
Hybrid Attitude Control for Nano-Spacecraft:
Reaction Wheel Failure and Singularity Handling

Ahmed Mahfouz∗ and Dmitry Pritykin†

Skolkovo Institute of Science and Technology, 121205, Moscow, Russia

and

James Biggs‡

Polytechnic University of Milan, 20158 Milan, Italy

https://doi.org/10.2514/1.G005525

This1 paper addresses the attitude control of nano-spacecraftwith three reactionwheels and threemagnetorquers in

lowEarth orbits, and develops algorithms tomaintain controlwhen any one of the reactionwheels completely fails. In

the event of a reactionwheel failure, it is shown that the key challenge ofmaintaining accurate autonomous three-axis

tracking is a problem of singularity avoidance in control allocation. In particular, control law singularities occur

depending on the type of orbit, the environment, and the attitude, where the system is no longer controllable. Two

algorithmic singularity avoidance techniques based on singularity prediction and artifici‘al potential functions are

proposed. In addition, an optimized reaction wheel configuration is proposed to enhance singularity avoidance

capability. To illustrate the effectiveness of the singularity avoidance control laws, they are tested in simulations that

include the effects of perturbing environmental torques, reaction wheel jitter, and actuator misalignment.

I. Introduction

NANO-SPACECRAFT (1–15 kg) offer cost-efficient access to

space due to their relatively small time to launch, volume, and

mass. One of the development goals of nano-spacecraft is to increase

their application envelope to include, for example, accurate imaging

or deep-space observation, which require precise three-axis stabili-

zation and efficient slew maneuvers. Commercial-off-the-shelf

(COTS) components for nano-spacecraft include actuators for atti-

tude control, such as magnetorquers (MTQs) and reactions wheels

(RWs). RWs are generally used for precise attitude control; however,

over a mission lifetime, RWs are subject to wear and tear, jitter, and

frictional forces, which can often lead to failure. In contrast, MTQs

are highly reliable and are used for course sun pointing, detumbling,

and momentum dumping; see, for example, [1–3]. In addition,

combined with an appropriate aerodynamic design, MTQs have the

potential to be used for nadir-pointing [4].
Nano-spacecraft RWs have amuch higher risk of failure than those

of large spacecraft [5]; therefore, either redundancy or fault-tolerant

control algorithms are required. For nano-spacecraft with critical

mass requirements, the possibility of developing fault-tolerant con-

trols that alleviate the need for redundancy is highly desirable. In

particular, a spacecraft is still controllable with two RWs and three

MTQs, although with a decrease in efficiency and precision. Thus,

this fault-tolerant control problem becomes one of minimizing the

efficiency loss due to an RW failure. For example, single-axis point-

ing for a spacecraft with only two RWs is demonstrated in [6]. In

theory, only two reaction wheels are required for three-axis stabiliza-

tion and slew maneuvers [7,8]; however, the controllability of a

spacecraft using only two RWs is dependent on the assumption of

zero-total angular momentum, which is practically unrealistic to

obtain and maintain without using additional actuators.
In the event of RW failure, it is sensible to consider coupling RWs

andMTQs to perform tracking or slewmaneuvers. Simultaneous use

of MTQs and RWs has been proposed to save power and reduce RW
torque requirements [9], whereas in this paper, their simultaneous use
is considered in the event of an RW failure. In the first instance, a
simple control allocation method is used; however, due to control
allocation singularities, the system is shown to experience momen-
tary attitude instabilities, or in theworst case, becomes uncontrollable
[10]. A singularity is defined here as the system’s state that belongs to
the region at which the commanded control becomes infinite. There-
fore, to maintain control using two RWs and MTQs, singularities
must be avoided.
Such control law singularities have been analyzed for the REIMEI

microsatellite [10], which is a bias-momentum spacecraft that uses
three orthogonal MTQs and one momentum wheel for attitude con-
trol. In [10], Sakai et al. proposed a singularity-robust-inversemethod
for torque allocation to attenuate the effect of control law singular-
ities; however, the generated torque does not match the required ones
well in the vicinity of singular points.
Singularities have also been managed in the FUSE mission [11]

when it lost two of its four RWs, and a hybrid control technique that
used the remaining twoRWs and the threeMTQs had to be developed
to perform the required slew maneuvers. In [11], ground-based
predictions are suggested to be used to constrain science operations
so that observations are scheduled at spacecraft orientations where
sufficient torque can be generated to maintain fine pointing control
during science exposures.
A two-reaction-wheel science control mode, which uses two RWs

and fourMTQs, is developed for theHubble Space Telescope in [12].
To avoid singularities, the parameters of the command generator are
specified for each individual maneuver. The computation of these
parameters has to be carried out on the ground by planning and
scheduling. It should be noted that the methods in [11,12] rely on
ground-based predictions and are thus not suitable for completely
autonomous spacecraft.
In this paper, two autonomous algorithms that do not require any

ground-based calculations are proposed for the purpose of avoiding
singularities. In addition, a reactionwheel arrangement is proposed in
the design phase to enhance singularity avoidance. This modification
is shown to minimize both the number of singularity encounters and
the time the satellite spends in singular positions.
A tentative 3U CubeSat mission for ionospheric measurements

that requires nadir-pointing in a near-polar circular orbit is presented
to illustrate the effectiveness of the proposed techniques. The objec-
tive of the mission is to study the perturbations of the ionosphere in
the polar areas. The mission is initially estimated to consist of a
number of CubeSats that are equipped with langmuir probes as
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science instruments. The payload of the mission requires the least
moment of inertia axis to point to the Earth, with an initial estimate of
3 deg allowable pointing error. Each CubeSat is assumed to initially
contain three orthogonal reaction wheels and three orthogonal
MTQs. Each set of actuators is aligned with the three principal
moment of inertia axes. One of the spacecraft is assumed to experi-
ence complete failure of one of its RWs. Note that the problem of
actuators’ fault detection and isolation is out of the scope of this
paper; however, it has been broadly investigated in the literature; see,
for example, [13,14].
The paper is structured such that the basic mathematical model is

presented in Sec. II. Section III contains a discussion of the first
attempt to control the satellite using a quaternion feedback controller
in conjunction with an inverse-dynamics allocation law. A satellite
equipped with this control algorithm is shown to encounter singu-
larities. Section IV presents two algorithmic singularity avoidance
techniques. In addition, an optimized reaction wheel configuration is
proposed to enhance the singularity avoidance capability of the
spacecraft, and Sec. V presents the numerical simulations’ results
using such methods. Moreover, it discusses the potential of the pro-
posed techniques to be generalized for different missions in different
orbits.

II. Mathematical Model

A. Reference Frames

The following reference frames are used in the paper:
1) The Earth-centered inertial (ECI) reference frame F i, whose

origin is at Earth’s center and axes coincide with those of the
J2000 frame.
2) The Earth-centered Earth-fixed (ECEF) reference frame Ff,

whose origin is at the Earth’s center, z axis directed along the mean
rotational axis of the Earth, x axis pointing to the Greenwich merid-
ian, and y axis completes the right-handed system.
3) The orbital reference frame F o with the origin at the center of

mass of the satellite, z axis pointing away from the center of the Earth,
y axis along the cross product of the satellite’s center of mass position
and velocity vectors, and x axis completing the frame according to the
right-hand rule.
4) The body-fixed reference frame F b with the origin at the

satellite’s center of mass. Its three axes coincide with the three
principal axes of inertia of the satellite.
All vector transformations between reference frames are described

by quaternions (see Appendix C).

B. Attitude Dynamics and Kinematics

The dynamic equations of motion for a spacecraft that has an RW
module can be stated as

Jb _ωb � −ωb × �Jbωb � Ab
whw� �Mb

ctrl � db
tot;

Ab
w
_hw � −Mb

rw (1)

where Jb denotes the inertia tensor of the spacecraft,

ωb � �ωx ωy ωz �T is its angular velocity vector, Ab
w is the RW

module’s configuration matrix, hw is the vector that contains the
angular momentum of each RW in the module (see Appendix B.B),

Mb
ctrl is the control torque provided by the actuators,M

b
rw is the torque

generated by the RW module, and db
tot is the total disturbing torque

acting on the spacecraft.
The total disturbing torque results from the environmental torques

and the actuators’ noise torques. It can be expressed as follows:

db
tot � db

act � db
gg � db

aer � db
res � db

srp (2)

where db
act is the sum of actuators’ disturbance torques, db

gg is the

gravity-gradient torque, db
aer is the aerodynamic drag torque, db

res is

the residual magnetization torque, and db
srp is the solar radiation

pressure torque.

The kinematics of the spacecraft are described in unit quaternion

form:

_qib � 1

2
qib ∘ ωb (3)

Refer to Appendix C for the fundamentals of quaternion opera-

tions. In Appendix C, the mathematical model is extended to include

environmental disturbance torques, as well as sensor, actuator, and

system uncertainty models.

III. Attitude Control with an RW Failure

In this section, the case of complete failure of one RW is consid-

ered. After the failure of an RW is detected by the adopted fault

detection algorithm, suitable control and torque allocation laws are

triggered. Again, it is assumed that the initial system without failure

consists of three reaction wheels and three MTQs aligned with the

axes of the Fb frame.

A. Error-Quaternion Feedback Control

The ideal control torque Mb
ctrl��Mx My Mz �T , which guarantees

asymptotic stability of the system (provided that the system is not

affected by noise), can be calculated by the following error-

quaternion feedback control law [15]:

Mb
ctrl � ωb ×

�
Jbωb � Ab

whw

�
−Kdωe − qe;0Kpqe (4)

whereKd andKp are 3 × 3 gainmatrices,qe��qe;0 qe �T is the error
unit quaternion, andωe is the angular velocity error vector. The error

quaternion is defined as follows:

qe � ~qd ∘ qib (5)

The error angular velocity is defined as follows:

ωe � ωb − ~qe ∘ ωd ∘ qe (6)

where qd and ωd are the desired quaternion and angular velocity,

which have to satisfy the kinematics equation (3). Refer to Appen-

dix B.B for the definitions of Ab
w and hw. Note that in Eq. (4), A

b
w �

I3×3 for the initial configuration that has three reactionwheels aligned
with the axes of the Fb frame. The control law (4) can be generally

used for slew maneuvers or tracking of slowly rotating frames.

B. Torque Allocation

In the event of reaction wheel failure, the controller (4) can be used

for tracking and slew motions using two RWs and one MTQ. Com-

bining Eqs. (B3) and (B12), the control torque can be expressed in

terms of actuators’ parameters as follows:

Mb
ctrl � −Ab

w
_hw �mb ×Bb (7)

where −Ab
w
_hw��ux uy uz �T is the control torque produced by the

RW module, mb��mx my mz �T is the magnetic dipole moment

vector produced by the MTQ set, and Bb��Bx By Bz �T is the true

local magnetic field vector.
Allocating the control torque (4) to the available actuators can

be done by solving Eq. (7) for −Ab
w
_hw and mb according to which

one of the RWs has failed.
Let ν ∈ f1; 2; 3g be the index of the failed reaction wheel and

S � f1; 2; 3g \ fνg, and the solution to Eq. (7) can be written as

follows:
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k � argmin
i∈S

�jBij�;

λi � Sat

�
Mν

Bi

;mmax

�
;

ui � �1 − δiν�Mi � jεiνkjBνλi;

mj � δjk
X
i

�ενjiλi� (8)

where i; j ∈ f1; 2; 3g, εijk is the Levi–Civita symbol, δij is the Kro-
necker delta,Sat�v; αv� is a saturation function illustrated byEq. (B5),
and mmax is the maximum dipole moment the MTQ can generate.
As the true geomagnetic field vector Bb is not known, the mea-

sured magnetic fieldBb
meas (B16) can be used instead to compute the

values of ui and mj in Eq. (8).

Equation (8) is a control allocation rule that assigns the torque

duties to each onboard actuator, depending on actuator failure sit-

uation. An example of its final form for the case of losing the reaction

wheel in the z direction and compensating for this loss with theMTQ

in the x direction is given in the following equation:

2
664
ux

uy

mx

3
775 �

2
664
1 0 0

0 1 Bz

0 0 1

3
775
2
664
Mx

My

λy

3
775 (9)

Note that the torque allocation law (8) uses only one MTQ at a

time, which makes it prone to fast switching between the MTQs at

some specific points. This can be ruled out by introducing a torque

allocation law that uses multiple MTQs simultaneously. Sharing the

control effort across MTQs could reduce saturation; however, it is

potentially less power efficient, yet this comparison is beyond the

scope of this paper. Throughout the paper, the torque allocation law

(8) is used; however, the potential to use other torque allocation laws

that do not restrict themselves to using one MTQ at a time is an

interesting venue for future research.

C. Mission Parameters

In this section, values for the parameters of the adoptedmission are

stated in detail. The values specified here are used in all subsequent

simulations.
The mission is an Earth-pointing mission, which requires the F b

frame to be aligned with the Fo frame with an allowable pointing

error of 3 deg. The satellite is a 3UCubeSat that has amass of 3 kg and

dimensions of 10 cm, 10 cm, and 34 cm. The estimated moment of

inertia matrix is set to Jb� diag�0.0309; 0.0319; 0.0051� kg ⋅m2.

The satellite is inserted into a circular near-polar orbit at an altitude of

450 km and an inclination of 87 deg.
The satellite is assumed to have three identical RWs and three

identicalMTQs, each set alignedwith the principal moment of inertia

axes. The actuators of this mission are selected from the COTS

hardware. The GOMspace NanoTorque GSW-600 reaction wheel

module and the Hyperion Technologies MTQ200.20 magnetic rods

are assumed to be used in this mission. Each of the RWs in the chosen

module has a moment of inertia of 3 ⋅ 10−5 kg ⋅m2, maximumwheel

torque _hmax � 2 mN ⋅m, and maximum wheel angular momentum

hmax � 19 mN ⋅m ⋅ s. The maximum magnetic dipole moment of

the MTQ200.20 is mmax � 1 A ⋅m2.
Levels of disturbances that act upon the system are summarized in

Table 1.
The initial conditions for each simulation are random, and each

component of the initial angular velocity vector is bounded by

5 deg ∕s. The desired attitude is qd � qio, which is to align the

Fb frame with the F o frame (i.e., Earth pointing). To meet the

kinematics constraint, the desired angular velocity shall be ωd �
ωo

o∕i � � 0 ω0 0 �T , whereω0 is themeanmotion of the spacecraft

in orbit.

D. Numerical Simulation Results

To demonstrate the capabilities of the quaternion feedback con-

troller (4), three cases are considered, case X is when the RWaligned

with the x axis fails (ν � 1), case Yiswhen the RWalignedwith the y
axis fails (ν � 2), and case Z is when the RWaligned with the z axis
fails (ν � 3). The controller gain matrices are tuned by trial and error

for the mission parameters in Sec. III.C as in the following equation:

Kp � 5 ⋅ 10−3K;

Kd � 10−2K (10)

where the K is defined in Table 2 for each of the cases.
Oneway to assess the performance of a certain attitude controller is

to monitor the angle of the error quaternion [defined in Eq. (5)].

Typical responses of cases X, Y, and Z are shown in Fig. 1.
From Fig. 1, it is clear that the system is unstable under the implied

constraints and noiseswhen it has its wheel-less axis in the z direction
of theF b frame. On investigating the situation, it has been concluded

that the system experiences what is referred to as singularities, which
drive the satellite away from its equilibrium. These singularities take

placewhen theMTQs are not able to realize the control requirements

for a long period of time. (A detailed discussion of this phenomenon

is presented in Sec. III.E.)
Equation (B12) shows that MTQs cannot physically generate

torque in the direction of the local magnetic field; that is why when

theBb is nearly alignedwith the ν axis, theMTQs cease to provide the

necessary control torque, and when this situation lasts for a suffi-

ciently long period, the system reaches an unstable state. In Fig. 2, the

projection of the unit vector B̂o
(using the IGRF12 model) on the ν

axis is plotted for the three possible values of ν against the argument

of latitude of the satellite (u) for the first orbital revolution to illustrate
why controller (4) works fine for cases X and Y, whereas it does not

work for case Z. Note that B̂o
is identical to B̂b

when the system

reaches the steady state for the adopted case study that requires Earth

pointing.

Table 1 2Levels of disturbances

Symbol Value Unit Reference

Environmental torques: Appendix B.A

Gravity gradient kdbggk 5 ⋅ 10−8 N ⋅m
Aerodynamic drag kdbaerk 10−7 N ⋅m
Solar radiation pressure kdbsrpk 1.5 ⋅ 10−9 N ⋅m
Residual magnetization kdbrek 4 ⋅ 10−7 N ⋅m

Reaction wheels: Appendix B.B

Static imbalance Si 5 ⋅ 10−11 kg ⋅m
Dynamic imbalance Di 10−11 kg ⋅m2

Misalignment angle θmis 1 deg

Magnetorquers: Appendix B.B

Magnetorquer noise 3σm 0.01 A ⋅m2

Determination errors: Appendix B.C

ωb error 3σω 0.025 deg ∕s
qib angle error 3σq 0.5 Deg

Magnetometer bias μB 50 nT

Magnetometer deviation 3σB 100 nT

Inertia uncertainties: Appendix B.D

Inertia moments ΔJ 10%J

Axes misalignment θJ 1 deg

Table 2 Controller gain matrices

Case X Case Y Case Z

K diag (0.05, 1, 1) diag (1, 0.05, 1) diag (1, 1, 0.05)
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A singularity threshold is introduced for the unit geomagnetic field

vector projection onto the ν axis. It is a constant value to delineate a
near-singularity zone such that a system that stays over the threshold

eventually becomes uncontrollable. For the case study defined in

Sec. III.C, this threshold is empirically determined to be 0.9. For case

X (ν � 1), the projection of the unit magnetic field vector on the ν
axis goes over the threshold for about 24 deg arc measure every half
orbit. Nonetheless, the controller (4) appears to stabilize the system as

seen in Fig. 1. There is nowonder why case Y (ν � 2) is stabilized by
controller (4), as the magnetic field projection on the wheel-less axis

does not reach the threshold at all. For case Z (ν � 3), however, the

projection of B̂o
on the ν axis reaches beyond the threshold for almost

96 deg3 arc measure each half a revolution; that is why the attitude

of the spacecraft comes to an uncontrollable state for this case

(see Fig. 1).

E. Singularity Illustration

In this section, singularities are illustrated mathematically and

graphically. It is important to have a graphical understanding of

how singularities affect the system because one of the singularity

avoidance approaches that we propose in Sec. IV significantly relies

on the geometry.
Singularities can be seen mathematically in the control allocation

law (8), where Bi can have values close to zero. When Bi ≈ 0, mj is
forced to the saturation limit that cannot meet the controller require-

ments, which in turn leads to loss of stability. If the wheel-less axis is
the ν axis, then, according to Eq. (8), k ∈ S, which suggests two

possible values for k. The choice of k determines which MTQ to be
used to compensate for the RW loss in the ν axis. With this in mind, k
alternates between its two possible values so that the magnetic field
projection on the axis of the used MTQ is minimized, hoping that it

will bemaximized on the unchosen k axis. It is problematic, however,

when the projection ofBb is close to zero in the two available k axes,
namely, when the local geomagnetic field vector Bb coincides with

the ν axis. That is when a MTQ is required to provide more torque
than it physically can.
In general, singularities exist when the magnetic field vector is

parallel to the wheel-less axis (the ν axis). Consider, for example, the

equatorial orbit (Orbit-A in Fig. 3), and assume, for simplicity, that
the geomagnetic field is a dipole with poles that coincide with the

geographic ones. After the spacecraft reaches the desired nadir-
pointing attitude, the local magnetic field vector is almost always

parallel to the y axis of the spacecraft’s Fb frame. The satellite will

not face any singularities if the ν axis lies in the equatorial plane;
however, almost all the points along the orbit will be singular if the ν
axis is normal to the orbital plane. The same generalization can be
applied for highly inclined orbits (Orbit-B in Fig. 3); the geomagnetic

field vector becomes almost parallel to the z axis of the F b frame

when the satellite is close to the poles, whereas it is nearly aligned to

the x axis of the F b frame nearby the equator. However, it does not
become parallel to the y axis in any of the points along the orbit (see,
e.g., Fig. 2). The question of whether the system will lose stability in

this case is a question of how long theBb vectorwill be nearly aligned

with the ν axis.
Singularities are operative in the case of hybrid control using RWs

and MTQs [11]. The gyroscopic torque, generated by the spinning
reaction wheels and the slowly rotating spacecraft, is particularly

effective in the axis that is not actuated by an RW because; first, it is
not perfectly compensated for by the controller (4) due to determi-

nation errors and uncertainties, and second, the MTQ cannot com-
pensate for it during singularities. This gyroscopic torque increases

the rotational velocity of the spacecraft in the wheel-less axis, which
in turn makes it hard for the spacecraft to recover from a singularity.

Singularities do not have as much effect in full magnetic control
systems as seen in the simulations in [16,17].
To sum up, the existence of singularities depends on mission

requirements (Earth pointing, Sun pointing, etc.), the orbit (theFig. 2 Singular regions for cases X, Y, and Z.

Fig. 3 Singularity illustration.

Fig. 1 Pointing error for cases X, Y, and Z.
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direction of themagnetic field vector), and the axis onwhich anRWis
missing.

IV. Singularity Avoidance

In [11], Roberts et al. have analyzed the problem of not being able
to achieve the control requirements at some portions of the orbit by
the MTQs when only two RWs remain intact (what is referred to as a
singularity here). They suggested to use ground-based predictions
and constrain science operations so that observations are scheduled at
spacecraft orientations where sufficient torque can be generated to
maintain fine pointing control during science exposures.
In this section, three singularity avoidance techniques are proposed

to autonomously evade singularities. These techniques do not require
ground-based calculations or planning, in contrast to what has been
proposed in [11,12]. The first technique proposes a controller with an
artificial potential function (APF)–based controller, whereas the sec-
ond relies on predicting the occurrence of singularities ahead of time
using the onboard geomagnetic field model. If a singularity is pre-
dicted, the APF-based controller is triggered until the section of the
orbit that contains singular points is over. The third technique proposes
a change in the arrangement of theRWmodule during the design phase
to minimize the probability of encountering singularities.

A. Artificial Potential Function-Based Controller

In Sec. III, the Lyapunov-based controller (4) is used tomanipulate
the attitude of the spacecraft; however, it does not guarantee the
stability of the system when only two RWs are available due to the
existence of singularities. A commonway to avoid undesired states of
a system (e.g., singular states) is to add an artificial potential term to
the Lyapunov function [18,19]. A modified Lyapunov function with
an additional artificial potential term is proposed in this section to
avoid orientations that may cause singularities in orbit. The proposed
potential function is expressed as follows:

V � 1

2
ωT

eK
−1
p Jbωe �

�
1 − q2e;0

�� Λ3;

Λ3 �
1

2
α exp

�
−γ

�
B2
x � B2

y

��
(11)

where Bx and By are the x and y components of the local magnetic

field vector Bb, α and γ are tuning parameters, and Kp is a positive

definite 3 × 3 gain matrix that insures that �K−1
p Jb� is symmetric.

It is important to note that the potential function (11) is proposed
only for the case of losing an RW in the z direction of the F b frame
(ν � 3), which is the extreme situation for the considered case study
(see Fig. 1). It is possible, however, to generalize Eq. (11) when the
spacecraft has its wheel-less axis in any direction ν, by changing the
value of Λ according to the specific situation as follows:

Λν �
1

2
α exp

�
−γ

X
i

B2
i

	
; i ∈ S (12)

Taking the time derivative for both sides of Eq. (11) yields

_V�ωT
eK

−1
p Jb _ωe��−2qe;0 _qe;0�−αγexp�−γ�B2

x�B2
y��|














{z














}

ψ

�
Bx

_Bx�By
_By

�

(13)

The kinematic model of the error signals (i.e., ωe and qe) is
discussed in detail in Appendix B.E. Equations (B24) and (B28)
can be rewritten as follows:

_qe;0 � −
1

2
ωT

e qe (14)

_ωe � �Jb�−1�−ωb × �Jbωb � Ab
whw� �Mb

ctrl

� Jb
�
ωe × � ~qe ∘ ωd ∘ qe� − ~qe ∘ _ωd ∘ qe

��
(15)

The time derivative of the magnetic field vector can be calculated

using the transport theorem as follows:

_Bb � _Bbjb � _Bbji − ωb × Bb (16)

where _vjx denotes the rate of change of the vector v as seen by an

observer attached to the F x frame. For a detailed expansion of

Eq. (16), refer to Appendix C.
Substituting from Eqs. (15), (14), and (C8) into Eq. (13), and

assuming that ωb ≈ ωe in Eq. (C8) (which is true for missions that

require tracking of a slowly evolving rotating frame), yields

_V � ωT
e fqe;0qe � ψp�K−1

p f−ωb × �Jbωb � Ab
whw� �Mb

ctrl

� Jb�ωe × � ~qe ∘ ωd ∘ qe� − ~qe ∘ _ωd ∘ qe�gg (17)

where the vector p is defined as

p �

2
664

−ByBz

Bx�Bz � 3B0 sin�ϵ� sin�u��
0

3
775 (18)

where B0 � μe∕krk; μe � 7.812 ⋅ 1015 T ⋅m3; r is the position

vector of the spacecraft’s center of mass, expressed in any reference

frame;u is the argument of latitude at the satellite position; and ϵ is the
inclination of the orbital plane.
Note that in Eq. (17), Ab

w ≠ I3×3 as in the three orthogonal RWs

case. It is rather a 3 × 2 configuration matrix that describes the

directions of the angular momentum vectors of the two operational

RWs. hw in this case is a 2 × 1 vector.
Oneway to ensure that _V is negative definite is using the following

control law:

Mb
ctrl � ωb × �Jbωb � Ab

whw� −Kp�qe;0qe � ψp� −Kdωe

− Jb�ωe × � ~qe ∘ ωd ∘ qe� − ~qe ∘ _ωd ∘ qe� (19)

Controller (19) is more complicated than the simple quaternion

feedback controller (4). For tracking of a slowly evolving rotating

frame, the last two terms in Eq. (19) can be omitted for being

relatively small in comparison to the other terms. For missions that

require nadir-pointing in circular orbits, _ωd is strictly 0. The final

form of theAPF-based control law,which has to be used for an Earth-

pointing mission, is presented as follows:

Mb
ctrl � ωb × �Jbωb � Ab

whw� −Kp�qe;0qe � ψp� −Kdωe (20)

As far as the computational resources are concerned, controller

(20) is not computationally expensive. It differs from the quaternion-

feedback controller (4) in computing the two simple expressions ψ
and p for each control cycle.
As will be shown, the numerical simulations reveal that the APF-

based controller (20) performs well, yet the performance is degraded

in comparison to caseX and caseYin Fig. 1. A satellite in a lowEarth

orbit is equippedwith a geomagnetic field model, which can bemade

use of to predict whether the spacecraft will face a singularitywithin a

preset prediction horizon, and hence trigger theAPF-based controller

only for the singular points on the orbit. The next section proposes

using the APF-based controller only when a singularity is predicted.

B. APF-Based Controller with Singularity Prediction

As discussed in Sec. III.E, singularities arise from having the local

magnetic field vector Bb aligned with the wheel-less axis, and when

this alignment is kept for a long time, the control authority can be lost.

The vector Bb is basically the geomagnetic field vector in the F i

frame only rotated to theFb frame,Bb � ~qib ∘ Bi ∘ qib. Indeed, it is

impossible to control the local magnetic field vectorBi. It is possible,

however, to change the attitude of the spacecraft before it encounters
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a singularity, which is essentially what the APF-based controller
(20) does.
In the normal operation, the system is controlled by the quaternion

feedback controller (4), while propagating the magnetic field vector
ahead of time to predict singularities. If a singularity is predicted to
happen n seconds in the future. The APF-based controller (20) is
triggered n seconds before the first singular point, and remains on
until n seconds after the last singular point. This algorithm is illus-
trated by the flowchart in Fig. 4. In this technique, two different
controllers are used according to whether a singularity is predicted.
For simplicity, these two controllers are referred to as the quaternion
feedback controller (4) and the APF-based controller (20).
In Fig. 4, the prediction block is executed by predictingqio andBi,

hence predicting Bb, n steps ahead of time. It is assumed that the
system follows any attitude it is ordered to follow, such that the

desired quaternion for the nadir-pointing case study, qio, can be

considered equal to qib. Singularities are identified if the projection

of the predicted unit vector B̂b
on the wheel-less axis reaches the

predefined threshold Bth.
As for the computational burden, the algorithm does not differ

much from theAPF-based controller (20). It varies fromEq. (20) only
in running an additional iteration of the SGP4 propagator and another
additional iteration of the magnetic field model. Besides, the com-
puted results can be used in future control cycles if the memory
allows. The algorithm can be implemented in a more sophisticated
way at the expense of computational complexity if theAPF controller
is triggered when two conditions are satisfied: firstly when the
projection of B̂b

on the ν axis is predicted to be more than Bth within
n seconds, and secondlywhen themodel anticipates this projection to
last above the projection threshold for more than an arc measure
threshold uth. It is known that the system in Sec. III.C handles
singular points quite well when they successively last for 24 deg of
the orbit as concluded by Figs. 1 and 2. For instance, this value can be
set as the arc measure threshold for the simulated system.

C. Optimized RW Configuration

It is shown in Sec. V that after the loss of an RW, themajor problem
with maintaining the control quality with the use of the proposed
algorithms occurs when passing through the turbulence zones near
singular points, which leads to degradation of pointing accuracy. It
stands to reason that the key to preserving the control quality is in
avoiding such turbulence zones whenever possible. The problem of
singularities can thus be addressed by choosing theRWs arrangement
so as to minimize the number and duration of encounters with

singularities. Since singularities are defined in terms of the geo-
magnetic field projection onto the axis of the lost RW, it is proposed
here to install the RWassembly into a spacecraft taking into account
the nominal attitude and orbit specifications in order to keep the
geomagnetic field projection onto all RW axes below threshold
throughout the mission lifetime.
In this section, a way to find an optimized arrangement of RWs is

introduced. The resulting configuration from the proposed method is
optimal from the point of view of singularities avoidance, as it
minimizes the number of singular points the defined mission can
encounter throughout its life time, and hence minimizes the time the
spacecraft spans over these singular points.
An optimization problem is synthesized to find the optimized

rotation of the RW assembly. The optimization aims to minimize
the maximum projection of the geomagnetic field unit vector on the
orthogonal RWaxes at the critical point in the orbit. The critical point
is the location of the satellite at which the maximum projection of b̂

b

along the RWaxes reaches its maximum value.
Assuming that three RWs were initially aligned with the principal

moment of inertia axes, the configuration matrix in this case is

Ab
w � I3×3. This arrangement can be changed for a new one by

rotating each column vector in Ab
w by the direct cosine matrix

Rw�ϕ; θ;ψ� � � R̂1 R̂2 R̂3 �, which results from transforming

the three Euler angles ϕ, θ, ψ (with order XYZ, for example) to a

DCM. The new configuration matrix in this case is Ab
w � Rw.

The cost function can then be written as follows:

J�ϕ; θ;ψ� � max
u;Ωf

h
max

i

�B̂b;Ri

�i (21)

where h; i is the dot product operator, u is the argument of latitude,

and Ωf is the longitude of the ascending node (LAN). For an orbit
with fixed semimajor axis, eccentricity, inclination, and argument of

perigee, the possible combinations of u ∈ �0; 2π� and Ωf ∈ �0; 2π�
cover all the possible positions of the satellite around the globe in
this orbit.
The optimization problem is stated as follows:

Find arg min
ϕ;θ;ψ

�J�ϕ; θ;ψ��;

Under constraints 0 ≤ ϕ; θ;ψ ≤ 2π (22)

V. Results and Discussion

4In this section, the results of the numerical simulations for
the mission in Sec. III.C using the proposed singularity avoidance
techniques.

A. APF-Based Controller

The control gains for the APF-based controller (20) were
tuned by trial and error to Kp� diag�0.02; 0.02; 0.001�, Kd �
diag�0.04; 0.04; 0.002�, α � 0.02, γ � �2σ2c�−1, and σc � 1.5⋅
10−5 T. The angle of the error quaternion for this system is shown
in Fig. 5.
Figure 5 shows that the pointing error of this mission can be kept

under 3.5 deg, which does not satisfy the mission requirements.More-
over, the error bound of 3.5 deg is active throughout the lifetime of the
mission when controller (20) is used, not only during singularities.
Regardless of how unnecessarily complicated controller (19) is, it

has also been implemented in one of the simulations to assure that the
omitted terms were not the reasons why the pointing error exceeded
its allowable limit, however, revisiting the omitted terms did not
improve the pointing accuracy at all.

B. APF-Based Controller with Singularity Prediction

The algorithm in Fig. 4 is tested by numerical simulations and a
typical pointing performance of this technique is presented in Fig. 6.
The singularity threshold is estimated empirically for the mission in
Sec. III.C to beBth � 0.9, whereas the prediction horizon is tuned by

Fig. 4 Flowchart of the singularity prediction algorithm.
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trial and error to n � 100 s. The controllers’ parameters are
tuned to KpjQF � KpjAPF� diag�0.02; 0.02; 0.001�, KdjQF �
KdjAPF� diag�0.04; 0.04; 0.002�, α � 0.02, γ � �2σ2c�−1, and

σc � 1.5 ⋅ 10−5 T.
The performance of this singularity avoidance technique is obvi-

ously better than of solely using the APF-based controller, because
the pointing accuracy degrades only during singularities, not all the
time as in Fig. 5.

C. Optimized RW Configuration

The optimization problem (22) has been solved for a near-polar
orbit with an inclination of 87 deg over all the possible combinations
of u and Ωf, and the following results were obtained:

ϕ � 40 deg

θ � 28 deg

ψ � −64 deg

9=
;; rotation order is XYZ (23)

Figure 7 shows the maximum projection of B̂o
(B̂o ≡ B̂b

for the
case study of the paper) on any of the RWaxes against all the possible

combinations ofu andΩf, assuming that theRWmodule is rotated by
the optimized set of angles (23). It also shows the surface of the
singularity threshold that has been identified for the case study,
Bth � 0.9.
It is clear that after adopting the optimized RW configuration, the

maximum projection of B̂o
does not exceed the threshold except in

three regions, the largest of which lasts for less than 9 deg in terms of
u. The quaternion feedback controller is shown to not only work fine
across singular points for longer periods of time, but also meet the
mission requirements with a quality pointing accuracy (refer to cases
X and Y in Fig. 1).
In practice, it may be found difficult to install the RW assembly

with the optimized configuration for small CubeSats because of the
size limitations. That is when the algorithmic singularity avoidance
techniques come in handy. For spacecraft that are limited in size but
still can allow for rotation of the RWassembly in certain directions,
the module can be installed in a suboptimal orientation that results

from introducing more constraints to the optimization problem (22),
θ � ψ � 0, for example. This suboptimal configuration shall reduce
the time over which the system is singular and hence reduce the time
over which the pointing accuracy is compromised.
There are a couple of new prospects introduced by the proposed

hardware solution, as it allows generalizing the proposed approaches
for any nadir-pointingmission in any orbit. It can be easily seen in the
example of an equatorial orbit. Obviously, for the initial RW layout
(i.e., aligning three RWs with the principal moment of inertia axes),
losing the wheel in the y direction makes the orbit highly singular
(i.e., all points of the orbit are singular). However, changing the
layout of the RWs at the design phase turns this situation to be
completely void of singularities. The optimization problem (22)
has been solved for a nadir-pointing mission for 10 different circular
orbits at an altitude of 450 km with various orbital inclinations. The
optimization is essentially run to determine the optimized configu-
ration of RWs if the spacecraft is to be inserted in either of these
orbits. Table 3 presents the maximum arc measure that contains
successive singular points against the orbital inclination for the two
cases of using the optimized and the initial configurations. The
maximum singular arc measure (umax) in Table 3 is estimated by
running the magnetic field model along the orbit that is signalized by
the critical right ascension of the ascending node (RAAN), and
measure the longest arc length. The critical RAAN is assumed to

coincide with Ωf for which the singular arc measure is the longest,
which can be easily identified from surface plots like the one in Fig. 7.
In the case of failure of any one of the three available RWs, Table 3

suggests that simply positioning the RWs in the optimized arrange-
ment can have a great impact in avoiding singularities. In some orbits,
singularities can be completely avoided (e.g., orbits with inclinations
0, 10, 20, and 40 deg), whereas in some other orbits, singularities
might be handled without the need to implement any singularity

Fig. 6 Performance of the singularity prediction algorithm.

Fig. 7 Performance of the optimized RW arrangement.

Table 3 Singular portions of different orbits

Maximum singular arc measure [deg]

Inclination [deg] Initial configuration Optimized configuration

0 360 0
10 360 0
20 360 55.4
30 53.3 53.3
40 36.4 0
50 66.2 17.2
60 77.9 36.8
70 82.8 27.6
80 87.3 41.2
90 88.5 0

Fig. 5 Performance of the APF-based controller.

MAHFOUZ, PRITYKIN, AND BIGGS 7



avoidance algorithms as the maximum singular arc measure is as low
as of case X, which was handled quite well using only the quaternion
feedback controller (4) (e.g., orbits with inclinations 50, 70, and
90 deg). In general, the probability of the spacecraft facing singular-
ities can be lessened by changing the orientation of the RWassembly;
however, this probability can still be high, which will require the
usage of the algorithmic singularity avoidance techniques.
Note that only direct orbits are presented in Table 3; however, by

virtue of symmetry, satellites in retrograde orbits (ϵr � π − ϵ, where
ϵr is the inclination of the retrograde orbit, and ϵ is the inclination of
the direct orbit) will experience the same singularity effect.

VI. Conclusions

This paper has developed fault-tolerant attitude control algorithms
for a spacecraft that originally has three MTQs and three reaction
wheels, but then any one of the reactionwheels experiences complete
failure. Replacing the need for a redundant reactionwheel by enhanc-
ing the fault tolerance through a software solution can enable critical
mass, volume, and power savings. In addition, such algorithms can be
useful in systems with four reaction wheels that experience two
reaction wheel failures. It is shown that the main challenge when
usingMTQs and two reactionwheels for three-axis attitude control is
avoiding singular points in the control allocation, which are points
along the orbit where it is physically impossible to realize the
required control torque due to the physical limitations of MTQs. It
is established that encountering singularities can eventually lead to a
complete loss of control authority.
Software solutions are presented that can be used to avoid the

singular regions. The two algorithmic techniques are shown by
numerical experiments to effectively overcome the singularity prob-
lem, although at the expense of a slight degradation of pointing
accuracy in the vicinity of near-singular zones. Nevertheless, control
authority ismaintained throughout the entiremission. The algorithms
are based on predictionmethods to determinewhen a singular point is
close by, and on APFs classically used in obstacle avoidance algo-
rithms. In addition, it is shown that the time spent close to the vicinity
of singular regions can be reduced during the mission by designing
the reaction wheels configuration in a particular way. A routine to
optimize the reaction wheel configuration is presented, which min-
imizes the number and duration of encounters with singularities, and
therefore reduces the probability of losing the control authority.
Furthermore, this design strategy enhances the effectiveness of the
software solutions.
The presented singularity avoidance techniques reduce the risk of

mission failure when using only three reaction wheels in Earth
orbiting missions. This is particularly relevant to CubeSat missions,
where mass and volume are more critical. The proposed solutions
provide an alternative approach to dealingwith reactionwheel failure
without the need for hardware redundancy.

Appendix A: Quaternions Fundamental Relations

In this paper, vector transformation from one reference frame to
another is described by unit quaternions. A unit quaternion

q � � q0 q �T satisfies the relation qTq� q20 � 1. By saying that

the unit quaternion qyx � � q0 q �T describes such transformations
from the F x frame to the F y frame, it is implied that representations
of any given vector r in these frames are related by

ry � qyx ∘ rx ∘ ~qyx (A1)

where ∘ denotes the quaternion multiplication operator and ~qyx �
qxy � � q0 −q �T is the quaternion conjugate of qyx.
The quaternion multiplication operation for the two quaternions

q � � q0 q �T and p � �p0 p �T is performed as follows:

q ∘ p �
�

q0p0 − hq;pi
q0p� p0q� q × p

	
(A2)

A3Dvector is considered to be a quaternionwith a zero scalar part.

By virtue of Eq. (A2), the following property can be proven for any
two unit quaternions q and p,

g�q ∘ p� � ~p ∘ ~q (A3)

Appendix B: Extension of the Mathematical Model

A. Environmental Model

A spacecraft in a low Earth orbit experiences disturbance torques
that depend on the properties of the satellite such as its shape and the
optical properties of its outer surfaces. Four disturbance torques were
taken into account in all the simulations, gravity gradient, aerodynamic
drag, solar radiation pressure, and residual magnetization torques.
The gravity gradient, aerodynamic drag, and solar radiation pres-

sure torques weremodeled according to themodels presented in [20].
The residual magnetization torque is often found the most significant
environmental torque for CubeSats, as they are small in size and have
small moments of inertia [21]. This torque is modeled as follows:

mb
res � mb

cnst �mrnd;

db
res � mb

res × Bb (B1)

wheremb
cnst is an arbitrary constant magnetic dipole vector,mrnd is a

uniformly distributed randomvector, andBb is the local geomagnetic

field vector. Themagnitude ofmb
cnst is set to 8 ⋅ 10−3 A ⋅m2, which is

almost the upper bound for kmb
resk (kmb

resk ≤ 0.01 for a 3U CubeSat

[21]), while kmrndk � 0.1kmb
cnstk.

B. Actuators’ Models

1. Reaction Wheels Model

In this section, a model for mapping ideal control command to RW
parameters is presented. The model of reaction wheels is augmented
by two sources of noise, jitter and installation misalignment.
Although reaction wheels experience friction torques, those are
compensated for by an inner loop within the RW itself; that is why
the friction effects are not accounted for in this paper.
Assuming that the attitude of the spacecraft is controlled solely by

a combination of three or more reaction wheels arranged in a general
configuration described by the configuration matrix Ab

w, Eq. (1) can
be rewritten as

Jb _ωb � −ωb × �Jbωb � Ab
whw�−Ab

w
_hw|

{z

}

Mb
ctrl

� db
tot (B2)

which yields

_hw � −�Ab
w�†Mb

ctrl;

_hw ≔ Sat� _hw; _hmax�;
hw ≔ Sat�hw; hmax�;

Mb
rw � −ωb × Ab

whw − Ab
w
_hw (B3)

whereMb
rw is the actual torque generated by the RWmodule,hw is an

n × 1 vector that contains the angular momentum each of the n
reaction wheels has,Ab

w is a 3 × n configuration matrix that contains
the unit angular momentum vector of each of the n wheels as its

columns in the F b frame, and �Ab
w�† is the left pseudo-inverse of the

matrix Ab
w:

�Ab
w�† � ��Ab

w�TAb
w�−1�Ab

w�T (B4)

The function Sat�v; αv� saturates all the elements of

v � � v1 v2 : : : vn �T using the saturation limits�αv according
to the following logic:
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Sat�v; αv� �
�
vi � αvsign�vi� jvij ≥ αv
vi � vi Otherwise

(B5)

Equation (B3) is a mapping from the ideal control torqueMb
ctrl to

the actuator parameters that are subject to noises and constraints such
as saturation.
There are disturbances that affect the performance of RWs because

they contain moving parts or because of manufacturing and installa-
tion errors. In this section, RW jitter and installationmisalignment are
modeled.

a. RW Jitter Model

One of reaction wheels’ disturbances, which is known to be of
importance for missions that require fine pointing [22], is jitter. In
[22,23], two similar detailedwheel disturbancemodels are presented,
with an algorithm to extract model parameters from a reaction wheel
assembly microvibration test in [23]. A simplified model was devel-
oped in [24] under the assumption that the spacecraft is a perfect rigid
body with no normal vibrational modes. In this paper, this model is
generalized for any configuration of reactionwheels and is adopted in
the simulations.
Jitter is generally caused by the static and dynamic imbalances in a

reaction wheel. Static imbalances are radial asymmetries in the mass
distribution of the reaction wheel, whereas dynamic imbalances
are asymmetries in the mass distribution across the thickness of
the wheel.
1) Effect of static imbalances

Awheel with static imbalances will make the spacecraft experience a
periodic forcewith a constant magnitude that does not necessarily act
through the center of mass of the spacecraft, which in turn generates
torque.
For the sake of generalizing the model, one reaction wheel in the
module will be dealt with at a time. If the RW has its local z axis
aligned with the spin axis, with arbitrary x and y axes, the effect of
static imbalance can be modeled by the following equations:

fb
s;i � SiΩ2

iRi

2
664
cos�Ωit� ϕi�
sin�Ωit� ϕi�

0

3
775;

Ri � � x̂bi ŷbi ẑbi � (B6)

where fb
s;i is the static imbalance induced force by the ith RW; Si is

the static imbalance in the ith wheel;Ωi is the angular velocity of the

ith wheel; ẑbi is the direction of the spinning axis of the ith RW,

namely, the ith column in the Ab
w matrix; and the two axes x̂bi and ŷ

b
i

are arbitrary. However, they complete the right-hand set x̂bi ŷ
b
i ẑ

b
i .ϕi is

an arbitrary phase shift.
The static imbalance forces in each RW can be modeled by one

equivalent force acting at the geometrical center of the corresponding
reaction wheel. The total disturbance torque induced by static
imbalances can be expressed as

db
s �

Xn
i�1

rbi × fb
s;i (B7)

where rbi is the location of the geometric center of the ith RW.
2) Effect of dynamic imbalances

A reaction wheel with dynamic imbalances will induce a periodic
torque with a constant amplitude. This effect can be modeled as
follows:

db
d;i � DiΩ2

iRi

2
664

sin�Ωit� αi�
− cos�Ωit� αi�

0

3
775 (B8)

where Di is the dynamic imbalance in the ith wheel.

The total disturbance torque induced by dynamic imbalances can be
expressed as

db
d �

Xn
i�1

db
d;i (B9)

The total jitter disturbance torque is the sum of the static and dynamic
imbalances effects:

db
jit � db

s � db
d (B10)

b. RW Installation Misalignment Model

The problem ofRWinstallationmisalignment has been considered
and compensated for in many studies in the literature (e.g., [25,26]).
However, the adopted models for misalignment were developed for
certain configurations and are not quite flexible to be applied to every
configuration of reaction wheels.
In this paper, a simpler yet agile model for RWs misalignment is

proposed. The output torque of the reaction wheel module is rotated
by a misalignment quaternion as seen in the following relation:

Mb
rw ≔ qmis ∘ Mb

rw ∘ ~qmis;

~qmis � � cos�θmis∕2� sin�θmis∕2�emis �T (B11)

where θmis is the error misalignment angle and emis is an arbitrary
constant unit vector.

2. MTQModel

MTQs generate torque by inducing amagnetic dipole that interacts
with the Earth’s magnetic field. The torque generated by a set of
MTQs is described by the following general equation:

Mb
mtq � mb × Bb (B12)

wheremb is themagneticmoment vector generated by theMTQs and

Bb is the local geomagnetic field vector at the satellite’s position.
It is problematic to map the ideal control torque Mb

ctrl to the
magnetic dipole vector if one is interested in controlling the torque
in the three axes, as Eq. (B12) either does not have any solution for

mb (whenMb
mtq is NOT ⊥ Bb) or has an infinite number of solutions

for mb (when Mb
mtq is ⊥ Bb). It is easier, however, to map the ideal

torque to MTQ dipole moment when one is interested in controlling
the torque in one or two directions as discussed in Sec. III.B.
After mapping the ideal torque to the dipole moment of theMTQs,

the dipolemoment vectormb can then be saturated and added to noise
for a more realistic model (B13),

mb:� Sat�mb; mmax� �merr; merr ∼N 3�0; Sm� (B13)

where Sm � diag�σ2m; σ2m; σ2m� is the covariance matrix of the nor-
mally distributed error vectormerr.

C. Determination Model

To have some sense of determination errors and their effect on
controller performance, a simple model is presented, which introdu-
ces errors to the feedback states ωb and qib as follows:

ωb
det � ωb � ωerr; ωerr ∼N 3�0; Sω�;

qib
det � qib ∘ qerr (B14)

where Sω� diag�σ2ω; σ2ω; σ2ω� is the covariancematrix of the normally
distributed error vector ωerr and the error unit quaternion qerr is
composed as follows:

qerr � � cos�θq∕2� sin�θq∕2�eq �T; θq ∼N 1�0; σ2q� (B15)
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where σ2q is the variance of the normally distributed random angle θq,
and eq is a random unit vector.

Values for σq and Sω can be deduced from the literature in which
various sensors anddetermination techniqueshavebeenused [17,27,28].
A simple model for the onboard magnetometers is presented here,

as the magnetic field measurements are not only used within the
attitude determination algorithms; they might also be required in the
torque allocation (See Sec. III.B) and control algorithms (See
Sec. IV). The measured geomagnetic field vector is modeled as the
true local geomagnetic field vector (modeled by the IGRF12 model)
with a normally distributed random error vector that has μB �
� μB μB μB � as its mean vector and SB� diag�σ2B; σ2B; σ2B� as its
covariance matrix,

Bb
meas � Bb � Berr; Berr ∼N 3�μB; SB� (B16)

D. Inertia Uncertainty

Uncertainties in the moment of inertia matrix are accounted for in
all of the simulations. The true inertia tensor Jbjtrue is modeled as
follows:

Jbjtrue � RJ�Jbjest � ΔJ�RT
J (B17)

where Jbjest� diag�Jx; Jy; Jz� is the estimated inertia tensor,

ΔJ� diag�ΔJx;ΔJy;ΔJz� is the uncertainty tensor, and RJ is an

orthonormal rotation matrix, which can be calculated by converting
the unit quaternion qJ � � cos�θJ∕2� sin�θJ∕2�eJ � into a direction
cosine matrix, where θJ is small misalignment angle and eJ is an
arbitrary unit vector.
Throughout the paper, and for simplicity, Jb is used to refer to

either Jbjtrue or Jbjest depending on the place at which it is being used.

E. Kinematics of Error Signals

1. Kinematics of Error Quaternion

Recalling Eq. (5),

qe � ~qd ∘ qib (B18)

The time derivative of the error quaternion can be expressed as
follows:

_qe � ~qd ∘ _qib � _~qd ∘ qib (B19)

The desired quaternion must follow the kinematic equation (3),
which yields

_qd � 1

2
qd ∘ ωd (B20)

Applying the property (A3) to the kinematic equation (B20) yields

~qd � 1

2
− ωd ∘ ~qd (B21)

Substituting from Eqs. (3) and (B21) into Eq. (B19), we get

_qe �
1

2
~qd ∘ qib ∘ ωb −

1

2
ωd ∘ ~qd ∘ qib

� 1

2
qe ∘ ωb −

1

2
ωd ∘ qe (B22)

It is obvious from Eq. (6) that the desired angular velocity can be
expressed in the Fb frame as ωb

d � ~qe ∘ ωd ∘ qe, which can easily
yield

ωd � qe ∘ ωb
d ∘ ~qe (B23)

Substituting from Eq. (B23) into Eq. (B22),

_qe �
1

2
qe ∘ ωb −

1

2
qe ∘ ωb

d

� 1

2
qe ∘ ωe (B24)

2. Kinematics of Error Angular Velocity

Recalling Eq. (6),

ωe � ωb − ~qe ∘ ωd ∘ qe (B25)

The time derivative of the error angular velocity can be expressed
as follows:

_ωe � _ωb − ~qe ∘ ωd ∘ qe − ~qe ∘ ωd ∘ _qe − ~qe ∘ _ωd ∘ qe (B26)

Making use of Eq. (B24) and property (A3), Eq. (B26) can be
rewritten as

_ωe � _ωb � 1

2
ωe ∘ ~qe ∘ ωd ∘ qe −

1

2
~qe ∘ ωd ∘ qe ∘ ωe − ~qe ∘ _ωd ∘ qe

� _ωb �ωe × � ~qe ∘ ωd ∘ qe�− ~qe ∘ _ωd ∘ qe (B27)

Substituting for the value of _ωb from Eq. (B2), and assuming that
the disturbances are perfectly compensated by Mctrl (using disturb-
ance rejection techniques), Eq. (B27) takes the following form:

_ωe � �Jb�−1�−ωb × �Jbωb � Ab
whw� �Mb

ctrl�
� ωe × � ~qe ∘ ωd ∘ qe� − ~qe ∘ _ωd ∘ qe (B28)

Appendix C: B-Dot Expansion

Recalling Eq. (16),

_Bbjb � _Bbji − ωb × Bb (C1)

where _vjx denotes the rate of change of the vector v as seen by an
observer attached to the F x frame.

_Bbji can be expressed in terms of _Boji as follows:
_Bbji � qbo ∘ _Boji ∘ ~qbo (C2)

For an Earth pointingmission, and when the satellite is close to the
equilibrium point, qbo ≈ � 1 0 0 0 �, Eq. (C2) can be rewritten as

_Bbji ≈ _Boji (C3)

Using the transport theorem to quantify _Boji yields
_Boji � _Bojo � � 0 ω0 0 �T ×Bo (C4)

The simplified direct dipole [16] can be used to model Bo as
follows:

Bo � B0

2
664

cos�u� sin�ϵ�
cos�ϵ�

−2 sin�u� sin�ϵ�

3
775 (C5)

where B0 � μe∕krk; μe � 7.812 ⋅ 1015 T ⋅m3; r is the position
vector of the spacecraft’s center of mass, expressed in any reference
frame;u is the argument of latitude at the satellite position; and ϵ is the
inclination of the orbital plane.
Assuming constant B0 and ϵ, and talking the time derivative for

both sides of Eq. (C5) with _u � ω0 in mind, yields
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_Bojo � −ω0B0 sin�ϵ�l; l �
2
4 sin�u�

0

2 cos�u�

3
5 (C6)

Substituting from Eq. (C6) into Eq. (C4) yields

_Boji � −3ω0B0 sin�ϵ�l (C7)

Using the approximation (C3) and substituting in Eq. (C1), _Bbjb
can be written as

_Bbjb ≈ −3ω0B0 sin�ϵ�l − ωb ×Bb

≈ −3ωyB0 sin�ϵ�l − ωb ×Bb (C8)

In Eq. (C8), ω0 is approximated to ωy (the y component of the ωb

vector). This is only true when the satellite is aimed to align its F b

framewith theFo frame, andwhen it is close to its equilibrium point.
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