gives

ej ≡
r′ji · gi +mji · xi

zκ
(mod pi) , 1 ≤ i ≤ n ,

for some integers {r′ji}i,j and where xi is the i-th component of the plaintext corresponding
to the product encoding α1 · β1 · γ1. Clearly, since the messages {mj : 1 ≤ j ≤ `} have non-
zero support of length θ, the messages {(mji · xi)1≤i≤n : 1 ≤ j ≤ `} have non-zero support
of length at most θ. Therefore, applying the orthogonal lattice attack from Section 3.3.5 on
the encodings {ej}j (or, more precisely, on the zero-tested vector ω = pzt · (ej)1≤j≤` mod x0),
we compute in polynomial time a vector u ∈ Z` such that 〈u, m̂i · xi〉 ≡ 0 (mod gi) for all
1 ≤ i ≤ θ, where {m̂i}i are the vectors (m1i, . . . ,m`i) for 1 ≤ i ≤ θ. Provided that xi 6≡ 0
(mod gi), this implies 〈u, m̂i〉 ≡ 0 (mod gi) for all 1 ≤ i ≤ θ. Therefore, for all 1 ≤ i ≤ n, we
can write

∑`
j=1 ujmji = kigi for integers {ki}with ki = 0 for θ + 1 ≤ i ≤ n. This implies:

y′ =
∑̀
j=1

ujyj ≡ gi

∑̀
j=1

ujrji + ki

 · z−1 (mod pi) , 1 ≤ i ≤ n .

Thus we see that y′ is a level-one encoding of zero. Moreover, since the vector u output by
the orthogonal lattice attack is short, y′ has small noise.

It is also worth noticing that this attack only requires a single vector u; therefore, the first
step of the attack is proven by Proposition 3.3.4.

Second step: Cheon et al. attack. The second step of the attack consists in applying the
algorithm of Cheon et al. described in Section 3.2.2.2 to the three sets

A′ = {y′ · αj : 1 ≤ j ≤ n} , B = {β1, β2} , C = {γk : 1 ≤ k ≤ n}

where A′ is the set constructed from A by multiplying every encoding by the encoding y′
generated in the first step. Since y′ is an encoding of zero, all encodings in A′ are encodings
of zero at level 2. We can thus apply the Cheon et al. attack on these sets in order to reveal all
prime factors {pi}i of x0. We refer to Section 3.2.2.2 for the details of the algorithm to factor
x0. Our complete algorithm can therefore be described as follows.
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Algorithm 6 Cheon et al. attack against CLT13 with encodings of partial zero messages
Parameters: Integer ` ≥ 1, 0 < θ ≤ n and the CLT13 parameters with κ = 4
Input: Sets A,B,C of encodings at level one of non-zero messages, with #A = #C = n and

#B = 2; a set Y of level-one encodings of messages with non-zero support of length θ
with #Y = `

Output: The prime factors {pi : 1 ≤ i ≤ n} of x0

1: Form the vector y = (yj)j from Y and compute the product encoding e = (ej)j with
ej = yjα1β1γ1 for 1 ≤ j ≤ `

2: Run the extended lattice attack (Algorithm 3) on the zero-tested vector ω = pzt ·emod x0.
Let u ∈ Z` be the shortest vector in the basis matrix U of the lattice of vectors orthogonal
to {m̂i}i modulo {gi}i

3: Set y′ = 〈y, u〉 ∈ Z and construct the set A′ = {y′α : α ∈ A} of level-2 encodings of zero.
4: Run the Cheon et al. attack (Algorithm 2) on the sets A′,B,C.

Remark 3.3.6. This remark concerns a variant attack with κ = 3. Since the orthogonal lattice
attack more generally provides a set of ` vectors {uj} ⊆ Z` (instead of a single u; and all
satisfying 〈uj , m̂i〉 ≡ 0 (mod gi) for all i), a variant of the above attack with κ = 3 consists in
starting from a setA = {αj : 1 ≤ j ≤ n} of ` = n encodingswhere only the first θ components
of the underlying plaintexts are non-zero, and then, generating a set A′ = {〈uj , α〉 : 1 ≤ j ≤
n} of encodings of zero, with the vector of encodings α = (α1, . . . , αn). One can then apply
the attack by Cheon et al. as previously on the three sets A′, B and C.

Note that in our description of the first step of the attack, that is, the generation of encod-
ings of zero, we have relied on the orthogonal lattice attack from Section 3.3.5 with the bound
αθ < ν. However, the attack from Section 3.3.6 is easily adapted to reach the improved bound
αθ = O(ν2). In this case, following the notation of Section 3.3.6, the attacker can obtain ` · d
level-two encodings of zero given by {〈uj , ck〉 : 1 ≤ j ≤ `, 1 ≤ k ≤ d}, where ck is the vector
of encodings (cj · c′k)1≤j≤` with the encodings {cj · c′k} considered in Section 3.3.6.

3.3.10 Application to CLT13-based constructions with independent slots

In this section, we show that our orthogonal lattice attack from Section 3.3.4 can be applied
to various constructions over CLT13 multilinear maps with independent slots.

3.3.10.1 The multilinear subgroup elimination assumption

Themultilinear subgroup elimination assumption is used in [GLW14] for witness encryption
and in [GLSW15] for constructing program obfuscation, based on a single assumption, in-
dependent of the particular circuit to be obfuscated. The multilinear subgroup elimination
assumption is stated for a generic model of composite-order multilinear maps. Below, we
show that our attacks break this assumption over CLT13 composite-order multilinear maps.
We note that since the GLW14 scheme also includes encodings of zeroes, it could also be
broken more directly by the Cheon et al. attack. We recall the definition from [GLSW15].

Definition 3.3.7 ((µ, ν)-multilinear subgroup elimination assumption [GLSW15]). Let G be a
group of orderN = a1 · · · aµb1 · · · bνcwhere a1, . . . , aµ, b1, . . . , bν , c are µ+ν+1 distinct primes. We
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give out generators xa1 , . . . , xaµ , xb1 , . . . , xbν for each prime order subgroup except for the subgroup
of order c. For each 1 ≤ i ≤ µ, we also give out a group element hi sampled uniformly at random
from the subgroup of order ca1 · · · ai−1ai+1 · · · aµ. The challenge term is a group element T ∈ G that
is either sampled uniformly at random from the subgroup of order ca1 · · · aµ or uniformly at random
from the subgroup of order a1 · · · aµ. The task is to distinguish between these two distributions of T .

For simplicity, we consider the assumption with µ = 1 and ν = 0; the generalization
of our attack to any (µ, ν) is straightforward. With this assumption, G is a group of order
a1c. The challenge T ∈ G is either generated at random from the subgroup of order a1c, or
from the subgroup of order a1. In the context of a CLT13 instantiation, we may assume that
a1 =

∏θ
i=1 gi and c =

∏n
i=θ+1 gi. Note that in that case, a1 and c are not prime numbers, but the

assumption can still be considered for composite integers {ai}i, {bi}i and c. The encoding T is
then either generated from a random plaintextm ∈

⊕n
i=1 Z/giZ, or from a random plaintext

with only the θ first components non-zero, that is m ≡ 0 (mod gi) for θ + 1 ≤ i ≤ n. It is
easy to see that our attacks from Section 3.3.5 and Section 3.3.6 apply in this setting. Namely,
when only the first θ components of the plaintext m corresponding to the challenge T are
non-zero, our attacks recover the product a1 =

∏θ
i=1 gi, whereas the attacks will fail when

m is a random plaintext. Therefore the challenge T is easily distinguished unless θ is large
enough; more precisely, θ must heuristically satisfy the bound given by Equation (3.26) in
order to prevent the attack.

3.3.10.2 The Zimmerman circuit obfuscation scheme

At Eurocrypt 2015, Zimmerman described a technique to obfuscate programswithout matrix
branching programs, based on composite-order multilinear maps, see [Zim15]. A plaintext
m belongs to Z/NZ for a compositemodulusN = Nev ·Nchk, and the ring Z/NZ is viewed as a
direct product of an “evaluation” ring Z/NevZ to evaluate the circuit, and a “checksum” ring
Z/NchkZ to prevent the adversary from evaluating a different circuit; those two evaluations
are performed in parallel. Using the CLT13 notations from Section 3.2.1, one can let Nev =∏θ
i=1 gi and Nchk =

∏n
i=θ+1 gi. In that case, the parameter θ must satisfy the bound given by

(3.26) to prevent our lattice attack.

3.3.10.3 The FRS17 construction for preventing input partitioning attacks

At Asiacrypt 2017, Fernando, Rasmussen and Sahai described constructions of “stamping
functions” for preventing input-partitioning attacks on matrix branching programs [FRS17].
Their third construction is based on permutation hash functions and is instantiated over
CLT13 multilinear maps with independent slots. More precisely, the permutation hash func-
tion is written as amatrix branching program, andmultiple such permutation hash functions
{hi}i are evaluated in parallel along with the main matrix branching program; this is to en-
sure that only inputs of the form x‖h(x) can be evaluated, where h(x) = h1(x)‖ · · · ‖ht(x),
which prevents input partitioning attacks.

Matrix branching programs. Let us first recall the construction of [GGH+13b] to obfuscate
matrix branching programs. A matrix branching program BP of length np on `-bit inputs
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x ∈ {0, 1}` is evaluated by computing:

C(x) = b0 ·
np∏
i=1

Bi,xinp(i) · bnp+1 , (3.28)

where {Bi,b : 1 ≤ i ≤ np, b ∈ {0, 1}} are 2np square matrices and b0 and bnp+1 are bookend
vectors; then BP(x) = 0 if C(x) = 0, and BP(x) = 1 otherwise. The role of the integer inp(i) ∈
{1, . . . , `} is to indicate which bit of x is read at step i of the product matrix computation.
The matrices Bi,b are first randomized by choosing np + 1 random invertible matrices {Ri :
0 ≤ i ≤ np} and then letting B̃i,b = Ri−1Bi,bR

−1
i for 1 ≤ i ≤ np, with also b̃0 = b0R

−1
0 and

b̃np+1 = Rnpbnp+1. We obtain a randomized matrix branching program with the same result
since the randomization matrices {Ri}i cancel each other:

C(x) = b̃0 ·
np∏
i=1

B̃i,xinp(i) · b̃np+1. (3.29)

The entries of {B̃i,b}i,b are then independently encoded, as well as the bookend vectors b̃0
and b̃np . We obtain the matrices and vectors B̂i,b = Encode{i+1}(B̃i,b), b̂0 = Encode{1}(b̃0) and
b̂np+1 = Encode{np+2}(b̃np+1). Here we have denoted by Encode{i}(·) an encoding relative to
the singleton {i}. The matrix branching program from Equation (3.28) can then be evaluated
over the encoded matrices:

Ĉ(x) = b̂0 ·
np∏
i=1

B̂i,xinp(i) · b̂np+1 (3.30)

The resulting Ĉ(x) is then a last-level encoding that can be zero-tested to check if C(x) = 0,
which reveals the output of the branching program BP(x), without revealing the matrices
{Bi,b}i,b.

Application to the FRS17 construction. The [FRS17] scheme constructs a modified matrix
branching program BP′ that receives as input u‖v1 . . . vt and checks whether vi = hi(u) for
all 1 ≤ i ≤ t, where {hi}i are permutation hash functions; in that case, BP′ returns BP(u)
where BP is the original branching program; otherwise, it returns some non-zero value. As
explained in [FRS17], multiple branching programs can be evaluated in parallel with compos-
ite order multilinear maps. With the countermeasure from [GLW14] over CLT13 (see Section
3.3.3.1), each branching program is then evaluated modulo a product of θ of the primes {gi}i,
instead of a single gi in [FRS17].

It is easy to generate an input u‖v1 . . . vt such thatBP(u) = 0 and vi = hi(u) for all 1 ≤ i ≤ t
except for some i = i?; in that case, only one of the t + 1 parallel matrix branching program
will evaluate to a non-zero value. Our lattice attack from Section 3.3.5 can therefore recover
the secret plaintext ring

⊕n
i=1 Z/giZ of CLT13, under the condition αθ < ν. Alternatively,

assuming that multiple zero-test parameters are available, our extended attack applies under
the condition αθ = O(ν2), as described at the end of Section 3.3.6.

We shall note however that in both cases, our attack against [FRS17] only limits itself to
the recovery of the secret plaintext ring of CLT13, and not all secret parameters of CLT13. We
leave the latter as an open problem.
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3.3.11 Appendix: Proof of Proposition 3.3.4

We provide a proof of Proposition 3.3.4, based on Lemma 3.3.2.

Let a = (α1, . . . , αθ, 1) ∈ Zθ+1. We let C = 2ρR−α+1 and consider the lattice A⊥ of vectors
(Cx, y) ∈ Zθ × Z such that (x, y) is orthogonal to a modulo x0. Further, we let B = θ2ρR+2

and let L ⊆ Z`+1 denote the lattice of vectors (Bu, v) ∈ Z` × Z such that the vector (u, v) is
orthogonal to (ω, 1) modulo x0. Let Λ be the lattice of vectors u ∈ Z` such that 〈u, m̂i〉 ≡ 0
(mod gi) for all 1 ≤ i ≤ θ. We denote by u0 a shortest non-zero vector of Λ. We write
〈u0, m̂i〉 = kigi with ki ∈ Z. To u0 we thus associate the vector Φ(u0) = (Bu0,−

∑θ
i=1 kisi −

〈u0, R〉). From the definition of ω and the congruence relations giαi ≡ si (mod x0), we have
that (u0,−

∑θ
i=1 kisi−〈u0, R〉) is orthogonal to (ω, 1)modulox0, and consequently,Φ(u0) ∈ L.

Let g =
∏θ
i=1 gi. We shall now show that Φ(u0) has square norm upper satisfying

‖Φ(u0)‖2 ≤ (`+ 1)B2‖u0‖2 ≤ `(`+ 1)B2g2/` . (3.31)

Indeed, we write ‖Φ(u0)‖2 ≤ B2‖u0‖2 + (
∑θ

i=1 |kisi| + ‖u0‖‖R‖)2. From ‖m̂i‖ ≤
√
`2α, we

obtain 2α−1|ki| ≤ |ki|gi ≤ ‖u0‖‖m̂i‖ ≤
√
`2α‖u0‖; i.e. |ki| ≤ 2

√
`‖u0‖ for all i. Combined with

‖R‖ ≤
√
`‖R‖∞ ≤

√
`2ρR , this gives

θ∑
i=1

|kisi|+ ‖u0‖‖R‖ ≤
√
`‖u0‖ · (2ρR+1θ + 2ρR) ≤

√
`‖u0‖(2 · 2ρR+1θ) =

√
`B‖u0‖

Therefore, ‖Φ(u0)‖2 ≤ B2‖u0‖2+`B2‖u0‖2 = (`+1)B2‖u0‖2. Now, since u0 has length λ1(Λ),
it follows fromMinkowski’s Theorem that ‖u0‖ ≤

√
`g1/` where g = det(Λ), and the estimate

in (3.31) easily follows.
Let x1 = (Bu1, v1) be the first vector in a (3/4)-reduced basis of the lattice L, obtained

from LLL. By Equation (2.2), it satisfies ‖x1‖ ≤ 2`/2‖Φ(u0)‖, that is, combined with (3.31),
‖x1‖ ≤ 2`/2

√
`(`+ 1)Bg1/`. In particular, the following bounds hold:

‖u1‖ ≤ 2`/2
√
`(`+ 1) · g1/` (3.32)

|v1| ≤ 2`/2B
√
`(`+ 1) · g1/` . (3.33)

For simplifying the notation, we put K := 2`/2
√
`(`+ 1)g1/`. Now, to the vector x1 ∈ L, we

associate, for C as above, the vector ϕ(x1) = (C〈u1, m̂1〉, . . . , C〈u1, m̂θ〉, 〈u1, R〉 + v1) ∈ A⊥.
As (Bu1, v1) ∈ L, it is a direct check that ϕ(x1) ∈ A⊥, with square norm at most

‖ϕ(x1)‖2 ≤ C2
θ∑
i=1

‖u1‖2‖m̂i‖2 + (‖u1‖‖R‖+ v1)2.

Using once more that ‖m̂i‖ ≤ 2α
√
` and ‖R‖ ≤ 2ρR

√
`, and combining with Equation (3.32)

and Equation (3.33), we then obtain

‖ϕ(x1)‖2 ≤ C2K2 · θ`22α + (K
√
`2ρR +KB)2 ≤ C2K2 · θ`22α + (2K

√
`B)2

= K2`(C2θ22α + 4B2)
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so that, using C2θ22α ≤ B2 = 16θ222ρR , this gives

‖ϕ(x1)‖ ≤ 4
√

5 ·
√
` · θ ·K · 2ρR . (3.34)

Consider the vectors {qi : 1 ≤ i ≤ θ} ⊆ Zθ+1 defined by qi = (0, . . . 0, Cgi, 0, . . . , 0,−si) with
Cgi at the ith position. These vectors are clearly linearly independent; moreover, from the
congruence relations giαi ≡ si (mod x0) for 1 ≤ i ≤ θ we deduce that for all i, 〈qi, a〉 ≡ 0
(mod x0); i.e. qi ∈ A⊥. Further, as |si| ≤ 2ρR , their norm is upper bounded by ‖qi‖2 ≤
C2g2

i + 22ρR ≤ C2g2
i + Cg2

i ≤ 2C2g2
i because Cgi ≥ 2ρR−α+1 · 2α−1 = 2ρR . Consequently,

θ∏
i=1

‖qi‖ ≤ 2θ/2Cθ
θ∏
i=1

gi = 2θ/2Cθg . (3.35)

Equation (3.20) togetherwith g ≤ 2αθ imply (1+1/`) log2(g)+(`+θ)/2+log2(4
√

5
√
`+ 1θ`) <

log2(x0)− ρR and, by raising to the power of 2, we obtain g1+1/` · 2`/2 · 2θ/2 · 4
√

5
√
`+ 1θ` <

x0/2
ρR . This is equivalent to

g1/` · 2`/2 · 2ρR · 4
√

5
√
`+ 1 · θ` < Cθx0

Cθ2θ/2g
. (3.36)

The left-hand side is lower bounded by ‖ϕ(x1)‖ by Equation (3.34), and the right-hand side
is upper bounded by det(A⊥)/

∏θ
i=1 ‖qi‖, by Equation (3.35) together with det(A⊥) = Cθx0.

Therefore, Equation (3.36) implies ‖ϕ(x1)‖ < Vol(A⊥)/
∏θ
i=1 ‖qi‖. It now follows fromLemma

3.3.2 that ϕ(x1) is in the linear span generated by the vectors {qi : 1 ≤ i ≤ θ}. Since {gi}i are
distinct prime numbers and gcd(si, gi) = 1 for 1 ≤ i ≤ θ, we conclude that ϕ(x1) is in the
sublattice generated by the vectors {qi : 1 ≤ i ≤ θ}. Consequently, for all 1 ≤ i ≤ θ, one has
〈u1, m̂i〉 ≡ 0 (mod gi).

The rows {bj : 1 ≤ j ≤ `+ 1} of the matrix[
B · 1` −ωT

0 x0

]
,

form a Z-basis ofL. Hence, by running LLL on this matrix with δ = 3/4, we compute a vector
x1 of which the first ` entries, divided by B, produce a vector u = u1 satisfying 〈u1, m̂i〉 ≡ 0
(mod gi) for all i. The algorithm terminates in polynomial time because LLL does.



CHAPTER4
The Hidden Lattice Problem

In this chapter, we consider the problem of revealing a small hidden lattice from the know-
ledge of a low-rank sublattice modulo a given sufficiently large integer – the Hidden Lattice
Problem.

A central motivation of study for this problem is the Hidden Subset Sum Problem, whose
hardness is essentially determined by that of the hidden lattice problem. We describe and
compare two algorithms for the hidden lattice problem: we first adapt the algorithm by
Nguyen and Stern for the hidden subset sum problem, based on orthogonal lattices, and
propose a new variant, which we explain to be related by duality in lattice theory. Following
heuristic, rigorous and practical analyses, we find that our new algorithm brings some ad-
vantages as well as a competitive alternative for algorithms for problems with cryptographic
interest, such as Approximate CommonDivisor Problems, and theHidden Subset Sum Prob-
lem. Finally, we study variations of the problem and highlight its relevance to cryptanalysis.

The content of this chapter is based on joint work with Gabor Wiese, and which has been
submitted.

4.1 Introduction

The Hidden Subset Sum Problem asks to reveal a set of binary vectors from a given linear
combination modulo a sufficiently large integer. At Crypto 1999, Nguyen and Stern have
proposed an algorithm for this problem, based on lattices, [NS99]. Their solution crucially
relies on revealing, in the first place, the “small” lattice generated by the binary vectors: this
is the underlyingHidden Lattice Problem (HLP). The starting point of this work is to investigate
the HLP independently. For this article, we define “small” lattices as follows.

Definition 4.1.1. Let 0 < n ≤ m be integers and let Λ ⊆ Zm be a lattice of rank n equipped with the
standard Euclidean norm. The size σ(B) of a basisB of Λ is defined to be

σ(B) =

√
1

n

∑
v∈B
‖v‖2.

For a real number µ ≥ 1, we say that Λ is µ-small if Λ possesses a basis B of size σ(B) ≤ µ.

69
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Small lattices naturally occur in computational problems in number theory and crypto-
graphy. For Λ as in Definition 4.1.1, we let ΛQ (resp. ΛR) be the Q-span (resp. R-span) of Λ in
Rm. The completion Λ of Λ is ΛQ ∩Zm = ΛR ∩Zm and we say that Λ is complete if Λ = Λ. As
is customary in many computational problems we also work modulo N ∈ Z and write v ∈ Λ
(mod N) if there exists w ∈ Λ such that v − w ∈ (NZ)m. If Λ′ ⊆ Zm, then Λ′ ⊆ Λ (mod N)
shall mean v ∈ Λ (mod N) for all v ∈ Λ′. We then define the Hidden Lattice Problem as
follows.

Definition 4.1.2 (Hidden Lattice Problem (HLP)). Let µ ∈ R≥1, integers 1 ≤ r ≤ n ≤ m and
N ∈ Z. Let L ⊆ Zm be a µ-small lattice of rank n. Further, let M ⊆ Zm be a lattice of rank r such
thatM ⊆ L (mod N).

The Hidden Lattice Problem (HLP) is the task to compute from the knowledge of n,N and a
basis of M, a basis of the completion of any µ-small lattice Λ of rank n such that M ⊆ Λ (mod N).

Note that M is defined modulo N and we may thus view M ⊆ (Z/NZ)m. We analyse for
which values of µ ∈ R≥1 a generic HLP can be expected to be solvable. Random choices ofM
are likely to uniquely define the lattice L, thus Λ = L. We will see that L is very often equal
to L: it is the hidden lattice to be uncovered (note that the completion makes the lattice only
smaller). Our definition is more general than the framework in [NS99] and deviates in two
ways: first, we do not require L to possess a basis of binary vectors as in [NS99], but instead
control the size of L by µ. Also, instead of assuming a unique vector to be public (r = 1), we
assume a (basis of a) sublattice M of arbitrary rank r to be public.

4.2 Our contributions

Our principal aims are to describe algorithms for the HLP, analyse them theoretically, heur-
istically and practically, and give applications.

Algorithms for the HLP. We describe two algorithms for the HLP. First, we adapt the or-
thogonal lattice algorithm of Nguyen and Stern [NS99], based on the (public) lattice M⊥N

of vectors orthogonal to M modulo N . It naturally contains the relatively small lattice L⊥,
which we can identify by lattice reduction, provided that the parameters satisfy certain con-
ditions. Our major contribution is to propose a new two-step alternative algorithm, based
on the (public) lattice MN of vectors that lie in M modulo N . In this case, we first explain
how to recognize vectors lying directly in a relatively small sublattice of the completion of
the hidden lattice L and compute them by lattice reduction. We explain that the second step
of our new algorithm can be designed to only perform linear algebra over finite fields, which
is generally very fast. Therefore, our second algorithm is often faster than the orthogonal
lattice algorithm. As we can directly compute short vectors in L instead of L⊥ (which avoids
the computation of orthogonal complements), it is also conceptually easier than the ortho-
gonal lattice algorithm. We finally justify that both algorithms are related by duality. Using
celebrated transference results for the successive minima of dual lattices, we explain how to
bridge both algorithms theoretically. Throughout this paper, we refer to both algorithms as
Algorithm I and Algorithm II, respectively. In cryptanalysis, the orthogonal lattice has been
used extensively, since its introduction in [NS97]. Lattice duality has been used for example in
the context of the LWE Problem, see e.g. [Alb17]. We refer to Section 4.4 for a full description
of our algorithms.
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Analysis of our algorithms. We provide a heuristic analysis of our algorithms based on
the Gaussian Heuristic for “random lattices”. For Algorithm I, we follow the intuition of
[NS99]: short enough vectors u ∈ M⊥N (which we compute by lattice reduction) must lie in
L⊥. Since L⊥ has rank m − n, we expect to find m − n such vectors. For Algorithm II, we
derive an explicit lower bound on the norm of the vectors lying inMN but outside LQ, which
gives us a criterion for establishing an explicit parameter selection. In both cases, it turns out
that the HLP is solvable when the N is sufficiently large with respect to µ. Quantifying this
dependence theoretically and practically is a natural question. For example, both algorithms
detect hidden lattices of size µ = O(N

r(m−n)
nm ) up to some terms which differ according to

the algorithm; in the balanced case m = 2n = 4r, this gives µ = O(N1/4). To quantify the
difference between N and µ in a compact formula, we propose a definition for an arithmetic
invariant attached to the HLP, whichwe justify to behave like an inverse-density, a handy and
well-studied invariant for knapsack-type problems (see e.g. [LO85, NS99]).

We next establish proven results, not conditioned on the Gaussian Heuristic. Such formal
statements are not included in [NS99]. For our proofs, we rely on a discrete counting tech-
nique. For a fixed µ-small basisB ofL (sampled from some set of collections of vectors) and a
given integerN , we denote byH(B) a finite sample set of vectors constructed fromB andN .
To an element ofH(B), we naturally associate a HLP with hidden lattice L. On each of these
problems, we “run” either Algorithm I or Algorithm II, and “count” how often our algorithm
successfully computes a basis ofL by using LLL, [LLL82]. Our proven bounds asymptotically
confirm our heuristic prediction.

We have implemented our algorithms in SageMath [S+20]. Our practical results confirm
our theoretical findings quite accurately. Moreover, we see that both algorithms practically
perform equivalently well, which is heuristically understandable from the duality between
them. In some cases, Algorithm II outperforms Algorithm I: the second step of Algorithm II
is computationally simpler than for Algorithm I, leading to strongly improved running times.

At informal level, we can state the following simplified lower bounds (see Table 4.1) for
log(N) in our heuristic and proven analyses. In the proven case (for r = 1), the lower bound
stands for log(Nε), where ε ∈ (0, 1) is fixed such that the success rate of the algorithms is 1−ε.
Here ι denotes the root Hermite factor depending on the chosen lattice reduction algorithm
(which is LLL in our proven analysis).

We refer to Section 4.5 and 4.6 for our theoretical analyses and to Section 4.9 for our prac-
tical experiments.

Variations and applications. Some variations of Def. 4.1.2 are of interest to us. First, we
study the case where given vectors lie in a small lattice moduloN only up to unknown short
“noise” vectors; we call this the noisy hidden lattice problem (NHLP). We notice that we can
cancel the effect of the noise, by reducing the NHLP to a HLP with a “larger” (in the sense
of size and dimension) hidden lattice, and apply our previous algorithms without changes.
We also consider a decisional version (DHLP) of the hidden lattice problem, asking about the
existence of a µ-small lattice L containing M modulo N . This problem, although not asking
for the computation of L lies at the heart of many cryptanalytic settings, and may thus be
of interest to cryptanalysts. We recognize that the existence of such L strongly impacts the
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Algorithm Lower bound for log(N)

I mn
r log(ι) + mn

r(m−n) log(µ) + n
2r log(m− n)

Heuristic
II m

m−n
mn
r log(ι) + mn

r(m−n) log(µ) + mn
2r(m−n) log

(
n
m

)
I mn log(ι) + n(n+ 1) log(µ) + n(m−n)

2 log(2(m−n)
3 ) + n log(3

√
n) + 1

Proven
II mn log(ι) + n(n+ 2) log(µ) + n log(3n2) + 1

Table 4.1: Lower bounds for log(N) as functions of n,m, r, µ

geometry of M⊥N (or MN ) and, consequently, our algorithms solve the decisional version
heuristically.

Finally, we describe applications of theHLP togetherwith some improvements implied by
our Algorithm II. Our applications show that the HLP appears somewhat naturally in many
different frameworks. We mostly refer to the works [CP19, CG20, CN19a, CNT10, BNNT11].
We refer to Section 4.7 and 4.8.

4.3 Background and notation on lattices

4.3.1 Lattices

Throughout this section we fix a lattice Λ ⊆ Zm of positive rank n. For more background, we
refer to Chapter 2.

Definition 4.3.1. For N ∈ Z we define the N -orthogonal lattice of Λ by

Λ⊥N = {v ∈ Z
m | ∀w ∈ Λ (mod N) : 〈v, w〉 ≡ 0 (mod N)}

and the N -congruence lattice of Λ by

ΛN = {v ∈ Z
m | v ∈ Λ (mod N)} .

These only depend on Λ modulo N .

Note that Λ⊥0 = Λ⊥ is the usual orthogonal lattice, and Λ0 = Λ. Assume now N 6= 0.
The map Λ⊥N → HomZ(ΛN , NZ) ' N ·HomZ(ΛN ,Z) ' N · (ΛN )∨ sending w to (v 7→ 〈v, w〉)
is an isomorphism. Moreover, for a basis matrix A ∈ Zm×n of Λ, Λ⊥N is precisely the kernel
of Zm → (Z/NZ)n, v 7→ AT v, and thus has volume dividing Nn. Since the product of the
volumes of dual lattices is 1, we conclude that Nm−n divides Vol(ΛN ). If the Gram matrix
ATA of A is invertible over Z/NZ, then these inequalities are equalities, i.e. Vol(Λ⊥N ) = Nn

and Vol(ΛN ) = Nm−n.

Lemma 4.3.2. Let Λ be a lattice of positive rank n.
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(i) The completion of Λ satisfies (Λ⊥)⊥ = Λ.

(ii) If Λ′ ⊆ Λ⊥ is a sublattice of the same rank as Λ⊥, then Λ = Λ′⊥.

(iii) (Hadamard’s inequality) Vol(Λ) ≤
∏
v∈B ‖v‖ ≤ σ(B)n for any basis B of Λ.

(iv) Vol(Λ⊥) = Vol(Λ) ≤ Vol(Λ)

Proof. For (i) and (iv), see Section 2 and Corollary 2 in [NS97]. The inequality in (iv) follows
because Λ ⊆ Λ. Statement (ii) follows from (i) because Λ = (Λ⊥)⊥ ⊆ Λ′⊥ are of the same rank
with Λ complete. The first inequality in (iii) is Hadamard’s Inequality (Proposition 2.2.1) and
the last inequality in (iii) follows from the arithmetic-geometric mean inequality.

4.3.2 Lattice reduction

We rely on lattice reduction. We refer to Chapter 2 for more details. We assume that given as
input a basis of a lattice Λ, a lattice reduction algorithm outputs a basis {b′i}i of Λ with

‖b′i‖ ≤ ιnλi(Λ) , 1 ≤ i ≤ n ,

as mentioned in Equation 2.4. In practice, one uses LLL [LLL82] or BKZ [HPS11a, CN12].
Throughout this chapter we mainly rely on the LLL algorithm (see Theorem 2.2.5 in Section
2.2.2) to obtain proved upper bounds on the length of short vectors. For the complexity of lat-
tice reduction wemake use of the formulae for the L2-algorithm and the heuristic complexity
for the BKZ algorithm (see Section 2.2.2).

4.4 Algorithms for the HLP

We provide and compare two algorithms for the HLP. Our first algorithm follows the ortho-
gonal lattice algorithm proposed by Nguyen and Stern, [NS99]. We then propose a variant
based on the N -congruence lattice, which has some advantages over the first algorithm. We
justify that both algorithms are related via the duality (up to scalar) of the lattices in Defini-
tion 4.3.1. Finally, we present some practical observations for both algorithms.

Let us introduce some notation. For a basisB = {v1, . . . , vn} ofL, consider the coordinate
isomorphism cB : L → Zn, sending

∑n
i=1 aivi to (a1, . . . , an) ∈ Zn. Let πN be the natural

projection Zn → (Z/NZ)n, and denote by cB,N : L → (Z/NZ)n the composition πNcB. We
now assume thatL is complete, that is, L = L. ThenNL = L∩NZm, and thus we can extend
cB,N to LN → (Z/NZ)n, by setting cB,N (` + Nt) = cB,N (`) for every ` ∈ L and t ∈ Zm. For
M ⊆ L (mod N), that is,M ⊆ LN , define

MB = cB,N (M) ⊆ (Z/NZ)n ,

the image of M under cB,N . For our algorithms, we consider the lattices (MB)⊥N ⊆ Zn and
(MB)N = π−1

N (MB) ⊆ Zn of rank n, respectively.
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4.4.1 The orthogonal lattice algorithm for the HLP

We adapt the algorithm from [NS99] based on the orthogonal lattice. Given an instance of
the HLP with notation as in Definition 4.1.2, we have L⊥ ⊆M⊥ ⊆M⊥N . In imprecise terms,
the smallness of L implies the smallness of L⊥. We argue below that in a sufficiently generic
case, the latticeM⊥N contains a sublattice NI of L⊥ of the same rankm− n. By Lemma 4.3.2,
L = N⊥I is a solution to the given HLP. Under the assumption NI ⊆ L⊥, one has N⊥I = L,
and so a solution to the HLP. The orthogonal lattice algorithm is as follows; we refer to it as
Algorithm I.

Algorithm 7 Solve the HLP using the orthogonal lattice (Algorithm I)
Parameters: The HLP parameters n,m, r, µ,N from Definition 4.1.2
Input: A valid input for the HLP: a basis of a lattice M ⊆ Zm of rank r such that M ⊆ L

(mod N) where L is a µ-small lattice of rank n in Zm

Output: A basis of the lattice L (under suitable parameter choice)
1: Compute a basis matrix B(M, N) ofM⊥N
2: Run a lattice reduction algorithm on the basis B(M, N) to compute a reduced basis
u1, . . . , u` of M⊥N , where ` = m − r if N = 0 and ` = m otherwise; order the vectors
{ui}i by increasing norm

3: Construct the lattice NI =
⊕m−n

i=1 Zui
4: Compute and return a basis of N⊥I (see Section 4.4.4)

Identifying L⊥ by its smallness. The decisive point in this algorithm is thatNI is expected
to lie in L⊥ due to the smallness of the latter for the following heuristic argumentation. A
more precise discussion follows below. Recall that L⊥ is a “small” sublattice ofM⊥N of rank
m−n. One hence expects that lattice reduction algorithms identifym−n linearly independent
“short” vectors inM⊥N . Indeed, in practice one sees a significant jump in the size of the basis
vectors after the first m − n vectors, i.e. NI is the unique “small” sublattice of L⊥ of rank
m − n. In Section 4.7.2 we will formulate the decisional hidden lattice problem (DHLP),
asking for the existence of L. This size jump is exactly what is detected by the algorithm for
the decisional version. Let us note that heuristically a “short” vector that is orthogonal to M

modulo N is genuinely orthogonal over Z. Consequently, ifm− n′ > m− n “short” vectors
were found by the lattice reduction algorithm in the first step, then Mwould already lie in a
small lattice of rank n′ < n, which is heuristically not the case.

Proposition 4.4.1 makes the smallness of L⊥ precise by giving a lower bound for vectors
lying outside L⊥. For a basisB of L, consider the coordinate morphism cB : LN → (Z/NZ)n

sending a vector to its coordinates with respect toBmoduloN . ForM ⊆ L (mod N), denote
by MB := cB(M) ⊆ (Z/NZ)n the image of M under cB. For B = {v1, . . . , vn}, we also define
the group homomorphism

ΦB : M⊥N →M
⊥N
B , u 7→ (〈u, vi〉)i=1,...,n . (4.1)

Indeed, by the linearity of the inner product, it is easy to see that for vectors u in the N -
orthogonal lattice of M , the vector ΦB(u) lies in the N -orthogonal lattice of MB. Note that
the kernel of ΦB equals L⊥, and is hence independent of the choice of basis B. Following
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[NS99], the idea is as follows: for short enough vectors inM⊥N , their image under ΦB inside
M
⊥N
B will not become significantly longer (since the vectors {vi}i generate a small basis); if

these vectors have Euclidean norm less than the first minimum ofM⊥NB , they must be zero in
M
⊥N
B , and therefore u ∈ L⊥. More precisely, we have the following proposition.

Proposition 4.4.1. If u ∈M⊥N \ L⊥, then ‖u‖ ≥ λ1(M⊥NB )/(
√
n · µ) for any basisB of L.

Proof. The kernel of ΦB is L⊥ and is independent of the choice of B. So, for u ∈ M⊥N \ L⊥,
we have λ1(M⊥NB ) ≤ ‖ΦB(u)‖ ≤

√∑n
i=1 ‖u‖2‖vi‖2 = ‖u‖

√
nσ(B) by the Cauchy-Schwarz

inequality. We conclude using σ(B) ≤ µ, as L is µ-small.

4.4.2 An alternative algorithm for the HLP

We describe a variant of Algorithm I based on the (public) lattice MN for N 6= 0. For an
instance of the HLP as in Definition 4.1.2, we have MN ⊆ LN . We argue below that in a
sufficiently generic case, the latticeMN contains a sublatticeNII of L of rank n. ThenNII = L

solves the HLP. We summarize the algorithm as follows and refer to it as Algorithm II.

Algorithm 8 Solve the HLP using the congruence lattice (Algorithm II)
Parameters: The HLP parameters n,m, r, µ,N from Definition 4.1.2
Input: A valid input for the HLP: a basis of a lattice M ⊆ Zm of rank r such that M ⊆ L

(mod N) where L is a µ-small lattice of rank n in Zm

Output: A basis of the lattice L (under suitable parameter choice)
1: Compute a basis matrix B′(M, N) ofMN

2: Run a lattice reduction algorithm on the basis B′(M, N) to compute a reduced basis
u1, . . . , um of MN ; order the vectors {ui}i by increasing norm

3: Construct the lattice NII =
⊕n

i=1 Zui
4: Compute and return a basis of NII (see Section 4.4.4)

Identifying L by its smallness. The key point of the algorithm is the existence of a some-
what small sublattice Q ⊆ MN of rank n. Its existence implies lattice reduction applied on
MN to output n short vectors. To define Q, we use the same notation as above. Let

Q := QB,N := c−1
B ((MB)N ) ∩ L = cB,N

−1(MB) ∩ L . (4.2)

Note that Q ' (MB)N via the isomorphism cB. The following lemma describes some prop-
erties of the lattice Q.

Lemma 4.4.2. (a) The lattice Q is equal toMN ∩ L.
(b) The index (L : Q) is a multiple of Nn−r, and equal to Nn−r if Vol((MB)N ) = Nn−r

Proof. (a) To see that Q ⊆ MN ∩ L, it suffices to show that Q ⊆ MN . For q ∈ Q, we have by
definition, cB,N (q) ∈ MB, so cB,N (q) = cB,N (x) for some x ∈ M. Therfore cB,N (x − q) = 0,
i.e., q ∈ x+NZm ⊆MN .

To see that MN ∩ L ⊆ Q, let ` = x + Nt ∈ MN ∩ L with ` ∈ L, x ∈ M and t ∈ Zm. This
gives cB,N (`) = cB,N (x) ∈MB, so ` ∈ c−1

B,N (MB) ∩ L = Q.
(b) The isomorphism Q ' (MB)N implies (L : Q) = (Zn : (MB)N ) = Vol((MB)N ), which is a
multiple of Nn−r. If Vol((MB)N ) = Nn−r, then (L : Q) = Nn−r.
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The key point is the following general lemma (Lemma 4.4.3). When applied to Λ′ = L ⊆
LN = Λ, it gives Proposition 4.4.4.

Lemma 4.4.3. Let Λ ⊆ Zm be a lattice of rankm. Let Λ′ ⊆ Λ be a sublattice of rank 1 ≤ n ≤ m. For
every basisB′ of Λ′ and every u ∈ Λ with u /∈ Λ′

Q
, we have

‖u‖ ≥ Vol(Λ)∏
v∈B′ ‖v‖ ·

∏m
i=n+2 λi(Λ)

Proof. Since u ∈ Λ and u /∈ Λ′
Q
, Λ′ ⊕ Zu is a sublattice of Λ of rank n + 1. There are

linearly independent (ordered) vectors t1, . . . , tm ∈ Λ with ‖tj‖ = λj(Λ) for all j. Since
{tj}j are linearly independent, we can choose m − n − 1 vectors t′1, . . . , t′m−n−1 among {tj}j
such that Ω = Λ′ ⊕ (Zu) ⊕ (

⊕m−n−1
j=1 Zt′j) is a sublattice of Λ of finite index. In particular,

Vol(Λ) ≤ Vol(Ω). Since
∏m−n−1
j=1 ‖t′j‖ ≤

∏m
i=n+2 λi(Λ), we obtain by Hadamard’s Inequality

(Proposition 2.2.1) that the volume of Ω is upper bounded by(∏
v∈B′
‖v‖

)
· ‖u‖ ·

m−n−1∏
j=1

‖t′j‖ ≤

(∏
v∈B′
‖v‖

)
· ‖u‖ ·

m∏
i=n+2

λi(Λ) .

Proposition 4.4.4. Let u ∈MN \ LQ. Then we have

‖u‖ ≥ 1

µn
· Vol(LN )∏m

i=n+2 λi(MN )

Proof. By Lemma 4.4.3 with Λ′ = L ⊆ LN = Λ we obtain together with Lemma 4.3.2 (iii) that
‖u‖ ≥ (1/µn) · (Vol(LN )/

∏m
i=n+2 λi(LN )) and the claimed bound follows using the inclusion

MN ⊆ LN .

As a consequence, short enough vectors inMN , which we seek by lattice reduction, must
eventually lie in LQ, and as they are integral, also in L.

4.4.3 Relation between the algorithms

Algorithms I and II are related by the duality relations of M⊥N and MN . We refer to Section
2.2.1 for more generalities on dual lattices. We argue that it is equivalent to obtain short
vectors in both latticesMN andM⊥N , by relying on Banaszczyk’s Transference Theorem (see
Theorem 2.2.3).

Proposition 4.4.5. For every latticeM ⊆ Zm, the following hold:

(i)
∏m−n
j=1 λj(M

⊥N ) ≤ γm/2m
Vol(M⊥N )

Nn

∏n
j=1 λj(MN )

(ii)
∏n
j=1 λj(MN ) ≤ γm/2m

Vol(MN )
Nm−n

∏m−n
j=1 λj(M

⊥N )



4.4. ALGORITHMS FOR THE HLP 77

Proof. (i)Minkowski’s Second Theorem (Theorem 2.2.2) gives

m−n∏
j=1

λj(M
⊥N ) ≤ γ

m/2
m ·Vol(M⊥N )∏m
j=m−n+1 λj(M

⊥N )
(4.3)

and we find a lower bound for
∏m
j=m−n+1 λj(M

⊥N ). Theorem 2.2.3 with Λ = M⊥N and Λ∨ =

N−1MN gives λj(M⊥N )λm−j+1(MN ) ∈ [N,mN ] for all 1 ≤ j ≤ m. Taking the product over
j = m− n+ 1, . . . ,m yields

m∏
j=m−n+1

λj(M
⊥N )

n∏
j=1

λj(MN ) ∈ [Nn, (mN)n]

and we conclude with Equation (4.3). To establish (b), we proceed similarly.

Therefore, an upper bound on the firstm−n successive minima ofM⊥N implies an upper
bound on the first n successive minima ofMN , and vice-versa.

4.4.4 Practical discussion on Algorithm I and II

Algorithm I reveals L bymeans of orthogonal lattices. On the other side, Algorithm II is con-
ceptually easier than Algorithm I, in the sense that it recovers L much more directly. In fact,
as explained in Section 4.4.2, Algorithm II solves a “hidden sublattice problem” in the first
place, by recovering the lattice NII ⊆ L. We now detail the different steps of the algorithms
with a practical focus.

Bases forM⊥N andMN . GivenN and an input basis matrix forM, bases forM⊥N andMN

are easily computed. For example, to compute a basis matrix for M⊥N , given a basis matrix
M ∈ Zr×m for M, where the rows ofM are a basis of M, one may proceed as follows: write
M = [M1|M2] with M1 ∈ Zr×m−r and M2 ∈ Zr×r. Let M ′1 and M ′2 be the reductions of M1

andM2 moduloN . IfM ′2 ∈ GL(r,Z/NZ), letM ′−1
2 be its inverse and put M̃ := (−M ′−1

2 M ′1)T .
Then the rows of the block matrix

B(M, N) =

[
1m−r M̃

0r×m−r N · 1r

]
(4.4)

is a basis matrix forM⊥N . This is the matrixB(M, N) computed in the first step of Algorithm
I (see Algorithm 7). Indeed, u ∈ Z1×m lies inM⊥N if and only if u is orthogonal moduloN to
the rows ofM , i.e. MuT ≡ 0r×1 (mod N). Putting u = (u1, u2) ∈ Z1×m−r × Z1×r, this gives
M1u

T
1 + M2u

T
2 ≡ 0r×1 (mod N), or equivalently, M−1

2 M1u
T
1 + uT2 ≡ 0r×1 (mod N), which

over the integers reads as uT2 = M̃uT1 + N · 1rlT for some lT ∈ Zr×1. Thus u = (u1, u2) =
(u1, l) ·B(M, N) is the image of (u1, l) under B(M, N).

A basis matrix for the lattice MN for the first step of Algorithm II (see Algorithm 8) is
constructed similarly, or, one may directly use the duality: if B is a basis matrix for a lattice
Λ ⊆ Qm of full rankm, then a basis matrix for Λ∨ isB∨ := (BT )−1, where the inverse is taken
over GL(m,Q). In view of the relation MN = N(M⊥N )∨, a basis matrix B′(M, N) for MN is
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therefore NA∨, with A = B(M, N) as in Equation (4.4).

The first steps of Algorithm I and Algorithm II rely on running lattice reduction on these
basis matrices, respectively. Subsequently the lattices NI and NII are constructed from those
reduced bases as indicated.

The second steps of our algorithms differ more substantially. Algorithm I computes a
basis of the orthogonal complement (over Z) of NI, while Algorithm II computes a basis of
the completion of NII. We detail these algorithms below.

Orthogonal of NI. In Algorithm I, once a basis for NI is constructed, the second part com-
putes a basis for N⊥I . This can be done using the LLL algorithm following [NS97, Theorem
4 and Algorithm 5]; also see [CSV18, Proposition 4.1]. Generally, for a lattice Λ ⊆ Zm of
rank 0 < n < m with basis matrix B ∈ Zn×m (with basis vectors in rows), the technique
relies on LLL-reducing the rows of the matrix

[
KB ·BT | 1m

]
∈ Z(m+n)×m for a well-chosen

sufficiently large constant KB ∈ N depending on B, and then, projecting the first m − n
vectors of the resulting reduced basis on their last m components. For the computation of
N⊥I , following [NS97, Algorithm 5], it suffices to choose the constant KU = d2`

∏m−n
i=1 ‖ui‖e

with ` = (m − 1)/2 + n(n − 1)/4 and where U is a basis matrix of NI with row vectors
{ui : 1 ≤ i ≤ m− n}, computed in the first part.

Completion of NII. Recall that the completion of Λ ⊆ Zm is the lattice Λ = ΛQ ∩ Zm, which
is {v ∈ Zm | dv ∈ Λ, for some d ∈ Z\{0}}. In Algorithm II, once a basis forNII is constructed,
we compute a basis for NII in the second part. One may compute NII as (N⊥II)

⊥ by using LLL
twice, as in [NS97, Theorem 4 and Algorithm 5], and the output is then LLL-reduced.

We describe an alternative method, which in practice works well (see Section 4.9). As
predicted by Lemma 4.4.2, the index of Q in L is Nn−r in most of the cases. In practical
experiments with a solvable hidden lattice problem, we observe thatNII is exactlyMN ∩L =
Q, thus (L : NII) = Nn−r. Therefore, more directly, we can complete NII locally at primes p
dividing N . For a prime p, define the p-completion of Λ ⊆ Zm by

Λp
∞

:= {v ∈ Z
m | pkv ∈ Λ, for some k ∈ N} .

LetB ∈ Zn×m be a basis matrix (with rows {bi}i) of some lattice Λ ⊆ Zm of rank n; assume
that p divides the index (Λ : Λ). We proceed as follows to compute a basis of Λp

∞ . Let B ∈
Fn×mp be reduction of B modulo p; let α ∈ Fnp be an element of ker(B), i.e. αB ≡ 0 (mod p).
We represent α = (αi)i ∈ Zn by choosing the entries of α by their unique representatives
in Z ∩ [−p/2, p/2). We may assume that one of the coefficients of ᾱ equals 1, say it is the ith
coefficient. Let x ∈ Zm such that αB = px. Let Λ′ ⊆ Zm be the lattice generated byB′ ∈ Zn×m

where B′ is the matrix obtained from B after replacing the ith row of B by x; then Λ ⊆ Λ′

and ΛQ = Λ′
Q
. By the choice of x, the rank of B′ over F` for every prime number ` 6= p,

does not decrease. We repeat this for every basis vector in the Fp-kernel of B and update B′
accordingly.

In Section 4.9, we report that the second step for Algorithm II can, in general, be carried
out muchmore rapidly than the second step of Algorithm I. This also gives an improved total
running time for Algorithm II against Algorithm I.
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4.5 Heuristic analysis of the algorithms

We provide a heuristic analysis and comparison of Algorithms I and II forN > 0. ForN < 0,
it suffices to replaceN by−N throughout the analysis. We write log for the logarithm in base
2. Proposition 4.4.1 and 4.4.4 are the keys in our analysis. We rely on the Gaussian Heuristic
(GH) for the successive minima for “random”1 lattices (see Section 2.2.2). Accordingly, we
heuristically approximate λ1(Λ) by √γn · Vol(Λ)1/n. Additionnally, we heuristically assume
all the minima to be approximately equal, that is,

λk(Λ) ≈
√

n

2πe
·Vol(Λ)1/n , 1 ≤ k ≤ n . (4.5)

Since L,L⊥, (MB)⊥N , (MB)N (contrary toM⊥N andMN ) do not possess “small” sublattices,
it is reasonable to follow this heuristic for these lattices. As n → ∞, we will use the approx-
imation γn ≈ n/(2πe).

4.5.1 Analysis of Algorithm I

Lattice reduction computes short vectors in M⊥N ; let u1, . . . , um−n be the first m − n vectors
in a basis of M⊥N output by a lattice reduction algorithm. Since M⊥N contains L⊥, one has
‖um−n‖ ≤ ιmλm−n(L⊥) for some ι > 1 depending on the lattice reduction algorithm. By
Proposition 4.4.1, if

ιmλm−n(L⊥) <
λ1(M⊥NB )√

n · µ
(4.6)

then um−n ∈ L⊥ and since the vectors {ui}i are ordered by size, we obtain a sublattice NI =⊕m−n
i=1 Zui of L⊥ of the same rank. The orthogonal complement N⊥I is then the completion

of L, by Lemma 4.3.2.
We rely on the Gaussian Heuristic to estimate λm−n(L⊥) and λ1(M⊥NB ). Using Vol(L⊥) ≤

Vol(L) andHadamard’s Inequality fromLemma4.3.2, wehaveλm−n(L⊥) .
√

(m− n)/(2πe)·
µn/(m−n). Assuming Vol(M⊥NB ) = N r, we obtain under (GH): λ1(M⊥NB ) ≈

√
n/(2πe) ·N r/n.

Putting the bounds together gives

N r/n > ιm · (m− n)1/2 · µ
m

m−n . (4.7)

There are more ways to read such an inequality: since our investigation is on the hidden
lattice, we could either boundµ, the size of the small basis of the hidden latticeL, as a function
of the other parameters, or else, consider µ as fixed and bound the modulusN in terms of the
remaining parameters. Following this latter approach, by taking logarithms, Equation (4.6)
imposes the following heuristic condition on the parameters:

log(N) >
mn

r(m− n)
log(µ) +

mn

r
log(ι) +

n

2r
log(m− n) (4.8)

Equation (4.8) is a heuristic sufficient condition that the chosen lattice reduction algorithm
outputs m − n vectors u1, . . . , um−n ∈ L⊥. Equation (4.8) is a heuristic sufficient condition
that the chosen lattice reduction algorithm outputsm− n vectors u1, . . . , um−n ∈ L⊥.

1see e.g. [Ajt06] for a precise setting; here we shall mean “generic” lattices, i.e. lattices with no extra assump-
tions, such as the existence of particularly small sublattices
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4.5.2 Analysis of Algorithm II

We present two alternative analyses: a “direct analysis” without relying on Proposition 4.4.4,
and one using Proposition 4.4.4.

Direct analysis

We run lattice reduction onMN ; let u1, . . . , um be the first n vectors of a reduced basis ofMN .
The existence of the hidden lattice L implies the existence of the sublattice Q = MN ∩ L of
MN (defined in Equation (4.2)), which impacts the geometry of MN in the following way:
the first nminima of MN are heuristically of the same size than the first nminima of Q, and
the remaining m − n minima are much larger. In particular, the first n minima of MN are
expected to be significantly smaller than the quantity predicted by Equation (4.5):

√
γm ·Vol(MN )1/m ≈ √γm ·N1−r/m ,

whichwould heuristically be a valid approximation ifMN were a “generic” lattice (i.e.without
the existence of Q). To measure this gap, we introduce a threshold constant θ ≥ 1. We heur-
istically expect to have u1, . . . , un ∈ LQ under the condition

θ · ‖un‖ <
√
γm ·N1−r/m . (4.9)

SinceMN containsQ, we have ‖un‖ ≤ ιmλn(Q) for some ι > 1 depending on the lattice reduc-
tion algorithm. We assume (L : Q) = Nn−r by Lemma 4.4.2 (b). Then Vol(Q) = Nn−rVol(L).
Since

∏n
i=1 λi(Q) ≤ γn/2n Vol(Q), this gives with Vol(L) ≤ µn, the approximation

n∏
i=1

λi(Q) . γn/2n µnNn−r . (4.10)

With the heuristic assumption that the successive minima ofQ are roughly of equal size, this
implies the heuristic upper bound

λi(Q) .
√
γnµN

1−r/n , 1 ≤ i ≤ n .

It follows that
‖un‖ . ιm

√
γnµN

1−r/n . (4.11)

Consequently, from Equation (4.9), we expect to have u1, . . . , un ∈ LQ as soon as

θιm
√
γnµN

1−r/n <
√
γmN

1−r/m .

Taking logarithms, this gives the condition

log(N) >
mn

r(m− n)
log(µ) +

m

m− n
mn

r
log(ι) +

mn

r(m− n)
log

(
θ

√
n√
m

)
. (4.12)
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Analysis using Proposition 4.4.4.

Following Proposition 4.4.4, we compute a heuristic upper bound for ‖un‖ and a lower bound
for Nm−n/(µn

∏m
i=n+2 λi(MN )), as Vol(LN ) ≥ Nm−n.

The heuristic upper bound for ‖un‖ is given by Equation (4.11). To establish a heur-
istic lower bound for Nm−n/(µn

∏m
i=n+2 λi(MN )), we establish a heuristic upper bound for∏m

i=n+2 λi(MN ). By Minkowski’s Second Theorem,

m∏
i=n+1

λi(MN ) ≤ γm/2m Nm−r/

n∏
i=1

λi(MN ) ,

where we have assumed that Vol(MN ) = Nm−r (see Section 4.3.1), which is the generic case
and heuristically (almost) always true. The first n minima of MN are heuristically equal to
the n minima of Q, because Q is heuristically the only relatively small sublattice of MN . We
can heuristically consider the upper bound provided in (4.10) as a lower bound, too. Indeed,
since Vol(Q) ≤

∏n
i=1 λi(Q) ≤ γ

n/2
n Vol(Q), Minkowski’s bound in (4.10) is loose by a factor at

most γn/2n . Note also that assuming equality in (4.10) is compatible with Equation (4.5) for
the lattice Q.

Therefore, we obtain
∏n
i=1 λi(MN ) ≈

∏n
i=1 λi(Q) ≈ γn/2n µnNn−r. This implies that

m∏
i=n+1

λi(MN ) .
γ
m/2
m Nm−r

γ
n/2
n µnNn−r

≈ (2πe)n/2

(2πe)m/2
mm/2

nn/2
Nm−n

µn
=: K(m,n,N, µ) =: K .

Since we expect the minima λi(MN ) for n + 1 ≤ i ≤ m to be roughly equal, we obtain∏m
i=n+2 λi(MN ) . K(m−n−1)/(m−n). Consequently, we derive the heuristic lower bound

Nm−n

µn
∏m
i=n+2 λi(MN )

&
Nm−n

µnK
m−n−1
m−n

,

which gives,

Nm−n

µn
∏m
i=n+2 λi(MN )

&
N

µ
n

m−n
·

(
nn/2

mm/2

)m−n−1
m−n

·
√

2πe
m−n−1

.

Combined with Equation (4.11), Proposition 4.4.4 says that if

ιm
√
γnµN

1−r/n <
N

µ
n

m−n
·

(
nn/2

mm/2

)m−n−1
m−n

·
√

2πe
m−n−1

,

then un ∈ LQ (and thus L). Since {ui}i are ordered by size, NII =
⊕n

i=1 Zui is a sublattice
of L of rank n. Thus, the completion of NII is the completion of L. Simplifying and taking
logarithms, gives the asymptotic condition

log(N) >
mn

r(m− n)
log(µ) +

mn

r
log(ι) +

n

2r
log(n) (4.13)

+
n

2r
log

(
mm

nn

)
− n(m− n)

2r
log(2πe) ,
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where we have used the mild approximationm−n−1 ≈ m−n. Equation (4.13) is a heuristic
sufficient condition that the chosen lattice reduction algorithmoutputs n vectors inLQ∩Zm =
L.

In Section 4.5.3, we will see that, asymptotically, the heuristic bounds for Algorithms I
and II perform very similarly.

4.5.3 Parameter comparison of Algorithms I and II

In light of Equations (4.8) and (4.13) we deduce that log(N) > mn
r(m−n) log(µ), and therefore

we heuristically expect both algorithms to detect µ-small lattices of size µ approximately

µ = O(N
r(m−n)
nm ) , (4.14)

when r, n,m are fixed and N tends to infinity. Since r < n and m − n < m, the exponent is
strictly less than 1. For example, in the balanced case m = 2n = 4r, this gives µ = O(N1/4).
Further, we see that larger values of rmake the hidden lattice problem easier (as is expected,
sincemore information is public) as it can be solvedwith amodulus of r times smaller bitsize.

We now turn to a more detailed comparison of Equation (4.8) and Equation (4.12). For
fixed m,n, r, µ, a sufficiently large value of N satisfies (4.8), resp. (4.12). When m,n, r are
considered as constants, then the right-hand sides of (4.8) and (4.12) differ only by a constant.

To study the value of N asymptotically as n → ∞, we consider the rank r as constant,
and view m as a function of n. The term log(ι) is constant and relatively small; for example,
in practice one achieves a root Hermite factor ι approximately 1.021 for LLL, so log(ι) ≈ 0.03
is of impact only in large dimensions. Table 4.2 shows three cases: when m − n = O(1) is
bounded absolutely (independently of n), when m = O(n), and last, and when m = O(n`)
for ` > 1.

log(N)

m Algorithm I Algorithm II
n+O(1) O(n

2

r log(µ)) O(n
2

r max(log(µ), n))

O(n) O(nr max(log(µ), n)) O(nr max(log(µ), n))

O(n`), ` ∈ R>1 O(nr max(log(µ), n`)) O(nr max(log(µ), n`))

Table 4.2: Asymptotic lower bounds for log(N) as functions of n, r, µ

When m − n = O(1), our algorithms heuristically require larger (asymptotically equal)
values of N . The last line of Table 4.2 remains meaningful for ` = 1 and recovers the case
m = O(n); we have separated both for better readability. Alternatively, we may rewrite (4.8)
and (4.13) as

∆ := log

(
N r/n

µm/(m−n)

)
> ∆∗(n,m, ι) , (4.15)

where ∆∗(n,m, ι) with ∗ ∈ {I, II} (depending on whether the bound stands for Algorithm I
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or II) are the functions depending on n,m and ι, defined by:

∆I(n,m, ι) = m log(ι) +
1

2
log(m− n) (4.16)

∆II(n,m, ι) =
m2

m− n
log(ι) +

m

m− n
log

(
θ

√
n√
m

)
(4.17)

We consider ι as a constant once the lattice reduction algorithm is chosen, and treatm =
m(n) as a function of n. Thus we just write ∆∗(n) as function of n only. The number ∆ is
regarded as an arithmetic invariant for the (geometric) hidden lattice problem, depending on
all the parameters of the problem.

Remark 4.5.1. In the language of knapsack-type problems, ∆−1 can be regarded as a density
for the HLP. Namely, one commonly attributes a density to knapsack-type problems as a
measure of their hardness. For the classical “binary” subset sum problem [LO85], asking
to reveal x1, . . . , xn ∈ {0, 1} from a given sum α =

∑n
i=1 αixi with given α1, . . . , αn ∈ Z,

the density is defined as n/ log(maxi αi). When the {xi}i are not binary, [NS05] argues that
this definition is not “complete” enough, and introduces the notion of “pseudo-density”, as
(
∑

i x
2
i ) · n/ log(maxi αi), taking into account the weights {xi}i. In [PZ11], the authors study

higher-dimensional subset sumswhere k ≥ 1 equations are given instead of only one; thereby
the density is generalized as (1/k) · n/ log(maxi αi). For the hidden subset sum problem
[NS99] (see also Section 2.2.3.1 of Chapter 2 and 4.8.2 of this chapter), asking to reveal vectors
x1, . . . , xn ∈ {0, 1}m and weights α1, . . . , αn from a given vector v ≡

∑n
i=1 αixi (mod N), the

density has been defined as n/ log(N), which, however, is independent of the dimension m.
In light of this discussion, we believe that the definition of ∆−1 is a more complete definition
for a density of the HLP. In fact, for large enough m (say m → ∞) together with r = 1, our
definition (4.15) roughly recovers that of [NS99] since∆−1 → 1/ log(N1/n/µ) = n/ log(N/µn),
asm→∞. Our bounds show that heuristically our algorithms are more likely to succeed for
larger values of ∆ (i.e. larger gaps between N and µ).

Proposition 4.5.2. (a) Letm = `n for ` > 1. Then ∆I(n) = O(n) and ∆II(n) = O(n).
(b) Letm = n` for ` > 1. Then ∆I(n) = O(n`) and ∆II(n) = O(n`).

The proof is immediate from growth comparisons in the formulae (4.16) and (4.17).

4.5.4 Complexity of lattice reduction

The computations of NI and NII are carried out by lattice reduction. We describe their com-
plexity by the LLL and BKZ algorithm. We see that the LLL reduction (L2-reduction) step in
Algorithm II is faster than in Algorithm I when r ≥ m/2.

When applying theL2-algorithmwith naive integermultiplication inAlgorithm I, it is run
on a basis ofM⊥N , given by the rows of the matrixB in Equation (4.4). The top right block M̃
inB has size (m−r)×r and entries of size at mostN , so, every row inB has Euclidean norm
at most max((rN2 + 1)1/2, N) = (rN2 + 1)1/2. This gives, as stated in Section 2.2.2, Equation
(2.3), a complexity O(m6 log((rN2 + 1)1/2) +m5 log2((rN2 + 1)1/2)) which approximately is

O(m6 log(r1/2N) +m5 log2(r1/2N)) ,
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for computingNI by the L2-algorithm. For Algorithm II, the L2-algorithm is run on the basis
matrix NB∨ of MN , with N · 1m−r in the top left corner. The rows have Euclidean norm
at most max(N, ((m − r)N2 + 1)1/2) = ((m − r)N2 + 1)1/2. This gives a time complexity
O(m6 log(((m− r)N2 + 1))1/2 +m5 log2(((m− r)N2 + 1))1/2), which approximately is

O(m6 log((m− r)1/2N) +m5 log2((m− r)1/2N)) ,

for computing NII by the L2-algorithm. In particular, this complexity is lower than that for
computing NI when r ≥ m/2. In the common case that r = 1, the computation of NI is thus
faster than that of NII, which we confirm practically in Section 4.9.

When the prime factorization of N is known and p denotes the smallest prime factor of
N , then the complexity can be reduced by replacing N by p in the aforementioned formu-
lae, provided that log(p) satisfies the (heuristic) bounds (4.8) and (4.12), respectively, and by
performing the first steps of the algorithms over Z/pZ instead of Z/NZ. Namely, in that case
M ⊆ L (mod N) implies also M ⊆ L (mod p), which in the first step of Algorithm I and II,
leads to consider the latticesM⊥p and Mp, respectively.

When using BKZ lattice reduction, we rely on our heuristic analyses to obtain a lower
bound on the complexity for computing NI and NII. A root Hermite factor ι is achieved
within time at least 2Θ(1/ log(ι)) by using BKZ with block-size Θ(1/ log(ι)) ([HPS11a], see also
Section 2.2.2). For both algorithms, log(ι) < r

mn log(N) gives a heuristic time complexity
2Θ(mn/(r log(N))) to compute NI, resp. NII, with BKZ.

4.6 Theoretical analysis by counting

In this section, we restrict to the most basic case of r = 1, i.e. the lattice M is generated
by a single vector, lying in a hidden µ-small lattice L modulo N . As we will see in Section
4.8, this is the case in many concrete applications of the hidden lattice problem. We obtain
two results (see Theorems 4.6.1 and 4.6.2 below) concerning the success rate of Algorithms
I and II, respectively, on a large class of hidden lattice problems, under a well-chosen set of
parameters. Our proof technique is a discrete counting argument. We then compare our
results with the heuristic analysis from Section 4.5.

4.6.1 Notation and main results

We fix n,m ∈ Z≥2 with m > n and µ ∈ R≥1, N ∈ Z>0. Let Ω := Ω(n,m, µ) be the set
of collections B = {vi}i of n Z/NZ-linearly independent vectors in Zm satisfying σ(B) :=
( 1
n

∑
i ‖vi‖2)1/2 ≤ µ. For B ∈ Ω, let L(B) be the µ-small lattice generated by B; this is the

‘hidden lattice’. Consider the homomorphism

FB : (Z/NZ)n → (Z/NZ)m , a = (ai)i 7→ FB(a) :=
∑
i

aiπN (vi) ,

where πN : Zm → (Z/NZ)m is reduction modulo N . Let M(a) be the lattice ZFB(a) of rank
1 with generator FB(a). By construction, M(a) ⊆ L(B) (mod N) defines a Hidden Lattice
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Problem, asking to compute a basis of L(B) on inputM(a) andN (and n). We identify FB(a)
with this problem and our sample space for the hidden lattice problems is

H(B) = {FB(a) | a ∈ (Z/NZ)n} .

Clearly, #H(B) = Nn. For δ ∈ (1/4, 1], denote by Hδ,I(B) ⊆ H(B) (resp. Hδ,II(B) ⊆ H(B)),
the subset ofH(B) for which Algorithm I (resp. Algorithm II) succeeds by using δ-LLL in the
first step. We shall prove the following results, where Corollary 4.6.3 is a direct consequence
of the theorems.

Theorem 4.6.1. Let µ ∈ R≥1 and m > n ≥ 3 and N > 0 be integers. Let δ ∈ (1/4, 1), c =
(δ − 1/4)−1 and ε ∈ (0, 1) such that

log(Nε) >
mn

2
log(c) + n(n+ 1) log(µ) (4.18)

+
n(m− n)

2
log((2/3)(m− n)) + n log(3

√
n) + 1

For every B ∈ Ω, at least (1 − ε)#H(B) of the hidden lattice problems from H(B) are solvable by
Algorithm I with δ-LLL; i.e.

#Hδ,I(B)

#H(B)
≥ 1− ε .

Theorem 4.6.2. Let µ ∈ R≥1 and m > n ≥ 2 and N > 0 be integers. Let δ ∈ (1/4, 1), c =
(δ − 1/4)−1 and ε ∈ (0, 1) such that

log(Nε) >
mn

2
log(c) + n(n+ 2) log(µ) (4.19)

+n log(3n2) + 1

For every B ∈ Ω, at least (1 − ε)#H(B) of the hidden lattice problems constructed from H(B) are
solvable by Algorithm II with δ-LLL; i.e.

#Hδ,II(B)

#H(B)
≥ 1− ε .

Corollary 4.6.3. Let m > n ≥ 3. For every δ ∈ (1/4, 1) and ε ∈ (0, 1), there exist positive
real numbers N †I = Nδ,µ,n,m(ε) and N †II = Nδ,µ,n,m(ε) depending on n,m, µ, δ, ε, such that for all
integers N > min(N †I , N

†
II) and all B ∈ Ω, at least (1 − ε)#H(B) of the hidden lattice problems

from H(B) are solvable (by Algorithm I if min(N †I , N
†
II) = N †I and Algorithm II otherwise) using

δ-LLL.

4.6.2 Proof of Theorem 4.6.1

Fix integers2 m > n ≥ 3,N > 0 and µ ∈ R≥1. It is enough to show that under the assumption
in Equation (4.18), we can compute a sublattice NI of L(B)⊥ of rank m − n. A basis for the
orthogonal complement ofN1 then gives a basis ofL(B). To prove Theorem 4.6.1 we proceed
in three steps, described in subsequent subsections. Given a ∈ (Z/NZ)n, we establish a lower
bound for λ1((Za)⊥N ) (see Step 1) and then an upper bound for ‖um−n‖ where {ui}i is a
δ-LLL reduced basis of (ZFB(a))⊥N (see Step 2) We conclude the proof by combining with
Proposition 4.4.1 (see Step 3).

2the condition n ≥ 3 is used for Lemma 4.6.5.
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4.6.2.1 Step 1

For a lower bound forλ1((Za)⊥N ), weuse a counting argument. For an element t = (t1, . . . , tn)
of Zn, let gcd(t,N) := gcd(t1, . . . , tn, N).

Lemma 4.6.4. For every non-zero vector t ∈ Zn with d = gcd(t,N), one has

#{a ∈ (Z/NZ)n | 〈a, t〉 ≡ 0 (mod N)} = dNn−1 .

Proof. If d = 1, then the set in the statement is the kernel of the surjective (as gcd(t,N) = 1)
homomorphism ϕt : (Z/NZ)n → Z/NZ, a 7→ 〈a, t〉 with # ker(ϕt) = Nn−1. If d > 1, let
t′ = (1/d)t. Then 〈a, t〉 ≡ 0 (mod N) if and only if 〈a, t′〉 ≡ 0 (mod N/d), and we represent
a as a1 + (N/d)a2 with a1 ∈ (Z/(N/d)Z)n and a2 ∈ (Z/dZ)n. The number of such a with
〈a1, t

′〉 ≡ 0 (mod N/d) is (N/d)n−1 · dn.

For R > 0, let Bn(R) be the n-dimensional closed ball of radius R centered at the origin
and let Sn(R) = #{x ∈ Zn | ‖x‖ ≤ R} the number of integral points inBn(R). We rely on the
simple upper bound Sn(R) ≤ (2R+ 1)n ≤ (3R)n if R ≥ 1.

Lemma 4.6.5. For ε ∈ (0, 1), let kε := kε(n,N) = 1
3( 6ε
π2 )1/nN1/n. Then

1

Nn
·#{a ∈ (Z/NZ)n | λ1((Za)⊥N ) > kε} ≥ 1− ε

Proof. ForR > 0, let αn(R) = N−n ·#{a ∈ (Z/NZ)n | λ1((Za)⊥N ) ≤ R}; we prove αn(kε) ≤ ε.
Without loss of generality, we let 1 ≤ R < N as the vectors {Nei}i (for the canonical basis
{ei}i) of norm N lie in (Za)⊥N , and so αn(R) = 1 for R ≥ N . Then Nnαn(R) = #{a ∈
(Z/NZ)n | ∃ t ∈ Bn(0, R)∩Zn\{0}, 〈a, t〉 ≡ 0 (mod N)} is upper bounded by

∑
t #{a | 〈a, t〉 ≡

0 (mod N)}, which we write as

∑
d|N,d6=N

 ∑
t,gcd(t,N)=d

#{a | 〈a, t〉 ≡ 0 (mod N)}

 (4.20)

where t runs overBn(0, R)∩Zn \{0}. Note that in the outer sumwe omit d = N as ‖t‖ ≤ R <
N and therefore every entry of t is less thanN . We estimate the number of terms in the inner
sum for a given divisor d of N . By dividing every entry of t by d we have #{t ∈ Zn \ {0} :
‖t‖ ≤ R, gcd(t,N) = d} ≤ Sn(0, R/d) ≤ 3n(R/d)n, if R ≥ d. Otherwise, the same bound still
holds, because we we count non-zero points. Using Lemma 4.6.4, one has #{a | 〈a, t〉 ≡ 0
(mod N)} = dNn−1 for vectors t with gcd(t,N) = d. Finally, the sum in Equation (4.20) is at
most

3n
∑
d

(R/d)n(dNn−1) = 3nRnNn−1
∑
d

d1−n

≤ 3nRnNn−1
∑
d≥1

d−2

= 3nRnNn−1π2/6 ,

because n ≥ 3. Henceαn(R) ≤ 3nRnπ2/(6N). ChoosingR to be equal toRε := 1
3(6Nε/π2)1/n

gives αn(Rε) ≤ ε. In conclusion, letting kε = min(N,Rε) = Rε, gives the result.
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4.6.2.2 Step 2

To (B, a) ∈ Ω× (Z/NZ)n, we associate the vector FB(a), which we identify with an HLP. The
first step of Algorithm I computes a reduced basis of (M(a))⊥N . For δ ∈ (1/4, 1], we consider
a δ-LLL reduced basis {u(B,a,δ)

i }i of M(a)⊥N . We establish an upper bound for ‖u(B,a,δ)
m−n ‖, by

Minkowski’s Second Theorem and a counting argument similar to Step 1. Using L(B)⊥ ⊆
(M(a))⊥N , δ-LLL (Theorem 2.2.5) outputs vectors {u(B,a,δ)

i }i such that

‖u(B,a,δ)
m−n ‖ ≤ c(m−1)/2λm−n(L(B)⊥) (4.21)

where c = (δ− 1/4)−1. We obtain an upper bound for λm−n(L(B)⊥) by Minkowski’s Second
Theorem (Theorem 2.2.2):

λm−n(L(B)⊥) ≤
m−n∏
i=1

λi(L(B)⊥) ≤ ((2/3)(m− n))(m−n)/2Vol(L(B)⊥) , (4.22)

which gives λm−n(L(B)⊥) ≤ ((2/3)(m− n))(m−n)/2µn, since Vol(L(B)⊥) ≤ Vol(L(B)) ≤ µn
(Lemma 4.3.2). This gives

‖u(B,a,δ)
m−n ‖ ≤ c(m−1)/2((2/3)(m− n))(m−n)/2µn (4.23)

for every a ∈ (Z/NZ)n.

4.6.2.3 Step 3: Proof of Theorem 4.6.1

Let B ∈ Ω and ε ∈ (0, 1). We continue to use the notation kε introduced above. Equation
(4.18) implies that log(Nε) is strictly larger than

n(m− 1)

2
log(c) + n(n+ 1) log(µ) +

n(m− n)

2
log((2/3)(m− n)) + n log(3

√
n) + log(π2/6) ;

and it is a direct computation to see that this is equivalent to

c(m−1)/2((2/3)(m− n))(m−n)/2µn < kε/(
√
nµ) . (4.24)

By Lemma 4.6.5, kε < λ1((Za)⊥N ) for at least (1− ε)Nn choices of a ∈ (Z/NZ)n. By Equation
(4.23), c(m−1)/2((2/3)(m − n))(m−n)/2µn is an upper bound for ‖u(B,a,δ)

m−n ‖ where {u(B,a,δ)
i }i

is a δ-LLL reduced basis of M(a)⊥N for every a. Hence, for at least (1 − ε)Nn choices of
a ∈ (Z/NZ)n, Equation (4.24) implies ‖u(B,a,δ)

m−n ‖ < λ1((Za)⊥N )/(
√
nµ). Proposition 4.4.1 gives

u
(B,a,δ)
i ∈ L(B)⊥ for all 1 ≤ i ≤ m− n. This terminates the proof.

4.6.3 Proof of Theorem 4.6.2

Fix integersm > n ≥ 3, N > 0 and µ ∈ R≥1. It is enough to show that under the assumption
in (4.19), we can compute a sublatticeNII of L(B) of rank n. A basis forNII then gives a basis
of L(B). To prove Theorem 4.6.2, we again proceed in three steps, similarly to the proof of
Thm. 4.6.1. Given a ∈ (Z/NZ)n, we first establish an upper bound for ‖un‖, where {ui}i is a
δ-LLL reduced basis ofM(a)N . We conclude the proof using Proposition 4.4.4.
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4.6.3.1 Step 1

For a given a ∈ (Z/NZ)n, we consider a δ-LLL reduced basis {u(B,a,δ)
i }i ofM(a). Note that by

construction (M(a)B)N = (Za)N . The lattice Q(a) = M(a)N ∩ L(B) is defined as in Section
4.4 (see Lemma 4.4.2). The following lemma gives an upper bound for ‖u(B,a,δ)

n ‖ for almost
all a ∈ (Z/NZ)n.

Lemma 4.6.6. For ε ∈ (0, 1), let `ε := `ε(n,N) = 3n(π2/(6ε))1/nN1−1/n. Then
1

Nn
·#{a ∈ (Z/NZ)n | ‖u(B,a,δ)

n ‖ < c(m−1)/2nµ2`ε} ≥ 1− ε .

Proof. Let a ∈ (Z/NZ)n. As Q(a) ⊆M(a)N , we have

‖u(B,a,δ)
n ‖ ≤ c(m−1)/2λn(Q(a)) . (4.25)

The lattice Q(a) contains the n “short” vectors q1 = c−1
B,N (x(1)), . . . , qn = c−1

B,N (x(n)) with
‖x(j)‖ = λj((Za)N ) for 1 ≤ j ≤ n. With B = {v1, . . . , vn}, we can write, for every 1 ≤ j ≤ n,
qj =

∑n
i=1 x

(j)
i vi with x(j) = (x

(j)
1 , . . . , x

(j)
n ) ∈ (Za)N . Therefore, for all 1 ≤ j ≤ n,

‖qj‖ ≤
n∑
i=1

|x(j)
i |‖vi‖ ≤

n∑
i=1

λj((Za)N )‖vi‖ ≤ λn((Za)N )
n∑
i=1

‖vi‖2 . (4.26)

This implies, sinceB is µ-small,

λn(Q(a)) ≤ max
1≤j≤n

‖qj‖ ≤ λn((Za)N )nµ2 . (4.27)

Theorem 2.2.3 applied with Λ = (Za)N and Λ∨ = N−1(Za)⊥N implies that

λn((Za)N ) ≤ nN

λ1((Za)⊥N )
.

By Lemma 4.6.5, λ1((Za)⊥N ) > kε = 1
3(6ε/π2)1/nN1/n for at least (1 − ε)Nn choices of a ∈

(Z/NZ)n. Therefore, λn((Za)N ) < nN/kε = 3n(π2/(6ε))1/nN1−1/n = `ε for at least (1− ε)Nn

choices of a ∈ (Z/NZ)n. The bound for ‖u(B,a,δ)
n ‖ then follows by combining Equations (4.25)

and (4.27).

4.6.3.2 Step 2

We now compute a lower bound for the right-hand side of the formula in Proposition 4.4.4,
for every a ∈ (Z/NZ)n. We clearly have:

1

µn
· Vol(L(B)N )∏m

i=n+2 λi(M(a)N )
≥ 1

µn
· Nm−n∏m

i=n+2 λi(M(a)N )
. (4.28)

Since NZm ⊆M(a)N , we have λi(M(a)N ) ≤ N for every 1 ≤ i ≤ m. Thereby
m∏

i=n+2

λi(M(a)N ) ≤ Nm−n−1 ,

which in Equation (4.28) gives, for every a ∈ (Z/NZ)n:

1

µn
· Vol(L(B)N )∏m

i=n+2 λi(M(a)N )
≥ N

µn
. (4.29)
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4.6.3.3 Proof of Theorem 4.6.2.

Let B ∈ Ω and ε ∈ (0, 1). The assumption in Equation (4.19) implies that

log(Nε) >
(m− 1)n

2
log(c) + n(n+ 2) log(µ) + n log(3n2) + log(π2/6) ,

which by a direct computation is equivalent to

c(m−1)/2nµ2`ε <
N

µn
, (4.30)

where `ε = 3n(π2/(6ε))1/nN1−1/n is as in Lemma 4.6.6. By Lemma 4.6.6, the left-hand side
is an upper bound for ‖u(B,a,δ)

n ‖ for at least (1− ε)Nn of the choices of a, where {u(B,a,δ)
i }i is

a δ-LLL reduced basis ofM(a)N . By Equation (4.29) the right-hand side is a lower bound for
1
µn ·

Vol(L(B)N )∏m
i=n+2 λi(M(a)N )

, for every a ∈ (Z/NZ)n. Hence, for at least (1 − ε)Nn of a ∈ (Z/NZ)n,

Equation (4.19) and Proposition 4.4.4 give u(B,a,δ)
i ∈ L(B) for all 1 ≤ i ≤ n. This terminates

the proof.

4.6.4 Comparison

We first compare Theorem 4.6.1 with Theorem 4.6.2. Table 4.3 summarizes the asymptotic
lower bounds for log(N). It appears that Algorithm II achieves slightly better asymptotic
bounds.

log(N)

m Algorithm I (Thm. 4.6.1) Algorithm II (Thm. 4.6.2)
n+O(1) O(n2 log(µ)) O(n2 log(µ))

O(n) O(n2 max(log(µ), log(n))) O(n2 log(µ))

O(n`), ` ∈ R>1 O(n2 max(log(µ), n`−1 log(n))) O(n2 max(log(µ), n`−1))

Table 4.3: Asymptotic lower bounds for log(N) as functions of n, µ

We compare Theorem 4.6.1 and Theorem 4.6.2 with the heuristic estimates in Section 4.5
(with r = 1). The terms in log(c) are to be compared with those in log(ι) in the heuristic
analysis. As our proofs build upon non-tight upper bounds (e.g. Minkowski bounds, or the
number of integral points in spheres), our proven formulae are expectedly weaker. The main
difference between our heuristic and theoretical lower bounds for log(N) occurs in the term
containing log(µ). In the case of Algorithm I, this difference comes from our upper bound for
the last minimum of L⊥ by Minkowski’s Second Theorem in Equation (4.22). In the case of
Algorithm II, this difference comes from our upper bound for

∏m
i=n+2 λi(M(a)N ) in Equation

(4.29).

Remark 4.6.7. Using our theoretical bounds, we can derive proven estimates depending on
ε, for the invariant ∆, defined in Equation 4.15.
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4.7 Variations of the HLP

In this section, we consider variations of the hidden lattice problem fromDefinition 4.1.2. We
first consider the problem with noise, as is customarily done in several applications. Next,
we consider a decisional version.

4.7.1 HLP with noise

We can consider a noisy version of the HLP as follows.

Definition 4.7.1. Let µ, ρ ∈ R>0, integers 1 ≤ r ≤ n ≤ m and N . Let L ⊆ Zm be a µ-small
lattice of rank n and {wj}j=1,...,r be linearly independent vectors in Zm such that there exist linearly
independent vectors {xj}j=1...,r in Zm satisfying wj −xj ∈ L (mod N) and ‖xj‖ ≤ ρ for all j. The
Noisy Hidden Lattice Problem (NHLP) is the task to compute from the knowledge of n,N and the
vectors {wj}j , a basis of the completion of any lattice Λ satisfying the properties of L.

We solve the NHLP by reducing it in the first place to a HLP. Let X be the rank-r lattice
generated by X = {xj}j ; let B be a µ-small basis of L. We assume that L ∩ X = {0}, so that
L⊕X has rank n+r. Further, by assumption, L⊕X has size σ(B∪X) ≤ σ(B)+σ(X) ≤ µ+ρ
and contains {wj}j moduloN . Therefore, the vectors {wj}j are an instance of a hidden lattice
problem with hidden lattice L⊕ X.

We first treat the special case when ρ is larger than µ. The application of either Algorithm
I or Algorithm II to {wj}j , reveals a reduced basis of L⊕ X if the parameters are suitable. If ρ
is larger than µ, then one can distinguish, in a reduced basis of L⊕ X, the vectors belonging
to L from those belonging to X.

We now consider the general case and work without the assumption ρ > µ, in which
case, we do not expect a significant gap between vectors of L and vectors of X in a reduced
basis of L⊕ X, and consequently, cannot directly identify vectors in L′. We will overcome
this identification problem via an embedding in larger dimension and the resolution of a sys-
tem of linear equations. More precisely, let L′ ∈ Zm+r be the lattice embedded in Zm+r as
(L, 0), that is, the set of vectors (v, 0) ∈ L × {0}r. For 1 ≤ j ≤ r, let w′j = (wj , ej) ∈ Zm+r

and x′j = (xj , ej) ∈ Zm+r, where ej ∈ Zr is the jth standard unit vector; let M′ ⊆ Zm+r be
the rank-r lattice generated by {w′j}j , and X′ ⊆ Zm+r be the rank-r lattice generated by {x′j}j .
Clearly,M′ ⊆ L′⊕X′ (mod N), andL′⊕X′ is a small hidden lattice of rank n+r in dimension
m+r. We proceed as follows to compute L. Let π : Zm+r → Zr be the projection onto the last
r coordinates. Wewill distinguish between vectors inL andX by the fact that for every v ∈ L′

it holds π(v) = 0, and X′ ∩ {v ∈ Zm+r : π(v) = 0} = {0}. We therefore recover (basis) vectors
v of L from vectors in L′ by solving a system of linear equations, imposing that π(v) = 0.

Practically, letB be a reduced basismatrix ofL′ ⊕ X′, written asB = [V |U ] ∈ Z(n+r)×(m+r),
where V ∈ Z(n+r)×m and U ∈ Z(n+r)×r, and computed by either Algorithm I or Algorithm II,
on inputM′. By our analyses in Section 4.5, we expect to compute such B successfully under
the heuristic conditions (4.8) and (4.12), with, essentially, n replaced by n+ r,m replaced by
m + r and µ replaced by µ + ρ. We next compute the left-kernel of U , that is, K ∈ Zn×(n+r)

such that KU = 0n,r. This implies KB = [KV |0n,r]. Heuristically, the rows in KB must be
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vectors in L′, as the last r components are zero. Therefore, the rows of KV are heuristically
a basis for L. Namely, we heuristically expect to uniquely recover L′, as it is unlikely in the
“generic” case, that there exists a small lattice Λ 6= L of rank n in Zm such that Λ⊕X contains
Mmodulo N .

Algorithm 9 Solve the NHLP in general
Parameters: The HLP parameters n,m, r, µ, ρ,N from Definition 4.7.1
Input: A valid input for the NHLP
Output: A basis of the lattice L (under suitable parameter choice)
(1) Run Algorithm I or Algorithm II on the latticeM′ ⊆ Zm+r generated by {w′j}j ; write the
output basis vectors into the rows of a matrix B ∈ Z(n+r)×(m+r)

(2) Write B = [V |U ] with V ∈ Z(n+r)×m and U ∈ Z(n+r)×r. ComputeK ∈ Zn×(n+r) such that
KU = 0n×r
(3) Return the basis given by the rows ofKV

4.7.2 Decisional HLP

We propose the following decisional version of the HLP.

Definition 4.7.2. Let µ ∈ R≥1, integers 1 ≤ r ≤ m and N ∈ Z. Let M ⊆ Zm be a lattice of rank r.
The Decisional Hidden Lattice Problem (DHLP) is the task to decide from the knowledge of µ,N
and a basis ofM, whether there exists a µ-small lattice L ⊆ Zm of rank 1 ≤ n ≤ m such thatM ⊆ L

(mod N).

The rank ofL is not given as input, and our algorithm is able to detect it. Note that whenL

exists, then there exist many small lattices of lower ranks (e.g. the sublattices ofL). Therefore,
we would like L to be of maximal rank.

4.7.2.1 A geometric approach

To solve the DHLP forM, we consider the successive minima ofM⊥N (orMN ) and show that
the existence of a small latticeL impacts the geometry ofM⊥N (orMN ). In particular, we show
that we can solve the DHLP via recognizing significant gaps in short bases ofM⊥N (orMN ).
Lattices with gaps in their successive minima and their impact on known cryptosystems are
for example studied in [LWXZ11].

Lemma 4.7.3. For every lattice Λ ⊆ Zm of rankm and every sublattice Λ′ ⊆ Λ of rank 0 < m′ < m,
one has ∏m

k=m′+1 λk(Λ)∏m′

k=1 λk(Λ)
≥ γ−m′m′

Vol(Λ)

Vol(Λ′)2
.

Proof. The quotient can be written as
∏m
k=1 λk(Λ)/(

∏m′

k=1 λk(Λ))2. Since vectors {zk}k in Λ
with ‖zk‖ = λk(Λ) for every 1 ≤ k ≤ m form a sublattice ofΛ of rankm, one has

∏m
k=1 λk(Λ) ≥

Vol(Λ). The denominator is upper bounded by (
∏m′

k=1 λk(Λ
′))2 as Λ′ is a sublattice of Λ. Fi-

nally, Minkowski’s Second Theorem (Theorem 2.2.2) entails the claimed bound.
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Corollary 4.7.4. Let M ⊆ Zm be a lattice of rank r and let N > 0 be an integer. Assume that
Vol(M⊥N ) = N r. If there exists a µ-small lattice L ⊆ Zm of rank n such thatM ⊆ L (mod N) then∏m

k=m−n+1 λk(M
⊥N )∏m−n

k=1 λk(M⊥N )
≥ γ−(m−n)

m−n
N r

µ2n
(4.31)

Proof. Lemma 4.7.3 with Λ = M⊥N and Λ′ = L⊥ of rank m − n gives the lower bound
γ
−(m−n)
m−n Vol(M⊥N )/Vol(L⊥)2 on the considered ratio. We conclude using Vol(M⊥N ) = N r,

and Vol(L⊥) ≤ Vol(L) ≤ µn, by Lemma 4.3.2.

We observe that this ratio grows asN gets larger. A similar lower bound can be obtained
for a similar ratio of successiveminima ofMN by either using Lemma 4.7.3 with Λ′ = NII ⊆ L

or invoking Banaszczyk’s Theorem (Theorem 2.2.3). Since NII has rank n, the gap is visible
between the nth minimum and the (n+ 1)th minimum.

Non-HLP instances. We compare with latticesM not lying in a µ-small lattice LmoduloN
(we call this a Non-HLP instance). Expectedly, this is the case for random lattices M, when
r basis vectors are uniformly chosen from (Z/NZ)m. We rely on the Gaussian Heuristic (4.5)
to estimate the ratio of successive minima considered in Corollary 4.7.4. Assuming all the
minima to be balanced, they are approximately equal to

√
m/(2πe)N r/m, if Vol(M⊥N ) = N r

(as assumed in Corollary 4.7.4), which is likely for a random choice of M. Therefore, for any
1 ≤ n ≤ m− 1:∏m

k=m−n+1 λk(M
⊥N )∏m−n

k=1 λk(M⊥N )
'

(
√
m/(2πe)N

r
m )n

(
√
m/(2πe)N

r
m )m−n

=

√
m

2πe

2n−m

N
r(2n−m)

m (4.32)

For m = 2n, this approximation is 1, and much larger if 2n > m. In particular, we observe
that (4.32) is in general much smaller than (4.31), as can be seen when choosingm > 2n and
relatively small values of µ.

4.7.2.2 Heuristic Algorithm for DHLP

Since we cannot compute the successive minima efficiently, the ratio in Corollary 4.7.4 is not
practical. Instead, we approximate theminima by the norms of the vectors in an LLL-reduced
basis. Using the proven bounds for LLL (Theorem 2.2.5), it is immediate to establish a similar
lower bound for the ratio

gm−n(M⊥N ) :=

∏m
k=m−n+1 ‖uk‖∏m−n
k=1 ‖uk‖

where {uk}k is an LLL-reduced basis of M⊥N . Such a lower bound gives a necessary con-
dition for the existence of a µ-small lattice L such that M ⊆ L (mod N). Equation (4.31)
shows an explicit dependence on n, the rank ofL. Since n is unknown, one first detectsm−n
(the rank of L⊥) by computing the successive ratios {gm−`(M⊥N )}` defined by gm−`(M⊥N ) =∏m
k=m−`+1 ‖uk‖/

∏m−`
k=1 ‖uk‖ for ` = 1, . . . ,m− 1 and {uk}k a reduced basis of M⊥N ; one has

g1(M⊥N ) ≥ g2(M⊥N ) ≥ . . . ≥ gm−1(M⊥N ). One then identifies the smallest index m − `0
such that gm−`0(M⊥N ) is significantly larger than gm−`(M⊥N ) for all ` < `0. In that case,
we expect the existence of a hidden small lattice of rank n = `0. Again, this is easily adap-
ted for Algorithm II when considering MN instead of M⊥N . Although this approach only
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solves DHLP in one direction, we heuristically expect the converse to be true: if these gaps
are sufficiently large, then there exists a small lattice L containingMmodulo N .

4.8 Applications and Impacts on Cryptographic Problems

In this section we address applications of the hidden lattice problem in cryptography and
discuss the impact of our algorithms. In the literature, these problems are typically solved by
means of Algorithm I. Our Algorithm II provides a competitive alternative for solving these
problems.

4.8.1 CRT-Approximate Common Divisor Problem

We first consider the CRT-ACD Problem from Definition 2.2.7 and the two-step algorithm by
Coron and Pereira [CP19] which we have recalled in Section 2.2.3.2 (see Algorithm 1). Recall
that [CP19] works when #S = O(n). Following [CNW20a], we will in Chapter 5 describe
an improved algorithm (see Algorithm 12) when #S = O(

√
n) only. This improvement is

mainly obtained by modifying the second step of the algorithm from [CP19]. However, both
these algorithms essentially agree on their first step, which is based, as we explain below, on
solving a hidden lattice problemwith r = 1. Therefore the presentation in the current section
affects both algorithms (Algorithm 1 and Algorithm 12).

HLP and the CRT-ACD problem. As recalled in Section 2.2.3.2, the first step of the al-
gorithm in [CP19] works as follows. Let N =

∏n
i=1 pi be the public integer which is to factor,

and consider S = {x1, . . . , xn, y} and x = (x1, . . . , xn) ∈ Sn, with #S = n + 1. Then, the
vector b = (x, y · x) ∈ Z2n is public, and by the Chinese Remainder Theorem, letting x ≡ x(i)

(mod pi) and y ≡ y(i) (mod pi) for all 1 ≤ i ≤ n, one has

b ≡
n∑
i=1

ci(x
(i), y(i)x(i)) =:

n∑
i=1

cib
(i) (mod N) ,

for some integers c1, . . . , cn. If the vectors {x(i)}i are R-linearly independent, then so are
the vectors {b(i)}i and generate a 2n-dimensional lattice L of rank n. Importantly, by Defin-
ition 2.2.7, {b(i)}i are reasonably short vectors with entries bounded by 22ρ, approximately.
The basis {b(i)}i of L has size µ := σ({b(i)}i) = (n−1

∑n
i=1 ‖b(i)‖2)1/2 /

√
2n · 22ρ, i.e. µ =

O(n1/222ρ). Since the basis {b(i)}i of L is secret, and b ∈ L (mod N), we view the vector b (or
rather, the rank-one lattice M = Zb) as an instance of a HLP of rank r = 1, with hidden lat-
tice L of size O(n1/222ρ). Based on this observation, Algorithm 1 uses the orthogonal lattice
attack to compute a basis of the completion of L, and succeeds when η is sufficiently larger
than ρ (i.e. when N is sufficiently larger than µ). The first step is to run lattice reduction on
M⊥N . Upon recovery of a basis of L, the authors proceed with an “algebraic attack” based
on computing the eigenvalues of a well-chosen (public) matrix and then revealing the prime
numbers {pi}i by a gcd-computation, as discussed in Section 2.2.3.2.

4.8.2 The Hidden Subset Sum Problem

Our second application concerns the hidden subset sum problem, stated in Definition 2.2.6
following [NS99], and also considered in [CG20].
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HLP and the Hidden Subset Sum Problem. Consider an instance of the hidden subset
sum problem, that is, a public vector v ∈ Zm and an integer N such that v ≡

∑n
i=1 αixi

(mod N), where the vectors {xi}i have binary entries. In [NS99], Nguyen and Stern propose
an algorithm in two steps. The first step actually relies on solving a hidden lattice problem
with r = 1: namely, the lattice

L :=
n⊕
i=1

Zxi

is µ-small with µ = σ({xi}i) ≤
√
m, and v ∈ L (mod N). Nguyen and Stern therefore

compute in the first place a basis of L, by the orthogonal lattice algorithm (Algorithm I).
The second step reveals {xi}i and {αi}i from such a basis. Recently, Coron and Gini [CG20]
argued that, due to the need of running BKZ with an increasingly large block-size to com-
pute a short lattice basis, the second step of the algorithm in [NS99] has exponential (in n)
complexity, and is therefore practical only in low dimension. Moreover, [CG20] gives an al-
ternative second step, based on solving a system of multivariate equations, which works in
polynomial-time, at the cost of having a larger dimension m = O(n2). The first step, i.e. the
resolution of the associated HLP, remains unchanged and is solved by Algorithm I in [CG20].
In dimension m = O(n2), lattice reduction in the first step becomes unpractical. Therefore
the authors employ a technique to compute L whenm is a lot larger than n (see [CG20, Sec-
tion 4.1, Section 5]), based on computing a reduced basis for (Zv)⊥N ⊆ Zm by parallelizing
lattice reduction over several components of v, of smaller dimension, say 2n. The idea is to
reduce the HLP given byM ⊆ L (mod N) in dimensionm, to multiple HLP’s πj(M) ⊆ πj(L)
(mod N), where {πj}j are projections Zm → Zm

′ onto block-components, where m′ < n
(e.g. when m = O(n2), one can let m′ = O(n) and O(n) projections {πj}j). One then solves
the HLP’s πj(M) ⊆ πj(L) (mod N) for every j (this can be done in parallel) and reconstructs
a full basis of L. We note that it is immediate to adapt this method to our Algorithm II.

In [NS99, CG20], the density for the hidden subset sum problem is defined as n/ log(N),
as analogy to the density for the classical subset sum problem [LO85] (we refer to Remark
4.5.1 for a deeper discussion on the density). By giving a heuristic lower bound for log(N),
Coron and Gini justify that the orthogonal lattice attack solves the hidden lattice problem in
the first step with density O(1/n), whenm = 2n.

Our Algorithm II can in turn be used to solve the HLP in the first step of the algorithms
of [NS99, CG20]. Note that when m = 2n (and µ = O(

√
n)), the density is heuristically at

most O(1/n) and proven O(1/(n log(
√
n))) according to our Table 4.3. This gives a factor 2

improvement compared to [CG20].

4.8.3 More applications related to Cryptography

Cryptanalysis of CLT13 with independent slots

In Chapter 3, we have studied the security of CLT13 Multilinear Maps [CLT13] when in-
stantiated with independent slots, and proposed an improved attack compared to [GLW14].
In fact, this cryptanalysis (see Chapter 3, Section 3.3.6) can be interpreted as an example
of our NHLP from Definition 4.7.1. We refer to Chapter 3 for full details. The expression
w ≡

∑θ
i=1 αim̂i +R (mod x0) considered in Equation (3.14), where w is a zero-tested vector

encoding, {αi}i are certain unknown integers, {m̂i}i ⊆ Z` are short vectors describing the
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non-zero components of the plaintexts, and R is an unknown “noise” vector of small Euc-
lidean norm, exactly translates into a hidden lattice problem with noise vector R and r = 1.
Namely, w − R ∈ L :=

⊕θ
i=1 Zm̂i (mod x0), and the basis {m̂i}i of L consists of short vec-

tors (compared to x0), making L a small lattice. Similarly, Equation (3.22) corresponds to an
instance of the NHLP with r = d. As noticed in Chapter 3, the integers {αi}i carry a particu-
lar structure, which makes our attack actually work more directly than what is presented in
Section 4.7.1. Namely, by relying on the first step of Algorithm I for the NHLP (Algorithm
9), we have revealed a basis of the lattice Λ ⊆ Z` of vectors orthogonal to {m̂i}i modulo the
prime numbers {gi}i defining the plaintext space. One may therefore rather view Λ as hid-
den a lattice, instead of L. Upon the computation of a basis of Λ, our cryptanalysis proceeds
by computing the (secret) volume

∏θ
i=1 gi of Λ.

Fault attacks on RSA Signatures

In [CNT10], Coron et al. describe a cryptanalysis on a signature scheme based on RSA, based
on an attack similar to [NS98]. In [BNNT11], a very similar attack is described against RSA-
CRT signatures. Following the notation in [CNT10, Section 3], by considering ` faulty sig-
natures together with a public modulus N = pq (as in RSA), one derives an equation of the
form ai + xi + cyi ≡ 0 (mod p) for 1 ≤ i ≤ `, where {ai}i are known integers, {xi}i, {yi}i, c
are unknown. Letting a = (ai)i, we derive that a ∈ L (mod p), where L is the rank-2 lattice
Zx ⊕ Zy generated by x = (xi)i and y = (yi)i in Z`. If {xi}i and {yi}i are sufficiently small,
then L is a suitably small lattice, describing a HLP of rank 2 in dimension `. The authors fol-
low Algorithm I to compute a basis {x′, y′} of L. Upon recovery of x′, y′, the attack proceeds
by simple linear algebra and a gcd computation to reveal p.

In this case, the hidden lattice has rank only 2. Therefore Algorithm II is much more
direct in the second step. While ` is not very large in [CNT10, BNNT11], we note that, in
general, computing the completion of the rank-2 lattice NII, is much faster than computing
the orthogonal complement of the rank-(`− 2) lattice NI, as in [CNT10, BNNT11].

4.9 Practical aspects of our algorithms

We provide practical results for the HLP obtained in SageMath [S+20]. Our experiments are
done on a standard 3.3 GHz Intel Core i7 processor. The source code is available in [NW21].
For a ∈ Z≥2, let p(a) denote the smallest prime number larger than 2a.

Instance generation. We generate random instances of the HLP and test Algorithms I and
II (Algorithm 7 and Algorithm 8). Given fixed integers r, n,m,N as in Definition 4.1.2, we
uniformly at random generate a basis B for a hidden lattice L, where the absolute values of
the entries of each vector are bounded by some positive integer α, i.e. every vector has infinity
norm at most α. We let µ := σ(B), and by construction, L is µ-small. To generate a lattice
M ⊆ L (mod N) of rank r, we generate r random (uniformly) linear combinations modulo
N of the basis vectors inB. For large n,m, µ, the lattice L is likely to be complete.

Running Times. In Table 4.6 we compare the running times for our algorithms. Here N =
p(a)where a is indicated in the column “log(N)”. For Algorithm I, “Step 1” runs LLL onM⊥N
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and computes NI; “Step 2” computes N⊥I following Section 4.4.4. For Algorithm II, “Step 1”
runs LLL on MN and computes the generating set of NII, while “Step 2” computes NII. For
the latter, we computeNII

N∞ ; namely, in these cases we have (L : NII) = Nn−r. For this step,
we compare the running time with Magma [BCP97], which seems to perform the finite field
linear algebra much faster. The total running times for Algorithm II are therefore very com-
petitive and constitute a major strength of Algorithm II against Algorithm I. Our observation
from Section 4.4.4 is confirmed: the running time for Algorithm II is largely reduced for lar-
ger values of r (e.g. ≥ m/2). In these cases, the running time for Algorithm II outperforms
Algorithm I.

Modulus size for Algorithms I and II. We fix n,m and and bound ‖v‖∞ for basis vectors v
ofL by someα. We observe that for both algorithms there is a critical valueN † such that in 100
random instances of the HLP, the algorithm always succeeds (i.e. always outputs a basis ofL)
for N a bit larger than N †, never succeeds for N a bit smaller than N † and partially succeeds
in between. We denote these values byN †I andN †II for Algorithms I and II, respectively, as in
Corollary 4.6.3.

For example, for n = 35, m = 52 and α = 210, we find that for Algorithm I with r = 1,
we must have N > N †1 = 21260 and for r = 2 we must have N > N †2 = 2632. Note that
N †2 ≈ N †1/2, as predicted by Equation (4.8). Similarly, we run the extended Algorithm I for
NHLP (Algorithm 9, Section 4.7.1) with r = 1 and a noise vector x such that ‖x‖ ≤ ρ = 275.
We observe N > N †3 := 21525 > N †1 . We refer to Figure 4.1 and compare with Corollary 4.6.3.

In Table 4.7, we fix m, r and µ and find, for increasing values of n, the smallest value for
log(N) such that a randomly generated HLP with parameters n,m, r, µ,N is solvable by our
algorithms. We compare the practical values ofN with the heuristic values derived in Section
4.5. The columns “theoretical” stand for the lower bounds in (4.8), resp. (4.12), according to
the algorithm. Practically, we observe that the condition in Equation (4.9) is already satisfied
for θ = 1, thus we may neglect the last term in Equation (4.12), which becomes negative.
We run LLL, so we set log(ι) = 0.03. We study two series (Series 1 and 2) according to m, r.
Conjecturally, we see that the practical bound for log(N) is the same for both algorithms; this
is to be expected from the duality relation (see Section 4.4.2). An interesting question is to
find a theoretical optimal bound for log(N) fitting best with the practical behaviour of our
algorithms.

Output quality of basis. In random generations, L is complete with high probability, and
we compare µ to the size of the basis output by Algorithms I and II. We observe that our
algorithms compute much smaller (LLL-reduced) bases of L, and in fact sometimes recover
the basis uniquely (up to sign). In particular, they sometimes solve the stronger version of
Definition 4.1.2, that of computing a µ-small basis instead of any. Table 4.4 is obtained for
m = 2n = 4r for increasing values of m; note that in this case µ is approximately N1/4, as
predicted theoretically by Equation (4.14).

Decisional HLP. We test the decisional version of the HLP of Section 4.7.2. Table 4.5 shows
different values for gm−n(M⊥N ) ifM lies in a µ-small lattice LmoduloN (HLP instance), and
if M is randomly sampled (random instance). For the latter, we compare with the heuristic
bound (4.32) and report this value in the column “heuristic”. We fix n = 25 and consider
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Figure 4.1: Success rate of Algorithm I as a function of N for HLP and NHLP

Size of output basis
m log(N) log(µ) Algorithm I Algorithm II
76 175 42.335 42.335 42.335
160 325 77.874 79.927 79.814
320 80 13.36 18.132 18.182

Table 4.4: Sizes of output bases for Algorithms I and II

increasing values of r < 35.

Overall, we conclude that our practical experiments confirm the theoretical aspects stud-
ied in Section 4.5, 4.6, 4.7.

4.10 Appendix: Solving the HLP in large dimensions

Consider an instance of a hidden lattice problem M ⊆ L (mod N), where the dimension m
is large. The computation of NI and NII in the first step of our algorithms relies on lattice
reduction, which in such large dimensions quickly becomes unpractical. Following the idea
of [CG20, Section 4.1] in the context of the hidden subset sum problem, we describe a better

HLP instance random instance
r m log(N) µ gm−n(M⊥N ) gm−n(M⊥N ) heuristic
1 45 350 581.73 3.52 · 1021 2.74 · 1012 5.73 · 1012

5 70 100 580.11 7.65 · 1049 3.39 · 10−56 7.4 · 10−50

10 50 100 2037.15 2.95 · 10188 1.27 1
20 80 85 2949.66 6.06 · 10305 3.16 · 10−191 4.09 · 10−180

Table 4.5: Gaps in LLL-reduced bases ofM⊥N
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Running Time
Algorithm I Algorithm II

r n m log(N) Step 1 Step 2 Step 1 Step 2 (Sage) Step 2 (Magma)
60 150 200 140 7 min 13 s 1 min 20 s 10 min 2 s 3 min 4 s 0.37 s
110 150 200 90 6 min 20 s 1 min 29 s 4 min 1 min 33 s 0.24 s
175 180 200 140 6 min 56 s 1 min 24 s 1 min 39 s 20 s 0.19 s
80 100 300 75 3 min 51 s 30 min 17 s 22 min 51 s 30 s 0.12 s
150 200 300 75 145 min 29 s 22 min 23 s 116 min 14 s 6 min 19 s 0.56 s
75 150 400 80 75 min 16 s 326 min 44 s 414 min 51 s 5 min 13 s 0.61 s
235 275 400 80 527 min 43 s 117 min 2 s 304 min 10 s 15 min 39 s 0.95 s

Table 4.6: Running times for Algorithms I and II; the entries of a small basis ofL are bounded
by 210, which gives log(µ) ≈ 13 in all instances

log(N)
Algorithm I Algorithm II

n heuristic practice heuristic practice
10 52 41 46 41
20 113 92 103 92

Series 1 40 282 241 274 241
(m = 100, r = 5) 80 1486 1384 1643 1384

90 3240 3075 3695 3075

50 57 48 54 48
Series 2 100 139 121 143 121

(m = 250, r = 30) 160 327 296 381 296
200 676 629 857 629

Table 4.7: Minimal values for log(N) as a function of the other parameters; the entries of a
small basis of L lie in (−215, 215) ∩ Z, which gives log(µ) ≈ 18 in all instances
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algorithm for computing NI and NII, based on parallel lattice reductions over several lower-
dimensional lattices.

Assume for simplicity of exposition that m = na with a ≥ 2, i.e. m is at least quadratic
in n. In such large dimensions, lattice reduction quickly becomes unpractical. Moreover, the
size of N is required to be large, as can be seen from our heuristic analysis in Section 4.5.
The method described below allows to run lattice reduction in dimension O(n), in parallel
on several bases; this is much faster in practice.

Let b, ` ∈ Z≥1 such that m = na = (b + 1)`n, that is, b = na−1/` − 1. Let M ∈ Zr×m

be a basis matrix for M, with basis vectors written in rows. We writeM = [M0|M1| . . . |Mb]
with Mj ∈ Zr×`n for 1 ≤ j ≤ b. Then M ⊆ L (mod N) gives πj(M) ⊆ πj(L) (mod N)
where πj : Zm → Z2`n sends (a1, . . . , am) to (a1, . . . , a`n, aj`n+1, . . . , a(j+1)`n), the first block-
component of length `n of (a1, . . . , am) followed by the jth block-component of length `n
of (a1, . . . , am). The latter is a hidden lattice problem in dimension m′ = 2`n, linear in n.
By running either Algorithm I or II in parallel on the basis matrices [M0|Mj ] ∈ Zr×2`n of
πj(M), we obtain (under a suitable choice of parameters) bases Vj := [C0,j |Cj ] ∈ Zn×2`n of
the hidden (completed) lattices πj(L) for 1 ≤ j ≤ b. By this dimension-lowering, those lattice
reductions eventually work for an even smaller modulus N , as would originally be needed
when performing lattice reduction directly withm = na. So to make the bases {Vj}j all start
by C0,1 in the first block, one base changes {C0,j}j to {C0,1}, assuming that {C0,j}j have full
rank n. By standard linear algebra, one computes matrices {Qj} such that QjC0,j = C0,1 for
all 1 ≤ j ≤ b. This gives bases V1 = [C0,1|C1] and V ′j := QjVj = [QjC0,j |QjCj ] = [C0,1|QjCj ].
Finally, a basis of L is given by combining the projected block-components back into the full
dimensionm, as follows:

[C0,1 | C1 | Q2C2 | . . . | QbCb] ∈ Z
n×m .

This algorithm requires applying lattice reduction b = na−1/` − 1 times, which can be per-
formed in parallel.

Remark 4.10.1. The exposition above is a little bit more general than [CG20], where the au-
thors require a dimension roughlym = n2 (i.e. a = 2) and fix ` = 1, so that lattice reduction is
performed in dimension 2n. By the above, this is generalized to higher values of r (the rank of
the public lattice M), higher dimensionsm (m ≥ n2), and controlled by a varying parameter
`. The utility of ` is to lower the value of b, the number of parallel computations. Namely,
when the dimension m is much bigger, a larger value of ` compensates the growth of b. As
mentioned, this technique straightforwardly also applies to Algorithm II. An implementation
is provided in [NW21].
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CHAPTER5
Simultaneous Diagonalization of Incomplete Matrices

In this chapter, we consider the problem of recovering the entries of diagonal matrices {Ua}a
for a = 1, . . . , t from multiple “incomplete” samples {Wa}a of the form

Wa = PUaQ ,

where P and Q are unknown matrices of low rank. We devise practical algorithms and ex-
plicit parameters for this problem depending on the ranks of P and Q and t, the number of
input samples. We justify that this problem finds its motivation in cryptanalysis: we show
how to significantly improve previous algorithms for solving the approximate common di-
visor problem based on the Chinese Remainder Theorem and the Cheon et al. attack against
the CLT13 cryptographic multilinear map scheme. Our improvement lies in reducing the in-
put size while maintaining the same output size.

The content of this chapter is based on joint work [CNW20a] with Jean-Sébastien Coron
and Gabor Wiese, which has been published in the proceedings of Fourteenth Algorithmic
Number Theory Symposium 2020. We closely follow the exposition of [CNW20a].

5.1 Introduction

In this chapter, we consider the following computational problem from linear algebra.

Definition 5.1.1 (Problems A,B,C,D). Let n ≥ 2, t ≥ 2 and 2 ≤ p, q ≤ n be integers. Let
{Ua : 1 ≤ a ≤ t} be diagonal matrices in Qn×n. Let {Wa : 1 ≤ a ≤ t} be matrices in Qp×q

and W0 ∈ Qp×q such that W0 has full rank and there exist matrices P ∈ Qp×n of full rank p and
Q ∈ Qn×q of full rank q, such thatW0 = P ·Q andWa = P · Ua ·Q for 1 ≤ a ≤ t. We distinguish
the following cases:

(A) p = n and q = n (B) p = n and q < n

(C) p < n and q = n (D) p < n and q = p

In each of the four cases, the problem states as follows:

(1) Given the matrices {Wa : 0 ≤ a ≤ t}, compute {(u1,i, . . . , ut,i) : 1 ≤ i ≤ n}, where for
1 ≤ a ≤ t, ua,1, . . . , ua,n ∈ Q are the diagonal entries of matrices {Ua : 1 ≤ a ≤ t} as above.

(2) Determine whether the solution is unique.

101
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Motivation from Cryptanalysis. As already mentioned in Section 1.2.3.1, Definition 5.1.1
mainly finds it roots in cryptanalysis. For example, this problem arises naturally when trying
to lower the number of encodings in the attack of Cheon et al. [CHL+15] against the CLT13
Scheme [CLT13]. In fact, we argue that the attack by Cheon et al. corresponds to solving
Problem A. Lowering the number of encodings then gives rise to Problem C or D, for which
we shall design algorithms.

5.2 Our Contributions

We describe efficient algorithms for Problems C and D of Definition 5.1.1, and show how
to minimize the parameters p and t with respect to n. We further rely on our algorithms
to improve on two concrete applications with interest in cryptography. We believe that our
algorithms are of independent interest and hope thatmore applications are to be found. More
concretely, our contributions can be summarized as follows.

Algorithms for ProblemsC andD. Our first contribution is to propose practical algorithms
for both Problems C andD. Our approach to solve Problem C is to use the invertibility of the
matrix Q and write

Wa = PUaQ = PQQ−1UaQ = W0Za

withZa = Q−1UaQ, for every 1 ≤ a ≤ t. AsW0 is not invertible, we cannot recoverZa directly.
Howeverwe interpret this as a system of linear equations to solve for thematrices {Za}a. This
system is, in general, underdetermined and does not yield thematrices {Za}a uniquely. How-
ever, exploiting the special feature that {Za}a commute among each other leads to additional
linear equations. This enables to recover {Za}a uniquely, and simultaneous diagonalization
eventually yields the diagonal entries of {Ua}a. We then determine exact bounds on the para-
meters to ensure that the system have at least as many linear equations as variables, and we
obtain that p and t can be set as O(

√
n). Our algorithm is heuristic only, but performs well in

practice.
We next provide an algorithm for Problem D, where we can clearly no longer invert the

matrix Q. In rather imprecise words, we therefore reduce Problem D to Problem C by “aug-
menting” the matrix Q with extra columns so that it becomes invertible, and preserving the
solution to Problem D. Upon making this augmentation process, we can then use our al-
gorithm for Problem C to solve ProblemD, and we show that p can be close to 2n/3. We refer
to Section 5.4 and Section 5.5 for a complete description of our algorithms and provide the
results of practical experiments in Section 5.7.

Improved algorithm for theCRT-approximate commondivisor problem. Our second con-
tribution consists in improving the two-step algorithm by [CP19] for the multiprime approx-
imate commondivisor problembased onChinese Remainders, introduced inDefinition 2.2.7.
Namely, we remark that [CP19] relies on solving a certain instance of Problem A. By solving
an appropriate instance of ProblemC instead, we obtain a quadratic improvement in the num-
ber of input samples. More precisely, letting n be the number of secret primes in the public
modulus N , we can factor N completely given only O(

√
n) input samples, whereas [CP19]

uses O(n) samples. We therefore achieve complete factorization of the public modulus N
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while limiting the input size drastically. We confirm our results with practical experiments
in Section 5.7.

Improved cryptanalysis of CLT13MultilinearMaps. Our third contribution in this chapter
is an improvement of the cryptanalysis of Cheon et al. [CHL+15] against the CLT13 multi-
linear map, when fewer encodings are available to the attacker. Namely, the attack of Cheon
et al., recalled in Section 3.2.2.2, relies on solving some instance of Problem A. By solving
instances of Problems C orD instead, we can lower the number of public encodings required
for the cryptanalysis. Specifically, for a composite modulus x0 of n prime numbers, we ob-
tain improved algorithms using only O(

√
n) encodings of zero, compared to n in [CHL+15].

Further, we also limit the number of total encodings to roughly 4n/3, compared to 2n + 2
required in [CHL+15]. We confirm our results with practical experiments in Section 5.7.

5.3 Preliminary Remarks about Problems A,B,C,D

We shall first make some important considerations about Definition 5.1.1.

(i) Let {Wa}a be as in Definition 5.1.1, π ∈ Sn be a permutation with associated mat-
rix Aπ ∈ {0, 1}n×n and D any invertible diagonal n × n matrix. Then P ′ = PDAπ and
Q′ = A−1

π D−1Q satisfyW0 = P ′Q′ andWa = P ′U ′aQ
′ for all 1 ≤ a ≤ t, where U ′a = A−1

π UaAπ
is obtained from Ua by permuting its diagonal entries via π. Thus, P ′, {U ′a}a and Q′ satisfy
the same problem. For this reason, we only ask to recover the set {(u1,i, . . . , ut,i) : 1 ≤ i ≤ n}
in Definition 5.1.1.

(ii) If t = 1 in Problem C, then the problem is not solvable because its solution is not
unique. Namely, we write W1 = W0Z1, where Z1 = Q−1U1Q is diagonalizable with eigen-
values the diagonal entries of U1. But also, for every v ∈ ker(W0) one has

W1 = W0(Z1 + vwT1 )

for some w1 ∈ Qn. Now, Z1 and Z1 + vwT1 likely have different eigenvalues which means that
the solution is not unique.

(iii) There are cases when the problem is clearly not solvable for p < n. For example, if
P = [1p|0p×(n−p)] then for all a the matrix PUa only involves the first p diagonal entries of Ua
and the information on the remaining n − p is lost. These cases will not occur for “generic”
or “random” instances of the problem.

(iv) We call a matrix W0 = PQ as in Definition 5.1.1 a “special input”. If such a matrix
is not available as input, but instead, only matrices {Wa}a of the form PUaQ are available,
then one can recover ratios of diagonal entries of {Ua}a, if t ≥ 3. Namely, defining P ′ = PU1

and assuming that U1 is invertible, one obtains that W ′0 := P ′Q = W1 and for 2 ≤ a ≤ t,
W ′a := P ′(UaU

−1
1 )Q = Wa. Running the algorithm on input {W ′a : 0 ≤ a ≤ t − 1} therefore

reveals the tuples of diagonal entries of the matrices UaU−1
1 for 1 ≤ a ≤ t − 1. We will use

this approach in Section 5.6.2.1 to improve the cryptanalysis of the CLT13 multilinear map.
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(v) For simplicity, we have stated Definition 5.1.1 overQ. More generally, we can consider
matrices over any fieldK with exact linear algebra (e.g. solving linear systems, diagonalizing
matrices, etc.). Our algorithms in the forthcoming sections of this chapter still apply to that
case.

5.4 An Algorithm for Problem C

We describe an algorithm to solve Problem C of Definition 5.1.1. The main idea is to reduce
the problem to a certain auxiliary problem for commuting matrices. Finally, based on our
algorithm, we propose minimal parameters for the rank p of P , and the number t of input
matrices. These parameters will turn useful for important improvements for our applications
Section 5.6.

5.4.1 Description of our algorithm

Consider integers n, t ≥ 2 and 2 ≤ p < n and an instance of ProblemC. We aim at computing
the set {(u1,i, . . . , ut,i) : 1 ≤ i ≤ n} corresponding to diagonal matrices {Ua}a. We remark
that it is enough to solve the following auxiliary problem, that we shall refer to Problem C′.
Proposition 5.4.2 below shows that it is sufficient to solve ProblemC′ in order to solve Problem
C.

Definition 5.4.1 (Problem C′). Let integers n, t ≥ 2 and 2 ≤ p < n. Given

• a matrix V ∈ Qp×n of rank p and a basis matrix E ∈ Qn×(n−p) of ker(V ),

• a set of matrices {Ya : 1 ≤ a ≤ t} ⊆ Qn×n

compute matrices {Xa : 1 ≤ a ≤ t} ⊆ Q(n−p)×n, such that the matrices Ya + EXa for 1 ≤ a ≤ t
commute with each other.

Proposition 5.4.2. Let {Wa : 0 ≤ a ≤ t} as in Problem C. Let E ∈ Qn×(n−p) be a basis matrix of
the kernel ofW0. LetW+

0 be a right-inverse1 ofW0. Define V = W0 and Ya = W+
0 Wa for 1 ≤ a ≤ t.

Assume that Problem C′ is uniquely solvable for the input matrices V,E and {Ya : 1 ≤ a ≤ t}.
Then Problem C is uniquely solvable for the input matrices {Wa : 0 ≤ a ≤ t}. Moreover, the

matrix Q in the assumption of Problem C is unique up to multiplication by a permutation matrix
and an invertible diagonal matrix if at least one of the matrices {Ua}a has pairwise distinct diagonal
entries.

Proof. Write W0 = PQ and Wa = PUaQ as in Problem C. For every 1 ≤ a ≤ t, we write
Wa = (PQ)(Q−1UaQ) = W0Za, where Za := Q−1UaQ. The matrices {Za : 1 ≤ a ≤ t}
commute and are simultaneously diagonalizable. For every 1 ≤ a ≤ t, the matrix Za can
be written as Za = Ya + EXa for some matrix Xa ∈ Q(n−p)×n since W0Ya = Wa. Since the
matrices {Za}a commute, V ,E and {Ya}a define a valid input for ProblemC′. By assumption,
we can compute the matrices {Xa}a by solving Problem C′ and these are unique. From the
knowledge of the matrices {Xa}a, we compute Za = Ya + EXa for 1 ≤ a ≤ t. Then these

1IfW0 (of full rank p) is defined over the complex numbers, one can takeW+
0 = W ∗0 (W0W

∗
0 )−1 whereW ∗0 is

the conjugate transpose ofW0, andW ∗0 = WT
0 over the real numbers.
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matrices are also unique. Thus the set of tuples of eigenvalues {(u1,i, . . . , ut,i) : 1 ≤ i ≤ n} is
unique and can be computed by simultaneous diagonalization.

For the last part of the statement, assume that we have matrices P ′, Q′, diagonal matrices
{U ′a}a, which are necessarily of the form U ′a = A−1UaA for a permutation matrixA, such that
W0 = P ′Q′ andW ′a = P ′U ′aQ

′ for every a. By uniqueness of thematrices {Za}a, wemust have

Za = Q−1UaQ = Q′−1U ′aQ
′ = Q′−1A−1UaAQ

′ , 1 ≤ a ≤ t

or, equivalently Ua(QQ′−1A−1) = (QQ′−1A−1)Ua for 1 ≤ a ≤ t. Consequently, the matrix
D := QQ′−1A−1 commutes with the matrices {Ua}a and so is diagonal itself, as one of {Ua}a
has pairwise distinct entries. This gives Q = DAQ′ and terminates the proof.

Solving ProblemC′. Let us now explain howwe compute a solution to ProblemC′ of Defin-
ition 5.4.1. Consider matrices V,E, {Ya}a as in Problem C′. We want to compute matrices
{Xa}a such that the matrices Za = Ya + EXa commute for all 1 ≤ a ≤ t, that is, the Jacobi
bracket [Za, Zb] = ZaZb − ZbZa is the zero matrix for all a < b. Using Za = Ya + EXa, this is
equivalent to

0 = YaYb − YbYa + E · Sab + YaEXb − YbEXa , (5.1)

where Sab := XaYb + XaEXb − XbYa − XbEXa. Left multiplication by V and the identity
V E = 0 then imply V YaYb − V YbYa + V YaEXb − V YbEXa = 0, which is equivalent to

∆ab = V YbEXa − V YaEXb , 1 ≤ a < b ≤ t , (5.2)

where ∆ab := V YaYb − V YbYa is completely explicit in terms of the input matrices. Equation
(5.2) describes a system of linear equations over Q in the variables given by the entries of the
matricesXa andXb. Since ∆ab has size p× n, this leads to a system of np linear equations in
the 2(n − p)n variables given by the entries of Xa and Xb. Writing Equation (5.2) for every
pair (a, b) with 1 ≤ a < b ≤ t, that is, writing out every commutativity relation between pairs
of matrices Za and Zb), we obtain a system of t(t − 1)/2np linear equations and t(n − p)n
variables given by the entries of the matrices {Xa : 1 ≤ a ≤ t}. From what precedes and by
Proposition 5.4.2, we hence deduce the following result.

Proposition 5.4.3. A unique solution to Problem C is implied by the existence of a unique solution to
the explicit system of linear equations given in Equation (5.2), which is a system of 1

2 t(t− 1)np linear
equations in t(n− p)n variables. There are at least as many equations as variables as soon as

p

n
≥ 2

t+ 1
. (5.3)

Since there is no obvious linear dependence in the equations of the system, we heuristic-
ally expect, in the generic case, to find a unique solution {Xa : 1 ≤ a ≤ t} under Condition
(5.3). This solves Problem C′, and therefore Problem C.

Algorithm for Problem C. We summarize our algorithm for Problem C as follows and will
refer to it as Algorithm AC for the rest of this chapter.
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Algorithm 10 Algorithm for Problem C (Algorithm AC)
Parameters: Integers 2 ≤ p ≤ n and t ≥ 2
Input: A valid input for Problem C as in Definition 5.1.1
Output: “Success” or “Fail”; in case of “Success”, also output a solution. “Success” means

uniqueness of the solution; “Fail” means that no solution was found.
1: Compute a basis matrix E of ker (W0)
2: DefineW+

0 = W T
0 (W0W

T
0 )−1

3: for (a, b) with 1 ≤ a < b ≤ t do
4: Compute the matrix ∆ab := WaW

+
0 Wb −WbW

+
0 Wa

5: end for
6: Solve the system of linear equations described in Equation (5.2)
7: if the solution to the system of equations is not unique then
8: Return “Fail” and break
9: else
10: Denote by {Xa : 1 ≤ a ≤ t} the unique solution
11: end if
12: for 1 ≤ a ≤ t do
13: Compute Za := W+

0 Wa + EXa

14: end for
15: Perform simultaneous diagonalization of {Za}a
16: Return “Success” with the tuples of eigenvalues of the matrices {Za}a

5.4.2 Optimization of the parameters

We shall now find minimal possible (with respect to n) values for the parameters t and p. In
our applications which we describe in Section 5.6 we are led to minimizing p+ t as a function
of n. Following Proposition 5.4.3, we set

Fn(t) := pn(t) + t :=
2n

t+ 1
+ t , t ∈ R>0 , n ∈ Z≥2 .

By elementary calculations, we see that Fn admits a minimum at t0 =
√

2n− 1, which gives

p = pn(t0) =
√

2n .

This shows that minimal values for p and t areO(
√
n). This claim is in line with our practical

observations in Section 5.7.

5.5 An Algorithm for Problem D

We now describe an algorithm to solve Problem D of Definition 5.1.1. Here, the main idea is
to reduce the problem to an instance of Problem C and solve the latter by Algorithm AC. We
again conclude this section by proposing minimal parameters for the rank p of P andQ, and
the number t of input matrices. These parameters will turn useful for important improve-
ments for our applications Section 5.6.
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5.5.1 Description of our algorithm

Consider integers n, t ≥ 2 and 2 ≤ p < n and an instance of Problem D. The main idea
of our algorithm is a reduction to Problem C which can be solved using Algorithm AC (Al-
gorithm 10). To do so, we exhibit matrices which are certain augmentations of the input
matrices {Wa}a and admit the same solution as the input matrices. More precisely, following
the notation of Definition 5.1.1, wewill construct publicmatricesW ′0 = PQ′ andW ′a = PUaQ

′

for 1 ≤ a ≤ t, for the same diagonal matrices {Ua}a and for some n× n invertible matrix Q′.

Reducing Problem D to Problem C. For every 1 ≤ a, b ≤ t, we define the matrices

∆ab = WaW
−1
0 Wb −WbW

−1
0 Wa . (5.4)

Note that ∆ab = −∆ba. We have the following lemma.

Lemma 5.5.1. LetW0 = PQ andWa = PUaQ for 1 ≤ a ≤ t as in Problem D. Define the matrix
B = QW−1

0 P − 1n ∈ Qn×n and let r denote its rank. Then the following hold:

(i) the matrix B has rank r = n− p

(ii) there exist matrices Va ∈ Qp×r and Ga ∈ Qr×p for 1 ≤ a ≤ t such that for all 1 ≤ a < b ≤ t,
one has ∆ab = VaGb − VbGa.

Proof. (i) Let C = QW−1
0 P . Then CQ = Q and the column-image of Q is contained in the

eigenspace, say E, ofC for the eigenvalue 1. So, E has dimension at least p. However, the rank
of C is bounded above by the rank of Q, i.e. by p. Finally, E has dimension exactly p and the
rank r of B = C − 1n equals n− p.

(ii) For every 1 ≤ a, b ≤ t, we can write

∆ab = PUa(QW
−1
0 P − 1n)UbQ− PUb(QW−1

0 P − 1n)UaQ

= PUaBUbQ− PUbBUaQ (5.5)

since Ua and Ub commute. Since B has rank r, there exist matrices B1 ∈ Qn×r, B2 ∈ Qr×n

with B = B1B2. Setting Va = PUaB1 and Ga = B2UaQ gives the claim.

The following properties of the matrix B defined in Lemma 5.5.1 are key points for our
reduction of Problem D to Problem C.

Lemma 5.5.2. LetW0 = PQ andWa = PUaQ for 1 ≤ a ≤ t as in ProblemD. LetB ∈ Qn×n be the
matrix of Lemma 5.5.1 with respect to P and Q and let r = n − p. Let B1 ∈ Qn×r and B2 ∈ Qr×n

be such that B = B1B2. Then the following hold:

(i) PB1 = 0p×r

(ii) The matrix Q′ := [Q|B1] is an n× n invertible matrix.

Proof. (i) The matrix B2 defines a surjection B2 : Qn → Qr. Therefore, for every x ∈ Qr, we
can write x = B2y for some y ∈ Qn and obtain PB1x = PB1(B2y) = (PB)y = 0.

(ii) Since r = n − p, the matrix Q′ clearly has size n × n. To show its invertibility, we
establish that im(Q) ∩ im(B1) = {0}. Since B2 is surjective, the images of B1 and B1B2 = B
coincide. Let Qx = By ∈ im(Q) ∩ im(B1), with x ∈ Qp and y ∈ Qn. This gives Qx =
(QW−1

0 P − 1n)y = QW−1
0 Py − y. Thus y = QW−1

0 Py − Qx = Qz with z = W−1
0 Py − x.

Therefore, Qx = By = B(Qz) = 0 because BQ = 0.
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Remark 5.5.3. ThematrixQ′ depends on thematrixB oncewe have fixed a rank factorization
B = B1B2 forB. Such matricesB1 andB2 are unique up to a matrix inR ∈ GL(r,Q): setting
B′1 = B1R and B′2 = R−1B2 gives another factorization.

We now show that finding matrices {Va}a such that there exist {Ga}a satisfying

∆ab = VaGb − VbGa

for every a, b is sufficient to solve ProblemD. We view thesematrices as being complementary
to {Wa}a because they define themselves an instance of Problem D with the same solution
as {Wa}a, as seen in the proof of Lemma 5.5.1. This allows us to increase the rank of the
matrix Q. We thus now formulate Problem D′. Proposition 5.5.5 below bridges Problem D

and Problem C.

Definition 5.5.4 (Problem D′). Let n, t ≥ 2 and 2 ≤ p < n be integers. For every 1 ≤ a, b ≤ t, let
∆ab ∈ Qp×p be such that ∆ab = VaGb−VbGa for Va ∈ Qp×(n−p) of rank n− p andGa ∈ Q(n−p)×p.

The problem states as follows: Given the matrices ∆ab for all 1 ≤ a, b ≤ t, compute such matrices
{Va : 1 ≤ a ≤ t}.

Proposition 5.5.5. Let W0 = PQ and Wa = PUaQ for 1 ≤ a ≤ t be as in Problem D. For
1 ≤ a, b ≤ t, let ∆ab be the matrix defined in Equation (5.4). Moreover, assume that

(i) Problem D′ is uniquely solvable for the input matrices {∆ab : 1 ≤ a < b ≤ t} and denote by
{Va : 1 ≤ a ≤ t} the unique solution.

(ii) Problem C is uniquely solvable for the input matricesW ′0 = [W0|0p×(n−p)] ∈ Qp×n andW ′a =
[Wa|Va] ∈ Qp×n for 1 ≤ a ≤ t.

Then Problem D is uniquely solvable on input {Wa : 0 ≤ a ≤ t} and the unique solution is given by
the unique solution to Problem C on input {W ′a : 0 ≤ a ≤ t}.

Proof. By Lemma 5.5.1 there exist matrices Va ∈ Qp×r and Ga ∈ Qr×p for 1 ≤ a ≤ t such that
∆ab = VaGb − VbGa for all 1 ≤ a < b ≤ t. Therefore the matrices {∆ab}a,b define an instance
of Problem D′. By assumption (i), we compute the unique solution {Va}a for this problem.

Now, let W ′0 = [W0|0p×(n−p)] ∈ Qp×n and W ′a = [Wa|Va] ∈ Qp×n for 1 ≤ a ≤ t. Let
B = QW−1

0 P − 1n as in Lemma 5.5.1 of rank r = n − p. Let B1 ∈ Qn×r and B2 ∈ Qr×n

be a rank factorization of B; i.e. B = B1B2. Letting Q′ := [Q|B1] ∈ Qn×n, we have PQ′ =
P [Q|B1] = [W0|0p×r] = W ′0 and, by uniqueness of {Va}a (see proof of Lemma 5.5.1), we have

PUaQ
′ = PUa[Q|B1] = [Wa|Va] = W ′a

for 1 ≤ a ≤ t, as PB1 = 0n×r by Lemma 5.5.2 (i). The matrix Q′ is invertible by Lemma 5.5.2
(ii). Therefore, W ′0 and {W ′a}a define a valid input for Problem C. By assumption (ii), this
problem is uniquely solvable and the solution must be the tuples of diagonal entries of the
matrices {Ua}a. This is also a solution to ProblemD since the matrices {Ua}a are the same for
the input matrices {Wa}a for Problem D and {W ′a}a for Problem C.
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Solving Problem D′. In view of Proposition 5.5.5, it remains to compute matrices {Va}a
from the matrices {∆ab}a,b. We achieve this by standard linear algebra, and combining with
Algorithm AC (Algorithm 10)) describes a full algorithm for Problem D.

From now on we assume t ≥ 3. This is not a major restriction and we explain in Remark
5.5.6 (ii) why we exclude t = 2. Let ∆ab = VaGb − VbGa for 1 ≤ a, b ≤ t as in Problem D′. Let
r = n−p and rab be the rank of ∆ab; clearly, rab ≤ min(2r, p). We further assume p > 2n/3, or
equivalently 2r < p, which is a necessary condition as otherwise the matrices ∆ab likely have
full rank p and thus cannot reveal any information. We define Kab := im(∆ab) = Kba ⊆ Qp

and
Ka =

⋂
1≤b≤t,b 6=a

Kab , 1 ≤ a ≤ t .

For 1 ≤ a ≤ t, denote by Va the image of the matrix Va. We first argue that, heuristically, Va ⊆
Kab for every b 6= a. Let v ∈ Va. If there exists x ∈ Qp such that v = VaGbx and VbGax = 0 then
v = ∆abx, i.e. v ∈ Kab. Such an element xmust therefore lie in (x0 + ker(VaGb)) ∩ ker(VbGa),
where x0 ∈ Qp is any vector such that v = VaGbx0. It is easy to see that this intersection is
non-empty if ker(VaGb) + ker(VbGa) = Qp. Heuristically, as the matrices {Va}a have rank r,
ker(VaGb)+ker(VbGa) has dimension at least 2(p−r); accordingly we can heuristically expect
that ker(VaGb) + ker(VbGa) = Qp as soon as 2(p− r) > p, i.e.

p

n
>

2

3
.

We now justify that, heuristically under a suitable parameter selection,Ka = Va for every
1 ≤ a ≤ t. For a fixed a, we compute Ka modulo Va and consider Kab := Kab/Va ⊆ Qp−r for
b 6= a. ThenKa = Va if and only ifKa :=

⋂
b6=aKab = {0}. Since Va has dimension r,Kab has

dimension rab − r. For every b 6= a, we view Kab as the kernel of Qp−r → Qp−r/Kab, repres-
ented by a matrix Aab ∈ Q(p−rab)×(p−r). ThereforeKa is represented by an augmented matrix
Aa = [Aa1| . . . |Aa,a−1|Aa,a+1| . . . |Aat] describing the kernel of Qp−r →

⊕
b 6=aQ

p−r/Kab. The
matrix Aa has

∑
1≤b≤t,b 6=a(p − rab) rows and p − r columns. Now, Ka = Va if and only if Aa

has full rank. Heuristically, we expect this to be the case as soon as:∑
1≤b≤t,b 6=a

(p− rab) ≥ p− r . (5.6)

Remark 5.5.6. (i) In fact, we expect that rab = 2r for every a, b. Then, from Equation (5.6), we
heuristically expect that Ka = Va for every a, if (t− 1)(p− 2r) ≥ p− r, i.e.

p

n
≥ 2t− 3

3t− 5
or, equivalently, t ≥ 2p− n

3p− 2n
+ 1 . (5.7)

(ii) We assumed t ≥ 3 so that the intersections {Ka}a are well-defined. If t = 2, K1

coincides with the image of ∆12, which will not reveal V1 and V2.

We compute bases of {Ka}a by standard linear algebra. For the rest of this section, we
will make the assumption thatKa = Va for every a, and let Ca be a basis matrix forKa. Thus,
there existsMa ∈ GL(r,Q) such that Va = CaMa. This gives for a < b:

∆ab = VaGb − VbGa = Ca(MaGb)− Cb(MbGa) = CaNab − CbNba (5.8)
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with Nab = MaGb. In Equation (5.8), ∆ab and Ca, Cb are known, which allows to compute
the unknown matrix N (ab) = [Nab|Nba]

T as a solution to ∆ab = [Ca| − Cb] · N (ab). Once the
matrices {Nab}a,b are computed, we obtain a system of linear equations over Q, given by

M−1
a ·Nab = Gb , 1 ≤ a < b ≤ t . (5.9)

Since there are 1
2 t(t−1) choices for pairs (a, b) and for each pair thematrix equality in Equation

(5.9) gives rp equations, the system of equations has 1
2 t(t − 1)rp equations. Moreover, it has

tr2 + trp = trn variables, given by the tr2 entries of the matrices {M−1
a : 1 ≤ a ≤ t} and

the trp entries of the matrices {Gb : 1 ≤ b ≤ t}. Heuristically, if the system has at least as
many equations as variables, that is, trn ≤ 1

2 t(t− 1)rp, or equivalently, 2n ≤ (t− 1)p, then it
is expected to have a unique solution. This bound is automatically satisfied if Equation (5.7)
holds. This reveals the matrices {Ma : 1 ≤ a ≤ t} and thus the matrices {Va : 1 ≤ a ≤ t} by
computing Va = CaMa.

Proposition 5.5.7. Assume thatKa = Va for every 1 ≤ a ≤ t (see Remark 5.5.6 (i)). Then, a unique
solution to Problem D′ is implied by the existence of a unique solution to the explicit system of linear
equations given in Equation (5.9), which is a system of 1

2 t(t−1)(n−p)p linear equations in t(n−p)n
variables. There are at least as many equations as variables as soon as p(t− 1) ≥ 2n.

Algorithm for ProblemD. We summarize our algorithm for ProblemD as follows and will
refer to it as Algorithm AD for the rest of this chapter.

Remark 5.5.8. ProblemD of Definition 5.1.1 is symmetric in the sense that thematrices P and
Q have the same rank. An asymmetric variant consists in havingP andQ of ranks p 6= q. Note
that our algorithm AD adapts to that case: if p < q, then “cutting” the last q − p columns of
{Wa}ameans “cutting” the last q−p columns ofQ, which reduces to the symmetric case. This
approach is however not very genuine, as it “cuts” information instead of possibly exploiting
it. We leave it open to design a better algorithm for the asymmetric case.

5.5.2 Optimization of the parameters

Wefindminimal possible values for t and pwith respect to a given n. In Section 5.6.2.1wewill
see that it is of interest tominimize 2p+t in order tominimize the number of public encodings
in [CLT13]. According to Equation (5.7), the main (heuristic) condition to be ensured is p ≥
2t−3
3t−5n. We therefore set

Fn(t) := 2pn(t) + t :=
2t− 3

3t− 5
n+ t , t ∈ R>0 \ {5/3} , n ≥ 2 .

Direct calculations show that Fn has a minimum at t0 = 1
3(
√

2n+ 5), and we have

pn(t0) =
2

3
n+

1

3
√

2

√
n , Fn(t0) =

4

3
n+

2

3

√
2n+

5

3
.

In conclusion, we heuristically expect Algorithm AD to succeed for the choice p = dpn(t0)e
and t = dt0e.
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Algorithm 11 Algorithm for Problem D (Algorithm AD)
Parameters: Integers 2 ≤ p ≤ n and t ≥ 3
Input: A valid input for Problem D as in Definition 5.1.1
Output: “Success” or “Fail”, and in case of “Success”, additionally output a solution. “Suc-

cess” means that the computed solution is unique; “Fail” means that a solution was not
found.

1: for (a, b) with 1 ≤ a 6= b ≤ t do
2: Compute the matrix ∆ab = WaW

−1
0 Wb −WbW

−1
0 Wa

3: end for
4: for 1 ≤ a ≤ t do
5: Compute a basis matrix Ca of Ka :=

⋂
1≤b≤t,b 6=a im(∆ab)

6: end for
7: if dim(Ka) 6= n− p for all 1 ≤ a ≤ t then
8: Output “Fail” and break
9: else
10: for 1 ≤ a < b ≤ t do
11: Compute Nab as solutions to ∆ab = [Ca| − Cb] · [Nab|Nba]

T

12: end for
13: end if
14: Solve for {Ma}a the system of equationsM−1

a Nab = Gb for (a, b) ∈ {1, . . . , t}2, a < b.
15: if a unique solution is not found then
16: output “Fail” and break
17: end if
18: for 1 ≤ a ≤ t do
19: Compute Va = Ca ·Ma

20: ComputeW ′a = [Wa|Va]
21: end for
22: Run Algorithm AC on the input matricesW ′0 = [W0|0] and {W ′a}a and return its output
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5.6 Applications of our algorithms

In this section, we describe two applications for our algorithms and obtain significant im-
provements on previous works. In the first place, we consider the CRT-ACD Problem stated
in Definition 2.2.7, and the algorithm designed by Coron and Pereira, which we recalled in
Section 2.2.3.2. In second place, we consider the cryptanalysis of the CLT13 multilinear map
byCheon et al. whichwe recalled in Section 3.2.2.2. For both problems, we describe improved
algorithms requiring a smaller input size.

5.6.1 Improved algorithm for the CRT-ACD Problem

We again consider the Approximate Common Divisor Problem from Definition 2.2.7 based
on the Chinese Remainder Theorem, already considered in Section 4.8.1 in the context of the
hidden lattice problem. This time, our improvement is of a different nature. Following the
same notation, let N =

∏n
i=1 pi be a composite squarefree public modulus, and let S be a set

of integers which have somewhat small residues in {0, . . . , pi − 1}, modulo every prime pi;
formally their size is controlled by the parameter ρ, as in Definition 2.2.7. Clearly, the larger
the set S is, the more information one can exploit to factor N . Our interest is therefore to
minimize the cardinality of the set Swith respect to n. As seen in the algorithm by Coron and
Pereira (see Algorithm 1 in Section 2.2.3.2), there is a practical algorithm to factor N using
#S = n+ 1, where n is the number of prime factors of N .

5.6.1.1 A naive improvement

There is a naive generalization of the algorithm in [CP19] using only O(
√
n) public instances

in S, while, however, requiring a range of parameters which is worse than in [CP19].
For integers p ≥ 2 and t ≥ 1 of sizeO(

√
n), let x be the vector (y1z, . . . , ytz) ∈ Ztp (note that

the dimension tp is O(n)) for elements y1, . . . , yt ∈ S and z ∈ Sp. This variant clearly reduces
#S considerably, as #S = p + t = O(

√
n). However, the algorithm from [CP19] (see Section

2.2.3.2) requires to construct the vector b = (x, y · x) for y ∈ S. This gives rise to mod-pi-
residue vectors {b(i)}i of Euclidean norm approximately 23ρ instead of 22ρ as in [CP19]. This
impacts the first step of the algorithm to perform worse than originally described. Namely,
in rough terms, the stronger condition 3ρ < η will be required for the orthogonal lattice at-
tack to succeed. If this condition is not fulfilled, the lattice reduction step in the orthogonal
lattice algorithm fails to compute a basis of the completed lattice L (where L again denotes
the lattice generated by the vectors {bi}i).

In our improvement, wewould like to avoid this situation, that is, wewill lower #S, while
continuing to use the condition 2ρ < η, exactly as in [CP19].

5.6.1.2 Our improved algorithm

Our main point in improving the algorithm from [CP19] lies in recognizing that Equation
(2.6) defines an instance of Problem A of Definition 5.1.1 with t = 1 because the matrices P
andQ have rank n. Our improvement lies in generalizing the vector b as to obtain an instance
of Problem C, instead.
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We consider #S < n + 1. For convenience, we write S = {x1, . . . , xp, y1, . . . , yt} with
integers 2 ≤ p < n and 2 ≤ t < n satisfying 2n ≤ (t+ 1)p. We let x = (x1, . . . , xp) ∈ Sp and

b = (x, y1 · x, . . . , yt · x) ∈ Z
(t+1)p . (5.10)

As previously, let {b(i)}i ⊆ Z(t+1)p denote the short residue vectors modulo the primes {pi}i
and x ≡ x(i) (mod pi), ya ≡ y

(i)
a (mod pi) for 1 ≤ a ≤ t and 1 ≤ i ≤ n. By the Chinese

Remainder Theorem, we observe that b lies in the lattice L =
⊕n

i=1 Zb
(i) modulo N . Namely,

there are integers c1, . . . , cn ∈ Z such that

b ≡
n∑
i=1

ci


x(i)

y
(i)
1 · x(i)

...
y

(i)
t · x(i)

 =:

n∑
i=1

cib
(i) . (mod N)

As in [CP19], the orthogonal lattice algorithm reveals a basis {b′(i)}i of L and the Euclidean
norm of {b(i)}i is still approximately 22ρ. As explained in Chapter 4 (in particular, Section
4.8.1), this equation defines a hidden lattice problem, and a basis of Lmay therefore be com-
puted by using Algorithm II (see Algorithm 8).

Contrary to Equation (2.6), the new choice of our vector b in Equation (5.10) now gives
rise to matrix equations

W0 = P ·Q , Wa = P · Ua ·Q , 1 ≤ a ≤ t , (5.11)

where P ∈ Zp×n has columns {x(i)}i and {Ua}a ⊆ Zn×n are diagonal matrices with entries
{y(i)
a }a,i. The matrix Q is a base change matrix from {b′(i)}i to {b(i)}i, again, due to the base

change from L to L, as explained in Section 2.2.3.2. If W0 has rank p, then Equation (5.11)
defines a valid input for Problem C of Definition 5.1.1. Then Algorithm AC (Algorithm 10)
from Section 5.4 reveals the diagonal entries {y(i)

a }a,i of thematrices {Ua}a. One finally factors
N by computing gcd(ya − y(i)

a , N).

Parameters. From Section 5.4.2 we see that #S = p + t is minimized when p = d
√

2ne and
t+ 1 = d

√
2ne. Consequently,

#S = 2d
√

2ne = O(
√
n) .

In summary, letting n be the number of secret prime factors in the public modulus N , we
can factorN given onlyO(

√
n) input samples, whereas the algorithm [CP19] usesO(n) input

samples. This gives a quadratic improvement on the input length.

Remark 5.6.1. More generally, the work [CP19] proposes a multiparty key-exchange protocol
built from the CLT13 multilinear map, by relying on the hardness of the CRT-ACD Problem.
We remark however that our algorithms do not impact the security of the key-exchange from
[CP19]. Namely, it uses certain encodings of matrices, which would us require to work with
sets of matrices instead. However, the product of matrices does not commute, so our tech-
niques do not apply to that case.
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Algorithm 12 Algorithm for the CRT-ACD Problem with #S = O(
√
n)

Parameters: The CRT-ACD parameters (Definition 2.2.7)
Input: An integer N =

∏n
i=1 pi and a set S as in Definition 2.2.7 with #S = 2d

√
2ne

Output: The prime factors {pi : 1 ≤ i ≤ n} of N
1: Let p = d

√
2ne and t = p = d

√
2ne − 1. Write the elements in S as x1, . . . , xp, y1, . . . , yt

and let x = (x1, . . . , xp). Construct the vector b = (x, y1 · x, . . . , yt · x) ∈ Z(t+1)p from S.
2: Given b, compute a basis of L, where L is the lattice generated by the vectors b(i) for

1 ≤ i ≤ n; denote by [W0|W1| . . . |Wt] ∈ Zn×p(t+1) the computed basis of L. This can be
carried out by Algorithm I 7 or Algorithm 8 from Chapter 4.

3: Run Algorithm AC (Algorithm 10) on the input matrices W0 and {Wa : 1 ≤ a ≤ t}.
Denote the computed tuples of diagonal entries by {y(i)

a }a,i.
4: for 1 ≤ i ≤ n do
5: Compute and return gcd(y − y(i)

1 , N)
6: end for

Algorithm. Our new algorithm improving Algorithm 1 is summarized in Algorithm 12.

5.6.2 Improved Cryptanalysis of CLT13 Multilinear Maps

We consider the CLT13 multilinear map scheme by Coron et al. from [CLT13], with which
already Chapter 3 deals more extensively. Our second application concerns the algorithm by
Cheon et al. from Section 3.2.2.2, a polynomial-time attack against the Diffie-Hellman key ex-
change protocol based on CLT13when enough encodings of zero are available to the attacker.

It is of interest to investigate this line of cryptanalysis on CLT13 when only a limited num-
ber of such encodings is available. Namely, not every CLT13-based construction necessarily
reveals enough such encodings, and the attack of Cheon et al. is in such a case prevented.

5.6.2.1 Attacking CLT13 with fewer encodings

We formally introduce the following CLT13-based problem, of interest in the framework of
the Cheon et al. attack.

Definition 5.6.2 (CLT13 Problem). Let n ≥ 2 be the dimension of CLT13 and x0 =
∏n
i=1 pi

following the classical CLT13-notation. Let E be a finite non-empty set of encodings at level 1 and
E0 ⊆ E a non-empty subset such that every element of E0 is an encoding of zero.
The CLT13 Problem is as follows: Given the sets E and E0, factor x0.

We refer to the sets E and E0 as the sets of “available encodings” and “available encodings
of zero”, respectively. It is not a loss of generality to consider level-one encodings in these
sets, as encodings can always be multiplied by other encodings to increase their level. As in
Section 3.2.2.2, we write E = A ∪ B ∪ C with A ⊆ E0, for disjoint sets A,B and C. As men-
tioned in Section 3.2.2.2, the algorithm by Cheon et al. requires #E0 ≥ n to factor x0, and
a total number of public encodings #E = 2n + 2, where n is the number of prime factors
dividing x0.
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For an improved algorithm, we aim at reducing the number of encodings needed for the
factorization of x0, and therefore raise the following problems related to Definition 5.6.2, and
which we shall treat independently below:

(?) Factor x0 with fewer available encodings of zero, i.e. #E0 < n

(??) Factor x0 with fewer available encodings, i.e. #E < 2n+ 2

A naive improvement. Somewhat similarly to the CRT-ACD Problem treated in Section
5.6.1, there is a naive improvement of the Cheon et al. attack, using fewer encodings (of zero),
but with the cost of assuming κ = 4. Namely, when κ = 4, one can form product encod-
ings of the form αjβaγkδ` at level 4, where every encoding is at level 1. Such encodings can
then be partitioned into sets A,B and C such that A contains only encodings of zero and
#A = O(

√
n). However, this approach has the inconvenience of using κ = 4 and our im-

proved attack aims at lowering the number of public encodings while keeping κ = 3.

5.6.2.2 Our improved algorithm

We treat Questions (?) and (??) independently. In particular, we explain how to positively
answer Question (?) by making use of Algorithm AC, and Question (??) by making use of
Algorithm AD.

Minimizing the number of encodings of zero

Let us first treat Question (?) and explain how to use our Algorithm AC to factor x0 using
only #E0 = O(

√
n) level-one encodings of zero.

We fix integers 2 ≤ p < n and 3 ≤ t < n and assume again κ = 3. As in Section 3.2.2.2,
we write E = A ∪B ∪ Cwith A ⊆ E0. Further, we let #A = p, #B = t and #C = n; we claim
that we can factor x0 with p = O(

√
n).

Every product encoding c = αjβaγk with (αj , βa, γk) ∈ A × B × C is an encoding of
zero and by correctly zero-testing c using the zero-test parameter, we obtain integer matrix
relations

Wa = P · Ua ·Q , 1 ≤ a ≤ t (5.12)

where P ∈ Zp×n and Q ∈ Zn×n are matrices corresponding to the encodings in A and C,
respectively, and {Ua}a ⊆ Zn×n are diagonal matrices corresponding to encodings in B. Ex-
actly as in Section 3.2.2.2, the matrices {Ua}a contain diagonal entries βai such that βa ≡ βai
(mod pi) for 1 ≤ i ≤ n, where {pi}i are the prime factors of x0. With high probability the
ranks of P and Q are p and n, respectively. DefiningW ′0 = W1 andW ′a = Wa−1 for 2 ≤ a ≤ t
we obtain an instance similar to Problem C of Definition 5.1.1, but without a “special input
matrix” PQ (see Section 5.3). Using Algorithm AC, we reveal the eigenvalues (the diagonal
entries) of thematrix products {UaU−1

1 }a as it is likely thatU1 be invertible. We finally deduce
the prime factorization of x0 by computing greatest common divisors, as in Section 3.2.2.2.

By the optimization of the parameters in Section 5.4.2, we can choose#B = t = d
√

2ne and
#A = p = d

√
2ne. It isworth noticing thatwhile the setB nowhasO(

√
n) elements compared



116 CHAPTER 5. SIMULTANEOUS DIAGONALIZATION OF INCOMPLETE MATRICES

to #B = 2 for the original attack by Cheon et al. attack, the total number of encodings in E

remains p + t + n = 2d
√

2ne + n = O(n), as for the Cheon et al. attack. Therefore lowering
the number of encodings in A has no impact on the total number of encodings.

Minimizing the total number of encodings

We now consider Question (??). We explain how to use Algorithm AD to factor x0 using
#E = 4

3n+ O(
√
n) instead of #E = 2n+ 2 as in the original Cheon et al. attack. Namely, the

original attack, as described in Section 3.2.2.2 uses setsA,B,Cwith in total 2n+ 2 encodings.

This time, we consider A and B as before, but consider a set C with #C = p instead of
#C = n as before; therefore we have a total number of encodings #E = 2p+ t. It is now easy
to see that upon correct zero-testingwe derivematrix equations as in Equation (5.12) but with
Q ∈ Zn×p this time. Hence, if both matrices P and Q have rank p, we obtain an instance of
ProblemD of Definition 5.1.1 without “special input matrix”W0. Then AlgorithmAD reveals
ratios of diagonal entries of {UaU−1

1 } (again assuming the likely invertibility of U1) and we
consequently factor x0.

Following Section 5.5.2, we are led to minimize the number of encodings, i.e. the quantity
#E(n) = 2p+ t, viewed as a function of n. We can let p = d2

3n+ 1
3
√

2

√
ne and t = d1

3

√
2n+ 5

3e
and therefore obtain

#E(n) = 2
⌈2

3
n+

1

3
√

2

√
n
⌉

+
⌈1

3

√
2n+

5

3

⌉
=

4

3
n+O(

√
n) .

Algorithms. We summarize our improvements of the Cheon et al. attack (compare with
Algorithm 2) below.

Algorithm 13 Improved Cheon et al. attack against CLT13 with fewer encodings
Parameters: The CLT13 parameters with κ = 3
Input: Disjoint sets A,B,C of encodings at level one, where the encodings in A encode zero,

and #A = p,#B = t and #C = n in the framework of (?), and #A = #C = p,#B = t in
the framework of (??), for integers 2 ≤ p < n and 3 ≤ t < n; and x0 =

∏n
i=1 pi

Output: The prime factors {pi : 1 ≤ i ≤ n} of x0

1: for 1 ≤ a ≤ t do
2: Construct the matrix Wa ∈ Zp×n as in Equation (5.12) in the framework of (?). These

matrices are in Zp×p in the framework of (??).
3: end for
4: Run Algorithm AC (Algorithm 10) on the input matricesW ′0 = W1 and {W ′a}2≤a≤t with
W ′a = Wa−1 in the case of framework (?); in the case of framework (??), run Algorithm
AD (Algorithm 11). Denote by {βai/β1i}a,i the computed tuples of diagonal entries

5: for 1 ≤ i ≤ n do
6: Compute coprime integers xi, yi such that β2i/β1i = xi/yi
7: Compute and return gcd(xiβ2 − yiβ1, x0), where B = {βi}i
8: end for
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Cryptanalysis with independent slots. As explained in Chapter 3 (see Section 3.3.9.1), one
can adapt the Cheon et. al attack in order to cryptanalyze the CLT13 Scheme when no encod-
ings of zero are available beforehand, but instead only “partial-zero” encodings. We can im-
prove this cryptanalysis (i.e. Algorithm 6) following the same techniques as above. Following
the notation from Section 3.3.9.1, let ` the number of partial-zero encodings. More precisely,
in order to factor x0, we can now replace the Cheon et al. attack used as a sub-algorithm (Step
4) in Algorithm 6 by Algorithm AC, once ` encodings of zero are created. This means that
we can set ` = O(

√
n), which brings a twofold improvement: first, lattice reduction (in the

orthogonal lattice attack from Section 3.3.6) is only run on a lattice of dimension O(
√
n), and

second, the number of partial-zero encodings is reduced to O(
√
n).

5.7 Computational Aspects and Practical Results

Let us now describe practical parameters for our algorithmsAC andAD designed in Sections
5.4 and 5.5 of this chapter. We have implemented our algorithms in SageMath [S+17]; our
source code is provided in [CNW20b]. Our experiments are done on a standard 3, 3 GHz
Intel Core i7 processor.

5.7.1 Instance Generation of Problems C and D

As is the case for many applications in cryptanalysis, we consider matrices with integer
entries in Definition 5.1.1. To generate instances of Problems C and D, given fixed integers
n, t, p, we uniformly at random generate matrices P,Q and {Ua}a as in Definition 5.1.1 with
entries in [−k, k]∩Z for some k ∈ Z≥1. SettingW0 = PQ andWa = PUaQ for 1 ≤ a ≤ t gives
rise to instances of Problems C or D.

In order to speed up our algorithms, note thatwe can perform the linear algebra overZ/`Z
for a sufficiently large prime `, instead of over Q. It suffices to choose ` slightly larger than
the size of the output, i.e. the diagonal entries of {Ua}a. Thus, we may choose for example
` = O(maxa,i |uai|), where uai for 1 ≤ i ≤ n, 1 ≤ a ≤ t denote the diagonal entries of
Ua. The running time of our algorithms clearly depends on the entry size of the generated
matrices. The overall computational cost of our algorithms AC and AD is dominated by the
cost of solving systems of linear equations and performing simultaneous diagonalization,
which can be done by standard algorithms for non-sparse linear algebra.

5.7.2 Practical Experiments

We here gather practical parameters for Problems C and D, as well as our applications of
Section 5.6.

ProblemsC andD. We create instances of ProblemsC andD and runAlgorithmAC andAD

with increasing values for p and t. We then select the minimal practical value of p and t such
that our algorithms reveal the diagonal entries of {Ua}a successfully. We then compare these
practical values p, t with the minimal theoretical values p0(n), t0(n) derived in Sections 5.4,
5.5. Table 5.1 and Table 5.2 gather practical data for Problem C and Problem D, respectively.
Therefore, for the data in Table 5.1, we have selected p0(n) = d

√
2ne and t0(n) = d

√
2n−1e (as

predicted by Section 5.4.2), while for the data in Table 5.2, we have selected p0(n) = d2
3n+

√
n

3
√

2
e
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and t0(n) = d1
3(
√

2n + 5)e (as predicted by Section 5.5.2). In both tables, “Entry size” is an
approximation of the bit-size of the max-norm of each input matrix.

We have chosen an increasing size n for the diagonal matrices (up to n = 500), together
with a decreasing entry size as to keep a somewhat balanced running time. We observe that
the practical values for p and t almost perfectly align with the theoretical values p0(n) and
t0(n) in both cases. This also allows to point out the practical optimality of our algorithms: it
seems from these practical outputs that our theoretical bounds are not only optimal from a
theoretical perspective, but also from a practical one.

Applications. Table 5.3 gathers data for our two applications described in Section 5.6. More
precisely, Series 1 of Table 5.3 compares our new algorithm (Algorithm 12) for the CRT-ACD
Problem with [CP19] (see Algorithm 1 in Section 2.2.3.2). The parameters provided in Series
1 allow a complete factorization of the public modulus N =

∏n
i=1 pi with prime numbers of

bit size η, and noise bit size ρ in the elements of S. In particular, p and t are chosen to be
minimal with respect to revealing the prime factors of N successfully. The column “Num. of
samples” compares the cardinality of the public set S for both algorithms; the column “this
work” is thus set as #S = p + t, while for [CP19] one has #S = n + 1. Our algorithm is
practical and significantly improves on [CP19]; for instance, for n = 50, our algorithm factors
N using only 19 public samples in S, whereas [CP19] requires 51 samples to factor N for the
same instance.

Similarly, Series 2 and 3 of Table 5.3 compare our new cryptanalysis of CLT13 (Algorithm
13) with the previous work of [CHL+15] (see Algorithm 2 in Section 3.2.2.2). Here, Series 2
deals with the case of minimizing the number of total encodings, which bases on Algorithm
AD, and Series 3 deals with the case of minimizing the number of encodings of zero available
to the attacker, which bases on Algorithm AC. The values of p and t in Series 2 and 3 are
again selected minimal as to allow a complete factorization of x0 =

∏n
i=1 pi, as for the Cheon

et al. attack. The columns “Num. of encodings” resp. “Num. of encodings of zero” compare
the number of encodings in the set E resp. E0 in both algorithms. For Series 2, “this work” is
therefore set as #E = 2p+ t and Series 3 uses #E0 = p.

In particular, our new algorithm breaks CLT13 with only 10 public encodings of zero,
while the original algorithm [CHL+15] uses 50 encodings of zero. While not being as remark-
able, also the number of total encodings (Series 2) is improved, as predicted by the bound
O(4/3n).
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Practice Theory
n Entry size p t p0(n) t0(n) Running time
15 1000 6 4 6 5 4 min 4 s
25 750 8 7 8 7 3 min 45 s
50 600 10 9 10 9 4 min 34 s
100 200 15 14 15 14 1 h 17 min
150 100 18 16 18 17 6 h 29 min
500 20 32 31 32 31 29 min 3 s

Table 5.1: Experimental data for Algorithm AC

Practice Theory
n Entry size p t p0(n) t0(n) Running time
15 1000 11 4 11 4 4 min 2 s
25 750 18 4 18 5 1 min 54 s
50 600 35 5 35 5 1 min 39 s
100 200 70 7 70 7 5 min 14 s
150 100 103 8 103 8 23 min 14 s
500 20 339 13 339 13 6 min 57 s

Table 5.2: Experimental data for Algorithm AD

Series 1 Num. of samples
n η ρ p t this work [CP19]
20 1000 200 7 6 13 21

30 1000 100 8 7 15 31

50 800 100 10 9 19 51

Series 2 Num. of encodings
n η ρ p t this work [CHL+15]
20 1000 200 15 4 34 42

30 1000 100 22 5 49 62

50 800 100 35 5 75 102

Series 3 Num. of encodings of zero
n η ρ p t this work [CHL+15]
20 1000 200 7 6 7 20

30 1000 100 8 7 8 30

50 800 100 10 9 10 50

Table 5.3: Experimental data for the CRT-ACD Problem and the CLT13 Problem
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CHAPTER6
Questions related to Edwards Curves

Elliptic curves are important objects in modern number theory and lie at the heart of Elliptic
Curve Cryptography (ECC). In particular, mathematicians and cryptographers put a lot of
effort in finding suitable models for elliptic curves to guarantee security and efficiency. In
2007, Harold Edwards presented a normal form for elliptic curves, building on historical res-
ults of Euler and Gauss. Only a few months later this new form for elliptic curves has been
proposed for ECC by Bernstein-Lange (see [Edw07, BL07]). Since then, these curves carry
Edwards’ name and take a central place in modern algorithms for ECC.

In this chapter, we study some questions of geometric, arithmetic and computational
nature related to Edwards curves. We provide the reader with several examples illustrat-
ing our results.

The content of the present chapter is based on a collaboration with Samuele Anni1 and an
article will be submitted in the near future.

6.1 Introduction

Twisted Edwards curves over a (non-binary) field K are defined by the equation ax2 + y2 =
1 + dx2y2 for distinct elements a ∈ K, d ∈ K \ {0, 1}. When a = 1, the curve is simply
called Edwards curve and denoted by Ed. What makes these curves, originally introduced by
the work of Harold Edwards [Edw07], interesting for cryptographic purposes is that they
carry an efficient group law, and are birationally equivalent to elliptic curves, i.e. there is
a birational map φ : Ed → E from Ed to an elliptic curve E. With the work of Bernstein-
Lange and Bernstein et al. [BL07, BBJ+08], Edwards curves entered ECC and compete today
with many other forms of elliptic curves, such as Jacobi intersections, Montgomery curves,
Hessian curves, or Huff curves. The work [BL07] shows that the group law on Edwards
curves gives very efficient arithmetic on elliptic curves and has considerable speed-up factors
against other forms of elliptic curves. This also gives a simplified protection against side-
channel attacks. Nowadays, there is a vast literature on Edwards curves. The Diffie-Hellman
protocolX25519 [Ber06] and the signature scheme EdDSA (Edwards-curve Digital Signature
Algorithm) [BDL+11] are based on (twists) of the Edwards curve Ed, with d = 121665/121666
in the prime field Fp where p = 2255 − 19, and offer high security.

1Maître de conférences at Aix-Maseille Université
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The arithmetic of (twisted) Edwards curves is also of interest from a purely mathematical
viewpoint, as for example the study of morphisms between these curves, such as isomorph-
isms or isogenies of Edwards curves (see e.g. [AG12]). In this chapter, we shall study Ed-
wards curves from an arithmetic-geometric standpoint, without necessarily targetting cryp-
tographic applications.

6.2 Our Contributions

Abstract Construction of the Edwards Model and its Twists. Abstractly, without specific-
ation to any affine or projective model, an elliptic curve over a fieldK is a pair (E,O) whereE
is a non-singular projective curve overK of genus 1 and O is aK-rational point. The theorem
of Riemann-Roch can be used to find aWeierstrassmodel forE (see e.g. [Sil09, Chapter III, §3,
Proposition 3.1]). Our first contribution is to rely on the theorem of Riemann-Roch to derive
the Edwards model for elliptic curves. This way of establishing the Edwards model is new
and differs conceptually from the construction of Bernstein-Lange (see [BL07, BBJ+08]). We
believe that such more abstract constructions potentially help to construct new elliptic curve
models from the understanding of the underlying geometry. Also twists of Edwards curves
can be derived more abstractly. It is well-known that the curve Ead : ax2 + y2 = 1 + dx2y2 can
be interpreted as a quadratic twist of Ed/a ([BBJ+08]). In the language of group cohomology,
there is a natural way of defining twists of curves, andwe describe a construction for the twist
Ead of Ed/a using this formalism.

Explicit construction of Edwards curves from 2-torsion points. An elliptic curveE defined
over a field K with a K-rational point of order 4 is birationally equivalent over K to an Ed-
wards curve Ed defined over K. Following [BL07, Theorem 2.1] and [BBJ+08, Theorem 3.3],
we can explicitly construct a birational map from an elliptic curve E over K in Weierstrass
form with a K-rational point P of order 4, to an Edwards curve Ed over K. The map and
d ∈ K \ {0, 1} are explicit in terms of E, that is, the coefficients of the Weierstrass model of
E and the coordinates of P . A natural question is to extend this construction when E does
not have a point of order 4 over its base field K. To tackle this question, we are constrained
to work over larger fields, over which E(K) has 4-torsion. Our contribution in this direction
is an explicit description of the smallest field extension of the base field K over which E ad-
mits an Edwards model. One may expect this field to be the extension of K where E has
full 4-torsion (the 4-division field of E), but we prove that in some cases it actually is a strict
subfield thereof. Our construction only requires 2-torsion points of E, which gives some im-
portant advantages compared to [BL07, BBJ+08], which work with 4-torsion. Intuitively, we
associate to every point (ei, 0) (i = 1, 2, 3) of order 2 on E(K) (in characteristic away from 2, 3
we can always write the 2-torsion in this way), a pair of Edwards curves Edi , E1/di defined
over an explicit field Ki/K, with an explicit formula for di depending on e1, e2, e3. We also
make precise how large the field Ki is by studying the 2-division field of E. We remark that
our construction is compatible also from a purely algebraic (vs. geometric) study of the j-
invariant of E. Namely, the expression for the j-invariant of an elliptic curve E birationally
equivalent to an Edwards curve Ed is a rational function in d, and can be used to derive all
K-isomorphism classes of E (and pf Ed).

On adifferent level, this result allows us to recover a known result byAhmahi andGranger
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on K-isomorphism classes of Edwards curves [AG12]. We also describe a natural Galois
action on the Edwards curves, induced from the Galois action on the points on E. Together
with this observation, we obtain a stronger version than the result in [AG12].

Rank statistics and invariants for the Edwards family. The twisted Edwards curve Ead is
birationally equivalent to the elliptic curveEa,d : y2 = x3 + 2(a+d)x2 + (a−d)2x. We refer to
the family {Ea,d}a,d as the (elliptic) Edwards family. For our last contribution in this chapter,
we consider this family over Q, with d ∈ Z and, mostly, a = 1. By Mordell’s Theorem, the
group E1,d(Q) is finitely generated, and it is a natural question to study its torsion part and
its free part. We provide a precise description for the torsion subgroup of E1,d(Q), by means
of explicit formulae for torsion points. For the free part, we analyse the rank of these curves
computationally. Previous extensive computer calculations were for example carried out by
Zagier and Kramarz for the ranks in the family of rational curves x3 + y3 = m for cubefree
integersm, [ZK87]. Before studying the rank of E1,d we establish a formula for the conductor
ofE1,d, an important invariant ofE for the arithmetic of its L-function, for example. Together
with this remark we see that the conductor of E1,d grows quickly with d, and quadratically
for a well-described subfamily of curves. We provide statistical distributions for the ranks
in the family {Ed}d, which appear to point out to a rather rapid accumulation of curves of
rank at least 2. Along with our statistical distribution for the rank, we study the analytic
order of the Shafarevich-Tate group, which can be computed under the Birch and Swinnerton-
Dyer Conjecture. Despite of the large conductors, the L-functions associated to E1,d have a
rather slow convergence (in the sense that many terms need be precomputed). To overcome
this obstacle, we design a general algorithm (i.e. for general elliptic curves) to compute the
order of the Shafarevich-Tate group by using a truncation of the L-series. This algorithm is
of independent interest and extends previous work from [HY15].

6.3 Background and notation on Edwards Curves

Throughout thewhole chapter,K is a field of characteristic not 2. Wedenote byK an algebraic
closure of K. We will sometimes work with K = Q and will mention it explicitly then. We
present some background material on Edwards curves.

6.3.1 Edwards Curves and Twisted Edwards Curves

We consider the definition of twisted Edwards curves from [BL07, BBJ+08].

Definition 6.3.1. For distinct a, d ∈ K× and c ∈ K× with dc4 6= 1, the twisted Edwards curve
overK with coefficients c, d and twisted by a, is the curve given by the equation

Eac,d : ax2 + y2 = c2(1 + dx2y2) .

An Edwards curve is a twisted Edwards curve with a = 1.

The excluded cases for a, c, d define singular curves. The equation in Definition 6.3.1 uses
affine coordinates (x, y) and we will always work with the affine model. The projectivized
model is (aX2 + Y 2)Z2 = Z4 + dX2Y 2 in projective coordinates [X : Y : Z]. In Lemma
6.3.2 we show certain isomorphisms between the different families of Edwards curves. These
results are known, but we gather them for completeness here.
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Lemma 6.3.2. Let a, c, d ∈ K× with a 6= d and dc4 6= 1.

(i) There is a K-isomorphism Φc : Eac,d → Ea1,dc4 , (x, y) 7→ (x/c, y/c), with inverse Φ−1
c :

Ea1,dc4 → Eac,d sending (X,Y ) to (cX, cY ).

(ii) There is an isomorphism Ψa : Eac,d → E1
c,d/a, (x, y) 7→ (

√
ax, y) defined overK(

√
a).

(iii) Assume that a 6= dc4. There is an isomorphism Eac,d → E1
1,dc4/a, (x, y) 7→ (

√
ax/c, y/c),

defined overK(
√
a).

Proof. (i) As c 6= 0, ax2 + y2 = c2(1 + dx2y2) can be rewritten as a
(
x
c

)2
+
(y
c

)2
= 1 +

dc4
(
x
c

)2 (y
c

)2, which after the change of variables (X,Y ) = (x/c, y/c) gives aX2 + Y 2 =
1 + dc4X2Y 2, which is the curve Ea1,dc4 , as dc

4 6= 1 by assumption.
(ii)Wewrite the equation ax2 +y2 = c2(1+dx2y2) as (

√
ax)2 +y2 = c2(1+(d/a)(

√
ax)2y2)

and (X,Y ) = (
√
ax, y) gives X2 + Y 2 = c2(1 + (d/a)X2Y 2), the curve E1

c,d/a (as d/a 6= 1).
(iii) is obtained by composing Ψc and Φa. Note that dc4/a 6= 1.

These isomorphisms explain why the parameter c is often omitted in the literature. It is
sufficient to replace d by dc4 to obtain general results including the parameter c. In view of
Lemma 6.3.2 we shall mainly restrict our study to twisted Edwards curves with c = 1 and we
will write Ed for the curve E1

1,d and Ead for the curve Ea1,d.
Let now c = 1. Let Ead(K) be the group of K-points on Ead. The sum of (x1, y1), (x2, y2) ∈

Ead(K) is defined by (see [BBJ+08, Section 6])

(x1, y1) + (x2, y2) =

(
x1y2 + y1x2

1 + dx1x2y1y2
,
y1y2 − x1x2 − ax1x2

1− dx1x2y1y2

)
.

The neutral element for the addition is (0, 1) and the inverse of (x, y) is (−x, y). In particular,
(0,−1) has order 2. If a = 1 then (±1, 0) have order 4. The addition law is complete if a is a
square and d a non-square inK, meaning that the denominators in this formula are not zero,
and hence the formula is defined for all pairs of points on Ead (for example, duplication or
inversion). In [ALNR11, Section4] the authors give a geometric description of this group law.

6.3.2 Models for elliptic curves

An elliptic curve overK is a non-singular projective curve of genus 1 overK together with a
K-rational point O ∈ E(K). An elliptic curve in the short Weierstrass model is given by an
equation y2 = x3 +αx+β where α, β ∈ K satisfy 4α3 +27β2 6= 0. Another well-knownmodel
for elliptic curves is the Montgomery model, introduced in [Mon87]. Its arithmetic has been
studied independently in several works (see for instance [CS18] for a survey).

Definition 6.3.3. ForA ∈ K \{±2},B ∈ K×, theMontgomery curveMA,B defined overK with
parameters A,B is given by the equation

MA,B : Bv2 = u3 +Au2 + u .

The cases A2 = 4, B = 0 are excluded because they define singular curves.
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We say that two algebraic varieties X,Y over K are birationally equivalent over K if there
exist rational maps f : X → Y and g : Y → X defined over K such that (f ◦ g)(P ) = P
for all P ∈ Y (K) such that (f ◦ g)(P ) is defined, and (g ◦ f)(Q) = Q for all Q ∈ X(K) such
that (g ◦ f)(Q) is defined. The map f is called a birational equivalence fromX to Y . It induces
an isomorphism from a non-empty subset U ⊆ X to a non-empty subset V ⊆ Y . The points
where f is not defined are exceptional points.

Every twisted Edwards curve Ead over K is birationally equivalent over K to a Mont-
gomery curve by [BBJ+08, Theorem 3.2]. Explicitly, the map

Ead : ax2 + y2 = 1 + dx2y2 ψa,d−→ MA,B : Bv2 = u3 +Au2 + u , (6.1)

(x, y) 7−→ (u, v) =

(
1 + y

1− y
,

1 + y

(1− y)x

)

with (A,B) := (A(a, d), B(a, d)) =
(

2a+d
a−d ,

4
a−d

)
is a birational equivalence. Moreover, there

is a birational equivalence between Ead and the curve in mediumWeierstrass form

Ead : ax2 + y2 = 1 + dx2y2 −→ Ea,d : y2 = x3 + 2(a+ d)x2 + (a− d)2x , (6.2)

(x, y) 7−→
(

(a− d)
1 + y

1− y
, (a− d)

2(1 + y)

(1− y)x

)
.

Note that the map is undefined at the points (x, y) ∈ Ead(K) with x = 0 or y = 1; defining the
exceptional points for the birational equivalence.

One can interpret elliptic curves with given torsion data from the viewpoint of moduli
spaces. LetK ⊆ C be a subfield. The congruence subgroup of SL2(Z) of level 4 is defined by

Γ1(4) = γ =

{(
a b
c d

)
∈ SL2(Z) : γ ≡

(
1 b
0 1

)
(mod 4)

}
.

It acts on the complex upper half-plane h = {τ ∈ C : =(τ) > 0} via the usual fractional linear
transformations. The modular curve Y1(4) is defined as Γ1(4) \ h = {Γ1(4)τ : τ ∈ h}, which
is non-compact. It can be compactified by considering the action on the extended upper
half-plane h∗ = h ∪P1(Q): there exists a smooth projective curve X1(4)/Q (the (compactified)
modular curve of level 4) over Q and an isomorphism Γ1(4) \ h∗ ' X1(4)(C). There is an
interpretation as moduli spaces for elliptic curves with points of order 4: there is a bijection

Y1(4)(K)↔ {(E,P ) : E/K elliptic curve, P ∈ E(K) point of order 4}/' ,

that is, an equivalence class Γ1(4)τ in Y1(4) corresponds to a pair (E,P ), whereE is an elliptic
curve overK defined up to isomorphism and P is a point of exact order 4 in E(K) preserved
by the isomorphism. We define the projective d-line over K by P1(K) \ {∞, 0, 1}, and over
every point on the d-line we consider the elliptic curve Ed := E1,d defined in (6.2). Let P4 ∈
Ed(K) be one of the points of order 4 in Ed(K). The Weierstrass equation y2 = x3 + 2(1 +
d)x2 + (1− d)2x of Ed can be seen as a surface over the d-line with fibers given by the curves
{Ed}d. The singular fibers are E0 and E1 lying over d = 0 and d = 1. The points on Y1(4)(K)
are pairs (Ed, P4) up to isomorphism.
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6.3.3 Isomorphism classes of Edwards curves

Let E be an elliptic curve defined overK. We denote by EdwK(E) the set of Edwards curves
Ed defined over K (i.e. with d ∈ K) such that there exists a birational equivalence over K
between Ed and E; note that any birational equivalence over K becomes an isomorphism
overK. For a subfield L ⊆ K we also denote by EdwL(E) the subset of EdwK(E) of Edwards
curves defined over L and birationally equivalent to E over a finite extension L′/L. We treat
two curves Ed and Ed′ as distinct whenever d 6= d′.

The set EdwK(E) defines E only up to isomorphism: if f : E → E′ is an isomorph-
ism, then any birational equivalence Ed → E induces a birational equivalence Ed → E′ after
composition with f . Therefore the following lemma is clear.

Lemma 6.3.4. Let E,E′ be elliptic curves defined overK.

(i) If E and E′ areK-isomorphic, then EdwK(E) = EdwK(E′).

(ii) If E and E′ are notK-isomorphic, then EdwK(E) ∩ EdwK(E′) = ∅.

The j-invariant defines aK-isomorphism class of elliptic curves. For j ∈ K, define:

EdwK(j) = {Ed | d ∈ K, ∃ E/K with j(E) = j and ∃K-birational equivalence Ed → E} ,
(6.3)

and, similarly, for the set EdwL(j) for a subfield L ⊆ K. We shall in the sequel also use the
notation Ell(j) for the set ofK-isomorphism classes of elliptic curves overK with j-invariant
j. We denote by [E] ∈ Ell(j) the equivalence class of E.

The curves in EdwK(j) are all birationally equivalent over K, and thus isomorphic. For
distinct curves Ed and Ed′ in EdwK(j), letting φd denote a birational equivalence Ed → E
(with [E] ∈ Ell(j)) and φd′ a birational equivalence Ed′ → E, then φ−1

d′ φd is a birational equi-
valence Ed → Ed′ .

The following result of Ahmadi and Granger [AG12] gives explicit relations between iso-
morphic Edwards curves.

Proposition 6.3.5 ([AG12], Proposition 4.2). Let Ed and Ed′ be two Edwards curves defined over
K. Then Ed is isomorphic to Ed′ overK if and only if

d′ ∈ Σ(d) :=

d, 1

d
,

(
1± d1/4

1∓ d1/4

)4

,

(
1±
√
−1d1/4

1∓
√
−1d1/4

)4
 . (6.4)

As remarked in [AG12], this result also follows from Edwards’ original paper [Edw07,
Proposition 6.1]. Proposition 6.3.5 implies that EdwK(j) is of cardinality 6, and of smaller
cardinality if and only if some elements in Σ(d) coincide. The proof technique of Proposition
6.3.5 in [AG12] is to establish isomorphisms between Edwards curves and Legendre curves.
In what follows we shall establish a stronger version of this result.

Remark 6.3.6. If EdwK(E) contains Ed defined overK with d = `4 a fourth power inK, then
EdwK(E) contains four curves defined overK, defined by the fourth powers 1/d = (1/`)4 and(

1±`
1∓`

)4
. Remark also that by Proposition 6.3.5, the curves in EdwK(E) cannot all be defined

over the base fieldK unless −1 is a square inK.
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6.4 Abstract constructions of Edwards and twisted Edwards curves

We prove an abstract construction of the Edwards model from the Riemann-Roch Theorem.
Then, we use a classical cohomological approach to obtain the twisted Edwards model. Let
K be a perfect field of characteristic different from 2.

6.4.1 Universal construction of the Edwards model

We prove a universal construction of the Edwards model for elliptic curves with a rational
point of order 4, from the theorem of Riemann-Roch (see [Sil09, Chapter II, §5, Theorem 5.4])
only, without relying on any model (such as theWeierstrass model) for elliptic curves. Along
the same concept, the Weierstrass model (see [Sil09, Chapter III, §3, Proposition 3.1]), and
also Huff’s model (see [JTV10, Theorem 2]) can be derived from the Riemann-Roch Theorem
only. An elliptic curve is a pair (E,O) where E is a non-singular projective curve of genus 1
over K, and O ∈ E(K) is a rational point. Let DivK(E) be the group of K-rational divisors
on E. For D ∈ DivK(E), let

L(D) = {f ∈ K(E)× : div(f) +D ≥ 0} ∪ {0}

be the Riemann-Roch space of D, a finite-dimensional K-vector space of dimension `(D).
If D =

∑
P∈E(K) aP (P ) with aP ∈ Z, we write deg(D) =

∑
P aP ∈ Z for its degree and∑

(D) =
∑

P aPP ∈ E(K) for its sum.

Theorem 6.4.1. Let (E,O) be an elliptic curve defined overK. Assume that there exists P ∈ E(K)
of order 4. Define the divisors

D1 := 2(O)− 2(2P ) , D2 := 2(O)− (P )− (3P ) ∈ DivK(E)

(i) The Riemann-Roch spaces L(D1) and L(D2) are one-dimensional overK.
(ii) Let x, y ∈ K(E)× be generators of L(D1) and L(D2), respectively. The functions x2y2 and
x2 + y2 − 1 in K(E)× are proper multiples of each other, i.e. there exists d ∈ K \ {0, 1} such that
x2y2 = 1 + dx2y2.
(iii) The map

φ : E(K)→ P
2(K), Q 7→ [x(Q) : y(Q) : 1]

gives a birational equivalence from E to the Edwards curve Ed defined overK. In particular, x, y from
part (ii) are coordinate functions for the Edwards model of (E,O).

Proof. (i) The divisors D1 and D2 satisfy deg(D1) = deg(D2) = 0 and
∑

(D1) =
∑

(D2) = O

since P has order 4. We use the following consequence of the Riemann-Roch Theorem: if D
is a divisor of degree 0 then `(D) ∈ {0, 1}, and more precisely, we have for D =

∑
Q aQ(Q):

`(D) =

{
1 if

∑
Q aQQ = O

0 if
∑

Q aQQ 6= O ,
(6.5)

where O here is the rational neutral element of E ([Was03, Proposition 11.14]). It follows that
the Riemann-Roch spaces L(D1) and L(D2) are 1-dimensional overK.
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(ii) Define D := 2D1 + 2D2. By (i), there exist non-zero rational functions x, y on E such
that L(D1) = 〈x〉 and L(D2) = 〈y〉 and we may assume the divisor of x is exactly div(x) =
−D1 = 2(2P ) − 2(O) and the divisor of y is exactly div(y) = −D2 = (P ) + (3P ) − 2(O).
Therefore, x is non-zero and well-defined at P and y is non-zero and well-defined at 2P .
Therefore, we may consider x and y to be normalized such that x(P ) = y(2P ) = 1.

Let f, g be the rational functions f = x2y2 and g = x2 + y2 − 1. We show that these
functions areK-multiples of each other. Clearly, we have

div(f) = 2div(x) + 2div(y) = −2D1 − 2D2 = −D

so that f ∈ L(D). SinceD = 8(O)− 2(P )− 4(2P )− 2(3P ) has degree zero and sums to O, we
have `(D) = 1, by Equation (6.5).

Let us nowconsider the function g = x2+y2−1. We establish below that div(g) = −D. The
poles of g are those of x and y counted with double multiplicity, that is, Owith multiplicity 8.
Therefore there exists a divisor Zg on E such that div(g) = Zg − 8(O) where Zg =

∑
Q aQ(Q)

and the sum runs over the zeros of g; it remains to show that Zg = 2(P ) + 4(2P ) + 2(3P ).
First, we see that P, 2P and 3P are indeed zeroes of g. Namely, by our choices of x and y,
we have that x(P ) = 1 and y(2P ) = 1, implying that (x2 − 1)(P ) = 0 and (y2 − 1)(2P ) = 0.
Then, it follows from the divisors of x and y that g(P ) = (x2−1)(P )+y2(P ) = 0 and g(2P ) =
x2(2P )+(y2−1)(2P ) = 0. To see that g is zero at 3P , we note already that y2(3P ) = 0, thus it is
sufficient to show that x2−1 is zero at 3P . Consider the endomorphism ρ : K(E)× → K(E)×

sending a function h to the function ρ(h) defined by ρ(h)(Q) = h(−Q) for every Q ∈ E(K).
Since O = −O and 2P = −2P (P has order 4), ρ is an endomorphism of the vector space
L(D1), containing x. SinceL(D1) is of dimension 1 and ρ2 is the identity onL(D1), ρ is either
the identity or minus the identity on L(D1). We distinguish both cases and compute x(3P )
accordingly. If ρ is the identity then ρ(x) = x and in particular, x(3P ) = ρ(x)(P ) = x(P ) = 1.
If ρ is minus the identity then x(3P ) = ρ(x)(P ) = −x(P ) = −1. In both cases, we have that
(x2 − 1)(3P ) equals 0, whence g(3P ) = 0.

Therefore there exist integers a1, a2, a3 ≥ 1 such that Zg = a1(P ) + a2(2P ) + a3(3P ). We
now prove that (a1, a2, a3) = (2, 4, 2).

It is enough to prove that a1, a3 ≥ 2 and a3 ≥ 4. In that case we have that Zg ≥ 2(P ) +
4(2P ) + 2(3P ) and div(g) = Zg − 8(O) ≥ 2(P ) + 4(2P ) + 2(3P ) − 8(O). By principality of
div(g) we then obtain the desired equality div(g) = 2(P ) + 4(2P ) + 2(3P )− 8(O) = −D.

Let b1 := ordP (x2−1), b3 := ord3P (x2−1) and b2 := ord2P (y2−1). By the choice of x and
y we have that bi ≥ 1 for all i ∈ {1, 2, 3}. We shall prove that b2 = 4 and b1 = b3 = 2.

To see that b2 = 4 wewrite the divisor of y2−1 asZy2−1−4(O) for some divisorZy2−1 ≥ 0.
(y2 − 1 has the same poles as y with double multiplicity). We clearly see from the divisor of
y, that y2 − 1 is non-zero at the points P, 3P and O; thus, Zy2−1 = b2(2P ) and div(y2 − 1) =
b2(2P )− 4(O). By principality, we deduce b2 = 4.

To see that b1 = b3 = 2 we consider the divisor of x2 − 1. From the divisor of x, we can
write div(x2−1) = Zx2−1−4(O) for some divisor Zx2−1 ≥ 0. Since x(2P ) = 0, x2−1 does not
vanish at 2P andwe haveZx2−1 = b1(P )+b3(3P ) and thus div(x2−1) = b1(P )+b3(3P )−4(O).
By principality, the integers b1, b3 ≥ 1 must satisfy b1 + b3 = 4 (so that the divisor is of degree
0) and b1 + 3b3 ≡ 0 (mod 4) (so that the divisor sums to O). By the first condition the only
possible solutions are (b1, b3) ∈ {(1, 3), (3, 1), (2, 2)}, but the first two solutions are excluded
by the second condition. Consequently, b1 = b3 = 2. Putting all together, we obtain, as
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desired:

a1 = ordP (g) ≥ min{2ordP (y), ordP (x2 − 1)} = min{2, b1} = 2 ,

a2 = ord2P (g) ≥ min{2ord2P (x), ord2P (y2 − 1)} = min{4, b2} = 4 ,

a3 = ord3P (g) ≥ min{2ord3P (y), ord3P (x2 − 1)} = min{2, b3} = 2 .

This establishes that div(f) = div(g) = −D. Therefore there exists a constant d ∈ K×

such that f = dg. The case d = 1 amounts to the relation (x2 − 1)(1− y2) = 0 in the function
field of E, thus for everyQ,Q is either a zero of x2− 1 or a zero of 1− y2. TakingQ = O gives
a contradiction; thus d 6= 1.

(iii) We show that φ : E(K) → P2(K) sending a point Q in E(K) to [x(Q) : y(Q) : 1]
extends to a morphism E(K)→ Ed(K) ⊆ P2(K), by showing that φ is a morphism of degree
1 between smooth curves ([Sil09, Chapter II, §2, Corollary 2.4.1]). Since E is smooth and the
image of φ is contained in Ed(K) by (ii), φ extends to a morphism E → Ed ([Sil09, Chapter II,
§2, Proposition 2.1]). Since d 6= 0, 1, Ed is smooth. The map φ is non-constant, thus surjective,
and induces an injection φ∗ : K(Ed) → K(E), h 7→ h ◦ φ on the function fields. The degree
[K(E) : φ∗K(Ed)] of φ is 1. Otherwise two distinct points Q 6= Q′ ∈ E(K) would be mapped
to the same point [x(Q′) : y(Q′) : 1] = [x(Q) : y(Q) : 1] in Ed(K) under φ; thus x − x(Q) has
zeroes atQ andQ′ and a double pole at O (as div(x) = 2(2P )− 2(O)), so that div(x−x(Q)) =
(Q) + (Q′) − 2(O), and similarly, one establishes div(y − y(Q)) = (Q) + (Q′) − 2(O). Since
these divisors coincide, there exists ν ∈ K× such that x−x(Q) = ν(y−y(Q)), or equivalently,
x− νy = x(Q)− νy(Q), showing that x− νy is constant, which gives a contradiction with the
divisors of x and y.

6.4.2 Twisted Edwards curves from Galois cohomology

Let d ∈ K \ {0, 1} and Ed be an Edwards curve defined over K. The parameter a in Defini-
tion 6.3.1 is referred to as the twist parameter for the curve. By Lemma 6.3.2 (ii) and as noted
in [BBJ+08, Section 2], Ead is a quadratic twist of the curve E1

d/a : x2 + y2 = 1 + (d/a)x2y2;
an isomorphism between these curves is defined over the quadratic extension K(

√
a). If a

is a square in K then the curves are isomorphic over K, therefore we assume that a is not a
square. Twisted Edwards curves were also studied in [HWCD08].

We here derive the quadratic twist Ead of Ed/a more abstractly from Galois cohomology.
In particular, this theory justifies why the quadratic twist equation for Ed/a is given by Ead
(up to isomorphism). Let us first recall the connection between twists of curves and Galois
cohomology, mainly following [Sil09, Chapter X].

Let C/K be a smooth projective curve defined over K. We say that a smooth projective
curve C′/K is a twist of C/K if there is a K-isomorphism ψ : C′ → C. Two twists C′, C′′ are
equivalent (we write ∼ for the equivalence) if there is aK-isomorphism C′ → C′′. We denote
the set of twists of C moduloK-isomorphism by

TwK(C) = {ψ : C′ → CK-isomorphism}/ ∼ .

We further say that C′/K together with a K-isomorphism ψ : C′ → C is a twist of degree
δ ∈ N≥1 of C/K if δ is the degree of the smallest extension field ofK over which ψ is defined.
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Thewell-known relation between the setTw(C/K) of twists ofC/K and a certain cohomology
set is recalled in Theorem 6.4.2. We denote by Aut(C) the automorphism group of C, that is
K-isomorphisms C(K) → C(K), under composition of maps. The absolute Galois group
GK := Gal(K/K) of K acts on Aut(C) via conjugation, that is, for σ ∈ GK and ψ ∈ Aut(C),
ψσψ−1 ∈ Aut(C). Here, for a K-isomorphism ψ : C′ → C, ψσ is the automorphism obtained
by acting with σ ∈ GK as ψσ : C′ → C (via ψσ(x, y) = ψ(σ(x), σ(y))). One shows that the map
σ 7→ ψσψ−1 is a 1-cocycle with values in Aut(C), i.e. an element of H1(GK ,Aut(C)).

Theorem 6.4.2 (Theorem 2.2, Chapter X, §2 [Sil09]). There is a bijection

TwK(C)→ H1(GK ,Aut(C)) .

The correspondence is as follows: for C′/K ∈ TwK(C) together with a K-isomorphism
ψ : C′ → C, the corresponding element in H1(GK ,Aut(C)) is the class [ξ] of the 1-cocycle
ξ(ψ) : GK → Aut(C) , σ 7→ ξ

(ψ)
σ = ψσψ−1, determined by the K-isomorphism class of C and

independent of the chosen isomorphism ψ.
Conversely, for ξ ∈ H1(GK ,Aut(C)), a curve C′/K together with a K-isomorphism ψ :

C′ → C such that ξσ = ψσψ−1 for every σ ∈ GK , is constructed as follows. Denote by
K(C)ξ a field which is isomorphic to K(C), via an abstract isomorphism which we denote
by η : K(C)→ K(C)ξ. Now we extend the Galois action onK(C) to one onK(C)ξ, by setting
η(f)σ = η(fσξσ) for every f ∈ K(C) viewed as a map C→ P1, and every σ ∈ GK . This Galois
action onK(C)ξ is said “twisted” by ξ. The subfieldK(C)GKξ ⊂ K(C)ξ of elements fixed under
this action of GK is then the function field of C′. Finally, an isomorphism C′ → C comes from
the isomorphismK(C′) ' K(C).

Specializing to Edwards curves, we derive the quadratic twist model for Ed/a.

Theorem 6.4.3. Let d ∈ K \ {0, 1} and a ∈ K not a square. Let χa : GK → {±1}, mapping
σ 7→ σ(

√
a)/
√
a be the quadratic character associated toK(

√
a).

Define ξ : GK → Aut(Ed/a), sending σ 7→ χa(σ), where 1 ∈ Aut(Ed/a) is the identity and −1 ∈
Aut(Ed/a) is the negation. Then, a representative for the equivalence class of twists in TwK(Ed/a)
associated to [ξ] ∈ H1(GK ,Aut(Ed/a)), is given by the curve

Ead : aX2 + Y 2 = 1 + dX2Y 2 .

Proof. Let a ∈ K and ξ : σ 7→ χa(σ) be as in the statement. Let C/K be the twist of Ed/a,
defined according to the bijection of Theorem 6.4.2, realizing the 1-cocycle ξ, that is, if ψ :
C→ Ed/a is an isomorphism defined overK(

√
a), then ψσψ−1 = ξσ for every σ ∈ GK .

We now show that an equation for C is given by aX2 + Y 2 = 1 + dX2Y 2. For (x, y) ∈
Ed/a(K), we have x2 +y2 = 1+(d/a)x2y2. Using that−(x, y) = (−x, y) in Ed/a(K), the action
of GK on P = (x, y) is P σ = (χa(σ)x, y). It is easy to see that the functions X = x/

√
a and

Y = y are fixed by GK in K(C)ξ, i.e. σ(X) = X,σ(Y ) = Y for every σ ∈ GK , and satisfy the
relation

aX2 + Y 2 = x2 + y2 = 1 + (d/a)x2y2 = 1 + dX2Y 2

in the function field of C, which gives for C the equation aX2 + Y 2 = 1 + dX2Y 2. Therefore,
Ead is a quadratic twist of Ed/a by the quadratic character χa associated toK(

√
a).
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6.5 Algebraic construction of Edwards curves

Let j ∈ K be a j-invariant defining a K-isomorphism class of elliptic curves. In this section,
we give an algebraic description of EdwK(j).

6.5.1 Edwards covering of the j-line

As noticed in [BBJ+08], the elliptic curve Ea,d from Equation (6.2), birationally equivalent to
Ead, has j-invariant

j(Ea,d) =
16(a2 + 14ad+ d2)3

ad(a− d)4
. (6.6)

We consider a = 1 and write jd for j(E1,d). It follows that Ed ∈ EdwK(j) if and only if d
satisfies (6.6), or equivalently, d is a root of the polynomial

γj(T ) := 16(1 + 14T + T 2)3 − jT (1− T )4 ∈ K[T ] .

In particular, every d with Ed ∈ EdwK(j) is algebraic over K. Moreover, there are 6 roots of
γj over K counted with multiplicity and thus EdwK(j) contains at most 6 curves (which is,
of course, necessary by Proposition 6.3.5). Our algebraic realization of EdwK(j) is therefore
EdwK(j) = {Ed/K | γj(d) = 0}.

Let us now study properties of γj . By expanding, we write γj(T ) as a0T
6 + a1(j)T 5 +

a2(j)T 4 + a3(j)T 3 + a2(j)T 2 + a1(j)T + a0 with coefficients inK[j] given by

a0 = 16 , a1(j) = 672− j , a2(j) = 9456 + 4j , a3(j) = 45248− 6j (6.7)

The polynomial γj is self-reciprocal, i.e.:

γj(T ) = T 6γj

(
1

T

)
, T 6= 0 (6.8)

Consequently, if γj(d) = 0 (then d 6= 0), then γj(1/d) = 0 and both are zeroes with the
same multiplicity. Thus, if EdwK(j) contains Ed then it also contains E1/d and both curves
are defined over the same field.

Example 6.5.1. Consider the special j-invariants j ∈ {0, 1728}. Edwards curves associated to
these j-invariants are studied for example in [LWZ13]. We have γ0(T ) = 16(1+14T +T 2)3, of
which the unique root is T = −7±4

√
3 with multiplicity 3. Therefore EdwK(0) = {E−7±4

√
3}

and both curves are defined overK(
√

3). For j = 1728, solutions to γ1728(T ) = 0 are {−1, 17±
12
√

2} defined overK andK(
√

2), respectively. Thus, EdwK(1728) = {E−1,E17±12
√

2}.

In view of Example 6.5.1, the map

K \ {0, 1} → K , d 7→ j(Ed) =
16(1 + 14d+ d2)3

d(1− d)4
(6.9)

is surjective and exactly three-to-one above j(Ed) = 1728 and two-to-one above j(Ed) = 0.
If j(Ed) 6= 0, 1728, the map is six-to-one. If char(K) = 3, then 1728 = 0 and the map is
one-to-one. In other terms the map (6.9) describes a six-fold cover of the (projective) j-line
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P1(K) \ {∞} by the d-line, with ramifications of index 2 at j = 0 and of index 3 at j = 1728.
We refer to this as the Edwards covering of the j-line.

The following proposition now recovers Proposition 6.3.5 by [AG12] from a purely algeb-
raic approach.

Proposition 6.5.2. Let j ∈ K be a j-invariant, and d ∈ K such that Ed ∈ EdwK(j). Then

EdwK(j) = {Ed′ | d′ ∈ Σ(d)} ,

where Σ(d) is the set defined in Equation (6.4).

Proof. Let j ∈ K and d ∈ K; since Ed ∈ EdwK(j), we must have γj(d) = 0. Let

ϕε(d) =

(
1 + εd1/4

1− εd1/4

)4

, ε ∈ {1,
√
−1}

so that Σ(d) = {d, 1/d, ϕ1(d), ϕ1(d)−1, ϕ√−1(d), ϕ√−1(d)−1}. It remains to show that ϕ1(d)

and ϕ√−1(d) are zeroes of γj . These are direct computations. By (6.8), also d−1, ϕ1(d)−1 and
ϕ√−1(d)−1 are zeroes of γj . Since γj has degree 6, these are all its zeroes.

6.5.2 Computing the roots of γj
We now address the problem of computing the roots of γj explicitly. By the self-reciprocity
of γj , its roots come in inverse pairs {di, 1/di} for i ∈ {1, 2, 3}. For i ∈ {1, 2, 3}, define

αi := di + 1/di ∈ K .

Lemma 6.5.3. Let j ∈ K and write EdwK(j) =
⋃
i∈{1,2,3}{Edi ,E1/di}. Then αi := di + 1/di for

i ∈ {1, 2, 3} are the three zeroes overK of the polynomial

fj(T ) := T 3 − (j/16− 42)T 2 + (j/4 + 588)T − j/4 + 2744 . (6.10)

Moreover, fj is separable if and only if j 6∈ {0, 1728}. If in addition fj is irreducible overK[T ], then a
splitting field of fj is of degree 3 overK if j−1728 is a square inK and of degree 6 overK if j−1728
is a non-square inK.

Proof. We write (1/16)γj(T ) =
∏3
i=1(T − di)(T − 1/di) =

∏3
i=1(T 2 − αiT + 1). This gives

1

16
γj(T ) = T 6 − σ1T

5 + (σ2 + 3)T 4 − (2σ1 + σ3)T 3 + (σ2 + 3)T 2 − σ1T + 1 ,

where σ1 = α1 + α2 + α3, σ2 = α1α2 + α1α3 + α2α3, and σ3 = α1α2α3 are the elementary
symmetric polynomials in the variables α1, α2, α3. Comparing coefficients with (6.7) implies

σ1 =
−a1(j)

16
=

j

16
− 42 , σ2 =

a2(j)

16
− 3 =

j

4
+ 588 ,

σ3 =
2a1(j)− a3(j)

16
=
j

4
− 2744 .

The polynomial fj in the statement is precisely T 3−σ1T
2 +σ2T −σ3 with σ1, σ2, σ3 as above,

and its zeroes are α1, α2, α3 by construction. The discriminant of fj is 4j2(j − 1728), from
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which it follows that fj has repeated zeroes in K if and only if j 6∈ {0, 1728}. Assume now
that fj is irreducible overK[T ] and separable. Then its Galois group overK is isomorphic to
A3 if j − 1728 is a square in K and to S3 if j − 1728 is a non-square in K. The degree of the
splitting field of fj overK follows from this fact.

The fact that fj is separable if and only if j 6∈ {0, 1728} is in accordance with Example
6.5.1. The zeroes of fj can easily be computed using for instance Cardano’s formulas (in
characteristic not 3). Let i ∈ {1, 2, 3} and let Li = K(αi). From αi, di and 1/di are obtained as
the zeroes of qi(T ) = T 2−αiT +1. If (αi−2)(αi+2) is a square in Li, then di, 1/di are defined
overLi, otherwise over the quadratic extension ofLi obtained by adjoining

√
(αi − 2)(αi + 2).

In Section 6.7 wewill show that the splitting type of γj(T ) overK is entirely characterized
by the 2-torsion behaviour of the underlying isomorphism class of elliptic curves.

6.6 Geometric construction of Edwards curves

Given an elliptic curve E/K in Weierstrass form together with a point P of order 4, [BL07,
Theorem 2.1] shows how to construct an Edwards curve birationally equivalent to (a quad-
ratic twist of) E. In this section, we generalize this construction over extensions of the base
field. Indeed not every elliptic curve has a point of order 4 over its base field. We consider
all the 12 points of order 4 on E defined overK, and to each of these points, we associate the
Edwards curves birationally equivalent to E, obtained from the construction of [BL07]. We
shall then describe explicit relations between these curves and thereby obtain a description
of the set EdwK(E).

6.6.1 The construction of Bernstein-Lange

We start by reviewing the construction of [BL07]. For full details, we refer to the proof of
[BL07, Theorem 2.1].

Assume that E is given in longWeierstrass model y2 + a1xy+ a3y = x3 + a2x
2 + a4x+ a6

with ai ∈ K. Let P = (xP , yP ) ∈ E(K) be a point of order 4. By a suitable translation of
E, one may assume that 2P = (0, 0) and thus E is given by a medium Weierstrass model.
Denote the new coordinates on E by x̄, ȳ. Setting d := 1 − 4x̄3

P /ȳ
2
P , the Edwards curve Ed

is birationally equivalent to a quadratic twist of E. In [BBJ+08, Theorem 3.2] the twist was
shown to be unnecessary, so thatEd is birationally equivalent toE overK. Because of the clear
dependence on P , we shall rather write dP instead of d. Applying the necessary changes of
variables, one easily shows the more general result:

Proposition 6.6.1. Let E be an elliptic curve over K defined by y2 + a1xy + a3y = x3 + a2x
2 +

a4x+ a6, with a1, . . . , a6 ∈ K. Assume that E(K) has a point P = (xP , yP ) of exact order 4. Set

dP = 1− 4(xP − x2P )3

[yP + 1
2(a1xP + a3)]2

. (6.11)

(i) Let x = x − x2P and y = y + 1
2(a1xP + a3). The Edwards curve EdP is birationally equivalent

overK to the quadratic twist EtP of E given by tP · y2 = x3 + a2x
2 + a4x, with tP = xP /(1− dP ).

(ii) The Edwards curve EdP is birationally equivalent overK to E.
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Proof. Using the change of coordinates (x, y) 7→ (x− x2P , y + 1
2(a1xP + a3)), the formula for

dP easily follows from the proof of Theorem 2.1 in [BL07]. Point (i) is Theorem 2.1 of [BL07].
Point (ii) is Theorem 3.3 of [BBJ+08].

Remark 6.6.2. The birational equivalences between EdP and (the quadratic twist of) E are
made explicit in the proofs of [BL07, Theorem 1.2] and [BBJ+08, Theorem 3.3]. Note that the
birational equivalence in (ii) depends on the chosen point P .

An alternative way to construct Edwards curves from elliptic curves having a point of
order 4 over its base field is to use the Tate normal form (see [Hus04, §4] and [Kna92, §V.5]),
parametrizing elliptic curves with a torsion point of prescribed order. We briefly elaborate
this here. For b, c ∈ K, define the two-parameter family of elliptic curves in Tate normal form

E(b, c) : y2 + (1− c)xy − by = x3 − bx2

with discriminant ∆(b, c) = (1−c)4b3−(1−c)3b3−8(1−c)2b4 +36(1−c)b4−27b4 +16b5; thus
if b 6= 0 thenE(b, c) is elliptic. LetQ = (0, 0) onE(b, c); one checks that 2Q and 3Q are not the
point at infinity. Let now E be an elliptic curve over K with a point P of order N ≥ 4. Then
there is a unique pair (E(b, c), Q) with Q = (0, 0) of order N and such that E is isomorphic
to E(b, c) and the isomorphism sends P to Q (see e.g. [Str15, Lemma 2.1]). Requiring that
E(b, c) has a point of order N ≥ 4 gives rise to algebraic equations that b and c must satisfy.
For our case, Q = (0, 0) has order 4 on E(b, c) if and only if c = 0, giving E the Tate normal
form

E(b, 0) : y2 + xy − by = x3 − bx2

with discriminant∆(b, 0) = b4(1+16b) and j-invariant j(b, 0) = (16b2+16b+1)3/((16b+1)b4).
One checks that 2Q = (b, bc) on E(b, c); i.e. 2Q = (b, 0) on E(b, 0). To obtain a birational
Edwards model, we apply Proposition 6.6.1 to E(b, 0) and Q = (0, 0) and obtain

dQ = 1− 4(−b)3

1/4b2
= 1 + 16b ,

showing that E(b, 0) isK-birationally equivalent to the Edwards curve E1+16b.

6.6.2 Edwards curves from the two-torsion group

Let E be an elliptic curve overK be given in Weierstrass form as in Proposition 6.6.1. Denote
by E4(K) := E(K)[4] \E(K)[2] the set of twelve points of order exactly 4 in E(K). We define

d : E4(K)→ K , P 7→ dP (6.12)

with dP as in Equation (6.11). We obtain the following geometric description

EdwK(E) = {EdP | P ∈ E4(K)} .

Remark 6.6.3. (i) Clearly, the map d in Equation (6.12) depends on E. In fact, it only depends
on the K-isomorphism class of E. More precisely, let E/K, E′/K be elliptic curves and φ :
E → E′ a K-isomorphism. Assume that E is given by the long Weierstrass equation y2 +
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a1xy+ a3y = x3 + a2x
2 + a4x+ a6. Denote the map in (6.12) by d(E) for E and by d(E′) for E′.

Then:
d

(E)
P = d

(E′)
φ(P ) , ∀ P ∈ E4(K) .

This is be established by explicit calculations on the Weierstrass model, which we omit
here. Since φ is an isomorphism, it is given by a change of variables (x, y) 7→ (u2x+ r, u3y +
su2x+ t), for some u, r, s, t ∈ K and u 6= 0 ([Sil09, Chapter III, §3, Proposition 3.1]). The sub-
stitution in the Weierstrass model for E gives for E′ the Weierstrass model with coefficients
a′1 = (a1 +2s)/u, a′2 = (a2−sa1 +3r−s2)/u2, a′3 = (a3 +ra1 +2t)/u3, a′4 = (a4−sa3 +2ra2−
(t+rs)a1 +3r2−2st)/u4, a′6 = (a6 +ra4 +r2a2 +r3−ta3−t2−rta1)/u6 (see [Sil09, Chapter III,
§1, Table 3.1]). LetQ = φ(P ) = (xQ, yQ). The x-coordinate x2Q of 2Q can be computed by the
duplication formula on E′, and is explicit in a1, . . . , a6 via the above relations. A substitution
in the formula for d(E′)

Q gives d(E′)
Q = 1− 4(x2Q − xQ)3/[yQ + 1/2(a′1xQ + a′3)]2 = d

(E)
P .

(ii)We provide an example in SageMath [S+20] for the computation of the map d, and an
illustration of point (i) of the current remark.

sage: def compute_d(E,P):
....: #Input: E elliptic curve with 4-torsion, P point of order 4 on E
....: #Output: parameter d for birational Edwards model
....: (xP,yP,x2P)=E(P).xy()[0],E(P).xy()[1],E(2*P).xy()[0]
....: return 1-4*(xP-x2P)^3/(yP+1/2*(E.a1()*xP+E.a3()))^2

sage: E=EllipticCurve([0,0,0,-11,14]);E
Elliptic Curve defined by y^2 = x^3 - 11*x + 14 over Rational Field
sage: F=E.change_weierstrass_model([2,1,5,-1/3]);F
Elliptic Curve defined by y^2 + 5*x*y - 1/12*y = x^3 - 11/2*x^2 - 7/24*x
+ 35/576 over Rational Field
sage: E.j_invariant(),F.j_invariant()
(287496, 287496)
sage: phi=E.isomorphism_to(F)
sage: P=E(1,2);Q=phi(P); P,Q,P.order(),Q.order()
((1 : 2 : 1), (0 : 7/24 : 1), 4, 4)
sage: dP=compute_d(E,P); dQ=compute_d(F,Q); dP,dQ
(2, 2)

In light of Remark 6.6.3, one can work (as in Section 6.4) with an isomorphism class of
elliptic curves [E] ∈ Ell(j) for a fixed j-invariant in j ∈ K, and construct the set EdwK(j).

The points P of order 4 (hence the corresponding curves EdP ) are defined over K(E[4]),
the 4-division field of E. The extensionK(E[4])/K is Galois and

Gal(K(E[4])/K)→ Aut(E(K)[4]) , σ 7→ ((x, y) 7→ (σ(x), σ(y)))

is an injection. The choice of a basis of E(K)[4] induces an isomorphism Aut(E(K)[4]) →
GL2(Z/4Z), and thus, [K(E[4]) : K] ≤ #GL2(Z/4Z) = 96. In the sequel, we shall see that
the Edwards curves can be defined over much smaller extensions of K. Namely, since the
denominator of dP is a square it can be expressed in terms of xP , which implies dP ∈ K(xP ),
the extension ofK obtained by adjoining the x-coordinate of P .
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Remark 6.6.4. Let P,Q be generators for E(K)[4] ' Z/4Z × Z/4Z. Then E4(K) is the set
E4(K) = {±P,±Q,±(P + Q),±(P − Q), 2P ± Q,±P + 2Q}, where ±P, 2P ± Q double to
2P , ±Q, 2Q ± P double to 2Q and ±(P ± Q) double to 2(P + Q). Writing E again in usual
long Weierstrass equation, we have for every R ∈ E4(K) that −R = (xR,−a1xR − a3 − yR),
and obtain d−R = 1 − 4(xR − x2R)3/(−yR − 1/2(a1xR + a3))2 = dR. It follows again that
#EdwK(j) ≤ 6, as already observed in Section 6.5.

In the sequel we write

E(K)[2] = {O, (e1, 0), (e2, 0), (e3, 0)} ' Z/2Z× Z/2Z ,

with e1, e2, e3 ∈ K two by two distinct. Namely, since char(K) 6= 2, we can find a rational
transformation from a long Weierstrass form for E to a mediumWeierstrass form y2 = f(x),
and the 2-torsion subgroup has the above form, with e1, e2, e3 being the roots of f(x). For
i 6= j in {1, 2, 3}, set eij := ei − ej ∈ K

×. The following is the main theorem of this section.

Theorem 6.6.5. Let E/K be an elliptic curve and let E(K)[2] = {O, (e1, 0), (e2, 0), (e3, 0)} be its
2-torsion subgroup. If Ed is an Edwards curve birationally equivalent to E, then

d ∈

{(√
e12 ±

√
e13√

e32

)4

,

(√
e21 ±

√
e23√

e31

)4

,

(√
e31 ±

√
e32√

e21

)4
}
.

Define z1 = e12e13, z2 = e21e23 and z3 = e31e32. The Edwards curves are defined over

K1 := K(
√
z1) , K2 := K(

√
z2) , K3 := K(

√
z3) ,

respectively, and birationally equivalent to E over K(
√
e12,
√
e13),K(

√
e21,
√
e23),K(

√
e31,
√
e32),

respectively. In particular:

(i) if E(K)[2] ' Z/2Z× Z/2Z, then for all i ∈ {1, 2, 3}:

[Ki : K] =

{
1 if zi ∈ (K×)2

2 if zi 6∈ (K×)2

(ii) if E(K)[2] ' Z/2Z then there exists i ∈ {1, 2, 3} such that [Ki : K] ∈ {1, 2} (as in (i)) and for
j 6= j′ ∈ {1, 2, 3} \ {i},Kj ' Kj′ ' K(

√
∆(E)) and

[Kj : K] =

{
2 if zj ∈ (K(

√
∆(E))×)2

4 if zj 6∈ (K(
√

∆(E))×)2

(iii) if E(K)[2] ' {O} thenK1 ' K2 ' K3 and for all i ∈ {1, 2, 3}:

[Ki : K] =

{
3 if zi ∈ (K(E[2]))×)2

6 if zi 6∈ (K(E[2]))×)2
and ∆(E) ∈ (K×)2

and

[Ki : K] =

{
6 if zi ∈ (K(E[2]))×)2

12 if zi 6∈ (K(E[2]))×)2
and ∆(E) 6∈ (K×)2
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Remark 6.6.6. Let us make some remarks concerning how Theorem 6.6.5 compares to the
literature.

(i) One important gain over [BL07, Theorem 2.1] is that our formulae only amount to the
computation of the 2-torsion of E and do not require the knowledge of its 4-torsion. Further,
we see by the cases (i) and (ii) that the “converse” of the Bernstein-Lange construction is not
true: dP can be defined over K without P lying in E(K). Moreover, our formulae can be
applied to every elliptic curve, and describe explicitly the smallest extensions of their base
field, over which they admit an Edwards model.

(ii) In [BBJ+08, Theorem 5.1], the authors showed that an elliptic curve E/K having no
point of order 4 overK, but all its 2-torsion points defined overK (i.e.E(K)[2] ' Z/2Z×Z/2Z)
is 2-isogenous overK to an elliptic curve birationally equivalent to a twisted Edwards curve.
The main interest of this result is to find Edwards models for E when E does not have points
of order 4 over its base field. We will extend this result over larger fields in Section 6.8.1.
Point (ii) of Theorem 6.6.5 contributes in this direction and strengthens [BBJ+08, Theorem
5.1]: when E(K) has a unique point of order 2, and say Ki = K (i.e. [Ki : K] = 1 in (ii)) for
some i ∈ {1, 2, 3}, then E admits an Edwards model defined overK. Nevertheless, note that
having a unique point of order 2 is not enough to define an Edwards model overK applying
[BBJ+08, Theorem 5.1].

Proof of Theorem 6.6.5

The proof of Theorem 6.6.5 is essentially the content of the Lemmas 6.6.7 and 6.6.9 below. The
following result describes the 4-torsion of E in terms of the 2-torsion.

Lemma 6.6.7. Let E/K be an elliptic curve and let E[2](K) = {O, (e1, 0), (e2, 0), (e3, 0)}. For
every i ∈ {1, 2, 3} the four points

±P εi :=
(
ei + ε

√
eij
√
eik , ±

√
eij
√
eik(
√
eij + ε

√
eik)

)
, j 6= k ∈ {1, 2, 3} \ {i}

with ε ∈ {±1}, have order exactly 4 in E(K) and double to (ei, 0). We let ±P+
i := ±P 1

i and
±P−i := ±P−1

i .

Proof. This follows from [Sch14, page 112].

Remark 6.6.8. (i) As a consequence of Lemma 6.6.7, the 4-division field of E is

K(E[4]) = K(
√
−1,
√
e12,
√
e13,
√
e23) .

If e12, e13 and e23 are simultaneously squares in K up to sign, then K(E[4]) = K(
√
−1) =

K(ζ4). In [GJLR16] the authors classify, up to isomorphism, elliptic curves overK = Q with
this property. Assume now that E has full K-rational 2-torsion. Then by Lemma 6.6.7, E
has a point of order 4 overK if either e12, e13, or e21, e23, or e31, e32 are both squares inK. In
Section 6.10.1 we provide examples of such families of elliptic curves.

(ii) This remark concerns Proposition 6.6.1 (i.e. [BL07, Theorem 2.1] and [BBJ+08, The-
orem 3.3]). IfE has aK-rational point of order 4, then it has at least four such points, appear-
ing in pairs of opposite points. Hence, to one point P as in Proposition 6.6.1 one associates
two Edwards curves via the map d. We establish an explicit relation between these curves in
what follows.

(iii) The 6 different x-coordinates of the points of Lemma 6.6.7 are the roots overK of the
4-division polynomial Φ4 ∈ K[x] of E, of degree 6.
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Lemma 6.6.9. Let E/K be an elliptic curve and let E[2](K) = {O, (e1, 0), (e2, 0), (e3, 0)}. For
i ∈ {1, 2, 3}, let {±Piε | ε ∈ {±1}} be the points of order 4 on E overK such that 2Pi = (ei, 0). Let
d : E4(K) → K be the map from (6.12). Then for every i ∈ {1, 2, 3} and ε ∈ {±1}, the image of
±Piε under d is

d±P εi =

(√
eij − ε

√
eik

√
ekj

)4

∈ Ki = K(
√
eijeik) , j < k ∈ {1, 2, 3} \ {i} . (6.13)

Proof. The fact that d±P±i lies inK(x±P±i
) is clear by the definition of d, and we have that that

K(x±P±i
) = K(

√
eijeik) by Lemma 6.6.7.

We show (6.13); for easier notation we prove the statement for i = 1. By Remark 6.6.4,
it suffices to establish the formula for dP±1 . For ε ∈ {±1}, we have by Lemma 6.6.7, P ε1 =

(e1 + ε
√
e12
√
e13,
√
e12
√
e13(
√
e12 + ε

√
e13)) = (xP1 , yP1). It follows that

dP ε1 = 1− 4
(xP ε1 − x2P ε1

)3

y2
P ε1

= 1− 4ε

√
e12
√
e13

(
√
e12 + ε

√
e13)2

=

(√
e12 − ε

√
e13√

e12 + ε
√
e13

)2

∈ K(
√
e12e13) = K1 .

Further, since e12 − e13 = e32,(√
e12 − ε

√
e13√

e12 + ε
√
e13

)2

=

(
(
√
e12 − ε

√
e13)2

e12 − e13

)2

=

(√
e12 − ε

√
e13√

e32

)4

This concludes the first part of the proof of Theorem 6.6.5. In order to show the applicab-
ility of these formulas, we treat in detail the special j-invariants 0 and 1728.

Example 6.6.10. We detail the geometric construction of the sets EdwK(j) for j ∈ {0, 1728}.
Since the involved computations are a little lengthy, we defer the details to Section 6.10.2.
Compare with Example 6.5.1 for the algebraic construction of these sets.

To show the second part of Theorem 6.6.5, notice that the extensions {Ki}i are at most
quadratic overK(E[2]) = K(e1, e2, e3) and the claims follow from the classification ofK(E[2]).
Thus, for every i ∈ {1, 2, 3} we have [Ki : K] = [Ki : K(E[2])] · [K(E[2]) : K] where the first
factor is 1 or 2.

If E has full K-rational 2-torsion, then K(E[2]) = K and [K1 : K] = 1 if z1 ∈ (K×)2 and
[K1 : K] = 2 otherwise, and similarly forK2 andK3.

IfE has a uniqueK-rational point of order 2, say (e1, 0) ∈ E(K)without loss of generality,
then e2 and e3 are conjugates in the quadratic extension K(

√
δ), where δ = (e2 − e3)2 ∈

K×\(K×)2 is the discriminant of (x−e2)(x−e3). Since∆(E) = 16δ(e1−e2)2(e1−e3)2, it is easy
to see thatK(

√
δ) = K(

√
∆(E)), i.e.K(E[2]) = K(

√
∆(E)). We deduce that [K1 : K] equals

1 or 2 depending on whether z1 is or not a square in K. Write z2 := e21e31, z3 := e31e32 and
K2 = K(

√
z2),K3 = K(

√
z3). Denoting by σ the conjugation automorphism of K(

√
∆(E)),

and writing e3 = σ(e2), we get σ(z2) = σ((e2−e1)(e2−σ(e2)) = (σ(e2)−e1)(σ(e2)−e2) = z3.
Therefore, z2 and z3 are simultaneously squares or non-squares inK(

√
∆(E)), andmoreover,

if z2 = u2 for u ∈ K(
√

∆(E)), then z3 = σ(u)2, so there is an isomorphism K2 ' K3. The
degree overK is either 2 or 4, according to the indicated cases.
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IfE has trivialK-rational 2-torsion then none among e1, e2, e3 lie inK, andwe distinguish
the cases ∆(E) ∈ (K×)2 and ∆(E) 6∈ (K×)2. In the first case, the Galois group ofK(E[2])/K
is isomorphic to A3, so [K(E[2]) : K] = 3. If A3 = 〈σ〉, then without loss of generality,
e2 = σ(e1) and e3 = σ2(e1). This implies, as before, that σ(z1) = z2 and σ2(z1) = z3. Therefore
K1,K2 and K3 are all isomorphic to K(E[2])(

√
z1). In the second case, the Galois group of

K(E[2])/K is isomorphic to S3, i.e. [K(E[2]) : K] = 6. By a similar reasoning, K1 ' K2 '
K3 ' K(E[2])(

√
z1), which is of degree 6 over K if z1 ∈ (K(E[2])×)2 and 12 otherwise. This

completes the proof of Theorem 6.6.5.

6.6.3 Link with the algebraic construction

Our Theorem 6.6.5 gives an explicit factorisation of the polynomial fj from Equation (6.10)
when j denotes the j-invariant of E.

Corollary 6.6.11. LetE be as in Theorem 6.6.5 and let j be the j-invariant ofE. The roots α1, α2, α3

of the polynomial fj are defined overK(E[2]), and given by the formulae

α1 =
2(e2

12 + 6z1 + e2
13)

e2
32

, α2 =
2(e2

21 + 6z2 + e2
23)

e2
31

, α3 =
2(e2

31 + 6z3 + e2
32)

e2
21

In particular:

(i) if E(K)[2] ' Z/2Z× Z/2Z, then fj splits completely overK[T ],

(ii) if E(K)[2] ' Z/2Z then fj splits inK[T ] in one factor of degree 1 and one irreducible factor of
degree 2,

(iii) if E(K)[2] ' {O} then fj is irreducible inK[T ].

Proof. These are direct computations of di + 1/di for i ∈ {1, 2, 3} using the formulae of The-
orem 6.6.5. The second part on the splitting of fj also easily follows.

Remark 6.6.12. Without the use of Theorem 6.6.5, Corollary 6.6.11 can be obtained as follows.
ForE with 2-torsion as in Theorem 6.6.5, one computes that j(E) = 28(e2

1−e1e2 +e2
2−e1e3−

e2e3 + e2
3)3)/(e2

12e
2
13e

2
23) and one computes a factorsiation of fj(E)(T ). A direct computation

shows that j(E)−1728 is a square inK if and only if ∆(E) is, whence the splitting properties.

6.6.4 Modular d-function

In his original exposition [Edw07], Edwards considered an elliptic function which is associ-
ated to the Edwards model. In this section, we make a remark about this function in relation
with our Theorem 6.6.5.

Let h = {τ ∈ C : =(τ) > 0} be the complex upper-half plane. Let Γ = SL2(Z) and consider
its congruence subgroup Γ1(4) of level 4 acting on h via fractional linear transformations.
Recall that a function f : h→ C is said a modular function or modular form of weight 0 for Γ1(4)
if f is meromorphic on h, f(γ(τ)) = f(τ) for every γ ∈ Γ1(4), and f has a Fourier expansion
of the form f(τ) =

∑∞
n=−m a(n) exp(2πinτ) for somem ∈ N.

Denote byX1(4) the projective compactification of Y1(4) = Γ1(4)\h in P2(C) by consider-
ing the action of Γ1(4) on the extended complex upper half-plane h∗ = h ∪Q ∪ {∞}. Points
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on this curve parametrize isomorphism classes of pairs (E,P ) where E is a complex elliptic
curve and P ∈ E(C) is a point of order 4. As projective curve,X1(4) is known to have genus 0,
and thereby has a rational function field, i.e. the function field overC is generated by a unique
function. This generator has been studied in [KK98] and denoted by j1,4. We here give the
link between this generator and the Edwards model of elliptic curves.

Define the classical theta constants obtained by specialization at 0 of the Jacobi theta func-
tions:

ϑ2(τ) =
∑
n∈Z

q(n+1/2)2 , ϑ3(τ) =
∑
n∈Z

qn
2
, ϑ4(τ) =

∑
n∈Z

(−1)nqn
2
.

Define the function d : h→ C by

d(τ) :=
ϑ2(2τ)4

ϑ3(2τ)4
. (6.14)

In [KK98] this function is denoted by j1,4. The functions ϑ2(2τ) and ϑ3(2τ) aremodular forms
of weight 1/2 for Γ1(4), thus d = j1,4 is a modular function for Γ1(4). Moreover, j1,4 is a
Hauptmodul for X1(4), i.e. a generator for the function field of X1(4) over C, see [KK98,
Theorem 3]. By using our Theorem 6.6.5, we can link d to the Weierstrass ℘-function of a
complex torus.

Proposition 6.6.13. For τ ∈ h, let Λτ = Z + τZ. The complex elliptic curve C/Λτ is isomorphic to
the complex Edwards curve x2 + y2 = 1 + d(τ)x2y2.

Proof. Wewrite τ = ω2/ω1 where ω1, ω2 ∈ C are a fundamental pair of periods (i.e. both non-
zero and such that =(ω2/ω1) > 0). Then the period lattice Λ = ω1Z⊕ ω2Z in C is homothetic
to Λτ . Let ℘(z) := ℘(z; τ) = ℘Λτ (z) with complex variable z be the Weierstrass ℘-function
associated to Λτ . It satisfies the differential equation ℘′(z)2 = 4℘(z)3 − g2℘(z) − g3 where
the invariants g2 = 60

∑
ω∈Λτ\{0} ω

−4 and g3 = 140
∑

ω∈Λτ\{0} ω
−6 are the elliptic invariants,

viewed as functions of τ . It is well-known (e.g. [Cha85, Chapter III, §3]) that the zeroes of
the cubic 4℘3(z)− g2℘(z)− g3 characterizing the 2-torsion on C/Λτ , are given in terms of the
half-periods

e1 := e1(τ) = ℘
(ω1

2

)
, e2 := e2(τ) = ℘

(ω2

2

)
, e3 := e3(τ) = ℘

(ω3

2

)
(6.15)

where we have set ω3 = ω1 + ω2. By [Cha85, Chapter V, §6, Corollary 1], e1, e2, e3 are related
to the theta constants via the relations

e12(τ) =

(
π

ω1

)2

ϑ3(τ)4 , e13(τ) =

(
π

ω1

)2

ϑ4(τ)4 , e32(τ) =

(
π

ω1

)2

ϑ2(τ)4 (6.16)

with the usual notation e12 = e1 − e2, e13 = e1 − e3, e32 = e3 − e2. Now observe that

d(τ) =
ϑ2(2τ)4

ϑ3(2τ)4
=

(
ϑ3(τ)2 − ϑ4(τ)2

ϑ3(τ)2 + ϑ4(τ)2

)2

=

(
ϑ3(τ)2 − ϑ4(τ)2

ϑ2(τ)2

)4

where for the second equality we have used the duplication formulae 2ϑ2(2τ)2 = ϑ3(τ)2 −
ϑ4(τ)2 and 2ϑ3(2τ)2 = ϑ3(τ)2 +ϑ4(τ)2 (see [Liu09, Equations (4-1) and (4-2)] with x = 0), and
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for the last equality we have multiplied the numerator and denominator by ϑ3(τ)2 − ϑ4(τ)2

and used the identity ϑ3(τ)4 − ϑ4(τ)4 = ϑ2(τ)4. Using the relations (6.16) gives therefore

d(τ) =

(
ε1
√
e12(τ)− ε2

√
e13(τ)

ε3
√
e32(τ)

)4

for some ε1, ε2, ε3 ∈ {±1}. Direct computations show that without loss of generality ε1 and ε2
can be taken 1, so that

d(τ) =

(√
e12(τ)±

√
e13(τ)√

e32(τ)

)4

(6.17)

By Theorem 6.6.5 we conclude that there is an isomorphism C/Λτ ' Ed(τ).

Note that our proof also gives a formula for d(τ) in terms of the half-periods of Weier-
strass’ elliptic functions; to our knowledge, this representation was not established before.
The remaining values of d from Theorem 6.6.5 are obtained by fractional linear transforma-
tions. The groupΓ1(4)has index 12 in SL2(Z). Further, d is left invariant by the transformation
τ 7→ τ + 1, which corresponds to permuting e2 and e3 in (6.17) (this can also be seen directly
on the theta constants). Choosing representatives for the cosets of SL2(Z)/Γ1(4) gives rise to
fractional linear transformations deriving the remaining values of d, and in particular Σ(d).
This is similar to [Edw07, Theorem 18.1] (with the change that the chosen function actually
corresponds to a fourth root of d(τ)).

Relation with other modular functions

The following proposition is a consequence of Proposition 6.6.13 and relates d to the modular
j-invariant and the modular discriminant function.

Proposition 6.6.14. Let j : h→ C be the modular j-invariant and ∆ : h→ C the modular discrim-
inant. Let d(τ) be defined as above. For every τ ∈ h, we have the identities:

j(τ) = 16
(1 + 14d(τ) + d(τ)2)3

d(τ)(d(τ)− 1)4
, ∆(τ) = 28d(τ)(d(τ)− 1)4

This proposition follows easily by computing the j-invariant anddiscriminant of the curve
Ed birationally equivalent to Ed (see Section 6.9.2). For the well-known modular-λ function
defined by λ(τ) = ϑ2(τ)4

ϑ3(τ)4
(see [Cha85, Chapter VII, §7]) we obtain the relation

λ(τ) = d(τ/2) . (6.18)

The modular-λ function can be derived from isomorphism classes of Legendre curves Lλ :
y2 = x(x−1)(x−λ) ([Cha85, Chapter VII, §7]), similarly as d(τ) is deduced from isomorphism
classes of Edwards curves ([Edw07]). Notice that (6.18) can directly be established by the
use of Theorem 6.6.5 since the 2-torsion on Lλ is {O, (0, 0), (1, 0), (λ, 0)}. The modular λ-
function is a Hauptmodul for the modular curveX(2) parametrizing isomorphism classes of
elliptic curves with full rational 2-torsion. We believe that in terms of suitable terminology,
the function d = j1,4 defined above could in correspondence be referred to as modular d-
function in view of its link to the Edwards model Ed for elliptic curves.
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6.7 Galois Conjugacy on isomorphic Edwards curves

We describe a natural Galois action on the Edwards curves induced from the Galois ac-
tion on the points of elliptic curves. We then make a case study for conjugate Edwards
curves depending on the size of E[2](K), following the notation of Theorem 6.6.5. LetGK :=
Gal(K/K) denote the absolute Galois group ofK.

Definition 6.7.1. For d ∈ K \{0, 1} and σ ∈ GK , we call σ(Ed) := Eσ(d) the σ-conjugate Edwards
curve of Ed. We also say that Ed and σ(Ed) are GK-conjugates.

Definition 6.7.2. Let k ∈ N≥1 and r1, r2, . . . , rk ∈ N≥1. LetK be a field and f(T ) ∈ K[T ]. We say
that f(T ) has splitting type (r1, r2, . . . , rk) (up to permutation) over K if f factors over K[T ] into
irreducible factors of degree r1, r2, . . . , rk, i.e. f(T ) =

∏k
`=1 g`(T ) where g`(T ) ∈ K[T ] is irreducible

overK of degree r`.

We are interested in the splitting type of the polynomial γj(E)(T ). We explain below, that
it depends on the size of the group E[2](K).

The case E(K)[2] ' Z/2Z× Z/2Z

Let i ∈ {1, 2, 3}. If zi, as in Theorem 6.6.5, is a square in K, i.e. [Ki : K] = 1, then di and 1/di
(and the corresponding Edwards curves) defined over Ki are not Galois conjugates. Oth-
erwise, i.e. [Ki : K] = 2, di and 1/di are Gal(Ki/K)-conjugates with minimal polynomial
T 2 − αiT + 1 overK, and the corresponding Edwards curves are Gal(Ki/K)-conjugates.

The case E(K)[2] ' Z/2Z

Let i ∈ {1, 2, 3} such that (ei, 0) generates E[2](K). Following Theorem 6.6.5, write Ki =
K(
√
zi) and Kl ' Kl′ ' K(

√
∆(E))(

√
zl) for l 6= l′ ∈ {1, 2, 3} \ {i}. We distinguish whether

z1 is a square inK1 or not and zl is a square inK(
√

∆(E)) or not.
If z1 is a square in K1 then K1 = K and Ed1 and E1/d1 over K are not conjugated. Oth-

erwise, d1 and 1/d1 have minimal polynomial T 2 − α1T + 1 over K and the corresponding
Edwards curves Ed1 and E1/d1 are Gal(K1/K)-conjugates.

If zl is a square inK(
√

∆(E)) (and thus also zl′) then, similarly, the elements dl, 1/dl and
dl′ , 1/dl′ have minimal polynomials T 2 − αlT + 1 and T 2 − αl′T + 1 over K, and the curves
Edl ,Edl′ and E1/dl ,E1/dl′

are Gal(K(
√

∆(E))/K)-conjugates.
If zl is not a square in K(

√
∆(E)) then Kl = K(

√
∆(E),

√
zl) and dl, dl′ , 1/dl, 1/dl′ ∈ Kl

have minimal polynomial (T 2 − αlT + 1)(T 2 − αl′T + 1) = T 4 − (αl + αl′)T
3 + (αlαl′ +

2)T 2 − (αl + αl′)T + 1 over K, and the corresponding curves Edl ,Edl′ and E1/dl ,E1/dl′
are

Gal(Kl/K)-conjugates.

The case E(K)[2] ' {O}

In this case,K1 ' K2 ' K3 ' K(E[2]).
Assumefirst that∆(E) is a square inK, so thatGal(K(E[2])/K) ' A3. Theorem 6.6.5 says

that [Ki : K] ∈ {3, 6} for i ∈ {1, 2, 3}. Let σ be a generator for A3. If [Ki : K] = 3 then z1 (and
also its conjugates z2 = σ(z1), z3 = σ2(z1)) is a square in K(E[2]). Consequently, fj(E) splits
completely as (T − α1)(T − α2)(T − α3) in K[T ] with conjugate roots α1, α2 = σ(α1), α3 =
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σ2(α1). Further, the (conjugate) quadratics T 2−αiT+1 for i ∈ {1, 2, 3} lead to conjugate pairs
of roots {d1, 1/d1}, {σ(d1), σ(1/d1)}, {σ2(d1), 1/σ2(d1)}. The elements d1, d2, d3 ∈ K1 have
minimal polynomial (T −d1)(T −d2)(T −d3) overK, and 1/d1, 1/d2, 1/d3 ∈ K1 haveminimal
polynomial (T − 1/d1)(T − 1/d2)(T − 1/d3) overK. In particular the curves Ed1 ,Ed2 ,Ed3 and
E1/d1 ,E1/d2 ,E1/d3 , respectively, are Gal(K(E[2])/K)-conjugates. If [Ki : K] = 6, then z1 is
not a square in K(E[2]) and d1, d2, d3 and their inverses have minimal polynomial 1/16γj(E)

overK and lead to Gal(K(E[2])/K)-conjugated curves defined overK(E[2]), where σ sends
d1 7→ d2 7→ d3 and 1/d1 7→ 1/d2 7→ 1/d3. Letting d1 = d, with the notation of the set Σ(d), we
obtain that

d ,

(
1 + d1/4

1− d1/4

)4

,

(
1 +
√
−1d1/4

1−
√
−1d1/4

)4

are Galois-conjugates, as well as their inverses

1

d
,

(
1− d1/4

1 + d1/4

)4

,

(
1−
√
−1d1/4

1 +
√
−1d1/4

)4

.

Assume now that ∆(E) is not a square in K, i.e. Gal(K(E[2])/K) ' S3. By Theorem
6.6.5, [Ki : K] ∈ {6, 12} for i ∈ {1, 2, 3}. Proceeding as above, it is immediate to establish that
all the Edwards curves defined overK(E[2]) are Gal(K(E[2])/K)-conjugates.

Example 6.7.3. (i) Consider the infinite family of elliptic curves over Q defined by

Et : y2 = x3 − a(t)x2 + b(t)2x− a(t)b(t)2 , t ∈ Q ,

with a(t) = 6 + 3t and b(t) = 8 + 4t. The cubic in x factors over Q(
√
−1) as (x − a(t))(x −

b(t)
√
−1)(x + b(t)

√
−1), so that Et(Q)[2] ' Z/2Z for every t. With the choice e1 = a(t), e2 =

b(t)
√
−1, e3 = −b(t)

√
−1, one obtains z1 = 25(t+2)2 ∈ (Q×)2 and z2 = (t+2)2(2−6

√
−1)2 ∈

(Q(
√
−1)×)2. Therefore, γj(Et) has splitting type (1, 1, 2, 2) for every t ∈ Q.

(ii) Consider the elliptic curve E : y3 = x3 + 4x2 + x + 1 over K = F5 with j(E) = 2.
The curve has trivial 2-torsion over F5 and full 2-torsion over F5(E[2]) ' F5[x]/(x3 + 4x2 +
x + 1) = F53 . The discriminant of E is 1, thus the Galois group of x3 + 4x2 + x + 1 is A3.
Let u ∈ F5(E[2]) be a root of x3 + 4x2 + x + 1; thus (u, 0) has order 2 on E over F5(E[2]).
The roots of x3 + 4x2 + x + 1 are e1 = u, e2 = 3u2 + 4u = σ(e1) = e5

1 and e3 = 2u2 + 1 =
σ2(e1) = e52

1 , where 〈σ〉 = A3 and σ : t 7→ t5 is the Frobenius on F53 . Direct computations
show z1 = 3u2 + 3u + 1 = (3u2 + u + 1)2, a square in F53 , and so for z2 = σ(z1) = z5

1

and z3 = σ2(u) = z52
1 . By Theorem 6.6.5, the Edwards curves birationally equivalent to

E are defined over a cubic extension of F5: K1 ' K2 ' K3 ' F5(E[2]). Computations give
(d1, 1/d1) = (3u2+4, 2u2+2u+2), (d2, 1/d2) = (4u, u2+4u+1) = (d5

1, (1/d1)5) and (d3, 1/d3) =
(2u2 + u, 2u2 + 4u+ 3) = (d52

1 , (1/d1)52), so that d1, d2, d3 are conjugates in F53 with minimal
polynomialm1(T ) = T 3 + T 2 + T + 4 ∈ F5[T ] and 1/d1, 1/d2, 1/d3 are conjugates in F5(E[2])
with minimal polynomialm2(T ) = T 3 + 4T 2 + 4T + 4 ∈ F5[T ], and it is readily checked that
γj(E)(T ) = 16m1(T )m2(T ) ∈ F5[T ]. The polynomial fj(E)(T ) = T 3 +T + 1 is irreducible over
F5[T ] and splits overF5(E[2])[T ] as (T−α1)(T−α2)(T−α3)withα1 = 2u+1, α2 = u2+3u+1 =

α5
1 and α3 = 4u2 + 3 = α52

1 . These elements define the (conjugate) quadratic polynomials
T 2−α1T + 1, T 2−α2T + 1, T 2−α3T + 1 with roots {d1, 1/d1}, {d2, 1/d2}, {d3, 1/d3}. Let Ed
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Splitting type ∆(E) E[2](K) properties of z1, z2, z3

(1, 1, 1, 1, 1, 1) Z/2Z× Z/2Z z1, z2, z3 ∈ (K×)2

(1, 1, 1, 1, 2) Z/2Z× Z/2Z z1, z2 ∈ (K×)2, z3 6∈ (K×)2

(1, 1, 2, 2) Z/2Z× Z/2Z z1 ∈ (K×)2, z2, z3 6∈ (K×)2

Z/2Z z1 ∈ (K×)2, z2 ∈ (K×)2

(1, 1, 4) Z/2Z z1 ∈ (K×)2, z2 6∈ (K×)2

(2, 2, 2) Z/2Z× Z/2Z z1, z2, z3 6∈ (K×)2

(2, 4) Z/2Z z1 6∈ (K×)2, z2 6∈ (K×)2

(3, 3) ∈ (K×)2 {O} z1 ∈ (K(E[2])×)2

(6) ∈ (K×)2 {O} z1 /∈ (K(E[2])×)2

/∈ (K×)2 {O} z1 ∈ (K(E[2])×)2

/∈ (K×)2 {O} z1 /∈ (K(E[2])×)2

Table 6.1: Splitting type of γj(E)

be the elliptic curve from (6.2) (with a = 1). A direct verification shows that the curves Ed
with d ∈ {d1, d2, d3, 1/d1, 1/d2, 1/d3} all have j-invariant 2.

Table 6.1 summarizes the splitting types of γj(E) in the different cases. Note since d and
1/d appear in pairs, the polynomial cannot have an odd number of linear factors. The split-
ting type (1, 1, 1, 1, 1, 1) occurs for example for the curve with label 5525.5-b9 in [LMF20a]
defined over Q(

√
−1).

The Galois action on Edwards curves can be seen naturally as arising from that on the
points of E. The group GK acts on the (4-torsion) points of E as follows: for σ ∈ GK and
P ∈ E(K) let P σ := (σ(x), σ(y)) denote the image of P under the action of σ. For a point of
order 4, its image under σ ∈ GK is again a point of order 4. By acting on d ∈ K, GK acts on
EdwK(j). The next lemma shows a compatibility between these Galois actions.

Lemma 6.7.4. Let P ∈ E4(K) and EdP be its associated Edwards curve. For every σ ∈ GK , we have
σ(EdP ) = EdPσ , i.e. the map d : E4(K)→ K,P 7→ dP is GK-equivariant.

Proof. This follows from σ(dP ) = 1− 4(σ(xP )−σ(x2P ))3

[σ(yP )+ 1
2

(a1σ(xP )+a3)]2
= dPσ .

Theorem 6.7.5. Let E be an elliptic curve over K and let S, T ∈ E(K) be points of order 4. Let
σ ∈ Gal(K/K). The following hold:

(i) if S = ±T σ then dS = σ(dT )

(ii) if S 6= ±T σ and 2S = 2T σ then dS = 1/σ(dT )

(iii) if 2S 6= 2T σ then dS =
(

1−εσ(dT )1/4

1+εσ(dT )1/4

)4
for some ε ∈ K with ε4 = 1.

Moreover, if j(E) 6= 0, 1728, then the implications in (i), (ii), (iii) are equivalences.

Proof. Since the characteristic of K is not 2, E may be given by y2 = (x− e1)(x− e2)(x− e3)
with e1, e2, e3 ∈ K two by two distinct.
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(i) If S = ±T σ then dS = dTσ = σ(dT ) by Remark 6.6.4 and Lemma 6.7.4.
(ii)AssumeS 6= ±T σ and 2S = 2T σ = (ei, 0) for i ∈ {1, 2, 3}. ThusS, T σ are among the points
±P±i of Lemma 6.6.7 and are not opposite; thus, S = ±P+

i and T σ = ±P−i or S = ±P−i and
T σ = ±P−i . By Equation (6.13) of Lemma 6.6.9 we obtain that dS and σ(dT ) are opposite in
each case.
(iii) Assume 2S 6= 2T σ. Without loss of generality we assume 2S = (e1, 0) and 2T σ = (e2, 0).
By Lemma 6.6.7, S equals one of ±P±1 and T σ equals one of ±P±2 . We show that

d
1/4
S (1− εσ(dT )1/4) = (1 + εσ(dT )1/4) (6.19)

for some fourth root of unity ε. We first treat the case S = ±P+
1 and T σ = ±P−2 . By Lemma

6.6.9,

dS =

(√
e12 +

√
e13√

e32

)4

, dTσ = σ(dT ) =

(√
e21 −

√
e23√

e31

)4

.

The fourth roots of unity of dS and σ(dT ) are ζ
√
e12−

√
e13√

e32
and dTσ = ζ ′

√
e21+

√
e23√

e31
for some

fourth roots of unity ζ, ζ ′. In the formula (6.19) we are about to show, we can incorporate
ζ ′ inside ε and obtain another fourth root of unity (which we still call ε). Equation (6.19) is
equivalent to

ζ

√
e12 −

√
e13√

e32
=

√
e31 − ε

√
e21 − ε

√
e23√

e31 + ε
√
e21 + ε

√
e23

,

which is again equivalent to
√
e12
√
e13(iζ− iζε) +

√
e12
√
e23(ζε− ε) +

√
e13
√
e23(1− ζε) + iζε

√
e12− iζ

√
e13 + iε

√
e23 = 0 ,

where i =
√
−1. In view of the relation e12 − e13 + e23 = 0, this equation has the solution

(ζ, ε) = (1, 1). The remaining cases are proved similarly: the case (S, T ) = (±P−1 ,±P
+
2 ) is

direct by exchanging S and T ; in the case (S, T ) = (±P+
1 ,±P

+
2 ), Equation (6.19) becomes

√
e12
√
e13(iζ− iζε)+

√
e12
√
e23(−ζε−ε)+

√
e13
√
e23(1+ ζε)+ iζε

√
e12− iζ

√
e13− iε

√
e23 = 0

which has the solution (ζ, ε) = (−1, 1). Finally, if (S, T ) = (±P−1 ,±P
−
2 ), Equation (6.19)

becomes equivalent to
√
e12
√
e13(iζ + iζε) +

√
e12
√
e23(ζε− ε) +

√
e13
√
e23(1 + ζε) + iζε

√
e12 + iζ

√
e13 + iε

√
e23 = 0

which has the solution (ζ, ε) = (1,−1).

Let us now show the converse statements assuming in addition that j(E) 6∈ {0, 1728}.
For the converse of (i), assume dS = σ(dT ) and by contradiction that S 6= ±T σ. Then either
2S = 2T σ and by (ii), dS = σ(dT ) = 1/σ(dT ), or 2S 6= 2T σ and by (iii),

dS = σ(dT ) =

(
1− εσ(dT )1/4

1 + εσ(dT )1/4

)4

, ε4 = 1. (6.20)

For the converse of (ii), assume that dS = 1/σ(dT ) and by contradiction that S = ±T σ or
2S 6= 2T σ. In the first case, we obtain by (i) that dS = 1/σ(dT ) = σ(dT ); in the second case,
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we obtain by (iii) that

dS =
1

σ(dT )
=

(
1− εσ(dT )1/4

1 + εσ(dT )1/4

)4

, ε4 = 1. (6.21)

For the converse of (iii), assume that dS = [(1− εσ(dT )1/4)/(1 + εσ(dT )1/4)]4 for some fourth
root of unity ε. By contradiction, if 2S = 2T σ, then either S = ±T σ and by (i), we obtain the
same equation as Equation (6.20); or S 6= ±T σ and in this case by (ii), we obtain the same
equation as (6.21).

Putting all together, it is enough to solve the equations σ(dT ) = 1/σ(dT ), Equation (6.20)
and (6.21) for σ(dT ) and obtain contradictions when j(E) ∈ {0, 1728}. Clearly, σ = 1/σ(dT )
gives σ(dT )2 = 1, i.e. σ(dT ) = ±1. The case σ(dT ) = 1 is excluded because E would not be
elliptic; the case σ(dT ) = −1 is excluded because then j(E) = 1728. Changing ε to −ε and
inverting (6.21) we see that it is equivalent to (6.20), whence it is enough to solve (6.20). By
Equation (6.20) there is a fourth root of unity ε′ such that ε′σ(dT )1/4 = (1 − εσ(dT )1/4)/(1 +
εσ(dT )1/4) which is equivalent to the quadratic equation

εε′σ(dT )1/2 + (ε+ ε′)σ(dT )1/4 − 1 = 0 (6.22)

in σ(dT )1/4, with discriminant ∆(ε, ε′) = ε2 + ε′2 + 6εε′. Since ∆ is symmetric in ε and ε′, we
reduce the number of cases for ε, ε′ by two. We show that each case gives a contradiction. If
ε = −ε′we obtain from (6.22) that σ(dT )1/2 = 1/(εε′) giving σ(dT ) = 1, contradicting thatE is
elliptic. If ε = ε′ then ∆ = 8ε2 ∈ {8,−8}, according to ε ∈ {±1} or ε ∈ {±i}. If ε = ε′ ∈ {±1}
then σ(dT )1/4 = (∓2±2

√
2)/2 = ∓1±

√
2 and σ(dT ) = ∓17±12

√
12, which gives j(E) = 1728

(see Examples 6.5.1 and 6.6.10) and is excluded. Similarly, ε = ε′ ∈ {±i} with ∆ = −8 gives
j(E) = 1728. Finally, if ε = i · ε′ then ∆ ∈ {6i,−6i} according to ε′ = ±i or ε′ = ±1. If ε′ = ±i
then σ(dT )1/4 = (∓1∓ i±

√
6i)/(±2i), and ε′ = ±1 gives σ(dT )1/4 = (∓1∓ i± i

√
6i)/(±2i).

Both cases give σ(dT ) = −7± 4
√

3 which implies j(E) = 0, by Examples 6.5.1 and 6.6.10.

Remark 6.7.6. (i) Theorem 6.7.5 is a stronger version of the result of Ahmadi-Granger [AG12,
Theorem 4.2] recalled in Proposition 6.3.5. Theorem 6.7.5 explicitly describes how these for-
mulae for dP arise from the underlying geometry of the considered points on E. Moreover,
the proof technique of Ahmadi-Granger relies on a completely different approach.

(ii) Let E/K be an elliptic curve and P,Q be generators for E(K)[4] ' Z/4Z × Z/4Z.
Assume that 2P = (e1, 0) and 2Q = (e2, 0); then 2(P + Q) = (e3, 0). For i ∈ {1, 2, 3}, let
Ki/K be the extension considered in Theorem 6.6.5. By Theorem 6.7.5, the curves EdP and
E1/dP = EdP+2Q

associated to ±{P, P + 2Q} doubling to (e1, 0) are defined over K1, those
associated to ±{Q,Q + 2P} doubling to (e2, 0) are defined over K2, and those associated to
±{P +Q,P −Q} doubling to (e3, 0) are defined overK3.

6.8 More on isogenies of Edwards curves

Isogenies between Edwards curves have been studied independently, see for example [MS16].
In this section we extend some known results.
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6.8.1 Isogenies between curves in EdwK(j)

Consider the set EdwK(j) for a fixed j ∈ K. We study isogenies between curves in this set.
In [AG12, Section 3], Ahmadi and Granger describe 4-isogenies between Edwards curves (in
fact, many results in [AG12] appear to extend to arbitrary fields instead of finite fields). For
d ∈ K \ {0, 1}, let Ld denote the Legendre curve given by y2 = x(x − 1)(x − d). By [AG12,
Theorem 3.1], there is an explicit 2-isogeny

φ : Ed → Ld , (x, y) 7→
(

1

x2
,
y(d− 1)

x(1− y2)

)
with dual isogeny

φ∨ : Ld → Ed, (x, y) 7→
(

2y

d− x2
,
y2 − x2(1− d)

y2 + x2(1− d)

)
.

Moreover, Ld → L1/d given by (x, y) 7→ (x/d, y/d3/2) is an isomorphism, defined overK(
√
d)

(see [AG12, Section 3.2] or [Sil09, Chapter III, §1, Proposition 1.7]). By composition, we obtain
a 4-isogeny over K(

√
d) between Ed and E1/d. We remark that this is not true for all the

curves in EdwK(j) but only for those corresponding to points of order 4 doubling to the
same point of order 2 (see Theorem 6.7.5). Indeed, there are isomorphisms between Ld and
Ld′ for d′ ∈ {d, 1 − d, 1/d, 1 − 1/d, 1/(1 − d), d/(d − 1)} (see [AG12]); the intersection of this
set Σ(d) is {d, 1/d}.

The curves Ed and E1/d are quadratic twists of each other. An isomorphism Ed → E1/d

overK(
√
d) is defined by (X,Y ) 7→ (X/

√
d, Y ). In conclusion, the pairs of curves defined over

K1,K2,K3 in Theorem 6.6.5 are 4-isogenous and isomorphic over the quadratic extensions
K1(
√
d1),K2(

√
d2) andK3(

√
d3).

6.8.2 General 2-isogenies

For an elliptic curve E/K, a finite field extension L/K, an integer ` ≥ 2 and a, d ∈ L,
we say that E is Edwards-`-isogenous over L if there is an elliptic curve E′/L, an `-isogeny
φ : E(L) → E′(L) defined over L (or possibly an extension of L), and a birational map
ψ : E′(L) → Ead(L) where Ead is a twisted Edwards curve defined over L. Here we have de-
noted by E(L) the group of L-points of E base-changed to L.

The following theorem generalizes [BBJ+08, Theorem 5.1], which is part of (1)(i) now. It
gives explicit 2-isogenies betweenE and a twised Edwards curve whenE has fullK-rational
2-torsion (compare also with Remark 6.6.6 (ii)).

Theorem 6.8.1. Let E/K be an elliptic curve and let E(K)[2] = {O, (e1, 0), (e2, 0), (e3, 0)} be its
2-torsion subgroup. Then
(1) E is Edwards-2-isogenous over K(1) = K(e21, e31), K(2) = K(e12, e32), K(3) = K(e13, e23),
respectively, to the twisted Edwards curves

E(1) := E4e31
4e21

, E′(1) := E4e21
4e31

E(2) := E4e12
4e32

, E′(2) := E4e32
4e12

E(3) := E4e13
4e23

, E′(3) := E4e23
4e13
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defined overK(1),K(2),K(3), respectively. In particular:

(i) if E(K)[2] ' Z/2Z× Z/2Z thenK(i) = K for all i ∈ {1, 2, 3},

(ii) if E(K)[2] ' Z/2Z thenK(i) = K(
√

∆(E)) for all i ∈ {1, 2, 3},

(iii) if E(K)[2] ' {O} then [K(i) : K] ≤ 6 for all i ∈ {1, 2, 3}.

(2) The twisted Edwards curves {E(i)}i∈{1,2,3} and {E′(i)}i∈{1,2,3} are 4-isogenous overK(E[2]).

Proof. We start by proving the existence of the 2-isogenies following the proof of [BBJ+08,
Theorem 5.1]. Given a 2-torsion point on E, which is taken to be (0, 0), the proof constructs
from this point a twisted Edwards curve 2-isogenous to E. We repeat this for all the points
(e1, 0), (e2, 0), (e3, 0) in E(K)[2].

Let us start with (e1, 0). In order to apply Theorem [BBJ+08, Theorem 5.1], wemove (e1, 0)
to the origin by letting x′ = x − e1; y′ = y. This transformation takes E to the elliptic curve
with points (x′, y′) satisfying y′2 = x′(x′−e21)(x′−e31), i.e. y′2 = x′3−(e21+e31)x′2+(e21e31)x′.
By the proof of [BBJ+08, Theorem 5.1], there is a 2-isogeny to the elliptic curve E(1) given by
y′2 = x′3 + 2(e21 + e31)x′2 + (e21 − e31)2x′, and using e21 − e31 = e23, this is y′2 = x′3 +
2(e21 + e31)x′2 + e2

23x
′, which is isomorphic to the Montgomery curve M(1) := MA1,B1 with

A1 = 2(e21 +e31)/e23 andB1 = 1/e23, and the isogeny has kernel {O, (e1, 0)} (and thereby we
denote M(1) as E/〈(e1, 0)〉.) By [BBJ+08, Theorem 3.2], the latter is birationally equivalent to
the twisted Edwards curve E(1) := Ea1d1 with d1 = (A1−2)/B1 = 4e21 and a1 = (A1 + 2)/B1 =

4e31. The curve Ea1d1 is defined overK(1).
The existence of the other 2-isogenies is obtained by repeating the construction for (e2, 0)

and (e3, 0), respectively, and the isogenies are those having as kernel {O, (e2, 0)} and {O, (e3, 0)}.
Direct computations give M(2) = MA2,B2 with A2 = 2(e12 + e32)/e13 and B2 = 1/(e13), and
M(3) = MA3,B3 with A3 = 2(e13 + e23)/e12 and B3 = 1/(e12), respectively. The twisted Ed-
wards curves E(2) = Ed2a2 and E(3) = Ed3a3 then follow as previously with dk = (Ak− 2)/Bk and
ak = (Ak + 2)/Bk for k ∈ {2, 3}.

The second part of the statement on the degrees of {K(i)}i is similar to the corresponding
part in the proof of Theorem 6.6.5. To prove (2), it is enough to compose the 2-isogenies with
their duals; let i, j ∈ {1, 2, 3} be distinct; φi : E → E(i) and φj : E → E(j) the 2-isogenies
from (1) inducing the 2-isogenies φ′i : E → E(i) and φ′j : E → E(j). Then φ′jφ′i

∨ is a 4-isogeny
between E(i) and E(j).

In compact form the twisted Edwards curves in Theorem 6.8.1 are given by

E(k) = E
4el′k
4elk

, E′(k) = E
4elk
4el′k

, k ∈ {1, 2, 3} , l 6= l′ ∈ {1, 2, 3} \ {k}

defined over the fields K(k) = K(elk, el′k), respectively. Combining with [AG12, Theorem
3.2], there are 4-isogenies between these twisted Edwards curves to the Legendre curves, i.e.

E(k) → Lλk , E
′(k) → L1/λk , λk =

elk
el′k

.

These isogenies are defined over quadratic extensions of K(k). Running with k through
{1, 2, 3} the set of {λk, 1/λk} is exactly

{
e21
e31
, e31e21 ,

e32
e12
, e12e32 ,

e23
e13
, e13e23

}
, which is precisely the K-

isomorphism class of Legendre curves isomorphic to E.
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6.9 Statistics for the rank in the Edwards family

In this section, we study properties of the group of rational points for the elliptic curves over
K = Q in the family

Ea,d : y2 = x3 + 2(a+ d)x2 + (a− d)2x , a, d ∈ Z \ {0, 1} , a 6= d . (6.23)

We call this the Edwards family in view of the birational equivalence of Ea,d to the twisted
Edwards curve Ead. The group Ea,d(Q) of Q-rational points is finitely generated by Mordell’s
Theorem, i.e. Ea,d(Q) ' Zr(Ea,d)⊕Ea,d(Q)tors for some non-negative integer r(Ea,d) (the rank
ofEa,d) and a finite abelian (torsion) groupEa,d(Q)tors. In Section 6.9.1, we explicitly describe
the torsion subgroup for the one-parameter family {E1,d}d. As for the rank ofE1,d, we provide
related statistical data in Sections 6.9.4 and 6.9.5.

6.9.1 Torsion subgroup of Ed
We consider the case a = 1 and write Ed instead of E1,d for the curve in Equation (6.23). The
following theorem describes the torsion subgroup of Ed. For the first part, K is an arbitrary
field of characteristic not 2, for the second part we specialize toK = Q.

Theorem 6.9.1. LetK be a field of characteristic not 2. Let d ∈ K \ {0, 1}. Let Ed be defined overK
by y2 = x3 + 2(1 + d)x2 + (1− d)2.

(i) The points (0, 0) ∈ Ed(K) and±P2 := (−(1±
√
d)2, 0) in Ed(K(

√
d)) have exact order 2. In

particular, Ed has fullK-rational 2-torsion if and only if d is a square inK.
The points ±P+

4 := (1 − d,±2(1 − d)) in Ed(K) and ±P−4 := (d − 1,±2(1 − d)
√
d) in

Ed(K(
√
d)) have exact order 4, and 2(±P+

4 ) = 2(±P−4 ) = (0, 0).
Let t =

√
1 +
√

1− d. The points ±P+
8 := ((t− 1)(t+ 1)3,±2t(t− 1)(t+ 1)3) in Ed(K(t))

and ±P−8 := ((t + 1)(t − 1)3,±2t(t + 1)(t − 1)3) in Ed(K(t)) have exact order 8, and
2(±P+

8 ) = 2(±P−8 ) = ±P+
4 .

(ii) ForK = Q and d ∈ Z \ {0, 1}, it holds

Ed(Q)tors '


Z/4Z× Z/2Z if d is a square
Z/8Z if d is not a square and d = 1− (t2 − 1)2, for some t ∈ Z

Z/4Z if d is not a square and d 6= 1− (t2 − 1)2, for all t ∈ Z

Proof. (i) The cubic in x defining Ed factors as x(x2 + 2(1 + d)x + (1 − d)2), from which it
is immediate to determine the complete 2-torsion of Ed; all roots lie in K if and only if d is
a square in K. Moreover, it is readily checked that (±1, 0) ∈ Ed(K) of order 4 are mapped
to ±P+

4 ∈ Ed(K) under the birational equivalence (6.2), and the torsion is preserved under
birational equivalence. The points ±P−4 are constructed easily (see e.g. Lemma 6.6.7).

For the points of order 8 doubling to ±P+
4 , we make use of the duplication map for Ed.

For Q ∈ Ed(K), we have:

x(2Q) =
x(Q)4 − b4x(Q)2 − 2b6x(Q)− b8
4x(Q)3 + b2x(Q)2 + 2b4x(Q) + b6

,
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with b2, b4, b6, b8 the b-invariants given by b2 = 8(d+ 1), b4 = 2(1− d)2, b6 = 0, b8 = −(1− d)4.
Let t =

√
1 +
√

1− d and Q be a point of order 8 on Ed doubling to ±P+
4 . Writing out the

equation x(2Q) = x(±P4) = 1 − d amounts to compute x(Q) as the roots of the quartic
polynomial x4 − 2(1 − d)2x2 + (1 − d)4 − (1 − d)[4x3 + 8(d + 1)x2 + 4(1 − d)2x]. Putting
u = 1− d, its four roots can be written as

x(Q) ∈
{
u+ 2

√
u± 2

√
u(1 +

√
u), u− 2

√
u± 2

√
u(1−

√
u)

}
.

Letting s =
√
u gives t =

√
1 + s, i.e. s = t2 − 1. The first pair of roots 2 x(Q) is then equal to

s2 + 2s± 2st = s(s+ 2± 2t) = s(t2 ± 2t+ 1)

= s(t± 1)2 = (t− 1)(t+ 1)(t± 1)2 = (t∓ 1)(t± 1)3 .

The corresponding y-coordinates y(Q) are computed as solutions to y(Q)2 = x(Q)3 + 2(1 +
d)x(Q)2 + (1 − d)2x(Q) = x(Q)3 + 2(2 − u)x(Q)2 + u2x(Q), or equivalently, using s2 = u =
(t2 − 1)2,

y(Q)2 = x(Q)3 + 4x(Q)2 − 2(t2 − 1)2x(Q)2 + (t2 − 1)4x(Q) .

Plugging x(Q) = (t∓ 1)(t± 1)3 gives the two equations

y(Q)2 = (t∓ 1)3(t± 1)9 + 4(t∓ 1)2(t± 1)6 − 2(t∓ 1)4(t± 1)8 + (t∓ 1)5(t± 1)7

= (t∓ 1)2(t± 1)6 ·
(
(t∓ 1)(t± 1)3 + 4− 2(t∓ 1)2(t± 1)2 + (t∓ 1)3(t± 1)

)
.

A direct calculation gives that the last factor equals (t ∓ 1)(t ± 1)3 + 4 − 2(t ∓ 1)2(t ± 1)2 +
(t ∓ 1)3(t ± 1) = 4t2. Therefore, y(Q)2 = 4t2(t ∓ 1)2(t ± 1)6 and the two solutions for y(Q)
are y(Q) = ±2t(t ∓ 1)(t ± 1)3. Thus the points P±8 = ((t ∓ 1)(t ± 1)3, 2t(t ∓ 1)(t ± 1)3) and
their opposites −P±8 = ((t ∓ 1)(t ± 1)3,−2t(t ∓ 1)(t ± 1)3) have order 8 on Ed(K(t)) and
2(±P±8 ) = ±P+

4 .

(ii) LetK = Q and d ∈ Z. The group Ed(Q)tors injects into Ed(Fp) for every prime p ≥ 3 of
good reduction for Ed. Let p ≥ 3 be a prime number such that d ≡ −1 (mod p), which exists
by Dirichlet’s Theorem on primes in arithmetic progression. Then Ed/Fp is non-singular and
given by y2 = x3 + 4x. We count the number of points of Ed(Fp) explicitly, using [Was03,
Theorem 4.23].

Assume first that d ∈ Z is a square different from 0, 1. Then d is not of the form 1−(t2−1)2

with t ∈ Z (as otherwise with d = e2, say, one has e2 + (t2 − 1)2 = 1 giving d = e2 = 0 or
d = e2 = 1, which are excluded). In particular, the points of order 8 from (i) are notQ-rational.
Since d ≡ −1 (mod p) and d is a square, it is a square modulo p and thus−1 is a square mod-
ulo p, which implies p ≡ 1 (mod 4). We write p = a2 + b2 with a, b ∈ Z such that b is even and
a + b ≡ 1 (mod 4). Applying [Was03, Theorem 4.23] and noting that −4 is a fourth power
modulo p (the rational quartic residue symbol of−4 equals 1), one has #Ed(Fp) = p+ 1− 2a.
We now show that this quantity is always a multiple of 8. In the given case, p can only be 1
or 5 modulo 8. We work out the details for p ≡ 1 (mod 8); the case p ≡ 5 (mod 8) is very

2the last pair of roots corresponds to points of order 8 doubling to ±P−4 , which are not part of the statement.
Their determination goes similarly.
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similar. Since b is even, we must have a2 ≡ 1 (mod 8) or a2 ≡ 5 (mod 8), the latter being
excluded as 5 is not a square modulo 8. But a2 ≡ 1 (mod 8) implies a is one of {±1,±3}
modulo 8, and the cases a ∈ {−1, 3} are excluded in view of a + b ≡ 1 (mod 4) and b ≡ 0
(mod 2). In both cases left, one therefore has p + 1 − 2a ≡ 1 + 1 − 2 ≡ 0 (mod 8). Since by
(i), Ed(Q)tors contains {O, (0, 0),±P2,±P+

4 ,±P
−
4 } ' 〈P2〉 × 〈P+

4 〉 ' Z/2Z × Z/4Z, the order
is exactly 8 and Ed(Q)tors ' Z/2Z× Z/4Z.

Assume now that d ∈ Z is not a square and that there is t ∈ Z such that d = 1− (t2 − 1)2.
Then the points of order 8 from (i) are Q-rational. Let p ≥ 3 be a prime such that d ≡ −1
(mod p). It follows that (t2 − 1)2 ≡ 2 (mod p); in particular 2 is a square modulo p and
thus p ≡ ±1 (mod 8). If p ≡ 1 (mod 8) then p ≡ 1 (mod 4), and by [Was03, Theorem 4.23],
#Ed(Fp) = p+ 1− 2awith p = a2 + b2 and a, b ∈ Z such that a+ b ≡ 1 (mod 4) and b even, as
before. The same calculations as above show that #Ed(Fp) ≡ 0 (mod 8). If p ≡ −1 (mod 8)
then p ≥ 7 and p ≡ 3 (mod 4) and Ed/Fp is supersingular and has order p + 1 ≡ 0 (mod 8).
By (i), Ed(Q)tors contains the cyclic subgroup {O, (0, 0),±P+

4 ,±P
+
8 ,±P

−
8 } = 〈P+

8 〉 ' Z/8Z,
therefore there is an isomorphism Ed(Q)tors ' Z/8Z.

Assume now that d ∈ Z is not a square and not of the form 1 − (t2 − 1)2 with t ∈ Z. Let
p ≥ 3 be a prime such that d ≡ −1 (mod p). If p ≡ 1 (mod 4), then write p = a2 + b2 with
a, b ∈ Z and a + b ≡ 1 (mod 4) and b even, and as above, #Ed(Fp) = p + 1 − 2a ≡ 2 − 2a
(mod 4). Since b ≡ 0, 2 (mod 4) it follows a ≡ 1− b ≡ ±1 (mod 4), and #Ed(Fp) ≡ 2−2a ≡ 0
(mod 4). On the other hand, if p ≡ 3 (mod 4) then Ed/Fp is supersingular and has order
p+ 1 ≡ 0 (mod 4). In both cases, Ed(Fp) has order dividing 4 for all but finitely many primes
p. By (i), since Ed(Q)tors contains the cyclic subgroup {O, (0, 0),±P4} = 〈P4〉, there must be
an isomorphism Ed(Q)tors ' Z/4Z.

In particular, if d is not a square then Ed has a unique K-rational point of order 2, in
which case, the corresponding Edwards curve has a complete addition law (see [BL07, The-
orem 2.1(2)]). Note that the second part of the statement is only true for K = Q; the torsion
over number fields is well-studied (see e.g. [KM88, KN12] for quadratic fields). In [BBLP13,
Section 6], the authors study Edwards curves with large torsion subgroup.

Example 6.9.2. We illustrate three cases of Theorem 6.9.1 (ii). Let d = 25. Then Ed/Q has
torsion subgroup Z/4Z × Z/2Z with generators P+

4 = (−24, 48) and P2 = (16, 0). For d =
−8 = 1− (t2 − 1)2 with t = 2, Ed/Q has torsion subgroup Z/8Zwith generator P−8 = (3, 12).
For d = −48 which is not of the form 1− (t2− 1)2 for t ∈ Z, Ed/Q has torsion subgroup Z/4Z
generated by P+

4 = (49, 98).

6.9.2 Explicit invariants for the Edwards family

The study of ranks of elliptic curves requires an ordering of the curves. Natural such order-
ings are for example by discriminant or by conductor. In this section, we therefore establish
formulae for the j-invariant, discriminant, and conductor of the elliptic curve Ea,d/Q.
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6.9.2.1 The j-invariant and discriminant

By Equation (6.6), the j-invariant of Ea,d is

j(Ea,d) = 16
a2 + 14ad+ d2)3

ad(a− d)4
.

The discriminant ∆(Ea,d) of Ea,d is given by

∆(Ea,d) = 28ad(a− d)4 , (6.24)

which is seen by either using the defining cubic ofEa,d, or the formula relating the discrimin-
ant and the j-invariant. This is coherent with the fact that a, d, a−d are non-zero as otherwise
the curve defining Ea,d is singular.

6.9.2.2 The conductor

We describe a formula for the conductor N(Ea,d) of Ea,d in terms of a, d. We refer to [Sil94,
Chapter IV, §10, §11] for a description of general results, on which we rely.
Let Emin

a,d denote a minimal model for Ea,d and ∆min(Ea,d) the minimal discriminant of Ea,d.
There exists u ∈ Z such that a Weierstrass equation for Emin

a,d is obtained after a change of
variables of the form (x, y) 7→ (u−2x, u−3y) and ∆min(Ea,d) = u−12∆(Ea,d). We writeN(Ea,d)
as

N(Ea,d) =
∏

p|∆min(Ea,d)

pfp(Ea,d) ,

where the product runs over the prime numbers at which Ea,d has bad reduction, i.e. the
prime divisors of ∆min(Ea,d), and fp(Ea,d) ∈ N is the associated conductor exponent. We write
fp(Ea,d) = εp(Ea,d) + δp(Ea,d) where εp(Ea,d) ∈ {0, 1, 2} is the tame part and δp(Ea,d) is the
wild part. If Ea,d has (bad) multiplicative reduction at p, then εp(Ea,d) = 1, if Ea,d has (bad)
additive reduction at p, then εp(Ea,d) = 2. We can reformulate this in terms of the j-invariant
of Ea,d: let vp be the p-adic valuation; then:{

εp(Ea,d) = 1 , if vp(j(Ea,d)) < 0

εp(Ea,d) = 2 , if vp(j(Ea,d)) ≥ 0
.

The wild part is often zero by the following criterion: δp(Ea,d) is zero if p ≥ 5 or if Ea,d has
good or split multiplicative reduction at p.

Let p be a prime divisor of ∆min(Ea,d) = u−1228ad(a − d)4. We compute the exponent
fp(Ea,d). Assume p ≥ 5; we see that vp(j(Ea,d)) = vp(16) + 3vp(a

2 + 14ad + d2) − vp(a) −
vp(d)− 4vp(a− d) and thus

εp(Ea,d) =

{
1 , if 3vp(a

2 + 14ad+ d2) < vp(a) + vp(d) + 4vp(a− d)

2 , if 3vp(a
2 + 14ad+ d2) ≥ vp(a) + vp(d) + 4vp(a− d)

If p ≥ 5, δp(Ea,d) = 0; thus fp(Ea,d) is given by εp(Ea,d). We deduce for p ≥ 5:

fp(Ea,d) =

{
1 , if 3vp(a

2 + 14ad+ d2) < vp(a) + vp(d) + 4vp(a− d)

2 , if 3vp(a
2 + 14ad+ d2) ≥ vp(a) + vp(d) + 4vp(a− d)

(6.25)
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κ I0 In II III IV I∗0 I∗n IV∗ III∗ II∗

mκ 1 n 1 2 3 5 n+ 5 7 8 9

p = 2
v2(∆min(Ea,d)) 0 n 4 8

f
(κ)
2 (Ea,d) 0 1 2 2

p = 3
v3(∆min(Ea,d)) 0 n 3 6 n+ 6 9

f
(κ)
3 (Ea,d) 0 1 2 2 2 2

Table 6.2: Conductor exponents for Ea,d in characteristic 2 and 3

It remains to treat the cases p = 2, 3. We rely on Ogg’s Formula and Kodaira’s symbol for
reduction types of Ea,d. Let K be the set of Kodaira symbols describing the reduction types
of Ea,d. For κ ∈ K, letmκ be the number of components (counted with multiplicity 1) on the
special fiber of Ea,d. Then Ogg’s formula for E and reduction type κ, states:

f (κ)
p (Ea,d) = vp(∆min(Ea,d))−mκ + 1 . (6.26)

By Ogg’s formula (6.26), for κ ∈ Kwe can thus write

f (κ)
p (Ea,d) = −12vp(u) + vp(∆(Ea,d))−mκ + 1 ,

where, by Equation (6.24):

vp(∆(Ea,d)) =

{
8 + v2(a) + v2(d) + 4v2(a− d) , if p = 2

v3(a) + v3(d) + 4v3(a− d) , if p = 3
.

We explicitly rely on Table 4.1 in [Sil94, Chapter IV, §9] to compute f (κ)
p (Ea,d). Themissing

grey cells in Table 6.2 are not directly defined for the given characteristic, and thus computed
by Ogg’s formula and listed below, with

cp := −12vp(u) + vp(a) + vp(d) + 4vp(a− d) , p ∈ {2, 3} . (6.27)

f
(κ)
2 (Ea,d) =



c2 + 8 if κ = II

c2 + 7 if κ = III

c2 + 4 if κ = I∗0
c2 + 4− n if κ = I∗n, n ≥ 1

c2 + 1 if κ = III∗

c2 if κ = II∗

f
(κ)
3 (Ea,d) =


c3 if κ = II

c3 − 2 if κ = IV

c3 − 6 if κ = IV∗

c3 − 8 if κ = II∗

(6.28)

Edwards Family with a = 1

For the rest of this section we fix a = 1, and let Ed/Q be the curve E1,d/Q. Let N(Ed) be the
conductor of Ed. The next proposition says that the conductor exponent at bad primes larger
than 5 is always 1, and the exponent at 3 is 1 exactly when d 6≡ 2 (mod 3), and 0 otherwise.
In particular, up to a power of 2, N(Ed) is the radical rad(d(d− 1)) =

∏
p|d(d−1) p of d(d− 1),

that is, the product of its prime divisors.
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Proposition 6.9.3. (i) For every d ∈ Z \ {0, 1}, the conductor exponent of Ed at 3 is given by

f3(Ed) =

{
0 if d ≡ 2 (mod 3)

1 if d ≡ 0, 1 (mod 3)
.

(ii) For every d ∈ Z \ {0, 1} and every prime p ≥ 5 with p | N(Ed), one has fp(Ed) = 1.
In particular, the formula for the conductor is

N(Ed) = 2f23f3
∏

p|d(d−1)
p 6=2,3

p = 2f2−1 · rad(d(d− 1)),

where f2 is described above, and f3 ∈ {0, 1} is as in (i).

Proof. (i) If d ≡ 0, 1 (mod 3), then the discriminant ofEd is zeromodulo 3, i.e. 3 is a bad prime.
To see that 3 divides N(Ed) exactly once, it is enough to show that the Kodaira symbol at 3
is In with n = v3(∆min(Ed)) (see Table 6.2). We rely on Tate’s Algorithm for computing the
Kodaira symbol (see [Sil94, Chapter IV, §9, Algorithm 9]). By this algorithm, it is enough to
show that 3 does not divide the first b-invariant b2 of the singular Weierstrass equation (see
Step 2) and in that case, the Kodaira symbol is In with n = v3(∆(Ed)) (the algorithm does not
necessarily require a minimal model as input). Assume first that d ≡ 0 (mod 3). Then the
equation for Ed is y2 = x3 + 2x2 + x = x(x + 1)2 over F3, which has a singularity at (−1, 0).
Moving the singularity to (0, 0) via x′ := x + 1 leads to the equation y2 = x′3 − x′2. This
Weierstrass model has b2 = a2

1 + 4a2 = −4, not divisible by 3. Thus, the Kodaira symbol at
3 is In with n = v3(∆) = v3(d). If d ≡ 1 (mod 3) then Ed is given by y2 = x3 + 4x2 over F3,
which has a singularity at (0, 0). It has b2 = 16 which is not divisible by 3, thus the Kodaira
symbol at 3 is In with n = v3(∆) = 4v3(d− 1).

(ii) Let p ≥ 5 be a prime divisor of N(Ed). Then p divides d(d − 1), and thus either d
or d − 1. We show that fp(Ed) = 1 by using Equation (6.25). It is enough to show that
3vp(1 + 14d+ d2) < vp(d) + 4vp(1− d). The right-hand side is strictly positive since p divides
either d or 1− d. We next show that vp(1 + 14d+ d2) = 0, thus proving the proposition. Since
d and d − 1 are coprime, it is enough to show that 1 + 14d + d2 is not divisible by p in both
cases d ≡ 0 (mod p) and d− 1 ≡ 0 (mod p). In the first case, 1 + 14d+ d2 ≡ 1 6≡ 0 (mod p);
in the second case, 1 + 14d+ d2 ≡ 16 6≡ 0 (mod p), as p 6= 2.

The conductor plot. Let N be the function Z \ {0, 1} → N, d 7→ N(Ed). We remark that N
globally presents a certain structure, althoughN(Ed) locally presents “jumps” when varying
d. As depicted in Figure 6.1, the points (d,N(Ed)) describe a pencil of parabolas. The middle
parabola can be seen as a limiting parabola for the sequence of all parabolas.

The limiting parabola. Let us denote the limiting parabola by P0. By quadratic interpola-
tion, we easily derive that points (d,N(Ed)) on P0 satisfy N(Ed) = 16d(d− 1). Define:

D0 = {d ∈ Z \ {0, 1} : N(Ed) = 16d(d− 1)} .

In other words, D0 is the set of integers d such that (d,N(Ed)) lies on P0.
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Figure 6.1: N(Ed) as a function of d; on the left-hand side −100 ≤ d ≤ 100, and on the
right-hand side −1000 ≤ d ≤ 1000

Below, we shall prove an interesting density result forD0. For a positive integerX ≥ 2, let
D

(X)
0 ⊆ D0 be defined byD0 ∩ [−X,X]. Clearly, #D

(X)
0 ≤ 2X − 1. The study ofD0 and P0 is

motivated by Figure 6.1 in two ways. First, P0 describes the largest quadratic growth among
all the conductors within a fixed range [−X,X]. Second, P0 seemingly is the densest parabola
(i.e. the parabola containing most points within a fixed range [−X,X]). We experimentally
compute the quantity #D

(X)
0 /(2X − 1) for increasingly large values of X ≥ 2 in SageMath

[S+20]. Our computations give:

#D
(X)
0 /(2X − 1) = 0.323016150807540... , X = 104

#D
(X)
0 /(2X − 1) = 0.322691613458067... , X = 105

#D
(X)
0 /(2X − 1) = 0.322619161309581... , X = 106

This suggests that about one third of all curves Ed in our family have conductor 16d(d − 1).
We are interested in computing the natural density of D0. We say that a subset A ⊆ N has
natural density 0 ≤ α ≤ 1 if the proportion of elements in A among all natural numbers up
to X tends to α, as X → +∞. This definition extends to A ⊆ Z by considering the centrally
symmertric interval [−X,X] ∩ Z, that is,

α = lim
X→+∞

#(A ∩ [−X,X])/(2X − 1) ,

provided that the limit exists.
Under an assumption on the conductor exponent at p = 2, the following proposition

shows thatD0 is equal to the set of integers d such that d(d−1) is squarefree. In particular, this
gives a formula for its natural density in the integers, in terms of the Feller-Tornier constant
[FT33], defined by

CF,T =
1

2
+

1

2

∏
p prime

(1− 2/p2) = 0.66131704946... ,

which is the density of integers which have an even number of prime factors pm withm > 1
in their prime factorization, [FT33].
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Proposition 6.9.4. Let T = {x ∈ Z : x(x − 1) is squarefree}. Assume that for every d ∈ D0 ∪ T ,
one has f2(Ed) = 5. Then, it holdsD0 = T . In particular, the natural density ofD0 in the integers is

lim
X→+∞

#D
(X)
0

2X − 1
= 2 · CF,T − 1 = 0.322634098920...

Proof. To see that D0 ⊆ T , note that, by Proposition 6.9.3:

d ∈ D0 ⇐⇒ ∃ (f2, f3) ∈ N× {0, 1} : 2f23f3
∏

p|d(d−1)
p 6=2,3

p = 16d(d− 1) = N(Ed) ,

where f2, f3 are described in Proposition 6.9.3. By assumption, f2(Ed) = 5. Dividing by 16
gives d(d− 1) = 2 · 3f3

∏
p|d(d−1),p 6=2,3 p, thus d ∈ T .

Conversely, let d ∈ T . As v2(d(d−1)) = 1, the prime factorization of d(d−1) has the form

d(d− 1) = 2 · 3a3
∏

p|d(d−1)
p 6=2,3

p ,

with a3 = 1, if d ≡ 0, 1 (mod 3), and a3 = 0, if d ≡ 2 (mod 3). Thus, by Proposition 6.9.3, a3 =
f3(Ed) =: f3. Multiplying by 16 gives 16d(d− 1) = 253f3

∏
p|d(d−1),p 6=2,3 p. By the assumption

f2(Ed) = 5, unique factorization, and Proposition 6.9.3, it follows N(Ed) = 16d(d− 1).
To compute the density of D0, we compute the density of T . Now, d ∈ T if and only if

d 6≡ 0 (mod p2) and d 6≡ 1 (mod p2) for every prime p. Thereby, there are left only p2 − 2
classes in Z/p2Z for the choice of dmodulo p2. Consequently, the natural density of T is∏

p prime

p2 − 2

p2
=

∏
p prime

(
1− 2

p2

)
.

The result follows from the definition of CF,T.

Remark 6.9.5. We make some remarks on the assumption in Proposition 6.9.4.
(i) Note that for every d ∈ D0, one has f2(Ed) = v2(16d(d − 1)) = 4 + v2(d(d − 1)) ≥ 5.

Therefore, the assumption f2(Ed) = 5 says that this bound is tight. If moreover d ∈ T , then
f2(Ed) = 5. In particular, our assumption is trivially satisfied on D0 ∩ T .

(ii) Conjecturally, Proposition 6.9.4 holds true without the assumption f2(Ed) = 5 for d ∈
D0 ∪ T . By a direct SageMath verification, it is verified that f2(Ed) = 5 for d ∈ D

(X)
0 for X =

106. Our work in progress includes the removal of the assumption and thus an unconditional
result: roughly 32% of the curves in {Ed}d have conductor 16d(d− 1).

Oneway of removing the assumption is to establish an explicit formula for f2(Ed) in terms
of d, similarly as done for f3(Ed) in Proposition 6.9.4 (i). This could for example be done by
relying on Tate’s Algorithm for finding a minimal model ([Sil94, Chapter IV, §9, Algorithm
9]), and combining with Equation (6.28). By computational observation, we conjecture that
for every d ∈ Z \ {0, 1}, f2(Ed) = 5 if and only if v2(d(d − 1)) = 1. In that it is explicit in d,
this is a more handy condition. It holds true for−106 ≤ d ≤ 106. Using SageMath [S+20], we
see that for every d ∈ D

(X)
0 with X = 106, the Kodaira symbol at p = 2 is I∗0 , if d is even, and

I∗3 , if d is odd. Moreover, the discriminant for Ed is a minimal discriminant for Ed, implying
u = 1 in Equation (6.27), and thus c2 = v2(d) + 4v2(1− d) (remember that a = 1).
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6.9.3 Descent via isogenies

Since the curve Ed has a point of order 2, the descent method via 2-isogenies presented in
Theorem 2.3.4 can be applied explicitly to Ed. For more background, we refer to Section
2.3.4. Via this method one can obtain the following upper bound on the rank of an elliptic
curveE/Q given by y2 = x3+ax2+bxwith a, b ∈ Z such that (a2−4b)b 6= 0 (see e.g. [ALRP08,
Proposition 1.1]):

r(E) ≤ ω(a2 − 4b) + ω(b)− 1 , (6.29)

where for a non-zero integer N , ω(N) denotes the number of its distinct prime divisors. El-
liptic curves achieving this bound are said to have maximal Mordell-Weil rank in [ALRP08].
Applied to the curve Ed, this gives the following lemma.

Lemma 6.9.6. Let d ∈ Z \ {0, 1} and Ed the elliptic curve y2 = x3 + 2(1 + d)x2 + (1− d)2x over
Q. Then r(Ed) ≤ ω(2d) + ω(1− d)− 1.

Proof. Equation (6.29) with a = 2(1 + d) and b = (1 − d)2 gives a2 − 4b = 16d, and r(Ed) ≤
ω(16d) + ω(1− d)− 1, and the bound follows.

This upper bound is tight and cannot be improved for general d: for example d = 194 =
2 · 97 yields the upper bound ω(2 · 2 · 97) + ω(−193) − 1 = 2 on the rank of E194. A direct
SageMath calculation shows that its rank is 2: the points

(−169, 130) ,

(
1550154384

27889
,
61246789681740

4657463

)
∈ E194(Q)

are not torsion points (see Theorem 6.9.1), and are generators for the free part of E194(Q).

Remark 6.9.7. Inspired by the upper bound in Lemma 6.9.6, one can ask whether the family
{Ed}d contains curves of large rank. In [EK20, Section 11] the authors describe fibrations of
elliptic curves with torsion Z/4Z. Therefore, these curves admit a rational Edwards model.
For the three rank record breaking rank-13 curves resulting from these fibrations (see [EK20,
Appendix B.4]) the Edwards curve has parameter d ∈ Q \ Z (namely d ≈ 1.374, 1.060, 3.332),
as can be seen by applying Proposition 6.6.1 with P = (0, 0), and thus does not lie in our
family. Explicitly, for the Edwards model corresponding to the fibration E1 (this is the nota-
tion used in [EK20]; not to confuse with our notation for Edwards curves) (see [EK20, Equa-
tion (5)]) we find, with P = (0, 0) and 2P = (−8(31t − 7)(15t − 8)(t + 1), 0), that dP =

1− 128(31t−7)(15t−8)(t+1)
(32t+7)2(8t−1)2

. The only integral solution for dP is t ∈ {−1, 7/31, 8/15} and dP = 1,
which leads to a singular curve. Therefore, curves of large ranks in the family {Ed}d are not
obtained by the fibrations from [EK20].

We now apply the descent via 2-isogenies to Ed. More precisely, we apply Theorem 2.3.4
to the curve Ed : y2 = x3 + 2(1 + d)x2 + (1 − d)2x over Q. Let φ be the 2-isogeny between
Ed and E′d : y2 = x3 − 4(1 + d)x2 + 16dx, with kernel {O, (0, 0)}. Following the notation of
Theorem 2.3.4, let S = S(d) be the set of places of Q

S = {∞, 2} ∪ {p ∈ N prime : p | d(d− 1)} .

If {p ∈ N prime : p | d(d − 1)} ∪ {2} = {p1, . . . , pl} (where l = ω(d(d − 1))) then Q(S)
contains the representatives {±1,±2} and those coming from the divisors of d(d−1), i.e.Q(S)
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is identified with the set {±ps11 · · · p
sl
l : si = 0, 1, i = 1, . . . , l} modulo (Q×)2. In particular,

#Q(S) = 2l+1 = 2ω(d(d−1))+1. Since Sel(φ)(Ed) is a subgroup of Q(S), we deduce that

# Sel(φ)(Ed) ≤ 2ω(d(d−1))+1 ,

and similarly for # Sel(φ
∨)(E′d). The descriptions of Sel(φ)(Ed) and # Sel(φ

∨)(E′d) are obtained
by checking whether the principal homogenous spaces (for Ed, resp. E′d){

Cλ : λW 2 = λ2 − 4(1 + d)λZ2 + 16dZ4

C ′λ : λW 2 = λ2 + 8(1 + d)λZ2 + 16(d− 1)2Z4 ,
(6.30)

obtained by interchanging the roles of Ed and E′d (and considering φ∨ : E′d → Ed), locally
have rational points for every λ ∈ Q(S).

Example 6.9.8. We illustrate Theorem 2.3.4 for Ed by a few computations. To control the
prime divisors of d(d− 1), we let p and q be odd prime numbers such that such that

d = p = 2q + 1 ,

and consider the curve Ep over Q. In this case, q is called a Sophie-Germain prime, and p a
safe prime. It is not known whether there are infinitely many pairs (p, q); this is a conjecture.
Therefore, we do not knowwhether {Ep}p is an infinite family. By Lemma 6.9.6, these curves
have rank at most 3. Let S = {∞, 2, p, q} and Q(S) = {±1,±2,±p,±q,±2p,±2q,±pq,±2pq},
which is of cardinality 16 (note: 16 = 2ω(p(p−1))+1).

(i) One has
Sel(φ)(Ep) ' Z/2Z .

To compute Sel(φ)(Ep) we look for the existence of local points on the quartic Cλ from Equa-
tion (6.30) for every λ ∈ Q(S). Using Theorem 2.3.4, we see that the connecting homomorph-
ism δ maps (0, 0) to a2 − 4b = 16p = p (mod (Q×)2). Therefore p ∈ Sel(φ)(Ep).

Further, it is easy to see by a sign argument that if λ < 0, then λ 6∈ Sel(φ)(Ep) because
Cλ(R) = ∅. Indeed, if (Z,W ) ∈ Cλ(R) then λW 2 = λ2−4(1+p)λZ2 +16pZ4 = (λ−4Z2)(λ−
4pZ2), where the left-hand-side is < 0 and the right-hand-side is > 0.

Next, we establish that λ = 2 6∈ Sel(φ)(Ep) by showing that C2(Q2) = ∅. Dividing the
equation for C2 : 2W 2 = 4 − 8(1 + p)Z2 + 16pZ4 by 2 gives W 2 = 2 − 4(1 + p)Z2 + 8pZ4.
Let (Z,W ) ∈ C2(Q2). Because v2(W 2) and v2(8pZ4) have different parity, we can assume that
(Z,W ) is 2-adically integral, i.e. (Z,W ) ∈ C2(Z2). Reducing modulo 2 givesW ≡ 0 (mod 2).
The case Z ≡ 0 (mod 2) givesW 2 ≡ 2 (mod 32), a contradiction, therefore Z ≡ 1 (mod 2).
But this givesW 2 ≡ 2 (mod 8), a contradiction. Hence 2 6∈ Sel(φ)(Ep), which implies (since
Sel(φ)(Ep) ⊆ Q(S) is a subgroup) that # Sel(φ)(Ep) ∈ {2, 4}.

We show that Cq(Qq) = ∅, which gives q 6∈ Sel(φ)(Ep). Similarly to before, the equation
of Cq over Qq implies that vq(qW 2) and vq(16pZ4) have different parity, thus we look for Zq-
integral points. The equation gives Z ≡ 0 (mod q), which in turn implies qW 2 ≡ q2 (mod q),
thusW ≡ 0 (mod q). But this gives the contradiction q2 ≡ 0 (mod q3).

Our arguments show that Selφ(Ep) = {1, p} ' Z/2Z.

(ii) The computations for Selφ
∨
(E′p) are similar, using C ′λ in Equation (2.13). We will not

do the details. Using the SageMath [S+20] command
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sage: E.simon_two_descent(verbose=4)

we have verified, for 3 ≤ q ≤ 2000 (giving 294 choices for p and thus 294 curves Ep), that
# Sel(φ

∨)(E′p/Q) = 4, # Sel(φ)(Ep/Q) = 2 (as proved in (i)), #X(Ep/Q)[2] = 1, and that
rkZ(Ep(Q)) = 1.

6.9.4 Our computations of the ranks in the Edwards family

Motivation. Unlike for the torsion subgroup of elliptic curves, computing the rank is often
much harder, and often a more complicated and rather mysterious task. The literature on the
ranks of elliptic curves is vast and combines a variety of methods from number theory, such
as their relation to analytic number theory via the Birch and Swinnerton-Dyer Conjecture
[BSD65, Wil06]. Analyzing statistical distributions of the rank of elliptic curves (in a given
family) is a common approach to make observations and state conjectures.

For example, Zagier and Kramarz [ZK87] studied the ranks in the family x3 + y3 = m
for cubefree integersm. These curves are birationally equivalent to the elliptic curves E(m) :
y2 = x3 − 432m2. Extensive computations of the rank of E(m) form up to 7000 support their
conjecture, claiming that curves with rank at least 2 occur with positive density. Watkins
[Wat07] subsequently extends the data from [ZK87] to m ≤ 107 and shows that the density
is more likely to tend to zero. This is somewhat surprising in view of Goldfeld’s Conjecture
[Gol79]: on average, the rank of elliptic curves is 1/2, i.e. half of the curves have rank 0, and
half of the curves have rank 1. The remaining curves should be 0%, thus not leaving room
for larger ranks. Although originally formulated for elliptic curves in families of twists, this
conjecture is believed to hold more generally.

In this section, we provide statistics for the rank of elliptic curves in the family {Ea,d}a,d. In
this thesis we include current results for 20000 curves3, obtained by varying −104 ≤ d ≤ 104

and fixing a = 1. More computations for larger ranges of d and choices of a 6= 1 are in
progress and will be included in the preprint.

Ordering of curves and average rank. For producing statistics on elliptic curves it is im-
portant to choose a suitable way to order them. Possible orderings are typically by classical
invariants, such as, the discriminant or the conductor. These orderings are sometimes un-
suited, as asymptotically it is not known how many elliptic curves there are up to a certain
bound on the discriminant or conductor. Instead, one often works with the naive height of
elliptic curves, as it is known that there are on the order of h5/6 curves with height at most h.

In this work however, we choose a different ordering of our curves, namely the natural
order induced by Z. For X ∈ N, we define E = {Ed : d ∈ Z \ {0, 1}} and

EX = {Ed : d ∈ [−X,X] ∩ Z \ {0, 1}} .

Remark 6.9.9. The set E does not contain isomorphic curves, except E16 ' E81. Namely, for
d ∈ Z \ {0, 1}, we obtain isomorphic curves for d′ ∈ Σ(d) ∩ (Z \ {0, 1}). The only integer
solution d′ is obtained by taking d′ = ((1± d1/4)/(1∓ d1/4))4. To have d′ ∈ Z \ {0, 1}, dmust
be a fourth power, say d = s4 with s ∈ Z\{0, 1}, and either (1−s) | (1+s) or (1+s) | (1−s). If

319998 to be precise, in view of choosing d 6= 0, 1
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s > 0 then 1 +s > 1−s, so the second case cannot occur, and wemust have (1 +s) = `(1−s),
for some ` ∈ Z \ {0, 1}. Equivalently, s = (` − 1)/(` + 1) = 1 − 2/(` + 1). Thus, ` + 1
must divide 2, giving the possibilities ` ∈ {−3,−2}, and the corresponding solutions for s
are {2, 3}. Similarly, when s < 0, the only possibilities for d′ ∈ Z \ {0, 1} are s ∈ {−3,−2}.
This gives the only solutions d = s4 ∈ {16, 81}.

Our results. We describe statistics for the algebraic rank of the curves in EX for increasingly
large values ofX , obtained in SageMath [S+20] andMagma [BCP97]. In Table 6.3, we describe
the statistics for EX for various bounds X , including the ranks of the curves, the number of
curves (num. of curves) of given rank, their proportion, and the average rank (av. rank).

X rank num. of curves proportion (%) av. rank
0 886 44.32

1000 1 988 49.42 0.62
2 122 6.10
3 3 0.15

0 4219 42.19
5000 1 4988 49.88 0.66

2 764 7.64
3 28 0.28

0 8363 41.81
10000 1 9933 49.66 0.67

2 1633 8.16
3 69 0.34

Table 6.3: Distribution of the ranks in the family {Ed}d

The database LMFDB provides statistics for rational elliptic curves; see the link provided
in [LMF20b]. Amajor differencewith our statistics is that the curves are ordered by conductor
in [LMF20b]. The database contains all curves of conductor up to 299996953, which are in total
3824372 curves. We give a short comparison with our Table 6.3, even though their number of
curves largely exceeds ours. In [LMF20b], 12.90% of the curves have rank 2 and 0.98% have
rank 3. In Table 6.3, the corresponding proportions (i.e. 8.16% and 0.34% for X = 10000) are
already rather large, given the much smaller number of curves. This indicates that rank-2
curves potentially accumulate much more rapidly in the family {Ed}d.

Note also that the conductors of the curves {Ed}d grow drastically (see Section 6.9.2.2,
i.e. N(Ed) ∼ 16d2 for about 32% of the curves, see Proposition 6.9.4). The largest conductor
in E104 is

N(Ed) = 1599200096 = 25 · 13 · 769 · 4999 ,

occuring for d = −9997 and d = 9998. This value exceeds the largest conductor (i.e. 299996953)
in LMFDB by a factor roughly 5. Therefore, our family of curves is not included in the family
of curves for the LMFDB-database.
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6.9.5 Computation of the analytic order of the Shafarevich-Tate group

We now provide a simple algorithm for computing the analytic order of the Shafarevich-Tate
group. We refer to Section 2.3.4 for the definition and background for this group. Our tech-
nique relies on truncations ofL-functions and assumes the validity of the Birch and Swinnerton-
Dyer Conjecture. To our knowledge, our algorithm extends, from a theoretical point of view,
special cases in the literature, as we will discuss below.

Our algorithmworks for general elliptic curves, not necessarily in Edwards form. For our
exposition, we, therefore, letE/Q be an arbitrary elliptic curve andX(E) its Shafarevich-Tate
group (see 2.3.2). Later we will provide results for the family {Ed}d.

Recall from Section 2.3.3 that the BSD Conjecture (Conjecture 2.3.1) states thatX(E) is a
finite group and

L(r)(E, 1)

r!
=

#X(E) · ΩE ·RE · cE
(#E(Q)tors)2

, (6.31)

where r is the analytic rank of E, that is, the order of vanishing of the L-series of E, at
s = 1. Henceforth, we will assume the BSD Conjecture as true, and rely on Equation (6.31) to
“define” #X(E). Therefore, we call this value the analytic order ofX(E).

We rely on Equation (6.31) to compute an approximation of #X(E) from an approxima-
tion of L(r)(E, 1). When r = 0, we obviously interpret L(r)(E, 1) as L(E, 1). It is given by the
series (see [Cre97, Proposition 2.11.1]):

L(E, 1) = 2
∑
n≥1

an
n

exp

(
− 2πn√

N(E)

)
. (6.32)

Here the sequence (an)n denotes the sequence ofHecke eigenvalues forE, and are implemen-
ted using the recurrence relation from Equation (2.8). When r ≥ 1, the formula generalizes
as (see [Cre97, Proposition 2.13.1]):

L(r)(E, 1) = 2r!
∑
n≥1

an
n
Gr

(
2πn√
N(E)

)
, (6.33)

where
Gr(x) =

1

(r − 1)!

∫ ∞
1

exp(−tx)(log(t))r−1dt

t
, r ≥ 1

is the generalized exponential integral.
The convergence speed of L(r)(E, 1) typically depends on the size of the conductorN(E).

Our technique builds on a truncation of the series in Equations (6.32) and (6.33). For an integer
n0 ≥ 1, denote by

[L(r)(E, 1)]n0 := 2r!

n0∑
n=1

an
n
Gr

(
2πn√
N(E)

)
, r ≥ 1 , (6.34)

and similarly when r = 0, the sum of the first n0 terms of L(r)(E, 1). Once n0 is fixed, this
finite sum can easily be computed. A too small choice of n0 makes the error too gross to
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reconstruct #X(E) from the truncation. A large enough value of n0 guarantees that the ap-
proximation error between [L(r)(E, 1)]n0 and L(r)(E, 1) is negligible. We define the approx-
imation [#X(E)]n0 of #X(E), by combining Equation (2.9) (BSD) with Equation (6.34). We
define:

[#X(E)]n0 =
[L(r)(E, 1)]n0

r!
· (#E(Q)tors)

2

ΩE ·RE · cE
. (6.35)

If our approximation [L(r)(E, 1)]n0 is good enough, that is, |L(r)(E, 1)− [L(r)(E, 1)]n0 | ≤ ε for
a small enough ε, then, assuming Equation (2.9) (BSD), also the inequality

|#X(E)− [#X(E)]n0 | ≤ ε

holds, from which we can read the integer #X(E).

We have implemented our algorithm in [S+20]. The choice ofn0 depends on the conductor
N(E). Computationally, we have observed that n0 = O(

√
N(E)) is sufficient for guarantee-

ing a good approximation and revealing #X(E).

Algorithm 14 Algorithm to compute #X(E) assuming the BSD Conjecture
Parameters: An integer s ≥ 1 (for a desired approximation precision)
Input: An elliptic curve E defined over Q of conductor N(E)
Output: |#X(E)|
1: n0 := d

√
N(E)e

2: r := rkZ(E(Q))
3: Compute the list A = {an(E) : 1 ≤ n ≤ n0} using the recurrence relation (2.8)
4: if r = 0 then
5: Compute the list C = {ann exp(−2πn/

√
N(E)) : 1 ≤ n ≤ n0} from the list A

6: end if
7: if r ≥ 1 then
8: Compute the list C = {ann Gr(2πn/

√
N(E)) : 1 ≤ n ≤ n0} from the list A

9: end if
10: Compute L := 2r!

∑
x∈C x

11: Compute BSD invariants for E: the regulator RE of E; the real period ΩE of E; the
Tamagawa number cE of E; the torsion order TE of E

12: Compute #X := L
r! ·

T 2
E

ΩE ·RE ·cE
13: if |#X−b#Xe| < 10−s then
14: Return #X
15: else
16: Increase n0 and restart
17: end if

Remark 6.9.10. Let us make some remarks about Algorithm 14.

(i) The algorithm is known in the case r = 0, see [HY15]. Their algorithm also uses
O(
√
N(E)) terms in the truncated finite sum in order to recover #X(E). Our Al-

gorithm 14 extends to all ranks with the same bound on the number of terms in the
truncated finite sum.
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(ii) Note that in order to perform the approximation of the L-series, the rank needs to be
known. This is computed in first place by our algorithm. Since our algorithm is condi-
tioned on the BSD Conjecture, r can either be the Mordell-Weil rank rkZ(E(Q)) of E, or
the analytic rank of E.

(iii) The BSD invariants for E are computable by built-in functions from SageMath [S+20].
We obtain RE ,ΩE , cE and TE by the commands (see Section 2.3.3 for a brief definition
of these objects):

sage: R_E=E.regulator()
sage: Omega_E=E.period_lattice().omega()
sage: c_E=E.tamagawa_product_bsd()
sage: T_E=E.torsion_order()

(iv) A more direct method to compute the special L-value of an elliptic curve E of rank r is
to use Dokchitser’s SageMath-function:

sage: E.lseries().dokchitser().derivative(1,r)/r.factorial()

From this value, the analytic order of X(E) is computed using Equation (6.31). We
note that our outputs of Algorithm 14 are coherent with the outputs of this function
(see Table 6.5).

Remark 6.9.11. Our choice n0 = d
√
N(E)e is based on computational evidence and is not

proven. Note that the algorithm in [HY15] for r = 0 is also heuristic on the choice of n0.
This part is currently in progress and we point out a proof direction here. To obtain a proven
upper bound, we want to rigorously upper bound the error tail |L(r)(E, 1) − [L(r)(E, 1)]n0 |,
resp. the quantity

t :=

∣∣∣∣∣∣
∑
n≥n0

an
n
Gr

(
2πn√
N(E)

)∣∣∣∣∣∣ .
By the Deligne bound one has |an| ≤ d(n)

√
n (see e.g. [Ken04, Theorem 2.32] applied with

k = 2) where d(n) is the number of divisors ofn. Using the trivial bound d(n) ≤ 2
√
n (because

the divisors of n come in pairs (m,n/m) and there are at most
√
n choices for m), this gives

|an| ≤ 2n. Moreover, Gr(x) ∼ x−r exp(−x) as x → +∞ (see [Mac02]), which gives for all
η > 0 and large enough x,Gr(x) ≤ x−r exp(−x)η. Applied with x = 2πn/

√
N(E), we obtain

t ≤
∑
n≥n0

|an|
n
Gr

(
2πn√
N(E)

)
≤ 2η

∑
n≥n0

(
2πn√
N(E)

)−r
exp

(
− 2πn√

N(E)

)
.

Bounding n ≥ n0 in the first factor of the summand, and putting α = exp(−2π/
√
N(E))

(note: |α| < 1) gives:

t ≤ 2η

(√
N(E)

2πn0

)r ∑
n≥n0

αn ≤ 2η

(√
N(E)

2πn0

)r∑
n≥1

αn

= 2η

(√
N(E)

2πn0

)r
α

1− α
= C · n−r0 ,
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with C := 2αη
1−α

(√
N(E)

2π

)r
. It then remains to resolve the inequality Cn−r0 ≤ ε for n0, for a

targeted error bound ε > 0. This gives n0 ≥ (C/ε)1/r, which is of the order O(
√
N(E)).

Our results for the Edwards family. We provide the results of our SageMath implementa-
tion [S+20] of Algorithm 14 for the Edwards family {Ed}d. By Theorem 6.9.1, we have

#Ed(Q)tors =


8 if d is a square
8 if d is not a square and d = 1− (t2 − 1)2, for some t ∈ Z

4 if d is not a square and d 6= 1− (t2 − 1)2, for all t ∈ Z

,

thereby, the torsion subgroup does not need to be precomputed first in order to write the
right-hand side of Equation (6.35).

Recall from Section 2.3.4, that the order of X(E) is a square, if it is finite. Table 6.4
shows the distribution of #X(Ed) for −104 ≤ d ≤ 104. Among these curves, the largest
Shafarevich-Tate group has order 1369 = 372. Most of the curves in our family (about 70%)
have a trivial Shafarevich-Tate group. That this group clearly dominates in our data, is in line
with the statistics from LMFBD [LMF20b], where 91.59% of curves have trivial Shafarevich-
Tate group. For #X(Ed) = 4, our set of curves contains 13.15%, while LMFDB only contains
5.55%. While we are consideringmuch fewer curves than the LMFDB-statistics (compare also
with Section 6.9.4), it is interesting to point out the resemblence with [LMF20a].

Table 6.5 compares our Algorithm 14 with the analytic Shafarevich-Tate order computed
using the SageMath-function by Dockchitser (compare with Remark 6.9.10). For the seven
curves with #X(Ed) = 222 from Table 6.4, the approximation of #X(Ed), with r = 1
(the analytic rank (“an. rank”) is 1), computed by our algorithm (column “Algorithm 14”) is
very close to the approximation ofX(Ed) computed from Dockchitser’s function (column
“Dockchitser”). Since the order of X(Ed) is a square, the technique relies on finding the
closest square integer to these real numbers output by the algorithm. Both algorithms imply
that the analytic order of X(Ed) is 484 (note: 212 = 441, 222 = 484, 232 = 529). Notice
again the large conductors, exceeding the conductor sizes of [LMF20a] (comparewith Section
6.9.2.2). Our Algorithm 14 precomputes a list A with O(

√
N(Ed)) coefficients.

6.10 Appendix Section

6.10.1 Special families of elliptic curves

LetK be a field of characteristic different from 2. We describe a family of elliptic curves over
K with certain properties with respect to their 4-torsion points, and their corresponding set
of birationally equivalent Edwards curves. Let r, s, t ∈ K with s, t non-zero and s 6= t. Let
Er,s,t be the elliptic curve defined by

y2 = (x− r)(x− r + s2)(x− r + t2) .
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#X(Ed) num. of curves prop. (%) X(Ed) num. of curves prop. (%)
12 14193 70.96 202 16 0.08
22 2630 13.15 212 7 0.03
32 1003 5.01 222 7 0.03
42 716 3.58 232 5 0.02
52 217 1.08 242 4 0.02
62 157 0.78 252 1 0.005
72 48 0.24 262 3 0.015
82 105 0.52 272 0 0.00
92 40 0.20 282 1 0.005
102 22 0.11 292 0 0.00
112 192 0.96 302 0 0.00
122 211 1.05 312 1 0.005
132 142 0.71 322 0 0.00
142 94 0.47 332 0 0.00
152 69 0.34 342 1 0.005
162 44 0.22 352 0 0.00
172 26 0.13 362 0 0.00
182 18 0.09 372 1 0.005
192 25 0.12 382 0 0.00

Table 6.4: Distribution of the order of the Shafarevich-Tate group in the family {Ed}d in EX

with X = 104

Proposition 6.10.1. (i) The points of order 2 inEr,s,t(K) are (r, 0), (r−s2, 0) and (r−t2, 0). The four
points ±(r ± st, st(s± t)) ∈ Er,s,t(K) where the second and third ± signs agree, have order exactly
4 and double to (r, 0). In particular, Er,s,t(K) contains a subgroup isomorphic to Z/4Z× Z/2Z.

(ii) Define

d(s, t) =

(
s± t
s∓ t

)2

∈ K \ {0, 1} .

For every r ∈ K, Er,s,t is birationally equivalent overK to the Edwards curve Ed(s,t).
(iii) If r is a square in K and r + s2 = t2 (i.e. (

√
r, s, t) is a Pythagorean triple), then all the

Edwards curves in EdwK(j(Er,s,t)) are defined overK(
√
−1).

Proof. (i) The statement about the 2-torsion points is clear. By Lemma 6.6.7, points of order 4
lying over (r, 0) are those mentioned in the statement, and are clearly defined overK.

(ii) Setting e1 = r, e2 = r − s2 and e3 = r − t2 we see that e12 = e1 − e2 = s2 and
e13 = e1 − e3 = t2 are squares inK. More precisely, by Lemma 6.6.9, the Edwards parameter
d(s, t) assigned to these points is exactly as indicated in the statement. Clearly d(s, t) 6= 0, 1.

(iii) Take e1, e2 and e3 as in (ii). Then by assumption, also e23 = e2 − e3 = t2 − s2 = r is a
square; thusK(

√
−1,
√
e12,
√
e13,
√
e23) = K(

√
−1) and we conclude by Remark 6.6.8.

Remark 6.10.2. (i) Under the map K2 → K \ {0, 1}, (s, t) 7→ d(s, t), the elliptic curves
{Er,s,t}r,s,t become isomorphic to the elliptic curves {E1,d}d, defined in (6.2) with d a
square in K. In this case, the reader can compare with Theorem 6.9.1. More generally,
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d N(Ed) prime fact. of N(Ed) an. rank Algorithm 14 Dockchitser
−9930 1577837280 25 · 3 · 5 · 331 · 9931 1 501.959869932160 501.959726754146
3678 216384096 25 · 3 · 613 · 3677 1 502.401396998320 502.398279446343
4938 390062496 25 · 3 · 823 · 4937 1 487.393905081071 487.395541243312
5928 70270512 24 · 3 · 13 · 19 · 5927 1 463.825041040073 463.825507014968
7994 1022336672 25 · 7 · 571 · 7993 1 484.921298063484 484.922884220681
8423 1135016096 25 · 4211 · 8423 1 472.556689785723 472.554902645102
9008 81135056 24 · 563 · 9007 1 498.696434325650 498.693078391666

Table 6.5: The curves Ed with #X(Ed) = 222 = 484 and comparison of Algorithm 14 with
the build-in Dockchitser function from [S+20]

remark thatEd(s,t) is birationally equivalent overK to the curve defined by sx(y2−1) =
ty(x2 − 1) in Huff’s form (see [JTV10, §2.2]).

(ii) Proposition 6.10.1 (iii) gives away to parametrize, via Pythagorean triples, elliptic curves
together with a minimal extension of K (i.e. K(

√
−1)) over which all their birationally

equivalent Edwards curves are defined.

6.10.2 Computations for Example 6.6.10

(i) A representative for the class Ell(1728) is the curve Ea defined by y2 = x3 + ax with
a ∈ K. The cubic definingEa factors as x(x−

√
−a)(x+

√
−a) overK and Remark 6.6.8 gives

K(E[4]) = K(
√
−1,
√

2, 4
√
−a) = K(ζ8,

4
√
−a) where ζ8 is an 8-th root of unity. Denoting

e1 = 0, e2 =
√
−a, e3 = −

√
−a, we obtain

e12 = −
√
−a ,

√
e12 = i

√
i 4
√
a

e13 =
√
−a ,

√
e13 =

√
i 4
√
a

e23 = 2
√
−a ,

√
e23 =

√
2
√
i 4
√
a .

By Lemma 6.6.9, we associate to points of order 4 doubling to (e1, 0), the following d:

d =

(
i
√
i∓
√
i

i
√
i±
√
i

)2

= −1 .

For points doubling to (e2, 0), resp. (e3, 0), we compute d by

(√
i∓
√

2
√
i√

i±
√

2
√
i

)2

= 17∓ 12
√

2 ,

(
i
√
i∓
√

2i
√
i

i
√
i±
√

2i
√
i

)2

= 17∓ 12
√

2 ,

respectively, and finally deduce that EdwK(1728) = {E−1,E17∓12
√

2}.
(ii)A representative for the classEll(0) is the curveEb given by y2 = x3+bwith b ∈ K. The

cubic defining Eb factors as (x− e1)(x− e2)(x− e3) overK with e1 = − 3
√
b, e2 =

3√
b

2 (1 + i
√

3)
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and e3 =
3√
b

2 (1− i
√

3), where i2 = −1. We obtain

e12 = − 3
√
b · 3 + i

√
3

2
,
√
e12 = i

6
√
b

√
3 + i

√
3

2

e13 = − 3
√
b · 3− i

√
3

2
,
√
e13 = i

6
√
b

√
3− i

√
3

2

e23 =
3
√
b · i
√

3 ,
√
e23 =

√
i

6
√
b

4
√

3 .

and Remark 6.6.8 gives K(E[4]) = K(i, 4
√

3, 3
√
b,
√

(1− i
√

3)/2). According to Lemma 6.6.9
we associate to points of order 4 doubling to (ei, 0) for i = 1, 2, 3 the following coefficient d,
in this order:(√

3 + i
√

3∓
√

3− i
√

3√
3 + i

√
3±

√
3− i

√
3

)2

= −7± 4
√

3 ,


√

1
2(3 + i

√
3)∓

√
i 4
√

3√
1
2(3 + i

√
3)±

√
i 4
√

3

2

= −7± 4
√

3 ,


√

1
2(3− i

√
3)∓ i

√
i 4
√

3√
1
2(3− i

√
3)± i

√
i 4
√

3

2

= −7∓ 4
√

3 .

It follows that EdwK(0) = {E−7±4
√

3}.
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