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Abstract

For a complete connected Riemannian manifold M let V € C?*(M) be such that u(dx) =
e~V™ vol(dx) is a probability measure on M. Taking u as reference measure, we derive in-
equalities for probability measures on M linking relative entropy, Fisher information, Stein
discrepancy and Wasserstein distance. These inequalities strengthen in particular the fa-
mous log-Sobolev and transportation-cost inequality and extend the so-called Entropy/Stein-
discrepancy/Information (HSI) inequality established by Ledoux, Nourdin and Peccati (2015)
for the standard Gaussian measure on Euclidean space to the setting of Riemannian manifolds.

1 Introduction

Let y(dx) = Qn)™! 2¢-1*/2 dx be the standard Gaussian measure on R” and denote by Z(R")
the set of probability measures on R". The classical log-Sobolev inequality [7] indicates that

1
Hy|y) < EI(V|’)/), ve PR, (1.1)
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and the transportation-cost inequality [16] states that
Wa(,7)’ <2H(v|y), ve PR, (1.2)
where for v, u € Z(R") we consider

1. the relative entropy of v with respect to y,

hloghdu, if v(dx) = h(x)u(dx),
H(v|p) := fR (1.3)
00, otherwise,
2. the Fisher information of v with respect to u
A . i () = hCouc, Vi € W),
Iv|ip) =3 g h (1.4)
00, otherwise,
3. the L>-Wasserstein distance W, of 4 and v, i.e.
12
Wo(u,v) ;== inf (f Ix — yP* n(dx, dy)) (1.5)
ﬂe(ﬁ(u,v) RAxR”

with €(u, v) being the set of all couplings of u and v.

Inspired by [12], Ledoux, Nourdin and Peccati [8] established some new type of inequalities
improving (1.1) and (1.2) by adopting the Stein discrepancy S (v|7y) of v with respect to y as further
ingredient. This quantity is defined as

4

1/2
S(v1y) := inf (f I — id dv) (1.6)
TE n

where id is the n X n-identity matrix and S, the set of measurable maps 7 € LlloC R" > R"®@R";v)
such that

f x-Veodyv = (t,Hess,)ys dv, ¢ € C(R").
n Rn

A map 7 € S, is called a Stein kernel of v. In general, the set S, may contain infinitely many maps;
for instance, for the Gaussian measure v,

{x - (1 + re|x|2/2) id: re R} CS,y.

Recall that however the Gaussian measure 7y is characterized as the only probability distribution
on R" satisfying

fx'Vgody=fA<pdy, ¢ € Cy(R").
n R’l

Hence for v € Z2(R") it holds that id € S, if and only if v = y.
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This equivalence indicates that the Stein discrepancy S (v|y) with respect to the Gaussian dis-
tribution y provides a natural measure for the proximity of v to vy and allows to quantify how far
v is away from y. It is a crucial quantity for normal approximations and appears implicitly in
many works on Stein’s method [15]. The Stein method was initially developed to quantify the rate
of convergence in the Central Limit Theorem [14], and has recently been extended to probability
distributions on Riemannian manifolds [20]. For Gamma approximations the Stein discrepancy
represents the bound one customarily obtains when applying Stein’s method to measure the dis-
tance to the one-dimensional Gamma distribution, see [2, 4, 8, 11].

Recall that the relative entropy H(v|y) is another measure of the proximity between v and y
(note that H(v|y) = 0 and H(v|y) = 0 if and only if v = y) which is moreover stronger than the
total variation distance, 2TV (v, y)> < H(v|y), see [21, 8].

Considering the Stein discrepancy S (v|y) as a new ingredient, according to [8, Theorem 2.2],
one has the following HSI inequality which strengthens (1.1):

1 2 I(V | 7) n
Ho1Y) < 58 (vly)log(l 4 52(v|y))’ ye PR, (1.7)
whereas the inequality [8, Theorem 3.2],
Wa(v|y) < S(v]y)arccos (exp (— h;(v b2 )) y e PRM, (1.8)
S=(vly)

improves the transportation-cost inequality (1.2). Moreover, [8, Theorem 2.8] gives the existence
of a constant C > 0 such that

1/p
(flflpdv) < C(Sp(v|7)+ \/I_’(f|7|g£2dv)l/p), v(f)=0, |Vfl<1, T€S,, (1.9

where for p > 1, one defines

1/p
Sp(vly) = Tlélgf( y It —id|f dv) . (1.10)

In particular S, (v|y) is the Stein discrepancy as defined above.

In [8] these inequalities have been extended to probability measures u(dx) := ¢"®dx on
R which are stationary distributions of an elliptic symmetric diffusion process on R”. The re-
quired assumptions are formulated in terms of conditions on the iterated Bakry-Emery operators
I (i = 1,2,3). It is worth mentioning that the analysis towards the HSI bound in this context
makes crucial use of the iterated gradient I'; which is rather uncommon in the study of functional
inequalities.

The aim of this paper is to put forward this framework and to investigate inequalities of the
type (1.7), (1.8) and (1.9) on general Riemannian manifolds. It should be stressed that in our
approach explicit Hessian estimates of the heat semigroup take over the role of bounds on I';. Our
results on Riemannian manifolds include the above inequalities as special cases.

We start with some basic notations. Let M be a complete connected Riemannian manifold
equipped with a probability measure

u(dx) = e”@vyol(dx)
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for some V € C3(M), where vol(dx) denotes the Riemannian volume measure. As well known,
the diffusion semigroup P; = ex'L generated by L := A + VV is symmetric on L?(u). We denote
by Ricy := Ric + Hessy the Bakry-Emery curvature tensor.

Let Hv|w), I(v| ), Wo(v, 1) and S (v| u) for v € £2(M) be defined as in (1.3), (1.4), (1.5) and
(1.6) respectively, with (M, u) replacing (R", y), the Riemannian distance p(x, y) replacing |x — |,
and S, being the class of measurable 2-tensors T which are locally integrable with respect to v
such that

f(VV,Vf)dV:f(T,Hessf)Hsdv, feCy ).
M M

Assume S, is non-empty, that is a Stein kernel for v exists. In the Euclidean case M = R”, this
is ensured by the existence of a spectral gap (see [3]). Existence of a Stein kernel on a general
Riemannian manifold is currently work under development and will be published elsewhere.

Our results on Riemannian manifolds are presented in the Sections 3, 4 and 5. The estimates
take the most concise form in case when the function V satisfies Hessy = K for some constant
K > 0. In this case, for instance, we obtain inequalities of the same form as in the Euclidean case:

I(v|w) )

1 2

S H
Wo(v|p) < I((V1|/él) arccos (exp (_Sz((?r:l)) )), v e P(M),

and there exists a constant C > 0 such that

1/p
(f|f|1’ dv) < C(Sp(vly)+ \/ﬁ(f|r|g§dv)”l’)’ v(f) =0, VA<, T€S,.

The remainder of this paper is organized as follows. In Section 2 we study Hessian estimates
for P, following the lines of [24]. Such estimates which are interesting in themselves, serve as
crucial tools for extending (1.7), (1.8) and (1.9) to the general geometric setting in Sections 3, 4
and 5 respectively. We work out some examples in Section 3.1.

2 Hessian estimate of P,

Let (M, g) be a n-dimensional complete Riemannian manifold. We write (u,v) = g(u,v) and
lu| = V{u,u) for u,v € T,M and x € M. Let R, Ric be the Riemann curvature tensor and Ricci
curvature tensor respectively. Recall that Re [(T"M QT*M @ T*M ® T M) where

RX.Y,Z)=R(X,Y)Z =VxVyZ - VyVxZ -VixviZ, X,Y,ZeI(TM),
and Ric e T'(T*M ® T*M) given as Ric(Y,Z) = tr(X — R(X, Y)Z).
1. For f,h € C>(M) and x € M, we consider the Hilbert-Schmidt inner product of the Hessian

tensors Hessy and Hessy,, i.e.

n
(Hessy, Hessp)us = Z Hess ¢(X;, X j)Hess,(X;, X ),
ij=1
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where (X;)1<i<, denotes an orthonormal base of T, M. Then the Hilbert-Schmidt norm of Hess ¢
is given by

[Hess s (x) = \/(Hessf, Hess ¢ )ys.

2. For a symmetric 2-tensor T and a constant K, we write T > K if
T(w,w) > Klwl>, weTM, xeM,
and T < K if

T(w,w) < K|w|2, weT.M, xe M.

3. Given a symmetric 2-tensor 7', we let T#: TM — TM be defined by
(T*w),w) = T(w,w), v,we TM, x € M.
Then T# is a symmetric endomorphism, i.e., (Tﬁ(w), vy = (T”(v), w) forv,we T M, x € M. Let
ITI(x) = sup {IT*w)l: w € T, M, [w| < 1}, xe M.
Then, in particular, |[Hess ¢|(x) gives the operator norm of the Hessian of a function f at x.

4. Furthermore, denoting by Bil(7 M) the vector bundle of bilinear forms on 7'M, we consider
R eT(T*M ® T*M ® Bil(T M)) given by

R(Ulv U2) = <R(.7 01)027 '>7 Ula U2 € TXM7
and let

IRICK) = IR, s, (6) for x € M and [IRll = sup RI(x).
xeM

Note that in explicit terms

1/2
IRlleo = sup [Z D (Rlei,viyvr, e ,->2]

xeM &l i)
where (vr)1<k<n and (e;)1<i<, denote orthonormal bases for 7' M.

5. For a general symmetric 2-tensor 7', we adopt the notation
n
(RT)(v1,02) := tr (R, 00)u2, THO)) = D " (R(ei, v1)va, THen),
i=1

where vy,v; € TxM, x € M and (e;)1<i<, 1S an orthonormal base of 7, M. Let

IRI(x) = sup {IRT) (w1, v2)l: lorl < 1, ool < 1, [T] < 1} and  [IRlls = sup R|(x).
xeM

It is easy to see that |[R|(x) < n|R|(x). In particular, if ||R]|, < oo then ||R|| < oo as well.
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6. In addition, let
d*R = —-tr V.R,

ie.,
(d*R)(v1,v2) = —tr V.R(-,v1)v2, v1,02 € T M.

Note that

(@ R)(v1,02),03) = (Vs RichH(01), v2) = (Vo RicH)(©3), 01), 01,02, 03 € T M.

7. Finally, for v,w € T, M, let

R(VV)(v,w) := R(VV,v)w.

In this section, we develop explicit Hessian estimates for the semigroups which are derived
from the second order derivative formula of the semigroup obtained by first identifying appropriate
local martingales. Actually, the martingale approach to derivative formulas was first developed by
Elworthy and Li [6], after which an approach based on local martingales has been worked out by
Thalmaier [18] and Driver and Thalmaier [5]. Although various formulas for the Hessian appear
in the literature, for example [1, 6, 9, 24, 19, 20], Hessian estimates of the heat semigoup are not
well calculated with explicit constants depending on the curvature tensor on general Riemannian
manifolds. Our Theorems 2.1 and 2.5 fill this gap and are new in this regard.

2.1 Hessian estimates of semigroup: type I

Let us introduce a first type of Hessian estimate of the heat semigroup. When M is Ricci
parallel and the generator of the diffusion equals half the Laplacian A, such a type of formula
bounding the norm of the Hessian of P,f from above by P,V f|?, has been already given in [24].

Theorem 2.1 (Hessian estimate: type 1). Assume that Ricy > K, ||R||« < o0 and
B := [VRic}, + d*R + R(VV)|lw < co.
Let @y := ||R|le and a3 := ||R||c. Then for f € Ci(M),

[Hessp, 7|

1/2 Kt 1/2
< (m) ((Pt|Vf| )T+ X g(PthD :

Moreover, if Ricy = K, then

[Hessp, lus

K-2 172 Ki _1\\/2
< (—C(ZK—ZQz)ta_z_eKz) {(P;IVle)l/z + (GT) %(P,W f|)). (2.1
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To prove Theorem 2.1, we first introduce a probabilistic representation formula for Hessp, s.
For the semigroup P, generated by A/2, a Bismut type Hessian formula has been established in [1],
which was then extended to general Schrédinger operators on M [9, 19].

Denote by Ric"i/ = Ric¥ + Hessg, the Bakry-Emery tensor (written as endomorphism of T M).

The damped parallel transport Q;: TyM — Tx,M is defined as the solution, along the paths of X;,
to the covariant ordinary differential equation

1_. .
DQ: = —5Ric,Q,dr, Qo =id,

where the covariant differential is given by // ,‘1 D=d// t_l.
For w € T, M, we define an operator-valued process W;(-,w) : T.M — Tx,M by

Wi, w) =0, fo O, 'R(// dB:, 0,()) Qr(w)
1 !
-30: [ 07! (VRich + &R+ ROV)(Q,0, 0 )
Note that W,(-, w) is the solution to the covariant Itd equation

1
DWi(,w) = R(// dBy, Q(-)Qi(w) — iRiCQ/(Wz(', w)) dt
- %(d*R + VRiCQ/ +R(VV))(Qi(+), Qr(w)) dr,

with initial condition Wy(-, w) = 0.

Lemma 2.2. Let p be the Riemannian distance to a fixed point o € M. Assume that

log (|d"R + VRic}, + R(VV)| +IR)
lim 5 =0,
p—oo P
and
. . : . h(r)
Ricy > —h(p)  for some positive function h € C([0, ©)) such that lim —= = 0.
r—00 r
Then

Hessp, (v, w) = B|Hess /(Q(v), Qu(w)) + (Vf(X,), Wio, w))|.
Proof. For fixed T > 0, set
Ny(v, w) := Hessp, , {(Qi(v), Qi(w)) + (VPr_ f(X), Wilv, w)).

We first recall that N,(v, w) is a local martingale, which has been shown e.g. in [20, Lemma 11.3].
We include a proof here for the convenience of the reader. We first observe that

d(A - VV)f = (rV? - Vyy)df - df(Rick),
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VA(AS) = VX(VAS) — (Vdf)(Ric* @ id + id @ Ric? — 2R*) — df(d*R + VRicH),
VA(VV(f)) = Vyv(Vdf) + (Vdf)(Hess, @ id + id © Hess')) + d f(VHess!, + R(VV)),
where © denotes the symmetric tensor product. Thus, for the 1t6 differential of N,(v, w), we obtain
AN 0, 0) = (Va5 Hesspr )(Q/(0), Quw) + Hessi. ¢ 3.Qi0), 0,w) )

+ Hessp, (Q,(u), dBIQ,(w)) dr + 8,(Hessp,_, )(Q4(v), Os(w)) dt

1
+ Etr(V2 — Vev)(Hessp,_, )(Qi(v), Qi(w)) dr + (V;,a,dPr—1 ) (Wi(v, w))
+ (dPr— HDW(v, w)) + (D(APr— f), DWy(v, w)) + 0,(dPr— [)(Wi(v, w)) dt

1
+ Etrwz — Vo) (dPr_ f)(Wi(v, w)) dt

11=]

1 1
~5Hessp,_ s (Rick(Qu)). Qi(w)) dr - SHesse,_ (00, Rict (Q(w))) dr
1

1
= 5(Vd(A = VV)Pr_/)(Qu(v), Qu(w)) dr + = (wV? = Vyy) (Hessp, ,)(Qi(v). Qi(w)) dr
- %(dPT_,f)(d*R + VRick, + R(VV))(Q,(v), O:(w)) dr
1
- E(dPT_tf)(Ric”V(Wt(v, w))) d + tr {Hessp,._ (-, R(, Qi(0)) Qi(w))} dt

— S~ VYO Wit di+ 3 (19 = V) @Pr_f)Witv, ) di
=0,

where = denotes equality modulo differentials of local martingales, so that N; is a local martingale.
Assume that

log (Jd"R + VRic}, + R(VV)| + IR])

lim =0,
p—0 pz
and
. . . . h(r)
Ricy > —h(p) for some positive h € C([0, o)) with lim —- = 0.
r—00 r

Then by [24, Proposition 3.1], for t > 0 we have

E[ sup |QS|2} < oo and E[ sup |WS|2} < 00,
s€[0,1] s€[0,1]

In addition, [VP7_|(x) and [Hessp,_,|(x) are easy to bound by local Bismut type formulae [1, 19].
Under our curvature assumptions these local bounds then provide global bounds uniformly in
(t,x) € [0,T — €] x M for every small € > 0. Thus the local martingale N; is a true martingale on
the time interval [0, T — £]. By taking expectations, we first obtain E[No] = E[Nr_.] and then

Hessp, (v, w) = E [Hess (Qr(v), Or(w)) + (Vf(Xr), Wr(v, w))]
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by passing to the limit as € | 0. Note that since the manifold is complete, we have by the spectral
theorem dP; f = P,df where P,df(v) = E[(df)(X;)Q;v] is the canonical heat semigroup on 1-forms
(see [5)]). O

According to the definition of W;, we have
E(V£(X0), Wi, w)) =E(V f(X)). Qs fo 07 'R(// dBy, 01(0)Q(w))

1 !
- SV, O, fo 07 (VRich, + d'R + REYV))(Q,(0), Or(w)) dr).

To deal with the first term on the right hand side, we observe that

Lemma 2.3. Keeping the assumptions of Lemma 2.6, we have

t f
E[(Vf(xt), 0. [ o'Ruy, 4B, Qr(v>>Qr<w)>]=E[ [ wressn_ 0.0 Qs(w)dS]-
Proof. Let
Hiw) = (VP 0. 00 [ 07 RUIL B, 0,0)0,(w).

It is easy to check that

d(Hy(v, w)) = (1,48, (VP )(X,), Oy fo 0, 'R(/I, 4By, Q:(0)Q:(w))
+ (Rich (VP f)(X,). O fo 0;'R(/» dBy, 0,)Q,(w)) ds

— (VP )(X,). Rich(©, fo 07 'R(/) dB, 0,(1)Qr(w))) ds

+ (VP f)(Xs), R(/| s dBy, Qs(0)Qs(w))
+ 1 (Vo (VP ), RC, Qs(0)Qs(w)) ds
Z tr (Hessp, , (-, R(, Q5(0))Qs(w))) ds

which implies

E[<Vf(Xz), o) fo QEIR(//sst,Qs(v))Qs(w)>] =E[ fo tr (Hessp, (- R(-, Qs(v))Qs(w)))dS}-
O

With these two lemmas we are now in position to prove Theorem 2.1.

Proof of Theorem 2.1. We begin with the following observation obtained by combining the for-
mulas in Lemmas 2.6 and 2.3:

Hessp,7(v, w) = B |Hess /(Q,(v), Qu(w)| + E[(VF(X), Wi(v, w))]



10 L1-Juan CHENG, ANTON THALMAIER AND FENG-YU WaANG

= E [Hess/(Q,(v), Q)| + E|(VF(X,), Qs fo Q;'R(//,dB, Qr(v))Qr(w)>]

1 ! .
- 5E [(Vf(xt), 0, fo 07 '(VRick, +d'R + R(VV))(Q:(v). Qr(w)) dr)]

= B [Hess (Q,(v), Q,(w))| + E fo tr (Hessp, ,7(- R(-, Qs(v))Qs(w)))dS]

2
Noting that |Q,Q; | < e X=1/2 |Q,| < e X"/2, and
tr (HCSSPH 7 RC, Qs(U))Qs(w))) < e ® [Hessp,_ £1(X;) lIRllco

where (e;)1<i<, is an orthonormal base of 7, M, we derive

t !
Hessp, | < e P,/Hess | + IRl f e_KSPSIHeSSPt_SfIds—Fg( f e—K<’+’>/2dr) P,|Vf]|
0 0

—-K1t/2 -Kt
e —-e
=Kt P Hessy| + pe’ )

Now let
¢(r) := e XD P,_ [Hessp ¢, re[0,1].

1 1
- E [(Vf(xa, 0 fo 0; ' (VRic), + d'R + ROVV))(Q,(v). Q,(w)) dr)] .

t
PV {1+ [IRlle f e %P y[Hessp,_ I ds, 1
0

> 0.

. . . . 21 . . . i
Applying the above estimate for P, f instead of P,f, and noting that BKTI is increasing in r, we

obtain
Kr/2 _ 1 r
¢(r) < ¢(0) +ﬁe_K’eTPz—r(Pr|Vf D+ lIRlle j; (r—s)ds

B(eK112 _ oKt

< ¢0) + TPtIVfI + IIRIIOOf0 P(s)ds, re[0,1].

By Gronwall’s lemma, this implies

(e—Kt/Z _ e—Kt)
Hessp, 1 = () < {4(0) + e e Dpy 1} el
IIRllcot (a—Kt/2 _ —Kt
_ Rk p 1Hes | 4 B (e - e ") PV

On the other hand, by 1t6’s formula we have
1
VP fPX) = 5 (LIVPof PX) = (VProf TLPof)(X,)) ds
+(VIVPs fP*(X,). //sdBy), s €[0.1].
Using the Bochner-Weitzenbock formula and the assumption Ricy > K, we obtain

dVP,_f*(Xs)

2.2)
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> (Ricy(VP,_of, VPi_yf) + [Hessp,_, sl ) (Xo) ds + (VIVP,_ f(X,), // sdBy)
> KIVP,_fI*(X,) ds + [Hessp, , fl5s(X) ds + (VIVP,_, fI*(X,), // sdBy).

From this, we conclude that
!
PV - KV, > f KO- JHessp, 12, ds.
0

By the inequalities of Jensen and Schwartz, this yields

4 1/2
e RRP V) 2 > f e IRl IR0 P Hessy, lus ) s )
0

1/2 t
K - 2|IR||eo ~IIRllsos
> (e(K—2HRT_1 i e PgHessp,_ flus ds.

Combining this with (2.2) for (Pj, P,_f) instead of (P;, f), and noting that |VP,_, f| < e K=9/2p,_ |V,
we arrive at

ki (em—annw)z _1

1/2
PV 2\1/2
IR ) PV f1)

!
—|IR|co§
> f e IR Pg|Hessp,_ flusds
0

1 Ksi.—Ks/2 —Ks
€ € —¢€
S f oIRlws (e<K"'R”m)S|HessP,f| _ B )
0

Py|VP_sf I) ds

K
(K=2|IRl|co )t t —Ks/2
e -1 l-e
S T by APV 1) oKl f (K-IRlls)s d
K 2RI [Hessp,¢| = B(Pi[Vf]e ) © X s
(K=2|IRlleo)t _ (K=2IIRllo)t _ 1\V/2 (oKt _ 1)\!/2
e 1 B _kiaf© 1 e 1
> |H - PV ).
K2R sl = e T Rl x| PV

This completes the proof of the first inequality.
For the second case, when Ricy = K we realize that Q,(v) = e X"/ //,v for v € T, M, and that
for all f € Ci(M) and v,w € T+M such that |v| = |w| = 1,

Hessp, r(v, w) 2.3)

= E [Hess ((Q:(v), Q:(w))| + E fo (RHessp, £)(Q;-5v, Qy-sw) ds

- %E [(Vf(xa, 0 fo 07 (VRic), + d"R + R(VV))(Q,(v), Qr(w)) dr)]

-Kt/2 _ .—Kt
= ¢ MB|Hess(//v, /[l w)(X))] + WPIIWI

+ f E [e” ) (RHessp, ) (/] -0, [l i-sw)| ds
0

B(e—Kt/Z _ e—Kt)

% PV f]

< e ' E[Hess; (//w, //u)(X))] +
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; f B [0 tr(Hessp, 1), RC, [0/ -sw)] ds
0

ﬁ(e—Kt/Z _ e—Kt)
K

+ fo e KUIE [[Hessp, | (Xi-) IR/ -0, Jf1-sw)ls(Xi—)]| ds. (24)

< e M B |Hess(// v, /lan)(X))] + PVl

This gives us

|Hessp, flus

n,B(e_K’/z _ e—Kt)
K

1 2
+ JZ (E [ fo e K9 ([Hessp, g, (Xe-s) IR/ 1-sein -5 s (Xi—s)) dsD

ij

< B [eHess lus(X) | + PIVS] +

nIB(e—Kt/Z _ e—Kt)
K

r
Hs(Xt—s) ds] E [j(; e Ki=9) (lHeSSP&f

nﬂ(e—Kt/Z _ e—Kt)
K

< B [e™Hess flus (X)) | +

Z E [ft e K(=9)|Hessp, s
0

i.J

PV f] +

o5 RULi=seis [ 1=se DIE) (Xis) ds]

+
e} ~ o5}

!
< B [e ' [Hess flus(X))| + PzIVf|+|IR|IooE[ f e K0=9)|Hessp,
0

1o Xims) ds].
The remaining steps are similar to the first part of the proof; we skip the details. O

Important examples in the sequel will be Ricci parallel manifolds which is the class of Rie-
mannian manifolds where Ricci curvature is constant under parallel transport, that is VRic = 0 for
the Levi-Civita connection V. Recall that an Einstein manifold is Ricci parallel but in general the
inverse is not true.

Recently F.-Y. Wang [24] used functional inequalities for the semigroup to characterize con-
stant curvature manifolds, Einstein manifolds, and Ricci parallel manifolds. Here we list the
results for the Hessian estimate of P; generated by the operator %L when M is a Ricci parallel
manifold and VV is a Killing field on (M, g). Here, a vector field X on a Riemannian manifold
(M, g) is called a Killing field if the local flows generated by X act by isometries i.e., for ¥,Z € T M,

Vi,(X) = -R(X,Y)Z.
We conclude that ||[d*R + VRicg, +R(VV)|lw = 0if VV is a Killing field on a Ricci parallel manifold
(M, ).

Corollary 2.4. Assume that M is a Ricci parallel manifold, VV is a Killing field and ||R||c < 0.
Then for any constant K € R,

(i) if Ricy > K > 0, then for any f € C3(M) and t > 0,

n(2|R|le — K)
[Hessp, 7|2 < - PV

Kt _ 2(K-IIRll)r
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@ii) if Ricy = K > 0, then for any f € Ci(M) andt >0,

2||Rlleo — K

2 2

[Hessp, rliys < Ki f:Z(K_”R”m)tPthfl .

Proof. These items are direct consequences of Theorem 2.1. The second assertion can also be
proved by an argument as in [24, Theorem 4.1] with some straightforward modifications. O

2.2 Hessian estimate of semigroup: type II

We now introduce a slightly different type of Hessian estimate for the semigroup.

Theorem 2.5 (Hessian estimate: type II). Assume that Ricy > K > 0, a1 := ||R|lc < oo (or
@) := |R||e < 00 ) and
B = |IVRich, + d*R + R(VV)|leo < co.

Then for f € Ci(M),
e—Kt/Z Kt/2 ﬁe_K’/2

DAV 2+ B v,

[Hessp, 7| <

fot ekrdr VK
Moreover, if Ricy = K, then for f € C;(M),

o-K1/2 are K2 nBeK1/2
|HeSSP,f|Hs < : + \/E (Pt|Vf|2)1/2 + T(PtWﬂ)

f ekrdr

0

To prove this theorem, we need the following Hessian and gradient formula for the semigroup
which is similar to [20, Theorem 11.6] with the difference in the use of WX(-,+): TM x TM — M.

Lemma 2.6. Let p be the Riemannian distance to a fixed point o € M. Assume that

log (|d"R + VRic}, + R(VV)| +IR])
lim =0,
p—00 p2
and
. . : . h(r)
Ricy > —h(p)  for some positive function h € C([0, ©)) such that lim —= = 0.
r—co p

Then for k € CY([0, 1]) with k(0) = 1 and k() = 0,

Hessp,s(v, w) = E* [—Vf (Q:(v)) fo (Qs(k(s)w), //dBy) + (Vf(X)), W[ (v, w))|,

forv,w e T, M, where
W, w) =0, fo 0, 'R(//; dB, Qr(+)) Q,(k(r)w)

!
- %Q,f Q;I(VRicg, + d*R + R(VV))(Q,(+), Qr(k(r)w)) dr.
0
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Proof. Fixed T > 0, set

Ni(v, w) := Hessp,_, r(Q:(v), O1(w)) + (VPr_ f(X;), Wi(v, w)).
Furthermore, define

N (v,w) = Hessp,_, /(Q4(v), Qs (k(Hw)) + dPr_ )W} (v, w)).

According to the definition of W,k(v, w), resp. W;(v, w), and in view of the fact that N,(v,w) is a
local martingale, it is easy to see that

Nf (v, w) - j(; I(HCSSPT_,c Qs(v), Qs(k(s)w)) ds (2.5
is a local martingale. From the formula
dPr-1f(Qi(v)) = dPrf(v) + fo t(HeSSPT_Sf)(//sst’ Q;(v)),
it follows that
fo I(HCSSPT—sf)(QS(U)’ Os(k(s)w)) ds — dPr_; f(Q,(v)) fo t(Qs(k(S)w), //sdBy) (2.6)
is also a local martingale. Concerning the last term in (2.6), we note that
M, := Hessp,_,/(Q:(v), Qi(k(D)w)) + (dPr— /)Wy (v, w)) — dPr_, f(Q4(v)) j; t(Qs(/%(S)w), //sdBy)

is a local martingale as well. As explained in the proof of Theorem 2.1, the local martingale
M; is a true martingale on the time interval [0, T — g]. By taking expectations, we first obtain
E[My] = E[M7_.] and then

T
Hessp, r(v, w) = E[—df (Qr®) j; (Qs(k(syw), [/ sdBs) + df (W (v, W))]

by passing to the limit as € | 0. O

Proof of Theorem 2.5. As a1 := ||R]|o < o0, Ricz > K for some constants K and
B := |d*R + VRic}, = R(Z)|| < oo,

then for all ¢ > 0,

E [df (Q:(v)) fo (Qs(k(syw), // sst>}

¢ 1/2
<e H(PIVIH2 ( f e K5k(s)? ds) ,
0
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E [df (Qz fo 0, 'R(// dB,, Qr(k(r)w))Qr(U))}

¢ 12
<aje T (PIVIPH)2 ( f e Ksk(s)? ds) ,
0

and

[ (Q, f 0, 1(VRlc +d"R + R(VV))(Qr(k(r)w), Qr(v)) dr)]
< ge—’m ( f e K52 (s) ds) (PVA)).
0

Keeping the assumptions of Lemma 2.6, we have

t 1/2 f 1/2
Hessp, | < e K2(P,|V f12)!/? [( f e Ksk(s)? ds) +a ( f e Kk(s)? ds) l
0 0
+§ —Kil2(p, |Vf|)( f _KS/Zk(s)ds)
0

Choose the function

fos ek dr

k(s) := .
fot ekrdr

Then we obtain

@ t P e—Ki1/2 5 1/2 B —7t
Hesspyl |1+ | 87 dr| ————(PIV/P) S(PAV A
0

K ,/fOZeK’dr

O

Corollary 2.7. Assume that | := ||R|lc < o (or a2 := |R||lw < o0) and B := IIVRicg, + d*R +
R(VV)||lew < 00. For any constant K € R,

(i) if Ricy > K > 0, then for any f € C3(M) and t > 0,

2

ay ﬁ ! e—Kt )
[Hessp, | <n|l+ (— + —) f ekrdr| ——PJ|VfI;
Shus vk K 0 fot ekrdr

(i1) if Ricy = K > 0, then for any f € Cg(M) andt >0,

2

a ﬁn ! —-Kt )
[Hessp, fl2 < 1+(—+—) feKrdr ——PVfP
Slus \/E K f K7 dr t



16 L1-Juan CHENG, ANTON THALMAIER AND FENG-YU WaANG

Proof. These items are direct consequences of Theorem 2.1. The second assertion can also be
proved by an argument as in [24, Theorem 4.1] with some straightforward modifications. O

In Theorem 2.5, |VRic$/ + d*R + R(VV)| is assumed to be uniformly bounded on the whole

space. We will relax this condition by regarding IVRice, + d*R + R(VV)|(x) as a space dependent
function with appropriate conditions. Let

B(x) = [VRich, + d"R + ROVV)I(x); 2.7)
Ky(x) := inf{Ricy(v,v)(x) : v e T ,M}. (2.8)

Theorem 2.8. Assume that there exist K > 0, p > 1 and 6 > 0 such that Ky(x)— @(@8(%))’%1 B
K >0forall x e M. Let ay := ||R||co < 0. Then for f € C;%(M)J

! -Kt/2
Hessp ¢ < |1+ 2L ekrdr L(P VY2 + ! e 2P|V
ST VR Vo [ekrd ’ S2w=Dip(pKylp” T
rdr
0

Proof. 1t is easy to see from the condition that Ky(x) > K > 0, i.e. Ricy > K > 0. Following the
steps of the proof of Theorem 2.5, it suffices to estimate

f
0, f 0;'(VRick, + d*R + R(VV))(Q,(w), O, (k(rw)) dr
0

For p > 1, by Itd’ s formula,

P
d

Q,f Q;I(VRiCQ/ + d*R + R(VV))(Qr(w), Qr(k(r)w)) dr
0

p—2

_P
2

0 f 0;'(VRick, + d*R + R(YV))(Q,(w), Q,(k(rw)) dr
0
X Ricv(Qt f 0;'(VRick, + d*R + R(VV))(Q,(w), Q,(k(rw)) dr,
0
!
0 fo Q;I(VRic”V +d*R + R(VV))(Qr(w), Qr(k(r)w)) dr) dr

p—2
+p

Q,f Q;I(VRicg/ + d*R + R(VV))(Qr(w), O, (k(r)w)) dr
0

X <(VRic§, +d"R + R(VV))(Q:(w), Qi (k(t)w)),

0 fo 07 (VRich, + 'R + ROVV))(Q,(w), O, (k(ryw)) dr) dr

P

< —gKV(X,) dr

O f t ;' (VRick, + d"R + R(VV))(Q,(w), Q- (k(r)w)) dr
0

p-1

+ pBX)IQ*k(t) dr.

o f O (VRIh + 4R + ROVV))(Q, (). O, (k(rw)) dr
0
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Using Young’s inequality, we further obtain

p
d

Tt
0 fo 07 (VRich, + d'R + ROVV))(Q, (w). O, (k(rw)) dr

p

< [(p - DEBXN T - ZK(0)] |0 fo 07 (VRich, + d'R + R(VV))(Q(w), Qr(k(r)w)) dr| dr

1
+ §|Qt<w>|21’ dr
4

<-Lklo, f 0; (VRich + d°R + RIVVI)NQ(w), QK w)dr| i+ 10, dr
0

which further implies

INTD

Oinrp ;' (VRick, + d*R + R(YV))(Q,(w), Q,(k(rw)) dr
0

1 . IATD » 1/p 1 2 1/p .
S _e_fK(tATD) f eiKS|QS(w)|2p dS S I e_fK(t/\TD)’
0 0 0 pK

where 7p is the first exit time of the compact set D C M. Letting D increase to M yields

t 1/p
0, [ 07! (VRich + 4'R+ RTVINQ,(w). Q(kryw) | < 1(1) e ik
0 6 \pK

3 The HSI inequality

We first recall the formula relating relative entropy and Fisher information. From now on, we
always assume that v is a distribution which is absolutely continuous with respect to u such that
h:=dv/du € C3(M).

Proposition 3.1. Assume that
Ricy := Ric — Hessy > K

for some positive constant K. Recall that dv' = P;hdu fort > 0. Then

(1) (Integrated de Bruijn’s formula)
1 00
H(v|u) = Ent,(h) = 3 f 1,(P:h)dt;
0
(i1) (Exponential decay of Fisher information) for every t > 0,
L(Ph) = 10/ | p) < e XU ) = e X1, (h).

The HSI inequality connects the entropy H, the Stein discrepancy S and the Fisher informa-
tion /. We first give a bound for the Fisher information by Stein’s discrepancy S. More precisely,
we have the following result.
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Theorem 3.2. Let v be a distribution satisfying dv = hdu. Assume that a
@3 = ||Rlle < o0) and
B := |IVRich, + d*R + R(VV)|lwo < co.

(i) If Ricy > K, then fort > 0 and f € C3(M),
L(Ph) < PO S*(v|w), t>0,

where Y(t) = min {¥(¢), Y2(¢)} and
Kn —1)\'?
S PRI

(K - 2ap)n { ( ]

c(K—2an)r _ okt

Yo (1) :

(i) IfRicy = K > 0, then ¥ in (3.1) also can be chosen as

min {‘i’l(t), ‘i’z(t)}, where
2
I% L ,Bn 172 |
o2K1 _ \/— K K
2
5 . K-2m ﬁn eK’ 12
o) = c@K2ay)i _ oKt L+

Proof. By Theorem 2.1, if Ricy > K, ||R|| < o0, and 8 < oo, then

L AOE

[Hessp,r|2, < P()(P V).

Let g, = log P,;h. By the symmetry of (P;);>o in I? (W),

= ||R||eo < o0 (Or

3.1

3.2)

3.3)

1P =~ [weorihdu=- [@rimdu=- [ 1rig e

Hence, according to the definition of a Stein kernel, we have
1,(Ph) = — f(id, Hessp, g, )us dv — f(VV, VP,g:)dv
= f(ry —id, Hessp,g, Yus dv
and hence by the Cauchy-Schwartz inequality,

I/J(Pth) = f<TV - ld, HeSSPrgr>HS dV

1/2
< ( f 7, — id[% dv) ( f [Hessp,g, 12 dv)

1/2
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1/2 1/2
s( f Ir, — id|% dv) (‘P(t) f P|Vg, dv) ,

here we use (3.3) by taking the function g; = log P;h inside. Since

fmwfwzfmwmijWw%Mu

|VPh?
= du = 1,(P:h),
Pk H u( h)

it then follows that
L(Ph) < ¥() f I, —id[% dv.

Taking the infimum over all Stein kernels of v, we finish the proof of (i). The second item can
be proved following the same steps as above by replacing the upper bound in (3.3) by that in
(2.1). ]

Corollary 3.3. Assume that 8 = 0 and ||R||lc < o0. Let v be a distribution satisfying dv = hdu
with h € C3(M).

(1) If Ricy = K, then fort > 0,

n2||Rlle — K)
Lu(Pih) <

el = B 2
Ki _ o2(K— IRl NV (3.4)

(ii) If Ricy = K, then fort > 0,

2RIl — K
eKt — eZ(K_”R”oo)t

L(P;h) < SOy’

Remark 3.4. When M is a Ricci parallel manifold, VV is a Killing field, we have 8 = 0 and in
this case, we observe that when Ricy = K > 0, both inequalities can be used to bound ,(P;h). It
is easy to see that when K < 2(K — ||R||«), the first inequality may give a smaller upper bound as
the main decay rate is e 2(K=lIRI=) wwhich is faster than e X*. When K < 2(K —||R|ls) and if ||R||c is

small, then the second inequality is likely to give the sharper estimate as the upper bound in (3.5)
has an additional .

#

In case |VRicV

+ d*R + R(VV)] is not uniformly bounded, we have the following result.

Theorem 3.5. Let v be a distribution satisfying dv = hdu with h € Ci(M). Assume that there
exists K >0, p > 1 and 6 > 0 such that Ky(x) — @(6,8()0)% > K for all x € M, where Ky and
B are defined as in (2.7) and (2.8). Moreover, assume that | := ||R||lc < c0. Then for f € Cg(M),

2
L,(Ph) < 1+(al + ! ) ft Krd et S |w? (3.5)

<n efrdr| —S(v|w"”. .
HAT T VK = 820-DIp(pK)l/p 0 fO’eKrdr
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Using Theorem 3.2, we have the following inequality connecting the entropies H,S and /.

Theorem 3.6 (HSI inequality). Suppose that Ricy > K for some K > 0. Let v be a distribution
satisfying dv = hdu. Assume that

[Hessp, /Il < P(OPIVLP,

Jfor some function ¥ € C([0, 00)). then

H(vl,u)s%ing{l(vl,u)fue_mdt+S(vl,u)zfoo‘l’(t)dt}.
u> 0 u

Proof. By Proposition 3.1 (i), we have

l (o)
Hv|u) == f 1,(P:h)dt.
2 Jo
Combining this with the following facts:
L(Pih) < e My ),
and
L(Pih) < ¥(0)S*(v| ),
we obtain
1 U 00
Hv|u) < < inf {I(v|,u)f e Kdr + S(vl,u)zf Y(r) dt}.
2 u>0 0 u
O

Remark 3.7. Suppose that § = ||VRic$, + d'R+ R(VV)|lo < o0. If B = 0, then combined with
Corollary 3.3 (i), we get the HSI inequality

1. "k » [T K -2lRle
H(VW)SELE(f){I(Vlﬂ)j(; e dt+nS(v|,u)]L: K2R — oK1 drp.

The term

K —2|R||
cK-2|Rllw)t — oKt

has the decay rate at least e X', If 8 # 0, the decay rate

2
K2Rl \(,, B (=1)"
" eekam _oki )| T K\ Tk
won’t be faster than e X', In this case, using Corollary 2.7, the decay rate of
2
( (||R||oo B)(eK’ - 1)”2) ek
nfl+|—+ = "
VK K K fo ekrdr
is the same as e™®'. From this point of view, when 8 # 0, we may choose the estimate from
Corollary 2.7 to establish the HSI inequality.

Kt

To make the upper bounds in Theorem 3.6 more explicit, we continue the discussion by assum-
ing |VRic€, +d*R + R(VV)| is bounded, dealing with the cases 8 = 0 and 8 # 0 separately. We also
treat the case that the norm is not bounded but satisfies the specific conditions of Corollary 3.5.
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31 Casel:g=0.

We first introduce the main result of this subsection.
Theorem 3.8. Assume that ||R||e < o0 and 8 = 0.

(i) If Ricy > K > 0and a := K — 2||R|| > O, then

K/a
H(VW)SI(VIM)(I_( 11w )]

2K I(v|w) + anS%(v|w)
S0l (ToTmrarsToT Ko
1
n=(viu |w+anS=(v|w 1r dr (3.6)
—r

(@) If Ricy 2 K >0and a = K - 2||R||c = 0, then
2
Hev |y < 2018 (1 = RS M0N0 4 nS"VIH) 1y oK 0111y
2K 2 ’

where li(x) = fox %z dt is the logarithmic integral function.

(ii) If Ricy = K > 0and & := K = 2||R|| > 0, then

1| ) 1) ke
HOIw <=3 (l_(I(VIuH&SZ(VIu)) ]

2( " I(VI;@
v 1 s r
u v w+asS2(v|w T ar 3.7

1-r

K/a

Moreover, if Hessy = K, then

H(V“‘)S%Sz(vlu)log(ur 1010 )

KS2(viw)
@i1’) If Ricy 2 K > 0 and @ = 0, then
v RS20l 5 SV ksl
Hovlp < == (1-e )+Th(e ),

X

Nyt L dr is again the logarithmic integral function.

where li(x) =

Proof. We only need to prove the first two estimates (i) and (i’); then (ii) and (ii’) are obtained
through replacing nS2(v | ) by S%(v| ), and ||R||e by |||, respectively. By Theorem 3.6 (i) and
(i1), we have

1. Y ke 2 (7 __*
H(V|M)S§L2£{I(V|ﬂ)fo‘ e dr+nS(v|p fu eKi(ear — 1) dr
1 I 1— —Ku e _Kla
_—inf{ (V|“)(K © )+nS(V|,U)2f d d”}~
0

2 u>0 1-r
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In the sequel we write I = I(v|u) and § = S (v|w) for simplicity. It is easy to see that inf is reached
for e® = (anS? + I)/I so that

Il
i I K\ 82 (Trams? Kl
Holw < — (1 - (—— ol dr. 3.8
(VI“)—zK( (I+cmS2) )+ 2 fo = (38)

We thus obtain (i). The case @ = 0 can be dealt as limiting result of (3.8) when « tends to 0, i.e.,

I
i 1 1 ( 1 )K/a +I’LS2 f]+(mS2 }"K/a d
im{—|1—-(— — r
a—0 | 2K I+ anS? 2 0 1-r

I
P 2 T Kl
=L(1—6K5)+£hm B
2K a—0 Jo 1-r
1 aks2), nS? Va (1 - ar)kle
I+anS?
1 _akS2\ nS? [ ek
=3z (1-e ’)*ng—t &
I 2
=g{(1—e—"’f%)+ : lie k")

which proves (i°).
If Hessy = K, by Obata’s Rigidity Theorem (see [17, Theorem 2] or [25, Theorem 6.3]), if
dim M > 2, then M is isometric to R"” which implies Ricy = K, @, = K and § = 0. Thus by (3.7),

1w

v (, 1(v|p) S2lp) (ToTw+kS olm T
T (1 (IOWﬂ)+K3204uJ)+ J“ v

10v1)
S2 I | 2(VI#) f1<v|m+1<s2(v|m( 1

T 2(I(v () + KS2(v ) 1-r

- 2S (VI#)IOF:’(1 + Kﬁ(vlu))’

—1) dr

which covers the result in [8, Theorem 2.2] for the Euclidean case M = R" and u the standard
Gaussian distribution on R”. O

Remark 3.9. In the case Ricy = K > 0 and & > 0 (which implies @ > 0), both inequalities (4.3)
and (3.7) hold. Hence one may choose the one which provides the sharper estimate.

The case that 8 = 0 and « or & is less than 0, can be dealt as follows.
Theorem 3.10. Assume that 5 = 0 and ||R||c < 0.
(1) If Ricy > K >0and a := K —2||R||w < 0, then

nS*(v|p) max {-a, K} ®( I(v|p) )

Hv|p < 2K nS2(v|p) max{—a, K}

3.9
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where

1+logr, r>1;
7, O<r<l1.

o) = {

(ii) If Ricy = K > 0 and & := K — 2||R|| < 0, then

S2(v|w) max {-a, K} ®( I(v|p )
2K S2(v|p) max{—a, K}/

Hv|p) <

Proof. As a := K —2||R||e < 0, we have
1 —e X < max{l, -K/a}(1 — ™),

and then
-
eKu _ e(K+a)u

< max {-a, K} K[’

which implies

1 - —Ku n., 00 1
H|p) <I(v|p) T +§S (v|p)fu max{—a, K} em_ldz
1ol S~ 52y max = K) n(l — )
=1(v - =S X {—a - )
W=k~ VIH ’

This further implies

1 1 - —Ku 52
H(v|u)s§i3f{z(v|u) e nstol

_ nS?*(v|p) max {-a, K} ( I(v|p) )
- 2K nS2(v|p) max{—a, K}/

max {—a, K} In(1 — e-K“)}

32 Casell:g+0.

We start by introducing the main theorem of this subsection which also provides a general way
to the HSI inequality.

Theorem 3.11. Assume that a1 := ||R||e < o0, B := ||VRiC€, +d*R+R(VV)||leo < 00. Let dv = hdu
with h € C(M).

(i) IfRicy > K, then

Hvl ) < n(l+e)Sv|p) [Co+®( el(v|p) )}

2% n(l+e) K2

for any € > 0, where

g(a) VK + pB)?
co= -2 T g

K3
Moreover, if ay = 0 and B = 0, then

N2 L
H(v|u) < 2S (vlu)ln(1+n1(s2(v|ﬂ))'
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(i) IfRicy = K, then

Hv|p <

(1+8)S*(v|p) [E +®( el(v|p) _E)]
T 2 R NSy SO ¥

for any € > 0, where
. _ &@ VK +np)?
o= ——F5—— - 1.
K3

Moreover, if ay = =0, then

Proof. We only need to prove the first estimate. Denote again I = I(v|u) and S = S(v|u) for
simplicity. By Theorem 3.2, we have

2

L(Ph) <n + 4 +§ e K1S2(v| )
foteK’dr VK
1 e Kt a B ?
nll+ —)Sz(vlp)— +n(l + s)(— + —) e X1S%(v | )
( & [y ek dr VK K

for any & > 0. Using this inequality, we need to estimate

1. “ -Kt * K * -Kt

1 A(l = —Ku —Ku e~ Ku
_ LyplAdzer+ce +Bf T ar!,
2 u>0 K 0 1-r

where

A=Kﬂm;B=n@+éﬁ%wm;

_ aq B g 2
C_n(1+8)(f(+f) S (v|w).

It is easy to see that if A < C, then inf is reached when u tends to oo; if A > C however, then inf is
reached for eX* = A‘AC%CM so that

Hv|p) < ¢ +Bln(1+A_C)
VIW=5K ™% BK )

We then conclude that

HOv ) < g [co + q)(%{ - co)], (3.10)
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where

_C-BK &1 VK +p)*
- BK K3

The proof of (ii) is the same by taking B as

1.

€0

(1 + l)52<v|u>,
E

and C as
@ 1B
VK K

The details are omitted there. m|

2
(1 +s>( ) S| p.

3.3 Caselll: IVRicf, + d*R + R(VV)| is not bounded

For the case that IVRicQ, + d*R + R(VV)]| is not bounded on the whole space M, we get the
following result from Theorem 3.5.

Theorem 3.12. Assume that there exists K > 0, p > 1 and 6 > 0 such that

2(p-1)

Ky(x) - T(éﬁ(x)),,%l ~K>0

forall x e M. Let a1 := ||R||c < 0. Then for f € CZ(M),

2 2
Holp <" d+e)S°(vIw [50+®( el(v|p) NO)},

2 21+ K2l

for any € > 0, where

N 1 2
=% VK + s2w-Dir(pK)lr|

Proof. By Theorem 3.5, taking

A=1(v|p); B= n(l + é)SZ(VIu);

_ (03] 1 2 5
C =n(l+8) N 52<p—1>/p(p1<)1/p) S2v|p)
in inequality (3.10) completes the proof. O

3.4 Examples

To elucidate the conditions in Theorem 3.8 and Theorem 3.10 we consider some examples.
For simplicity, we restrict ourselves to the case 8§ = 0. For the case > 0, one may work out
specific examples by using Theorem 3.8 directly.
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Example 3.13. Let M = R". Consider the operator L = A — x - V. We have Ricy = 1, R = 0 and
VV = x. Then pu(dx) = (2m)"/2e/2 dx, and by Theorem 3.8 (ii), we have

I(v|p) )
S2viw)’

1
Hyv|p < ESZ(VI,u)log(l +

which covers the result in [8].
Example 3.14. Let M = R. We consider a family of diffusion operator on the line of the type
Lf - fl/ _ ulf/

associated to the symmetric invariant probability measure du = e™* dx where u is a smooth poten-
tial on R. We have Ric = 0 and R = 0. Thus

Ricy = u”, VRich + d*R + R(VV) = "’
Hence, if there exists K > 0, p > 1 and § > O such that u”’ — @Iéu"’lﬁ > K > 0, then, for any
>0,

(1+8)S*(v|w

H <
vl < e

X £ 1+ el & +1
0222(r=D/p(pK)2/PK (1+e)KS2(v|p) 62220-DIp(pK)2/PK ’
In particular, if € = §222(=DIr(pK)*'PK, then

(1+6222(1’_1)/1’(p1()2/pK)52(V|/l)( PRV (PRI | ) )

HO ) < P220-DIp(pK)2IPK (1 + 62220~ DIp(pK)IPK) S2(v | )

For instance, let u = 1(x? + ax*) with a > 0. Then u” = 1 + 6ax* and u’”’ = 12ax. Note that |u"”|
is unbounded on R. Let p = 2 and 6> = ﬁ. Then

u// _ (6I/l’”)2 > 1

and

H(VI#)S%(1+6a)S2(v|u)®( 1010 )

(6a+1)S2(v|p)

Note that [8, Proposition 4.5] requires the following conditions to be satisfied: there exists a
constant ¢ > 0 such that

u' >c,

u® ='W 2" = 6cu” > 0,
3(14”/)2 < 2(1/, _ C) (Lt(4) —uu + 2(1/!,/)2 _ 6cu") )
Then, it holds

v
cS2viw)

Obviously this result depends on properly choosing the constant ¢ and requires some computation
compared to our conditions.

1
Hv|p) < 5S2<v|u)®(
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Example 3.15. Let M = S". Consider the operator L = A with V = 0 and let u(dx) =
vol(dx)/ vol(M). Then R;jxc = (6i6j¢ — 6icd jx), Ric = n -1, IIRllec = V2n(n — 1) and

@=K=2|Rllo=(n—-1)=2+2n(n-1)<0.

By Theorem 3.10, we have

V=D -(n-1) , 101p)
H(v|w < S (V|,U)@( .
2(n—1) 2V2n(n=1)— (n—1))S2(v|p)

On the other hand, to put these results in perspective with the method of [8], let us first recall the
necessary notions:

Fl(fv g) = <Vf9 Vg>a
[2(f, g := Ricy(Vf, Vg) + (Hessr, Hessg)ys,

1
I3(f. 8) = 5(LTa(f. 8) = Ta(Lf. &) = Ta(f. Lg))
Adopting the approach of [8, Theorem 4.1] we have the following result.

Theorem 3.16. If there exist positive constants k, p and o such that

To(f) 2 pTi(f),  Ts3(f) = kTa(f),  Ta(f) = o|Hess s,
then
o max{p, Kk} (v|u)
PKS2(v| )

For the general Riemmanian case, a crucial difficulty in applying Theorem 3.16 is to check the
existence of a constant k > 0 such that I'3(f) > «I['2(f). In the special case S”, we have

Da(f) = (n— DIV + [Hess 2 > (n — DIVSP,

1
H(v|p) < Z—S%vm)@(
g

1
T3(f) = (n = 1) ((n = DIVSP + [Hess ) + 5|VHess [ + 2(1 — 1)[Hess[5; - 2(Hess F(RM), Hess )

> min {32 — 1) = 2lIRll), ( = D} Ta(f) = (302 = 1) = 2Rl ) T2(5),
Ta(f) > [Hessfl2.
Thus p = (n—1),0" = 1, and « = min {(3(n — 1) = 2[Rlle), (2 = D}. If k = 3(n—=1)=2y2n(n = 1) >
0,1i.e. n > 9, by Theorem 3.16, we have

I(v|p)
(31 - 1) = 2v2n(n = 1)) S2(v | )
We first observe that this inequality holds for all » > 0 and when
101 < (301 = 1) = 242n(n = 1)) > | o):

1
Hv|p) < 552(VIM)®

the inequality can not become the classical log-Sobolev inequality. In any case, our HSI inequality
improves the classical log-Sobolev inequality. In particular, for general Riemannian case, if |R| is
small such that K — 2||R||., > 0, the HSI inequality improves the classical HI inequality no matter
whether S 2(v| ) is small or not.
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Example 3.17. Let G be a n-dimensional Lie group with a bi-invariant metric g, and let g denote
its Lie algebra. Consider L = A - VV for V € C?(M) such that u(dx) = e”V®dx. Then for
X, Y, Z € g,

VxY = %[X, Y] and RX,Y)Z= %[Z, [X, Y]].

By the Jacobi identity, we have

(VHessy + R(VV))(X, Y)
= Vx(VyVV) = Vgr VV + R(VV, X)Y

= %[X, [Y, VV]] + %[VV, [X, Y]] + %[Y, [VV.X]] = 0.

We conclude that if G is a Ricci parallel Lie group with Ricy > K > 0 and ||R||c < oo, then the

inequalities in Theorem 3.8 (i) and Theorem 3.10 (i) hold. When the condition Ricy = K > 0 is
satisfied, both of the inequalities in Theorems 3.8 and 3.10 (i) and (ii) hold true.

4 The WS inequality and HWSI inequality

Denote by Z(M) the set of probability measures on M. For uy, u» € 2(M) the L*>-Wasserstein
distance is given by

1/2
= ot ([ py?ani
7€C (u12) \J Mxm

where p denotes the Riemannian distance on M and % (uy,uy) consists of all couplings of u
and up. The Wasserstein distance has various characterizations and plays an important role in
the study of SDEs, partial differential equations, optimal transportation problems, etc. For more
background, one may consult [16, 22, 23] and the references therein. The following Theorem
describes the relationship between Wasserstein distance and Stein discrepancy.

Theorem 4.1 (WS inequality). Assume thatRicy > K > 0, 1 := ||Rlleo < 00 ( 0r @ := [|Rllee < o)
and
B = |VRich, + d*R + R(VV)|lwo < co.

Then for v € & (M) satisfying dv/du € Cg(M), we have

Wa(v,p) < (fo VY@ dt)S(VIM),

where ¥ is defined by the term in (3.5) (and also as in (3.2) when Ric = K > 0).

Proof. Recall that h = dv/du € Ci(M) and let &' = P;hdu. By the formula in [13, Lemma 2] or
[21, Theorem 24.2(iv)], we obtain

&y <[ [ VP
o \Uu Pk

1/2
P d@ = 1,(P:h)'", (4.1)
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where % stands for the upper right derivative. On the other hand, by Theorem 3.2,
L(P:h) < POS (v ).

Combining this with (4.1), we obtain

Wo(v, 1) < f OO(I#(P,h))”Z dr < S(v|p) f B V() dr. O
0 0

Corollary 4.2. Assume that M is a Ricci parallel manifold, VV is a Killing field and ||R||c < 0.
Let v € Z(M) satisfying dv/du € CZ(M).

(i) If Ricy = K > 0, then

2||R||e — K
Wz(V,u)<[ f \/ L )S<v|u>;

(i) if Ricy = K > 0, then

Wa(v, ) < [f \/ 2Rl dt] S(v|p).
— e2(K-IIRllw)t

One may compare this inequality with the classical Talagrand-type transportation cost inequal-
ity

1
Wav, u)* < AV, (4.2)

We can go further and improve this inequality to the following HWSI inequality by assuming
B£=0.

Theorem 4.3 (HWSI inequality). Assume that ||R||cc < o0 and 8 = 0. If Ricy > K > 0 and
a:= K -2||R|lcc > 0. Let dv = hdu. Then

2KH( | 1)

S L_l SZV[I 1 K/(Y
W2<v,u)s—(2vl'(“) 0 | ”)—y[l—( . ) )dy

where

x L Kja—1(,.
L(x)=x+Kn r—(rx)dn
0 (I" + an)K/(y+1

Remark 4.4. Since L(r) < r for r > 0, this inequality improves the Talagrand quadratic trans-
portation cost inequality (4.2).
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Proof of Theorem 4.3. Recall that dv' = P,hdu. Then

1 (0o
H(' | p) = 5](; 1(Pyyih) ds.

Together with Proposition 3.1 this implies

H( |p) < %ing {{I(v’ | 1) fu e Ksds +S(v|p)? foo P(s) ds}
u> 0 u

+t

< linf{{l(m 1) f ' e Ksds+ S(v|p)? f " ¥(s) ds}
2 u>0 0 u

Ifﬁ = 0, a=K- 2||R||oo > 0 and \P(S) = %, then

t K/a
HO 0 < I(v Iu)(l_( IO/ | ) ) ]

2K IV | ) + anS2(v|u)
5 10/ @) X
nS<(v |/,l) f](v’ |W+anS2(v|u) 1 fa
+ dr
2 0 1-r

(4.3)

_ SZ(VI,u)L( I(V’I,u))
2K S2(viw)’
where
x L Kja—1(,.
L(x):x—i-an r—wdr

0 (r + a,n)K/(l+l '

It is easy to see that

x K/a
L'(x):l—( ) >0
X+ an

for x > 0. Thus L™! exists and
2KH( |,u))
S2viw |

Dividing W, (u, v') by t and using the above estimate, we have

10 1) = S*(v L™ (

d !
%Wz(ﬂ, V) < L(P)'? = %
—GHO )
SOl (L (Ml
Therefore, integrating both sides from 0 to co yields
© —§HO W)

Waolv,p) <

1 (2KHO 0
Sl (L (M)
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H|p

S2(v|p) dx
=Sl | " ——=—=
VL 1(2Kx)
—1( 2KH(v|p)
) L l(s%nﬁ)i iy Yy yKla
2K Jo VY y+an

O

In particular, if Hessy = K for some positive constant K, then by Obata’s Rigidity Theorem
(see [25, Theorem 3.4]), M is isometric to R”, and we have

Corollary 4.5. Assume that Hessy = K > 0. Let dv = hdu. Then

Wav, p) < w arccos (exp (_ H(v|w) )) .

12 S2(vw)
Proof. As Hessy = K, we know that M is isometric to R". First, we repeat the steps of the proof
of Theorem 4.3 letting WY (¢) = ng—l) By this and (4.1), we obtain
d ry(
d aH|
—Wo(rv) < VIO |p) < - a7 1)
a VES (v ] 1) + Jex (ZH(V"”)) _1
FIA[XP\ 52070
__d[Sodm exp _HM' [
dr | K172 S2(viw)])
Consequently,
©d S(v|m) H(v|w
Wa(v, p) = —Wo(u, V) dt < ———= - . O
2(v, W) L O 2(u, ) X172 arccos | exp 201 0)

5 Moment bounds and Stein discrepancy

In [8], the authors investigate another feature of Stein’s discrepancy applied to concentration
inequalities on R?. It is well known that the classical log-Sobolev inequalities on the manifolds
is a powerful tool towards the invariant measure. In this section, we continue to relate the Stein
discrepancy to the concentration inequality on a Riemannian manifold. Let

1/p
Sp(v|p) = inf (f v, —id|f dv) .

As explained in [8], the growth of the Stein discrepancy S ,(v|u) in p entails concentration prop-
erties of the measure v in terms of the growth of its moments. The following result shows how to
directly transfer information on the Stein kernel to concentration properties on the manifold.

Theorem 5.1 (Moment bounds). Assume that Ricy > K > 0, and

[Hessp, f|2, < ()P, |V fI*
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where ¥ satisfies

f Y2(r) dr < oo.
0

There exists a numerical constant C > 0 such that for every 1-Lipshitz function f: M — R with
ffdv=0, and every p > 2,

1/p
( f 717 dV) <C (Sp(V|,U)+ Vva( f |Ty|gé2dy)l/p),

where the constant C depends on the constants K, p and fooo P12(r)dr.

Proof. We only prove the result for p an even integer, the general case follows similarly with
some further technicalities. We may also replace the assumption fM fdv =0by fM fdu =0via
a simple use of the triangle inequality. Let f: M — R be 1-Lipshitz, and assume f to be smooth
and bounded. Let g > 1 be an integer and set

() = f (P,f)*dv, 1>0.
M

Since u(f) = 0, it follows that ¢(co) = 0. Now using the calculation with respect to the semigroup
P;, we have

#0=2q [ (PpPILPS G
=2 [ arsav [ (o Hes(Pf s i
=2 [P = v Hess(Pf s v
—2g(2g - 1) fM (P> Xz, VP, f @ VP, f)dv. (5.1

Next, Theorem 2.1 implies

(ty —id, Hess(P;f))us < |ty — idlys [Hess(Pr f)llus
. 2\1/2
< |ty - idlys (P(OPIV )
< Ity — idlus PV2(0).

Combining these inequalities with (5.1) and observing that
VP fl < e PPV f| < e P,

we arrive at

~¢' () < ¥'2(r) f 2q1P,f1P7 T, — idlys dv
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+e X f 2q(2q — D)(Pf)* It lop dv.

Therefore, from the Young-Holder inequality, we obtain

—¢'(1) < C(Dg(1) + D(1),
where
D(t) = ‘Pl/z(t)fl‘rv - id|§§ dv +e K f((2q = Dltylop)?dv
and
C(t) = \}11/20) (zq)Q(J/(Qq—l) + e—KI(zq)ZQ/Qq—Q)‘
Thus we get

o(t) < foo exp (fs C(r)dr) D(s) ds,

and it follows that

1 T .
$(0) < Wexp((zq)sz/@q b fo ‘Pl/z(s)ds) f Ity — idjod dv

(gD K
© q
+W f (<261—1>Irylop) dv.

Therefore, there exists a constant C > 0 such that

f IfP9dv < C (f Ity — idlfg dv + f(2q|TV|0p)q dv). O
M

Remark 5.2. We see that when Hessy = K, by Obata’s Rigidity Theorem (see [25, Theorem 3.4]),
M is isometric to R”, which implies Ricy = K, @, = K, ||R|| = 0, and then the constant C is
independent of the dimension #. In the general case however, as ¥ depends on the dimension, the
constant C will not be dimension-free.

When p = 2, we observe that |7,|op < 1 + |7, — id|s which implies that

Var,(f) < C(1 +S(v|p) + S*(v | w)).

Thus, the Stein discrepancy S (v|u) with respect to the invariant measure gives another control
of the spectral properties for log-concave measures, see [10] for the Lipshitz characterization of
Poincaré inequalities for measures of this type.
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